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PREFACE

In this book, for the first time we introduce the notions of N-
groups, N-semigroups, N-loops and N-groupoids. We also
define a mixed N-algebraic structure. We expect the reader to be
well versed in group theory and have at least basic knowledge
about  Smarandache  groupoids, Smarandache loops,
Smarandache semigroups and bialgebraic structures and
Smarandache bialgebraic structures.

The book is organized into six chapters. The first chapter gives
the basic notions of S-semigroups, S-groupoids and S-loops
thereby making the book self-contained. Chapter two introduces
N-groups and their Smarandache analogues. In chapter three, N-
loops and Smarandache N-loops are introduced and analyzed.
Chapter four defines N-groupoids and S-N-groupoids. Since the
N-semigroup structures are sandwiched between groups and
groupoids, the study can be carried out without any difficulty.
Mixed N-algebraic structures and S-mixed algebraic structures
are given in chapter five. Some problems are suggested in
chapter six.

It is pertinent to mention that several exercises and problems
(Some in the form of proof to the theorems are given in all the
chapters.) A reader who attempts to solve them will certainly
gain a sound knowledge about these concepts. We have given
50 problems for the reader to solve in chapter 6.

The main aim of this book is to introduce new concepts and
explain them with examples there by encouraging young
mathematics to pursue research in this direction. Several
theorems based on the definition can be easily proved with
simple modification. Innovative readers can take up that job.



Also these notions find their applications in automaton theory
and colouring problems. The N-semigroups and N-automaton
can be applied to construct finite machines, which can perform
multitasks, so their capability would be much higher than the
usual automaton of finite machines constructed. We have
suggested a list of references for further reading.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE
January 2005



Chapter One

INTRODUCTORY CONCEPTS

In this chapter the authors introduce the basic properties to
make the book a self contained one. This chapter has 3 sections.
In section one some properties of groups and S-semigroups are
given. In section two basic notions about loops and S-loops are
given. Third section gives some properties essential about
groupoids and S-groupoids. The reader is expected to know
basic properties about groups. The reader is expected to refer
[35-40] for more about the concepts given in this chapter.

1.1 Groups, Smarandache semigroups and its basic properties

It is a well-known fact that groups are the only algebraic
structures with a single binary operation that is mathematically
so perfect that an introduction of a richer structure within it is
impossible. Now we proceed on to define a group.

DEFINITION 1.1.1: A non empty set of elements G is said to
form a group if in G there is defined a binary operation, called
the product and denoted by '»' such that

i a, b € Gimplies thata * b € G (closed)

ii. a, b, c € Gimplies a* (b*c) = (a-*b)*c (associative
law)
1ii. There exists an element e € G such thata*e=e*a =

afor all a € G (the existence of identity element in G).



iv. For every a € G there exists an element a’ e G such
thata~a' =a'va=e (the existence of inverse in G).

DEFINITION 1.1.2: 4 subgroup N of a group G is said to be a
normal subgroup of G if for everyg e Gandn € N, gn g'l eN.

Equivalently by gNg'1 we mean the set of all gng'l, neN
then N is a normal subgroup of G if and only if gNg'1 c N for
every g € G.

THEOREM 1.1.1: N is a normal subgroup of G if and only if
gNg'l =N for every g € G.

DEFINITION 1.1.3: Let G be a group. Z(G) = {x € G | gx = xg
forall g € G}. Then Z(G) is called the center of the group G.

DEFINITION 1.1.4: Let G be a group, A, B be subgroups of G. If
x, ¥y € G define x ~y if y = axb for some a € A and b € B. We
call the set AxB = {axb/a € A, b € B} a double coset of A, B in
G.

DEFINITION 1.1.5:: Let G be a group. A and B subgroups of G,
we say A and B are conjugate with each other if for some g €
G, A=gBg.

Clearly if A and B are conjugate subgroups of G then o(A) =
o(B).

THEOREM: (LAGRANGE). If G is a finite group and H is a
subgroup of G then o(H) is a divisor of o(G).

COROLLARY 1.1.1: If G is a finite group and a € G, then o(a) /
o(G).

COROLLARY 1.1.2: If G is a finite group and a € G, then a (@

=e.



In this section we give the two Cauchy's theorems one for
abelian groups and the other for non-abelian groups. The main
result on finite groups is that if the order of the group is n (n <
o) if p is a prime dividing n by Cauchy's theorem we will
always be able to pick up an element a € G such that a” = e. In
fact we can say Sylow's theorem is a partial extension of
Cauchy's theorem for he says this finite group G has a subgroup

of order p*(a. > 1, p, a prime).

THEOREM: (CAUCHY'S THEOREM FOR ABELIAN GROUPS).
Suppose G is a finite abelian group and p / o(G), where p is a
prime number. Then there is an element a #e € G such that a’
=e.

THEOREM: (CAUCHY): If p is a prime number and p | o(G),
then G has an element of order p.

Though one may marvel at the number of groups of varying
types carrying many different properties, except for Cayley's we
would not have seen them to be imbedded in the class of groups
this was done by Cayley's in his famous theorem. Smarandache
semigroups also has a beautiful analog for Cayley's theorem
which is given by A(S) we mean the set of all one to one maps
of the set S into itself. Clearly A(S) is a group having n!
elements if o(S) = n < o, if S is an infinite set, A(S) has
infinitely many elements.

