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MULTIPLICATIONS ON A COMPLEX
By Epvarp Crcu
(Received Tebruary 20, 1936)

In their communications at the First International Topological Conference
(Moseow, September 1935), J. W. Alexander and A. Kolmogoroff introduced
the notion of a dual eyele! and defined a product of a dual p-cycle and a dual
g-cycele, this product being a dual (p 4+ ¢)-cycle. A different multiplication of
the same sort is considered in this paper. Tt may be shown that the Alexander-
Kolmogoroff product, augmented by the dual houndary of a suitable (p + ¢ — 1)-

chain, is equal to the (;0 :_ q>”‘ multiple of the product here introduced.?

Morcover, I consider also a product of an ordinary n-cycle and a dual p-cycle
(n = p), this product being an ordinary (n - p)-cyele.  There is a simple
algebraie relationship between the two kinds of multiplication, which [ shall
explain clsewhere.  As an applieation of the general theory, 1 give a new
approach to the duality and intersection theory of a combinatorial manifold,
given in a simplicial subdivision.  The theory works exclusively in the given
subdivision.

This is a preliminary paper of a purely combinatorial nature. In a later
paper, 1 shall apply the same methods to general topological spaces, and in
particular to the very general “manifolds’” defined in my recent note in the
Proceedings of the National Academy of Sciences (U. S, A).

Many of the results of this paper were found independently by H. Whitney,
but his methods of proof seem not much related to mine.

1. Let there be given a complex K. We shall designate by o (p = 0,1,2, .. .)
the (oriented) p-simplices of K and by 77; (= 0, 1, —1) the incidence coefficient
of ¢ and o).

The word group will always designate an additively written abelian group.
If 9 is a group, then a (p, N)-chain is a symbol of the form a,e?, a; € 9, where,
as always in this paper, one has to sum over every subseript appearing twice.

The boundary FA” of a (p, d)-chain A7 = a,¢” is zero if p = 0, and it is the
(p — 1, A)-chain

CAP — bl n—1
FA" = 9 a0

7y M

! As a matter of fact the Topology of S. Lefschetz (1930), contains an essentially equiva-
lent notion (pp. 282-286).

2 In his paper “On the Connectivity Ring of an Abstract Space’” in this number of the
Annals of Mathemalics, pp. 698-708, J. W. Alexander has modified his definition, and it is
now in agreement with the one here presented.
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682 EDUARD CECH

ifp>0. If FA» = 0, we say that A7 is an ordinary (p, N)-cycle. The (p, A)-
chain FA»H is an ordinary (p, %)-cycle for every (p + 1, A)-chain A7, Two
ordinary (p, A)-cycles AT and A% are said to be of the same homology class,
or to be homologous to each other (in symbols A} ~ A%) if there exists a
(p + 1, A)-chain Aj* such that

{ — A} = FAT™.
The dual boundary F*A? of a (p, A)-chain A? = a;¢? is the (p + 1, A)-chain

F*Av = g%.a,071".
If F*A» = 0, we say that A7 is a dual (p, A)-cycle. The (p + 1, A)-chain F*A»
is a dual (p + 1, W)-cyele for every (p, X)-chain A?. Two dual (p, A)-cycles A}
and A7 are said to be of the same homology class, or to be homologous to each
other (in symbols A7 ~ A%) (1) in the case p = 0 only if they are identical,
(2) in the case p > 01if there exists a (p — 1, A)-chain A5~! such that

- A} = F*Ap

2. Let B be a given group. Let B? be a given dual (¢, B)-cycle. By an
auztliary construction we mean an operation attaching to every simplex o7
pp=01,2 -.-.)a (p + ¢q, B)-chain Br+1(s?) such that the following three
conditions are satisfied. First, if the coefficient of a (p + ¢)-simplex 77+¢ in
Br+a(g?) is different from zero, then o7 must be a face of 77+¢.  Second, we must
have

(2.1) B" = 3 BU(s?).

Third, we must have for every simplex ¢? (p = 0, 1,2, --.)

22) P*BP(st) = 3 n¥, BrH(g7H).
7

3. We shall prove that the auxiliary construction s always possible. Let
there be given a fixed ordering of the vertices of K. Let o? be a given p-simplex,
written as

o = (UO) (TR )UI))
corresponding to the given ordering of vertices (i.e. vy precedes v, etc.). We
shall define the (p 4+ ¢, B)-chain Br*+(¢?) as follows. The only (p + ¢)-
simplices appearing in B?+4¢(g?) will have, corresponding to the given ordering
of vertices, the form
(31) (?)07 Uy ooy Upy =00y vp+q>,

i.e. the first p 4- 1 vertices will be those of o?. The coefficient of any such
simplex (3.1) in B»*+¢(g?) will be equal to the coefficient of the ¢-simplex (v,, - - -,
Vpre) In BY,
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The first two properties of the auxiliary construction being evident, we have
only to prove (2.2) for

Po_ v
oy = 0° = (1)0, Uy » ¢ ,7),,).

