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A N N A L S OF M A T H E M A T I C S 

Vol. 37, No. 3, Ju ly , 1936 

MULTIPLICATIONS ON A COMPLEX 

B Y EDUARD CECH 

(Received February 20, 1936) 

In their communications at the First Internat ional Topological Conference 

(Moscow, September 1935), J. W. Alexander and A. Kolmogoroff introduced 

the notion of a dual cycle1 and defined a product of a dual p-cycle and a dual 

r/-eycle, this product being a dual (p -f r/)-cycle. A different multiplication of 

the same sort is considered in this paper. I t may be shown t h a t the Alexander-

Kolmogoroff product, augmented by the dual boundary of a suitable (p -f- q — 1)-

chain, is equal to the ( j t h multiple of the product here introduced.2 

Moreover, I consider also a product of an ordinary n-cycle and a dual p-cycle 

(n = p), this product being an ordinary (??, — /;)-cycle. There is a simpler 

algebraic relationship between the two kinds of multiplication, which I shall 

explain elsewhere. As an application of the general theory, I give a new 

approach to the duali ty and intersection theory of a combinatorial manifold, 

given in a simplicial subdivision. The theory works exclusively in the given 

subdivision. 

This is a preliminary paper of a purely combinatorial na ture . In a later 

paper, I shall apply the same methods to general topological spaces, and in 

part icular to the very general "manifolds" defined in my recent note in the 

Proceedings of the National Academy of Sciences (U. S. A.). 

Many of the results of this paper were found independently by H. Whitney, 

but his methods of proof seem not much related to mine. 

1. Let there1 be given a complex K. We shall designate by av (p = 0, 1, 2, • • •) 

the (oriented) p-simplices of K and by rjp
 7- ( = 0, 1, — 1) the incidence coefficient 

of g a n d e r ? . 

The word group will always designate an additively written abelian group. 

If ?( is a group, then a (p, ?l)-ehain is a symbol of the form a?o-f, a{ e 31, where, 

as always in this paper, one has to sum over every subscript appearing twice. 

The boundary FAV of a (p, ?()-chain Av = a7a
v is zero if p = 0, and it is the 

(p — 1, ?l)-ehain 

FA* = v^a^T1 

1 As a ma t ter of fact the Topology of S. Lefschetz (1930), contains an essentially equ iva-

lent no t ion (pp. 282-286). 
2 In his paper "On the Connectivity R ing of an Abs trac t Space" in this number of the 

Annals of Mathematics, pp . 698-708, J. W\ Alexander has modified his definition, and it is 

now in agreement with the one here presen ted. 
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682 EDUARD CECH 

if p > 0. If FAP = 0, wc say that Ap is an ordinary (p, %)-cycle. The (p, 21)-

chain FAP+1 is an ordinary (p, $[)-cycle for every (p + 1, §l)-chain Ap+l. Two 

ordinary (p, 2l)-cycles Af and AP are said to be of the same homology class, 

or to be homologous to each other (in symbols Ap ~ AP) if there exists a 

(p + 1, ?l)-chain Ap+l such that 

A\ - A\ = FAg+1. 

The dual boundary F*AP of a (p, 2l)-chain Ap = a{a
v is the (p + 1, 2l)-chain 

F*A^ = i ^ a , ^ 1 . 

If F*Ap = 0, we say that Ap is a dwaZ (p, %)-cycle. The (p + 1, »)-chain F*A' 

is a dual (p + 1, 9l)-cycle for every (p, 2l)-chain Ap. Two dual (p, §l)-cycles A? 

and A P are said to be of the same homology class, or to be homologous to each 

other (in symbols Av ~ Av) (1) in the case p = 0 only if they are identical, 

(2) in the case p > 0 if there exists a (p — 1, 2i)-chain Ap~l such that 

A\ - A\ = F*Al~l. 

2. Let S3 be a given group. Let Bq be a given dual (q, 53)-cyele. By an 

auxiliary construction we mean an operation attaching to every simplex ap 

(p = 0, 1, 2, • • •) a (p + q, S3)-chain Bp+q(aP) such that the following three 

conditions are satisfied. First, if the coefficient of a (p + g)-simplex Tp+q in 

Bp+q(ap) is different from zero, then ap must be a face of TP+<1. Second, we must 

have 

(2.1) Bq = £ Bq(a°{). 
i 

Third, we must have for every simplex a\ (p = 0, 1, 2, • • •) 

(2.2) F*£
p+

«(<r?) = 5 3 n^-B
p+fl+1

(o-?
+1

). 
7 

3. We shall prove that £he auxiliary construction is always possible. Let 

there be given a fixed ordering of the vertices of K. Let crp be a given p-simplex, 

written as 

(Tp = (VQ, VI, • • • , Vp) 

corresponding to the given ordering of vertices (i.e. VQ precedes t'i etc.). We 

shall define the (p + q, SB)-chain Bp+q(ap) as follows. The only (p + q)-
simplices appearing in Bp+q(ap) will have, corresponding to the given ordering 

of vertices, the form 

(3.1) (vo, Vi, • • • , vp, • • • , vp+q), 

i.e. the first p + 1 vertices will be those of ap. The coefficient of any such 

simplex (3.1) in Bp+q(ap) will be equal to the coefficient of the g-simplex (vp, • • • , 

Vp+q) in Bq. 
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The first two properties of the auxiliary construction being evident, we have 
only to prove (2.2) for 

ap = ap = (v0, Vi, • • • , Vp) . 

