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MULTIPLICITY OF SOLUTIONS FOR THE NONCOOPERATIVE p-LAPLACIAN
OPERATOR ELLIPTIC SYSTEM
WITH NONLINEAR BOUNDARY CONDITIONS

SIHUA LiANG! AND JIHUI ZHANG?

Abstract. In this paper, we study the multiplicity of solutions for a class of noncooperative p-Laplacian
operator elliptic system. Under suitable assumptions, we obtain a sequence of solutions by using the
limit index theory.
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1. INTRODUCTION

In this paper we deal with the existence and multiplicity of solutions to the following p-Laplacian operator
elliptic system with nonlinear boundary conditions.

Apu — |ulP~2u = F,(z,u,v), in £2,
—Apv + P72 = Fy(x,u,v), in {2, (1.1)

|VulP=29% = |u[P" "2y, |Vo|P~222 = |v|P"~2p, on 912,

where 1 < p < N, 2 C RY (N > 3) is a bounded domain with smooth boundary, A,u := div(|Vu[P~2Vu) is a
p-Laplacian operator and % is the outer normal derivative, F = F(x,u,v), Fy, = g—f:, F, = 8—5, p* = Np/(N—p)
is the critical exponent according to the Sobolev embedding.

In recent years, the existence and multiplicity of solutions for a noncooperative elliptic system have been

obtained by many papers. In [1], Benci assumed X is a Hilbert space, f satisfies (P.S)-condition and is the form
1
flu) = §<Lu,u> + D(u),

where L is bounded self-adjoint operator and &’ is compact.
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When p = 2 (a constant) with Dirichlet boundary condition, Lin and Li [9] considered the following system
Au = |[ul* ~2u + Fy(x,u,v), in 02,
— v = [v|* %0 + Fy(z,u,v), in £,
u=0, v=0, on 042,
by applying the Limit Index Theory, they obtained the existence of multiple solutions under some assumptions
on nonlinear part.

When p # 2, Huang and Li [6] considered the following the system of elliptic equations involving the
p-Laplacian in the unbounded domain of RY by applying the Limit Index Theory,

Apu — |u|P~2u = F,(x,u,v), in RV,
—Apv + |v|P~20 = Fy(z,u,v), in RN,
u,v € WHP(RV),

where 1 < p < N and they extended some results of [8].

We note that these papers deal with Dirichlet boundary condition [2,7]. However, nonlinear boundary condi-
tions have only been considered in recent years. For the Laplace operator with nonlinear boundary conditions
see for example [3,14]. For elliptic systems with nonlinear boundary conditions see [5]. For previous work for
the p-Laplacian with nonlinear boundary conditions of different type see [4,13].

Motivated by papers above, a natural question arises whether the existence and multiplicity of solutions
to the p-Laplacian operator elliptic system with nonlinear boundary conditions (1.1) can be obtained. In this

paper we deal with the problem (1.1). Throughout this paper, we assume that F'(x,u,v) satisfies the following
conditions:

(Hy) FeC(2x R? RY) and F(z,s,t) = F(zx,—s,—t) for all (z,s,t) € 2x € R?;

(Hz) limpy oo % = 0 uniformly for z € (2;
(H3) sFs(x,s,t) >0 for all (z,s,t) € 2 x R2.
Under assumptions (H;) and (Hsz), we have
Fy(z,u,v)v =o0(|v|"),
which means that, for all € > 0, there exist a(e), b(e) > 0 such that
|F'(z,0,v)v] < a(e) + elv|P (1.2)

and
|Fy(z,u,v)v] < b(e) + e|vlP. (1.3)

Hence, together with condition (1.2), (1.3) and the mean value theorem for any constants 4 and fixed u we have

|F(z,u,v) — BF, (x,u,v)v| < c(e) + elvf?, (1.4)

for some ¢(e) > 0.
Furthermore, we assume that F'(x,u,v) satisfies condition:

(Hy) There exist L > 0 (where L will be determined later) and

1 s 1
E< |0t min{O, NSP /"=p) _ ¢ (W) |Q}

such that F(z,s,t)t > L|t|P — &, for every (z,s,t) € £2 x R%.
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Notation. Weak (resp. strong) convergence is denoted by — (resp., —). | - |, is the usual norm in LP({2).
Ly(2) = LP(£2) x LP(£2) with the norm |(u,v)], = (Julb + \v\g)%. E := WYP() with the norm |ul, =
Jo(IVulP +|uP)dz. Y = Ex E, X,, = E x E,. ¢; denote a positive constant and can be determined in concrete
conditions.