The only (p + ¢ + 1)-simplices 77t ¢+ appearing on either side of (2.2) must all
have o7 as their common face and, moreover, corresponding to the given ordering
of vertices, the vertex v, must be either the (p + 1) or the (p + 2)t» vertex of
7rtetl. We have to prove that any such 77+4t! has equal coefficients on both
sides of (2.2). This being quite evident in the case where v, is the (p + 2)th
vertex of 7P ¢+ we only have to examine the case when, in the given order of
vertices, we have

Frretl — (1)0, Viy o v Upy » o Up+q+1) .
Let b,.: (0 =7 < g 4+ 1) be the coefficient, in the (¢, B)-chain B9, of the oriented
g-simplex obtained from (v,, ---, Vpie1) by omitting the vertex v,... The

coefficients of 77+t in both sides of (2.2) are respectively equal to
(—1)P*b,.; and to (—1)?*'b,.

But since B?is a dual (¢ + 1, 8)-cycle, the coefficient of the (¢ 4 1)-simplex
(¥, -+ 5 Vpiqrr) In FEBmust vanish, i.e.

(=1)bpss = 0 or (=1)"ibpis = (=1)"*1h,.

4. Let us suppose that the dual (g, B)-cycle B¢is identically zero. B?+(¢7)
being the elements of an auxiliary construction chosen in any manner correspond-
ing to B¢ = 0, we shall prove that we may attach to every p-simplex ¢7(p =
1,2,3,.-)a(p + g — 1, B)-chain Crt« ! (¢7) such that the following three
conditions are satisfied. First, if the coefficient of a (p + ¢ — 1)-simplex
el in Cr+al(g?) is different from zero, then o? must be a face of rr+e-!
Second, we have for every 0-simplex o

(4.1) B(e}) = n3,C%(a3).
Third, we have for every p-simplex ¢?, where p = 1,2, 3, ...,
(42 Brri(at) = nl, (et 4 B (o).

We begin by the construction of C"(o‘g). Let 77 be any g-simplex and let
bi(r9) be its coefficient in B'(c?). If ¢} is not a vertex of 77, we have by(r?) = 0.
Moreover, since B? = 0, it follows from (2.1) that »_; b;(+?) = 0. Therefore,
bi(r4) - ¢ is an ordinary (0, 8B)-cycle of the g-simplex 7¢ having zero as the sum
of its cocfficients. It is well known that such a (0, B)-cycle is equal to the
boundary of a (1, 8B)-chain of the g-simplex 79 Therefore there exists, for
every l-simplex o}, an element ¢;(r7) of the group ¥ such that (1) ¢;(r9) = 0 if
ot is not a face of 77, (2) bi(79) = n}.c;(r?) for every ¢;. Let us put

Cq((r}) = Z Cj(rq)rq,
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the summation running over all ¢g-simplices 7¢2. Then aﬁ is a face of every
g-simplex appearing in C?(¢}) and the relations (4.1) hold true.

If we put C"'(¢}) = 0, the relation (4.2) corresponding to p = 0 reduces to
(4.1). Therefore, we may suppose our construction carried through up to the
relations (4.2), where p is given, and we have to construct (p + ¢ 4+ 1)-chains
CPTeH(¢P*?) satisfying the analogous relations

(4_3) B”+q+1(a§3+l) — ’q}ﬁlcﬂ'q“(azﬁ) + F*C”ﬂ(ozj“).

Since F*Crte1(g?) is a dual (p + ¢, B)-cycle, it follows from (4.2) that

ﬁ’*BP'ﬁ"‘I(O,;{’) — 17?,-F*Cp+q(0'?+1).
Comparing with (2.2) we get
(4.4) 7l BPY (gt _ FrCPT(g7H) = 0.

Now let 77¥¢t be any (p + ¢ 4+ 1)-simaplex and let b; (7<) be its coefficient
in the (p + ¢ + 1, B)-chain

Bp+q+1(01;3+1) _ F*Cp+q<(7?+l).

If ¢7*" is not a face of 77t ¢+ we have bj(rPtet) = 0. Moreover, it follows
from (4.4) that 9%,b;(r?*¢) = 0. Therefore, b,(r?***)g™ is an ordinary
(p + 1, B)-cycle of the (p 4+ ¢ 4+ 1)-simplex 77+t It is well known that
such a (p + 1, B)-cycle is equal to the boundary of a (p + 2, B)-chain of the
simplex 77t¢+ Therefore there exists, for every (p 4+ 2)-simplex ¢}* an
element ¢i(r7t2t1) of the group ¥ such that (1) ex(rPret) = 0 if ¢ is not a
face of 7791 (2) by(r7+etl) = ghTlc, (rPHet1) for every ™.  Let us put

C”+’1+l(a{f“) - Z ck(Tp+q+1) . pPatl

the summation running over all (p + ¢ + 1)-simplices r»+¢t1, Then ¢} is a
face of every (p 4+ ¢ + 1)-simplex appearing in C?+9+1(¢2®) and the relations
(4.3) hold true.

5. Let there be given three groups A, B and €. Let there be given a law
attaching to every couple a, b, where a ¢ A and b ¢ B, an element ¢ € €, called
the product of a and b and designated by ab or ¢-b. Furthermore, let us suppose
the validity of the distributive laws

(a1 + a2)b = a;b + aqb, a(by + be) = ab, + ab,.

