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Abstract. Our aim in this paper is to study Musielak-Orlicz-Sobolev spaces on metric
measure spaces. We consider a Hajlasz-type condition and a Newtonian condition. We prove
that Lipschitz continuous functions are dense, as well as other basic properties. We study
the relationship between these spaces, and discuss the Lebesgue point theorem in these
spaces. We also deal with the boundedness of the Hardy-Littlewood maximal operator
on Musielak-Orlicz spaces. As an application of the boundedness of the Hardy-Littlewood
maximal operator, we establish a generalization of Sobolev’s inequality for Sobolev functions
in Musielak-Orlicz-Hajtasz-Sobolev spaces.
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1. INTRODUCTION

Sobolev spaces on metric measure spaces have been studied during the last two
decades, see e.g. [6], [21], [23], [33], [51]. The theory was generalized to Orlicz-
Sobolev spaces on metric measure spaces in [4], [5], [53]. We refer to [2], [3], [15],
[54] for Sobolev spaces on R, [9], [14] for variable exponent Sobolev spaces, [50] for
Musielak-Orlicz spaces, [16] for the study of differential equations of divergence form
in Musielak-Sobolev spaces and [17] for the study of uniform convexity of Musielak-
Orlicz-Sobolev spaces and its applications to variational problems. In the last decade,
variable exponent Sobolev spaces on metric measure spaces have been developed, see
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partially supported by Grant-in-Aid for Scientific Research (C), No. 24540174, Japan
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e.g. [19], [20], [31], [32], [49]. The purpose of this paper is to define Musielak-Orlicz-
Sobolev spaces on metric measure spaces and prove the basic properties of such
spaces.

There are two ways to define first order Sobolev spaces on metric measure spaces.
Hajtasz [21] showed that a p-integrable function u, 1 < p < oo, belongs to W1P(RY)
if and only if there exists a nonnegative p-integrable function g such that

(L.1) lu(x) —u(y)| < v —yl(g(z) + g(v))

for almost every z,y € RY. If we replace |x — y| by the distance of the points x
and y, (1.1) can be stated in metric measure spaces. Spaces defined using (1.1) are
called Hajlasz-Sobolev spaces. See also [23], [33]. The theory was generalized to
Orlicz-Sobolev spaces by Aissaoui (see [4], [5]). For the Sobolev capacity on Hajtasz-
Sobolev spaces, see [38]. By the classical Lebesgue differentiation theorem, almost
every point is a Lebesgue point for a locally integrable function. For the Lebesgue
point theorem in Hajlasz-Sobolev spaces, we refer the reader to [36].

Another way is to use weak upper gradients. A nonnegative Borel measurable
function A is said to be an upper gradient of u if

(1.2) lu(z) —u(y)| < /hds
2l

for every x, y and every curve v connecting = to y. Upper gradients were introduced
by Heinonen and Koskela [34] as a tool to study quasiconformal maps. If (1.2)
holds for a function u on every curve not belonging to an exceptional family of p-
modulus zero in metric measure spaces, we call h a weak upper gradient of u. We
call these spaces Newtonian spaces or Newton-Sobolev spaces. The study of Newton-
Sobolev spaces was initiated by Shanmugalingam [51]. See also [6]. The theory was
generalized to Orlicz-Sobolev spaces by Tuominen [53].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to discuss
nonlinear partial differential equations with non-standard growth conditions (see [9],
[14]). See also [24], [27]. Harjulehto, H&st and Pere [31] studied basic properties
of the variable exponent Hajlasz-Sobolev space and the variable exponent Newton-
Sobolev space. For the Lebesgue point theorem in variable exponent spaces, see
e.g. [25].

The Hardy-Littlewood maximal operator is a classical tool in harmonic analysis
and the study of Sobolev functions and partial differential equations, and plays a cen-
tral role in the study of differentiation, singular integrals, smoothness of functions
and so on (see e.g. [7], [35], [41], [62]). It is well known that the Hardy-Littlewood
maximal operator is bounded on the Lebesgue space LP(RY) if p > 1 (see [52]).
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See e.g. [8] for Orlicz spaces, [10], [12] for variable exponent Lebesgue spaces LP(),
[42], [47] for the two variable exponents spaces LP(") (log L)4("). These spaces are spe-
cial cases of so-called Musielak-Orlicz spaces [44], [50]. For general Musielak-Orlicz
spaces, see [11]. In bounded doubling metric measure spaces, the boundedness of
the Hardy-Littlewood maximal operator on variable exponent Lebesgue spaces LP(")
was studied in [20], [32]. See also [1].

One of the important applications of the boundedness of the Hardy-Littlewood
maximal operator is Sobolev’s inequality; in the classical case,

o * fll Lo may < Cllfllr@wn)

for f € LP(RY),0 < o < N and 1 < p < N/a, where I, is the Riesz kernel of order
and 1/p* = 1/p — /N (see e.g. [2], Theorem 3.1.4). This result was extended to
Orlicz spaces in [8], [48]. In Euclidean setting, variable exponent versions were
discussed e.g. in [13], [39], [40], [44], [47]. For variable exponent versions on metric
measure spaces, see e.g. [20], [28].

In this paper, we define Musielak-Orlicz-Newton-Sobolev spaces as well as
Musielak-Orlicz-Hajtasz-Sobolev spaces on metric measure spaces and prove the
basic properties of such spaces.

The paper is organized as follows. In Section 2, we define Musielak-Orlicz spaces
on metric measure spaces.

In Section 3, we study basic properties of Musielak-Orlicz-Hajtasz-Sobolev spaces.
We show that Lipschitz continuous functions are dense and study a related Sobolev-
type capacity. We prove that every point except for a small set is a Lebesgue point
for Sobolev functions in Musielak-Orlicz-Hajtasz-Sobolev spaces.

In Section 4, we study basic properties of Musielak-Orlicz-Newton-Sobolev spaces.
We show that Lipschitz continuous functions are dense if the measure is doubling
and study a related Sobolev-type capacity. We discuss the Lebesgue point theorem
in Musielak-Orlicz-Newton-Sobolev spaces.

In Section 5, we study the relationship between Musielak-Orlicz-Hajtasz-Sobolev
spaces and Musielak-Orlicz-Newton-Sobolev spaces in a metric measure space (see
Theorem 5.4).

In Section 6, we show that the Hardy-Littlewood maximal operator is bounded on
Musielak-Orlicz spaces in our setting (see Theorem 6.3).

In Section 7, as an application of the boundedness of the Hardy-Littlewood maxi-
mal operator, we give a general version of Sobolev’s inequality for Sobolev functions
in Musielak-Orlicz-Hajtasz-Sobolev spaces (see Theorem 7.7). In such a general set-
ting, we can obtain new results (e.g., Corollaries 7.6 and 7.8).

In Section 8, we discuss Fuglede’s theorem for Musielak-Orlicz-Sobolev spaces in
Euclidean setting.
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2. MUSIELAK-ORLICZ SPACES

Throughout this paper, let C' denote positive constant independent of the variables
in question.

We denote by (X,d, ) a metric measure space, where X is a set, d is a metric
on X and p is a nonnegative complete Borel regular outer measure on X which is
finite in every bounded set. For simplicity, we often write X instead of (X, d, ). For
x € X and r > 0, we denote by B(x,r) the open ball centered at x with radius r,
and dq = sup{d(x,y): x,y € Q} for aset Q C X.

For a measurable function Q(-) satisfying

0<Q := inf Q(z) < sup Q(r) = Q" < oo,
zeX zeX
we say that a measure p is lower Ahlfors Q(x)-regular if there exists a constant co > 0
such that

w(B(z, 7)) = cord@®

for all z € X and 0 < r < dx. Further, p is Ahlfors Q(z)-regular if there exists
a constant ¢; > 0 such that

e 9@ (B, 7)) < @@

for all x € X and 0 < r < dx. We say that the measure y is a doubling measure, if
there exists a constant co > 0 such that p(B(x,2r)) < cou(B(z,71)) for every z € X
and 0 < r < dx. We say that X is a doubling space if y is a doubling measure.

We consider a function

O(z,t) = td(x,t): X x [0,00) = [0,00)

satisfying the following conditions (®1)—(P4):

(®1) ¢(-,t) is measurable on X for each ¢t > 0 and ¢(x, -) is continuous on [0, co) for
each r € X;

(®2) there exists a constant A; > 1 such that A]' < é(z,1) < A; for all z € X;

(®3) ¢(x,-) is uniformly almost increasing, namely, there exists a constant Ay > 1
such that ¢(x,t) < Asg(z, s) for all x € X whenever 0 < t < s;

(®4) there exists a constant As > 1 such that ¢(z,2t) < Asp(x,t) for all x € X and
t>0.

