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Abstract.    Consider the elements from the ring ][xqF  of polynomials over a Galois field qF  as 

integers.   A polynomial  )(Tf  over )(xqF  is said to be integer-valued if  )(Tf  takes values in 

][xqF  for all T in .][xqF   We derive conditions for a polynomial which together with its higher 

derivatives are integer-valued.   
 
 
1. Introduction 
 
Let  ][xqF  be the ring of polynomials over the Galois (finite) field  qF  of characteristic 

p with  ,npq = and  )(xqF  its quotient field.   For positive integer m, let 
 

,1],1[]1[][,0]0[,][ 0 =−==−= LmmLxxm m
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           .1,]1[]1[][ 0
1 =−= − FmmF mqq

m L  
 

It is known (Carlitz [1])  that mF  is the product of all monic polynomials in  ][xqF  of 
degree m, and  mL  is the least common multiple of all polynomials in ][xqF of degree m. 
Define the linear Carlitz polynomials by 
 

∏
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−==
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m MTTTT
deg

0 ,)()(,)( ψψ  

 
where the product extends over all polynomials  ,][xM qF∈  including 0, of degree less 

than m.  The polynomial )(Tmψ  is of degree mq  in T with coefficients in ][xqF .             
A polynomial  )(Tf  is called linear if  )()(),()()( TcfcTfUfTfUTf =+=+  for 
all .qc F∈   From [1], we know that any linear polynomial in ])[( TxqF  of degree mq  

has a unique   ψ-representation of the form )(,)(
0

xATA qi

m

i
ii F∈∑

=
ψ .  Write a positive 
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integer m with respect to base q as ,10
s

sqqm ααα +++= L  where 
.0},1,,1,0{ ≠−∈ si q αα L   Define the (general) Carlitz polynomials by   
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and let  .1, 010

10 == gFFFg sm
ααα L   We know ([3]) that )(TGm  is a polynomial in 

T of degree m with coefficients in  ,][xqF  and any  polynomial of degree m in  

])[( TxqF  has a unique G-representation of the form ∑
=

∈
m

i
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the related Carlitz polynomials )(TH m  of degree m  by 
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Note that ./)()(1 TTTH mqm ψ=

−
  An integer-valued polynomial is a polynomial 

][)()( TxTf qF∈  such that   ][)( xMf qF∈  for all  ].[xM qF∈   Denote by IVP the 
class of integer-valued polynomials.  It is known (Carlitz [3])  that: 
 

(i)  a linear polynomial ∑
=

=
m

i
ii TATf

0
)()( ψ  is integer-valued if and only if  

,][xFA qii F∈  i.e. ii FT /)(ψ  form a basis over   ][xqF  for linear IVP, and   

(ii) a polynomial  ∑
=

=
m

i
ii TGATf

0
)()(  is integer-valued if and only if ,][xgA qii F∈  

i.e.  ii gTG /)(  form a basis over ][xqF  for IVP.  In  1948, Carlitz [4] applied the 
method of interpolation  to prove that  

 

(iii) a linear polynomial )(Tf  of degree mq  is integer-valued if and only if 
][)( xxf q

j F∈  for all ,},,2,1{ mj L∈  and   
 

 (iv)  a polynomial )(Tf  of degree less than mq  is integer-valued if and only if  
][)( xMf qF∈  for all  ][xM qF∈  of degree less than m. 

 Mimicking the proof of (iv) in Carlitz [4] but using instead the interpolation 
formula  (3.9) of Carlitz [3], we have 

 

 (iv)’  a polynomial )(Tf  of degree less than mq  is integer-valued if and only if  
][)( xMf qF∈  for all monic ][xM qF∈  of degree m. 
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The objective of this paper is to extend these last results by obtaining conditions on 
the functional values of a polynomial which together with its higher derivatives are 
integer-valued, called multiply integer-valued polynomial.  This supplements our earlier 
investigation [5] where bases for multiply integer-valued polynomials are derived.  Let us 
mention in passing that the case of linear polynomials is trivial because their first 
derivatives are constant. 
 
 
2. Technical lemmas 
 
Apart from the notation set out in Section 1, we further need the following notation.         
For  integers ,1,0 ≥≥ jk  set  
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Since kF  is the product of all monic polynomials of degree  k  in  ,][xqF  then  

;)( k
k

k Fx =ψ  we now derive formulas for higher powers of  x. 
 