In such circumstances, we put € = (U, B) and say that there is given an (3, B)-
multiplication.

Any (3, B)-multiplication defines an ‘“‘4nverse’” (B, A)-multiplication (with
the same group @), if we define the new product ba to be equal to the original
product ab.
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6. Let there be given an (3, B)-multiplication. Let
A? = q;07

be a dual (p, ™)-cycle. Let B2 be a dual (g, B)-cycle. We shall define their
product A?B¢ as a dual [p + ¢, (¥, B)l-cycle which, however, will be affected
with a slight indetermination. To this end, we start with B¢ and choose an
auxiliary construction (sect. 2), which is always possible by sect. 3. Then
we put

APB? = a,B""(s?).
From (2.2) we have
Fra,Bri(s?) = a,*B*(et) = i, BrTH(o1)
which is cqual to zero, since n%,a, = 0, A? being a dual p-cycle. Therefore,
F*(A?BY) = 0,1.e., the product A?B?is indeed a dual (p 4 g)-cycle.
It can easily be seen that the product A?B? is not uniquely determined,
depending really on the choice of the auxiliary construction. But the homology

class of the product A?B? is determined without ambiguity,i.e. any two values
(ArB9), and (A?B9), are connected by the homology

(Aqu)l ~ (Aqu)z.
This fact is an easy consequence of the following statement: If B¢ = 0, then
APB¢ ~ 0 for any choice of the auxiliary construction. We proceed to the proof

of that statement. If B¢ = 0, we saw in sect. 4 that there exist chains C?+e1(g?)
such that (4.1) and (4.2) hold true. If p = 0, it follows from (4.1) that

A’Bt = a;B%(s}) = n},0,C%(d}) = 0,
because n3;a; = 0. If p > 0, it follows from (4.2) that
Fa, 0 () = a, F*C7H Y (o?) = a, BP(s?) — n?,a,CPH(o7)
= a,B™i(s?) = A?B

because 9%;a; = 0. Therefore A?B¢ = F*q;Cr++(¢}) ~ 0.

The homology class of the product A?B? is uniquely determined by the homology
classes of A¥ and B2 This is an easy consequence of the following statement:
If either A7 ~ 0 or B2 ~ 0, then A?B¢ ~ (. Let us first suppose that A7 ~ 0.
If p = 0, then A? = 0, which implies A7B7 = (0. If p > 0, then there exists a
(p — 1, A)-chain a;0%7" such that A? = a;67 = F¥(a;077), 10, a; = n}}'e;.
According to (2.2), we have

F*aJ_Berq—l(o_z;—l) — a]_F*Bp+q—~1(a,7]{—l) — n?;lai_ B”+q(0'f) = q B”+q(0?) = APRB?

so that A?B? = 0. Now we suppose that B¢ ~ 0. If ¢ = 0, then B? = 0,
which we know to imply A?B? ~ 0. If ¢ > 0, then there exists a (¢ — 1, B)-
chain H «1gsuch that B« = F*H<1, One finds easily (¢ — 1, 8)-chains He(q})
such that (1) ¢%is a vertex of every (¢ — 1)-simplex appearing in Hr(a}),
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(2) He ' = Y Hi'(¢?). If we put Bu(e!) = F*He Y (a?) and Brti(s?) = 0
for p > 0, we evidently have an auxiliary construction in the sense of sect. 2.
With this choice of auxiliary construction, we have A?B¢ = 0if p > 0, and

A’B? = F*a,H (o)) ~ 0if p = 0.

7. Let there be given an ordering of the vertices of the complex K. Then we
can use the particular auxiliary construction deseribed in sect. 3, which leads
to the following simple definition of the product A?B¢. Given a (p + ¢)-
simplex o7 7 we write it as

Pt = (UO: Uy =oe 5 Upy =00y U}l+q)

according to the given ordering of the vertices. Let a be the coefficient of the
p-simplex (v, vy, - - -, v,) in the (p, A)-chain A?; let b be the coefficient of the
g-simplex (v,, - -+, vp1q) In the (¢, B)-chain B1. Then ab is the coefficient of
ot ¢in the product A?B9.

This definition leads to a simple proof of the commutative law:

(7.1) BeA? ~ (—1)P1A 7B,

Here we suppose that, 3 and 8 being two groups, A? is a dual (p, A)-cyecle and
Btis a dual (¢, B)-cycle. Furthermore, an (9, B)-multiplication is given, and
hence an inverse (B, A)-multiplication also (sect. 5). The products APB¢
and B4 are formed according to the first and second of these multiplications,
respectively. To prove (7.1), we fix the value of A?B? according to a given
ordering of the vertices, and fix B2A? according to the inverse ordering of the
vertices. Let a (p 4 ¢)-simplex

(UO, Uty ==+ 3 Upy = 7”1’+'])

be written in the original ordering of the vertices. Since

(Up, ] 1)()) = (“1)%p(p+])(v0) Tty l’:,,) 3
(2)1)+117 Tt vp) = (“‘1)34((&1) (U:m Ty U]H»q):
(vl7+'11 cr gy Upy e, UO) = (—‘1)%(p+® (p+q+1)(v[), oty Upy ey, UP+(I)7

ip+o@+a+1) =3p(+ 1)+ 3¢+ 1) + pg,

it is readily seen that, with our particular choice of the auxiliary construction,
we have Bid?» = (—1)P147Be. It seems difficult to prove the commutative
law (7.1) directly from the general definition given in sect. 6.