Note that (®2), (3) and (P4) imply 0 < ig(cﬁ(x,t) < supo(z,t) < oo for each
t>0. ’ vex
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Let ¢(z,t) = sup ¢(x,s) and

0<s<t

t
Bat) = [ o) dr
0
for x € X and ¢t > 0. Then ®(x,-) is convex and

(2.1) L@(a:, t) < ®(z,t) < As®(z,t)
245

forallz € X and ¢ > 0.
By (®3), we see that

Asa®(z,t) if 0

a(z,at) { =
2.2 x,at
22) > Ay ta®(x,t) ifa>1.

We shall also consider the following conditions:

(®5) for every 1,72 > 0, there exists a constant B, ,, > 1 such that ¢(z,t) <
B, 4,6(y,t), whenever d(z,y) < 1t~/ and t > 1;

(P6) there exist 79 € X, a function g € L'(X) and a constant B, > 1 such that
0< g(x) <1forallz € X and B '®(x,t) < ®(2/,t) < Boo®(x,t), whenever
d(z’,x¢) > d(z,z0) and g(x) <t < 1.

Example 2.1. Let p(-) and ¢;(-), j = 1,...,k, be measurable functions on X
such that
(P1) 1 <p := inf p(z) < sup p(x) =:ptT < o0

xeX reX

and
(Ql) —oo < g = xlg( gi(x) < 22)% g;(x) =: qj-' < 00
forall j=1,...,k.

Set L.(t) =log(c+1t) for c 2 e and t > 0, Lgl)(t) = L.(t), ngﬂ)(t) = LC(ng)(t))

and

k
oz 1) = ) T[0(0) )
j=1

Then, ®(z,t) satisfies (®1), ($2), (P3) and (P4). ®(x,t) satisfies (P5) if
(P2) p(-) is log-Holder continuous, namely

Cp
Ip(z) — p(y)| < Le(1/d(z,y))

with a constant C}, > 0 and
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(Q2) g¢;(-) is (j + 1)-log-Holder continuous, namely

C(Ij
(1/d(z,y))

lgj(x) — q;(y)| < TG

with constants Cy, >0, j =1,...,k.

Example 2.2. Let p1(-), p2(:), ¢1(-) and ¢2(-) be measurable functions on X
satisfying (P1) and (Q1).

Then,
D(a,t) = (1407 (14 1/0) PO L0y L(1/1) )

satisfies (®1), (®2) and (®4). It satisfies (®3) if p; >1,j=1,20rq; >0,j=1,2.
As a matter of fact, it satisfies (®3) if and only if p;(-) and g;(-) satisfy the following
conditions:

(1) gj(z) > 0 at points « where p;(z) =1, j =1,2;

(2) sup  {min(g;(z),0)log(p;(z) — 1)} < oco.
{z: pj(=)>1}
Moreover, we see that ®(x,t) satisfies (®5) if p1(-) is log-Holder continuous and

q1(+) is 2-log-Hslder continuous.
Example 2.3. Let ®(-,-) be defined as in Example 2.1 and fix o € X. Let &
and ¢ be positive constants. If y satisfies p(B(xg,7)) < er® for all r > 1 and

(P3) p(-) is log-Holder continuous at co, namely |p(x) — p(z’)| < Cp,oo/Le(d(x, x0))
for d(2', o) > d(z,z0) with a constant Cp » > 0,

then ®(-,-) satisfies (®6) with g(x) = 1/(1 + d(x,z0))" 1.
Example 2.4. Let ®(-,-) be defined as in Example 2.2 and fix 2o € X. Let

k and ¢ be positive constants. If u satisfies u(B(zo,r)) < cr® for all r > 1, pa(+)
satisfies (P3) and

(Q3) g2(-) is 2-log-Holder continuous at oo, namely |g2(z) — ¢2(2')| < Cp.00/
ng)(d(a:, x0)) for d(z’, zo) > d(x, zo) with a constant Cy, - > 0,

then ®(-,) satisfies (®6) with g(z) = 1/(1 + d(x,z0))" 1.

We say that u is a locally integrable function on X if u is an integrable function
on all balls B in X. From now on, we assume that ®(z,t) satisfies (®1), ($2), (93)
and (®4). Then the associated Musielak-Orlicz space

2700 = {1 € 1) [ 211D duty) <
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is a Banach space with respect to the norm

|fuﬂm—ﬂﬂ{A>o3LE@AﬂmVMdmw<1}

(cf. [50]).
For a measurable function f on X, we define the modular g (f) by

@mzéamwmmm»

Lemma 2.5 ([45], Lemma 2.2, and [50], Theorem 8.14). Let {f;} be a sequence
in L®(X). Then go(f;) converges to 0 if and only if ||f;]|r#(x) converges to 0.

3. MUSIELAK-ORLICZ-HAJLASZ-SOBOLEV SPACES MM®(X)

3.1. Basic properties. We say that a function u € L?(X) belongs to Musielak-
Orlicz-Hajtasz-Sobolev spaces M1®(X) if there exists a nonnegative function g €
L®(X) such that

(3.1) lu(x) —u(y)| < d(z,y)(9(x) + g(y))

for p-almost every z,y € X. Here, we call the function g a Hajtasz gradient of w.
We define the norm

llullare(xy = llullpex) +inf [lgllLex)s

where the infimum is taken over all Hajlasz gradients of u. For the case when
®(x,t) = tP, the spaces M1 (X) were first introduced by P. Hajtasz [21] as a general-
ization of the classical Sobolev spaces W!?(RY) to the general setting of quasi-metric
measure spaces. For variable exponent spaces MP()(X), see [31].

Since L®(X) is a Banach space, standard arguments yield the following proposi-
tions (see [31]).

Proposition 3.1 (cf. [31], Proposition 3.1). If L®(X) is reflexive, then for every
u € MY®(X), there exist Hajlasz gradients of u which minimize the norm. Moreover,
if ||-|L#(x) is a uniformly convex norm, then there exists a unique Hajlasz gradient
of w which minimizes the norm.

Remark 3.2. We say that ®(z,t) is uniformly convex on X if for any £ > 0 there
exists a constant § > 0 such that

|a — b < e max{|al, |b|} or 5(3:, |a——2|—b|) <(1- 6)(I)(x’ la) ;_ (. 51
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for all a,b € R and = € X. By [14], Section 2.4, if ®(x,t) is uniformly convex on X,
then the norm ||-|| L (x) is a uniformly convex norm.

Proposition 3.3 (cf. [31], Theorem 3.3). M1®(X) is a Banach space.

Proposition 3.4 (cf. [21], Theorem 5). For every u € M1'®(X) and ¢ > 0, there
exists a Lipschitz function h € M*®(X) such that

(1) u{z € X: ulz) # h(@)}) <&

(2) llu—hllarex) <e.

Proof. For u € ML®(X), we take g € L®(X) which is a Hajtasz gradient of u.
Set

Ey={zeX: |u(z) < Xand g(x) < A}.

Note that u is Lipschitz continuous with the constant 2\ on E). By the McShane
extension [46], we extend u to a Lipschitz function @ on X, where

u(z) = y}engx{u(y) + 2 dist(x, )}

We modify this extension by truncating
uy = (sign @) min{|a|, A\}.

Then w) is Lipschitz continuous with the constant 2\, u = uy on E) and |uy| < A
For every A > 1, we see from (92), (®3), (P4) and (2.2) that

i({z € X: u(@) £ un@)}) < p(X \ Er)

< A1 As /X\EA <I>(x, w) dp(z)

< AlAg{/X\EA @(x, 2|u)(\x)|) du(x)+/)(\EAq)(x7 2g>(\a:)) d,u(a:)}

AL A3
S {~/X\Ex <I>(x,2|u(ft)|)01u(x)—F/X\EA @(m,zg(l‘))du,(x)}

24, A3 A,
< f{/x\EA ®(z, lu(z)]) dp(x) + /X\EA q)(a?,g(x))du(x)}.
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Hence we have pu({x € X: u(z) # ur(x)}) — 0as A — oco. Since uy < A < |ul+g
in X \ E\, we find by (®3) and (®4) that

/ B(z, u(z) — ux(2)]) du(z)
X
- / B(z, |u(z) — ux(2)]) du(z)
X\ E
<A /X L, @@+ fuate) dp)
< A2 / (92, 2lu(@)]) + D (. 2ur (2)])} du()
X\ Ey

< 2424, /X (@ @) + 2 @)} ana)

<2434, /X 18 @ + 86 @) + @) dute)

<AAA3 /X\E {@(z, [u(2)]) + @(z, [u(2)]) + (z, g(2))} du(z)

<8412 /X (06 WD + 0 o)} dnte).

