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Abstract. After a brief review of the notion of a full set of mutually unbiased bases ilNan
dimensional Hilbert space, we summarize the work of Wootters and Fields (W K Wootters and
B C Fields,Ann. Phys.191, 363 (1989)) which gives an explicit construction for such bases for
the caseN = p', wherep is a prime. Further, we show how, by exploiting certain freedom in the
Wootters—Fields construction, the task of explicitly writing down such bases can be simplified for the
case wherp is an odd prime. In particular, we express the results entirely in terms of the character
vectors of the cyclic grouf® of orderp. We also analyse the connection between mutually unbiased
bases and the representation&of
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The notion of a full set of mutually unbiased bases, MUB's for short, iNalimensional
Hilbert space may be viewed as an extension of the properties of the familiar Pauli matri-
ces, 0y, 0y, 0z Which arise in the description of the simplest quantum mechanical system
— a spin-half system. For a spin-half particle, consider the observaples andf, - o,
wheref; andn, are real three-dimensional unit vectors. These, as is well-known, obey the
commutation relations

f,-0,h,-0]=if;-0 ; fAg= (N xN,). 1)

Clearly, these observables are ‘maximally non-commuting’ [1] whgandf, are mutu-

ally orthogonal. Thus, the observablgs o, i=1,2,3 with i;’s as mutually orthogonal

real unit vectors, and, in particulary, oy, g, constitute a maximally non-commuting set in
this sense. Consider now an arbitrary state of a spin-half particle which, as is well known,
can be parametrized as

p:%(l+n-a) ;n-n<1. @)

To determinen and hence it is sufficient to consider any three observabieso with
n;’s non-coplanar. The vector can be reconstructed from expectation val(igs o) by
solving the equations
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However, if there are errors in the measurements, then it is intuitively obvious that the best
strategy to determing would be to choos@; as mutually orthogonal, i.e., to choose the
observables to be ‘maximally non-commuting’. If we examine the normalized eigenvectors
of such a set of observables then we find that we have three orthonormal sets of vectors with
the property that the modulus square of the scalar product of a vector from any set with a
vector from another set is/2. For instance, the normalized eigenvectore gioy, oy are

OO HOH) FOHC)

as can easily be verified. An extension of this property, to arbitrary dimensions, leads to
the following definition:

Definition In a Hilbert space of dimensidd, by a full set of mutually unbiased bases
(MUB’s) we mean a set dfl + 1 orthonormal bases such that the modulus square of the
scalar product of any member of one basis with any member of any other basis is equal to
1/N.

If we takee(@K) to denote théth vector in thexth orthonormal basis, then having a full
set of MUB’s amounts to having a collectieff¥) ; a =0,1,...,N; k=0,1,... . N—1,
of N(N + 1), N-dimensional complex vectors satisfying

N—-1
(e ETNP=1 3 (@) (P

! l !
:&waw+¢ﬂ1_5W);mau:QL“WN;

kK =0,1,...,N—1. (5)

Hereel(“vk) denotes théth component of th&th vector belonging to theth orthonormal
basis.

Note that for anyN, one of theN + 1 orthonormal bases, say, the one corresponding to
a = N may always be chosen to be the standard basis

MW =g 1,k=0,1,...,N-1, (6)

and we can, therefore, confine ourselves only to the remaiimghonormal bases(™K)
with bothmandk running over 01,...,N — 1. These, of course, must not only be unbiased
with respect to each other but must also be unbiased with respect to the standard basis. The
latter requirement implies th{g(™*)| should be equal to/4/N for all m/k, .

Mutually unbiased bases play an important role in quantum cryptography [2] and in the
optimal determination of the density operator of an ensemble [3,4]. A density operator
in N-dimensions depends o\ — 1 real quantities. With the help of MUB’s, any such
density operator can be encoded, in an optimal way, in terhsiol sets of probability
distributions each containing— 1 independent probabilities [3,4]:

N,k)

p( = Py (7a)

p(mk) - Ze'(mk)* P|se£m’k)- (7b)
S
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Conversely, from these probabilities one can reconstruct the density matrix using

Py = p(N’k) ) (8a)

