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Electrostatic properties and stability of charged virus-like nano-shells are examined in ionic solutions
with monovalent and multivalent ions. A theoretical model based on a thin charged spherical shell and
multivalent ions within the “dressed multivalent ion” approximation, yielding their distribution across
the shell and the corresponding electrostatic (osmotic) pressure acting on the shell, is compared with
extensive implicit Monte-Carlo simulations. It is found to be accurate for positive or low negative
surface charge densities of the shell and for sufficiently high (low) monovalent (multivalent) salt
concentrations. Phase diagrams involving electrostatic pressure exhibit positive and negative values,
corresponding to an outward and an inward facing force on the shell, respectively. This provides an
explanation for the high sensitivity of viral shell stability and self-assembly of viral capsid shells on
the ionic environment. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4825099]

I. INTRODUCTION

Aqueous solutions of most macromolecules and macro-
molecular assemblies with dissociable molecular moieties
often exhibit strongly charged surfaces when immersed into a
bathing electrolyte (ionic) solution. The electrostatic interac-
tion between macromolecular surface and solution charges in
aqueous electrolytes plays a dominant role in determining the
thermodynamics properties of charged macromolecular sys-
tems, and has been traditionally described using mean-field
theories such as Poisson-Boltzmann (PB) or, its linearized
version, the Debye-Hückel (DH) theory.1, 2 In many examples
that have recently received a renewed attention, macro-
molecules are found in highly asymmetric ionic mixtures con-
taining symmetric monovalent salts together with asymmetric
multivalent salts that contribute mobile ions of large charge
valency to the solution. Whereas the electrostatics of systems
containing monovalent ions is explained reasonably within
the PB (or DH) framework, multivalent ions are known, from
a wealth of both theoretical and experimental results obtained
over the last decade, to cause large deviations from the
standard mean-field predictions; these deviations stem from
electrostatic correlation and fluctuation effects that are highly
enhanced in the presence of multivalent ions and are deemed
to underlie the mechanism behind the like-charge attraction
phenomena (see Refs. 3–7 and references therein). The latter
are most clearly manifested in several interesting instances,
viz., formation of large aggregates of like-charged polymers
such as microtubules8 and F-actin,9 with the most prominent
example being the electrostatic correlation effects in the
formation of large condensates of DNA in the bulk10–13 and
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in the DNA packaging inside viral shells that are observed
only in the presence of multivalent cations.14–18

Another example which we focus upon in this work is the
stability of charged viral capsids and virus-like nano-shells,
in particular the contribution of electrostatic interactions to
the total free energy of these structures.19 Bacteriophage cap-
sids have been known to undergo an osmotic shock, i.e., a
shape destabilization and eventual rupture when immersed
into distilled water.20, 21 In the osmotic shock, the large pos-
itive osmotic pressure (typically ∼50 − 100 atm) within the
virus capsid, engendered by strong intermolecular repulsions
between DNA molecules,22, 23 causes the regions of the icosa-
hedral capsid between the five-fold symmetric sites to buckle
outwards in order to allow for the volume increase of the cap-
sid driven by the internal pressure.24 In the limiting case, the
capsid is ruptured and the encapsidated DNA spills out, as
shown in the bacteriophage T2 iconic image of Kleinschmidt
et al.25 Contrary to the action of large positive osmotic pres-
sures, negative osmotic pressure can engender a different type
of empty capsid destabilization based on an inward buckling
of the elastic shell.26 For a typical virus of ∼30 nm, this hap-
pens at the critical pressure of about ∼5 atm when the ini-
tially icosahedral capsid crumples, showing a complicated
structure compatible with elastic soft mode displacement pat-
terns. It is usually thought that the negative osmotic pressure
can be due either to the osmotic stress of the external solu-
tion containing an osmoticant, such as PEG (poly-ethylene-
oxide), that is excluded from entering the capsid,27 or by the
negative osmotic pressure due to the polyelectrolyte bridging
interaction28 of the flexible ss-RNA genome of the virus.29

In both cases, the destabilizing negative osmotic pressure can
easily reach values of a few atmospheres. In the case of the
ss-RNA viruses, small negative osmotic pressures are in fact
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needed in order to stabilize the filled virus containing the
ss-RNA genome, with typical values of ∼−0.5 atm at physi-
ological salt conditions, tending towards zero at the border of
feasibility of spontaneous self-assembly of filled capsids.

