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Mutual  Coupling  Between  Rectangular  Slot  Antennas  on  a  Conducting  Concave 
Spherical  Surface 

Abstract-The surface fields excited by a  horizontal  magnetic  source 
located  on a  conducting  concave  spherical  surface  have  been  for- 
mulated.  The field  expressions  are  obtained as a  combination  of  ray- 
optical  fields and  simplified  integrals  under  the  condition  that  the 
radius of the spherical  surface is much  greater  than  the  wavelength. 
Numerical calculations have  been  performed,  and  the  calculated  re- 
sults for the surface fields have  been  corroborated  with  experiments. 
The  results of these  basic  studies  have  been  used  in  calculating  the 
mutual coupling  between  rectangular  slot  antennas on the  conducting 
concave spherical  surface  assuming  the  aperture  field as the  dominant 
mode  in the rave guides  connected  with  the slots. The  numerical 
results  have been  compared  with  those  for  slots on a  convex  con- 
ducting  surface. Experimental  investigation of the  mutual  coupling 
has  also been  carried out. 

R 
I. INTRODUCTION 

ECENT developments of dome  antennas [ 11, [ 21 com- 
posed of hemispherical or cylindrical  lenses and planar 

array antennas  for  extending  the scanning area have stimulated 
interests  in estimating the  mutual coupling  between  radiating 
elements on  the  conducting concave  surface  as well as on  the 
convex surface. 

It is well-known that  the conventional  geometrical optics 
is not applicable in the analysis of the surface  fields  excited 
by sources on a concave surface [ 3 I , [ 41. Under  this circum- 
stance, some papers have been  published describing the surface 
fields  excited by sources located  on a  cylindrical  concave sur- 
face [ 31 -[7]. Babich and Buldyrev [ 51 have expressed the 
field of a line source, which has asymptotic  properties reaching 
the observation point along  a  direct propagation  path.  They 
have also derived the high-frequency approximation of the 
field  expressions given by a combination of ray-optical  fields 
and simplified integrals. Based on these field expressions, 
alternative  high-frequency field representations have been 
discussed by Ishihara et al.  [4] .  These analyses have been 
extended  to  the cases of a line source located on a  concave 
cylindrical  impedance  surface [61  and a point source located 
on a  perfectly conducting concave cylindrical  surface [ 71. 

However, these analyses are  restricted to  the case of cylin- 
drical  surface,  and problems related to a  spherical concave 
surface  are still to be studied. These are important particularly 
in connection with  a  spherical dome  antenna. Recently, the 
authors  [8] have presented the results of theoretical  and ex- 
perimental  studies of the surface  fields  excited by a vertical 
electric point source located on a conducting concave  spherical 
surface. The analysis in  the paper [81 is based on the  method 
of Babich and Buldyrev [ 51, and  the field expressions have 
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been obtained as a combination of ray-optical fields and 
simplified integrals. The validity of the analysis has been  con- 
firmed  by experimental data. 

In this  paper, mutual coupling  between  rectangular slot 
antennas  located  on  the concave side of a  spherical  surface is 
presented.  First, the expressions of the surface fields excited 
by a horizontal magnetic point  source have been formulated 
by a procedure similar to  that in the previous paper [ 81. Sub- 
sequently,  the  mutual coupling  has been calculated and com- 
pared with that  for slots on the convex side reported by 
Nakashima et QZ. [ 91. 

11. FIELD EXPRESSIONS 
The geometry of the problem is illustrated in Fig. 1, where 

Q is the radius of the  conducting spherical  surface. The 
magnetic point  source M is located on the concave  surface at 
the z-axis and directed parallel to  the x-axis: 

where 6 ( * )  denotes  the Dirac delta function.  The magnetic 
fields  excited by the source inside the closed sphere  are ex- 
pressed as follows: 

where to = is the intrinsic impedance of free space. 
The superscript c refers to  the closed sphere. The  functions 
uc and uc appearing  in (2) are given by 

where P n - l  is the associated Legendre function of order (n ,  
-1) and k is the free s ace wavenumber. The spherical Bessel 
functionsj, and h,('l2 7 [ 101 are  defined  by 
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Fig. 1. Geometry  of problem.  Horizontal  magnetic  dipole  source is 
located  on conducting  concave  spherical  surface. 

and  the prime on these  functions  denotes  the derivative with 
respect to the argument. 

