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ABSTRACT. In this paper we show that the multiplication operator on the
Bergman space is unitarily equivalent to a weighted unilateral shift operator
of finite multiplicity if and only if its symbol is a constant multiple of the N-th
power of a Mobius transform.
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INTRODUCTION

Let D be the open unit disk in C. Let dA denote Lebesgue area measure on
the unit disk D, normalized so that the measure of D equals 1. The Bergman space
L2 is the Hilbert space consisting of the analytic functions on I that are also in
the space L?(ID,dA) of square integrable functions on D. Because the nonnegative
powers {z"} span the Bergman space L2, {v/n + 1z"}%_, form an orthonormal
basis of L2.

For a bounded analytic function ¢ on the unit disk, the multiplication oper-
ator My is defined on the Bergman space L? by

Myh = ¢h

forh € L2.

Let e, = v/n+1z". Then {e, }§° form an orthonormal basis of the Bergman
space L2. On the basis {e,}, the multiplication operator M, by z is a weighted
shift operator:

n+1
Mzen = m€n+].

So it is usually called the Bergman shift.
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A reducing subspace M for an operator T on a Hilbert space H is a subspace
M of H such that TM C M and T*M C M. In [7] and [8] we have studied reduc-
ing subspaces of multiplication operators on the Bergman space via the Hardy
space of the bidisk. The multiplication operator M, is a weighted shift. The gen-
eral multiplication operator My is a holomorphic calculus of the weighted shift.
Shift operators have been studied very extensively [2], [3]. In [4], Stessin and Zhu
obtained a complete description of the reducing subspaces of weighted unilateral
shift operators of finite multiplicity to shed a light on that M,x on the Bergman
space has N nontrivial minimal reducing subspaces, but the multiplication oper-
ator by zN on the Hardy space has infinitely many reducing subspaces.

A natural question is to characterize the multiplication operators on the
Bergman space unitarily equivalent to a weighted unilateral shift operators of
finite multiplicity. This paper continues our study on the multiplication opera-
tors My on the Bergman space in [7], [8] by using the Hardy space of the bidisk
to completely answer the question. Our main result of this paper almost says
that only M_~ up to unitary equivalence is a weighted unilateral shift operator of
finite multiplicity.

THEOREM 0.1. If the multiplication operator My on the Bergman space is unitar-

ily equivalent to a weighted unilateral shift operator of finite multiplicity, then ¢ = c¢¥,

for a constant ¢ and some Mdobius transform ¢ (z) = 12—_XAZ'

Let T denote the unit circle. The torus T? is the Cartesian product T x T. Let
do be the rotation invariant Lebesgue measure on T2. The Hardy space H?(T?)
is the subspace of LZ(TZ, do), each function in HZ(TZ) can be identified with the
boundary value of the function holomorphic in the bidisk D? with the square
summable Fourier coefficients. The Toeplitz operator on H?(T?) with symbol f
in L®(T?,do) is defined by

Ty(h) = P(fh),

for h € H?(T?) where P is the orthogonal projection from L?(T?,dc) onto H?(T?).
For each integer n > 0, let

n
pn(z, w) = Z Zlw"
i=0

Let H be the subspace of H?(T?) spanned by functions {p,}3_,. Thus
H?(T?) = H @ cl{ (z — w)H*(T?)}.
Let
B = PyT:|y = PyToln

where Py be the orthogonal projection from L?(T?,dc) onto H. So B is unitarily
equivalent to the Bergman shift M, on the Bergman space L2 via the following
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unitary operator U : L2(D) — H,

Uz" — Pn(z, w)
n+1
This implies that the Bergman shift is lifted up as the compression of an isometry
on a nice subspace of H?(T?). Indeed, for each Blaschke product ¢(z) with finite
order, the multiplication operator My on the Bergman space is unitarily equiva-
lent to ¢(B) on H.

By Lemma 13 in [7], it is easy to see that for each Blaschke product ¢ with
order N, H can be decomposed as a direct sum of at most N reducing subspaces
of My. We will show that if ¢ has more than two distinct roots and at least one
root is repeated, then H can not be decomposed as a direct sum of N reducing
subspaces of My (Theorem 3.1).

1. PREMIMINARIES

We need some basic constructions from [7]. Let
K¢ = span{¢' (z)¢* (w)H; 1,k > 0}.

Then Ky is a reducing subspace for both T,y and Ty (y,), and so Ty ;) and Ty,
are also a pair of doubly commuting isometries on KCy. Introduce the wandering
space

Let Ly be kerT(;(Z) N kerTg(w)

functions {4} and ¥ in Ly such that for each [ > 1,

NH. In [7], for each e € Ly, we construct

-1
pi(P(2), p(w))e+ Y pe(¢p(z), p(w))dy ¥ € H
=0

and
pi($(2), p(w))e + pi_1(p(2), p(w))d] € H.

