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ABSTRACT. This paper is concerned with how the QR factors change when a
real matrix A suffers from a left or right multiplicative perturbation, where A is
assumed to have full column rank. It is proved that for a left multiplicative per-
turbation the relative changes in the QR factors in norm are no bigger than a
small constant multiple of the norm of the difference between the perturbation
and the identity matrix. One of common cases for a left multiplicative pertur-
bation case naturally arises from computing the QR factorization of A. The
newly established bounds can be used to explain the accuracy in the computed
QR factors. For a right multiplicative perturbation, the bounds on the relative
changes in the QR factors are still dependent upon the condition number of
the scaled R-factor, however. Some “optimized” bounds are also obtained by
taking into account certain invariant properties in the factors.

1. Imtroduction. Given a matrix A € R”™*" with full column rank, there exists a
unique QR factorization
A - QR,

where @) € R™*"™ has orthonormal columns and R € R™*™ is upper triangular with
positive diagonal elements. The QR factorization is a very important computational
tool in numerical linear algebra, e.g., it is used to solve least squares problems [4],
compute singular value and eigenvalue decompositions [10]. If A is perturbed, we
would like to know how its QR factors @ and R are perturbed. There are extensive
studies in this regard, e.g., [1, 3, 5, 6, 7, 8, 9, 17, 18, 20, 21, 22, 23], for the
so-called additive perturbations, namely A is perturbed to A = A+ AA with an
assumption on the smallness of AA usually in norm. In this paper we consider
the case when A is multiplicatively perturbed, namely A is perturbed to A=D.A
or ADy with both D;, and Dy near the identities, multiples of the identities, or
sometimes orthogonal matrices. D;, and Dy are, respectively, called the left and
right multiplicative perturbations.
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Multiplicative perturbations can easily be turned into additive perturbations:

Any bounds on Dy, — I and Dy — I lead to a bound on AA, usually in norm.
Then the existing additive perturbation analysis can be applied directly to give
perturbation bounds. But in general this approach may produce, not surprisingly,
unnecessarily conservative perturbation bounds because it ignores the nature of the
perturbations. For more realistic bounds, we may have to perform new analysis
that takes advantage of any structures in the perturbations. This point of view is
not new. In the past, various multiplicative perturbation analyses have been done
to certain problems in numerical linear algebra, including the polar decomposition
[12, 15], and the eigendecomposition of a Hermitian matrix, and the singular value
decomposition [13, 14, 16].

Multiplicative perturbations naturally arise from matrix scaling, a commonly
used technique to improve the conditioning of a matrix. For example the matrix
A itself may be very ill-conditioned, but there exists a scaling matrix S such that
B = AS~! is much better conditioned. This is the so-called right scaling. Often S
is diagonal but that is not necessary. Subsequently if A = BS is perturbed to A
scaled also by § into A = (B + AB)S, where AB is tiny relative to B, and if' the
row space of AB is contained in that of B, then

(B4 AB)S = [I + (AB)B'|BS = D, A (1.2)

which is in the form of having a left multiplicative perturbation? Dy, = I + (AB)Bf
that is close to the identity matrix, where BT is B’s Moore-Penrose pseudo-inverse.
Similar arguments can be made for A scaled from the left, too, to give an example
of a right multiplicative perturbation.

In this paper, we will establish perturbation bounds for the QR factors when A
suffers from a left or right multiplicative perturbation. The bounds indicate that
both the Q- and R-factors are well-conditioned with respect to a left multiplicative
perturbation. This is utterly different from the case where A is subject to a gen-
eral additive perturbation: the @- and R-factors can be very ill-conditioned with
respect to the additive perturbation, see e.g., [7]. Also the two factors behave very
differently with respect to a right multiplicative perturbation: the first-order per-
turbation bound for the @Q-factor can be arbitrarily small while the bound for the
R-factor is about the same as what we may obtain if we apply existing perturbation
bounds for the R-factor with respect to an additive perturbation upon using the
conversion (1.1).

The rest of this paper is organized as follows. Section 2 presents some prelim-
inaries and existing additive perturbation bounds for the QR factors. Our main
results are detailed in Section 3. We then give a couple of numerical examples to

1For the interest of this article, B is assumed to have full column rank. Then this assumption
is automatically true. In fact Bt = (BTB)’lBT and thus BT B = I,,. In general, this assumption
implies that AB = M B for some M € R™*™_ Then (AB)B'B = MBB'B = MB = AB which
gives the first equality in (1.2).

2 Alternatively one may use A = A + AA = [I+(AA)AT] A. But since (AA)AT is usu-

ally measured by its upper bound, e.g., |AA|2||AT||2 = k2(A) HIIAAfllllzlz that is much larger than
1AB||2||Bf|l2 = x2(B) “fB}T\‘; when A is ill-conditioned, it is usually a good idea to introduce the

scaling matrix S mentioned here.
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illustrate our new multiplicative perturbation bounds in comparison to the additive
perturbation bounds in Section 4. Finally Section 5 gives a few concluding remarks.