Since u,g € L?(X) and pu(X \ E)) — 0 as A — o0, oa(u — uy) converges to 0 as
A — o0. Therefore, we see from Lemma 2.5 and (2.1) that [|u — ux|[z+(x) converges
to 0 as A — oo.

Next we consider the function gx = (9 + 3\)xx\£,, where xg denotes the char-
acteristic function of E. Note that g, is a Hajlasz gradient of u — u). We have by
(®3) and (P4) that

/ B, g2 (x) dp(z) = / B(z, g(x) +3)) dp(z)
X

X\E\

<8y | (29 + 0 (o)

< 84243 /X (0090 + 0 ) + () dp)

< 324343 /X (00 06) + 0 @)} dp)

and the above discussion implies that [|gx||»(x) converges to 0 as A — oo. Thus the
proposition is proved. ([l
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For a locally integrable function u on X and a ball B(z,r) C X, we define the
mean integral:

1
UB(z,r) = /B(x’r)u(y) du(y) = m/}g(xﬂu(y) dp(y).

We introduce a fractional sharp maximal operator. For every locally integrable
function v on X, we define

1
wo) =swp s f fule) — upge|duto).
B(z,r)

r>0 T

For a locally integrable function v on X, the Hardy-Littlewood maximal function
Mu is defined by

1
Mu(z) = SUD BT /BW) lu(y)| dp(y)-

The following is a generalization of [22], Theorem 3.4, [23], Theorem 3.1, and [31],
Theorem 5.2, (see also [18]).
For a,b € R, we write a ~ b if C~'a <b < Ca for a constant C > 0.

Theorem 3.5. Let X be a doubling space. Suppose the Hardy-Littlewood maxi-
mal operator is bounded on L®(X). Then the following three statements are equiv-
alent:

(i) uwe M (X);
(ii) u € L*(X) and there exists a nonnegative function g € L*(X) such that the
Poincaré inequality

/ () — up(on| dulz) < Cr / 9(z) dp(z)
B(z,r) B(z,r)

holds for every z € X and r > 0;
(iii) v € L*(X) and u* € L?(X).

Moreover, we obtain |Ju||yr.e(x) ~ ||lullpe(x) + [[uf|| L (x) for all w € L?(X).

This theorem is proved in the same way as [22], Theorem 3.4.

3.2. Sobolev capacity on Musielak-Orlicz-Hajlasz-Sobolev spaces. For
u € MH®(X), we define

0a(u) = 0o (u) + inf 0o (g),
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where the infimum is taken over all Hajlasz gradients of u. For £ C X, we write
Se(E) = {u e M“®(X): u > 1 in an open set containing E}.
The Sobolev capacity in Musielak-Orlicz-Hajtasz-Sobolev spaces is defined by

Co(E) =, it Bulw).

In the case So(E) = 0, we set Cp(E) = 00.

Remark 3.6. We can redefine the Sobolev capacity in Musielak-Orlicz-Hajtasz-
Sobolev spaces by

ColE) = at B0

since M1®(X) is a lattice (see [38], Lemma 2.4), where
SH(E) ={ue Se(X): 0<u<1}.

A standard argument yields the following results (see [31], Theorem 3.11, and [38],
Theorem 3.2, Remark 3.3 and Lemma 3.4).

Proposition 3.7. The set function Cg(-) satisfies the following properties:

=0
)<C¢(E2) for 1 C E» CX,'

1
Cs(E) = inf Cs(U) for E C X (Co(-) is an outer capacity);
{ECU,U: open}

(5) if K1 D K2 D ... are compact sets on X, then lim Cg(K;) = Cq><ﬂ Ki).
1— 00 i=1
Furthermore, as in the proof of [37], Theorem 4.1, we have the following conse-
quence of [14], Theorem 2.2.8.

Proposition 3.8. If L*(X) is reflexive and E; C Ey C ... are subsets of X,
then

i o) = o (U ).

We say that a property holds Cg-q.e. (quasi-everywhere) in X, if it holds every-
where except for a set F' C X with Cg(F) = 0.
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Theorem 3.9. For each Cauchy sequence of functions in M®(X)NC(X), there is
a subsequence which converges pointwise Cg-q.e. in X. Moreover, the convergence is
uniform outside a set of arbitrary small Sobolev capacity in Musielak-Orlicz-Hajlasz-
Sobolev spaces.

Proof. Let {u;} be a Cauchy sequence of functions in M**(X)N C(X). Since
for all 0 < ¢ < 1, |Jul[pre(x) < € implies gg(u) < €, we can take a subsequence
of {u;}, which we still denote by {u;}, such that g (u; — u;y1) < 27°A5 H(243) 7!
for each positive integer i. Consider the sets

B ={z € X: |ui(z) —ui1(z)] >27%

S .

and F; = |J E;. Here note that 2°|u; —u;41| € So(E;) by the continuity of u,. Since
i=j

gi is also a Hajlasz gradient of |u; — u;+1| if ¢; is a Hajlasz gradient of u; — w41, we

have by (®4) and (2.1) that
Ca(Ey) < 00(2'|ui — uiga]) < A2(243) " 00 (ui — uirr) <27

Then it follows from Proposition 3.7 that

Hence, we obtain

C@Uj@)ghmcd@pm
j=1

j—o0
o0
and {u;} converges in X \ [ F;. Moreover, we find
j=1

k-1

luj(2) — uk(z)] < Z Jui(x) — i (x)] < 2771

whenever € X \ Fj for every k > j, which implies that {u;} converges uniformly
in X\ F. O

We say that a function u is Cg-quasicontinuous on X if, for any € > 0, there is
a set F such that Cg(F) < € and u is continuous on X \ E. By Proposition 3.4 and
Theorem 3.9, we have the following result.
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Proposition 3.10. For each u € M1®(X), there is a Co-quasicontinuous func-
tion v € MY®(X) such that u = v p-a.e. in X.

As in the proof of [38], Lemma 4.1, we have the following result.

Lemma 3.11. u(E) < CCs(E) for every E C X.
In fact, note that for u € Sg(F)
W(E) < Ardy [ 0o u(o)]) dua) < 241 A2 Asg()
b's

by (2.1), (92) and (®3).

Theorem 3.12. Suppose ®(x,t) satisfies (P5). Then there exists a constant C' >0
such that Co(B(z0,7)) < C®(z0,r 1)pu(B(x0,2r)) for all g € X and 0 < r < 1.

Proof. Define

2r —d
M, x € B(xzg,2r) \ B(zo, ),
u(z) = 1, x € B(zo,7),
0, x € X \ B(zo,2r)
and 1
-, T E B(J,‘Q,Q’I"),
glx) =47

0, ze€X\ B(xo,2r).

Then note from [38], Theorem 4.6, that ¢ is a Hajtasz gradient of u and u €
Se(B(zg,r)). Hence, we have by (92), ($3), ($5) and (2.1)

Cs(B(xg,1)) < Oz, u(z)) du(z Bz, g(x)) du(z

»(B(@o.7)) /B(W) (z, u(a)) du( >+/B($072T) (2, 9(x)) da(x)
< Ay /B ) o) + 4 /B L CUR LT
S AlAglJ/(B(J?(), 27")) + A2B271¢(1}077‘_1)/J/(B(x0, 27"))

< A2(ATAZ + Ba,1)®(wo, 7 ) p(B(wo, 21)),

as required. (I

3.3. Lebesgue points in Musielak-Orlicz-Hajlasz-Sobolev spaces. Let X
be a doubling space. We recall from [36], Section 3, the definition of a discrete
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maximal function. Fix r > 0 and let B(z;,r), i = 1,2,..., be a family of balls
covering X such that every point € X belongs to at most 6 balls B(z;,6r). Here,
6 can be chosen to depend only on the doubling constant co. Let {¢;} be a set of
functions such that 0 < ¢; < 1, ¢; = 0 in the complement of B(x;,3r), @; = c3 >0

o0
in B(x;,7), @; is Lipschitz with a constant c3/r and w; =1 on X. We set

i=1

N vil@) "
ur () = Z w(B(z;,3r)) /B(a:,-,?)r) lu(y)] du(y).

Let {r;} be an enumeration of positive rationals. For every radius r;, we choose
a covering {B(z;,r;)} as above. We define the discrete maximal function related to
the covering {B(z;,r;)} by

M*u(x) = sup u,, (z).
J

Note that the discrete maximal function related to the covering { B(z;,7;)} depends
on the chosen coverings. However, by [36], Lemma 3.1, the inequalities

(3.2) et Mu(z) < M*u(z) < ey Mu(x)

hold for every x € X and every u € L] _(X). Here the constant c); > 1 depends

loc
only on the doubling constant.