We have a precise formula of d? but d¥ is orthogonal to kerTq’;( 2N kerTq’;(w) NH,

and for a reducing subspace M, and ¢ € M,

-1
pi(9(z), ¢(w))e + kZ P (z), p(w))dy € M.
=0

The relation between d} and dg is given in [7] and stated as follows:

THEOREM 1.1. If M is a reducing subspace of ¢(B) orthogonal to the distin-
guished reducing subspace My, for each e € M N Ly, then there is an element € €
M N Lo and a number A such that

dl = dd + 8+ Aeo.

We will often use the above theorem and the following theorem from [7].
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THEOREM 1.2. If ¢ is a finite Blaschke product, then there is a unique reducing
subspace M for ¢(B) such that ¢p(B)|r, is unitarily equivalent to the Bergman shift.
In fact,

Mo = S}Dan{PzOP(Z)AP(W))Eo},
>0

P(9()p()eo
and {0

We call M, the distinguished reducing subspace for ¢(B). My is unitarily
equivalent to a reducing subspace of My contained in the Bergman space, de-
noted by My(¢). The space plays an important role in classifying the minimal
reducing subspaces of My [7], [8]. If 0 is a zero of ¢, it was shown [5] that

Mo(¢) = span{¢'¢" :n=0,1,...,m,...}.
The following lemmas give some properties for functions in H or H*.

LEMMA 1.3. If f is in H?(T?) and continuous on the closed bidisk and e is in 'H,
then

}go form an orthonormal basis of M.

(f(z,0),e(z,0)) = (f(z,2),e(z,0)) = (f(w,w),e(0,w)).

Proof. Since f(z,w) is continuous on the closed bidisk, there are a sequence
{Ps} of polynomials of z and w converging uniformly to f(z,w) on the closed
bidisk. Thus it suffices to show

(Py(z,w),e(z,w)) = (Py(z,2),e(z,0)) = (Py(w, w),e(0,w)).
Noting that T} [ = T [, we see that

T;n(z,zu)e = T;n(z,z)e = T;n(w,zu)e'

This gives
(Py(z,w),e(z,w)) = (1, Py(z,w)e(z,w)) = (1, T;n(z,w)e> ={1, TI"Jn(Z,Z)e>

= (1, Py(z,z)e(z,w)) = (Py(z,2),e(z,w)) = (Pn(z,2),e(z,0)).
Similarly we also obtain the following which completes the proof:
(Py(z,w),e(z,w)) = (Py(w,w),e(0,w)). 1
The proofs of the following lemmas are easy and left for readers.

LEMMA 1.4. For h(z,w) € H?(T?), h is in H* if and only if h(z,z) = O, for
z e D.

LEMMA 1.5. Suppose that e(z,w) is in H. If e(z,z) = O for each z in the unit
disk, then e(z, w) = 0 for (z, w) on the torus.

The above lemma tells us that a function in ‘H is completely determined by
its value on the diagonal. The following result says that e(z, w) is symmetric with
respect to z and w.
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LEMMA 1.6. Ife(z, w) is in H, then
e(z,w) = e(w, z).
LEMMA 1.7. Suppose f(z,w) is in H. Let F(z) = f(z,0). Then, for each A € D,
F(AA) = AF (M) + F(M).

For a € D, let k, be the reproducing kernel of the Hardy space H*(T) at a.
That is, for each function f in H?(T),

fa) = (f k).

For an integer s > 0, define

s!z8

(1 — Ez)sﬂ‘

ki(z) =

Let ¢ be a Blaschke product with zeros {ock}lé and ay repeats 141 times. That is,

zZ — o \ et
z) = — .
(P( ) l!:](:) (1 — akz>
The order of ¢ is given by
K
N =) (ni+1).

0
We assume that ag = 0, and so ¢(z) = z¢g(z) where ¢y is the following Blaschke

product:
K
z) =z H ( Z = Mk )nkH
1 1 -z )

i

For each « € D and integer f > 0, let

t #
(11) e;(Z, ZU) SZO W

The Mittag-Leffler expansion of the finite Blaschke product ¢y is

Z Z Ctkt

i=0 t=l

Tk (2)ky " (w).

for some constants {c!}. Define

ZZC

i=0t=
Clearly,
e0(z,0) = o(2).

Simple calculations give the following lemmas.
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LEMMA 1.8. Foreacha € Dand t > 0, then

t+ 1)
2 (2, ):(i—txz))irz'

LEMMA 1.9. For each F(z,w) € H?(T?),

(F,eb) = [(9z + 0w)'F(z, 0)]|z—0—a-

Noting that the dimension of Ly is N and {e,iil. (z,w):0<i <K, 0<¢t <ny}
are linearly independent, we immediately have the following lemma.

