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Abstract

In this paper, we investigate a class of fractional Schrodinger equations with
perturbation. By using the mountain pass theorem and Ekeland’s variational principle,
we see that such equations possess two solutions. Recent results in the literature are
generalized and significantly improved.
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1 Introduction

In this paper, we consider the following class of fractional Schrédinger equations:
(~A)u+ V(x)u = f(x,u) + Mh(x)|ulPu, xeRY, (1.1)

where 0 < <1,20 <N,1<p<2,feCRN xR,R), heLﬁ(RN), V e C(RN,R), and

(=A)*y is defined pointwise for x in RN b
% Y

(-A)ulx) =~

1 ulx+y)+ulx—y) —2u(x)
d
2 /D;N J

|y|N+2a

along any rapidly decaying function u of class C*(RY); see Lemma 3.5 of [1].

Recently, a lot of attention has been focused on the study of fractional and non-local
problems; see [2—6]. This may be due to its concrete applications in different fields, such
as the thin obstacle problem, optimization, finance, phase transitions, stratified materi-
als, anomalous diffusion, deblurring and denoising of images, and so on; see [1, 7-10].
For standing wave solutions of fractional Schrédinger equations in the whole space RY,
there were also many works; see [11-20]. The fractional Schrédinger equation is a fun-
damental equation of fractional quantum mechanics. The fractional quantum mechanics
has been discovered as a result of expanding the Feynman path integral, from Brownian-
like to Lévy-like quantum mechanical paths. In [11], Laskin formulated the fractional

Schrédinger equations as follows:

0 = (A Y + V)y — [y Py, xeRM,teR, (1.2)
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where 0 < « < 1, ¢ is the wavefunction and V(x) denotes the potential energy. We let
¥ (x,t) = €“*u(x) be standing waves solutions for (1.2). Then u is a solution of an equation
of type of (1.1).

For the fractional Schrédinger equations, variational methods are available. In [14],
Felmer et al. studied the existence and regularity of solutions for a class of fractional
Schrédinger equations under the Ambrosetti-Rabinowitz condition, i.e., there exists 6 > 2
such that

0<6F(x,t) <tf(xt).

In [15], Secchi obtained the existence of ground state solutions of a class of fractional
Schrodinger equations under the Ambrosetti-Rabinowitz condition and the following

condition:
(Vo) V € CRN), inf,gn V(x) = Vo > 0 and limpy . o0 V(%) = 00.

In [19], Torres studied the existence of solutions for the following equations:
(~A)u+ V@)u=f(u)+h(x), xeRN, 1.3)

under the conditions of (V) and the Ambrosetti-Rabinowitz condition for f.

As far as we know, there are few works on problem (1.1), of which nonlinearity involves
a combination of superlinear or asymptotically linear terms and a sublinear perturbation.
Motivated by the above facts, we investigate this case in this paper.

Before stating our results we introduce some notations. Throughout this paper, we de-
note by ||||, the L"-norm, 2 < r < oo, and #* = max{4/4,0}. If we take a subsequence of a
sequence {u,} we shall denote it again by {u,}.

Now we state our main result.

Theorem 1.1 Assume that h € Lﬁ \ {0} with h* #0, (Vy), and the following conditions
are satisfied:

(F1) f(x,s) is a continuous function on RN x R such that f(x,s) = 0 for all s < 0 and
x € RN, Moreover, there exists b € L°(RN,R*) with |b|o < % such that

liI(I)I f(x],s) =b(x) uniformly inx e RV,
s—0t S(

and
f(x_]:s) >b(x) Vs>0andxeRN,
s
where S, is the best constant for the embedding of X in L"(RN); see Lemma 2.2 and Re-

mark 2.1 in Section 2;
(Fy) there exists g € L°(RN,R*) with |q|eo > ¢ such that

tim 7®9) _

s—>oo gk

q(x) uniformly in x e RN,

where cy is defined by (2.1) in Section 2;
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209
(F3) there exist two constants 0, dy satisfying 6 > 2 and 0 < dj < 52(209 2 such that

1
F(x,s) — gf(x,s)s <dys® Vs>O0andxeRN,

where F(x,s) = fosf(x,r)dt.
Then we have the following results:
(i) fk=1and <1 with

_ , o
mf{/RN/RN e — ZIN*%’ d dz +/]1;< V(x)u(x) dx’ueH (RY),

f g ()’ dx = 1},
RN

then there exists A > 0 such that for every X € (0, A), problem (1.1) has at least two

nontrivial solutions;
(i) if1 <k <2} —1, then there exists A > 0 such that for every & € (0, A), problem (1.1)
has at least two nontrivial solutions, where 2; = .