The distributive lows

(7.2) (A7 + A3)B" ~ A{B* + A3B1,
(7.3) A?(Bf + Bj) ~ AB{ + A"B;

are immediate consequences of either of the two definitions of the product.
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Now suppose that three groups Ui, Az and A, are given. Let there be given
an (A, Ag)-multiplication and an (A, ;)-multiplication. Further, putting
Ay, As) = A2, (Ag, As) = Wss,

let us suppose that there is given an (2, As)-multiplication and an (9, Aqs)-
multiplication. Suppose, finally, that the associative law

A10g2-03 = QA1-0203

holds true for a; € Nj, az e Az, az e 3. Then we have, if A7 (@ =1,2, 3)isa
dual (p;, A:)-cycle, the associative law

(7.4) APAR Ap ~ AT APAT

The proof based on a given ordering of the vertices is quite trivial. A proof
based directly on our general definition of the product is not difficult, however.

It would be interesting to prove, using only definitions based on the ordering
of the vertices, that the homology class of the product A?B¢is independent of
the choice of the ordering.?

8. Let there be given an (2, ¥)-multiplication. If A? = a;¢? is a (p, A)-

chain and if B? = b;¢? is a (p, B)-chain, let us put
o(A?, B?) = a;b; e (Y, B).

If A»*1is a (p 4+ 1, A)-chain and if B?is a (p, B)-chain, it is readily seen that
(8.1) o(FAPY, B?) = p(APH, F*B?);
similarly we have
(8.2) o(A»r, FBrt) = o(F*A», Brit)
for any (p, A)-chain A? and any (p 4 1, B)-chain Br*.

9 Let there be given an (2, B)-multiplication. Let A?+2 be an ordinary
(p + ¢, W-cycle. Let B be a dual (g, B)-cycle. We shall define a product
ArteBe (not quite uniquely determined), which will be an ordinary [p, (%, B)]-
cycle. We choose an auxiliary construction B?"(¢?) associated with B¢
(sect. 2), and we put

AP B? = ¢;0?,
where (see sect. 8)
ci = (=1)regldrte, Brraal)).
That A#»+eB¢ is an ordinary [p, (), B)l-cyecle, is trivial if p = 0. If p > 0,

3 Such a proof has now been given by J. W. Alexander; see his paper cited above.
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1
b

(=1)" 5l = nl elA7, B"¥(al)] = o[A"™, 917 BT (oT)]
= p[A7F F*B (o] = [FA™, BT (64)] = ¢[0, B (07 7] = 0,

ie. F(A"B%) = (.
Suppose that B« = 0. If p = 0, it follows from (4.1) that

elA%, Bi(e})] = njield?, C%(a})],

it follows from (2.2) and (8.1) that, for any (p — 1)-simplex o™

so that
A'B" = Fly;03), v = ¢lA% C'(e})],
ie. AB ~ 0. Ifp > 0,it follows from (4.2) that
elA71, BT (a})] = nhielA7, CTH o)) 4 o[APF, FHCTHTN (o D)].
But the last summand is zero, from (8.1), since FA7+¢ = (. Therefore
ATBY = Flyo}?), = (—D)Peld”, O o),

1.e. again APTiB7 ~ 0,

It follows readily from the preceding proof that, in any ecase, the homology
class of the [p, (3, B)]-cycle A28 is independent of the choice of the auxiliary
construction. As a matter of fact, this homology class is uniquely determined
by the homology classes of the ordinary (p + ¢, A)-cycle A7+2 and the dual
(g, B)-cycle Be. It is sufficient to prove that A»+eB7 ~ 0, if either A?+2 ~ 0
or B¢~ 0. If Arte~ 0, there exists a (p 4+ ¢ + 1, A)-chain H7*+ ¢+ such that
Avrte = FHrtat, Tt follows easily from (2.2) and (8.1) that

Ap-%—qu — F(’y,-o‘?ﬂ) ~ 0’ v = (_l)pq‘P[Hp+q+l’ Bp+q+1(a,?+1)] .

If B2~ 0 and ¢ = 0, we have B? = 0, which we know to imply A?*1B? ~ 0.
If B2~ 0 and q > 0, we choose the auxiliary construction as at the end of
sect. 6: Bi(c}) = F*He(¢}) and B?+1(¢?) = 0 for p > 0. If p > 0, we have
then A7veB¢ = 0. Ifp = 0, wehave again A ?B? = 0 from (8.1), since FA? = 0.

If A7 is a dual (p, A)-cycle and if Br+2is an ordinary [(p + ¢q), Bl-cycle,
we put

Apo-l-q = ¢c.g?

