Internat. J. Math. & Math. Sci.
Vol. 24, No. 8 (2000) 511-517
S0161171200004361
© Hindawi Publishing Corp.

MULTIPLIERS OF BANACH VALUED WEIGHTED
FUNCTION SPACES

SERAP OZTOP

(Received 24 June 1999 and in revised form 28 September 1999)

ABSTRACT. We generalize Banach valued spaces to Banach valued weighted function spaces
and study the multipliers space of these spaces. We also show the relationship between
multipliers and tensor product of Banach valued weighted function spaces.
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1. Introduction. We generalize Banach valued function spaces and its multipliers
to the Banach valued weighted function spaces and its multipliers. We also get some
elementary results.

Throughout we let G be a locally compact abelian group with Haar measure, X be
a Banach space and A be a commutative Banach algebra with identity of norm 1. A
weight, ¥, is a measurable and strictly positive function on G. Lff,(G,X ) denote the
space of equivalence classes of X-valued strongly measurable functions f on G such
that ¥ (t) f(t) € LP (G, X). The space Lff,(G,X) is a Banach space normed by

1/p
1F g 6y = Uclf(t)lli‘lf(t)’”dt} L 1<p<o, (1.1)

and its dual space of LY (G,X) is Lfl’,/,l(G,X*), where 1/p +1/p’ = 1 if and only if
X*, the dual space of X, has the wide RNP (Radon-Nikodym Property) (see Lai [2] and
Yoshikawa [6]). We assume that our weight function ¥ will satisfy

Y(s+t) <¥Y($)Y(®), s,teq, (1.2)

locally bounded and w(x) = 1, also X* and X** have the wide RNP. It is known that
every weight function is equivalent to a continuous weight function and we assume
continuity (see Spector [5]). Let C. (G, X) denote the space of all X-valued continuous
functions on G with compact support and C, (G, X) the space of all X-valued contin-
uous functions vanishing at infinity of G. For the weight function ¥, let Cy-1(G,X)
denote the space of all functions f such that f¥~! € C, (G, X) and define the norm as

ILf (D)1lx

0 (1.3)

Ifllc, y-1G.x) =sup
’ teG
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A Banach space X is said to be Banach A-module for a Banach algebra A if X is an
A-module in the algebraic sense and satisfies

lax|lx < llallllxllx, forallae A, x € X. (1.4)

It is known that if X is a Banach module, then X*, the dual of X, is also a Banach
module under the adjoint action of A. If V and W are Banach A-modules, then the
A-module tensor product V @4 W is defined to be (V®, W)/K, where K is the closed
linear subspace in the projective tensor product V ®, W generated by the elements of
the form

avew-veaw, foranyaceA, veV,weW. (1.5)
(see Rieffel [4]), had shown that
Homyu (V,W*) = (Ve W)" (1.6)

under which a linear functional F on V ® 4 W corresponds to an operator T € Homy4
(V,W*) such that

(Tv)(w)=F(vew), foralveV, weW. (1.7)
The operator T, in fact, satisfies
T(av)=aT(v), forallae A, veV, (1.8)

so0 is an A-module homomorphism which is a continuous linear transform from V to
W*. We call this A-module homomorphism a multiplier (operator) from V to W*.

2. Some main properties of L (G,X). Let G be a locally compact abelian group
with Haar measure and X be a Banach A-module. Then the A-valued functions acting
on the X-valued functions are well defined. In the X-valued functions, we know that
LP(G,X) is a Banach L'(G,A)-module under convolution and C.(G,X) is dense in
L7 (G,X), 1 < p < oo (Lai [2]). Now we will show that these properties are satisfied in
the X-valued weighted functions.

PROPOSITION 2.1. C.(G,X) is dense in L% (G,X).
PROOF. let f € LQ(G,X). Then fY € L?P(G,X) given € > 0, there exists f. € C.
(G, X) such that

Ilfe = fellircx) < & (2.1)

Setg. = f./¥Y.Then g, € C.(G,X) and || g, _f”L{,’,(c,m < &. This completes the proof.
O

PROPOSITION 2.2. Let A be a commutative Banach algebra with identity of norm 1.
LY(G,A) is a commutative Banach algebra under convolution.
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PROOE. Let f,g € LL(G,A). Then f¥,g¥ € L1(G,A). Since L(G,A) is a commuta-
tive Banach algebra with the convolution we have

Hf‘ll*g\P”Ll(G,A) = Hf”L\lI,(G’A)”gHL}y(G,A)- (22)

Using the inequality (1.2) we can obtain easily

||f*g||]_‘ly((;'A) =< ”fHL\l',(G,A)“g”L\ly(G,A)' (2.3)
O

PROPOSITION 2.3. Let X be a Banach A-module. Then LY (G, X) is a Banach Ly, (G, A)
module under convolution.