The only (p -f q -f l)-simplices T
p+q+l appearing on either side of (2.2) must all 

have ap as their common face and, moreover, corresponding to the given ordering 

of vertices, the vertex vp must be either the (p -f l ) t h or the (p -f 2) th vertex of 

rp+5+1. We have to prove that any such T
p+<z+1 has equal coefficients on both 

sides of (2.2). This being quite evident in the case where vp is the (p -f 2) th 

vertex of rv+q+l, we only have to examine the case wThen, in the given order of 

vertices, we have 

r p + d+l = ( ^ Vu . . . t Vpf . . . % Vp±q+l) . 

Let bp+i (0 ^ i ^ q -f 1) be the coefficient, in the (q, S3)-chain Bq, of the oriented 

g-simplex obtained from (vp, • • • , vp+q+i) by omitting the vertex vp+i. The 

coefficients of T
p+q+l in both sides of (2.2) are respectively equal to 

( - l j p + i f e ^ a n d t o (~l)p+lbp. 

But since Bq is a dual (q -f 1, 93)-cycle, the coefficient of the (q -f 1)-simplex 

(vP, • • • , vp+q+i) in F*Bq must vanish, i.e. 

(-l)*6p + i = 0 or (-l)p^bp^i= (-l)p^bp. 

4. Let us suppose that the dual (q, 93)-cycle Bq is identically zero. Bv+q(ap) 
being the elements of an auxiliary construction chosen in any manner correspond-

ing to Bq = 0, we shall prove that we may attach to every p-simplex av(p = 
1, 2, 3, • • •) a (p -f q - 1, 93)-chain Cp+q~l (ap) such that the following three 

conditions are satisfied. First, if the coefficient of a (p -f q — l)-simplex 

TP+Q-I i n Cp+q~l(avi) is different from zero, then av must be a face of T
p+q-]. 

Second, we have for every 0-simplex a°{ 

(4.D Bv.) = i.;.cvio. 

Third, we have for every p-simplex n-, where p = 1, 2, 3, • • • , 

(4.2) Bv+q(av) = T??t-C
p+V?+1) + /?T*CP+«"1(^D • 

We begin by the construction of Cq(a)). Let Tq be any g-simplex and let 

bi(Tq) be its coefficient in Bq(a°i). If o-• is not a vertex of Tq, we have b{(T
q) = 0. 

Moreover, since Bq = 0, it follows from (2.1) that ^ b{(T
q) = 0. Therefore, 

bi(Tq) • a°i is an ordinary (0, S3)-cycle of the g-simplex Tq having zero as the sum 

of its coefficients. It is well known that such a (0, 33)-cycle is equal to the 

boundary of a (1, 33)-chain of the g-simplex TQ. Therefore there exists, for 

every 1-simplex a), an element CJ(TQ) of the group 93 such that (1) c.j(Tq) = 0 if 

a) is not a face of Tq, (2) bi(Tq) = v°nci(.TQ) ^or e v e r y «"?• Let us put 

Cq(a)) = Zc3(r
q)Tq, 
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the summation running over all q-simplices TQ. Then a) is a face of every 

g-simplex appearing in Cq(a)) and the relations (4.1) hold true. 

If we put C9~1((r0
i) = 0, the relation (4.2) corresponding to p = 0 reduces to 

(4.1). Therefore, wre may suppose our construction carried through up to the 

relations (4.2), where p is given, and we have to construct (p + q + l)-chains 

Cp+q+1(ap+2) satisfying the analogous relations 

(4.3) Bp+q+1(ap+1) = VkfCp+q+1(al+2) + F*Cp+q(ap-+1) . 

Since F*Cp+q~l(<r?) is a dual (p + q, 33)-cycle, it follows from (4.2) that 

F*Bp+q(av) = 7?f.F*Cp+5(o-f+1). 

Comparing with (2.2) wTe get 

(4.4) rj^B^^a^1) - F*Cp+q(ap.+1) = 0. 

Now let TP+Q+1 be any (p + q + l)-simplex and let 6,- (rp+q+1) be its coefficient 

in the (p + q + 1, 33)-chain 

Bp+q+1(a
p+1) - F*Cp+q(ap-+1) . 

If aP+1 is not a face of r
p+q+1, we have bj(Tp+q+1) = 0. Moreover, it follows 

from (4.4) that y%b3-(T
p+q+1) = 0. Therefore, by(r

p+Q+1)o-^+1 is an ordinary 

(p + 1, 33)-cycle of the (p + q + l)-simplex r
p + g + 1 . It is well known that 

such a (p + 1, 33)-cycle is equal to the boundary of a (p + 2, 33)-chain of the 

simplex T
p+<?+1. Therefore there exists, for every (p + 2)-simplex o-£+2, an 

element ck(T
p+q+1) of the group 33 such that (1) ck(T

p+q+1) = 0 if o-£+2 is not a 

face of T
p+q+1, (2) bj(r

p+q+1) = vlTck(T
p+q+1) for every ap+1. Let us put 

Cp+q+1(ap
k
+2) = X) c,(rp+^+1) • Tp+q+1 

the summation running over all (p + g + l)-simplices T P + 9 + 1 . Then o-J!+2 is a 

face of every (p + g + l)-simplex appearing in Cp+'7+1(o-f+2) and the relations 

(4.3) hold true. 

5. Let there be given three groups 21, 33 and S. Let there be given a law-

attaching to every couple a, b, where a e 21 and b e 33, an element c e S, called 

the product of a and b and designated by ab or a • b. Furthermore, let us suppose 

the validity of the distributive laws 

(ai + a2)b = a\b + a2b, a(6i + b2) = abi + ab2. 

In such circumstances, we put 6 = (21, 33) and say that there is given an (21, 33)~ 

ra^lzp^cafo'On. 