According to [15], there exists a Schauder basis {e,}22; for E. Furthermore, since E is reflexive, {e}}>%
the biorthogonal functionals associated to the basis {e,, }22; which are characterized by the relations

1, ifn=m,

en(em) = Onm = {0, if n # m,
form a basis for E* with the following properties (cf. [10] Prop. 1.b.1 and Thm. 1.b.5). Denote
E, =span{ei,...,en}, Erf = span{ent1,...}

and
* . * *
E’ = span{ej,... e }.

Let P, : E — E,, be the projector corresponding to decomposition E = E,, @ E;- and P} : E* — E be the
projector corresponding to the decomposition E* = E* @ (E})*. Then P,u — u, Piv* — v* for any u € E,
v* € E* as n — oo and (Pfv*, u) = (v*, Pyu). Let 7: E — E* be the mapping given by

(Tu,u) = / |VulP2Vu - Vide, for all u,u € E.
7

It is easy to check that the operator 7 is bounded, continuous. And if w,, — u in F and (ru,, — 70, u, — u) — 0,
then u,, — u in E (see [6,8])
The energy functional corresponding to problem (1.1) is defined as follows,

1 1
T, v) = ——/ (IVul? + [ufP)dz + —/ (V0P + [o]?)dz
PJa PJo
1 " 1 .
- |u|? do — —*/ |v|? da—/ F(z,u,v)dx. (1.5)
P Jon P Jon n
The main result of this paper is as follows.

Theorem 1.1. Suppose that F(x,u,v) satisfies conditions (Hy)—(Hy). Then there exists ko > 1 such that (1.1)
possesses at least kg — 1 pairs weak nontrivial solutions.

Remark 1.2. There are two difficulties in considering the elliptic problem (1.1). One is the functional J(u,v) is
strongly indefinite. Therefore one cannot apply the symmetric Mountain pass theorem of the functional J(u,v).
The other one in solving the problem is a lack of compactness which can be illustrated by the fact that the
embedding of WP (£2) into LP (942) is no longer compact.

Remark 1.3. Theorem 1.1 is new as far as we know. We mainly follow the way in [8] to prove our main result.

2. PRELIMINARIES AND LEMMAS

First of all, we recall the limit index theory due to Li [8]. In order to do that, we introduce the following
definitions.

Definition 2.1. [8,16] The action of a topological group G on a normed space Z is a continuous map

GXZ—Z:[g,z]— gz
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such that
1-z=2z2, (gh)z=g(hz) =z gz islinear, Vg,h€G.

The action is isometric if
lgzll = llzll, YgeG, z€Z.

And in this case Z is called G-space.
The set of invariant points is defined by

FixG:={z€Z:g2=2, YV geG}.

A set A C Z is invariant if gA = A for every g € G. A function ¢ : Z — R is invariant ¢ o g = ¢ for every
g€G, ze€Z. Amap f:Z — Z is equivariant if go f = f o g for every g € G.
Suppose Z is a G-Banach space, that is, there is a G isometric action on Z. Let

Y ={ACZ:Aisclosed and gA = A,V g € G}
be a family of all G-invariant closed subset of Z, and let
I':={heC%Z,Z): h(gu) = g(hu), VgeG}
be the class of all G-equivariant mapping of Z. Finally, we call the set
O(u) :=={gu:g € G}
G-orbit of w.