LEMMA 1.10. We have
Ly = span{e,iii(z,w) 0<i<K 0t <n}.
Consequently, the above lemma gives the following lemma.

LEMMA 1.11. For each function F(z,w) € kerT}

o) N kerT;f(w), there is a func-
tion E(z,w) € Lo such that
F(z,0) = E(z,0).
Theorem 18 in [7] only gives the existence of the family of functions {dék) }C
Ly © Lo. It will be useful to know how those functions are constructed from e.

Theorem 1.14 will give a recursive formula of {dt(?k) }. First we need the following
simple but useful lemma.

For two functions x, y in H2(T?), the symbol x @ is the operator on H?(T?)
defined, for ¢ € H?(T?), by

(x®y)g = [(& ¥ r(m2))x-
LEMMA 1.12. On the Hardy space H?(T?), the identity operator equals
[=T.T;+) vow =T,T,+) ez
1>0 120

LEMMA 1.13. Suppose that ¢(z) = z¢o(z) for some Blaschke product ¢o(z) with
finite order. If f is a function in H?(T?), then for each 1 > 1,

Tw(pr(¢(2), 9(w)) f) = pi($(2), (@) Tz f + P0(2)p1-1(¢(2), (w)) £(0, w)
— Po(w)p1-1(d(2), p(w))f(z,0).
Proof. Let f € H?(T?). By Lemma 1.12, we have

T2 (pr (=), p(w)) )
=T [p(p(2) ¢() (T + Lo o) ]

i>0

= T2 [P (2), 9@ (LT )] + T [pr(9(2), () ( L o' @ ) f]

i20
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= P(0(@), 9@ (TN + T2 [pi(9(2), p(w) (L v @ ') ]

i=0

1
pi(@(z), () = Y p(2) p(w) ™ = p(w) + p(2) Y p(z) " p(w)'*

k=0 k=1
= p(w)' +20(2) klzl $(z) plw)'
and i
<i§)wi o) f = f(0,0),
we obtain
1 ot (St w)]
= T2 [p(@(2), $(w)) £ 0, w)]
= TX[p(w)! (0, )] + T [20(2) i w)' ™ £(0, )
[klzl w)' ] £(0,) = go(2)p1-1(#(2), p(w)) £ (0, ).

This gives

(1.2)  T(pi(¢(2), p(w)) f)=pi(P(2), p(w))(T; f ) +¢o(2) pi-1(d(2), ¢(w)) f (0, w).
Similarly, we also have
(1.3) Ty (pi(@(2), p(w)) f) =pi(¢(2), p(w))(To, f) +po(w) pr-1(¢(2), p(w)) f (2, 0).
Combining (1.2) and (1.3) yields as desired
T w(pi(¢(2), () f) = pi(¢(2), p(w)) T, o, f + Po(2) pr-1(¢(2), p(w)) £ (0, w)
— ¢o(w)pi-1(¢(2), p(w))f(2,0). ®

The following theorem gives a recursive formula for those functions {d*},
which will be used in the construction of d,.

THEOREM 1.14. Suppose that e is in Lo and {dX} are a family of functions in
H?(T?). Then for a given integer n > 1,

pi((z) €+2Pk w))d, " € H,

foreach 1 < I < n, if and only if the following recursive formula holds
po(2)e(0,w) — po(w)e(z,0) + Ti_dy (z,w) = 0;
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and, for1 <k<n-1,
Po(2)dE(0,w) — o(w)dE (z,0) + To_, (d5 ) (z,w) = 0.

Proof. For a given e € L and a family of functions {dX} ¢ H?(T?), for each
integer [ > 1, let

E; = pi(¢(2) €+Zpk w))d k.

Ejisin H foreach1 < I < n,ifand only if T;_,E; = 0 foreach1 < [ < n. We
need only show that foreach 1 <! < #n, T;_,,E; = 0is equivalent to the recursive
formula in the theorem.

By Lemma 1.13, we have

Tz*wal

= T—wlpi(¢(2) e + Z 2), ¢(w))d, ]
= Pz(¢(2)f¢(w))T§_we+¢o( )PH(cp( ), ¢(w))e(0,w)

-1

— po(w)pr1($(2), (w))e(2,0) + Y [pi(@(2), ¢ () Ti_ e *

k=1
+90(2)p1(9(2), p(w))de " (0,w) — go(w) pr_1(9(2), p(w))dg ¥ (2,0)]
= P11 (9(2), (w))[o(2)e(0,w) — do(w)e(z,0) + TS _yd]

1-2
+ 3 1pk(9(2), () (Tiydy ™ + po(2)dy ¥ (0,w) — o(w)dy ™ (2, 0))]
k=0

since e is in Lg. Thus T}, E; = 0 for each 1 < I < n if and only if

$o(2)e(0,w) — po(w)e(z,0) + T, d, =0,
and
—ude™ + go(2)de ™ (0,w) — po(w)d, T (z,0)) = 0,
for 1 < k < I < n. This completes the proof. 1

LEMMA 1.15. If for a function f € H, p;(¢(z),¢(w))f € H, foreach | > 0, then
f(z,0) = Ago(z), for constant A.

