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Abstract. Consider the elements from the ring Fq[x] of polynomials over a Galois field Fc| as
integers. A polynomial f(T) over Fq(x) is said to be integer-valued if f(T) takes values in

Fq[x] forall T in Fq[x]. We derive conditions for a polynomial which together with its higher

derivatives are integer-valued.

1. Introduction

Let F4[x] be the ring of polynomials over the Galois (finite) field F, of characteristic
pwith g = p",and F4(x) its quotient field. For positive integer m, let

[m]=x9"-x,[0]=0, L, =[m][m-1]--[1], L, =1,
F, =[ml[m-19 - [, F, = 1.

It is known (Carlitz [1]) that F;, is the product of all monic polynomials in  Fy[x] of
degree m, and Ly, is the least common multiple of all polynomials in F,[x] of degree m.
Define the linear Carlitz polynomials by

VoM =T, v,(M= [1T-M),
deg M <m
where the product extends over all polynomials M e F4[x], including 0, of degree less
than m. The polynomial w _(T) is of degree g™ in T with coefficients in F4[x].
A polynomial f(T) is called linear if f(T +U) = f(T)+ f(U), f(cT) = cf(T) for
all c e Fy. From [1], we know that any linear polynomial in F,(x)[T] of degree g™

m
has a unique y~representation of the form Z Ay (M), A e Fq(x). Write a positive
i=0
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integer m with respect to base q a m=qgy+oq+---+ 0%, where
a; €{0,1,--,q-1}, as # 0. Define the (general) Carlitz polynomials by

Gy (T) =y My (M) w&(T), Go(T) =1,

and let g = Fy°F™ ---F&, go =1. We know ([3]) that G, (T) is a polynomial in
T of degree m with coefficients in  F4[x], and any polynomial of degree m in

m
Fq(X)[T] has a unique G-representation of the form z AGi(T), A € Fq(x). Define
i=0

the related Carlitz polynomials H, (T) of degree m by

: o for 0<a<q-2
Ho(T) = [T Haq (T), where H (1) =14 i Ty  for a<q
i=0 ! oq WIa(T) _ Fia for a=q -1

Note that qu_1(T) =y, (T)/T. An integer-valued polynomial is a polynomial
f(T) e Fg(x)[T] such that (M) e Fq [x] forall M e Fq [x]. Denote by IVP the
class of integer-valued polynomials. It is known (Carlitz [3]) that:

(i) a linear polynomial f(T) = iAi w,(T) is integer-valued if and only if
i=0

AFi € Fy[x], i.e. yw;(T)/F, formabasis over F[x] for linear IVP, and
m
(i) apolynomial f(T) = z AG;(T) is integer-valued if and only if Ajg; € Fq[x],

i=0
i.e. G;j(T)/g; form a basis over F4[x] for IVP. In 1948, Carlitz [4] applied the
method of interpolation to prove that

(iii) a linear polynomial f(T) of degree g™ is integer-valued if and only if
f(xJ) e Fq[x] forall je{1,2,---,m}, and

(iv) a polynomial f(T) of degree less than g™ is integer-valued if and only if
f(M) e Fy[x] forall M e F4[x] of degree less than m.
Mimicking the proof of (iv) in Carlitz [4] but using instead the interpolation
formula (3.9) of Carlitz [3], we have

(iv)’ a polynomial f(T) of degree less than g™ is integer-valued if and only if
f(M) e Fq[x] forall monic M e F[x] of degree m.
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The objective of this paper is to extend these last results by obtaining conditions on
the functional values of a polynomial which together with its higher derivatives are
integer-valued, called multiply integer-valued polynomial. This supplements our earlier
investigation [5] where bases for multiply integer-valued polynomials are derived. Let us
mention in passing that the case of linear polynomials is trivial because their first
derivatives are constant.

2. Technical lemmas

Apart from the notation set out in Section 1, we further need the following notation.
For integers k >0, j>1, set

k
+ x4 89 44 x40 80

S k-1, j-1 0,j-1'

=1, S, ., =X+x9+--+x%, S  =xS

k1 K, j k,j-1

Since Fy is the product of all monic polynomials of degree k in Fy[x], then
y/k(xk) = F,; we now derive formulas for higher powers of x.
Lemma 1. Forintegers k >0, j >1, we have y, (x**1) = F S, .
Proof. From Theorem 2.2, p. 141 of Carlitz [2] we know that

Wi () = xy (FF) = (¥ =)yl (xK)

and so wy (xk*1) = x R + [kl d ;(x¥). Iterating, we get
Koo i
p (XK = 3 xR R
i=0

where [k]lo =1, [k]; = [kK][k —=1]9 ---[k —=1+1]9". Since [K]; quli = F, direct
substitution yields the result for the case j =1. The general case then follows by
induction on j.