Stability of viruses does not only depend on their ge-
nomic cargo generated osmotic pressure or osmotic stress pro-
vided by the osmoticants in the external aqueous compart-
ment as elucidated above, but also on the detailed ionic com-
position of the bathing medium. In their role of stabilizing/
destabilizing agents, the multivalent ions of the bathing
medium behave rather differently from monovalent ions.
Some of the major functions of multivalent metal ions such
as Mg2 +, Zn2 +, and Ca2 + are surmised to enhance the cap-
sid stability, enable their conformational alterations,30 assist
in the genome packaging31 while their removal can induce
swelling of capsids,32 or even structural transitions in the
capsid.33 Multivalent ions such as lanthanides Gd3 + or Tb3 +

can be used to stabilize virus-like nano-particles,34 while
polyamines like spermine Spm4 + are required for proper
stabilization of different viruses,35, 36 most notably the Bel-
ladonna mottle virus16 as well as the tobacco mosaic virus.37

While obviously of such paramount importance for the sta-
bility of viruses, the exact mechanism of electrostatic capsid
de/stabilization due to the presence of multivalent bathing so-
lution ions remains largely elusive. In what follows we at-
tempt to fill in this gap in our understanding of the stabiliza-
tion of viruses in different solution conditions, by showing
convincingly that the electrostatically strongly coupled mul-
tivalent counterions are yet another universal agent that can
change the osmotic pressure acting on the capsid shell driv-
ing it from positive to negative values. This sheds some much
needed light on the universal mechanisms by which they can
act as stabilizing agents for virus capsid self-assembly.

In order to properly understand the detailed nature of
electrostatic interactions involving virus capsids, we inves-
tigate the effects of highly charged bathing solution ions on
the capsid stability via their spatial distribution and the con-
current (osmotic) pressure. To accomplish this goal, the PB
paradigm has to be amended since, as noted above, mean-field
theories are valid only for weakly charged systems and mono-
valent ions.3, 6, 38 This is achieved by employing an analyti-
cal “dressed multivalent-ion approach”39–41 as well as by ex-
haustive and detailed Monte-Carlo (MC) simulations within
a simple model that properly captures the salient features of
electrostatic effects on capsid stability. We show that the elec-
trostatically strongly coupled multivalent ions provide a uni-
versal mechanism for negative osmotic pressure generation in
closed capsid shells, in many respects akin to the action of the
bridging RNA genome or external osmoticants.

The paper is organized as follows. In Sec. II, we intro-
duce our theoretical model as well as the details of our MC
simulations. In Sec. III, we compare the results of the simula-
tions with the theoretical predictions for the density profile of
multivalent ions next to the capsid and thus investigate regions
of validity of the theoretical model. In Sec. IV, we consider
the electrostatic pressure acting on the capsid and discuss
different situations with negative total electrostatic pressure
acting on the capsid. Finally, we summarize our results in
Sec. V.

FIG. 1. Schematic view of a permeable spherical shell of radius R and sur-
face charge density σ immersed in a mixed ionic solution comprising mono-
valent and multivalent salt ions (multivalent ions are shown by bigger red
spheres).

II. MODEL AND METHODS

Consider a closed, thin spherical shell of effective radius
R and surface charge density σ , Fig. 1, which can serve as
a reasonable model for a wide range of viral capsids42, 43 as
well as synthetic nano-shells.34, 44 For typical virus capsids,
the average radii range between 5 nm ! R ! 30 nm, with
the corresponding thicknesses of the low-dielectric-constant
shell material usually between 1.5 and 4.5 nm. The ensu-
ing finite shell thickness effects are then typically small at
physiological salt conditions where the characteristic Debye
length corresponding to the monovalent salt would be close
to 1 nm.45 The values of surface charge densities on the cap-
sids are |σ | ! 0.4 e0/nm2, and there is no clear-cut preference
for inner-outer capsid surface charge density sign segregation,
with both signs being admissible.43 In what follows, we as-
sume that this surface charge is constant. Considerations of
the surface charging equilibrium would introduce an apparent
charge, dependent on the solution parameters such as pH and
salt concentration.46, 47 The shell is assumed to be permeable
to all ions and immersed in an ionic solution comprised of a
monovalent 1 : 1 salt of bulk concentration n0 and a multiva-
lent q : 1 salt of bulk concentration c0, with q being the charge
valency of multivalent ions.