Lemma 1.   For integers  ,1,0 ≥≥ jk  we have .)( , jkk

jk
k SFx =+ψ  

 
Proof.    From Theorem 2.2 , p. 141 of Carlitz [2] we know that 
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and  so   .)(][)( 1

1 kq
kk
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+ += ψψ   Iterating,  we get  
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where 1]11[]1][[][,1][ 0

−+−−== iqq
i kkkkk L .  Since  k

q
iki FFk

i
=−][ , direct 

substitution yields the result for the case  .1=j   The general case  then follows by 
induction on j. 
 
Lemma 2.   Let k be a positive integer with base q-representation  
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m

m qqqk ααααα LL   Then 
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In  particular, 
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Proof.    From the equation (2.6) p.489  of Carlitz [3], we have 
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From Proposition 3, p.208 of  Wagner [6], we know that 
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The first result follows by taking limits and substituting these relations into the sum.      
The second result follows from the definition of  ,kH  and the observation that  
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3. Main results 
 
Theorem 1.     Let  IVPf ∈   with   .deg mqf <   Then IVPf ∈′   if and only if  either 
 
(i) for all  ,deg],[ mAxFA q <∈  we have  
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where the inner sum ∗∑  extends over ][xM qF∈  such that  

+=− −
j

MA xcMA  lower powers,  ,}0{−∈− qMAc F  or 
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(ii) for all monic ],[xA qF∈  ,deg mA =  we have 
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where the inner sum  **∑  extends over monic  .deg],[ mMxM q =∈ F  
 
Proof.   Since  ,deg mqf <  then  mqf <′deg and applying to f ′ the result (iv) of 
Carlitz [4] mentioned in the introduction, we get  
  

,][)( xFAfIVPf q∈′⇔∈′  for all ,][xA qF∈  with .deg mA <  
 

By the Lagrange interpolation formula (see e.g. (7.1) p. 1009 of Carlitz [4]), noting that 
when deg ,mM <  ,)()( MTT mm −= ψψ  we have 
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and so by Lemma 2, 
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Substituting AT =  where  ,][xA qF∈  ,deg mA <  we see that the terms with     

jiMA ≠=− )deg( drop out because  11 )( −− =− q
i

q
i FMAψ .  Thus the expression on 

the right hand side becomes, using also Lemma 1, 
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Replacing  
m

mq
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jj

q

L
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g j

== −
−

− 1
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1 )(,1
L   and cancelling like terms the desired 

result follows.   For the proof of (ii), we start,  instead, from  the result (iv)’ mentioned in 
the  introduction and the Lagrange interpolation formula (see. (3.3), (3.5), and (3.9),        
pp. 490-492, of  Carlitz[3]) 
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and proceed in the same manner as before. 
 
Remarks.   It is clear from the above theorem that similar necessary and sufficient 
conditions can be derived for integer-valued polynomials of higher orders.  Although 
Theorem 1 provides  necessary and sufficient conditions for polynomials to be multiply 
integer-valued, the conditions so derived are not so easy to use.  It is thus desirable to 
derive simpler, yet only sufficient, condition(s).  Indeed, as seen from the proof of the 
theorem, one such sufficient condition is that )(Mf  is divisible by mm LF for all  M in 

,][xqF  with  .deg mM <   However, we can do better as in the next theorem. 
 
Theorem 2.  Let  IVPf ∈  with .deg mqf <   If )(1 MfFm −  for all  ,][xM qF∈  

,deg mM <  then IVPf ∈′ . 
 
Proof.  Since, see e.g. p. 1010 of [4], 
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using the fact that jj

j
j LFT )1()( −=′ψ , see e.g. p. 16 of [5], we get 
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Substituting this expression into the Lagrange interpolation formula, displayed in the 
proof of Theorem 1, we arrive at 
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Replacing  
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The result now follows by noting that  ii Fψ  is integer-valued. 
 
Immediate from Theorem 2 is the following corollary. 
 
Corollary.       Let  IVPf ∈  with .deg mqf <    If  )(1 MfFF smm −− L   for all  

,deg],[ mMxM q <∈ F   then  .,, )( IVPff s ∈′ L  
 
Remarks.    Since, see e.g. [5], any integer-valued polynomial of degree less                

than q is of the form ∑
−

=
=

1

0
/)()(

q

i
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iqi TTGxA =∈ F 1=ig  

,)1,,1,0( −= qi L   then  IVPTf ∈′ )(  automatically showing that Theorem 2  is also 
necessary when .1=m   However for cases of larger m, this is far from being true.         
We illustrate here only the case 2=m  where by taking for example  

,)()( 11 IVPFTTf ∈= ψ  we get   11)( LTf −=′  which is certainly not integer-
valued. 
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