PROOE. Let f €Ly (G,X)andg € LY (G,A). Then fY¥ € L? (G,X) and g¥ € LY (G, A).
Since L? (G, X) is a Banach L' (G, A) module with convolution,

LY *g¥liircx) < ||f||L;;(G,X)||g||L€,<G,A)- (2.4)
Using the inequality
If gl x) <Y *gY¥llrcx), (2.5)
we obtain the module inequality

”f*g”L\’f,(G,X) = HfHL(i’,(G’)Q”g”L}Y(G,A)- (2.6)
O

3. Multipliers from L (G, X) to L\’},’_l (G,X*). Throughout we will assume that ¥ is
even weight function satisfying (1.2), X is a Banach algebra, 1/p+1/g>1, 1 <p < o,
and 1 < g < .

Analogous to the scalar function case, we can obtain the following proposition.

PROPOSITION 3.1. Let f € LY (G,X) and g € LY(G,X), where 1/p +1/q = 1,
1<p, g <o.Then

”f*g”LQ(G,X) = ”f”L\l;(G,X)Hg“L\‘;l/(G‘X); (31)
where 1/vr =1/p+1/q—1.1Infact, if1/p+1/q =1, then
”f*gHCw‘\l,,l(G,X) = ”f”L\’;',(ny)”g”L“;il(G’X*)- (3.2)

Thus by Proposition 3.1 we can define a bilinear map, b, from L\’;(G,X)fof,(G,X) into
Ly (G,X) or Coy-1(G,X) by

b(f,9) =f*g, f(x)=Ff(x), (3.3)

and ||b|| < 1. Then b lifts to a linear map, B, from L% (G,X) ®, LL(G,X) into Ly (G, X)
or Co, y-1(G,X) and ||B|| <1 (see Bonsall-Duncan [1]).
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DEFINITION 3.2. The range of B, with the quotient norm, will be denoted by A§*
(G, X). Thus Aff,‘q (G, X) is a Banach space of functions on G which can be viewed as a
linear submanifold in LYy (G, X) or C, y-1(G,X). In view of the fact that every element
of L\"I’,(G,X) ®yL\?,(G,X) has expansion of the form

h=> fi®gi fi€ll(GX), gi€l}(G,X), (3.4)
i=1

where

Z HfiHL\’,’,(G,X)HgiHL\‘f,(G,X) < ®, (3.5)
i=1

we see that A\’i’,’“ (G, X) consists of exactly those functions, h, on G which have at least
one expansion of the form

h= fixan (3.6)
i=1
where f; € LY (G,X), gi € LY (G, X), and
Z HfiHL\’,’,(G,X)HgiHL\‘f,(G,X) < o, (3.7)

i=1

with the expansion converging in the norm of Ly (G, X) or C, y-1(G, X). As before , we
let K denote the closed subspace of Ly (G, X) ®L\1y(G‘A)Lff,(G,X) spanned by elements of

the form (p * f)®g—fe (P *g),where € LL(G,A), f € LY (G,X),and g € L1 (G, X).
PROPOSITION 3.3. Let1/p+1/q =1 and let ¢ € C.(G,X). Define Ty by Ty (f) =
fx¢, feLf(G,X). ThenTy € Homy 6 4) (LY(G,X),Li (G, X*)). In fact

pla’ 1-p/q’ *
ITall I g 11,7 (G.X). (3.8)

PROOF. Let f € L5 (G,X) and g € L} (G, A). It is easy to see that
Tp(g*f)=gxTep(f). (3.9

From the relations

|‘f*¢HL\’:,71(G,X) = Hd)HL\;_I(G,A)”fHL\’?,(G,X)’

(3.10)
If*Plic, cx < Hf”L\’;’,(G,X)||¢||L“:ILI(G,X*)’
we obtain
qa _ 114’
||T¢(f)||L$’_1(G,X*)_||(f*¢)\y ||Lq’(G,X*)
<[[(Fx DY L G I x DY Dr o) (31D

a-p p a
=< ,
< [|\¢||L“,;71(Glx*>||¢|\L1M o |11
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so that

1-p/ /
||Td>(f)||Lq (G.X%) ||fHL\I,GX)||¢|| p?Gx*)H(Mpq GA) (3.12)

We finally obtain

pia 1- lﬂ/q
ITall < IS g 11710 (3.13)
O
DEFINITION 3.4. We shall say that {L\’i’,(G X ), q' LG, X *)} satisfies the approxima-
tion hypothesis if every element of HomL1 (G.A) (L\Y(G X),L4 y-1(G,X*)) can be approx-
imated in the ultraweak operator topology by operators of the form Ty, ¢ € Cc (G, X).