P = Z<e|(m,k) p(m,k)egm,k)*;l ?é s (8b)
m,

Explicit construction of MUB’s has been possible only fbe= p" wherep is a prime.
The first construction of the set of MUB’s f&f = p was given by Ivanovic [5] and later
by Wootters [3]. Subsequently, Wootters and Fields [4] extended the construction in [3]
to the caséN = p' by making use of the properties of Galois fields [6]. (A recent work
by Bandyopadhyagt al [7] contains an alternative construction fdr= p" as well as a
necessary and sufficient condition for the existence of MUB's for an arbixary

A brief summary of the Wootters—Fields construction [4] is as follows

Case I: N=p', p:anodd prime
In this case

elfm,lg):%wTr[m|2+kl] 1) )

Here the symbolank,l which label bases, vectors in a given basis, and compo-
nents of a given vector in a given basis, respectively, stand-tbmensional arrays
(my,m;,...,m_,) etc. whose components take values in the s&f2)...,p—1, i.e.,

in the field Z,. Their boldfaced counterpants, k,| which appear on the rhs ¢9) be-
long to the Galois field Gfp"), i.e., they denote polynomials i of degreer whose
components in the basisxx?,...,x" 1 are (my,m;,...,m._,) etc. Thusm+«+— m =

My + My X+m, X2 +---+m,_; X~ The variablex is a root of a polynomial of degree
with coefficients inZ, and irreducible iy, i.e., with no roots inZ,. The trace operation

on the rhs of9) is defined as follows

Trml=m+m?+---+mP 1, (10)

and takes elements of Gp') to elements of#,. On carrying out the trace operation in
(9) one obtains

1 T T
(MK) — _— omal) k'l 11
g TN (11)
The components af(l) are given by
qi(l_)ZI_TBil_mOdpi:051727"';r_17 (12)
where ther x r matricesB, , i =0,1,...,r — 1, are obtained from the multiplication table
of (1,x,x%,...,x"~1):
1
X r—1 2 r—1
. (L x - X75)=By+ B X+BX 4+ B_1 X . (13)
-1
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Case ll: N=2'

As shown by Wootters and Fieldd,1) works forp = 2 as well if we replaceo by i in the
first factor on the RHS and suspend modperation while calculating; (1) using(12).
Hereafter we will confine ourselves to Case |. We may rewtifg in terms of extended
arrays(m, k) and(q(1),1) as
elmi) — L mTEnD,
1 VN

from which it is immediately obvious that if we tak¢o label the rows an@im, k) to label
the columns (arranged in a lexicographical order) oNaxiN 2 matrix e then thelth row
of this matrix is given by

(14)

1 1
—— y@OD = = (@0 g y(@HD) g ... 2 ¥ @G-10) g y (o) g y (1)
\/NX \/NX X X X X
@@ xh-1) (15)
wherex®:1 =0,1,..., p— 1, denote the character vectors of the cyclic gr@upf order

p. The matrixe contains the full set of MUB’s — the constituent orthonormal bases are
obtained by chopping this matrix into strips of width Of course, to write this matrix
down explicitly one needs to work oggl) for eachl_using(12).

We now suggest a simpler way of achieving the same results with much less work. First,
we notice that the rows & can be stacked on top of each other in any order. We will
take the first row to correspond ke= 0, i.e., asy (%9, To determine the remaining rows
we proceed as follows. Choose the irreducible polynori(&) in such a way that is a
primitive element of GF(p") = GF(p")\{0}. Its powersx,x?,...,x" ~1 then give all the
information we need to write the matréx

As an illustration, consider the cape= 5,r = 1. Here GF(5) = 2 = {1,2,3,4}. Itis
easy to see that 3 is a primitive element and that its powers modulo 5 are

3=3,32=4,33=23"=1, (16)

which givesl =3 —q(l) =4, =4—-q(l)=1L1=2—-q(l)=4I1=1—-q(l)=1,and
hence

e=

X
1 | X
— | X
V5 X

(0)
)
@ | 17)
©)
(4)

As another example, consider for instance 3,r = 2. In this casef (x) = X2 + X+ 2
is a polynomial of degree 2 irreducible ovgf; such thai is a primitive element of the

multiplicative abelian group GB?)\ {0} [8]. Computing the powers of modulof (x) we
obtain