1Yy

where
& = A7), B,

the (p + ¢, W)-chains A7+ 2(¢?)(q¢ = 0, 1, 2, ... ) being the elements of an
auxiliary construction associated with A?. Again, the product is an ordinary
{g, (U, B)l-cycle and only its homology class is uniquely determined, this class
being indeed given by the mere knowledge of the homology classes of the
factors. If Ar*<isan ordinary (p + ¢, A)-cycle and if B¢is a dual (¢, B)-cycle,
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we have evidently
9.1) ArtiBe ~ (—1)PiBagr+a,

where the left-hand member is defined according to the given (A, B)-multiplica-
tion and the right-hand member according to the inverse (8, 2%)-multiplication.

10. Let there be given an ordering of the vertices of the complex K. The
particular auxiliary construction described in sect. 3 leads to following simple
definition of the product 47B?+¢ of a dual (p, A)-cycle 47 and an ordinary
(p + ¢, B)-cycle Br+e, Given a g-simplex o9, we write it as

o? = (vo, 1, -+, Vg)
according to the given ordering of the vertices, and consider all the (p + ¢)-
simplices
U§;+q = (1)0: Viy =+ 53 Vg == - 7vl’+‘I)

having ¢? as their common face and such that, in the given ordering, v, precedes
any vertex of o2 which is not a vertex of ¢%.  For every such %2 put

‘TZ = (Uq; tee yvp+11)-

Let az be the coefficient of ¢} in A?; let bi be the coefficient of ¢2 in Brty,
Then the coefficient of ¢2in A?B?*+¢ig equal to

Z arby.
A

Now let us consider the product A?7+eB? of an ordinary (p + ¢, A)-cycle
Artaand a dual (¢, B)-cyele B, This time we use the auxiliary construction
based on the inverse ordering of the vertices, but we describe the result in terms
of the original ordering. Given a p-simplex o?, we write it as

of = (Uq, e yUP-HI)

according to the given ordering of the vertices, and consider all the (p + ¢)-
simplices
ob = (0o, 01, -+ 3 Vg ey Vi)

having ¢* as their common face and such that, in the given ordering, v, follows

any vertex of o2 which is not a vertex of ¢». For every such o2 put

of = (o, -+, %)

Let ai be the coefficient of o512 in A?+¢; let by be the coefficient of of in B
Then the coefficient of o? in A?+4Bis equal to

Z akbk.
k

These definitions, in connection with that given at the beginning of sect. 7
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(for the product of two dual cycles) lead to a simple proof of the associaiive
laws:

(10.1) Apetertna Bl Bps ~ APt BR B,
(10.2) B§’1A51+pz+pa B~ B} A gl+p2+p,B§3’
(10.3) B By:. Aptestss ~ Bii. BpApiteitn

Here we suppose given three groups Ui, s, As, an (A;, Az)-multiplication, an
(A, As)-multiplication, an (s, As)-multiplication with UAse = (A, As) and an
(A, Wos)-multiplication with sz = (Ws, As). It is supposed that aias - a3 =
ai - aazfora; eN; (1 =1,2,3). AWPHPs (i = 1 2 3)isan ordinary (p1 + p2 +
ps, As)-cycle and BY (7 = 1, 2, 3) is a dual (p;, As)-cycle. Of course, any of the
three formulas (10.1), (10.2) and (10.3) implies the others using (7.1) and
(9.1). We omit writing explicitly the trivial distributive laws.

11. In the remaining part of this paper the coefficients of all chaing are taken
from the additive group of all integer numbers. Moreover, we suppose that
K = M, is an orientable simple n-circuit, i.e. that the following four conditions
are satisfied. First, each simplex of M, is either an n-simplex or a face of an
n-simplex. Second, each (n — 1)-simplex of M, is a common face of precisely
two n-simplices of M,. Third, any two n-simplices of M, may be connected
by a sequence of n-simplices of M, such that any two consecutive n-simplices
of the sequence have a common (n — 1)-face. Fourth, the n-simplices ¢} of
M., can be given such orientations that their sum I'™ = D _; o7 is an ordinary n-
cycle. (We always suppose the orientation of the n-simplices chosen in this
manner,)

If o} is any p-simplex of M,, we denote by Lk. [¢7] its link, i.e. the subcomplex
of M, composed of all the simplices r of M, having no common vertex with ¢}
but having the property that there exists a simplex of M, having both 7 and o/
among its faces.

If 0 £ p £ n, we say that M, is p-regular if the following two conditions are
satisfied. First (requiring nothing if p = n or p = n — 1), the link Lk. [¢7]
on any p-simplex of M, is an orientable simple (n — p — 1)-circuit. Second
(requiring nothing if p = 0), for each k£ such that 0 = k =< p — 1, any dual
(n — p — 1)-cycle of any Lk. [¢5] is homologous to zero in Lk. [¢}]. It is easily
seen that the orientable combinatorial n-manifolds are identical with orientable
simple n-circuits, which are p-regular for any 0 £ p < n.

12. For 0 £ p £ n, we denote by B, the group of all the homology classes of
ordinary p-cycles of M, and by 8, the group of all the homology classes of dual
p-cycles of M,.