Definition 2.2. [8] An index for (G, X,I") is a mapping i : X — Z, U {+oo} (where Z; is the set of all
nonnegative integers) such that for all A, B € X, h € I', the following conditions are satisfied:

(1) i(A) =0« A =10
(2) (monotonicity) A C B = i(A) < i(B);

(3) (subadditivity) i(AU B) < i(A) + i(B);
(4) (supervariance) i(A) < i(h(A)),VY h e I}

(5) (continuity) If A is compact and A NFixG = (), then i(A) < +oc and there is a G-invariant neighbourhood
N of A such that i(N) = i(A);
(6) (normalization) If x ¢ FixG, then i(O(x)) = 1.

Definition 2.3. [1] An index theory is said to satisfy the d-dimension property if there is a positive integer d
such that
i(V*NS) =k

for all dk-dimensional subspaces V9 € X such that V% N FixG = {0}, where S is the unit sphere in Z.
Suppose U and V' are G-invariant closed subspaces of Z such that
Z=U@aV,

where V is infinite dimensional and

_
v=Uwv.
j=1
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where Vj is a dnj-dimensional G-invariant subspace of V', j =1,2,...,and V; C Vo C...CV, C ... Let

Z; =UEPv;,
A=A z;.

and V A € X, let

Definition 2.4. [8] Let i be an index theory satisfying the d-dimension property. A limit index with respect
to (Z;) induced by 4 is a mapping
i*: X — ZU {00,400}
given by
1°°(A) = lim sup (i(4;) — n;).
J—00
Proposition 2.5. [8] Let A, B € X. Then i* satisfies:
(1) A=0=1i* = —o0;
(2) (monotonicity) A C B = i®(A) <i*(B);
(3) (subadditivity) i*°(AU B) <i*(A) 4+ i*°(B);
(4) If VN FixG = {0}, then i*(S,NV) =0, where S, ={z € Z : ||z|| = p};
(5) If Yo and Yo are G-invariant closed subspaces of V' such that V.= Yy @& fYYo, Yo C Vi, for some jo and
dim?o = dm, then i*(S,NYy) > —m.

Definition 2.6. [16] A functional J € C*(Z, R) is said to satisfy the condition (PS)?* if any sequence {uy, },
Up, € Zp, such that
J(tn,,) — ¢, ddp, (ung) — 0, ask — oo
possesses a convergent subsequence, where Z,, is the ng-dimension subspace of Z, J,, = J|z, .
Theorem 2.7. [8] Assume that

(B1) J € CY(Z, R) is G-invariant;
(B2) there are G-invariant closed subspaces U and V' such that V is infinite dimensional and Z =U @ V;
(Bs) there is a sequence of G-invariant finite dimensional subspaces

icW,c---cV;C---, dimV; =dny,

such that V- = U3, V;;
(B4) there is an index theory i on Z satisfying the d-dimension property;
(Bs) there are G-invariant subspaces Yy, Yo, Y1 of V' such that V. =Y, & Yo, Y1,Yy C Vj, for some jo and
dimYy = dm < dk = dimY;;
(Bg) there are a and B, a < 3 such that f satisfies (PS)%, ¥V ¢ € [a, B];
(B7)
(a) either FixG CU @Yy, or FixGNV ={0},
(b) there is p > 0 such that V v € Yo N S,, f(2) > «,
(VzeUaYy, f(z) <8,

if 1°° is the limit index corresponding to i, then the numbers

c;= inf sup f(u), —-k+1<j<-—m,
! ix(A)ijeAf() J

are critical values of f, and o < c_p11 < -+ < ey < B. Moreover, if ¢ = ¢ = -+ = ¢y, 7 > 0, then
(Ke) >r+1, where K. ={z€ Z:df(z) =0, f(2) = c}.
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3. LocAL PALAIS-SMALE CONDITION