Starting  from (3)  and  introducing  the Watson transforma- 
tion [ l o ] ,  u' and uc can be expressed as follows: 

uc = v" -k UO', uc = v" + Yo', (5) 

UC upp- (-cos e) 
v' ] = -I, cos UT 

p = v- 112, (6c) 

res 

Y = 1/2 
= 2.rrj [integrands in (6a)  and  (6b)l 

In  (6a)  and  (6b), cy is the  integration  contour enclosing the 
poles v = n f 1/2 (n = 0, 1, 2, -.) as shown in Fig. 2. Since cy 
can  be distorted  into  the  integration  paths Z 1 ,  I, and Z2 and  the 
contributions of the integrands in  (6a)  and  (6b) vanish along 
the  integration  paths Zl and Z 2 ,  we obtain  the following  equa- 
tions: 

v" vi) = l[integrands in  (6a) and  (6b)l dv. 

Uc and V' given by  (6) are similar to those appearing  in the 
problem of the vertical electric  source  and the  method de- 
scribed in [8] is available to obtain  the expressions for the 
open spherical  surface. By eliminating the  terms which are odd 
functions with  respect to v and employing the  method  of 
Babich and Buldyrev 151, Uo and Vo corresponding to  the 
expressions for  the  open spherical  surface can be expressed 
as follows: 

I r n  V-PLANE 

' I  \ 
\ 

1 

...-__ 

Fig. 2. Integration  path cy and  its deformation in complex u plane. 

where 

The  function  denotes  the "traveling wave" Legendre 
function [ 101, 

- e - i ( ~ -  1)*p - 1 (cos e>] 

- L JZ- ,-i(ve-n/4), 

P (1 0) 

v m s i n e  

(I v I + -1. (1 1) 

The  functions Uo and Vo given by (8a)  and (8b) describe 
waves reaching the observation point along a  direct  propaga- 
tion  path  and  not having periodic properties with  respect to 
6 .  

The  functions Uo" and VO' given by (7a)  and (7b) are 
standing wave type  functions with  respect to r and 8 ,  and they 
are  inadequate as expressions for  the fields  related to the  open 
spherical surface. In  order  to  obtain traveling wave expres- 
sions  with  respect to r ,  the following expansion has been 
introduced  by assuming a small negative imaginary part of the 
propagation constant k :  

m 

m=o 

A similar expansion is also introduced  for jo'(kr)/jo(ka). The 
term for n = 0 in  (1 2) expresses the traveling wave generated 
by the  source  on  the surface and  the  term  for rn = 0 is in- 
terpreted as a  reflected wave emanating from  the origin. The 
remaining terms  for r1 = 1, 2, 3, .-* and m = 1, 2, 3, e-. cor- 
respond to repeatedly  reflected waves. If  such an interpreta- 
tion is valid, we can take  the  zeroth  order  term (n = 0) as the 
expression for  the case of an  open spherical  surface. With this 
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procedure, Uo" and VO" can  be obtained as follows: 

which gives 

Equation  (14) means that  there is no  contribution  from UO" 
and Too to  the fields at  an  open spherical  surface. 

Thus  the magnetic  fields  inside the  open spherical  surface 
are formulated as follows. 

The validity of (1 5a) and  (15b) will be discussed in the fol- 
lowing  sections. 