Any (21, 33)-multiplication defines an "inverse" (33, 2l)-multiplication (with 

the same group 6), if wTe define the new product ba to be equal to the original 

product ab. 
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6. Let there be given an (?I, 93)-multiplieation. Let 

Ap = arf 

be a dual (p, 2l)-cyele. Let Bq be a dual (g, 33)-cycle. We shall define their 

product ApBq as a dual [p + g, (21, 33)]-cycle which, however, will be affected 

with a slight indetermination. To this end, we start with Bq and choose an 

auxiliary construction (sect. 2), which is always possible by sect. 3. Then 

we put 

ApBq = a f J B p + VD. 

From (2.2) we have 

F*aiB
p+q(<rIl) = aiF*Bp+q(ap) = ij^at.B

p+fl+l(<r^+1) 

which is equal to zero, since rjPiai = 0, Ap being a dual p-cycle. Therefore, 

F*(ApBq) = 0, i.e., the product ApBq is indeed a dual (p + g)-cycle. 

It can easily be seen that the product ApBq is not uniquely determined, 

depending really on the choice of the auxiliary construction. But the homology 
class of the product ApBq is determined without ambiguity,i.e. any two values 

(A PBq) i and (A PBq) 2 are connected by the homology 

(ApBq)i ~ (A pBq)2. 

This fact is an easy consequence of the following statement: If Bq = 0, then 

A pBq ~ 0 for any choice of the auxiliary construction. We proceed to the proof 

of that statement. If Bq = 0, wre saw in sect. 4 that there exist chains Cp+q~l(ap) 
such that (4.1) and (4.2) hold true. If p = 0, it follows from (4.1) that 

A0B< = a ^ V ! ) = u ^ C V . ) = 0, 

because r^.a-: = 0- If p > 0, it follows from (4.2) that 

F*aiC
p+q~l(ap

i) = aiF*Cp+q-l(aPi) = aiB
p+q(aIl) - 71

p-iaiC
p+q(ap+l) 

= aiB
p+q(ap) = ApBq 

because i ^ = 0. Therefore ApBq = F*aiC
p^q-l(<j1i) ~ 0. 

The homology class of the product ApBq is uniquely determined by the homology 
classes of Ap and Bq. This is an easy consequence of the following statement: 

If either Ap ~ 0 or Bq ~ 0, then ApBq ~ 0. Let us first suppose that Ap ~ 0. 

If p = 0, then Ap = 0, which implies ApBq = 0. If p > 0, then there exists a 

(p _ l, 2I)-chain a^T1 s u c h t h a t Av = ai< = F*(aja
p~l)J

 L e- ai = ^7ai • 
According to (2.2), we have 

F*ajB
p+q~l(ap--1) = a y F ^ + ^ V r 1 ) = nT?<*> Bp+q(ap) = a{B

p+q(ap) = ApBq 

so that ApBq = 0. Now we suppose that Bq ~ 0. If q = 0, then Bq = 0, 

which we know to imply Ap,Ba ~ 0. If g > 0, then there exists a (g — 1, 93)-

chain Hq~l such that Bq = F*Hq~\ One finds easily (q - 1, 93)-chains Hq~l(a*) 
such that (1) a°i is a vertex of every (g — l)-simplex appearing in Hq"1(a°i)y 
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(2) Hq~l = Y.iH'-Kvi)- If we put Bq(a°() = F*^"1^) and .B*+«(<r?) = 0 
for p > 0, we evidently have an auxiliary construction in the sense of sect. 2. 
With this choice of auxiliary construction, we have ApBq = 0 if p > 0, and 

A°Bq = F*aiH
9-l(a°i) ~ 0 if p = 0. 

7. Let there be given an ordering of the vertices of the complex K. Then we 

can use the particular auxiliary construction described in sect. 3, which leads 

to the following simple definition of the product ApBq. Given a (p -f q)-
simplex <rp+g, we write it as 

<JP+q = (V0, Vh • • • , Vp, • • . , Vp+g) 

according to the given ordering of the vertices. Let a be the coefficient of the 

p-simplex (v0, vh • • • , vp) in the (p, 2l)-ehain Ap; let 6 be the coefficient of the 

g-simplex (vp, • • • , vp+q) in the (q, 93)-chain Bq. Then ab is the coefficient of 

<rp+q in the product ^ J B * . 

This definition leads to a simple proof of the commutative law: 

(7.1) BqAp ~ (-l)pqApBq. 

Here we suppose that, 21 and 93 being two groups, Ap is a dual (p, 2f)-cycle and 

Bq is a dual (g, 33)-cycle. Furthermore, an (21, 93)-multiplication is given, and 

hence an inverse (93, 21)-multiplication also (sect. 5). The products ApBq 

and BqAp are formed according to the first and second of these multiplications, 

respectively. To prove (7.1), we fix the value of ApBq according to a given 

ordering of the vertices, and fix BqAp according to the inverse ordering of the 

vertices. Let a (p -f q)-simplex 

(VOj Vi, . . . , Vp, . • . , Vp+g) 

be written in the original ordering of the vertices. Since 

(vp, . . . ,»„) = (-l)»*("+,)(»o, • • • , » » ) , 

(Vp+V, • • • , vP) = ( - l ) » « f « + u ( » w • • • , vp+q), 

(Vp+q, • • • , Vp, • • • , V0) = ( - l)*(P+«) ( H - t f + D ^ , . . . , » „ • • . , 0 p + ! ) , 

*(P + «)(P + 3 + 1) = 4 P ( P + 1) + l?(? + 1) + P<7, 

it is readily seen that, with our particular choice of the auxiliary construction, 

we have BqAp = ( — \)vqApB9. It seems difficult to prove the commutative 

law (7.1) directly from the general definition given in sect. 6. 