Given any dual (n — p)-cycle B> ?of M, (0 £ p < n), we put

‘I/p(Bﬂ_p) = I". B"_p)
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where I = > ot Evidently, ¢, is a homomorphic mapping of the group
B—p on a subgroup ¥ ,(Ba—,) of the group B,.

13. If M, is p-regular, then the mapping ¥, is 1 — 1, so that the group B._,
is isomorphic with a subgroup [i.e. ¢ ,(Bn_,)] of the group B,.

It is sufficient to prove that I'"B»? ~ 0 implies B~ 7 ~ 0.

Let B~»+(¢*) be the elements of a given auxiliary construction associated
with the dual (n — p)-cycle B~7. Since I'* . B*~? ~ 0, there exists a (p 4 1)-
chain ¢;¢%* such that T . B 7 = (—1)?¢=» F(¢;e?*), 1.c.

e[, B*(e])]= n7ici.

For any o™, let us choose an n-simplex 7" such that %' is a face of 7*, and
put H*(¢%*') = ¢ Since I' = > o?, we have o[T"H"(¢2"!)] = ¢ and,

i
therefore,

(13.1) oll", By = 0,
where
(13.2) Bi(o?) = B'(e}) — o} H'(o}') .

Evidently ¢? is a face of each n-simplex appearing in the n-chain Bg(e?). There-
fore there exists in the link Lk. [¢?] an (n — p — 1)-chain C*?"1(¢?) such that
the n-chain Bj(¢?) can be obtained from the (n — p — 1)-chain C*?! by re-
placing each (n — p — 1)-simplex

W1y =+ 5 Vn)
by the n-simplex
(Uo, ey Uy Uppty - , Un)
where
(13.3) (voy «++ ,0p) = o} .

Since the complex Lk, [¢?] contains no (n — p)-simplex, the (n — p — 1)-chain
C71(g?) of the complex Lk. [¢¥] must be a dual (n — p — 1)-cycle. More-
over, the equation (13.1) signifies that the sum of the coefficients of C*—=(¢7)
is equal to zero. Since M, is p-regular, Lk. [¢7] is an orientable simple
(n — p — 1)-circuit, which implies readily the existence of an (n — p — 2)-chain
D 2(¢?) in the complex Lk. [¢7] such that

(13.4) F*D»12(g?) = (—1)rHCmri(e?) |

Let H» (o)) signify the (n — 1)-chain which arises from the (n — p — 2)-chain
D72(s?) by replacing each (n — p — 2)-simplex

(UI)-H) M vn—l)
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by the (n — 1)-simplex
(vo, - -+, Vpy Upily == Uned)
supposing the validity of (13.3). Then (13.4) implies that
(13.5) F*H"(a?) = By(o?) .
Moreover, ¢} is a face of every (n — 1)-simplex appearing in the (n — 1)-chain
H1(s?).
Now, let us put
By_i(sD) =0,
B;Zi(e? ™) = BY(obY) — n27 H (o)
and
B;21"(07) = Bmr(g}) for p— 1=k = p.

From (13.2) and (13.5) it is easily seen that the chains B."}"*(¢}) form an
auxiliary construction associated with B*—».

Now let us suppose that (as we have found to be possible in the case r = p — 1)
we have found chains B} """ (¢¥)(1 < r < p — 1) forming an auxiliary construc-
tion associated with B"—» and such that B 2" *1(¢7*1) = 0. By the defini-
tion of an auxiliary construction, we have

(13.6) F*B* Pt (1) = 0
for each ;. Since o] is a face of each (n — p + r)-simplex appearing in
B?77*7(g1), there exists in the link Lk. [¢i]an (n — p — 1)-chain C*7Y(¢})

such that the (n — p -+ r)-chain B} ?""(¢!) can be obtained from the
(n — p — 1)-chain C**"1(s}) by replacing each (n — p — 1)-simplex

(v"+1) R ] vﬂ~p+7‘)
by the (n — p 4 r)-simplex
(Uo, e Uy Urgly cct y Unpir) 5
where
(13.7) (o, -+ ,0) =0} .

Now the equation (13.6) signifies that C*~»~1(¢]) is a dual (n — p — 1)-cycle of
the complex Lk. [¢]]. Since M, is p-regular, it follows that there exists an
(n — p — 2)-chain D" ?~2(¢]) of the complex Lk. [¢]] such that

(13.8) F*Dm=r-2(g]) = (= 1) Cri(o]) .

Let H»+1(s7) denote the (n — p 4 r — 1)-chain which arises from the
(n — p — 2)-chain D" ?»2(¢;) by replacing each (n — p — 2)-simplex

(vH—l; L) vn—])—f—r—l‘)
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by the (n — p + r — 1)-simplex

(Uo, cee gy Uy Upyyy c v 0y, Dn—p-’rr-—l) .
supposing the validity of (13.7). Then (13.8) implies that
(13.9) F*H—71(q7) = BE 7 (o) .