111. HIGH-FREQUENCY SURFACE FIELDS 

In this  section, interest is focused on  the surface fields. By 
setting  the observation point  on  the  boundary (r  = a) ,  the 
functions Uo and I.'" are expressed as 

Some  asymptotic  representations can be obtained  from 
( 1  6a)  and  (1  6b)  under  the  condition  that  the radius of the 
spherical  surface is much greater than  the wavelength. Ishihara 
e t  al. [4 ] ,  [ 71 have compared  some numerical  results of the 
surface field obtained by using the following asymptotic 
representations  for  the case of cylindrical  concave surface: 
a) ray  plus  canonical  integral representation; b) whispering 
gallery (WG) mode sum and  continuous  spectrum representa- 
tion; c) ray  plus WG mode  representation;  and d) near-field 
representation. First  derivation of b) and  c) appeared  in [ 3 1, 
and a) was derived in [ 51. Similar methods are also applicable 
to (1  6a)  and (1 6b)  to  obtain high-frequency field representa- 
tions. We observe that  the WG mode  and  continuous  spectrum 
representation is not convenient to compute  the fields on  the 
concave spherical  surface. The reason is that  the calculation of 
the Legendre function Pp-'  (-cos 8) in (10)  and evaluation 
of the WG mode are  difficult when -9 is very small and v is not 
a large number.  Therefore, we have adopted  the  method of 
representing the fields in terms of rays  and simplified integrals. 

The  procedure  for deriving the high-frequency  representa- 
tions is similar to those in the case of a  vertical  electric source 
on a  spherical  surface [ 81. 

By utilizing  partial  expansions for l/jp' and l/j, in  (16a) 
and  (16b), 

N 

the  functions Uo and V 0  can  be divided into  two parts: 

where Ung and Vng correspond to  the  nth  terms of the  partial 
expansions and U!\rR, V N ~  correspond to  the remaining 
terms. The spherical Bessel functions h,(' y 2 )  and  the traveling 
Legendre function involved in the expressions of Ung 
and Vng ere replaced, respectively, by the Debye asymptotic 
forms [4]  and  (1 1). By deforming the  integration  path  into 
the steepest  descent path in the w plane ( w  = arcsin (vlkn)), 
one can  express the  functions Ung and V i  as ray  optical 
representations. The remaining  integrals UN and V N ~  can 
be simplified with the aid of the  Fock  asymptotic approxima- 
tions of the Bessel functions [ 41, [ 1  11. Changing the variables 
to t via v = ka -I- (ka/2)'13t and  taking  into  account  that  the 
principal contribution  to  the integrals arises at  the vicinity 
of t = 0 (v = ka)  [4],   one can  express the  functions U N ~  and 
VnrR in terms of simplified integrals. Equation (1 1) is again 
used in  the above  transformations. 

Substituting  the simplified forms of Ung,  Vng, VArR and 
V N ~  into  (15a)  and  (15b),  one can obtain  the  asymptotic 
expressions of the surface  magnetic  fields excited by the hori- 
zontal magnetic source as  follows: 

N 

where HeRg and H@ng account  for  the  contribution of Ung, 
Vng and  are given by 

Y,* = 2Q(n + 1) sin ~. 
2(n + 1) 

In  the above equations, Heng and H G ~ ~  describe the  geometr- 
ical optics fields having been  reflected n times and r ,  denotes 
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their  ray paths. For n = 0, they are four times as large as the 
magnetic fields radiated  from a  magnetic point  source  in free 
space, and  for n greater than unity, they  are  identical  to  the 
fields obtained by using geometrical optics [ 121.  This indi- 
cates  that  (1 5a) and  (1 5b)  are valid expressions of the fields 
inside  the  open spherical concave surface. 

The remaining terms He%R and H ~ N ~  account  for  the 
contribution of U N ~  and VN and are given by 

.$ = ( k ~ / 2 ) ' / ~ ,  7 = (ka/2)'I3S/a, S =ail, 

where 

and Ai, Bi denote  the Airy functions. The  integration  contour 
I ,  in  the  complex t plane is illustrated in Fig. 3. HeNR and 
HoNR given by  (21a)  and  (21 b) describe the  effects of ray 
fields having been reflected more  than N times  and involve 
the simplified integrals IN, J N ,  INr ,  and JN'.  The integral IN 
is the same as that  in  the case of a  cylindrical  surface [4 ]  ex- 
cept  for  the sign (-1 PN+l. These integrals  can be computed 
efficiently  by  deforming the  integration  path I, into f = 
,e-inI3 + wei2*l3 [ 51 as shown  in Fig. 3. 