The distributive laws 

(7.2) (Av + Ap
2)B

q ~ ApBq + APB", 

(7.3) AP(B\ + B\) ~ APB'( + ApBq
2 

are immediate consequences of either of the two definitions of the product. 
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Now suppose tha t three groups 3Ii, 312 and 3(3 are given. Let there be given 

an (3li, 3l2)-multiplication and an (3l2, 3(3)-multiplication. Fur ther , put t ing 

(3lb 3{2) = 3Ii2 , (3l2, 3I3) = 3l2 3 , 

let us suppose tha t there is given an (3li2, 3i3)-multiplication and an (3li, 3l23)-

multiplication. Suppose, finally, t ha t the associative law 

aia2-a3 = ai-a 2a 3 

holds t rue for ax e 3li, a2 e 3l2, a3 e 3I3. Then we have, if AVi (i = 1, 2, 3) is a 

dual (piy 3{i)-cycle, the associative law 

(7.4) A[ 'AJ« . /4? ~ Ap.AfrAfr. 

The proof based on a given ordering of the vertices is quite trivial. A proof 

based directly on our general definition of the product is not difficult, however . 
I t would be interesting to prove, using only definitions based on the ordering 

of the vertices, t ha t the homology class of the product AvBq is independent of 

the choice of the ordering.3 

8. Let there be given an (31, 53)-multiplication. If Av = a{a
v is a (p, 31)-

chain and if Bv = b{a
v is a (p, 23)-chain, let us put 

<p(Av,Bv) = aibie(%%). 

If Av+l is a (p -f 1, 3l)-chain and if Bv is a (p, 33)-chain, it is readily seen t h a t 

(8.1) <p(FAv+l, Bv) = <p(Av+1, F*BV); 

similarly we have 

(8.2) <p(Av, FBv+l) = <p(F*Av, Bv^) 

for any (p, 3l)-chain Av and any (p -f 1, 93)-chain B p + 1 . 

9 Let there be given an (31, -^-multiplication. Let Av+q be an ordinary 
(p -f q, 3l)-cycle. Let Bq be a dual (q, -8)-cycle. We shall define a product 

Av+qBq (not quite uniquely determined), which will be an ordinary [p, (31, -8)]-

cycle. We choose an auxiliary construction Bv+q(av) associated with Bq 

(sect. 2), and we put 

Av+qBq = C{a
v, 

where (see sect. 8) 

d = (-l)vq<p[Av+q, Bv+q(av)]. 

T h a t Av+qBq is an ordinary [p, (31, 93)]-cycle, is trivial if p = 0. If p > 0, 

3 Such a proof has now been given by J. W. Alexander; see his paper cited above. 
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it follows from (2.2) and (8.1) that, for any (p — l)-simplex ov~l, 

(- lr^'T
1
^ = vP?<p[Av+", Bv+"(av)] = <p[Av+", ntfB'+'W)] 

= <P[AP+", F*Bv+"-\<j»-1)} = <p[FAp+", Bp+"-\crv-1)} = <p[0, Bv+q-\<Tvf-x)} = 0, 

i.e. F(AV+"B") = 0. 

Suppose that B" = 0. If p = 0, it follows from (4.1) that 

<p[A",B"(a°)} = r,%<p[A",C"(a))}, 

so that 

A*B* = F(y,ja)), y, = <p[Aq,Cq(a))], 

i.e. AqBq ~ 0. If p > 0, it follows from (4.2) that 

<p[Ap+q, Bp+q(al)] = n^[Ap+<7, Cp+q-l(<jp
3

+1)} + <p[Ap+q, F*Cp+q-l(<Tp)}. 

But the last summand is zero, from (8.1), since FAp+q = 0. Therefore 

Ap+qBq = F(yja
p
j
+1), 7/ = (-l)pq<p[Ap+q, Cp+q~l(av

j
+l)], 

i.e. again A J1+qBq ^0. 
It follows readily from the preceding proof that, in any case, the homology 

class of the [p, (51, 33)]-cycle Ap+qBq is independent of the choice of the auxiliary 

construction. As a matter of fact, this homology class is uniquely determined 

by the homology classes of the ordinary (p -f- q, 5l)-cycle Ap+q and the dual 

(q, 93)-cycle Bq. It is sufficient to prove that Ap+qBq ~ 0, if either Ap+q ~ 0 

or Bq ~ 0. If Ap+q ~ 0, there exists a (p + q -f 1, 5l)-chain Hp+q+l such that 

^P+S = FHp+q+1. It follows easily from (2.2) and (8.1) that 

Ap+qBq = F(y3-<rP+1) ~ 0, 7/ = (-1)PV[#PHHH~\ -Bp+fl+1(<r?+1)]. 

If Bq ~ 0 and g = 0, we have Bq = 0, which we know to imply A p + 5 f i 5 ~ 0. 

If Bq ~ 0 and q > 0, we choose the auxiliary construction as at \he end of 

sect. 6: Bq(a°{) = F*Hq--(<j\) and Bp+q(*p) = 0 for p > 0. If p > 0, we have 

then Ap+qBq = 0. If p = 0, we have again A qBq = 0 from (8.1), since FAq = 0. 

If A p is a dual (p, ?I)-cycle and if Bp+q is an ordinary [(p -f g), S3]-cycle, 

we put 

ApBp+q = C<(T?, 

where 

ct- = ^ ^ « ) , f i ^ ] , 

the (p -f q, 5l)-chains Ap+q(<rq)(q = 0, 1, 2, • • • ) being the elements of an 

auxiliary construction associated with Ap. Again, the product is an ordinary 

[q, (31, 33)]-cycle and only its homology class is uniquely determined, this class 

being indeed given by the mere knowledge of the homology classes of the 

factors. If Ap+q is an ordinary (p -f- q, §l)-cycle and if Bq is a dual (q, S8)-cycle, 
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we have evidently 

(9.1) Ap+qBq ~ (~-l)pqBqAp + q, 

where the left-hand member is defined according to the given (21, ^-multiplica-

tion and the right-hand member according to the inverse (35, ^-multiplication. 