The above model in its broad features presents an in-
homogeneous, asymmetric, multicomponent Coulomb sys-
tem which is not amenable to exact analytical treatment. In
order to elucidate its behavior we have to resort to simpli-
fying approximations among which we found the “dressed
multivalent-ion approximation” to be most helpful. It can be
derived from a systematic field-theoretical formalism appli-
cable to highly asymmetric ionic systems with q > 1.39, 40

Within this framework, the degrees of freedom associated
with monovalent ions are explicitly integrated out, yielding an
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effective formalism incorporating only the screened Debye-
Hückel (DH) interactions between the remaining “dressed”
multivalent ions and fixed (macroion) surface charges. While
this is still a many-body problem, it can be treated with fast
and efficient MC simulations involving only dressed ions’ de-
grees of freedom. The dressed multivalent-ion approach turns
out to be applicable in a very wide range of parameters as in-
ferred from an extensive comparison made with explicit-ion
simulations (see Refs. 39–41).

On the analytical level, the free energy can be expanded
in terms of the fugacity (concentration) of multivalent ions,
which is invariably small in most cases of experimental
interest.16, 17 To the leading order this virial expansion leads
to the dressed multivalent-ion theory based on the lowest-
order single-particle contribution from the interaction be-
tween dressed multivalent ions and fixed macroion charges.
As such it is thus directly related to the strong-coupling
theory,3, 6, 38 introduced originally for salt-free systems con-
taining only multivalent counterions and describing the limit
opposite to the usual PB or DH theories. This leading-order
theory incorporates ion-surface correlations, which are dom-
inant for large q as compared with the subdominant ion-ion
contributions. It has been tested extensively with (explicit)
MC simulations and shown to provide an accurate description
for large q, and sufficiently large (small) monovalent (multi-
valent) salt concentrations.39–41

For a charged shell, one can express the dressed
multivalent-ion free energy of the system as39–41

βF = βFDH − c0

∫
dr e−βqe0ϕDH (r) + O

(
c2

0

)
, (1)

where β = 1/kBT, FDH is the DH self-energy of the shell in
the absence of multivalent ions, and the second term corre-
sponds to the single-particle partition function of a multiva-
lent ion interacting with the shell. Though the above dressed
multivalent-ion free energy contains DH components, it is im-
portant to note that it differs fundamentally from the standard
DH free energy6, 38 as it follows from the virial expansion in
terms of the multivalent-ion fugacity.

The screened DH electrostatic potential of the permeable
shell, ϕDH(r), entering Eq. (1), is obtained from the standard
DH equation. The explicit forms of ϕDH(r) and FDH are given
in Ref. 45, and are

ϕDH (r " R) = sinh κr

r

σR

κεε0(cosh κR + sinh κR)
, (2)

ϕDH (r # R) = e−κ(r−R)

r

σR

κεε0(1 + coth κR)
, (3)

and

FDH = 2πR2σ 2

κεε0(1 + coth κR)
.

The inverse Debye screening length κ of the DH potential
depends on the bulk concentrations of both monovalent and
multivalent ions as

κ2 = 8π'B

(
n0 + qc0

2

)
, (4)

where 'B = βe2
0/(4πεε0) is the standard Bjerrum length.

Furthermore, the (number) density of dressed multivalent
ions follows as39–41

c(r) = c0 exp (−βqe0ϕDH (r)), (5)

and the electrostatic (osmotic) pressure acting on the shell,
P = −∂F/∂V , is given by

P = −∂FDH

∂V
+ kBT c0

∂

∂V

∫
dr e−βqe0ϕDH (r) ≡ PDH + Pq,

(6)
where V = 4πR3/3 is the shell volume, and the total charge
Qσ = 4πσR2 is kept fixed. The pressure can be divided into
two parts: the purely repulsive (positive) PDH from the self-
energy of the charged shell, and Pq which results from the
multivalent ions and can be attractive (negative), as we show
later. It is this last part of the osmotic pressure that plays
a fundamental role in elucidating the stabilizing action of
multivalent cations on virus caspids.