THEOREM: (CAYLEY) Every group is isomorphic to a
subgroup of A(S) for some appropriate S.

The Norwegian mathematician Peter Ludvig Mejdell Sylow was
the contributor of Sylow's theorems. Sylow's theorems serve
double purpose. One hand they form partial answers to the
converse of Lagrange's theorem and on the other hand they are
the complete extension of Cauchy's Theorem. Thus Sylow's
work interlinks the works of two great mathematicians
Lagrange and Cauchy. The following theorem is one, which
makes use of Cauchy's theorem. It gives a nice partial converse
to Lagrange's theorem and is easily understood.



THEOREM: (SYLOW'S THEOREM FOR ABELIAN GROUPS) If G
is an abelian group of order o(G), and if p is a prime number,

such that p* | o(G), paﬂ +0(G), then G has a subgroup of order

o
p.
COROLLARY 1.1.3: If G is an abelian group of finite order and
p% | o(G), paH #0o(G), then there is a unique subgroup of G of
order p*.

DEFINITION 1.1.6: Let G be a finite group. A subgroup G of
order p® where p® / o(G) but p®+ o(G), is called a p-Sylow
subgroup of G. Thus we see that for any finite group G if p is
any prime which divides o(G), then G has a p-Sylow subgroup.

THEOREM (FIRST PART OF SYLOW'S THEOREM): If p is a
prime number and p®/ o(G) andpa+1 t0o(G), G is a finite group,
then G has a subgroup of order p*.

THEOREM: (SECOND PART OF SYLOW'S THEOREM): If G is a
finite group, p a prime and p" | o(G) but p"” to(G), then any
two subgroup of G of order p" are conjugate.

THEOREM: (THIRD PART OF SYLOW'S THEOREM): The
number of p-Sylow subgroups in G, for a given prime, is of the
form I + kp.

Here we first recall the definition of Smarandache
semigroups as given by Raul (1998) and introduce in this
section concepts like Smarandache commutative semigroup,
Smarandache weakly commutative semigroup, Smarandache
cyclic and weakly cyclic semigroups.

DEFINITION 1.1.7: The Smarandache semigroup (S-semigroup)
is defined to be a semigroup A such that a proper subset of A is

a group (with respect to the same induced operation).

DEFINITION 1.1.8: Let S be a S-semigroup. If every proper
subset of A in S, which is a group is commutative then we say

10



the S-semigroup S to be a Smarandache commutative
semigroup.

Remark: 1t is important to note that if S is a commutative
semigroup and if S is a S-semigroup then S is a Smarandache
commutative semigroup. Here we are interested in finding
whether there exists proper subsets of S-semigroups which are
subgroups of which some of them are commutative and some
non-commutative. This leads us to define:

DEFINITION 1.1.9: Let S be S-semigroup, if S contains at least a
proper subset A that is a commutative subgroup under the
operations of S then we say S is a Smarandache weakly
commutative semigroup.

DEFINITION 1.1.10: Let S be S-semigroup if every proper subset
A of S which is a subgroup is cyclic then we say S is a
Smarandache cyclic semigroup.

DEFINITION 1.1.11: Let S be a S-semigroup if there exists at
least a proper subset A of S, which is a cyclic subgroup under
the operations of S then we say S is a Smarandache weakly
cyclic semigroup.

DEFINITION 1.1.12: Let S be a S-semigroup. If the number of
distinct elements in S is finite, we say S is a finite S-semigroup
otherwise we say S is a infinite S-semigroup.

DEFINITION 1.1.13: Let S be a S-semigroup. If A be a proper
subset of S which is subsemigroup of S and A contains the
largest group of S then we say A to be the Smarandache hyper
subsemigroup of S.

Example 1.1.1: Let S(8) be the Smarandache symmetric

semigroup of all mappings of the set S = (1, 2, 3, ..., 8). Now
S(8) has a Smarandache hyper subsemigroup for take

11



123 .. 8
S ,
8U{[111... 1]
1 2 3 ... 8\(1 23 ..38 1 2 3 ... 8
2 22 ...2013 33 ...3/7l8 8 8 ... 8

Clearly A is a subsemigroup of S(8) and has the largest group
Sg in it.

THEOREM 1.1.2: Let S be a S-semigroup. Every Smarandache
hyper subsemigroup is a Smarandache subsemigroup but every
Smarandache subsemigroup is not a Smarandache hyper
subsemigroup.

DEFINITION 1.1.14: Let S be a S-semigroup. We say S is a
Smarandache simple semigroup if S has no proper
subsemigroup A, which contains the largest subgroup of S or
equivalently S has no Smarandache hyper subsemigroup.

THEOREM 1.1.3: Z, = {0, 1, 2, ..., p — 1} where p is a prime is
a S-semigroup under multiplication modulo p. But Z, is a
Smarandache simple semigroup.

DEFINITION 1.1.15: Let A be a S-semigroup. H is a proper
subset of A (H c A) be a group under the operations of A. For
any a € A define the Smarandache right coset Ha = {ha/h
H)}, Ha is called the Smarandache right coset of H in A.

DEFINITION 1.1.16: Let S be a S-semigroup. H — S be a
subgroup of S. We say aH is the Smarandache coset of H in S
fora € SifHa = aH, that is {ha/h € H} = {ah/h € H}.

To prove the classical Cayley's theorem of group for S-
semigroups we need the concept of S-semigroup

homomorphism using which we will prove our result.