Proof. Suppose that p;(¢(z), $(w))f € H, for each | > 0. Let di‘( = 0. Then
-1
pr(9(2), p(w))f + ) pi(e(2), ¢ ))d} “en,
k=0
for each [ > 1. By Theorem 1.14, we have
$o(z)f(0,w) — ¢o(w)f(2,0) = 0.
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This gives

f(z,0) _ f(0,w)

¢o(z)  ¢o(w)
holds for all (z,w) € D x D except for a finite vertical or horizontal lines. Thus
the equality holds for an open subset of D?, and so there is a constant A such that

f(z,0) = Ago(z) on the unit disk. This completes the proof. 1

The following theorem is proved in [7] and is used in the proof of Theo-
rem 1.17.

THEOREM 1.16. If for a function f € H, p;(¢(z), p(w))f € H, for each | > 0,
then there exists a constant A such that f = Ae.

Next for a given e € Ly, we will show that there is a unique function d. €
Ly © eg such that, foreach I > 1,

Pi(d(z), ¢(w))e + pr1(¢(2), p(w))de € H.

THEOREM 1.17. For a given e€ Ly, there is a unique function d, € LyOeq such
that

pi(¢(2), ¢(w))e + p1-1($(2), p(w))de € H
foreach | > 1. If e is linearly independent of eq, then d. # 0. Moreover, the mapping

e —d,
is a linear operator from Lq into Ly © eo.

Proof. First we show the existence of d.. For the given ¢, by Theorem 18 in
[7], there is a function d} € Ly such that

P1(9(z), p(w))e +d; € H.
By Theorem 1.14 we have
(1.4) po(z)e(0,w) — po(w)e(z,0) + Ti_dy (z,w) = 0.
Since e(z, w) is in H, by Lemma 1.6, d} (z, w) is symmetric with respect to z and w.
In addition, p;(¢(z), ¢(w)) is also symmetric with respect to z and w. This gives
dl(z,w) = d}(w,z). Thus d}(z,0) = d}(0,z). By Lemma 1.11, choose a function
¢(z,w) € Lo such that d!(z,0) = é(z,0). Hence d}(0,z) = (0, z), because é(z, w) is
also symmetric with respect to z and w. Let d, = d! — ¢. Clearly,
p1(¢(z), p(w))e+d. € H, and de(z,0) = de(0,z) = d3(2,0) —&(z,0) = 0.

Letting d = d, and d* = 0, for k > 1, by (1.4), we have the following equations:

$o(2)e(0,w) — go(w)e(z,0) + T:_y,d; (2, w)

= ¢o(2)e(0,w) — po(w)e(z,0) + T [de (z,w) — &(z,w)] =0,
90(2)d: (0,w) = go(w)d; (2,0) + T _o,(dg ) (z,w) =0 -0 -0 =0,
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for 1 < k < I—-1. The last equality in the first equation follows from T;_,é(z, w)
= 0. By Theorem 1.14, we conclude that, as desired,

pi(d(z), p(w))e+ pr_1(p(2), p(w))de € H.

Next we show that if there is another function b, € £y such that

pi(¢(2), p(w))e + p11(¢(2), ¢(w))be € H,

foreach! > 1, then d, — b, = pey for some constant .
Since

P1-1(P(2), p(w))[de —be] = pi((2), p(w))e + p1-1($(2), p(w))de
= (p1(¢(2), p(w))e + p11(¢(2), p(w))be) € H,
letting f = d, — b,, we have that f € H and p;(¢(z),¢(w))f € H. By Theo-
rem 1.16, we obtain that f = Aeg to conclude
de = be + Aeg.
Ifd, =0,1ie.,
pi(¢(2), p(w))e € H,

then Theorem 1.16 again implies that e = Aeg. This gives that if e is linearly inde-
pendent of ey, then d. # 0.

As showed above, we know that the mapping ¢ — d. is well-defined from
Ly into £y © eg. To finish the proof we need to show that the mapping is linear.
To do so, let ey and e; be in L. For given constants c¢; and ¢y, we have

pi(¢(2), p(w))er + pi-1(¢(2), p(w))de, € H,
pi(¢(2), p(w))ea + p1-1(¢(2), p(w))de, € H,
pi(¢(2), ¢(w))[crer + caea] + p11(¢(2), ¢(w))dese; +cre, € H-

1
Thus p;_1(¢(2), p(w))[c1de, + code, — deyey+cre,] € H, for each | > 1. By Theo-
rem 1.16,

z

Cldel + CZdez - d01€1+C282 = €360,
for some constant c3. But d,,, de,, and dc, ¢, 4 c,e, are orthogonal to ey. We conclude

Cldel + C2d€2 - dC1£’1+C2€2 =0. |

2. WEIGHTED SHIFTS

In this section we will characterize multiplication operators on the Bergman
space which are unitarily equivalent to a weighted shift of finite multiplicity to
prove our main result.