A. MC simulations

In order to assess the validity of the theory detailed above
we have used extensive MC simulations in which we simulate
a large collection of mobile multivalent ions near a charged
permeable shell, with the monovalent ion component treated
implicitly, providing a screened DH potential for the multiva-
lent component. In the simulations, the capsid is modeled as a
thin permeable spherical shell and the ions are assumed to be
point-like (in practice, we assume a repulsive shifted Lennard-
Jones potential between multivalent ions with an effective di-
ameter of 1 Å but the multivalent ions remain well apart due to
their Coulomb repulsion and the details of the Lennard-Jones
potential do not matter). The monovalent salt concentration,
n0, is varied in the range between 30 mM to 300 mM and
we typically take a small multivalent salt concentration c0 of
a few mM (e.g., around 1–3 mM of tetravalent ions), in ac-
cordance with the typical values found in experiments.16, 17 In
what follows, we consider positively charged multivalent ions
with q = 2, 3, 4, the temperature of T = 300 K, and dielectric
constant of water, ε = 80. The inverse Debye screening length
typically changes between κ = 0.58 − 1.73 nm−1 (note that
for the given range of parameter, the contribution of multiva-
lent salt concentration to the Debye screening length is quite
small as compared with the monovalent salt concentration,
see Eq. (4)).

We use canonical MC simulations for dressed multiva-
lent ions confined to a sufficiently large outer cubic vol-
ume V with the charged shell located at the center. The size
of the outer cubic box is taken as 2(R + 12κ−1) and we
implement periodic boundary conditions in order to mini-
mize the effects of the outer confinement, which upon fur-
ther inspection is found to be unimportant and does not affect
the simulation results within the regime of parameters under
consideration here. The simulations typically run for (6–10)
× 109 MC steps with (1–5) × 109 steps being used for equi-
libration and the rest for collecting data in order to evaluate
thermodynamic averages. It is to be noted that the number
of particles (multivalent ions) used in the simulations varies
depending on the systems parameters and may range from a
few tens up to a few hundreds of particles in the simulation
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box (for instance, for tetravalent ions of bulk concentration
c0 = 1 mM, we have 43 particles for σ = −0.4 e0/nm2,
κ = 1 nm−1, and R = 5 nm and 802 particles for σ

= −0.4 e0/nm2, κ = 0.58 nm−1, R = 20 nm). The number of
ions in our simulations is not given a priori as an input param-
eter but is determined self-consistently and in such way that it
yields the desired value of the bulk concentration of multiva-
lent ions, c0 (being defined as the constant value given by the
plateau region of the density profile of ions at far distances
from the capsid) for any given set of parameters. For this pur-
pose, we employ an iterative method by starting with an ini-
tial guess for the number of particles in the box (which can be
taken, for instance, as c0V or c0V plus/minus the number of
ions that are necessary to give a total charge equivalent to the
negative/positive charge of the nano-shell). We then simulate
this system and obtain the resultant (equilibrium) bulk con-
centration. This outcome may in general differ from c0, but
it can be used to get another estimate for the number of par-
ticles that, upon running the simulations again, can generate
a closer value to the desired bulk concentration. This proce-
dure converges iteratively and it is thus repeated until the bulk
value c0 is achieved within an accuracy of 2%.

The electrostatic pressure acting on the capsid can be ob-
tained from the MC simulations using the following relation:

P = PDH −
〈

q
∑

i

∂ϕDH (ri)
∂V

∣∣∣
Qσ

〉

. (7)

The first term, PDH, is the same as in our theoretical model
discussed above, and the second term contains the effects of
multivalent ions. The summation over i in the second term
runs over all multivalent ions in the system and the averaging
is done over a sufficiently large MC sample obtained from the
simulations after proper equilibration. Note that this quantity,
as calculated within the simulations, in general contains all
many-body contributions from the interactions between mul-
tivalent ions and can thus be different from the approximate
single-particle expression Pq used with the dressed multiva-
lent ion theory. In order to calculate this contribution in the
simulations, one requires the following expressions, i.e.,

∂ϕDH (ri)
∂V

∣∣∣
Qσ

= −σe−κR sinh κr

4πR2εε0κr
(1 + κR), (8)

for r ≤ R and

∂ϕDH (ri)
∂V

∣∣∣
Qσ

= −σe−κ(r−R)(1 − κR coth κR)
4πR2εε0κr(1 + coth κR)

, (9)

for r ≥ R. The above two expressions inserted into Eq. (7) and
averaged over the MC ensemble then give the total osmotic
pressure.