X=0+1x,X% = 1+ 2x, x> = 2+ 2x, x* = 2+ 0x, x° = 0+ 2X,
X =2+xx" =1+xx8=1+0x, (18)
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which immediately gives thie— q(1) correspondence. Thus= (0,1) — x2 = (1,2);x2 =
(1,2) = x* = (2,0) etc. and we have

o
o
o
o

X9 % x0 g x0 g x©
Y0 Y@ g0 g x®
YV o x@ 005 Y@
L | x®Wex©ex®exO
e=— X(Z) ®X(l) ®X(1) ®X(l) (19)
V9| Y@ X050 g y@
YV X0 5?5 Y0
Y@ 50 gY@ g M
Y@ Y0 g Y@ g x@

Finally, it is natural to ask the question as to what relation, if any, exists between the
MUB'’s and the representations of the cyclic group of oqleFhe answer to this question
can be obtained by examining the two factors on the rfd Bf and the following facts
emerge:

e The diagonal matrice® ™ with diagonal elemente™ 90 (| taken as a row label)
provide arN = p'-dimensional unitary reducible representation of the direct product group
G' =G x Gx ---x G. This representation contains the trivial representation once together
with half of the nontrivial irreducible representations which occur with multiplicity two.

Thus, for instance, fop = 3,r = 1, we have

1 0 0 1 0 O 1 0 0
w(o) — (0 1 0> : w(l) = (O w O) ; w(Z) = (0 (4)2 0 > R
0 0 1 0 0 w 0 0 w?

(20)

which clearly furnish a three-dimensional reducible representation of the cyclic group of
order 3 in which the identity representation occurs once and one of the two non-trivial
representation occurs twice.

e The diagonal matrice®® with diagonal elementeX'! (I taken as a row label) pro-
vide anN = p'-dimensional unitary reducible representation of the direct product group
G" = G x G x --- x G which contains all the irreducible representations once (the regular
representation). Thus, for instance, for 3,r = 1, we have

1 0 0 1 0 O 1 0 O
w(o) — (0 1 0> : w(l) = (O w 0 > ; w(Z) = (O (4)2 O> R
0 0 1 0 0 o? 0 0 w

(21)

which clearly furnish a three-dimensional reducible representation of the cyclic group of
order 3 in which all the representations occur once.

e The diagonal matriceQ ™ 2 ® provide anN = p"-dimensional unitary reducible
representation of the direct product grdBpx G" in which certain prescribed irreducible
representations occur only once. This representation essentially yields the MUB’s in odd
prime power dimensions.
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Consider, again, the cage= 3,r = 1. Pairwise products of the matrices above give
us nine matrices which furnish a three-dimensional reducible representation of the direct
product group of the cyclic group of order 3 with itself. The diagonals of these matrices
give us the nine vectors in the MUB fbr= 3 (apart from the three in the standard basis).

To conclude, we have shown that the freedom in the choice of the irreducible polynomial
f(x) in carrying out the computations {6) and(7) can be profitably exploited to simplify
the task by choosing to work with &t{x) whose roots are primitive elements of Gg").
We have also brought out the connection between the MUBN ferp" and the represen-
tations of the cyclic group of ordgx. The question of existence of MUB’s in dimensions
other tharN = p' is an interesting open problem worthy of further investigations.

Acknowledgements

| am grateful to Prof. J Pasupathy for introducing me to the subject of MUB'’s.

References

[1] J SchwingerProc. Natl. Acad. Sci. U.S.A46, 570 (1960)

[2] H Bechmann-Pasquinucci and A Perelys. Rev. Lett85, 3313 (2000)

[3] W K Wootters,Found. Phys16, 391 (1986)

[4] W K Wootters and B C Fieldsinn. Phys191, 363 (1989)

[5] I D lvanovic, J. Phys Al4, 3241 (1981);). Math. Phys24, 1199 (1983)

[6] See, for instance, R Lidl and G PilApplied abstract algebrgSpringer Verlag, New York,
Berlin, Heidelberg, Tokyo, 1984)

[7] S Bandyopadhyay, P Oscar Boykin, V Roychowdhury and F Vatan, quant-ph/0103162

[8] Lists of irreducible polynomials for low values @gfandr together with the order of their roots
may be found in [6]. For givep andr, the number of such polynomials is equatgigd —1)/r,
whereg is the Euler phi-function

350 Pramana — J. Phys.Vol. 59, No. 2, August 2002