A weighted shift T of finite multiplicity n on Hilbert space H is an operator
that maps each vector in some orthonormal basis {ex }}° ; into a scalar multiple of
the next nth vector

Teg = Wik 4,
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for all k. The sequence {wy} is called the weight of the weighted shift T. In fact, T
is unitarily equivalent to the multiplication operator by z” on some Hilbert space
of analytic functions on the unit disk. [2] and [3] contain many results on the shift
operators, which will be used in this paper.

Indeed, a weighted shift of finite multiplicity is unitarily equivalent to a
direct sum of finite weighted shifts. The following theorem tells us that if a mul-
tiplication operator on the Bergman space is unitarily equivalent to a weighted
shift of finite multiplicity, then the first construction in [7] will become much sim-
pler.

THEOREM 2.1. Suppose that ¢ is a Blaschke product with order N. If there are N
mutually orthogonal reducing subspaces {M;} of ¢(B) such that ¢(B)|p; is unitarily
equivalent to a weighted shift, then for each e; € M; N Lo and each I > 1,

d;, =0.

Proof. By Theorem 1.2 we may assume that ¢(B)|s, is unitarily equivalent
to the Bergman shift. Let ¢; be a nonzero vector in M; N Ly. By Theorem 19 in [7],
there are functions dl. € Ly © Lo such that

pi(p(z), p(w))e; + Zpk w))dy k€ M;.

Theorem 1.2 implies that dl =0for! >1and dl_ #0,fori> 1. Let

Ei = pi(9(2), p(w))e; + 2 Pi(¢ w))dg, *.
Then E;; is in M; and
9(B)Eq = Tioy B = P9 (pi(9(2), 9(w))e; + Z pr(9(2), ¢(w))dl ")
= p-1(¢(2) ))ei + Z P(¢ )dl = Eiq-1)-

The last equality follows from P(¢(z)e;) = 0 and P((p(z)déi) = 0. Thus {E; },
are orthogonal to {Ej }; for i # j and so {dle‘,}l are orthogonal to {déj}l. Since
dim[Ly © Lo} equals N — 1 and dé does not equal zero fori > 1, {dgi} form an
orthogonal basis of Ly © L. This gives that there are constants §;; such that
di, = Bide,.

Because ¢(B)|y; is a weighted shift, there is an orthonormal basis {F;} of

M,; such that
¢(B)F; = ajF4q

where {a;} are weights of ¢(B) on M;. Thus F is in the kernel of [¢(B)[,]*, and
so Fy = Age; for some constant Ag. Since ¢(B)*F; = apFy, we have ¢(B)*[F; —
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apAgEi1] = 0. Thus F; = agAoEj; + pye;. But both F; and Ej; are orthogonal to e;.
So y1 = 0. Hence there is a constant A; such that
F1 = /\1 Eil‘
By induction, we obtain that there are constants A; such that
F = NEj.
This implies that {E;; } form an orthogonal set. Note that

Ei = p1(¢(2), [Zpk ©))Big—i) | b

We conclude that §;; = 0 for I > 1. This gives

Eir = p1(¢(2), ¢(w))e; + pr-1(9(2), ¢(w))d;, € M;
and dél_ = 0 for [ > 1. This completes the proof. 1

THEOREM 2.2. Suppose that ¢ is a finite Blaschke product and ¢(0) = 0. If ¢ has
a nonzero root «, then there is a function e € Lq such that d9 is not orthogonal to Ly.

Proof. Recall that L equals kerTq’;(Z)
e € Ly dlis orthogonal to Ly, we will derive a contradiction.
Observe that {{ei’;}skzownk}kzo,_”,K form a basis for Lj. So for each e € L

there is a vector

N kerTq’;(w) N H. Assuming that for each

(ug,...,ugo,...,ugK,...,u%) ecN
such that
Z Z u,xle eAD)
i=0t=
Noting that dimLg = N, we see that e — (ug,. T B ugK, ..,
invertible mapping from Ly onto CN.
Let a; be a nonzero root of ¢ with multiplicity ; + 1. Then

n . .
Ugy) is a linear

9 () = (p k) =0, for0<t<n and ¢ V()= (pk") #0
Because d! is orthogonal to Ly and {ef, }{_o is in Lo, we have
0= (d;, ef,) = ([wo(w)e(z,w) — we(0,w)eo(z,w)], ef,)
= (weo(w)e(z,w), e,) — (we(0,w)eg(z, w), eg,).
By Lemma 1.9,
(weo(w)e(z,w), ex;) = {19z + 0] p(w)e(z, ) } 2=,
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Thus
(we(O,w)eo(z,w),e;j> =0