III. DISTRIBUTION OF MULTIVALENT IONS

In Fig. 2, we show the rescaled number density of multi-
valent ions as a function of the radial distance r from the cen-
ter of the shell with R = 10 nm. In certain regimes of parame-
ters, the analytical prediction of Eq. (5) (solid lines) closely
matches the MC results (symbols). For positively charged
shells, there is always an excellent agreement, with the num-
ber density of ions exhibiting a drop close to the shell surface
(Fig. 2(a)). For negatively charged shells, multivalent ions are
attracted to the shell and accumulate more strongly at its sur-
face. There is still a wide range of parameters where the ap-
proximate dressed multivalent-ion theory and MC simulations
quantitatively agree (Figs. 2(b) and 2(c), e.g., for divalent ions
and κ = 0.58 nm−1 which is obtained by using 30 mM of
1:1 salt and 2 mM of 2:1 salt). However, by increasing q
(Fig. 2(b)), that leads to an increase of the multivalent ion
density at the surface, the deviations between the simulations
and the analytical predictions are observed to grow, too. This
implies an incipient role for multi-particle correlations which
are absent in the effective single-particle approximate theory.
In all cases where there is a deviation, the theory appears to
overestimate the density of ions in the vicinity of the shell.
For large q, an improved agreement can be achieved by in-
creasing κ which reduces multi-particle interactions; e.g., for
q = 4, the analytical prediction works very well for
κ = 1 nm−1, which is obtained by using 93 mM of 1:1 salt
and 1 mM of 4:1 salt (black circles).

A similar trend is observed when varying the value of the
negative surface charge density. In this case, a large increase
in surface density of tetravalent ions follows the modest in-
crease in σ from −0.05 e0/nm2 to −0.4 e0/nm2 (Fig. 2(c)).
The theory again works for sufficiently low |σ | and breaks
down at larger values. Note that the deviation between the
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FIG. 2. (a) Rescaled radial density of multivalent ions, c(r)/c0, in the vicinity of a charged shell with radius of R = 10 nm as a function of the radial distance from
the center of the shell. Symbols are MC data and lines analytical predictions of the dressed multivalent-ions theory. Results are shown for (a) σ = +0.4 e0/nm2,
q = 4, and various κ , (b) σ = −0.05 e0/nm2, with κ and q values as shown on the graph, (c) κ = 1 nm−1, q = 4, and different values of (negative) σ , and (d) σ
= −0.4 e0/nm2, q = 4, and different κ . In all cases, we have kept qc0 = 4 mM constant.
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FIG. 3. (a) Normalized pair distribution function of multivalent ions from
MC simulations for R = 2.5 nm, σ = −0.8 e0/nm2, κ = 1 nm−1, and
q = 4. (b) A typical snapshot showing multivalent ions in the vicinity (within
1 Å) of the shell for R = 2.5 nm, σ = −1.6 e0/nm2, κ = 1.73 nm−1, and
q = 4. For these parameters, the shell experiences a total negative pressure of
(a) −0.28kBT/nm3 and (b) −1.31kBT/nm3.

theory and simulations can be tuned further by changing the
screening κ: the validity of the theory for σ = −0.4 e0/nm2 is
restored (Fig. 2(d)) if the screening parameter is increased to
κ = 1.73 nm−1, which can be achieved by using 282 mM of
1:1 salt and 1 mM of 4:1 salt. The breakdown of the theory is
more dramatically observed at κ = 0.58 nm−1 with both limits
falling well within the experimentally relevant values. Thus,
the applicability of the above analytical predictions depends
on all three parameters, q, σ , and κ .

While the density of the multivalent ions across the shell
surface can be understood within the phenomenology of the
dressed multivalent-ion theory, the behavior in the lateral di-
rections along the shell surface can be less so. The pair dis-
tribution function (pdf) of multivalent ions along the surface
(Fig. 3(a)) shows a noticeable correlation hole of size a⊥
∼

√
qe0/|σ | when plotted in terms of their lateral distance,

resulting from the repulsion between ions residing close to
the shell and local electroneutrality.3, 6, 38 More remarkably,
in the regime where the theory breaks down (large |σ | or
small κ , Fig. 2), we find a short-range ordering of multiva-
lent ions along the surface clearly exhibited by a pronounced
correlation peak in their pdf. This behavior illustrates how
the failure of the presented theory stems from the sublead-
ing ion-ion correlations, not taken into account in the leading
strong-coupling term. These ion-ion correlations gain in im-
portance when the accumulation of ions at the shell surface is
enhanced.6, 38–40

IV. ELECTROSTATIC PRESSURE ACTING
ON THE CAPSID

The electrostatic pressure acting on the shell also shows
interesting variation with system parameters; as an example,
we vary the surface charge density σ (Fig. 4). For σ > 0,
the pressure obtained from simulations is always positive and
agrees perfectly with the analytical theory, see Fig. 4(a) (blue
lines). For σ < 0, both the theory and simulations give neg-
ative pressure for the screening parameter around the phys-
iological value or smaller, indicating that the shell is being
compressed. In this case, the theory again overestimates the
pressure and shows deviations from the simulations.