Remark 1.1 Theorem 1.1 extends the perturbation / in [19] to the case Ak(x)|u|?~2u and
(F3) is weaker than the Ambrosetti-Rabinowitz condition. Moreover, our f is allowed to

be asymptotically linear at infinity when k = 1, which is not the same as that in [20], where
fxs) fxs)
s

s °

they need limsup,_, + < liminf,_, ;o

The paper is organized as follows. In Section 2, we present some preliminaries. In Sec-

tion 3, we give the proof of our main results.

2 Preliminaries
In order to prove our main results, we first give some properties of space X on which the

variational setting for problem (1.1) is defined. Let

2
H:H“(RN) ueL*( RN / / |u®) - ul2)] dxdz < 0o
RN JrN |x Z|N+20z

with the inner product and the norm

2)][v(x) - v(z)] ) !
/%N /RN |x Z|N+20{ dde-!-‘/RN u(x)v(x)dx, ”u”H_ <u>u>H.

Letting

={ueHw (RY) // Ju@) ~u@I® dz+f V(x)uz(x)dx<+oo},
]RN ]RN RN

|x Z|N+2a

then X is a Hilbert space with the inner product

“ / / u(x) — u(2)][v(x) - v(z)] dxdz + / V(x)u(x)v(x) dx
RN JRN =

|x Z|N+2a
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and the corresponding norm | u||? = (u, u). Note that
X C H*(RN)

and
XcCL'(RY)

for all r € [2,2}] with the embedding being continuous. It is easy to get the following

lemma.

Lemma 2.1 Assume that the condition (Vo) holds. Then there exists a constant cy > 0 such
that

/ / ) = w@ s / V@) dx > collull?, Vue H*(RY). 1)
RN JRN RN

|x Z|N+2a

Lemma 2.2 (see [15, 19]) Assume that the condition (V) holds. Then X is compactly em-
bedded in L"(RYN) for all r € [2,27).

Remark 2.1 By Lemma 2.2, we have

Sellaelly < lluell,

where S, is the best constants for the embedding of X in L"(RY).
Now we begin describing the variational formulation of problem (1.1). Consider the
functional / : X — R defined by

J(w) = %||u||2—/RNF(x,u)d —gﬂéNh(x)de. (2.2)

By the continuity of f, g and Lemma 2.2, ] € C'(X,R) and its derivative is given by

Juv = / A;{ } ule) ~u@IV) vl .y A;{ V@uv dx+

|x _ Z|N+2a

—/ f(x, u(x))v(x)dx—k/ h(x)|ulP2uvdx (2.3)
RN RN

for all u,v € X. In addition, any critical point of J on X is a solution of problem (1.1).

Next, we give the variant version of the mountain pass theorem which is important for

the proof of our main results.

Theorem 2.1 (see [21]) Let E be a real Banach space with its dual space E*, and suppose
that I € C*(E,R) satisfies

max{[(O),I(e)} <pu<n< ||ir”1f I(u)
ull=p



Yang Boundary Value Problems (2015) 2015:56 Page 5 of 9

for some w <n, p >0 and e € E with |e| > p. Let ¢ > n be characterized by

ot e Lo
¢= inf max I(y(v))

whereT" ={y € C([0,1],E) : y(0) = 0, ¥ (1) = e} is the set of continuous paths joining 0 and e,

then there exists a sequence {u,} C E such that

) —>¢=n and (1+ |lul) |1 ()

E*—>0, asn— .

3 Proof of the main results

To prove our main results, we first give the following lemma.

Lemma 3.1 For any real number 2, — 1 > k > 1, assume that the conditions (Vy), (F1)-(F3)
hold. Then there exists A > 0 such that for every A € (0, A) there are two positive constants
P, 1 such that J(u)|u=p = n > 0.