10. Let there be .given an ordering of the vertices of the complex K. The 

particular auxiliary construction described in sect, 3 leads to following simple 

definition of the product ApBp+q of a dual (p, Sl)-cycle Ap and an ordinary 

(p -f- q, 55)-cycle Bp+q. Given a g-simplex <rq, we write it as 

orq
 = (v0, Vi, • • • , Vq) 

according to the given ordering of the vertices, and consider all the (p -f- q)-
simplices 

*k+<1
 = (V0, Vi, • • • , Vq, • • • , Vp+q) 

having <rq as their common face and such that, in the given ordering, vq precedes 

any vertex of <rv+q wrhich is not a vertex of <rq. For every such <rf+q put 

*l = (vq, • • • , vp+q). 

Let dk be the coefficient of <rl in Ap; let bk be the coefficient of <rv+q in Bp+q. 
Then the coefficient of <rq in ApBp+q is equal to 

X &khk. 
k 

Now let us consider the product Ap+qBq of an ordinary (p -f- q, 2t)-cycle 

Ap+q and a dual (q, S5)-cycle Bq. This time we use the auxiliary construction 

based on the inverse ordering of the vertices, but we describe the result in terms 

of the original ordering. Given a p-simplex <rp, we write it as 

*v = (vq, • • • , vp+q) 

according to the given ordering of the vertices, and consider all the (p -f- q)-
simplices 

<rt+q = (vo, Vi, • • • , Vq, • • • , vp+q) 

having <rp as their common face and such that, in the given ordering, vq follows 

any vertex of <rv+q which is not a vertex of <rp. For every such <rv+q, put 

*l = (vo, • • • ,vq). 

Let a,k be the coefficient of al+q in Ap+q; let bk be the coefficient of <rk in Bq. 
Then the coefficient of <rp in Ap+qBq is equal to 

X akbk. 
k 

These definitions, in connection with that given at the beginning of sect. 7 
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(for the product of two dual cycles) lead to a simple proof of the associative 
laws: 

(10.1) Api+p*+p>Bp
2> - Bl* ~ Ap^+P*+P* • BpBp

3>, 

(10.2) BM? 1 + P -+ P « • Bp
3> ~ Bpi .Ap+P*+P'BP', 

(10.3) B\*Bl* • Ap^+P*+P* ~ fifi. BJ-4 *»+*-+*«. 

Here we suppose given three groups 2li, 2l2, 2I3, an (Sli, ^-multiplication, an 

(3X2, ^-multiplication, an (2Ii2, ^-multiplication with 2li2 = (2li, 2l2) and an 

(2li, 2l23)-multiplication with 2I23 = (2t2, 213). It is supposed that aia2 • a3 = 

ax • a2az for a» e 21*(i = 1, 2, 3). AP'+P*+P* (i = 1, 2, 3) is an ordinary (px + p2 + 

p3, s2lt)-cycle and BPi (i = 1, 2, 3) is a dual (pt-, 2l\)-cycle. Of course, any of the 

three formulas (10.1), (10.2) and (10.3) implies the others using (7.1) and 

(9.1). We omit writing explicitly the trivial distributive laws. 

11. In the remaining part of this paper the coefficients of all chains are taken 

from the additive group of all integer numbers. Moreover, we suppose that 

K = Mn is an orientable simple n-circuit, i.e. that the following four conditions 

are satisfied. First, each simplex of Mn is either an n-simplex or a face of an 

n-simplex. Second, each (n — l)-simplex of Mn is a common face of precisely 

two n-simplices of Mn. Third, any two n-simplices of Mn may be connected 

by a sequence of n-simplices of Mn such that any two consecutive n-simplices 

of the sequence have a common (n — l)-face. Fourth, the n-simplices <rn of 

Mn can be given such orientations that their sum Tn = ]T)f a
n is an ordinary n-

cycle. (We always suppose the orientation of the n-simplices chosen in this 

manner.) 

If <TP is any p-simplex of Mn, we denote by Lk. [<rp] its link, i.e. the subcomplex 

of Mn composed of all the simplices r of Mn having no common vertex with <rp 

but having the property that there exists a simplex of Mn having both r and <JV 

among its faces. 

If 0 = p _ n, we say that Mn is p-regular if the following two conditions are 

satisfied. First (requiring nothing if p = n or p = n — 1), the link Lk. [<JV] 
on any p-simplex of Mn is an orientable simple (n — p — 1)-circuit. Second 

(requiring nothing if p = 0), for each k such that 0 g k = p — 1, any dual 

(n — p — l)-cycle of any Lk. [o-J] is homologous to zero in Lk. [<rj]. It is easily 

seen that the orientable combinatorial n-manifolds are identical with orientable 

simple n-circuits, which are p-regular for any 0 ;= p = n. 

12. For 0 = p =g n, we denote by 33P the group of all the homology classes of 

ordinary p-cycles of Mn and by S p the group of all the homology classes of dual 

p-cycles of Mn. 
Given any dual (n — p)-cycle Bn~p of Mn (0 ^ p = n), we pu t 

\l/p(B
n~p) = r n - jBn-*>, 
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where Tn = ]T),. an. Evidently, \[/p is a homomorphic mapping of the group 

Sw-p on a subgroup ^p(-®»_p) of the group S3P. 

13. 7/ Mn is p-regular, then the mapping i/>p is 1 — 1, so that the group SBn-7; 

is isomorphic with a subgroup [i.e. \pp($8n-p)] of the group 93P. 

It is sufficient to prove that TnBn~p ~ 0 implies Bn~p ~ 0. 