Lemma 3.13. Let X be a doubling space. Suppose the Hardy-Littlewood maxi-
mal operator is bounded on L*(X). Then there exists a constant C' > 0 such that

Co({z € X: Mu(x) > A}) < C/\_1°g2(2A3)||u||M1,¢)(X)

for all 0 < A < 1 and uw € M*®(X) with ||u||yr.e(x) < 1.

Proof. Let u € M*®(X) with |lul[pp1.e(x) < 1 and let g be a Hajtasz gradient
of u. By our assumption, there exists a constant By > 0 such that |[Mv|[zex) <
Bur|[v||pe(x) for all v € L®(X).

By (3.2), we have {xr € X: Mu(x) > A} C E,, where set By = {z € X:
ep M*u(x) > A} is open, since the supremum of continuous functions is lower semi-
continuous.
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Note, from the proof of [36], Theorem 3.6, that cpy M*u/A\ € Se(E)) and cMg is
a Hajlasz gradient of M*u for some constant ¢ > 1. We have by (®3), (®4) and (2.2)

Cs(Ey)
g/ E(x,cMM*u(x)/)\)du(x)—l—/ ®(z, ceprMg(x)/N) du(z)
X X

<Ag/X@(x,cMM*u(x)/)\)du(x)+A2/X<I>(x,chMg(x)/)\)du(x)

CCM

< 2A§A3(T)l°g2(“”{ /X &, M*u(x)) dpu(z) + /X @(x,Mg@c))du(a:)}.

Since ||[Mu/Bllzex) < ||lullpex) < 1, we find by (3), (®4), (2.2) and (3.2) that

/ (2, M*u(z)) du(z) < As / (, ear Mu(z)) du(z)
X X

< 242 Ay (g Bap)1%(245) / ®(x, Mu(z)/Bar) du(z)
X

< AAZAB (crr Byy) o8 (249 / B (o, Mu(x)/Byr) dpu(z)
X

AAZAZ (ens Bar) 224 | Mu/Bua| o ()

<
< 4A3A5 (enr Bar)' %249 |lu] Lo ).

Similarly, we have

/ O, Mg(x)) du(x) < 24z Ag(Byy)5:(249) / Oz, Mg(x)/Bar) dpu(x)
X X
< 442 A5(Bar)' %24 | g]| Lo x)
Thus we obtain the required result. (I

As in the proof of [36], Theorem 4.5, we can show the following result by
Lemma 3.13.

Theorem 3.14. Let X be a doubling space and let u € M'®(X). Suppose the
Hardy-Littlewood maximal operator is bounded on L®(X). Then there exists a set
E C X of zero Sobolev capacity in Musielak-Orlicz-Hajlasz-Sobolev spaces such that

’U,(l‘) = ;141;% UB(x,r)

for every x € X \ E, where u is the Cy-quasicontinuous representative of u.
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4. MUSIELAK-ORLICZ-NEWTON-SOBOLEV SPACES N 1% (X)

4.1. Basic properties. A curve 7 in the set X is a nonconstant continuous map
v: I — X, where I = [a,b] is a closed interval in R. The image of v is denoted
by |y|]. Let T be a family of rectifiable curves in X. We denote by F(I") the set of
all admissible functions, that is, all Borel measurable functions h: X — [0, co] such

that
/hds >1
y

for every v € T', where ds represents integration with respect to path length. We
define the ®-modulus of I" by

Mg(T) = inf .
»(T) hé?m@q’(h)

If F(T') = (), then we set Mg (T') = oc.

Lemma 4.1 (cf. [30], Lemma 2.1). Mg(-) is an outer measure.

Proof. Since it is obvious that Mg () = 0 and T’y C T's implies Mg (1) <
Mg (Ts), we show that Mg (-) is a countably subadditive capacity. For e > 0, we take
h; € F(T';) such that

/X O (x, hi(x)) du(z) < Mep(T;) + 277

oo
We set h = sup h;. Noting that h satisfies f7 hds > 1 for every v € |J T';, we have
i i=1

1=

Ms (H Fi> < oa(h) < ;/Xg(x,hl(x)) du(z) < ;M<I>(Fi) +e.

Letting € — 0, we have the required result. O

A family of curves I is said to be exceptional if Mg (I") = 0. The following lemma
is an extension of [31], Lemma 4.1. The proof is the same as the proof of [30],
Lemma 2.2.
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Lemma 4.2 (Fuglede’s lemma). Let {u;} be a sequence of nonnegative Borel
functions in L®(X) converging to zero in L®(X). Then there exist a subsequence
{u, } and an exceptional family T' of rectifiable curves such that for every v ¢ T we

lim /uik ds = 0.
k—o0 5 ’

Let u be a real-valued function on X. A nonnegative Borel measurable function h

have

is said to be a ®-weak upper gradient of u if there exists a family I' of rectifiable
curves with Mg (I') = 0 and

|mm—u@n</h®

5

for every rectifiable curve v ¢ T" with endpoints 2 and y. Here note that the basic
properties of p-weak upper gradients can be extended to the basic properties of
®-weak upper gradients as in [6], Chapter 1.

We define the norm

lull e x)y = llulle o) +inf [|A]lLex),

where the infimum is taken over all ®-weak upper gradients of u. We say that the
function u € L?(X) belongs to Musielak-Orlicz-Newton-Sobolev spaces N1®(X) if
[l piex) < oo

Remark 4.3. Let u be a real-valued function on X and let h be a ®-weak upper
gradient of u. Suppose I' is a family of rectifiable curves 7 satisfying the condition
that there exists a rectifiable subcurve 4’ of «, that is, |y/| C |v|, such that

u(e’) ()] £ [ hs,
’Yl
where 2’ and ¢’ are endpoints of 7/. Then note that Mg (I") = 0 (see [6], Lemma 1.40).

Lemma 4.4 (cf. [36], Lemma 2.6, and [29], Lemma 3). Suppose that {u;} is
a sequence of measurable functions. Let g; be a ®-weak upper gradient of w;. If
u = sup, u; is finite almost everywhere, then g = sup, g; is a ®-weak upper gradient
of u.

For u € NL®(X), we set
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where the infimum is taken over all ®-weak upper gradients of u. For £ C X, we
denote

s3(FE) ={ue N*®(X): u>1on E}.

We define the capacity in Musielak-Orlicz-Newton-Sobolev spaces by

E)= inf 0. .
co(E) HEL{;(E)Q@(U)

In the case sg(E) = 0, we set co(E) = oo. For the definition of Sobolev capacity,
see [6], Section 6.2.

By Lemma 4.4, we have the following result.

Proposition 4.5. The set function c(-) is an outer measure.

Proof. Since it is obvious that cg (@) = 0 and Ey C Fs implies co (E1) < co(F2),
we only show that cg(+) is a countably subadditive capacity. Let E; be subsets in X.

o)
We may assume that Y cs(FE;) < oo. For € > 0, we take u; € s¢(E;) such that
i=1

[ B us@ du(o) + [ B ha(o) du(o) < calE) +227
X X

where h; is a ®-weak upper gradient of u;. Set u = sup u; and h = suph Noting

that u € L®(X) and h € L*(X), we find that h is a <I> weak upper gradlent of u by
Lemma 4.4 and u € so ( U Ez> Hence, we have

i=1

Letting € — 0, we have the required result. O

We denote by I'g the family of all rectifiable curves whose image intersects the
set F.
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Lemma 4.6. Let E C X. If ¢3(E) =0, then Mg(T'g) = 0.

Proof. Let E C X with cg(E) = 0. Then for all positive integers ¢, we choose
functions u; € N®(X) with ®-weak upper gradients x; such that u;(z) > 1 for
every x € F and

/ O, uilw)]) du(r) + / B(x, ki(x)) du(z) < Ay*(245) 7L
X X

k k
Set v, = > |u;|. Then note that hy, = Y k; is a -weak upper gradient of vy. Since
i=1 i=1

J () duto) < a0y [ (oo o)

< Ay (244)1*1 /X Bz, |us(@))) dpala) < 1

and

/Xg(x, ﬁi(x)) du(z) <1

9—i
by (2.1) and (®4), we have

l

o= vmllzroy < 3 Nuilleon <277
i=m+1

and
l

B = hnllzo ) < D lmillpex) <27
1=m-+1

for every | > m. Hence {vy} and {h;} are Cauchy sequences in L®(X). Therefore,

{hx} converges to a function h in L®(X), which we may assume to be a Borel

function. Setting v(z) = klim vi () for every x € X, we find v € L®(X). Since
—00

ve(z) > k for € E, we have
ECEyx={reX: v(x) =00}

Hence it suffices to show that Ms(I'g__) = 0.
It follows from Lemma 4.2 that there exists a subsequence {hy, } of {h;} such that
there exists an exceptional family I'; and

lim /|hkj —h|ds =0
v

Jj—o0
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for all rectifiable curves v ¢ I'y. Set

Ty = {fy: v is a rectifiable curve satisfying fv vds = oo}
and

I's = {fy: v is a rectifiable curve satisfying fv hds = oo} .