Notation. Throughout this paper, R™*" is the set of all m x n matrices with
entries in R (the set of real numbers), R” = R"*! and R = R!. D,, € R™*" is the
set of real n x n diagonal matrices with positive diagonal entries. I,, (or simply I if
its dimension is clear from the context) is the n x n identity matrix. The superscript
“«T takes transpose. || X||2 and || X || are the spectral norm and Frobenius norm
of X, respectively, and r2(X) is X’s spectral condition number defined as

ko (X) = [ X |2 | X2,

where X T is X’s Moore-Penrose pseudo-inverse. MATLAB-like notation X (:,5) refers

to the jth column of X. Symbols A, g, and these for their QR factors are reserved:
A € R™*™ hag full column rank and it is additively/multiplicatively perturbed to
A € R™*"_ Sufficient conditions will be stated to make sure A has full column
rank, too. Their unique QR factorizations are

A=QR, A=QR, (1.3)

where Q,@ € R™*" have orthonormal columns, i.e., QTQ = @TQ = I,, and
R, R € R™™™ are upper triangular with positive diagonal entries.

2. Preliminaries. We write
AA=A—A, AQ=Q-Q, AR=R-R (2.1)

for the corresponding additive perturbations. Let P, be the orthogonal projector
onto the column space of A, i.e., P, = QQT. For any X € R™*" it can be verified
that

1PaX|lp = QT Xlp, | XPall, = 1XQllp for p=27.
The following quantities will be used in perturbation bounds:

[AA[lp
1A]l2

np = Ka(A) for p=2,F. (2.2)

For any X = (z;;) € R"*", as in [6] we define

_%xll Zi2 - T1p |
%I22 e T2n
up(X) = A (2.3)
i 2%nn
_%xu 1 -
T21 5222
ow(X)=| . 7 — [up(x™)]". (2.4)
L Tnl Tn2 T %xnn_
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Lemma 2.1. For any D = diag(dy,...,0,) € Dy, X1 € R0 gnd X =
[Xn—luxn] S ]Rnxn;

[up(X) [l < [[X|[e, (2.5)

[up(X™ + X)|[r < \/—Ileva (2.6)

[[up(X) | < \f IX[le if X=X, (2.7)

[up(X) + D~ up(XT) Dlle < pol| X ||, (2-8)

[Dlow(X)D~! — D™ low(X)]"D|lr < V265 | Xn-1llr < V20| X|r,  (2.9)
where

Co= max 5[5 pp=(1+ )2, (2.10)

Proof. Inequalities (2.5), (2.6) and (2.7) can be easily verified. Inequality (2.8) was
proved in [7, Lemma 5.1] and (2.6) is a special case of (2.8). Finally

IDlow(X)D™! = D low(X)]"DIE =2 Y 23:67/6 < 2G| Xua i,
1<i<j<n
leading to (2.9). O

Lemma 2.2. If o < 1, then A has full column rank and its QR factorization
satisfies

\/57717 HARHF \/_77F

A , 2.11
If further np < \/3/2 —1, then
: - QT AA lAaA|z
[AR|x _ \/i(mee]D)n poka(D'R)) (” ||A||2HF + r2(A) HAHgF) (2.12)
IR laAz2 '
V2= 141 = drea(A) EE — 263(A) St
< (vVo+ \f) inf poka(D'R) IAA]x (2.13)
[ All2

where pp, is defined in (2.10).

The two inequalities in (2.11) were presented in [22, Theorem 5.1] (there was a
typo in the bound given there) and [20], respectively, and the inequalities in (2.12)
and (2.13) were given in [8].

3. Main results. We adopt all the notations and assumptions specified at the
beginning of Section 2.

3.1. Left multiplicative perturbation. We consider in this subsection the so-
called left multiplicative perturbation to A:

A=DyA, (3.1)

where Dy, € R™*"™ is near I,,, or a scalar multiple of I,,, or sometimes an orthogonal
matrix.
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Theorem 3.1. Assume (3.1) and write Dy = I, + E. If |EP,||2 < 1, then A has
full column rank and its unique QR factorization satisfies

V2|EP,|e  [[AR]|e V2| EP,|lr

AQ|r < , < I(AR)R™ Y|y < . 3.2
14Qle < T R TTRI. S1ARE ST ER @
In particular, if |E||l2 < 1, they imply
V2|Ellr  ||AR| V2| Bl
A < , <[ (AR)R™Y||p < 22212 3.3
S T L L S S T

Proof. Since ||[EP,||, < ||E||, for p = 2, F, (3.3) is a result of (3.2) which we will
prove now.
Note that the QR factorization of Q is @ = Q - I,, and (I + E)Q = Q + EQ can
be regarded as an additively perturbed @ by EQ. Since
r2(Q)IEQ2/I1Qll2 = | EPall2 <1,

by Lemma 2.2 (I + F)Q has a unique QR factorization

(I+E)Q=QR, (3.4)
satisfying
5 IEQlp
10— 0l < V2k2(Q) ||||g([|g2|| _ \/§||EPA||F7 (3.5)
L-m(@lGr: T IEP:
R 5 IEQlp
V= I < V2k2(Q) Tal: _ V2| EP, s (36)
1—rp(Qlrle 1 - [lEP2
Therefore . .
DA = (I+E)QR = QRR = QR, (3.7)

which is the unique QR factorization of A because, by construction, @ has orthonor-
mal columns and R is upper triangular with positive diagonal entries. At the same
time, this implies that A has full column rank. Inequalities (3.5) and (3.6), together
with [|(AR)R™ g = [(R— R) R Yp = ||}A% — I||¥, give (3.2). O

REMARK 3.1. Theorem 3.1 indicates that both the Q-factor and R-factor are very
well conditioned with respect to the left multiplicative perturbation in A.