To prove Theorem 1.1, noting the lack of compactness, in the inclusion W'P(£2) < LP (9£2), we can no
longer expect the Palais-Smale condition to hold. Anyway we can prove a local Palais-Smale condition that will
hold for J(u,v) below a certain value of energy. Let u,, be a bounded sequence in W1P(§2) then there exists a
subsequence that we still denote u,, such that

w, —u  weakly in WHP(£2),
up — u  strongly in L"(£2), 1 <r < p*,
[Vup P — dp, |un|89|p* — dn,

weakly-* in the sense of measures. Observe that dn is a measure supported on 0f2.
If we consider ¢ € C°(§2), from the Sobolev trace inequality we obtain, passing to the limit

p* o L P P P P ’
(/mqﬁ dn) s s(/gw du [ rivords+ [ jou dx) , (3.1)

where S is the best constant in the Sobolev trace embedding theorem. From (3.1) we observe that if u = 0 we
get a reverse Holder-type inequality (but it involves one integral over {2) between the two measures p and 7.
Similar to the proof of [11,12], we have the following lemma.

Lemma 3.1. [4] Let u; be a weakly convergent sequence in W1P(2) with weak limit u such that
Vug[? = du, and - Jugloel”” — dn,
weakly-* in the sense of measures. Then there exists x1,...,x; € 0§2 such that
. . !
(Z) d’]7 = ‘u|p + Zj:l ’]hémj, Uk > 0,

.. l
(@) dp = [VulP + 325 5 pj0a,, 1y > 05

(i) (n;)»™ < %
Similar to [6,16], it is easy to obtain the following lemma:
Lemma 3.2. Assume 1< 61,0,,0 < oo, I € C(f2x R?>, R) and
01 0
I(z,u,0) < C (\u|7 + \U\T) .
Then for every (u,v) € L%(£2) x L9%2(£2), I(-,u,v) € LY(£2) and the operator
T: (u,v) — I(z,u,v)
is a continuous map from L' (§2) x L%2(02) to L°(£2).
Lemma 3.3. Suppose that F(x,u,v) satisfies conditions (Hy)—(Hs). Then
(i) J € CY X, R);
(i)
(dJ(u,0), (@,5)) = — / VulP >V - Vi + ol uiide — / (P ~2uiido
Q Ye)

+/ |Vo[P~2Vv - Vit < |v|P~2vdda —/ 0[P ~200do
o 00

—/ F.(z,u,v)udx —/ Fy(z,u,v)vdx;
Q Q
(iii) A critical point of J is a weak solution of system (1.1).
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Now set
X=UaV, U=Ex{0}, V={0}xE,
Yo={0}x Ef, V=Yy®Y,,
Y, ={0} x Ex,, Ey, =span{es,... ek},

then dim% =1,dimY; = k.

Define a group action Gy = {1,7} = Z5 by setting 7(u,v) = (—u, —v), then FixG = {0} x {0} (also denote
{0}). It is clear that U and V are G-invariant closed subspaces of X, and Yj, % and Y7 are G-invariant subspace
of V. Set

Y:={AcCX\{0}: Aisclosed in X and (u,v) € A= (—u,—v) € A}.

Define an index v on X' by:

min{N € Z:3 h € C(A,RN\{0} such that h(—u, —v) = h(u,v))},
(A) =40, ifA=0,
400, if such h does not exist.

Then we have the following proposition from [6]: 7 is an index satisfying the properties given in Definition 2.2.
Moreover, ~ satisfies the one-dimension property. According to Definition 2.4 we can obtain a limit index y°
with respect to (X,,) from .

Now we turn to prove local Palais-Smale condition.

Lemma 3.4. Assume condition (Hy)—(Hs) hold, Then the functional J satisfies the local (PS). condition in

1 e 1
oo, 8P/ =) _ o ) |10
ce( oo,NS C<2N> |)7

in the following sense: if
J(Upy, s Uy, ) — € € | —00 lSP*/(]"**”)—C L |2 dJp, (Un,,vn,) — 0, ask— oo
Nk "N ’N 2N ) ng Ny “Ng ) )

where Jy,, =J

X, - Then {(un,,vn,)} contains a subsequence converging strongly in X.