Now, let us put
BT (of) =

(13.10) 1 v y
Byt o™ = By T ey = i ()

and
Bt (o) = BY PR (6%) for v — 1k =1,

It follows readily from (13.9) that the chains B'Z7**(¢}) form an auxiliary
construction associated with B»~? and such that (13.10) holds true.

Applying the preceding argument successively forr = p — 1,p — 2, ... , 2,1,
we obtain an auxiliary construction By 77" (¢%) associated with B»» and such
that By """ (¢}) = 0. Applying the same argument again in the case r = 0,
we have (13.9), written now as

F*H=v(g]) = By "(s}) .

But since By "(¢!) are elements of an auxiliary construction associated with
B, we have B=7 = > . By "(¢?) = F* 3. H(¢}), whence B» ~ 0.

14. If M, is (p — 1)-regular,* then the group ¥ ,(B._,) is the whole group B,,
so that the group 9B, is a homomorphic image of the group 8,_,. Comparing
this with the result of the preceding section we see that, if M, is both (p — 1)-
regular and p-r cgular, the groups B, and B,_, are isomorphic.

Let C? = c? be an ordinary p-cyele of M,, so that n?7'c; = 0. We
shall find a dual (» — p)-cycle B~ and an auxiliary construction B »+(s%)
associated with it such that I'» . B*? = C?, i.e.

(14.1) o[, B(07)] =

The construction of n-chains B"(a?) satisfying (14.1) is quite evident; it is suf-
ficient to choose for each of an n-simplex 7" having ¢! among its faces and to
put B*(¢?) = cim.  Since 777 ¢; = 0, we have for each o%~ !

(14.2) so{ »q?7 Bre?)] =0 .

Since ¢§~ ! is a face of every n-simplex appearing in 77 7'B"(¢?) and since the

(p — 1)—regular1ty of M, implies that the link Lk. [¢} 11 is an orientable simple
(n — p)-circuit, we can start with (14.2) and repeat the same argument which,
in the preceding section and starting with (13.1), led us to (13.5). We thus

4 Any M, is supposed to be (—1)-regular.
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obtain, for every o?“’, an (n — 1)-chain B1(¢2"!) such that UTI is a face of
each simplex appearing in B*'(¢2™") and such that

F*Br=1(a?™1) = 427 B"(al) .
More generally, let us suppose that, for a given r(1 £ r < p — 1), we have
succeeded in attaching to every of (r £ k < p) an (n — p + k)-chain B+ (g¥)

having the two following properties. First, ot is a face of ecach (n — p + k)-
simplex appearing in B>t (s}). Second, we haveforr £k < p — 1

(14.3) F*Br=mti(gf) = n}, Bro+(gith) |
It follows that
(144) i B (el) = 0.

Since o7 7! is a face of every (n — p + r)-simplex appearing in 777 B*2*(s7)
and since the (p — 1)-regularity of M, implies that every dual (n — p — 1)-cycle
of the complex Lk. [+ '] is homologous to zero in Lk. [¢] '], we can start with
(14.4) and repeat the same argument which, in the preceding section and
starting with (13.6), led us to (13.9). We obtain thus, for every a?“l, an
(n — p 4+ r — 1)-chain B~ »+~1(¢7"") such that ¢ " is a face of each simplex
appearing in B*7+~1(¢771) and such that (14.3) holds true fork = r — 1.

Starting with the chains B (¢?) and B*(¢?™ ") already found, and applying
the preceding argument successively forr = p — 1, p — 2, ..., 2, 1, we find
chains B*—7+(g¥) (0 < k < p) such that ¢% is a face of each simplex appearing
in B+ (g%) and such that (14.3) holds truefor 0 £ k < p — 1. In particular,
for k = 0, (14.3) says that

F*Br=r(e%) = s Brhi(e}) .
Since D_; n%; = 0 for every a}, we have F* >, Br—#(s}) = 0, i.e.
B=? = >, B 7(0})

is a dual (n — p)-cycle. Of course our chains B» 7+ (s%) form an auxiliary
construction associated with B~? and we have I'* . B»» = (C»,

15. et 0 = p £ n, 0 £ ¢ £ n. Suppose that M, is r-regular both for
r = p and for r = ¢q. Let C? be an ordinary p-cycle belonging to the family
¥o(Ba_p); let D2 be an ordinary g-cycle belonging to the family ¢,(B._o); if
M, is r-regular also for r = p — land r = ¢ — 1, we know (sect. 14) that the
cycles C? and D? are unrestricted.

We shall define the ¢ntersection of C? and D¢ and we shall designate it by
C?» X D4. Inthecasep + ¢ < nwesimply put

C» X D1=0.