We see from the convexity of ® that

X

for all i > ||v][pe(x). Hence Mg (I'2) = 0. Similarly, Mg (I'3) = 0. We denote by I'y ;
the exceptional family of rectifiable curves for u; in Remark 4.3 and by I'y the union
of T'y;. By Remark 4.3 and Lemma 4.1, we have Mg (I's) = Mo (|JT4,;) = 0. Hence
we find Mq;.(ro) =0, where ' =T Ul UT3UTly.

To complete the proof, we show that I'g_ C I'g. Suppose v ¢ T'g. Since v ¢ T'a,
there is y € |y| with v(y) < co. For any x € ||, we find that

01, (@) < 01, () F o &) = w1, ()] < v, () + [ B, s,
:
since v ¢ T'y. Letting j — oo, we have

v(z) = lim vy, (2) <o(y) + / hds,

Jj—o0
since v ¢ T';. Since v ¢ I's and v(y) < oo, we have v(z) < oo for all x € ||, which
implies v ¢ I'g__, as required. ([

Standard arguments and Lemma 4.6 yield the following proposition (see [31]).

Proposition 4.7 (cf. [31], Theorem 4.4). N1'®(X) is a Banach space.

We say that X supports a (1,1)-Poincaré inequality if there exists a constant
C > 0 such that for all open balls B in X,

1 1
5 /B ) = s dua) < Ol —z /B h(z) du(z)

holds, whenever h is a ®-weak upper gradient of v on B and wu is integrable on B.
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Lemma 4.8. Let X be a doubling space that supports a (1, 1)-Poincaré inequality.
Assume that the Hardy-Littlewood maximal operator is bounded on L®(X). Then
Lipschitz continuous functions are dense in N (X).

Proof. Let u € N»®(X) and let h be a ®-weak upper gradient of u. By trun-
cation, we may assume that u is a bounded function on X, say |u| < ug for ug > 1
(see [51], Lemma 4.3). Set

Ey={zeX: Mh(z)> A}.
As in the proof of [31], Theorem 4.5, we can define
ux(z) = lim up(g,r)

for all z € X \ E) and wu) is cA-Lipschitz in X \ E) with some constant ¢ > 1. We
extend uy as a Lipschitz function to all of X by the McShane extension [46], by
setting

u(@) = inf {ua(9) +Ad(r )}

We may assume that u is still bounded by wg by truncation. Then we have by ($2),
(®3) and (P4) that

/X O (z, |Ju(x) —ur(z)]) du(x)
_ /E B (z, |u(w) — u(z)]) du(z)

<omg{ [ o fu(o)) ) + [ o(e @) duo)

Ex
< 4A§A3/ O (x,up) du(x)

Ex
< 8A1A§A§u:)0g2(2A3)u(E,\).

Hence we see from the boundedness of the Hardy-Littlewood maximal operator on
L?(X), Lemma 2.5 and (2.1) that uy — u in L®(X). Since E) is open and u — uy
is zero p-a.e. in X \ E), we may assume that the ®-weak upper gradient of u — uy
is zero in X \ E (see [51], Lemma 4.3). Since

/ Oz, Axp, (x))du(z) < Ag/ O(z, Mh(x))dp(z) < oo
X X
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by the boundedness of the Hardy-Littlewood maximal operator on L®(X), we find
that the function (cA+ h)xg, € L?(X) is a ®-weak upper gradient of u — u,. Hence
u—uy € NY®(X) and therefore so does uy. We have

/X B(x, (A + h)xe, (2)) du(z)
<443 Agclog2<2A3>{ /
E

< 4434305049 { /
E

& (z, \) du(z) + /

Ex

& (z, Mh(z))du(z) + /

Ex

Bz, h(e) dule)

A

B, h(o) ) .

A

Then the right hand side converges to zero as A — co. Hence {u)} converges to u
in N1?(X) by Lemma 2.5 and (2.1). O

4.2. Lebesgue points in Musielak-Orlicz-Newton-Sobolev spaces.

Lemma 4.9. Let X be a doubling space that supports a (1, 1)-Poincaré inequality.
If the Hardy-Littlewood maximal operator is bounded on L®(X), then there exists
a constant C' > 0 such that

co({z € X: Mu(z) > A}) < CA™ 18224 ||y 1

for all 0 < A < 1 and u € N*®(X) with [|u]| y1.e(x) < 1.
Proof. Let u € N'*(X) with |[ul|yiex) < 1 and h € L?(X) be a ®-weak
upper gradient of u. By (3.2), we have

{z € X: Mu(z) > A} C Ej,

where E\ = {z € X: cpyM*u(z) > A}. Here, note from the boundedness of the
Hardy-Littlewood maximal operator on L®(X), Lemma 4.4 and [29], Lemma 5, that
M*u € L?(X) and cMh € L®(X) is a ®-weak upper gradient of M*u for some
constant ¢ > 1. Since cprM*u/\ € so(Ey), we have by (®3), (®4) and (2.2) that

co(Ex) < /X Tz, en M u(z)/\) du(z) + /X T(x, conr MA(z)/2) du(z)

log,(2A3)
< 2A§A3(CCTM) B {/ @(x,M*u(x))du(x)—i—/
X

O(x, Mh(x)) du(x)}.
e

Thus, as in the proof of Lemma 3.13, we obtain the required result. O

As in the proof of [29], Theorem 1, we can show the following consequence of
Lemma 4.9.
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Theorem 4.10. Let X be a doubling space that supports a (1,1)-Poincaré
inequality. If the Hardy-Littlewood maximal operator is bounded on L®(X) and
u € NY®(X), then there exists a set E C X of zero Sobolev capacity in Musielak-
Orlicz-Newton-Sobolev space such that

u(z) = }1_{% UB(z,r)

and

A Jaepy 0 N0 =0

for every z € X \ E.

5. EQUIVALENCE OF FUNCTION SPACES

Let RN be the N-dimensional Euclidean space. In the case X = R, let u be
the Lebesgue measure on RY and let d be the Euclidean metric. We define the
Musielak-Orlicz-Sobolev space W1 ®(RY) by

WE®(RY) = {u € L*(RY): |Vu| € L*(RY)}.

The norm
lullwre@yy = [lull Lo @yy + [[Vulll Lo @)
makes W®(RY) a Banach space.

We prove relations between the Musielak-Orlicz-Hajlasz-Sobolev space and the
Musielak-Orlicz-Sobolev space W1 (RY).

Proposition 5.1. ML*(RN) c WH®(RY). Moreover, if the Hardy-Littlewood
maximal operator is bounded on L*(RY), then M1®(RY) = WL®(RN).

Proof. First we show ML®(RY) ¢ WLP(RY). Let u € ML®(RY) and let
g € L®(RY) be a Hajlasz gradient of u. Since t < A; As®(x,t) for t > 1 by (®2)
and (2.2), we have g € L'(B) for every ball B and hence Vu exists and satisfies
|Vu(z)| < Cg(z) for a.e. x € RN by [33], Remark 5.13. Thus we have M1®(RY) C
WI’CD(RN).

Next we prove the second claim. Let u € WH®(RY). Then we have by [21],
Section 2,

u(@) = u(y)| < [z = y|(M[Vul(z) + M|Vul(y))

for a.e. z,y € RYN. By the boundedness of the Hardy-Littlewood maximal operator
on L?(RYN), we find that M|Vu| € L*(RY) is a Hajtasz gradient of u. Hence we
obtain the required result. ([
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Theorem 5.2. NL®(RY) ¢ WL2(RY). Moreover, if WH®(RY) is reflexive and
C*-functions are dense in W1 ®(RY), then NL®(RYN) = WL 2 (RYN).

Proof. The proof of the first claim is exactly the same as the proof of [31],
Theorem 5.3. Hence we only show the second claim. Let u € WH®(RY). Then we
can take {u;} C WH®(X) N CH(X) such that u; converges to u in WH®(X). By the
proof of [30], Theorem 4.2, we see that the sum of absolute value of the distributional
gradient of u; is a ®-weak upper gradient of v in RY. Hence we obtain the required
result. O

Remark 5.3. By [43], Theorem 3.5, we know that C'-functions are dense in
WLe(RN) if ®(z,t) satisfies (®5) and ($6).