DEFINITION 1.1.17: Let S and S' be any two S-semigroups. A
map ¢ from S to S'is said to be a S-semigroup homomorphism if

12



@ restricted to a subgroup A < S - A' < S' is a group
homomorphism. The S-semigroup homomorphism is an
isomorphism if ¢: A — A'is one to one and onto. Similarly, one
can define S-semigroup automorphism on S.

THEOREM: (CAYLEY'S THEOREM FOR S-SEMIGROUP) Every
S-semigroup is isomorphic to a S-semigroup S(N), of mappings
of a set N to itself, for some appropriate set N.

For more about S-semigroups please refer [40].

1.2 Loops Smarandache Loops and their basic properties

We at this juncture like to express that books solely on loops are
meagre or absent as, R.H.Bruck deals with loops on his book "4
Survey of Binary Systems", that too published as early as 1958,
[3]. Other two books are on "Quasigroups and Loops" one by
H.O. Pflugfelder, 1990 which is introductory and the other book
co-edited by Orin Chein, H.O. Pflugfelder and J.D. Smith in
1990 [10]. So we felt it important to recall almost all the
properties and definitions related with loops [3]. As this book is
on Smarandache loops so, while studying the Smarandache
analogous of the properties the reader may not be running short
of notions and concepts about loops.

DEFINITION 1.2.1: 4 non-empty set L is said to form a loop, if
on L is defined a binary operation called the product denoted by

‘o' such that

i Foralla, b € L we have a eb € L (closure property).

ii. There exists an element e € L such thata ee = ¢ ea =
aforall a € L (eis called the identity element of L).
iii. For every ordered pair (a, b) € L x L there exists a

unique pair (x, y) in L such that ax = b and ya = b.

DEFINITION 1.2.2: Let L be a loop. A non-empty subset H of L
is called a subloop of L if H itself is a loop under the operation

of L.

13



DEFINITION 1.2.3: Let L be a loop. A subloop H of L is said to
be a normal subloop of L, if

i xH = Hx.
ii. (Hx)y = H(xy).
iii. y(xH) = (yx)H

forallx,y € L.

DEFINITION 1.2.4: A4 loop L is said to be a simple loop if it does
not contain any non-trivial normal subloop.

DEFINITION 1.2.5: The commutator subloop of a loop L
denoted by L' is the subloop generated by all of its
commutators, that is, ({x € L /x = (v, z) for some y, z € L})
where for A c L, (A4) denotes the subloop generated by A.

DEFINITION 1.2.6: If x, y and z are elements of a loop L an
associator (x, y, z) is defined by, (xy)z = (x(yz)) (x, y, z).

DEFINITION 1.2.7: The associator subloop of a loop L (denoted
by A(L)) is the subloop generated by all of its associators, that
is ((x eL/x=(a, b, c) forsomea, b,c € L}).

DEFINITION 1.2.8: The centre Z(L) of a loop L is the
intersection of the nucleus and the Moufang centre, that is Z(L)
= C(L) N N(L).

DEFINITION [26]: 4 normal subloop of a loop L is any subloop
of L which is the kernel of some homomorphism from L to a

loop.

Further Pflugfelder [10] has proved the central subgroup Z(L) of
a loop L is normal in L.

DEFINITION [26]: Let L be a loop. The centrally derived
subloop (or normal commutator- associator subloop) of L is

14



defined to be the smallest normal subloop L' c L such that L /L'
is an abelian group.

Similarly nuclearly derived subloop (or normal associator
subloop) of L is defined to be the smallest normal subloop L; c

L such that L / L; is a group. Bruck proves L' and L; are well
defined.

DEFINITION [26]: The Frattini subloop ¢(L) of a loop L is
defined to be the set of all non-generators of L, that is the set of
all x € L such that for any subset S of L, L = (x, S) implies L =
(S). Bruck has proved as stated by Tim Hsu ¢(L) c L and L /
(L) is isomorphic to a subgroup of the direct product of groups
of prime order.

DEFINITION [20]: Let L be a loop. The commutant of L is the set
(L) ={a e L/ax =xa Vx € L}). The centre of L is the set of all
a € C(L) such thata exy =ax ey =x eay =xa ey and xy ea
=x eya for all x, y € L. The centre is a normal subloop. The
commutant is also known as Moufang Centre in literature.

DEFINITION [21]: A left loop (B, @) is a set B together with a
binary operation 'e' such that (i) for each a € B, the mapping x
— a e x is a bijection and (ii) there exists a two sided identity
1 € B satisfying 1 ex =x e 1 =x for every x € B. A right loop is
defined similarly. A loop is both a right loop and a left loop.

DEFINITION [11] : 4 loop L is said to have the weak Lagrange
property if, for each subloop K of L, |K| divides |L|. It has the
strong Lagrange property if every subloop K of L has the weak
Lagrange property.

DEFINITION 1.2.9: 4 loop L is said to be power-associative in
the sense that every element of L generates an abelian group.

DEFINITION 1.2.10: 4 loop L is diassociative loop if every pair
of elements of L generates a subgroup.

15



DEFINITION 1.2.11: 4 loop L is said to be a Moufang loop if it
satisfies any one of the following identities:

L () (zx) = (x(yz))x
i.  ((xp)z)y =x(¥(zp)
iii.  x(y(xz) = ((xp)x)z

forallx,y, z € L.