REMARK 3.2. Inequalities in (3.3) are obviously less sharper than the ones in (3.2),
but they are usually more convenient to use because in practice it is more likely
that one knows bounds on the norms of F than bounds on the norms of EP,.

REMARK 3.3. From (3.2), we obtain the following first-order bounds:
IAR|r
1Rl
The first-order bound for the R-factor can be improved. In fact, in the proof of

Theorem 3.1, if we apply the inequality (2.12) with D = I, it can be shown that we
have

1AQlle < V2I|EP||x + O(| EPAIZ), < V2| EP.|lr + O(| EP4 ).

IR~ Illr < V2|QTEQ|x + O(|EQ2).
Then it follows that
|AR||r

R, < VAIPAEPAe + OUIBPAR).
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Next we observe the following invariant properties of the QR factors:

1. multiplying A by any positive scalar does not change the Q-factor;
2. multiplying A from the left by any orthogonal matrix of apt size does not
change the R-factor.

Following an idea in [16], we now show how the inequalities in (3.2) can be refined
after taking these two observations into considerations.
For any scalar > 0, we have the QR factorization of « Dy A:

aDLA=[I+ (aDy, — I)]A = Q(aR).
If || (aDy, — I)Q||2 < 1, then applying the first inequality in (3.2) gives
V2||[(aDy — D) Pyl
1—[(aDy, = I)Pall2’

The above bound holds for any a > 0 such that [[(a«Dy — I)Qll2 < 1. In order to
tighten this bound, we choose « such that ||(aDy — I)Q||r is minimal. Notice that

I(aDr, = D@} = trace ([a DLQ — Q][ DLQ — Q])
= ||DLQ||2a* — 2trace (QTDLQ) o+ n.

[AQr < (3.8)

It is minimized at o« = &

trace(QTDrQ)  trace(DyP,)

&= - (3.9)
IDLQI% | DrPall%
It can be shown that & > 0 if ||[EP,||2 < 1. Similarly we can obtain
t D
& = argmin ||aDy, — I||%2 = &(;) (3.10)
« HDLHF

Now apply Theorem 3.1 to get

Theorem 3.2. Assume (3.1) and write Dy, = I,,, + E. Lelt & and & be defined by
(3.9) and (3.10), respectively. If ||EP4|l2 < 1, then A has full column rank and its
unique QR factorization satisfies

V2[(&Dy, — I)Palw

A < - . 3.11
L [T A P a1
If the stronger condition | E||2 < 1 holds, then (3.11) implies
V2[aDy — I
A < — 3.12

REMARK 3.4. If E is a scalar multiple of the identity matrix, then
aDy, — I =aDy, —1=0,
and therefore the upper bounds in (3.11) and (3.12) are 0. But the upper bounds

in the first inequalities in (3.2) and (3.3) are not 0 and can be large.

For any orthogonal matrix U € R™*™
UDLA = (UQ)R.

If |(UDy, — I)P4||2 = |[(UDy, — I)QJ]2 < 1, then (3.6) in the proof of Theorem 3.1
yields

V2|UDLQ - Q||
1—[UDLQ = Qll2

I(AR)R™ !¢ < (3.13)
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We would like to minimize the right-hand side of this inequality over all orthogonal
UeRm>m,

Lemma 3.1. We have

min [UDLQ - Ql| = |[diag(us — 1, jin — 1) (3.14)

orthogonal U

for all unitarily invariant norms || - ||, where u1,..., u, are the singular values of

DpQ.

Proof. By Mirsky’s theorem [19, p.204], we have for any orthogonal matrix U
IUDLQ - Q|| > [[diag(s — 1, ., jtn — 1)]|. (3.15)

Let the singular value decomposition of D@ be D;.Q = VEWT, where V € R™*"
has orthonormal columns, W € R™*™ is orthogonal, and X' = diag(u1, ..., tn). Let
P=VWT ¢ Rm*" and H = WXWT € R"™". Then D.Q = PH, which is the
polar decomposition of Dy,@Q. Suppose that [P, P, ] € R™*™ and [Q,Q ] € R™*™
are orthogonal. Define U = [Q,Q][P, P.]*, which is orthogonal. Then UP = Q.
Therefore, for this U,

IUDLQ = Q| = [|QH = Q|| < [|Ql2lH — L[| = [|diag(uy = 1,..., pn — 1)]|. (3.16)