In the case p 4+ ¢ = n, we shall define C? X D7 as an ordinary (p 4+ q¢ — n)-
cyecle, but only its homology class will be uniquely determined.
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Since C7 belongs to ¢ ,(B._,), there exists a dual (n — p)-cycle A7 such that
(15.1) Tr4rr ~ C?,
Since D¢ belongs to y,(B,_,), there exists a dual (n — ¢)-cycle B2 such that
(15.2) I'"B™—1~ D¢,

We know (see sect. 13) that the homology classes of A»~? and B~ are uniquely
defined.
This being done, we put

(15.3) Cr X Dt ~T". Am—rB"=1,

It follows from (10.1) and (15.1) that

(15.4) Cr» X D1~ CrBr—a,

The distributive laws
(€ + €C3) X D1~ (CT X DY) + (€3 X D9,
C» X (D + D§) ~ (C» X DY) + (C» X D3)

are cvident. The commutative law

(15.5)

(156) D" >< C]’ ~ (._1)(71—]7) (Yz—-q)Cp X Dq

follows from (7.1) and (15.3). If M, is also s-regular and if E* i an ordinary
s-cycle belonging to the family ¢s(8._,), we see from (7.4), (10.1) and (15.3)
the validity of the associative law

(15.7) (Cr X DYy X E* ~C? X (D« X E*) .

16. Let M, be an orientable combinatorial n-manifold and let M. be its
barycentrical subdivision. It is well known that M ! is also an orientable com-
binatorial n-manifold. We shall show that, on the manifold M., our definition
of intersection of ordinary eycles is equivalent to the classical definition.

Let ¢2(0 £ p = n) denote the simplices of M,. We choose the orientation of
the n-simplices ¢} in such manner that v* = »_; ¢} is an ordinary n-cycle on
M,; we choose arbitrarily the orientation of the p-simplices ¢f(1 = p =
n — 1) and, as usual, we denote by 77; the incidence coefficient of 7"
and e (0 = p=n— 1)

Now let us recall the definition of the complex M. The vertices of M,
are identieal with the simplices ¢?(0 < p £ n) of M,. The vertices aj;‘z,
aﬁ'i, cee, crﬁ’: of M,’,, where po £ p1 = ... = p,, form an r-simplex of M; if and

onlyif M po < <0 < pr, (2) of*is a face of o+ for0 £ s<r — 1.
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Put

I = E 77?,1'0 7711'2i1 . nZL:ln—l (01 o) 0'}1) LR ‘T;iln)
the summation running over all the n-simplices of M. Tt is well known that
I is an ordinary n-cycle of M. (usually called the barycentrical subdivision
of v).

The classical mtersectlon of two ordinary cycles on M, is obtained by choos-
ing each factor in a particular way in its homology class, which we must de-
seribe in detail.

Let H? = a;¢7] be an ordinary p-cycle of M,. Put

_ [ 1 p—1 0 1 »
- E MivioMigin ** " MipipaCip (’7{“: Ty "7 o':p);

the summation running over all the p-simplices of M, having the indicated
form (o?,, a,ll, cee 0t ). Let K" = bey "% be a dual (n — ¢)-cycle of M,. Put

q n—1 n-—q n—g+1
D Z 77171—q+1?-n~— T nim{n—dbi’n-q (Uin-q’ ipegr 2 " m)
. . . . 7 . . .
the summation 1"unmng over all the g-simplices of M, having the indicated form
( n—gq 1~—q+1 )
Crln—q’ (T‘ln g+l T In

In the classmal theory of combinatorial manifolds it is shown that C? is an
ordinary p-cycle on M », that D?is an ordinary g-cycle on M », and that we may
choose the ordinary p-cycle H? on M, and the dual (n — ¢)-cyele K™% on M,
in such a manner that C? and D? are homologous to arbitrarily given ordinary
p-cycle and g-cycle on M. The classical intersection of C? and D7 is zevo if
p + ¢ < n;inthe case p 4+ ¢ = n,itis equal to

(16.1) c” X D¢ = 7]1 . 7]:1_11 _ (l; b«,’ . (U’}‘—;q D) (71 >)
ks Pty P Tnq ¥

q+11 n—q 1a—g?

the summation running over all the (p + ¢ — n)-simplices of M| having the
indicated form (¢7, %, -- - , 0¥,

The case p + ¢ < n being trivial, we have to show that, if p + ¢ = n, (16.1)
holds true according to our definition of intersection.

We now choose an ordering w of the vertices of M, and define an (n — ¢)-chain
B"~%on M| as follows. Let

n—g __ ho I3% hon—gq
7= (o3, 03y, e, 00T

be an (n — ¢)-simplex of M,. Let v be the first vertex of the hy-simplex "fi

(0 £ N £ n — gq), relatively to the ordering w. If then)’s (0 S XN = n — ¢)
are not all different from each other, then the coefficient of 77 in B"™? will be
zero. In the other case,

(162) (UOy Vyy = vy vn-—'])

is an (n — ¢)-simplex of M, and the coefficient of "7 in B"™? will be equal to
the coefficient of (16.2) in K™ 7. 1t is not difficult to verify that B"7%is a dual
cycleon M .
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Now we order the set of all the vertices of M. in such a manner that o
precedes o, whenever h < k; this can be done in many ways. We form the
product I'"B"™? in the manner explained in sect. 10, using our ordering of the

. 7 v . .o
vertices of M,. We casily verify that
lwan—q — Dq’
so that
C? X D* ~ CPB™

from (15.2) and (15.3). Now if we form the product C?B"™? again in the
manner explained in sect. 10, using the same ordering of the vertices of M ", WE
easily verify that (16.1) holds true.
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