DEFINITION 1.2.12: Let L be a loop, L is called a Bruck loop if
x(yx)z = x(y(xz)) and (xy)’l = x'jy'j forallx,y, z € L.

DEFINITION 1.2.13: 4 loop (L, e) is called a Bol loop if ((xy)z)y
=x((vz)y) forallx, y, z € L.

DEFINITION 1.2.14: A loop L is said to be right alternative if
(xy)y = x(yy) for all x, y € L and L is left alternative if (xx)y =
x(xy) for all x, y € L. L is said to be an alternative loop if it is
both a right and left alternative loop.

DEFINITION 1.2.15: A4 loop (L, e) is called a weak inverse
property loop (WIP-loop) if (xy)z = e imply x(yz) = e for all x, y,
z e L.

DEFINITION 1.2.16: A loop L is said to be semi alternative if (x,
v, z) =, z x) forall x, y, z € L, where (x, y, z) denotes the
associator of elements x, y, z € L.

THEOREM (MOUFANG'S THEOREM): Every Moufang loop G is
diassociative more generally, if a, b, ¢ are elements in a
Moufang loop G such that (ab)c = a(bc) then a, b, c generate an
associative loop.

The proof is left for the reader; for assistance refer Bruck R.H.

[3].
DEFINITION 1.2.17: Let L be a loop, L is said to be a two

unique product loop (t.u.p) if given any two non-empty finite
subsets A and B of L with |A| + |B| > 2 there exist at least two

16



distinct elements x and y of L that have unique representation in
the from x = ab and y = cd witha, c € A and b, d € B.

A loop L is called a unique product (u.p) loop if, given A and B
two non-empty finite subsets of L, then there always exists at
least one x € L which has a unique representation in the from x
=ab, witha € Aand b € B.

DEFINITION 1.2.18: Let (L, o) be a loop. The principal isotope
(L, ®) of (L, & with respect to any predetermined a, b € L is
defined by x *y = XY, for all x, y € L, where Xa = x and bY =y
forsome X, Y € L.

DEFINITION 1.2.19: Let L be a loop, L is said to be a G-loop if
it is isomorphic to all of its principal isotopes.

The main objective of this section is the introduction of a new
class of loops with a natural simple operation. As to introduce
loops several functions or maps are defined satisfying some
desired conditions we felt that it would be nice if we can get a
natural class of loops built using integers.

Here we define the new class of loops of any even order,
they are distinctly different from the loops constructed by other
researchers. Here we enumerate several of the properties
enjoyed by these loops.

DEFINITION [32]: Let L,(m) = {e, 1, 2, ..., n} be a set where n
> 3, nis odd and m is a positive integer such that (m, n) = 1
and (m -1, n) = 1 withm < n.
Define on L,(m) a binary operation 'e' as follows:

i eei=iee=iforalli € L,(m)

i. i =iei=cforallieLy(m)

iii. i ®j=twheret= (mj— (m-1)i) (modn)

foralli, j € Lym); i #j, i #e and j # e, then Ly(m) is a loop
under the binary operation '®’.

17



Example 1.2.1: Consider the loop Ls(2) = {e, 1, 2, 3,4, 5}. The
composition table for Ls(2) is given below:

NV |[—|o |e
n|lh|lWIN|~|o (o
W[l [—|—
A= lo [ NN
— (oo ||| w
Wlo [n—|N| >
O | =[N |W]|K [k

This loop is of order 6 which is both non-associative and non-
commutative.

Physical interpretation of the operation in the loop L,(m):

We give a physical interpretation of this class of loops as
follows: Let Ly(m)= {e, 1, 2, ... , n} be a loop in this identity
element of the loop are equidistantly placed on a circle with e as
its centre.

We assume the elements to move always in the clockwise
direction.

A 1

\ 4

Leti,j € Ly(m) (i#j,1#e,]j#¢e). If]jis the ™ element from i
counting in the clockwise direction the i o j will be the ¢
element from j in the clockwise direction where t = (m —1)r. We
see that in general i ® j need not be equal to j e i. When i =j we
definei’=eandiee=cei=iforalliec Ly(m) and e acts as
the identity in Ly(m).

18



Example 1.2.2: Now the loop L7(4) is given by the following
table:

D=0 QW

— (LW | [N
N[(—= A Qo || |[W]Ww
A0 [ [Q[W|[n]|wn
Wlo IN|n[—=]K~]|Q[NDN
O [WInN|N[n—= A~

1
1
e
5
2
6
3
7
4

<[V [N |~ [W|N|—|o e
NN ||~ |WIN[(—lo O

Let 2, 4 € Ly(4). Now 4 is the 2" element from 2 in the
clockwise direction. So 2.4 will be (4 — 1)2 that is the 6"

element from 4 in the clockwise direction which is 3.
Hence 2.4 = 3.

Notation: Let L, denote the class of loops. Ly(m) for fixed n
and various m's satisfying the conditions m < n, (m, n) = 1 and
(m—1,n) =1, thatis L, = {Ly(m) | n >3, n odd, m <n, (m, n) =
I and (m-1, n) = 1}.