The  number of rays N + 1 is determined such that, when 
the arc  length parameter y is increased, N f 1  also increases. 
In  the region near the source, no  ray-optical contribution is 
included, i.e., N = -1. The criterion for choosing the  number 
of rays has been discussed in [ 31 -[ 51 . 

As the limiting case of y -+ 0 in  (22a) and (22b), we obtain 
the following near-field representations: 

2.rr3/2 

fi n=O 

2n3/2  
7 3 ~ 2  n=o 

m 

I- (7) - - eirrI4 b,y3"12, 

m 

J-  (7) - - dny3R12, 

I r n  t-PLANE 
I 

0 

Yi 
0 . .  . Re 

Fig. 3. Integration  paths in complex t plane. 

where b, is the coefficient found  in  [4]  (note  that --i in  [4] 
should be  replaced  by j in this case) and d ,  is given by 

Equations  (23a)  and  (23b)  are valid either when the observa- 
tion  point  approaches  the  source  point  or when the  radius of 
the spherical  surface becomes infinite. In fact,  substituting 
(23a)  and  (23b)  into  (2la)  and  (21b) and letting y + 0, one 
obtains 

which are  exactly  the same as the fields  excited by a  horizon- 
tal magnetic point  source  located on  an infinitely large con- 
ducting plane. This  observation is considered to be another 
corroboration of the validity of (1 5a) and (1 5b). 

IV. THEORETICAL AND EXPERIMENTAL RESULTS 
The surface  magnetic  fields  excited  by  a horizontal mag- 

netic  point source located  on a conducting concave spherical 
surface can be  calculated by using (19a)-(24).  Numerical cal- 
culation has been performed by varying the values of N .  These 
curves for various N are  superposed for a wide range of the  arc 
distance S in a similar fashion as in the case of the vertical 
electric source on a  concave  spherical surface [ 8 ]  and magne- 
tic sources on a concave cylindrical  surface [ 4 ] ,   [ 6 ] ,  [ 71. Fig. 
4  shows the  amplitude of the surface field H as a function of 
the arc  distance S with kn = 104.7 and q5 = 90 . @O 
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Fig. 4. Amplitude  of  normalized  surface  field H . Theoretical  values 
and  measured  data  are both normalized to 0 c?B at S/X = 1/3. 

In  order to confirm the validity of the  theoretical results, 
experimental investigation  has  been performed.  The  frequency 
used is 10.0 GHz, and  the radius of the  conducting hemisphere 
is 0.5 m (ka = 104.7) [ 81. The surface  magnetic field excited 
by a small slot  antenna was measured by  a pickup shielded 
loop  antenna.  The length of the  slot  antenna is about  h/4, and 
it was fed by a standard X-band waveguide. The radius of the 
loop  antenna is about  h/24,  and  its  output was delivered to a 
spectrum analyzer through a semirigid cable  (radius is about 
h/75) creeping over the concave  surface.  Diffraction at  an edge 
of the hemisphere was avoided with  absorbing  material located 
around  the edge. 

The measured amplitude of the surface  magnetic field HG is 
shown in Fig. 4 and  compared with the  theoretical results. 
Theoretical values and measured data are both normalized as 
0 dB at  the  point where S = 1 cm ( S / h  = 1/3).  The agreement 
between the  theory  and  the measurements is fairly good,  and 
the validity of the analysis described in  Sections I1 and 111 is 
confirmed. 

V. MUTUAL COUPLING BETWEEN SLOTS 

By employing the results described in Section 111, the 
mutual coupling  between slot  antennas  located  on a concave 
spherical  surface  can  be  estimated. The  stationary expression 
for  the self- and mutual  admittance of slot antennas excited 
by rectangular waveguides is given by 

where Ei denotes  the surface  electric  field produced when the 
dominant  mode voltage Vi is applied to the  ith  aperture with 
all other  apertures  shorted.  The surface  magnetic field Hi is 
similarly produced when Vj is applied to i th aperture with all 
other  apertures  shorted. 