for0 <t < ;. By Lemma 1.9 again, we have

0 = (we(0,w)ey(z, w), e} > = {[9; + ]’ we (0, w)ey(z, w) }Hz=w=a;
t

(2.1) = Z St (we(O, w))<s)( {10z + 9w] *e0 (2, W)} lzmw—a;
s=0

]

for 0 < t < nj. When t = 0, the above equatlon gives w;e(0,aj)eo(aj, aj) = 0.
Noting that aje (O aj) = 0 is equivalent to Z Y ouieh (0,a;) = 0, we see that

there is a function e in Lo such that a;e(0, ) ;é 0. Hence ep(aj, ;) = 0. Letting
t=1,(2.1) gives

aje(0,a;){[0z + dwleo(z, W) }|z=w= w (we(0, w))(1)|w=“jeo(oc]-,a]-) =0,
Thus {[0; + dw]eo(z, W) }z=w=a; = 0. By induction we obtain

1[0z + 9] teO(Z/ W) }Hz=w=a;

JZO'

fc.)r 0 <t < nj. Inparticular, 0 = {[0z + 9w]"eg(z, w) }| z=w=aj- A simple calculation
gives

{10+ 31" e0(z, )}z, = (€0, 0x!) = (enleo(z, W), 1) = (Prley (=, w)eo(z,w)], 1).

no.o .
Because e,,é is in H®(T?) and ep(z, w) is in H, we have

Pylen] (z, w)eo(z, w)] = Pyley) (z,2)e0(z, ).
Thus
{[0z + 9w]"eg(z, W)} z=w=n:

]

= (Py[e) (z,2)e0(z,w)], 1) = (€] (2, 2)eo (2, w), 1) = {eo(z, W), €4 (,2))

= (eo(z,O),eZ;(z,Z» - <¢0(Z), (n] + 1)lz i >

On the other hand, we also have
nilz"i
0= 95" (@) = (9, Ke)) = <¢o,(;]2)w>
Combining the above two equalities gives

z" Z"i Ejznj+l

= <<Po(Z), [(1 —&jz)"f“ - 1 _D‘jz)n]-+1}> = <<P0(Z)/ (1_%2)"]”>
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Hence

n; n; (nj+1)! w2
9 () = (o). k)" (2) = L@O(Z)' <1a]zz)n’+2> -

18 j — QX i
This contradicts the fact that «; is a nonzero root of ¢ with multiplicity 7; +1. 1

We are ready to prove our main result.

Proof of Theorem 0.1. We may assume that || Myp|| = 1. Suppose that My is

N
unitarily equivalent to the direct sum € W; where W; is a weighted shift. Then
i=1

dimkerM(’;J = ZdimkerWl-*
1

and the essential spectrum of My is

N
0'e<M¢) = U O'e(Wi>.
i=1

Noting that W; is subnormal, we see that the essential spectrum of W; is a circle
N

with center at origin. So J ge(W;) is a union of circles with the same center at
i=1

origin. On the other hand, by Corollary 20 of [6], the essential spectrum of My is

N

connected. Thus |J oe(W;) is the unit circle and |¢(z)| = 1 on T. So ¢ is an inner
i=1

function.

We claim that ¢ is a Blaschke product with N zeros in the unit disk. If ¢
is not so, there is a singularity zgp € T of ¢(z) (that is a point that ¢(z) does not
extend analytically), by Theorem 6.6 in [1], the cluster set of ¢(z) is the closed
unit disk. Note that a point # in the cluster set of ¢(z) at zg if and only if there are
points z,, in D tending to zg such that ¢(z,) converges to 4. This implies that the
cluster set of ¢(z) at every point zg on the unit circle is contained in the essential
spectrum of My, which is a contradiction.

By Theorem 1.17, there are N linearly independent functions {e;} of Ly such
that {d,, } are orthogonal to ey and

p1(¢(2), p(w))ei + pr1(P(2), p(w))de; € H.

Also we have pl(gb(z),4>(w))ei+pl,1(gb(z),4>(w))d8i €H, for I > 0. Thus p;(¢(z),
P(w))(de, — dgi) € H.Sod,, — dg is in Ly and hence Theorem 1.16 gives that there
are constants A; such that d,, = dg + Ajep. Since ego isin Lo and d,, is orthogonal
to Ly, we have

0= <d€i/€610> = <d2,~/380> + Ai<60/ 680>'
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On the other hand, Lemma 1.9 gives
(eo,€5°) = (eo(z,w), €5° (z,2)) = {eo(2,0), 6" (z,2)) = (1m0 + 1)X{¢ho(2),z")
= (g +1)19{"(0) #0,
(do, ") = (weo(w)ei(z,w) — we;(0,w)eq(z,w), & (z,w))
= (p(w)ei(z,w), e5° (z,w)) — (we; (0, w)eo (2, w), e’ (z,w)).
The Leibniz rule and Lemma 1.9 give

(p(e)er(z,10), € (2, 0)) = (3 + ) ™ (B 0)es (2 0) oo
_ "20 ynio!(,,(s) (0)[(35 + 3)"™¢;](0,0) = 0.