Example 1.2.3: Let n = 5. The class Ls contains three loops;
viz. Ls5(2), Ls(3) and Ls(4) given by the following tables:
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Ls(2)

o | ¢ 1123|415
e e 1 2 3 4 5
1 1 e | 3|52 4
2 12 5]e| 4|1 3
3 (3411 e | 512
4 14352 ]|ce 1
51512141 3 | e
Ls(3)
o | ¢ 1 {23415
e e 1 2131415
1 1 e | 4|2 |53
2 (24 e | 5|3 1
31325 ce 1 | 4
4 14|53 1 e | 2
51513 1 |4 ]2 e
Ls(4)
. e 1 2 3 4 5
e e 1 213|415
1 1 e | 5|43 ]2
2 123 ]e 1 |5] 4
3 (3|54 e|?2 1
4 |1 4|2 1 51e| 3
51514132 1 e

THEOREM [23]: Let L, be the class of loops for any n > 3, if
n=pip?...pk* (g > 1, fori =1 2, ..., k), then |L,| =

k
I(p, —2) p/~" where |L,| denotes the number of loops in L.

i=1
The proof is left for the reader as an exercise.
THEOREM [23]: L, contains one and only one commutative

loop. This happens when m = (n + 1) / 2. Clearly for this m, we
have (m, n) =1 and (m—1,n) = 1.
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It can be easily verified by using simple number theoretic
techniques.

THEOREM [23]: Let L, be the class of loops. If
n=p"p? .. plk*, then L, contains exactly F, loops which are

k
strictly non-commutative where F,, = I (p,-3) pi".

The proof is left for the reader as an exercise.

Note: If n = p where p is a prime greater than or equal to 5 then
in L, a loop is either commutative or strictly non-commutative.
Further it is interesting to note if n = 3t then the class L, does
not contain any strictly non-commutative loop.

THEOREM [32]: The class of loops L, contains exactly one left
alternative loop and one right alternative loop but does not
contain any alternative loop.

Proof: We see Ly(2) is the only right alternative loop that is
when m = 2 (Left for the reader to prove using simple number
theoretic techniques). When m = n —1 that is Ly(n —1) is the only
left alternative loop in the class of loops L.

From this it is impossible to find a loop in L,, which is
simultaneously right alternative and left alternative. Further it is
clear from earlier result both the right alternative loop and the
left alternative loop is not commutative.

THEOREM [23]: Let L, be the class of loops:

i Ly, does not contain any Moufang loop
ii. L, does not contain any Bol loop
iii. L, does not contain any Bruck loop.

The reader is requested to prove these results using number
theoretic techniques.
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THEOREM [32]: Let L,(m) € L,. Then L,(m) is a weak inverse
property (WIP) loop if and only if(m2 —m + 1) =0(mod n).

Proof: 1t is easily checked that for a loop to be a WIP loop we
have "if (xy)z = e then x(yz) = ¢ where x, y, z € L." Both way
conditions can be derived using the defining operation on the
loop Ly(m).

Example 1.2.4: L be the loop L7(3) = {e, 1, 2, 3,4, 5,6, 7} be
in L7 given by the following table:

N[N ([WIN|—=|o |e
N[N ([WIN|—=|o |o
Wln Q[N | [—]|—
A=Wl |lo |~
[\ N BN Fo N el FOJN AV, B EN | QUSROS
NIQIN|0 [N]|—= W[
— WO Q|||
I FON N (VST (V.3 BRI O X Fo ] fo)
OR[N —=|W W[V

It is easily verified L7(3) is a WIP loop. One way is easy for (m2
—m+1)=0(mod 7) thatis 9 -3+ 1=9+4+1=0(mod 7). It
is interesting to note that no loop in the class L, contain any
associative loop.

THEOREM [23]: Let L, be the class of loops. The number of
strictly non-right (left) alternative loops is P, where

k k
P =1j[1(p,. -3)p/ and nzljllpf"’.

The proof is left for the reader to verify.
Now we proceed on to study the associator and the
commutator of the loops in L.

THEOREM [23]: Let L,(m) € L,. The associator A(L,(m)) =
Lu(m).
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DEFINITION 1.2.20: The Smarandache loop (S-loop) is defined
to be a loop L such that a proper subset A of L is a subgroup
(with respect to the same induced operation) that is ¢ #A L.

For more literature about the new class of loops refer [32-37].

1.3 Groupoids and Smarandache Groupoids

In this section we just recall the notion of groupoids and S-
groupoids. We also give some new classes of groupoids
constructed using the set of modulo integers. This book uses in
several examples the groupoids from these new classes of
groupoids and just recalls the notion of Smarandache semi
automaton. For more about S-groupoids please refer [].

DEFINITION 1.3.1: Given an arbitrary set P a mapping of P x P
into P is called a binary operation on P. Given such a mapping
o: P x P — P we use it to define a product *in P by declaring a
*b=cifo(a b)=c.

DEFINITION 1.3.2: 4 non empty set of elements G is said to
form a groupoid if in G is defined a binary operation called the
product denoted by *such thata *b € G forall a, b € G.

DEFINITION 1.3.3: A groupoid G is said to be a commutative
groupoid if for every a, b € G we have a *b =b *a.

DEFINITION 1.3.4: A groupoid G is said to have an identity
elementein Gifa *e=e *a=aforalla € G.

DEFINITION 1.3.5: Let (G, #) be a groupoid a proper subset H
c G is a subgroupoid if (H, #) is itself a groupoid.