Theorem 5.4. For u € MY®(X), there exists a representative t of u such that

HaHvaq’(X) < 4||U||M1,«D(X).

Furthermore, if X is a doubling space that supports a (1, 1)-Poincaré inequality and
the Hardy-Littlewood maximal operator is bounded on L®(X), then M1®(X) D
NL®(X).

Proof. Let u € MY?(X) and let g € L®(X) be a Hajlasz gradient of u. If
u is continuous on X, we find that 4g is a ®-weak upper gradient of u as in [51],
Lemma 4.7. Since continuous functions are dense in M>®(X) by Proposition 3.4,
we can take {u;} C M1®(X) such that u; is continuous on X, u; converges to u in
MY®(X) and

||un - um”va‘I’(X) < 4H’u,n - umHMly‘I’(X)

for all positive integers n, m. Therefore, {u;} C N%®(X) is a Cauchy sequence.
Hence there exists a u € N1'®?(X) such that

]| 1o xy < 4llullamex),
since N1®(X) is a Banach space by Proposition 4.7. Noting that u(z) = u(x) for

a.e. ¢ € X, we find that ¥ is an equivalence class of u in MH®(X).
By our assumption and Theorem 3.5, we obtain that M**(X) > NV*(X). O
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6. BOUNDEDNESS OF THE MAXIMAL OPERATOR ON L®

In this section, we show the boundedness of maximal operators on L®(X). This
proof with only a minor change appears in [44], but for reader’s convenience, we give
the proof.

For a nonnegative f € Li (X), let

loc

1
I(f) = s /X o S )

and
1

J(faffﬂ”):m

/ By, £(4)) du(y).
XNB(x,r)

Lemma 6.1 (cf. [44], Lemma 3.1). Assume that u is lower Ahlfors Q(x)-regular.
Suppose that ®(z,t) satisfies (P5). Then there exists a constant C' > 0 such that

Oz, I(f;2,7) < CJI(f;2,7)

for all x € X, r > 0 and for all nonnegative f € Ll (X) such that f(y) > 1 or
f(y) =0 for eachy € X and || f|pex) < 1.

Proof. Given f as in the statement of the lemma, x € X and r» > 0, set [ =
I(f;x,7r) and J = J(f;2,7). Note that | f||Lex) < 1 implies

J < 243u(B(x,7)) "t < 243¢5 tr W@
for 0 < r < dx by (2.1) and lower Ahlfors Q(z)-regularity of pu.
By (#2) and (2.2), ®(y, /(4)) > (A1 A2)"Lf(y), since f(y) > 1 or f(y) = 0. Hence
I S AlAQJ. Thus, if J < 1, then
O(x,I) < (A1A2J)Asp(x, A1 As) < CJ.
Next, suppose J > 1. Since ®(x,t) — 0o as t — 0o, there exists K > 1 such that

Oz, K) = ®(x,1)J.

Then K < AoJ by (2.2). With this K, we have

/X o S AR) < KB r) + A /X RS o
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Since
1< K < AyJ < 24A5A3¢5 Q@) < 0p @7

by (®5) there is 8 > 0, independent of f, x, r, such that
bz, K) < Bély, K) for all y € B(w,7).
Thus, we have by (92)

A3
d(z, K)

= Ku(B(z,r)) + A2 Sp(B(x, 1))

Asp
o(z,1)

/ F(y) duly) < Ku(Bla,r) + / F@)dy. () du(y)
XNB(z,r) XNB(z,r)

_J
¢(z, K)

) < Kp(B(z,r)(1 4+ A1 A3p).

- Ku(B(x,r))(l +
Therefore
I<(1+AA0)K.

By (®2), (93) and (®4), we obtain
O(z,I) < CO(z,K) < CJ
with C > 0 independent of f, x, r, as required. ([

Lemma 6.2 (cf. [44], Lemma 3.2). Suppose that ®(z,t) satisfies ($6). Then
there exists a constant C' > 0 such that

O(z, I(f;2,r)) < CLI(f52,7) + @(x, 9(2))}

for all z € X, r > 0 and for all nonnegative f € LL (X) such that g(y) < f(y) < 1

loc
or f(y) =0 for each y € X, where g is the function appearing in (96).
Proof. Given f as in the statement of the lemma, x € X and r > 0, let I =
I(f;z,r) and J = J(f;z,7).
By Jensen’s inequality, we have

— 1
*@D < BE)

[ B sw)dut).
XNB(x,r)
In view of (2.1),

1
‘I)(J?, I) < 2A2A3
1%

H(B(w,m) /XmB(x,r) ®(x, f(y)) duly).
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If d(z,z0) > d(y, o), then ®(x, f(y)) < Boo®(y, f(y)) by ($6), where zg is the
point appearing in ($6).

Let d(z,0) < d(y, x0). 1f g(x) < f(3), then B(z, f(y)) < Boc®(y, f(1)) by (©6)
again. If g(x) > f(y), then ®(z, f(y)) < A2®(x, g(x)) by ($3). Hence,

O(z, f(y) < C{2(y, f(y)) + (=, 9(x))}

in any case. Therefore, we obtain the required inequality. ([

Theorem 6.3 (cf. [44], Theorem 4.1). Assume that X is a doubling space and u
is lower Ahlfors Q(z)-regular. Suppose that ®(x,t) satisfies (95), (P6) and further

assume:
(®3*) t — t7%0¢(x,t) is uniformly almost increasing on (0, c0) for some €g > 0.

Then the Hardy-Littlewood maximal operator M is bounded from L®(X) into itself,
namely, there is a constant C' > 0 such that

M fllpex) < Cllfllzex)

for all f € L?(X).

We use the following result, which is a special case of the theorem for ®(x,t) =
tPo (po > 1) (see [33], Theorem 2.2).

Lemma 6.4. Let pg > 1. Suppose that X is a doubling space. Then there exists
a constant ¢ > 0 depending only on py and cy for which the following holds: If f is
a measurable function such that

/X |f(y)|P° du(y) <1,

then
[ @ due) <
X

Proof of Theorem 6.3. Set pg = 1+¢¢ for g9 > 0 in condition ($3*) and consider
the function
Do (z,t) = (1) /70,

Then ®¢(z,t) also satisfies all the conditions (®j5), j = 1,2,...,6. In fact, it trivially
satisfies (®j) for j = 1,2,4,5,6 with the same g as in ($6). Since

Do (x,t) = tdo(x,t) with @o(z,t) = [t~ 0¢(z,1)]/P,
condition (®3*) implies that ®¢(z,t) satisfies ($3).
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Let f > 0and || fllpex) < 1. Let fi = fX{(a: f@)>1} f2 = FX{a: g(@)<f(x)<1} With
g from (®6) and f5 = f — f1 — fo.
Since ®(z,t) > 1/(A1A2) for t > 1 by (92) and (2.2),
Do, t) < (A3 Ax) " VPod (2, 1)

if ¢ > 1. Hence there is a constant A\ > 0 such that ||fi||oe0(x) < A, whenever
lfllLexy < 1. Applying Lemma 6.1 to ®¢ and f1/), we have

Po(z, M f1(x)) < CMPo(-, f1(:)) ().
Hence
(6.1) ®(z, M fi(z)) < C[MPo(-, f(-))(@)]"

for all x € X with a constant C > 0 independent of f.
Next, applying Lemma 6.2 to &y and f5, we have

Do(x, M fo(z)) < C[MPo(-, f2(-)(x) + Po(x, g())]-
Noting that ®g(x, g(x)) < Cg(z) by (2.2) and ($2), we have
(6.2) O(z, M fa(z)) < C{{MPo(-, f(-))(@)]" + g(x)"}

for all x € X with a constant C > 0 independent of f.
Since 0 < f3 < g <1, wehave 0 < M f3 < Mg < 1. Hence

(6.3) D(z, M f3(z)) < Az®o(x, Mg(x))" < C[Mg(z)]”
for all x € X with a constant C' > 0 independent of f.

Combining (6.1), (6.2) and (6.3), and noting that g(z) < Mg(x) for a.e. z € X,

we obtain

(6.4) Pz, Mf(x)) < C{IM (-, f(-)) ()] + [Mg(x)]"}

for a.e. x € X with a constant C' > 0 independent of f.
In view of (2.1),

/@o(y,f(y))”"du(y):/ (y, f(y)) duly) < 243
X X
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for all 2 € X. Hence, applying Lemma 6.4 to (243)~ /P ®¢(y, f(y)), we have

/X M o(-, £(-)) ()" du(y) < C

with a constant C' > 0 independent of f.
By Lemma 6.4, we obtain

/ [Mg(y)]*° du(y) < C
X

as g € LP(X).
Thus, by (6.4), we finally obtain

/X By, Mf(y)) duly) < C.