= I(ng —s)!

The last equality follows from the fact that 0 is a root of ¢ with multiplicity n + 1.
Similarly, we have

(we; (0, w)eg(z,w), €5 (z,w))= [( z+8w) 0 (we; (0, w)eo(z, w))]|z=w=0

:Z wel(O ZU))( )( )[(az+aw)n0 seO](OrO)'

(ng—s)
Lemmas 1.3 and 1.9 give
(32 + 3)" 0] (0,0) = (e0(z, w), e~ (z,0)) = {eo(z,w), el (,2))
= {e0(2,0), 6" *(2,2)) = (go(2), (ng —s + 1)1z"0"%) =0

for 0 < s

Py [”0 *(z,2

//\

no. The second equality follows from Py e)’ *(z,w)ep(z, w)] =
60( w)]. Thus

~—

j (wei 0, w))®) (0)[(3; + 3w) ™ €] (0,0) =0,

[9)
Ill“ 3
o

s' (ng —s)
and so

(we; (0, w)ey(z,w), ey’ (z,w)) = 0.
Hence we have that the constant A; = 0. Therefore dg_ is orthogonal to Ly for each

i. Noting that {e;} form a basis for Lo we see that d? is orthogonal to L for each
e € Ly. By Theorem 2.2, we conclude that ¢ = ¢Y, to complete the proof. 1

3. DECOMPOSITION OF ‘H

The proof of Theorem 0.1 in the previous section suggests a more general
result stating that if ¢ has more than two distinct roots and at least one root is
repeated, then H can not be decomposed as a direct sum of N reducing subspaces
of M. In this section we will prove the result.
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THEOREM 3.1. Suppose that ¢ is a Blaschke product of order N. If 0 is a zero and
a critical point of ¢ and the zero set of ¢ contains at least one nonzero point in the unit

N-1

disk, then H cannot be decomposed as a direct sum €@ M; of N mutually orthogonal
i=0

nontrivial reducing subspaces { M; f\i 61 of ¢(B).

Proof. By the assumption, we may write

¢ =z¢p = 2"y,
where
_ ng a1 ng+1 _ om+1 ng+1
4)0_2 04)“1 “ Pay and ¢1_¢a1 s Py
for some nonzero points &1,...,ax in the unit disk and nonegative integers
no,...,nk.

Recall that Ly is equal to kerT;(z) N kerT$(w)
0

_ 0 11 nK
Ly = span{l,pl,...,pno,eal,...,eal,...,eaK,...,e,XK .

N H. Then

Assume that ¢(B) has N mutually orthogonal nontrivial reducing subspaces
{M;}1;! such that

N-1
H=EEP M
i=0
where M) is the distinguished reducing subspace M in Theorem 1.2.
By Lemma 1.10, for each i, there is an ¢; # 0 such that ¢; € M; N Ly, and
Lo = span{eg,e1,...,eN—1}-

By Theorems 19 in [7], there are functions {dé} C Ly © Lo such that
p1(@(2), §(w))e; +dy, € M;.
Since M; is orthognal to M; for distinct i and j, we have
(P1(¢(2), p(w))e; +de,, p1(9(2), p(w))ej +dg,) = 0.
On the other hand, a simple calculation gives
(Pr((2), p())er + b, p1(9(2), @) e +db)
= (P1(@(2), p(w))e; + b, p1 (9(2), p())es) + (1 (9(2), p(w))ei + b, b )
= (p1(9(2), p(w))er, pr (9(2), @(w))ey) + (AL, L) = (d, ).

The second equality follows from the fact that de; and d,; are in Ly © Lo. The
equality follows since ¢; and ¢; are in Lo. Thus,

By Theorems 19 in [7], each d};i # 0 fori > 0and
{dé f\igl C ﬁq; e Ly
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are linearly independent.
By Theorem 1.1, there are numbers 3;, A; such that

(3.1) dy =do +Piej+Mieg i=1,...,N—1L
We will show that dg, and ¢g are in

0 ni—1 0 ng—1yL
{1,p1,...,pn0_1,eal,.. 8y s Copre s Cayg 1.