Proof. First, we show that {(uy, ,vn, )} is bounded in X.
We note that by condition (Hs),

0(1)”unk”p > <_d‘]nk (unk7vnk)7 (unwo»

:/ |Vunk\zﬂ+|unk|pdx+/ |unk|p*da+/ Fu (2, tn, , Un, ), dx
(9] o0 (9]

> / (Vi [P + iy [P + / i [P
0 on
Z Hunngv (32)

since p > 1, from (3.2), we know that ||uy, ||, is bounded. On the one hand, we have

1
J’ﬂk (Oa vnk) - E <dJﬂk (uﬂk y Uny, )a (0’ Uny, )>

1 1 1
= (_ - _> / (‘Vvﬂk‘p + "Unk|p) da _/ {F(xaunkavnk) - _*Fv(xaunwvﬂk)vﬂk dx
n ? p

p p*
= c+o(1)[lvnlp,
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i.€.

1 1
N / (IVUn, [P + v, |P) do = / |:F(x’unk7vnk) - _*Fv('T’unk?vnk)vnk dx
0 n p
+ ¢+ o(1)[vn, [lp-

Then by (1.4), we have

1
<N _ €> [0n, 1B < e(€)]2] + ¢+ 0(1) [vn, |l

where | - | denote by Lebesgue measure. Setting ¢ = 1/2N, we get
[on, [l < M+ o(1)][on, [|p, (3.3)

where 0(1) — 0 and M is a some positive number. Thus (3.3) implies that {v,, } is bounded in WP (§2). This
implies ||tn, ||p + [|Un,||p is bounded in X.

Next, we prove that {(u,,,v,, )} contains a subsequence converging strongly in X.

We note that {uy, } is bounded in E. Hence, up to a subsequence, u,, — u weakly in E and u,, (z) — u(z),
a.e. in RY. We claim that u,, — u strongly in E. In fact, note that

/ |V, — VulP + |up, —ulPde +/ [ty — u|p*da—|—/ Fu(x,upn, —u,vpn,)(tpn, —u)dz
7 le) Q
= (—dJp, (un, —u,vp,), (Un, —u,0)) =0 asn — oo,
and condition (H3) imply that
Up, — u  strongly in E. (3.4)
In the following we will prove that there exists v € F such that
Up, — v strongly in E. (3.5)

By Lemma 3.1 and (3.3) there exists a subsequence, there exists a subsequence, that we still denote v,,, such
that

Up,, — v weakly in WhP(£2),
Un, — v strongly in L"(£2), 1 <r < p*, and a.e. in {2
!
‘vv’ﬂk ‘p - d:u‘ 2 ‘Vv|p + Z,Ufk(szka
k=1
1
[onglonl?” = dn = [vloal”” + > kb,
k=1

Let ¢(z) € C*(£2) such that ¢(z) =1 in B(xg,e), ¢(x) = 0in 2\ (zg,2¢) and |V¢| < 2/e, where xj, belongs
to the support of dn. Consider Then {¢v,, } is bounded in E, Obviously, (dJp, (tn,, Vn, ); (0,05, 0)) — 0, i.e.

lim [ / (Ve [P + 0y [P) bz — / fom, [P o — / Fo (@, tg» Vg Yoy $l
N o0

n—0o0 ]

= — lim (Vnye | VU, [PV 0, V) da. (3.6)
7

n—oo
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On the other hand, by Hélder inequality and weak convergence, we obtain

e—0n—oo

0 < lim lim ’ / Uy, | VU, [P 2V, Véda
2

p—1

1
< lim lim (/ vnkagzﬂpdx) (/ ankqu>
e—0n—oo 0 ) ] )
1
< C'lim (/ vp|v¢de)

< C'lim (/ |V¢Ndx> (/ |U|P*dx>
O\ B(a;.0) B(z;.e)

1
< C'lim / P dz | =o0. (3.7)
e—0 B(zj,e)

From (3.6) and (3.7), we have

1 1
N pr

0 = lim [ o odn — /ngd,u— /Q [v|P pda — /QFv(w,u,v)vgbdw] =N, — k- (3.8)

e—0
Combing this with Lemma 3.1, we obtain (uk)p/p*S < pg. This result implies that
pe =0 or > gp* /(0" =p)

If the second case py, > SP™/(P"=P) holds, for some k € J, then by using Lemma 3.1 and the Holder inequality,
we have that