When the repulsive self-energy pressure PDH is sub-
tracted, one remains with the correlation pressure imparted
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2

σ (e
0
/nm2)

κ = 0.58
κ = 1
κ = 1.73
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0
/nm2)

P R

κ = 0.58
κ = 1
κ = 1.73
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FIG. 4. (a) Rescaled total electrostatic pressure PR = sgn(P′) × log10(1
+ 100|P′|) (where P′ = P/P0 and P0 = 1 kBT/nm3 * 41atm) from simu-
lations (symbols) and the dressed multivalent-ion theory (lines) as a function
of σ for R = 2.5 nm, q = 4, and c0 = 1 mM, for different values of κ .
(b) Same as in panel (a) but showing different components of the total pres-
sure due to shell’s self-energy, PDH (green, upper lines) and multivalent ions,
Pq (red symbols and red, lower lines). The rescaling of the pressure is done
in such a way that the negative and positive values of pressure can be shown
in a log-linear scale and points of zero pressure are correctly represented.

on the shell by multivalent ions, Pq, shown in red sym-
bols (simulations) and lines (theory), Fig. 4(b). Clearly, the
negative pressure thus results purely from multivalent ions
and only in the case when the shell is negatively (oppositely)
charged. This negative pressure is directly related to the at-
tractive interaction mediated by the multivalent ions between
equally charged planar surfaces,6, 38, 39 i.e., from summing up
attractive forces exerted by ions along the outer and inner sur-
faces of the charged shell that have a component directed to-
wards the inside of the shell. Again, to the leading-order, this
effect results from ion-surface correlations captured directly
within the single-particle dressed multivalent-ion theory as
evidenced by the agreement obtained between the Pq values
from the theory and simulations in Fig. 4(b) for moderately
large κ; deviations start occurring when ion-ion correlation
effects grow.
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FIG. 5. “Phase diagrams” showing lacunae of positive and negative pres-
sure for varying q and σ (shown in linear scale) as well as R and κ (shown
in logarithmic scale). Solid lines correspond to zero pressure: (a) with
R = 2.5 nm and κ = 0.58 nm−1, (b) with q = 4 and κ = 0.58 nm−1,
(c) with q = 4 and R = 2.5 nm, and (d) with q = 4 and Qσ = 4πσR2

= −126e0 (e.g., we have σ * −0.1 e0/nm2 for R = 10 nm).
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FIG. 6. Rescaled pressure P/P0 (with P0 = 1 kBT/nm3 * 41 atm) plotted
for different values of multivalent ion concentration c0 for q = 4, R = 10 nm,
σ = −0.5 e0/nm2, and κ = 1 nm−1.

In Fig. 5, we plot osmotic pressure “phase diagrams”
obtained from our MC simulations for various system
parameters q, σ , κ , and R. We show negative and/or posi-
tive pressure lacunae, with the black line as separatrix of
zero pressure. It is thus clear that by changing the system
parameters one can reach a point where the electrostatic
self-repulsion of the capsid is overcome and gives way to
an inward force isotropically compressing the capsid with a
negative osmotic pressure. This result holds, for instance, in
a wide range of capsid radii at physiological conditions (n0

∼ 100 mM), provided that σ and/or c0 are large enough; e.g.,
for R = 10 nm and σ = −0.5 e0/nm2 and κ = 1 nm−1 , the
pressure changes sign and becomes negative when c0 is in-
creased from 1 mM to 2 mM (see Fig. 6). This shows that the
negative osmotic pressure generated by the multivalent ions
correlations close to the capsid surface can be realistically
expected in real situations where the effective multivalent salt
concentrations can be even larger than those assumed here.