Let Bn~p+k(ak) be the elements of a given auxiliary construction associated 

with the dual (n — p)-cycle Bv~p. Since Tn • Bn~p ~ 0, there exists a (p + 1)-

chain c^ap-+l such that r* • Bn~p = ( - l )^ -^F (c y o- f + 1 ) ; i.e. 

^[r»,B»(cr?)]= 1?«<V. 

For any ap+1
7 let us choose an n-simplex rn such that ap+1 is a face of rn, and 

put Hn(ap+1) = cyr
n. Since r» = £- .*? , we have <p[r?ff»(er?+1)] = c,- and, 

therefore, 

(13.1) *[r», J5JJ(o-?)l = o , 

where 

(13.2) B 5 ( 0 = B « ( 0 - vPiHn(ap+1) . 

Evidently ap is a face of each n-simplex appearing in the n-chain JBQ (°"D • There-

fore there exists in the link Lk. [ap] an (n — p — l)-chain Cn~p~1(ap) such that 

the n-chain Bn(ap) can be obtained from the (n — p — l)-chain O - ? - 1 by re-

placing each (n — p — l)-simplex 

by the ?i-simplex 

(t>o, • • • ,vp, vp+h • • • , vn) 

where 

(13.3) (vo, • • • , vp) = ap . 

Since the complex Lk. [ap] contains no (n — p)-simplex, the (n — p — l)-chain 

Cn~p"1(a"?) °f th e complex Lk. [o-?] must be a dual (n — p — l)-cycle. More-

over, the equation (13.1) signifies that the sum of the coefficients of Cn~p~1(ap) 
is equal to zero. Since Mn is p-regular, Lk. [ap] is an orientable simple 

(n — p — l)-circuit, which implies readily the existence of an (n — p — 2)-chain 

2)«-p-2(o-?) in the complex Lk. [ap] such that 

(13.4) F*JD^-2(o-D = ( - l ) ^ 1 ^ - ^ 1 ^ ? ) • 

Let Hn~l(ap) signify the (n — l)-chain which arises from the (n — p — 2)-chain 
j>-*>--(o-?) ^y replacing each (n — p — 2)-simplex 

(Vp+l, • • • , Vn-i) 
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by the (n — l)-simplex 

(vo, • • • , vPf vp+i, • • • , fl„_i) , 

supposing the validity of (13.3). Then (13.4) implies that 

(13.5) F*Hn-Hap) = Bn
0(a

p) . 

Moreover, ap is a face of every (n — l)-simplex appearing in the (n — l)-chain 

Hn-i(<rp). 

Now, let us put 

BU(aPi) = 0 , 

and 

B;Zp+k(ak) = Bn~p+k(ak) for p - l ^ k ^ p . 

From (13.2) and (13.5) it is easily seen that the chains Bn~p+k(ak) form an 

auxiliary construction associated with Bn~p. 
Now let us suppose that (as we have found to be possible in the case r = p — 1) 

we have found chains Bn~pJrk(ak)(l S r — p — 1) forming an auxiliary construc-

tion associated with Bn~p and such that Bn~p+r + l(*r+l) = 0. By the defini-

tion of an auxiliary construction, we have 

(13.6) F*Bn
r~

p+r(ari) = 0 

for each a\. Since ar is a face of each (n —- p -+- r)-simplex appearing in 

Bn~v+r(ar), there exists in the link Lk. [ar] an (n - p - l)-chain Cn-p-l(ar) 
such that the (n — p -f- r)-chain Bn~p+ r(ar) can be obtained from the 

(n — p — l)-chain Cn-p~l(ar) by replacing each (n — p — l)-simplex 

by the (n —- p -f- r)-simplex 

(v0, • * • j Vr, Vr+lj ' • * , Vn—p+r) , 

where 

(13.7) (v0, • • • , Vr) = (TV . 

Now the equation (13.6) signifies that Cn-p~1(ar) is a dual (n — p — l)-cycle of 

the complex Lk. [ar]. Since Mn is p-regular, it follows that there exists an 

(n — p — 2)-chain Dn-p~2(ar) of the complex Lk. [ar] such that 

(13.8) F*Dn~p-2(ari) = (~iy+lCn-p-l(ar) . 

Let Hn-p'hr-1(ar) denote the (n — p -f- r — l)-chain which arises from the 

(n — p — 2)-chain DH~p~2(o-[) by replacing each (n — p — 2)-simplex 

(^r-f-l, • ' * j vn—j>-t-r—l) 



MULTIPLICATIONS ON A COMPLEX 6 9 3 

by the (n — p -f r — l)-simplex 

(v0> • * * , Vr, Vr+1, • • • , vn-p-fr-l) . 

supposing the validity of (13.7). Then (13.8) implies that 

(V3.9) F*Hn-*+r-1(<rr
i) = Bn~p+r(a\) . 

Now, let us put 

BnZp+r(<rl) = 0 , 

Br-F'-^a'f1) = Bn
r~

p+r~l(arrl) - r^H^^Wi) 
(13.10) 

and 

ßГř
+
Ҷ<rř)  =  BT

p+k
Wí)  foг  r  -  1 JÍ k  и  r  . 

It  follows  readily  from  (13.9)  that  the  chains  B
n
Z

p+k
(a

k
)  form  an  auxiliary 

construction  associated  with  B
n
~

v
  and such that  (13.10)  holds  true. 

Applying  the preceding  argument  successively  for  r  =  p  —  1, p  — 2,  •  •  •  , 2, 1, 

we  obtain  an  auxiliary  construction B
n
~

p+k
(a

k
)  associated  with  B

n
~

p
  and  such 

that  B
n
~

p+l
(a\)  =  0.  Applying  the  same  argument  again  in  the  case  r  =  0, 

we  have  (13.9), written  now  as 

F*H
n
-

v
~\a'i)  =  B

n
-

p
(a°i)  . 