Since the  dominant  mode in the rectangular waveguide is 
the  TE,, mode, the electric field Ei may be assumed to be 
that of TE, 0 mode in the sense of a  first-order approximation. 
The surface field Hi can be obtained  from 

Hi(') = F(r, r') - n X Ej(r')dS' , (27) 

- 
where G(r, r') is the dyadic Green's function which describes 

Z m. 
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Fig. 5 .  Coordinate  systems  for  calculating  mutual  coupling. 
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Fig. 6 .  Amplitude of Sg for side-by-side  slot  antennas  on  concave, 
convex, and planar  surfaces. 

the surface  magnetic  fields of a  magnetic point  source  located 
at e = r'. In  (27),  the  source  point and  direction  are arbitrary. 
In  order to have the source always located  on  the z-axis and 
directed parallel to  the x-axis, it is convenient to  introduce 
a  local coordinate system xyz as shown in Fig. 5 .  The  relations 
between the  coordinate systems xyz and XYZ are found in 
[ 91 and [ 131. By using the  coordinate  transformation  and 
(19a)-(24),  the  mutual  admittance  has been computed nu- 
merically. 

The coupling  coefficient Sii is given by 

s.. = 
-2 Yg  Yij 

zJ (Y ,  + Yii + Yij)(Yg + Yii - Yii) 

where Yii and Yg denote  the self-admittance and characteristic 
admittance  for  TElo  mode, respectively. When the radius of 
the spherical  surface a is much greater than  the wavelength A, 
the self-admittance Yii can be assumed to be that of a slot 
antenna in an  infinite  conducting plane. 

Figs. 6-8 show the  computed results of the  amplitude of 
Sii for  the case of side-by-side, in echelon,  and collinear slot 
antennas. For comparison, the  mutual coupling  between slot 
antennas  on an infinite  conducting plane and a conducting 
convex spherical  surface obtained by Nakashima e t  al. [ 91 is 
also plotted in Figs.  6-8. The dimensions of the  slot  antenna 
are 0.797 h X 0.397 h and  the radius of the spherical  surface 
is a = 12.5 X (ka  = 78.5). 

On the convex  side, 1 Sij I decays  rapidly a, p the arc  distance 
S is increased. On the  other  hand, it does not decay and  shows 
oscillatory behavior on  the concave side. This tendency can  be 
deduced from  the results shown in Fig. 4, which illustrates the 
surface  magnetic field excited  by  a  magnetic point source. 
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Fig. 8. Amplitude of S g  for collinear  slot  antennas. 

VI. MEASUREMENT OF THE MUTUAL COUPLING 

In  order  to  compare with the  theoretical results described 
in the previous sections, experiments have been performed. 
The  apertures of slot  antennas were excited with  rectangular 
waveguides and have the same cross sectional dimensions as 
the feed waveguide. Dimensions of apertures  and radius of a 
conducting hemisphere are the same as those  in Figs. 6-8. 
The  frequency used here is 50 GHz. 

The measured amplitude of mutual coupling coefficient be- 
tween side-by-side slot  antennas  on a concave surface is illu- 
strated  in Fig. 9 and  compared with the  theoretical values. The 
measured  valuesagree  qualitatively  with the  theoretical ones 
but  are  somewhat less than  the  theoretical values. These dis- 
agreements  can be partly  attributed  to  the  effect of higher 
order modes which appear in  the  apertures of slot antennas. 
Recent investigation of the  mutual coupling coefficient 
between  rectangular  slot antennas on a conducting planar 
surface [ 141 shows that  the  effect of higher order modes is 
not serious, but it introduces a slight reduction  for  the ampli- 
tude of the  mutual coupling  coefficient. The remaining part of 
the deviation has  not been explained as yet. 