1
c¢= lim <Jnk (Oa ,Unk,) - E<d<]nk (unk’vnk)’ (07 Uﬂk)>>

n—oo

1 1 1
B (_ - _) / (‘V’Unk‘p + ‘Unk|p) d.T _/ |:F(.T,unk’1}nk) o EFU(‘T’u"k7vnk)Unk d.T
02 2

p P
%/ﬂdu—c(%) 42|
%/ﬂVunkl’dva%Sp*/(p*p)—0<%> i
%SP*/(P“P) —c (%) 1421,

where e = 1/2N. This is impossible. Consequently, p, = 0 for all & € J. From (3.8) we know that n, = 0 for all

k € J and hence
/ U, [P do — / [P do.
a0 a0

Now v, — v in E and Brezis-Lieb lemma [2] implies that

Y

v

v

n—0o0

lim U, — 0|7 do = 0.
Q
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Thus, we have
o(1)[0ms Iy = [[ome 12— / [n, [P dor — / Fy (2, U U Ymp 02
0 N
— Jom — o2+ [Jo] / ol do — / Fo(,u, v)vde
N N

= [[on, = ollg +o(D)]vlp,

since dJ,, (0,v) = 0. Thus we prove that {v,, } strongly converges to v in E. Thus (3.5) holds. (3.4) and (3.5)
imply the conclusion of Lemma 3.4 follows. O

4. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Now we shall verify the conditions of Theorem 2.7. Obviously, (Bi), (Bz2), (B4) in The-
orem 2.7 are satisfied. Set V; = E; = span{ey,e,...,¢e;}, then (Bs) is also satisfied. Since 1 = dim Yy < ko =
dim Y3, (Bs) is satisfied. In the following we verify the conditions in (By). Since FixG NV = 0, that is (a) of
(B7) holds. It remains to verify (b), (¢) of (Br). Choose a number « such that

a<min{0 —SP/P—P)—C(2N) 2], ~ ; —b( )m} (4.1)

(i) If (0,v) € YyN'S, (where p is to be determined) then by (Ha),
1 .
J(0,v) / |VolP + |v|Pde — —/ [v|P da—/ F(z,0,v)dz
P* Joo 2

1 1 .
<— —5) / [VolP + |v|Pde — —*/ [vP do — b(e)|42|
P Q a9
1

%;,,-b( )m (4.2)
where ¢ = %. Since

1 1 P— 1 1 p* pp* 1
—gp 5 () |0) = 22t s b (=) |0
I%?(?p o (2p>| > N ° (217)' :

Therefore, there exists p > 0 such that J(0,v) > « for every ||v||, = p, that is (b) of (B7) holds.

**S*

v

1
S-llvllp

(ii) For each (u,v) € U @ Y1, by condition (Hy), we have

1 1
T, v) :——/(\Vu\p+|u\p)dx+p/n(wv|p+\v\”)dx

——/ |u|P da——/ \v\p*da—/ F(z,u,v)dz
o

—Hvll” Llv[} +€|42]
p

1
< max ( =|lv|Z — Lof? ) +¢|02
< max { vl vp) £192|

1
N 5 el 2. 43
{f>0 veng%)éo)nEko} |: <p Up):| +£|92] (4.3)
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Let 7 = min{ [, [v[’dz : v € dB1(0) N Ey, }. By taking L > pir, we have
1 Livlt < L o<o (4.4)
p p
Tt follows from (4.3), (4.4) and (H,) that
J(u,v) < €|02] < min {o, Lo rom-m _ <i> |9} ‘
N 2N

Let

B = &|£2|, so we get (¢) in (By). By Lemma 3.4, for any ¢ € [«, 8], J(u,v) satisfies the condition of (PS)},

then (Bg) in Theorem 2.7 holds. So according to Theorem 2.7,

c; = inf su w), —ko+1<j<-1,
i = il s S () 0 J

are critical values of J, a < c_py41 <--- <ec_; <3 <0 and J has at least kg — 1 pairs critical points. O
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