To do this, observe that for 0 < k < ny,
~(d, )
=(¢p(w)e; — we;(0,w)eo, pi)
=(p(w)ei(w, w), pi(0, w)) — (we; (0, w)eo(w, w), pi(0,w))
=(9(w)e; (w, w), w") — (we; (0, w) (wp(w) + go(w)), w*)
=(@" Ky (w)e; (w, w), 1) — (" K [wgh (w) + (no+1) 1 (w) e (0, w), 1)=0.

The second equality follows from Lemma 1.3 and the third equality follows from
Lemma 1.7.
Since ei] is in the kernel of T ¢(

thatfor0 <t < ]—1and]—1 K,
(dy, e;) =

and o) (aj) = 0 for 0 < s < nj, we have

we;\U, w

(0, w)

0,w )[tho( w) + ¢o(w)], e, (0,w))

we; (0 )‘P kt> (we; (0, w)¢ ) |w a]—o
(

0,w)¢ ()] "], = aje; (0, a;)9 "V (a).

( eo(w, w) — p(w)e;, eq;) = (we; (0, w)eo(w, ), ez, (0, w))
= (we;
= , W
(2, exly = [we
These give that
(3.2) dg_ LAL Pl Prg-1,€0, - el 1,...,e2K, ey
We also have that for0 <k <ng—1
{eo, px) = (eo(w,w), pi(0,w)) = (¢ (w),w") =0,
(o0, pny) = —=9"0(0) 0.

110'

A simple calculation shows thatforj =1,...,K,0 <t < nj—1
(eose,) = leo(w,w)]W]o; = ¢ (a)) = 0,
(eoen)) = ¢ () # 0

These give

0 ny—1 0 ng—1
(3.3) eo L AL, 1, o Pug—1,€apr---r€ay seeesCypreeesCa e
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We claim that there are at most K nonzero §;’s. If B;; does not equal 0 for
some iy, (3.1) yields

e; [dl — do )\,'060].

0 ﬁlo
Noting that d;l_ is orthogonal to Ly, by (3.2) and (3.3) we have

0 ny—1 0 ng—1
Cip L AL, 1 Prg—1/€ayr 1€y seeesCapreeesCag )
Thus
0 np—1 0 ng—1
(3.4) Cip L {1, Pug—1/€ayr s €y seerCapseeesCag  ,€O)

So there are at most K nonzero f;’s and hence our claim holds.
On the other hand if §; = 0, then (3.1) gives

dy. = d + Ajeo.
Since py, is in Lo and dgi 1 Lp, we have that dgi 1 puy, and

<€0, pn0> 7é 0,

to obtain that A; = 0 and dg_ = dé_ is orthogonal to Ly. By Theorem 2.2, there is at
least one nonzero f;.

Without loss of generality, assume that for some m, Sn_ j #O0forl<j<m
and B; =0for1 <j< N-—m—1,(3.4) gives

0 ny— -1 0 ng— 1
eN_jJ_{l,pl,...,pno,l,eal,.. sCay s Capre s € ,e0}

for 1 < j < m. Now we extend

0 ni— 1 0 TlK—l
{]vpl/"'/pnofllea]/" ele l"‘/eg(K/"‘leﬂlK /3016N71/---16N7m}

to a basis of Ly
0 n|— -1 0 ng—1
{]vpl/"-/pnofllelxlr" ele A -/eaK/"'/elX]Ig IEOIeNflI"-/emelflr"'/fom}

by adding some elements f1, ..., fx—n in Lg. Let { g]}N =1 denote

0 ny—1 0 ng—1
{LPl/-u/Pn 7lre,x/ . eal /-"/ea AR eDcK flr"'/fK—m}'
0 1 1 K K
Since for 1 < j < N—m—l,ejlsmLOand
(3]‘ 1 {eo,eN_l,...,eN,m}

we have that ¢; is in the subspace span{l,g2,...,gN-m—1} of Lo. This implies that

there are numbers {ei }% ‘. suchthatfor1<j< N—m—1

(3.5) ej =Cj1+cpg2+ -+ CN-m-18N-—m—1-
On the other hand, because ﬁj =0forl <j < N-—m-—1, we have that
dgj = d%}, is orthogonal to Ly, and

(d, eil) = arej(0,a1)p!" V() = 0.
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This implies that e;(0,a1) = 0. Hence (3.5) gives
¢j(0,a1) = cpl 4+ ¢pg2(0,a1) + -+ - + cjN-m-18N-m-1(0,21) =0

for1 < j < N —m — 1. Thus the determinant det[cj] of the coefficient matrix
of the above system must be zero. So there is a nonzero vector (xi,...,XN_m—1)
such that

cuX1+ X+ -+ CNom-1XN-m-1 =0
for1 <I < N —m — 1. This implies

X161 +x000 + - -+ XN_—m-1N-m—-1 = 0.

We obtain a contradiction that ey, ...,en_y,—1 are linearly independent to com-
plete the proof. 1
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