V. CONCLUSION AND DISCUSSION

In this study, we have investigated the electrostatic
properties of virus-like nano-shells in a highly asymmetric
ionic solution of the type that one usually encounters in
experiments.16, 17 The capsid is modeled as a thin perme-
able spherical shell in a salt mixture consisting of a mono-
valent salt and a small concentration of multivalent salt, thus
accentuating the unusual electrostatic effects due to multi-
valent ions within a plausible model for a wide range of
viral capsid parameters42, 43 as well as synthetic virus-like
nano-shells.34, 44

We have been able to show that the effects of multi-
valent ions (assumed here to be positively charged) in the
presence of a positively charged shell can be described accu-
rately using the dressed multivalent-ion theory, a variant of a
previously introduced strong coupling theory. For negatively
charged capsids, the theory holds again but only for low neg-
ative surface charge densities of the shell and for sufficiently
high (low) monovalent (multivalent) salt concentrations. Both
signs of the surface charge density can in fact be admissible
and are actually observed for various viral capsids.43 Our MC
simulations provide the means to explore different regimes in
the physical parameter space for this system and thus also al-
low one to determine the regime of applicability of the dressed
multivalent-ion theory.

The sign and magnitude of the osmotic pressure acting
on the capsid shell are both crucial in assessing the capsid
stability towards shrinking and/or swelling. Sufficiently large
negative pressure can in fact lead to inward buckling of the
capsid through a sequence of elastic instabilities as demon-
strated in Ref. 26. For intermediate values of the Föppl-von
Karman numbers between 300 and 3000, the critical buck-
ling pressure Pc scales inversely with the volume of the shell.
On the other hand, for smaller or larger Föppl-von Karman
numbers it scales inversely with the area of the shell. Thus, in
the former regime, when the negative pressure is large enough
and exceeds a critical value of Pc ∼ −5 [atm] × (30 [nm]/R)3,
the shell would be elastically destabilized and would buckle
inwardly. Our results suggest that in the range of σ ∼ −0.5 e0/
nm2 and c0 ∼ 1 mM, the negative osmotic pressure would be
comparable to the critical value of inward buckling destabi-
lization for large shells with radius R ∼ 100 nm. This is an
upper bound estimate and could be lowered significantly by
increasing the concentration of multivalent ions. Our aim here
is not that much to track numerical values but to show that the
effect we are describing is realistic even for parameters that
are borderline to those observed or set in actual experiments,
where the values of the multivalent salt can be much higher
than c0 ∼ 1 mM.

On the other hand, the change of sign of the osmotic pres-
sure on complete removal of the multivalent ions, thus turning
the negative pressure to a positive one, would obviously lead
to swelling, possibly even completely destabilizing the cap-
sid towards outward buckling.32 Multivalent ions can thus be
implicated in both types of instabilities, leading to larger ef-
fects for larger capsids. Interestingly, larger viruses such as
mimivirus, megavirus, etc., all seem to have either an exter-
nal or an internal lipid membrane48 that could serve as a local
reservoir for multivalent ions changing the osmotic pressure
acting on the shell in either direction. In general, local multi-
valent salt concentration gradients generated by a semiperme-
able membrane could thus play an important role in regulating
the stability of other enveloped viruses.

Negative osmotic pressure has important consequences
also for the self-assembly of viral shells. Clearly for P > 0,
the size of the capsid spontaneously increases, precluding a
stable state with a finite R. On the other hand, for P < 0 there
could be two conceivable outcomes: strong electrostatic cou-
pling would provide effective attractive interactions between
equally charged capsomers, thus promoting their aggrega-
tion but not necessarily also their self-assembly into a fully
formed capsid. A disordered aggregate might be a more stable
configuration than an ordered spherical shell, indicating that
salt and multivalent ions could interfere with self-assembly.
There are indications, mostly for divalent salts, that this is
indeed the case and that solution conditions (n0 of salt, q
and c0 of multivalent ions) do play an important role in the
assembly/disassembly process.30, 32

In the end, we note that our model can be improved by
extending it to include more molecular details consistent with
viral capsids such as the finite capsid radius, the non-trivial
charge distribution of the capsids, the independent variation
of the charge on the outer (epitopal) and inner (hypotopal)
surface of the capsid shell,43 etc. The effect of finite capsid
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thickness (typically ∼1.5–4.5 nm wide43) is expected to be
small compared with the screening length due to realistic salt
concentrations.45 The ion size can also become important for
small capsid radii, but our results (e.g., Figs. 5(b) and 6) show
that some of the interesting effects discussed here (such as
negative or zero total pressure and the destabilization thresh-
old) persist also in the regime of large capsid sizes, where the
role of ion size is obviously less important.
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