DEFINITION 1.3.6: A groupoid G is said to be a Moufang

groupoid if it satisfies the Moufang identity (xy) (zx) = (x(yz))x
forallx, y, zin G.
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DEFINITION 1.3.7: 4 groupoid G is said to be a Bol groupoid if
G satisfies the Bol identity ((xy) z) y = x ((yz) y) for all x, y, z in
G.

DEFINITION 1.3.8: A groupoid G is said to be a P-groupoid if
(xy) x =x (yx) forall x, y € G.

DEFINITION 1.3.9: 4 groupoid G is said to be right alternative
if it satisfies the identity (xy) y = x (yy) for all x, y € G.
Similarly we define G to be left alternative if (xx) y = x (xy) for
allx,y € G.

DEFINITION 1.3.10: A groupoid G is alternative if it is both
right and left alternative, simultaneously.

DEFINITION 1.3.11: Let (G, #) be a groupoid. A proper subset
H of G is said to be a subgroupoid of G if (H, #) is itself a
groupoid.

DEFINITION 1.3.12: 4 groupoid G is said to be an idempotent
Crp 2
groupoid if x” = x for all x € G.

DEFINITION 1.3.13: Let G be a groupoid. P a non empty proper
subset of G, P is said to be a left ideal of the groupoid G if 1) P
is a subgroupoid of G and 2) For allx € Gand a € P, xa € P.
One can similarly define right ideal of the groupoid G. P is
called an ideal if P is simultaneously a left and a right ideal of
the groupoid G.

DEFINITION 1.3.14: Let G be a groupoid A subgroupoid V of G
is said to be a normal subgroupoid of G if

i aV'="Va
ii. (Vx)y = V(xy)
iii. y(xV) =)V

forallx,y,a V.
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DEFINITION 1.3.15: A4 groupoid G is said to be simple if it has
no non trivial normal subgroupoids.

DEFINITION 1.3.16: 4 groupoid G is normal if

i xG = Gx
ii. G(xy) = (Gx)y
iii. y(xG) = (yx)G for all x, y € G.

DEFINITION 1.3.17: Let G be a groupoid H and K be two
proper subgroupoids of G, with H N K = ¢. We say H is
conjugate with K if there exists a x € H such that H = x K or Kx
(‘or' in the mutually exclusive sense).

DEFINITION 1.3.18: Let (G;, 6;), (G2, 65), ..., (G,, 6,) be n
groupoids with 6; binary operations defined on each G;, i = 1, 2,
3, ..., n. The direct product of Gy, ..., G, denoted by G = G| x
. x Gy, = {(g, ..., g) | & € Git by component wise
multiplication on G, G becomes a groupoid.
Forifg= (g5, .., g and h = (hy, ..., hy) then g * h =
{(2161h;, g2600h, ..., g,6,hy)}. Clearly, gh € G. Hence G is a
groupoid.

DEFINITION 1.3.19: Let G be a groupoid we say an element e
G is a left identity if ea = a for all a € G. Similarly we can
define right identity of the groupoid G, if e € G happens to be
simultaneously both right and left identity we say the groupoid
G has an identity.

DEFINITION 1.3.20: Let G be a groupoid. We say a in G has
right zero divisor if a *b = 0 for some b #0in G and a in G has
left zero divisor if b *a = 0. We say G has zero divisors if a * b
=0andb *a=0fora b € G\ {0} A zero divisor in G can be
left or right divisor.

DEFINITION 1.3.21: Let G be a groupoid. The center of the
groupoid C (G) = {x €G | ax = xa for all a € G}.
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DEFINITION 1.3.22: Let G be a groupoid. We say a, b € G is a
conjugate pair if a = bx (or xa for some x € G) and b = ay (or
ya for some y € G).

DEFINITION 1.3.23: Let G be a groupoid of order n. An element
a in G is said to be right conjugate with b in G if we can find x,
yeGsuchthatasx=bandbey=a((x *a=bandy *b =
a). Similarly, we define left conjugate.

DEFINITION 1.3.24: Let Z' be the set of integers. Define an
operation * on A by x #y = mx + ny where m, n € Z'm<a
and n < oc (m, n) = 1 and m # n. Clearly {Z+, * (m, n)} is a
groupoid denoted by Z" (m, n). We have for varying m and n get
infinite number of groupoids of infinite order denoted by 7. "

Here we define a new class of groupoids denoted by Z(n) using
Z, and study their various properties.

DEFINITION 1.3.25: Let Z,={0, 1, 2, ..., n— 1} n >3. Fora, b
€ Z, \ {0} define a binary operation *on Z, as follows. a *b =
ta + ub (mod n) where t, u are 2 distinct elements in Z, \ {0}
and (t, u) =1 here ' + 'is the usual addition of 2 integers and '
ta ' means the product of the two integers t and a. We denote
this groupoid by {Z,, (t, u), *} or in short by Z, (t, u).

It is interesting to note that for varying t, u € Z,\ {0} with (t, u)
=1 we get a collection of groupoids for a fixed integer n. This
collection of groupoids is denoted by Z(n) that is Z(n) = {Z,, (t,
u), * | for integers t, u € Z, \ {0} such that (t, u) = 1}. Clearly
every groupoid in this class is of order n.

Example 1.3.1: Using Z; = {0, 1, 2}. The groupoid {Z;, (1, 2),
*} =(Zs (1, 2)) is given by the following table:

N = OO

N[— O] *
— O | =
S|~
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Clearly this groupoid is non associative and non commutative
and its order is 3.