Equality (3.14) is the consequence of (3.15) and (3.16). O
Theorem 3.3. Assume (3.1), and let p1, ..., iy be the singular values of D,Q and
Vi,...,VUm be the singular values of Dy,. If max; |u; — 1| < 1, then A has full column
rank and its unique QR factorization satisfies
|AR[r 1 Doy i — 12
< [[(AR)R < 1= . 3.17
”R”2 — H( ) ”F =71_ maxi<i<n |,Ui — 1| ( )
If max; |v; — 1| < 1, then
AR 1 Dimg lvi — 17
<|[(AR)R < 1= . 3.18
||R||2 — ”( ) ”F =1_ maxlgigm |1/i — 1| ( )
Proof. Inequality (3.17) is the result of (3.13) and Lemma 3.1. Inequality (3.18)
can be proved similarly. O

These two inequalities in Theorem 3.3 are sharper than their corresponding ones
in Theorem 3.1. But their applicability depends on the availability of information
on |p; — 1] and |v; — 1]. Often such information is hard to come by. Therefore, their
most important value is perhaps the revelation of what in the left multiplication
perturbation really moves the R-factor on the theoretical side rather than on the
practical side of usefulness.

3.2. Right multiplicative perturbation. We consider the so-called right multi-
plicative perturbation to A:

A = ADg, (3.19)

where Dy € R"*™ is near I,, or a scalar multiple of I,,.

Theorem 3.4. Assume (3.19), write Dy = I, + F, where F = [F,,_1, fn] and
Foy € R0 and write R = {R’}f " }, where R,,_1 € Rv=1Dx(n=1) " f

Tnn

ko (A)|Fle < \/ﬂ -1, (3.20)
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then A has Sfull column rank and its unique QR factorization satisfies

V2 1
14Ql < T [ (it GollD™ RIal R, Do) 1Pl
+(3V2 +2v3)R3(R )||F|\§} (3.21)
%(Hf V) (it I RIaIR, Do) e
+5 (3 +6v2+ 53+ VB) s3(R)| FIZ, (3.22)
|AR|| ¢ - V2(infpep, por2(D™'R)) (I|F[le + w2(A)[ FIF) (3.23)
IRl = V2= 1+ /1= amA)[F]s - 2:3(A)[FIE |
< (V6 V)l poma(D7'R)) 1P, (3.24)

where Dy,_1 is the leading (n — 1) x (n — 1) principle matriz of D, and (, and pp
are defined in (2.10).

Proof. We could apply (2.13) in Lemma 2.2 to obtain (3.24) easily, but we will
provide a detailed proof anyway because much of it is needed to prove (3.22).
Since (3.20) holds, for any t € [0,1], I + ¢F' is nonsingular. Thus A( + tF') has
full column rank and has the unique QR factorization
A(I +tF) = [Q + AQ(t)][R + AR(t)]. (3.25)
At t = 0,1, it recovers the unique QR factorizations in (1.3) for A and A. From
(3.25), we have
(I +tFMATA(I +tF) = [R+ AR()])T[R + AR(t)].
By simple algebraic manipulations and using AT A = RTR, we obtain
R™TARM)T + AR(t)R™!
=tR "FTRT +tRFR '+ *R""FTR"RFR™' — R-TAR(H)TAR(t)R™*
Since AR(t)R™! is upper triangular, it follows by using the “up” notation in (2.3)
that
ARMR ' =uwp(tR "F'R" +tRFR™'
2 p—T 7T pT 1 T T 1 (3.26)
+t°R™"F'R'RFR™" — R""AR(t)" AR(t)R™").

Then, by (2.7),
_ 1 _

IAR)R™ e < 7 (2t k2(R)[[Fle + *R3(R)IFIE + [AR(ORTHE) . (3.27)
Define a(t) = ||[ARt)R™ g, B(t) = 2tka(R)||F||r + t*k3(R)||F||2, and rewrite
(3.27) as

a(t)? = V2a(t) + B(t) 2 0
Inequality (3.20) ensures 1 — 23(t) > 0. Thus we have either a(t) < ay(t) or
a(t) > as(t), where
ay(t) =

[1— 1—2ﬁ(t)}<a2( [1+\/W}

Sl
%|
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But «a(t) is continuous and «(0) = a1(0) = 0 < a2(0). Therefore we must have
a(t) < aq(t) for any ¢ € [0,1], and in particular, a(1) < a4(1), i.e.,

1 1
ARR™! <—(1— 1 —4ko(R)||F||r — 2k3(R F2><—. 3.28
|| Ie < V1~ 4ra(R) | Flx — 263(R)||FI? 5 62)
Also the first inequality in (3.28) gives
_ 1 4o (R)||F|l¢ + 263(R)|| F||2
2 1+ /1 —4ra(R)[[Fl[e — 263(R)[ F 3
1
<% [4ra(R)|| Fl|r + 263(R)|| F||2]
< (V24 V3)ka(R)|| Fle, (3.29)

where we have used the assumption ka(R)||F||r < 1/3/2— 1. For any D € D,,, we
have from (3.26) with ¢ = 1 that

ARR™'D =up (D""(DR""F'R")D + RFR™'D)
+up (R"F'R'RFR™'D) —up (R""TARTARR™'D).