Proof For any € > 0, it follows from the conditions (F;)-(F;) that there exist C. > 0 and

2% > r>max{2, k} such that

|bloo +€ , C
2

F(x,s) < s+ =1s|", VseR. (3.1)
r

By (2.2) and (3.1), Sobolev’s inequality, and Holder’s inequality, one has

J) = S up? - / Flo,u)d— / h)lul? dex
2 RN P JrN

1 b C A
> —||u||2—/ ||o‘ﬁu(x)zdx—/ —eu(x)’dx——/ h(x)|u(x)|pdx
2 RN 2 RN T P JrN
1 |Dlog + € C, . ASY
> —lul)? = gl = ==l = === |1l| 2 fu]?
2 285 rs’, p Zp
1 |bloo + € o, Coo o ASY
=Nul?| (1 - —— Jull®? = == Jlul ™ = == ||hl| > (3.2)
2 AY rS! p 2-p

2
for all # € X. Take € = 572 — |b| and define
1 2— —1 o—r or—,
l(t):Zt P—CrSt"?, Vt=>0.

It is easy to prove that there exists p > 0 such that

2-p
r—2 [(Z—p)rS;]ﬁ

0= o L e

Then it follows from (3.2) that there exists A > 0 such that for every A € (0, A) there exist
two positive constants p, n such that J(u)] -, =1 > 0. O
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Consider the minimum problem

2
= mf{/ﬂ;N /RN |brix) Z|]L\l[£2| dxdz + AN V(x)u(x)* dx: u € H*(RY),

A{N g u(x)? dx = 1}. (3.3)

Then we have the following results.

Lemma 3.2 There exist a constant ¢, > 0 and ¢ € H*(RN) with fRN q(x)¢1(x)? dx =1 such
that u > ¢, and

|1 (x) — p1(2)]? )
/RN /]RN | — z|N+2e dx dz+/RN V(x)¢1(x)" dx, (3.4)

i.e. the minimum (3.3) is achieved.

Proof For any u € H*(RN) with fRN q(x)u(x)? dx = 1, by Lemma 2.1 and Sobolev’s embed-

ded theorem, we have

|u(x) — u(2)|? / 2 2 2 Co
dxdz + V(x)u(x)” dx > collullz; = collu]|5 > —— > 0.
/RN/RN o [ Vet s > colully = colul = 2

Therefore, there exists a constant ¢; > 0 such that s > ¢;. Let {#,,} € H*(RN) be a minimiz-
ing sequence of (3.3). Clearly, fRN q(x)u,(x)> dx =1 and {u,} is bounded. Then there exist
a subsequence {u,} and ¢; € H*(RY) such that u, — ¢, weakly in H*(RY) and u,, — ¢
strongly in L2(RV). So it is easy to verify that [on q(®)u,(x)* dx — [on q(x)¢1(x)? dx as
n— oo and [pn q(x)¢1(x)> dx = 1. Therefore,

2
/ / |#1(x) ~ ¢1(2)] dxdz+/ V(%) (x) dax
N Jan |.7C Z|N+2oz RN

gliminf/ / d dz +/ V(x)u(x)? dx
n—oo | Jan JrN  |x— z|N+2°‘ RN

< u. (3.5)
This implies that
/ / 41 - / V(%) (x)? dx. 0
e Jpn x—zNv2a RN

Lemma 3.3 For any real number 2%, —1 > k > 1, assume that the conditions (Vy), (F1)-(F3)
hold. Let p, A > 0 be as in Lemma 3.1. Then we have the following results:
(i) Ifk=1and pu <1, then there exists e € X with ||e|| > p such that J(e) < 0 for all
L e(0,A).
(i) Ifk >1, then there exists e € X with ||e|| > p such that J(e) < 0 for all » € (0, A).
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Proof (i) In case k = 1. Since p < 1, we can choose a nonnegative function ¢ € H*(RN)
with [y g(x)¢(x)? dx =1 such that

2
/ / o) - 9@ dz+/ V(o) dx < 1.
'y Jen |x— Z|N+2a RN

Therefore, by the condition (F;) and Fatou’s lemma, we have

t 1 F(x, ¢t A
li ]—‘”)g—n I> - lim f . i) ¢*dx- 1 / h(x)|gl? dx
t—>+00 2 2 t—>+00 JpN tz(pz t—>+oopt2_P RN
1 1 )
- -= d
< lol® szNq(x)w x
1
= (el ~1) <0. (3.6)

So, J(tgp) — —o0 as t — +00, then there exists e € X with |le|| > p such that J(e) < O for all
A e(0,A).