THEOREM 1.3.1: Let Z, = {0, 1, 2, ..., n}. A groupoid in Z (n) is
a semigroup if and only ift2 =t (mod n) and W’ =u (mod n) for
tueZ,\{0}and (t u) = 1.

THEOREM 1.3.2: The groupoid Z, (t, u) is an idempotent
groupoid if and only if t + u =1 (mod n).

THEOREM 1.3.3: No groupoid in Z (n) has {0} as an ideal.

THEOREM 1.3.4: P is a left ideal of Z, (t, u) if and only if P is a
right ideal of Z,, (u, 1).

THEOREM 1.3.5: Let Z,, (¢, u) be a groupoid. If n =t + u where
both t and u are primes then Z, (t, u) is simple.

DEFINITION 1.3.26: Let Z, = {0, 1, 2, ... ,n -1} n 23, n < o
Define * a closed binary operation on Z, as follows. For any a,
b € Z, define a *b = at + bu (mod n) where (t, u) need not
always be relatively prime but t zu and t, u € Z, \ {0}.

THEOREM 1.3.6: The number of groupoids in Z'(n) is (n— 1) (n
-2).

THEOREM 1.3.7: The number of groupoids in the class Z (n) is
bounded by (n—1) (n—2).

THEOREM 1.3.8: Let Z,, (1, u) be a groupoid in Z'(n) such that
(tu) =t n=2m,t/2mandt~+ u=2m. Then Z, (t, u) has
subgroupoids of order 2m /tor n/t.

Proof: Givennisevenandt+u=nsothatu=n-—t.
Thus Z, (t, v) = Z, (t, n — t). Now using the fact

t-Z, = {0, t, 2t, 3t, ... ,(%—ljt}that ist.Z, has only n/t
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elements and these n / t elements from a subgroupoid. Hence Z;
(t, n —t) where (t, n —t) =t has only subgroupoids of order n / t.

DEFINITION 1.3.27: Let Z, = {0, 1, 2, ..., n— 1} n >3, n <
Define *on Z, as a *b = ta + ub (mod n) where t and u € Z, \
{0} and t can also equal u. For a fixed n and for varying t and u
we get a class of groupoids of order n which we denote by

Z"m).

DEFINITION 1.3.28: Let Z, = {0, 1,2, ..., n— 1} n >3, n < e
Define *on Z, as follows. a * b = ta + ub (mod n) where t, u €
Z,. Here t or u can also be zero.

DEFINITION 1.3.29: 4 Smarandache groupoid (S-groupoid) G
is a groupoid which has a proper subset S, S < G such that S
under the operations of G is a semigroup.

Example 1.3.2: Let (G, *) be a groupoid given by the following
table:

N[ [WIN =D
=Dk~ |[W]|WwW
N[ [WIN|— O~
N[ =S| |W|Wn

N [WIN|—|O| *
N|h[WIN|I—|O|IO
\ON Ll Kanll QU IR SN QUSH

Clearly, S; = {0, 3}, Sp = {1, 4} and S3 = {2, 5} are
proper subsets of G which are semigroups of G.

So (G, *) is a S-groupoid.
DEFINITION 1.3.30: Let G be a S-groupoid if the number of
elements in G is finite we say G is a finite S-groupoid, otherwise

G is said to be an infinite S-groupoid.

DEFINITION 1.3.31: Let G be a S-groupoid. G is said to be a
Smarandache commutative groupoid (S-commutative groupoid)
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if there is a proper subset, which is a semigroup, is a
commutative semigroup.

THEOREM 1.3.9: Let G be a commutative groupoid if G is a S-
groupoid then G is a S-commutative groupoid. Conversely, if G
is a S-commutative groupoid G need not in general be a
commutative groupoid.

DEFINITION 1.3.32: Let (G, #) be a S-groupoid. A non-empty
subset H of G is said to be a Smarandache subgroupoid (S-
subgroupoid) if H contains a proper subset K < H such that K is
a semigroup under the operation *.

DEFINITION 1.3.33: Let G be a SG and V be a S-subgroupoid of
G. V is said to be a Smarandache normal groupoid (S-normal
groupoid) if aV = X and Va =Y for all a € G where both X and
Y are S-subgroupoids of G.

THEOREM 1.3.10: Every S-normal groupoid is a Smarandache
semi normal groupoid and not conversely.

DEFINITION 1.3.34: Let G be a S-groupoid. H and P be any two
subgroupoids of G. We say H and P are Smarandache (S-semi
conjugate subgroupoids) of G if

i H and P are S-subgroupoids of G
ii. H =xP or Px or
iii. P =XxH or Hx for some x € G.

DEFINITION 1.3.35: Let G be a S-groupoid. H and P be
subgroupoids of G. We say H and P are S-conjugate
subgroupoids of G if

i.  Hand P are S-subgroupoids of G
ii. H=xPorPxand
iii. P =xHor Hx.

DEFINITION 1.3.36: Let S be non empty set. Generate a free
groupoid using S and denote it by <S8>. Clearly the free
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semigroup generated by the set S is properly contained in <S>,
as in <S> we may or may not have the associative law to be
true.

DEFINITION 1.3.37: 4 Semi Automaton is a triple Y = (Z, A, J)
consisting of two non - empty sets Z and A and a function O: Z x
A > Z, Zis called the set of states, A the input alphabet and &
the "next state function” of Y.