Then, from (2.8) and (2.5), it follows that

IARR™'Dllr < pp|| R R7' D2l Flle + r2(R) [ R]2| B~ D2 |l F 7

+[ARR™ e[| ARR™' D5

Therefore, using (3.28) and the fact that p, > 1 by definition and (3.20), we obtain
< V200l l[R' D2 Rl2/ Fle [1 + £2(R)| ]
T V214 1= dsa(A)|[Flle - 263(A) | FIE
< (V6+3) pol| R Dll2 | R F -

IARR™'D]|r

Combining the inequality ||AR|g < |ARR™!D||¢||[D~1R||2 and the above inequal-
ities and noticing that D € D, is arbitrary, we obtain (3.23) and (3.24).
Now we prove (3.22). From (3.25) with ¢ = 1 it follows that

AQ =QRFR™ — (Q+ AQ)ARR™ .
Then, using (3.26) with ¢ = 1, we obtain
AQ=QRFR' —Qup(R""F'R" + RFR™") — AQup(R""F'R" + RFR™")
—(Q+ AQ)up(R"TFTRTRFR™') + (Q + AQ)up(R""AR"ARR™")
=Q{low(RFR™) — [low(RFR™ ")} — AQup(R"T"FTRT + RFR™)
—(Q+ AQ)up(R"FTRTRFR™) + (Q + AQ)up(R"TAR"ARR™").
(3.30)
To bound the first term on the right hand side of (3.30), we write

D = diag(Dn—la 571) € ID)n7 Dn—l € Dn—h

R,y 7

0 Ton

R=DR, R= [ ] , R,_q e Rlv=Dx(n=1)
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It is easy to verify that the matrix formed by the first n — 1 columns of RFR™!
RF,_1R;',. Then, by (2.9) we have
llow(RFR™Y) — (low(RFR ™))" s
= || Dlow(RFR™Y) D' — D™ (low(RFR™))"D||p
<V2GIRF Ryl
< V26|ID7 Rl Ry L Dy |2 Faa v

The remaining terms in (3.30) can be bounded using (2.6), (2.7) and (3.29). Thus
we obtain

AQ]|r S\@CDIID‘lRI\zIIR;lan 2| Faztlle + V2| RFR™|5 || AQ||r
1
+ —||RFR™Y? ARR™!
\/ill Iz + \fl\ K
< V2 |DT'RI2|IR, S Dot |2 || Facalle + V2 k2(R) | F|le | AQ|

L (V2 Va2RR(R)| P

1
F SR+

V2

Then, with (3.20) it follows that

V2Co|| D' Rlla|| By Ly Do [l2]| Falle + (3v2 + 2V3) w3 (R)|| F|2
1= V25r2(R)||Fle

< S(1+V2+V3)( DT Rl2|| Ry 2y Do llal| Pt |1

14QIr <

N | —

+ 2(3+6\/—+5\/—+\/—) JR)|F|Z,
leading to (3.21) and (3.22). O

REMARK 3.5. For the R-factor, the perturbation bound (3.24) does not have im-
provement over the perturbation bound by (2.13), noticing

[AA[lr = [[AF][2 < [[All2[[ Fle-

For the @Q-factor, the bound (3.22) is interesting. Note that the coefficient of ||F||¢
in (3.22) can sometimes be very small because of the tininess of (,. For example,
for R = diag(1, €) with small € > 0, take D = diag(1, €) to get

Col DRI B Dy |l2 = .
Thus it is possible for the second order term in (3.22) to dominate the bound.
REMARK 3.6. From (3.21) and (3.23) we obtain the following first-order bounds:
14l < VE (jaf CoID™ RIlR, Do) [Facle + OFIR)
lale _ (
12|

REMARK 3.7. We would like to choose D such that CollD7R|2|| Ry D |2
is a good approximation to infpep, Cp||D ' R|2||R; Y Dy1ll2 in (3.22) and also
choose D such that ppka(D~1R) is a good approximation to infpep, pprz(D'R)
n (3.24). For the latter, numerical experiments in [7] indicated that a good choice

. —1 2
5$fMMD.m)wu+omﬂa.
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for D = diag(é1,...,0,) is to equilibrate the rows of R = (r;;) while keeping ¢, < 1.
Specifically, we take

n

dor3 b for1<i<n. (3.31)

50 = O, and 51 = min 51',1, i

j=i
Obviously this choice should also be good for the former.

REMARK 3.8. Suppose we use the standard column pivoting (see, e.g., [10, section
5.4.1]) in the QR factorization of A and the same permutation matrix is applied
to the QR factorization of A(I + F), then it is easy to see that the bounds (3.22)
and (3.24) still hold. If we choose D = diag(r11, 722, ..., nn), then according to |7,
section 5.1],

poko(DTIR) < 2" /n(n + 1).

By the same proof given in [7, section 5.1], we see that

— Tii n—
(ol D7 Rl | Ryt Dol < <max ) PSS yYT:

2<i<n T 1,4—1
<2"2/n(n+1)/2.
These inequalities suggest that the standard column pivoting is likely to decrease
the size of the perturbations in the R-factor and the size of the perturbations in

the Q-factor as well if the second-order bound in (3.22) does not dominate the
perturbation bound.

We can also refine the perturbation bound in (3.22) by using the same approach
as we did for a left multiplicative perturbation. The inequality (3.22) still holds if
| F'||r is replaced by

moin laDgr — 1||¢ = ||&Dgr — I||5.