THEOREM 3.5. Let1/p+1/q = 1. Then the following statements are equivalent:
(i) {LY(G,X),L]_,(G,X*)} satisfies the approximation hypothesis.
(ii) The kernel of B is K, so that Ly (G,X) ® ;1 (¢ 1) L% (G, X) = Ay (G, X).

PROOF. Suppose now that {L€,(G,X ),L\’f,’,1 (G,X*)} satisfies the approximation hy-
pothesis. It is easy to see that K is always contained in the kernel of B using the
definition of B.

To show that the kernel of B is contained in K it suffices to show that K+ ¢ (KerB)+.
Let F € K* be given. Because of the isometric isomorphism

K* = [LY(G,X) @11 (6,4, LF(G,X)]" = Homyy ¢ [L5(G,X),L% (G, X*)]  (3.14)

there corresponds to F a multiplier T € HomLMG’A) [L\’i’,(G,X),L“},’_1 (G,X*)] such that

Z (9, Tfi), (3.15)

where heKerB, >, fi®giand > 7, Hfi”L\I,(G %) HgiIILY(G x)- Moreover, since (LY (G, X),

1(G X*)} satisfies the approximation hypothesis, there exists a (Ty.), y ¢; €
CC(G X) such that

hmZ(glyfl*Cl)] =Z ganl (3.16)

i=1

Also it is easy to see that

u[\/_]g

<gl,f1*¢>J =S (fixgi ;) (3.17)
i=1

Using the Holder inequality, we obtain

fl*gla(l)_}

Z (gi, fixdj)
- (3.18)

|2
<[ 27

LY (G,X) Hq)jHL\;’—] (Gxs) = O
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hence if we combine (3.16) and (3.18), we find

(h,F) = > (gi,Tfi) =0. (3.19)
i=1
Therefore, (h,F) = 0 for all h € KerB. That means F € (KerB)‘. This proves
LY (G, X) ®;1 (.4 LY (G, X) = APY (G, X).
Suppose conversely that Ker B = K. We will show thatthe set N = {Ty | ¢ € Cc(G,X)}
is dense in HomL#(G’A) (L\’f,(G,X),L\qI,/_I(G,X*)) in the ultraweak operator topology.
Because of the isometric isomorphism

Hom,y ¢ 1) (LY (G, X), LY, (G,X*)) = [L§(G, X) ®3 (¢ 1 LF(G, X) ], (3.20)

it is sufficient to show that the corresponding functionals are dense in [L\’i’,(G,X )
®rl(G.A) LY(G,X)]* in the weak*-topology. Let M be the set of the linear function-
als which corresponds to the operators in [Lff,(G,X) ®L;(G,A>L\?/(G,X)]*- To show this
it is sufficient to denote that M+ = {0} = K. Using the KerB = K, it suffices to show
M+ =KerB. Since

[LY(G,X) ®11(G.A) LI(G,X)]" = (KerB)* (3.21)

then (h,F) = 0 for all h € KerB and F € M. Thus h € M+. That means KerB c M*.
Conversely, if we use (3.17) and (3.19) we obtain that

<Zﬁ*gi.¢> = (h,F) = 0. (3.22)
i=1

Since ¢ € C.(G,X) and hence can be viewed as an element of Lg,l (G,X*) and fi *gi €
v (G, X) this implies that 2;";1fi * gi = 0. Therefore M+ c KerB. Thus M+ = KerB.
This proves the assertion. O

COROLLARY 3.6. Let1/p+1/q=1, 1/p+1/q—-1=1/v,and 1/q+1/q" =1.1If
{L\’f,(G,X ),L?,,1 (G,X*)} satisfies the approximation hypothesis, then we have the iden-
tification

Homy, ¢ 4 [L§(G,X), LY, (G,x*)] = [AF9(G,X)]". (3.23)

REMARK 3.7. For particular cases of Theorem 3.5, if weight function ¥ = 1 then
one can obtain the space of multipliers from L? (G, X) to the space L1 (G, X*).

IfY=1, X=K (K =R or C) the space of multipliers from L?(G) to L4 (G), G is a
locally compact group, was studied in [4].

If X=K (K =R or C) the space of multipliers from L} (G) to Lg,’,l (G) was studied (for
¥ is a Beurling weight function and G is unimodular group) in [3].
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