(ii) In case k > 1. g € L®(RN,R*) with g* # 0, we can choose a function w € H*(R") such
that

/ q(ac)|a)|k+1 dx > 0.
RN

Therefore, by the condition (F;) and Fatou’s lemma, we have

2
) ol _y,, [ F10) /s(xnww .

m
t—>+o0 thktl — Qpk-1 o tk+1wk+1 tﬁ+oo ptk+1 -p

1 K+l
< - +d
< k+1/9q(x)w x

<0. (3.7)

So, J(tw) — —o0 as t — +00; then there exists e € X with |le|| > p such that J(e) < 0 for
all L € (0, A). O

Next, we define

B = inf max ](y(t))

yel 0<r<1

where I' = {y € C([0,1],E) : y(0) = 0,y(1) = e}. Then by Theorem 2.1, Lemma 3.1, and
Lemma 3.3, there exists a sequence {u,} C X such that

J(u,) — B and (1 + ||un||) 0, asn— oo. (3.8)

Then we have the following results.

Lemma 3.4 For any real number 2}, —1 > k > 1, assume that the conditions (Vy), (F1)-(F3)
hold. Let A > 0 be as in Lemma 3.1. Then {u,} defined by (3.8) is bounded in X for all
A €(0,A).
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Proof For n large enough, by Holder’s inequality and Lemma 2.1, one has

B 12 Jln) — 517 o) )

11 ) 1
= (E - 5)””;«1” —/I‘{N [F(x:un)_ gf(xjun)”n} dx
11
_x(--—)f () 1
p 0)Jrn
6-2 11
>— ||un||2—do/RNu3dx—x<;—5>/RNh(x)|unl”dx

6-2 1
> Nl 1> — (2)||un||2 N SZPIIhII IIMnllp
20 S5 14
0-2 dy 1 1 5
> — - Jlluwl*-A( =~ pllhll IIMnllp (3.9)
20 S3 p 0
which implies that {u,} is bounded in X, since 1 < p < 2. O

Denote B, = {u € X : ||lu|| < p}, where p is given by Lemma 3.1. Then by Ekeland’s vari-
ational principle and Lemma 2.2, we have the following lemma, which shows that J has a

local minimum if A is small.

Lemma 3.5 For any real number 2%, —1 > k > 1, assume that the conditions (Vy), (F1)-(Fs).
Let A > 0 be as in Lemma 3.1. Then for every A € (0, A), there exists ug € X such that

J(ug) = inf{](u) 7AS Bp} <0,
and u is a solution of problem (1.1).

Proof Since h € LQZ_P \ {0} with &* # 0, we can choose a function ¥ € H*(RN) such that

/ h(x)|¥|P dx > 0.
RN

Hence, we have
t2
](tllf)=§II1ﬁ||2—/ <x,twdx——/ DY P d
RN
||w||2——/ h(x)|[y 1P dx<0 (3.10)

for ¢ > 0 small enough, which implies 6y := inf{J(x) : u € Bp} < 0. By Ekeland’s variational
principle, there exists a minimizing sequence {u,} C Bp such that J(«,) — 6y and J'(u,,) —
0 as n — o0o. Hence Lemma 2.2 implies that there exists %y € X such that J'(xp) = 0 and
J(uo) =1 < 0. O

Proof of Theorem 1.1 From Lemma 2.2 and Lemma 3.4, there is a # € X such that, up to
a subsequence, u, — u# weakly in X, u,, — u strongly in L*(R) for s € [2,2}). By using a
standard procedure, we can prove that u, — u strongly in X. Moreover, /() = 8 > 0 and
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u is another solution of problem (1.1). Thus, combining with Lemma 3.5, we prove that
problem (1.1) has at least two solutions u, i € X satisfying J(u#o) < 0 and J (i) > 0. O
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