Theorem 3.5. With the notation and assumption of Theorem 3.4,

1 . _ - «

140l < 50+ V2 + V) (nf Gl D™ Rl D,z ) 0D - Tl
1

+ 5(3+6\/§+5\/§+ V6)k2(R)||aDy — 12, (3.32)
where & = trace(Dg)/||Dr||2.
REMARK 3.9. When Dy itself in (3.19) is upper triangular and nonsingular:

Q=QA, R=ARDg,

where A is the diagonal matrix whose ith diagonal entry is the sign of the ith
diagonal entry of Dg. In particular if also Dy has positive diagonal entries, then
A =1 and @ = @ and R = RDg. This observation in principle can be used to
derive sharper bounds on the R-factor as we did in Theorem 3.3. But the gain is
not substantial, however. So we omit the detail.
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S Lemma 2.2 Theorems 3.1 Theorems 3.2 Theorems 3.3
(2.11) | (2.13) (3.2) | (3.3) (3.11) | (3.12) (3.17) | (3.18)
So 1-1071 | 3.1077 | 3.1077 | 4.1077 | 3.1077 | 4.1077 | 2.1077 | 3.1077

I AQIlp = 2107 and [ AR||g/||R]l2 = 2-10~8

|AQ|p =210 7 and |AR|p/|Rll2 =2 1077

USovT | 1.1071 | 1.-107° | 3.1077 | 4.1077 | 3.-1077 | 4.1077 | 2.10°7 | 3.10°7
lAQ|p =2-1077 and |AR|p/|[R]2 =510

TABLE 4.1. Example 1: Column 2 to column 9 in the 3rd, 5th, and
7th row are the right-hand sides of the corresponding inequalities. The
“exact” errors are given in the 4th, 6th and 8th row.

4. Examples. By making Dy, and/or Dg not close to the identity matrices but to
some scalar multiples of the identity matrices or even some orthogonal matrices, it
is almost trivial to create an example for these “optimized” bounds in Theorems 3.2,
3.3, 3.5 to be arbitrarily tighter than their counterparts in Theorems 3.1 and 3.4.
So in what follows, we will only consider examples in which Dy, and/or Dy are close
to the identity matrices. Consequently, we expect the “optimized” bounds are only
marginally better.

Example 1. We construct this example for left multiplicative perturbations by
letting A = BS, where B is an m x n well-conditioned matrix and S is some scaling
matrix whose entries vary widely in magnitude. Then we perturb B to B + AB
and finally

A= (B+ AB)S = [I,, + (AB)B'|BS = D, A,
where Bt = (BTB)"'BT, D, = I, + (AB)BY = I,,, + E. Take m =9, n = 5, and

[ 8 2 —12 -5 —10]
6 0 0 -3 13
-8 =10 —-11 -12 3
-3 -9 -13 -13 15
B=|-12 -4 -3 9 11|, (4.1)
—-22 —-12 10 0 -7
10 —-11 1 -6 —13
-5 15 7 8 -1
| 3 1 =12 2 -3
(106
10%
SQ = 103 s S = SQ, Sl, or USQVT, (42)
102
I 1

where S; is obtained from rearranging the diagonal entries of Sy in the increasing
order, U,V € R™*"™ are two random orthogonal matrices. We take

AB =1.0e — 6 x (2 x rand(m,n) — 1)

in MATLAB-like notation. In Table 4.1, we list various error bounds in Lemma 2.2,
Theorems 3.1 — 3.3. In computing these bounds, we treat the computed QR fac-
torizations of A by MATLAB’s qr(A,0) as exact ones. This is justifiable because
ka(A) is about 10°. Therefore the computed @ and R will have at least about 10
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Error bounds on [|A Q. for left multplicative perturbations Error bounds on 1A RI|,/IIRIl, for left multiplcative perturbations

; ;
YT FNET)
o (33 (2.13)
A (312) 0 (33
o |+ o |+
0 % laql ] 1© A @18
+ + % ISRIJIRIL,
+ +
2 + 2 +
10 . 10 .
+ +
+ +
10 . 107+ +
& -+ B~ -+
* ~a -+ TR -+
o Sk o B 6 [ % _ R
10 Sal 10 e Ao
~Z sl < ~A.
SR ~ S
% T~ Y- o Yo
10° Bl 10° *e Ao _
~ T Tl -
TR~ ~ -
gl TR
10 ~la 10 ~ -
b * ~. SR F =~
¢ STl - R
% S
S %
102l I I I I I I I I T I I I I I I I I I I

6 5
Testi Testi

FIGURE 4.1. Example 2: Error bounds on the changes of the QR-
factors under left multiplicative perturbations.

correct decimal digits which is good enough to be treated as exact for the given
perturbation AA = (AB)S. We used D = diag(dy,...,dy) for (2.13) computed by
(3.31) to get

Cpb=980-10"%, p, =1.00, x(D 'R)=1.05, for S = Sp;
(p=1.00-10"2 pp, =141, k(D'R)=5-10°, for S = Sq;
Cp=588-1071, p, =116, w(D 'R)=4.19-10", for S =US,V".