But  since  B
n
~

p
(a°i)  are  elements  of  an  auxiliary  construction  associated  with 

B
n
~

v
,  we  have  B

n
~

v
  =  J^

{
  B

n

0
~

p
(a°i)  =  F*  ^  H

n
-

V
~\a]),  whence  B

n
~

v
  — 0. 

14.  If  M
n
  is  (p  —  l)-regularj

A
  then  the group  ^

p
(-Sn-p) is  the whole group 33

p
, 

so  that  the  group  S3
P
 is  a  homomorphic image  of  the  group  -5

n
-/,.  Comparing 

this  with  the  result  of  the  preceding  section  we  see  that,  if  M
n
  is  both (p  —  1)-

regular and p-regular, the groups 33
 p
  and  S

n
-

P
  are  isomorphic. 

Let  C
v
  =  Cia

p
  be  an  ordinary  p-cycle  of  M

n
,  so  that  v

p
~^

1
c

i
  =  0.  We 

shall  find  a  dual  (n  —  p)-cycle  B
n
~

v
  and  an  auxiliary  construction  B

n
~

p+k
(a

k
) 

associated  with  it  such that  T
n
  •  B

n
~

v
  =  C

v
,  i.e. 

(14.1)  *>[r
n
, B

n
(a

p
)\  =  a  . 

The  construction  of  n-chains  B
n
(a

p
)  satisfying  (14.1)  is  quite  evident;  it  is  suf­

ficient  to  choose  for  each  a
p
  an  n-simplex  r

n
  having  a

p
  among  its  faces  and  to 

put  B
n
(a

P
)  =  CiT

n
.  Since  rj

p
~

1
c

i
  =  0, we have  for  each  a

p
~

l 

(14.2)  ^ [ r
n
, ^ 7

1
^

n
( ^ ) ]  =  o . 

Since  a
p
~

l
  is  a  face  of  every  n-simplex  appearing  in  r)

p
~

x
B

n
(a

p
)  and  since  the 

(p  —  l)-regularity  of  M
n
  implies  that  the  link  Lk.  [a

p
~

x
]  is  an  orientable  simple 

(n  —  p)-circuit, we  can  start  with  (14.2)  and  repeat  the  same  argument  which, 

in  the  preceding  section  and  starting  with  (13.1),  led  us  to  (13.5).  We  thus 

4
  Any  M

n
  is  supposed  to  be  ( —l)-regular. 
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obtain, for every av~l, an (n — l)-chain Bn~l(av~l) such that av~l is a face of 

each simplex appearing in Bn~l(av~l) and such that 

F*Bn-\av~l) = VPi^Bn(av) . 

More generally, let us suppose that, for a given r( l = r ^ p — 1), we have 

succeeded in attaching to every ak (r S k = p) an (n — p -f fc)-chain Bn~p+k(ak) 
having the two following properties. First, ak is a face of each (n — p -f- k)~ 

simplex appearing in Bn~p+k(ai). Second, we have for r ^ k ^ p — 1 

(14.3) .F*.Bn-p+*(crJ) = n-iJ5n-^+1(o'j+1) -

It follows that 

(14.4) FWi^Bn-rt+fa) = 0 . 

Since ar~l is a face of every (n — p -f- r)-simplex appearing in nJ71^n~ptr(crt:) 

and since the (p — l)-regularity of Mn implies that every dual (n — p — l)-cycle 

of the complex Lk. [o-p1] is homologous to zero in Lk. [o-J-1], we can start with 

(14.4) and repeat the same argument which, in the preceding section and 

starting with (13.6), led us to (13.9). We obtain thus, for every a]"1, an 

(n — p -f- r — l)-chain Bn-p+r~1(ar~l) such that ar~l is a face of each simplex 

appearing in Bn~p+r~l(ar
j~

l) and such that (14.3) holds true for k = r — 1. 

Starting with the chains Bn(aP) and Bn~1(av~i) already found, and applying 

the preceding argument successively for r = p — 1, p — 2, • • • , 2, 1, we find 

chains Bn-p+k(a\) (0 S k S p) such that ak is a face of each simplex appearing 

in Bn~p+k(ak) and such that (14.3) holds true for 0 S k• = p — 1. In particular, 

for k = 0, (14.3) says that 

F*Bn~p(a°i) = ri)iBn~p+l(a)) . 

Since J2i vh = 0 for every a), we have F* £)» Bn-p(a]) = 0, i.e. 

Bn-P = ^2{B
n-p(a°i) 

is a dual (n — p)-cycle. Of course our chains Bn~p+k(ak) form an auxiliary 

construction associated with Bn~p and we have Fn • Bn~p = Cp. 

15. Let OSp^n, OSq^n. Suppose that Mn is r-regular both for 

r = p and for r = q. Let Cp be an ordinary p-cycle belonging to the family 

^p(Sn-p); let Dq be an ordinary g-cycle belonging to the family ^(Sn-g) ; if 

Mn is r-regular also for r = p — 1 and r = q — 1, we know (sect. 14) that the 

cycles Cp and Dq are unrestricted. 

We shall define the intersection of Cp and Z)a and we shall designate it by 

Cp X Dq. In the case p -f- g < n we simply put 

O X £>* == 0 . 

In the case p -f- q = n, we shall define O X Dq as an ordinary (p -f- q — n)-

cycle, but only its homology class will be uniquely determined. 
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Since Cp belongs to \pp08n-p), there exists a dual (n — p)-cycle An~p such that 

(15.1) YnAn~p ~ Cp . 