This completes the proof. ([

Corollary 6.5. Suppose p is Ahlfors Q(x)-regular. Let ®(x,t) be defined as in
Examples 2.1 and 2.4. Then the Hardy-Littlewood maximal operator M is bounded
from L®(X) into itself.

In fact, ®(z,t) satisfies (3*) with 9 = (p~ — 1)/2.

Similarly to Theorem 6.3, we can show the following lemma.

Lemma 6.6. Assume that X is a bounded doubling space. Suppose that ®(x,t)
satisfies ($3*) and (®5). Then the Hardy-Littlewood maximal operator M is
bounded from L®(X) into itself.

Corollary 6.7. Assume that X is a bounded doubling space. Let ®(x,t) be
defined as in Example 2.1. Then the Hardy-Littlewood maximal operator M is
bounded from L®(X) into itself.

By Proposition 5.1 and Theorem 6.3, we have the following result.
Proposition 6.8. Suppose that ®(z,t) satisfies ($3*), (®5) and ($6). Then
M1,<I>([RN) — Wl’(b([RN).
7. SOBOLEV’S INEQUALITY

In this section, we show a Sobolev-type inequality on Musielak-Orlicz-Hajtasz-
Sobolev spaces. For this purpose, we first prove Sobolev’s inequality for a Riesz-type
operator in Musielak-Orlicz spaces.
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Lemma 7.1 (cf. [44], Lemma 5.1). Let H(x,t) be a positive function on X x (0, co)

satisfying the following conditions:

(H1) H(z,-) is continuous on (0, 00) for each z € X;

(H2) there exists a constant K1 > 1 such that K;' < H(z,1) < K; for all x € X;

(H3) t — t‘E/H(x,t) is uniformly almost increasing for € > 0; namely, there ex-
ists a constant Ko > 1 such that t_ElH(x,t) < KQS_E/H(J),S) for all x € X
whenever 0 <t < s.

Set H=*(z,s) = sup{t > 0: H(x,t) < s} forx € X and s > 0. Then:

(1) H (x,-) is nondecreasing.

(2) H Yz, As) < (Ko\) Y H (2, s) forallz € X, s >0 and X > 1.

(3) H(z,H Y(x,t)) =t forallx € X and t > 0.

(4) K;l/e t < H Y(x,H(z,t)) < K22/6 t forallz € X andt > 0.

(5) min{1, (s/K1K2)"/'} < H '(z,5) < max{1, (K Kys)"/*'} for all z € X and

5> 0.

Remark 7.2. H(xz,t) = ®(z,t) satisfies (H1), (H2) and (H3) with K7 = A,
Ky = Ay and ¢/ = 1.

Lemma 7.3. Assume that X is a bounded space. Suppose that p is lower Ahlfors
Q(z)-regular and ®(z,t) satisfies (P5). Then there exists a constant C > 0 such that

1

p(B(x,7)) g, p Q@)
n(B(z,7)) /XQB(I}T)f(y)du(y) <CP™Y(z, )

forallw € X, 0 <r <dx and f > 0 satisfying || f||p+(x) < 1.

Proof. Let f be a nonnegative function on X such that || f||;+(x) < 1. Then we
have [, ®(y, f(y))du(y) < 243 by (2.1). By Lemma 6.1, ($2), (©3) and (®4), we
obtain

1

q»(x, | o 1) du<y>) < O+ pu(Bla.r) ™)

<O 47 Q@) < Oy~ Q@)

for some constant C7; > 1 and for all x € X and 0 < r < dx. Hence, we find by
Lemma 7.1 with H = &

1

TR ) fy)du(y) < A o1 z,C r— Q@) < CLA%2p7! a:,r_Q(’c) ,
(B@.n) /Xmm,r) () duy) < 4227 (2, Cur @) < CrAze( )

as required. O
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For an open set Q C X, f € L{ (X) and o > 0, we define the Riesz-type operator
JS f of order o by

2ia
I = 3 L f @180

If 1 is a doubling measure, then ISl f(z) < CJSLf(x) for a.e. x € X, where

2pp) = [ AW
Iaf(x)*‘/ﬂ /L(B(J),’I")) d,LL(y)

is the usual Riesz potential of order « (see e.g. [23]).

Lemma 7.4. Suppose that X is a bounded space and pu is lower Ahlfors Q(x)-
regular. Assume that ®(x,t) satisfies ($5) and

(®u) there exist constants v > 0 and Ay, > 1 such that 57+"<I>_1(x,s_Q(‘”)) <
A7 ted=1(z, = Q@) for all x € X, whenever 0 < t < s.

Then there exists a constant C' > 0 such that

2ia / B )
> BT B(z,2 fly) du(y) < C6%~ (z,6~ @)
§<2i<2dx 1(B(x,2%)) JxnB(x20)

for allw € X, 0 <6 <dx and f > 0 satisfying || f||+(x) < 1.

—_

Proof. Let f be a nonnegative function on X such that | f|lex) < By

Lemmas 7.1 and 7.3 and (®u), we have

2ia
2 B@) /Xmm,zi) fv) duly)

§<2i<2dx
dt

<C D 29 (2,270 < c/ 1@ (17 )
g

§<2i<2dx
< O5%D Yz, 6 9@)),

as required. O

Note that (®p) implies
(7.1) tlim t®(2, 1)~/ = o0 uniformly in z € X.
—00

We consider a function U, (z,t): X X [0,00) — [0,00) satisfying the following
conditions:
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(P1) ¥,(-,t) is measurable on X for each ¢ > 0 and U,(z,-) is continuous on
[0, 00) for each x € X;
(P2) there is a constant As > 1 such that U, (z,at) < Asa¥,(z,t) for all z € X,
t>0and 0 <a<1;
(Udp) there exists a constant Ag > 1 such that U, (z,t®(x, )~ /) < Agd(x, 1)
for all z € X and t > 0.

Note: (¥2) implies that U, (z,-) is uniformly almost increasing on [0, c0); (¥2),
(7.1) and (I®pu) imply that ¥, (-, ¢) is bounded on X for each ¢t > 0.

Theorem 7.5. Assume that X is a bounded doubling space and  is lower Ahlfors
Q(z)-regular. Suppose that ®(x,t) satisfies (P3*), (P5) and (Pp), and that U, (z,t)
satisfies (U1), (¥2) and (V®p). Then there exist constants Cp, Cy > 0, such that

/X oz, X f(2)/Cr) dula) < C

for all f > 0 satisfying || f|| = (x) < 1.

Proof. Let f be a nonnegative measurable function on X satisfying || f|| L« x)<1.
Write

2ia
0= Y am S (@ 00)

2ia
> M/XQB(I,?)JC@M”@) =:J1+ Jo.

6<2i<2(1x

We have by Lemma 7.4
Jo < Oz, 6 9)),

Since J; < C0*M f(x), we find that
JX f(2) < C{OM f () + 0@~ (2,62},

Here, let 6 = min{dy, ®(x, M f(z))~/Q®)},
If dy < ®(x, M f(z))~/2®) then note from Lemma 7.1 that

Mf(z) < Ap® (2, dx?™) < Aymax{1, 41 4,d "} < C.

Therefore JX f(z) < C.
Next, if dx > ®(x, M f(z))~"/9®) then we have

> 2,07 9) = &7 (z, Bz, M f(x))) < ASM f(2)
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in view of Lemma 7.1. Hence we see that
I3 f () < Crmax{ M f(2)®(x, M f(x))~*/@, 1}
for some constant C; > 0. By (¥2) and (P ®pu), we find

Wo(w, I3 f(2)/Ch) < As{Walz, Mf(2)®(x, M f(a) ")) + Wo(2,1)}

<
< C{P(x, M f(x)) +1}.