Lemma 2. Let k be a positive integer with base (-representation
K=ay+aq+--+anqm, o €{0,1,---,q-1}, a, #0. Then

m-1
HEM) = X D1 ( 5 ) Hiar (M g

i=o
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In particular,

’
m-1

l// (T) ' = i+ - - -
(%J = qu_l(T) = jzo(_l)J . gqi_l ,/,19 2il:!)(l//iq 1(T) N Fiq l)
i#]

Proof. From the equation (2.6) p.489 of Carlitz [3], we have

G (V)
O

U :i;)

H (T +U)-H(T) k—l(k
i

jHi(T)

From Proposition 3, p.208 of Wagner [6], we know that

Gn(U)| _ (- , ifn=qgk
Ug, , 'V=° 0 , otherwise

The first result follows by taking limits and substituting these relations into the sum.
The second result follows from the definition of H, , and the observation that

m-1 m _
qm —]_—qi :(q—l)qu +(q—2)ql and [q j l]:—l in Fq
i=0 q

i#]

3. Main results
Theorem1. Let f e IVP with deg f <g™. Then f’'e IVP ifandonlyif either

(i forall A e Fy[x], deg A < m, we have

=
N

11 -1 -1 \yx (M)
L_ji L (Sic,lj—i +Si(,1j—i—l+m+si?l )Z c—e Fq[X],

m-—

j=

o

A-M

where the inner sum > * extends over M € Fq[x] such that

A-M =ca_pmx! + lower powers, ca_y € Fq —{0}, or
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(i) for all monic A € Fy[x], deg A =m, we have

m-1 j-1
1 1 1 1\ f(M)
e (Slqj [ +Slqj i- 1+”'+Si[?1 )Z P qu[X],
j=0 j i=0 A—M

where the inner sum > extends over monic M e F, [x], degM =m.

Proof. Since deg f < q™, then deg f’' < q™and applying to f'the result (iv) of
Carlitz [4] mentioned in the introduction, we get

f'e IVP < f'(A) e Fy[x], forall Ae Fq[x], with deg A < m.

By the Lagrange interpolation formula (see e.g. (7.1) p. 1009 of Carlitz [4]), noting that
whendeg M <m, w,(T) =y, (T — M), we have

f(M)

T-M
& mf(T) 3 ()f(M)— Y Y= M)

m degM<mT deg M(m T-M

= D Hg (T -M) f(M)

deg M <m

and so by Lemma 2,

m-1
(-)m Fo 1) = > M) X (DItg v TA(T - M)
m deg M <m j=0

H(wq T -M)-F%h

|;=J

Substituting T = A where A e Fy[x], degA<m, we see that the terms with

deg(A- M) =i = jdrop out because TA-M) = Fa- 1. Thus the expression on
the right hand side becomes, using also Lemma 1,

m-1 ) F ...F q-1 )
;}(—1)”19(”712 (M) : 0F c n-) (=pm-+-]

i“A-M

1 1 -1
H(Slqji+slqjll +Sq )
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Jai1 _ Li ,(Fo - +Fp_p)d 1 = E—m and cancelling like terms the desired

i ] m
result follows. For the proof of (ii), we start, instead, from the result (iv)’ mentioned in
the introduction and the Lagrange interpolation formula (see. (3.3), (3.5), and (3.9),
pp. 490-492, of Carlitz[3])

Replacing

F T-M
(D" M =3 ["’T(_—M)j f(M),

and proceed in the same manner as before.

Remarks. It is clear from the above theorem that similar necessary and sufficient
conditions can be derived for integer-valued polynomials of higher orders. Although
Theorem 1 provides necessary and sufficient conditions for polynomials to be multiply
integer-valued, the conditions so derived are not so easy to use. It is thus desirable to
derive simpler, yet only sufficient, condition(s). Indeed, as seen from the proof of the
theorem, one such sufficient condition is that f (M) is divisible by F_ /L _ forall Min

Fq[x], with deg M < m. However, we can do better as in the next theorem.

Theorem 2. Let f e IVP with deg f < q™. If Fm_1| f(M) forall M e Fy[x],
degM < m, then f" e IVP.

Proof. Since, see e.g. p. 1010 of [4],

W ~(pot@ My —Fo ) (ot - My - F1)

using the fact that /' (T) = (-1} F;/L; . seeeg.p. 16 of [5], we get

T-M , F
(%j :(_1)m|_m—7l‘//,?]:i (T —M)('/’r?\:lz(T —M)—an:;)-«-

m-1

.k _ _ -
(e =My = R ) oo (3t (R (T = M) = Ry 12T - M)
j

(@ =My o) (—1)5—2(‘/31_11 (T-M)-Fi)-

(pat @ =M= EI )y d 2T - ).
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Substituting this expression into the Lagrange interpolation formula, displayed in the
proof of Theorem 1, we arrive at

= m-1 . F.
()" fT) = Y f(M) Y ()i Ly (T - M)
Lm deg M <m j=0 Lj
m-1
[T T -M)-F.
]
F.
Replacing Zilm = ;q_l and simplifying, we get

. -1
J m Fn?—lFJ

F

SRR

m-1 m-1
(D" EM = T M) XD ]
j=

deg M <m ji=j+l

[

—

(i)

Il
o

i
The result now follows by noting that /Fi is integer-valued.

Immediate from Theorem 2 is the following corollary.

Corollary. Let f e IVP with deg f <qg™. |If Fm_lu-Fm_s| f(M) for all
M e Fq[x], degM <m, then f',..., f(5) e IVP.

Remarks.  Since, see e.g. [5], any integer-valued polynomial of degree less
q-1 )

than q is of the form f(T) = i:zoAiGi(T)/gi (A eFIxD:G(T)=T",g; =1

(i=0,14---,9-1), then f'(T) € IVP automatically showing that Theorem 2 is also

necessary when m =1. However for cases of larger m, this is far from being true.

We illustrate here only the case m =2 where by taking for example

f(T) =y, (T)/F, € IVP, we get  f'(T)=-1/L;, which is certainly not integer-
valued.
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