Since Dq belongs to \pq(^n^q), there exists a dual (n — #)-eycle Bn-q such that 

(15.2) rnBn~* ~ Z)«. 

We know (see sect. 13) that the homology classes of An~p and Bn~q are uniquely 
defined. 

This being done, we put 

(15.3) Cp X Dq ~Tn . An~pBn-«. 

It follows from (10.1) and (15.1) that 

(15.4) O X D* ~C»Bn~* . 

The distributive laics 

(CI + CP) X Dq ~ (Cf X D*) + (CP X D«) , 
(15.5) 

O X (D? + Df) ~ (Cp X Df) + (Cp X Df) 

are evident. The commutative law 

(15.6) D« X Cp ~ (_l)<»-»> <*-«>(> X D* 

follows from (7.1) and (15.3). If Mn is also s-regular and if E* is an ordinary 

s-cycle belonging to the family ^(S„- 3 ) , we see from (7.4), (10.1) and (15.3) 

the validity of the associative laiv 

(15.7) (C" X C " ) X E* ~ O X (D* X Ks) . 

16. Let il/n be an orientable combinatorial n-manifold and let Mn be its 

barycentrical subdivision. It is well known that Mn is also an orientable com-

binatorial n-manifold. We shall show that, on the manifold Mn, our definition 

of intersection of ordinary cycles is equivalent to the classical definition. 

Let <TP(Q ±k p S n) denote the simplices of Mn. We choose the orientation of 

the n-simplices <rn in such manner that yn = ^ a" is an ordinary n-cycle on 

Mn; we choose arbitrarily the orientation of the p-simplices <rp(l ^ p ^ 

n — 1) and, as usual, we denote by r\p j the incidence coefficient of <jp+l 

andap(0 Sp S n~ 1). 

Now let us recall the definition of the complex Mn. The vertices of Mn 

are identical with the simplices <rp(0 S p S n) of Mn, The vertices <rp\ 
<rVii -' • > vllT °f Mny where po S Pi S • • • S Pr, form an r-simplex of Mn if and 

only if (1) po < pi < • • • < Pn (2) <TP* is a face of *?»•- for O ^ ^ r - 1. 
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Put 

r-n V ^ ° 1 n - 1 / 0 1 n \ 
1 = = 2 - / Vi1i0Vi2i1 • • • Ilt^-x l ^ i o J °".i> • • • ; *in) 

the summation running over all the ?i-simplices of Mn. It is well known that 

Fn is an ordinary n-cycle of M„ (usually called the barycentrical subdivision 

of yn). 
The classical intersection of two ordinary cycles on Mn is obtained by choos-

ing each factor in a particular way in its homology class, which we must de-

scribe in detail. 
Let IP = a^l be an ordinary p-cycle of Mn. Put 

nv V* o i p—l n r o l p \ 
c = 2 - / Vi1i0Vi2i1 - ' ' Vipi^ip \<rio, <r{l, • • • , <rip)> 

the summation running over all the p-simplices of Mn having the indicated 

form (<7?0, <r\l} • • • , <rfp). Let Kn~q - 6^?"* be a dual (n - q)-eye\e of Mn, Put 

T\q \ ^ n — q n—1 r / n — q n — q-\-l n \ 
- ^ Z-./ Vin~q+iin-q ' ' ' V i nin-l0in-q ^ i n-q > Gi n-qn i ' J Gi iJ 1 

the summation running over all the (I-simplices of Mn having the indicated form 
/ n — q n — q +1 n \ 
K^in-qJ & i n-q+l J ' ' ' > ® i tJ ' 

In the classical theory of combinatorial manifolds it is shown that Cp is an 

ordinary p-cycle on Mn} that D9 is an ordinary g-cycle on Mn} and that we may 

choose the ordinary p-cycle IP on Mn and the dual (n — #)-cycle Kn~q on Mn 

in such a manner that Cp and Dq are homologous to arbitrarily given ordinary 

p-cycle and g-cycle on Mn. The classical intersection of Cp and Dq is zero if 

p -f- q < n; in the case p -f- q __ n, it is equal to 

(lei) c XD' = E^~u>-9 • • • ^-AA.-*«:4> • • • > <>)> 

the summation running over all the (p + q — n)-simplices of Mn having the 

indicated form (<r?~;, . . . , <r?p). 

The case p + q < n being trivial, we have to show7 that, if p + q §_ n, (16.1) 

holds true according to our definition of intersection. 

We now choose an ordering co of the vertices of Mn and define an (n — g)-chain 

Bn~q on Mn as follows. Let 

T ~ K*io> ail> ' " > ^in-V 

be an (n — #)-simplex of Mn. Let v\ be the first vertex of the Ax-simplex <rj£. 

(0 _S X _g n — q)j relatively to the ordering co. If the v\s (0 _g X _§ n — q) 
are not all different from each other, then the coefficient of Tn~q in Bn~q will be 

zero. In the other case, 

(16.2) (v0i vh • • • , l ^ ) 

is an (n — (^-simplex of M„ and the coefficient of rn_tf in i?n""Q will be equal to 

the coefficient of (16.2) in Kn~q. It is not difficult to verify that Bn~q is a dual 

cycle on Mn. 
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Now we order the set of all the vertices of Mn in such a manner that <r\ 
precedes a1}, whenever h < k; this can be done in many ways. We form the 

product TnBn~q in the manner explained in sect. 10, using our ordering of the 

vertices of Mn. We easily verify that 

TnBn-Q = D ^ 

so that 

Cp X Dq ~ CpBn'q 

from (15.2) and (15.3). Now if we form the product CpBn~q again in the 

manner explained in sect. 10, using the same ordering of the vertices of Mn, we 

easily verify that (16.1) holds true. 

T H E INSTITUTE FOR ADVANCED STUDY. 