Hence, by Lemma 6.6

[ vt X @/ Cyaute) < € [ ot arp@) duto) + u0)} < 02
X X

for some constant Co > 0, as required. O

Corollary 7.6. Assume that X is a bounded doubling space and p is lower
Ahlfors Q(x)-regular. Let ®(x,t) be defined as in Example 2.1 and set

k )
( H (L) q,(x)/p(x))

for all x € X and t > 0, where 1/p*(z) = 1/p(x) — a/Q(z). Suppose

(7.2) esssup(ap(z) — Q(z)) < 0.
zeX

Then there exists a constant C' > 0 such that
[ ol 7 ) dute) < €
X

for all f > 0 satisfying || f|| o (x) < 1.
Proof. First note that

k
Oz, t) ~ +1/p(x) H(ng)(t))_qj‘(x)/p(x)
j=1

for all x € X and t > 0. Therefore, by (7.2), there exists a constant v > 0 such that
O (1,17 Q@)) ~ g1 He-Q)/p(@) H ) (t71))~ o @)/p(@)
j=1
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is uniformly almost decreasing on t. Hence ®(z,t) satisfies (®p). Similarly, since
t~1W, (,t) is uniformly almost increasing on ¢, we see that W, (x,t) satisfies (¥2).
Finally, since

k
W (40 (2, 1)~/ = @, <x7tp<x>/p H —ag( >/Q<z>> < CB(a, 1)

for all z € X and t > 0, we see that U, (x,t) satisfies (¥®u). Hence we obtain the
required result by Theorem 7.5. O

Theorem 7.7. Assume that X is a bounded doubling space and i is lower Ahlfors
Q(z)-regular. Suppose that ®(z,t) satisfies ($3*), (®5) and (Ppu), and that Uy (z,t)
satisfies (U1), (¥2) and (V®p). Then for each ball B C X, there exist constants
C4,Cy > 0 such that

/B i (2, u(x) — upl/Cr) du(x) < Cs

for all u satisfying ||ul| e (x) < 1.

Proof. Let u € M1®(X) and let g € L®(X) be a Hajlasz gradient of u. Inte-
grating both sides in (3.1) over y and x, we obtain the Poincaré inequality

] (@) = uslduta) < Cdp [ gta)duta)

for every ball B C X. Here, if p is a doubling measure, then we have by [23],
Theorem 5.2,

u(z) —up| < O g(x)

for p-a.e. z € B. Hence we obtain the Sobolev-type inequality on Musielak-Orlicz-
Hajtasz-Sobolev spaces by Theorem 7.5. O

Corollary 7.8. Assume that X is a bounded doubling space and p is lower Ahlfors
Q(z)-regular. Let ®(x,t) and V1 (z,t) be defined as in Corollary 7.6. Suppose
esssup(p(z) — Q(z)) < 0.

zeX

Then for each ball B C X, there exists a constant C' > 0 such that

/ s (2, Ju(z) — upl) du(z) < C
B

for all u satisfying ||ul|pe(x) < 1.
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8. APPENDIX
8.1. Musielak-Orlicz-Sobolev capacity in RY. For u € WH®(RY), we define
0s(u) = 0o (u) + 0a(Vu).
For E C RV, we denote
Te(E) ={ue Wl’q)(RN): u > 1 in an open set containing E'}.

The Musielak-Orlicz-Sobolev Capg-capacity is defined by Capg(E) = 1Tnf( 5 0a (u).
ucTle
In the case Tp(E) = (), we set Capg(F) = co.

Remark 8.1. Let u,v € WH®(RY). Since

/ |u(z)| dx + / |Vu(z)|dx
B(w,1) B(x,1)

<2(B(x,1) +A1A2{ /
B(z,1)

< 2|B(z,1)| + 241 A2 A300 (u)

B(z, |u(x)|)da:+/

B(z,1)

O(z, |[Vu(z)|) da:}

for all # € RY by (2.1), (®2) and (®3), we find u € VV&)CI(RN) The symbol |E|

denotes the Lebesgue measure for a set £ C RY. As in the proof of [26], Theorem 2.2,
we have min{u, v}, max{u,v} € WhH*(RYN)

Vu(z) forae. ze€{u<
Vou(z) for a.e. x € {u > v}

V min{u,v}(z) = {

and
Vu(z) fora.e. z € {u

v}

V max{u,v}(z) = { o)

2
Vou(z) forae. z€{u<

Lemma 8.2. Let {u;} and {v;} be sequences in WH¥(RY). Assume that
{05 (u;)} is bounded. If {gs(u; —v;)} converges to zero, then {0 (u;) — 0o (v;)}
converges to zero.

Proof. We have by (®3) and (®4) that

O(z, |vj(@)]) < A2®(z, |uj(2) = vj(2)] + |u;(2)])

<
< 243 A5{®(w, [u; () — v;(@)]) + ®(, Ju; (2)])}
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for all x € RY. Hence {gso(v;)} is also bounded. For any ¢ > 0, there exists
a constant C(e) > 0 such that

|®(x,t1) — ®(w,t2)| < e{®(x,t1) + P, t2)} + Oe)®(x, [t1 — t2])
for all z € RY and 1,ts > 0. Therefore we have

e{0a(uz) + 00(v;)} + C(e) 0o (uj — v;)
2Me + C(&)é@(u]‘ - Uj),

|02 (u;) — 0o (v))] <
<

since go(u;) < M and go(v;) < M for some constant M > 0. Hence we find
lim |09 (u;) — 0o (v;)| < 2Me,
j—o00

as required. 0

Standard arguments and Lemma 8.2 yield the following results (see [26], Theo-
rems 3.1 and 3.2).

Proposition 8.3. The set function Capg(-) satisfies the following conditions:
(1) Capg(0) =0;

(2) if By C By C RY, then Capg(E1) < Capg(E2);

(3) Capg(+) is an outer capacity;

(4) for By, Ey C RN, Capg(E1 U E2) + Capg (E1 N E2) < Capg(E1) + Capg(F2);
(5)

5) if K1 D Ko D ... are compact sets of RN, then

lim Capg (K;) = Cap@(ﬂ K)

=1

(6) if WE®(RYN) is reflexive and Ey C Ey C ... are subsets of R, then

lim Capy () = Cap¢<UE)

=1
7) if WE2(RN) is reflexive and E; C RN fori=1,2, ..., then
( ) ) b )

o0

Capg (U Ei) < gcapfb(Et)

i=1
We say that a property holds Capg-q.e. in RY if it holds everywhere except for

aset FF C RY with Capg (F) = 0. Analogously to Theorem 3.9, we have the following
result.

470



Theorem 8.4 (cf. [26], Lemma 5.1). Suppose that W®(RY) is reflexive. Then,
for each Cauchy sequence of functions in W1 ®(RM)NC(RY), there is a subsequence
which converges pointwise Capg-q.e. in RYN. Moreover, the convergence is uniform
outside a set of arbitrary small Musielak-Orlicz-Sobolev Capg-capacity.

We say that a function u: RY — R is Capg-quasicontinuous, if for every e > 0,
there exists a open set E with Capg(E) < ¢ such that u restricted to RY \ E is
continuous.

Corollary 8.5 (cf. [26], Theorem 5.2). Suppose that WH®(RYN) is reflexive
and C'-functions are dense in WH®(RN). Then u € WH®(RN) has a Capg-

quasicontinuous representative of .

8.2. Fuglede’s theorem in RY.
Lemma 8.6 (cf. [30], Lemma 3.1). Suppose that C'-functions are dense in
WLE(RN). Let E C RYN. If Capg(E) =0, then Me(T'g) = 0.

Proof. Let E C X with Capg(F) = 0. Then, for every positive integer i, we
choose a function u; € WH®(RN)NCH(RY) such that u;(z) > 1 for every x € E and
k

0o (u;) < AyH(243)7" 1. Set v, = 3 |uyl. Since
i=1

o Us i1
do (52 ) < A2(240) g (i) <1

by (2.1) and (®4), we have ||u; |y 1.e@yy < 27°. Therefore
1

o = vmllwro@yy < D uillwre ey <2
1=m-+1

—m

for every | > m. Hence {v;} is a Cauchy sequence in W1 ®(RY). Setting v(z) =
klim vk (z) for every x € X, we see that v € WH®(RY) is a Borel function. Thus, as
—00

in the proof of Lemma 4.6, we have the required result. O

We say that u: RY — R is absolutely continuous on lines, u € ACL(RY), if u is
absolutely continuous on almost every line segment in R parallel to the coordinate
axes. Note that an ACL function has classical derivatives almost everywhere. An
ACL function is said to belong to ACL® (RY) if |[Vu| € L®(RY). Since Wh®(RN) —
WLLH(RYN) locally, we obtain the following result.
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Lemma 8.7. ACL®(RY) N L®(RN) = WL2(RN).

Let u: RY — R and I be the family of rectifiable curves v: [0,1(v)] — RY such

tha

t u o is not absolutely continuous on [0,l(y)]. We say that v is absolutely

continuous on curves, u € ACCq(RY), if Mg(I') = 0. It is clear that ACCq(RY) C

AC

L(RY). An ACCjy function is said to belong to ACC®(RY) if |[Vu| € L®(RN).

The proof of the following theorem is the same as the proof of [30], Theorem 4.2.

Theorem 8.8 (cf. [30], Theorem 4.2). Suppose that W1 ®(RY) is reflexive and
C'-functions are dense in W'®(RY). Then ACC*(RN) N L*(RN) = Wh®(RN),
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