It can be seen from this table that the bounds by (2.11) in Lemma 2.2 are very
poor, but amazingly the one by (2.13) is comparable to those by Theorems 3.1 —
3.3 for S = Sy and only about 25 to 50 times bigger for S = USyVT but extremely
poor for S = 5;.

We point out that starting with A = BS is purely for the convenience of con-
structing an example of left multiplicative perturbations. Once A = Dy A is done,
our bounds by Theorems 3.1 — 3.3 do not need to know this structure in A in order
to give the sharper bounds as in the table. &

Example 2. We simply take A = UXVT, where U € R™*" is random and has
orthonormal columns, V' € R"*" is a random orthogonal matrix, and X' is diagonal
to make r2(A) about 105. Again m = 9 and n = 5. We set Dy, = I,,, + ¢ X randn(m)
for the case of left multiplicative perturbations and Dy = I,, + € X randn(n) for the
case of right multiplicative perturbations, where randn is MATLAB’s random ma-
trix generator, and € = 1076/4% for i = 0,1,...,9. Again we treat the computed QR
factorizations of A by MATLAB’s qr (A,0) as exact ones. This is justifiable because
ka(A) is about 10, and so the computed @ and R will have at least about 11 correct
decimal digits. Figure 4.1 shows the error bounds on the changes in the QR-factors
under left multiplicative perturbations while Figure 4.2 presents the same informa-
tion but under right multiplicative perturbations. Also shown are the bounds in
Lemma 2.2 which were established under the general additive perturbation assump-
tion and the “exact” errors between the QR factors computed by MATLAB’s qr
function. From the figures, we may come to the following conclusions:
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Error bounds on [|A Q| for right multiplicative perturbations Error bounds on [|A R|J|IRIL, for right multplicative perturbations

T T T T
T (1) - T (211)
N o (322) + o (213)
R @32) | | . A (3.24)
0 w80l |1 02| & IARIRIL| |
bl +
+ N
T A +
2 s
10 " &l *
N 107 F ~o
5 + <A
4, ~o. +
N + Sl *
4 K "
10 N . o N
+ o~ ~o. .
N -+ 10 % _ T4
100 L F - N + e SJA
- ~ 'S el
* s ~ s
'S N 10 A =8
8 N S T~ Soa
10 S ~en * <
* - -k N N
S - *
10 T~k
0 S 1070 -
10 S R
< < S
~
102l I I I I I I I I I 102l I I I I I I I I I

6 5 6
Testi Testi

FIGURE 4.2. Example 2: Error bounds on the changes of the QR-
factors under right multiplicative perturbations. In the left plot, the
curves for (3.22) and (3.32) overlap each other.

1. In all cases, the existing (2.11) gives the worst bounds, except that the bounds
by (3.22) and (3.32) for AQ (under right multiplicative perturbations) give
the worst bounds for larger perturbations but the best bounds for smaller
perturbations.

2. The existing (2.13), even though established under the general additive per-
turbation assumption, is quite competitive to those established here under
multiplicative perturbations, although there are examples for which (2.13) is
very poor as in Example 1 when S = 5.

3. The behaviors of the bounds by (3.22) and (3.32) for AQ are rather interesting.
In the left plot of Figure 4.2, the two curves begin above the one for (2.11)
for larger perturbations and then moves down to below it as perturbations
become smaller. This seems to reflect the comment we made in Remark 3.5.

4. The bound by (3.24) for right multiplicative perturbations are actually worse
than the one by (2.13), even though (2.13) was established under the general
additive perturbation assumption. This confirms the comment we made in
Remark 3.5.

5. As expected, the optimized versions — those in Theorems 3.2, 3.3, and Theo-
rem 3.5 — are only marginally sharper than their counterparts in these tests
because Dy, and Dy are made close to the identity matrices.

5. Concluding remarks. We have performed a multiplicative perturbation anal-
ysis for the QR factorization, designed to take advantage of the structure that comes
with the perturbations. Several bounds for the relative changes in the QR factors
have been established. They imply that both the QR factors are well conditioned
with respect to a left multiplicative perturbation, but the same claim can not be
said for the bounds for a right multiplicative perturbation since these bounds are
dependent on the condition number of the scaled R-factor.

Multiplicative perturbations arise naturally from matrix scaling, a commonly
used technique to improve the conditioning of a matrix. More can be said for left
multiplicative perturbations which arise every time we compute QR factorizations
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by the Householder transformations. Let
AZ BS, S=diag(||A(:71)||2,...,||A(:1n)||2).

Suppose that ky(B) is modest (and thus B has full column rank). Let Q and R
be the computed QR factors by the Householder transformations. According to
Theorem 19.4 in [11, p.360], there exists an orthonormal @ € R™*" such that

A+ AA=QR, Q=Q+O0(u), (5.1a)
[(A4) ) ll2 = O(w) [[A¢ jll2 for 1 < j < n, (5.1b)

where w is the unit machine roundoff. But the computed R does not necessarily
have positive diagonal entries. If we let A = diag(£1) € R™*™ such that AR does
have positive diagonal entries, then after the following substitutions:

R— AR, Q— QA Q— QA
the equations in (5.1) still hold and A + AA = QVINE is now the QR factorization in
the sense of what we specified at the beginning of this paper and is unique. Assume

that such post-substitutions are performed, e.g., in (5.1) R is made to have positive
diagonal entries. It follows from (5.1) that

A=A+ AA=[B+(AAS NS =(I+E)BS=(I+E)A,

where E = (AA)S™'BT and ||E|, < O(u) || BT, for p = 2,r. Let A = QR be the
unique QR factorization of A, and apply Theorem 3.1 to conclude

Q=Q+0(u)ra(B) = Q + O(u) ka(B), (R—R)R™" =O0(u)ra(B), (5.2)

where all O(u) are no bigger than u times some low degrees of polynomials in m
and n. The equations in (5.2) are also implied by the results in [23].