VII. CONCLUSION 

The expressions of the surface fields excited by a  hori- 
zontal magnetic point source located  on a conducting concave 
spherical  surface have been derived. Although the  method 
employed  in this analysis is similar to that  for  the case of a 
cylindrical surface, the present  investigation is the first  at- 
tempt with  sources on an  open spherical  surface. The analysis 

k a ~ 7 8 . 5  

THEORETICAL 

t 
- 6 0 " " ' " ' " ~ ' " ' ~  0 10h 

ARC DISTANCE S 
20h 30h 

Fig. 9. Comparison  between  theoretical  and  measured  data of ampli- 
tude  of Sg between  side-by-side  slot  antennas  on  concave  surface. 

has been extended to  the  mutual coupling between  slot  anten- 
nas on  the concave side. The calculated  results for  the surface 
fields agree with experimental data. 

The  mutual coupling  between slot  antennas  on  the con- 
cave surface has been calculated  by assuming the  dominant 
mode field of a  rectangular waveguide in the aperture. Numer- 
ical  results are compared  with those  for  the cases of planar 
and convex surfaces. On the concave  side, the  amplitude of 
the  mutual coupling  does not decay and shows oscillatory 
behavior when the arc  distance is increased. On the  other 
hand,  it decays  rapidly on  the convex side. These theoretical 
results for  the  mutual coupling in the case of concave  side 
have been confirmed by the  experiment showing the validity 
of the analysis presented in this paper. 
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Low Sidelobe  Aperture  Distributions  for  Blocked  and  Unblocked 
Circular  Apertures 

ARTHUR C. LUDWIG 

Abstruct-Low sidelobe aperture distributions are investigated for 
both  blocked and unblocked circular apertures. Both  peak sidelobe 
levels and wide-angle sidelobe  levels  are considered. For unblocked 
apertures,  Taylor’s  circular aperture synthesis technique is  geuer- 
alized  to provide control over the wide angle sidelobe decay rate. 
These  distributions  are compared to  a wide variety of alternative 
distributions in terms of the beamwidth, aperture efficiency, and 
radiated power distributions achieved for a given peak sidelobe level. 
A comparison is also made between the sidelobe envelopes achieved by 
four different  distributions with a  fixed beamwidth. For centrally 
blocked  apertures, it is shown that wide angle sidelobes can be 
reduced by employing aperture distributions with a hole  in the 
blocked  central  area. 

I .  INTRODUCTION 

T HE SYNTHESIS of low  sidelobe antenna  patterns is a 
classic problem with an extensive literature. This  paper 

is intended to  contribute in the following three areas:’ 

1) A  generalization of Taylor’s circular aperture synthesis 
technique [ 11 to include control of the wide-angle 
sidelobe  decay rate is presented. The analysis provides 
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results for circular apertures analogous to  the results 
given by Rhodes  for  line sources [ 2 ] .  These new dis- 
tributions provide additional capabilities  compared to 
alternatives such as the Bickmore-Spellmire distribu- 
tions [ 3 ] ,  [4 ] .  

2) A  unified  comparison, for peak sidelobe levels down to 
90 dB below the beam  peak, of beamwidth,  aperture 
efficiency, and radiated  power distributions achieved 
by a  wide  variety of circular aperture illuminations 
is given. These  results  complement an excellent com- 
parison of linear distributions given by Harris [ 5 1. 

3) An investigation of methods  for reducing wide angle 
sidelobes introduced  by  aperture blockage is conducted. 
Aperture  distributions with holes extending over the 
blocked region are  considered.  Such distributions raise 
the first sidelobe,  but lower wide-angle lobes. 

This  paper emphasizes the problem of reducing wide-angle 
sidelobes. While the peak level criterion will generally be 
employed,  data  are also provided on  the  total power  radiated 
beyond a given angle. This  power is easily related to  the 
root mean square (rms)  sidelobe level within  a given angular 
sector, and is defiied by (1) for a pattern  g(u): 

g2(u)u du 

W u 0 ) -  : 
g2(u)u du 
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