REFERENCES

(1] R. Bhatia, Matriz factorizations and their perturbations, Linear Algebra Appl., 197/198
(1994), 245-276.
(2] R. Bhatia, “Matrix Analysis,” Graduate Texts in Mathematics, Vol. 169. Springer, New York,
1997.
(3] R. Bhatia and K. Mukherjea, Variation of the unitary part of a matriz, STAM J. Matrix Anal.
Appl., 15 (1994), 1007-1014.
4] Ake Bjorck, “Numerical Methods for Least Squares Problems,” SIAM, Philadelphia, 1996.
[5] X.-W. Chang, On the perturbation of the Q-factor of the QR factorization, to appear in
Numer. Linear Algebra Appl., 13 pages.
[6] X.-W. Chang and C. C. Paige, Componentwise perturbation analyses for the QR factorization,
Numer. Math., 88 (2001), 319-345.
[7] X.-W. Chang, C. C. Paige and G. W. Stewart, Perturbation analyses for the gr factorization,
SIAM J. Matrix Anal. Appl., 18 (1997), 775-791.
[8] X.-W. Chang and D. Stehlé, Rigorous perturbation bounds of some matriz factorizations,
SIAM J. Matrix Anal. Appl., 31 (2010), 2841-2859.
[9] X.-W. Chang, D. Stehlé and G. Villard, Perturbation analysis of the QR factor R in the
context of LLL lattice basis reduction, to appear in Mathematics of Computation, 25 pages.
[10] G. H. Golub and C. F. Van Loan, “Matrix Computations,” Johns Hopkins University Press,
Baltimore, Maryland, 3rd edition, 1996.
[11] N. J. Higham, “Accuracy and Stability of Numerical Algorithms,” STAM, Philadephia, 2nd
edition, 2002.
[12] R.-C. Li, Relative perturbation bounds for the unitary polar factor, BIT, 87 (1997), 67-75.
[13] R.-C. Li, Relative perturbation theory: I. eigenvalue and singular value variations, STAM J.
Matrix Anal. Appl., 19 (1998), 956-982.


http://www.ams.org/mathscinet-getitem?mr=MR1275617&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1477662&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1282709&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1386889&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1826856&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1453550&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2740636&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1417720&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1927606&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1431359&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1632560&return=pdf

316

[14]
[15]
[16]
[17]
18]

19]
20]

(21]
(22]

23]

XIAO-WEN CHANG AND REN-CANG LI

R.-C. Li, Relative perturbation theory: II. eigenspace and singular subspace variations, STAM
J. Matrix Anal. Appl., 20 (1999), 471-492.

R.-C. Li, Relative perturbation bounds for positive polar factors of graded matrices, SIAM J.
Matrix Anal. Appl., 25 (2005), 424-433.

R.-C. Li and G. W. Stewart, A new relative perturbation theorem for singular subspaces,
Linear Algebra Appl., 313 (2000), 41-51.

G. W. Stewart, Perturbation bounds for the QR factorization of a matriz, STAM J. Numer.
Anal., 14 (1977), 509-518.

G. W. Stewart, On the perturbation of LU, Cholesky and QR factorizations, SIAM J. Matrix
Anal. Appl., 14 (1993), 1141-1146.

G. W. Stewart and J. G. Sun, “Matrix Perturbation Theory,” Academic Press, Boston, 1990.
J. G. Sun, Perturbation bounds for the Cholesky and QR factorizations, BIT, 31 (1991),
341-352.

J. G. Sun, Componentwise perturbation bounds for some matriz decompositions, BIT, 32
(1992), 702-714.

J. G. Sun, On perturbation bounds for the QR factorization, Linear Algebra Appl., 215 (1995),
95-112.

H. Zha, A componentwise perturbation analysis of the QR decomposition, STAM J. Matrix
Anal. Appl., 14 (1993), 1124-1131.

Received December 2010; revised May 2011.

E-mail address: chang@cs.mcgill.ca
E-mail address: rcli@uta.edu


http://www.ams.org/mathscinet-getitem?mr=MR1655866&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2179680&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1770357&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0436566&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1238928&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1061154&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1112229&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1191023&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1317473&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1238926&return=pdf
mailto:chang@cs.mcgill.ca
mailto:rcli@uta.edu

	1. Introduction
	2. Preliminaries
	3. Main results
	3.1. Left multiplicative perturbation.
	3.2. Right multiplicative perturbation.

	4. Examples
	5. Concluding remarks
	REFERENCES