DEFINITION 1.3.38: Y, = (Z A,,8,) is said to be a

Smarandache semi automaton (S-semi automaton) if KS =(4)is
the free groupoid generated by A with A the empty element
adjoined with it and O is the function from Z x A, — Z. Thus

the S-semi automaton contains Y = (Z, A8 ) as a new semi

automaton which is a proper sub-structure of Y.
Or equivalently, we define a S-semi automaton as one,
which has a new semi automaton as a sub-structure.

DEFINITION  1.3.39: 7;= (Z1, 4,,8',) is called  the

Smarandache sub semi automaton (S-subsemi automaton) of Z
= (2, A,,d',) denoted by 7; <Y, if Zi € Z; and §'is the
restriction of 8,on Z; x A, and Y; has a proper subset H —

fs such that H is a new semi automaton.

For more literature refer [36, 40].
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Chapter Two

N-GROUPS AND
SMARANDACHE N-GROUPS

In this chapter for the first time we give definitions, properties
and examples of N-groups and Smarandache N-groups.
However we have given in some of our books about the
generalizations from  bistructures to N-structures. The
bistructures can be totally derived when N takes the value two.
Throughout this book N is a finite positive number, N > 2. This
chapter has two sections; in the first section we introduce the
definition of N-groups and its properties. In section two we give
the notions of Smarandache N-groups.

2.1 Basic Definition of N-groups and their properties

In this section we introduce the notion of N-groups and give
their properties. Several of the classical results are extended by
defining appropriate substructures on the N-groups. Examples
are given to illustrate these structures.

DEFINITION 2.1.1: Let {G, *;, ..., *n} be a non empty set with N
binary operations. {G, *;, ..., *n} is called a N-group if there
exists N proper subsets Gy, ..., Gy of G such that

i G=G; UGy ...uGy.
ii. (Gj, *i)isagroup fori=1,2, ..., N.
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We say proper subset of G if G; & Gjand G; & G; ifi #j for I <
i, ] <N. When N = 2 this definition reduces to the definition of
bigroup.

Example 2.1.1: Take G = G| U Gy U G3 U G4 U G5 where Gy
= S3, the symmetric group of degree 3. G, = Dy, the dihedral
group of order 2n. G3 = (g | g° = 1), (p #n, p X n); G4 = A4 the
alternating subgroup of the symmetric group S4 and Gs the
group of quaternions.

Then {G, *y, ..., *5} is a 5-group. Clearly G = G; U Gy U
G3 U G4 U Gs and each (G, *)) is a group. Suppose we have {G
=A3U S3U Ag U S4U Dos, *1, ¥, ..., *s}. G is not a S5-gorup
for Az E S3 and A4 E S4 so G is not a 5-group as A3, S3, Ag,

S4 and Dys are not proper subsets of G.
Now we proceed on to define sub N group of a N-group, N
> 2. (N = 2 is the case of bigroup).

DEFINITION 2.1.2: Let {G, *,, ..., *x} be a N-group. A subset H
(# @) of a N-group (G, *;, ..., *y) is called a sub N-group if H
itself is a N-group under *; *; .., *y, binary operations
defined on G.

THEOREM 2.1.1: Let (G, *;, ..., *y) be a N-group. The subset H
# ¢ of a N-group G is a sub N-group then (H, *;) in general are
not groups fori =1, 2, ..., N.

Proof: Given (G, *1, ..., *N) is a N-group. H # ¢ of G is a sub
N-group of G. To show (H, *;) are not groups fori=1, 2, ..., N.

We give an example to prove this.

Take G = {+i, 4j, +k, +1,0,2,3, ..., 10, g, ¢*. &’ (g*'= 1)} =
{G1 = {#i, 1, £k, £1}, x} U {G2, = (0, 1, 2, ..., 9), addition
modulo 10} U {G3=(1, g, gz, g3), x} is a 3-group, i.e., G = G
Y G2 Y G3.

Take H = {0, 5, gz, +1}; clearly H is a subset of G and H is a

3 b

sub-3-group. But H is not a group under ‘x’ or ‘+’ the
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operations on Gp or G, or G3. Thus H = {+1; x} U {0, 5, +} U
{1, gz, x} is a 3-group. Hence the claim.

Next we give a characterization theorem about sub N-group.

THEOREM 2.1.2: Let (G, *;, *;, ..., *n) be a N-group (N 2> 2).
The subset H (# @) of G is a sub N group of G if and only if
there exists N proper subsets Gy, ..., Gy of G such that

i G=G; UGy U... UGy where (G, *) are groups, i
=12 ..,N.
ii. (H N G;, *;) is a subgroup of (G, *) fori=1, 2, ..., N.

Proof: Let H (# ¢) be a sub N-group of G then (H, *1, ..., *N) is
a N-group. Therefore there exists proper subsets of Hj, Hy, ...,
Hy of H such that

a. H=H,uUH,u ... UHn.
b. (H;j, *j)isagroup; fori=1,2, ..., N.

Now we choose Hi = H n Gj (fori =1, 2, ..., N) then we see
that H; is a subset of Gj and by (ii) (H;, *;) is itself a group.
Hence H; = (H n G, *) is a subgroup of (G;j, *;), fori=1, 2, ...,
N.

Conversely let (i) and (ii) of the statement of the theorem be
true. To prove (H, *;, ..., *\) is a N-group it is seen the
definition for N-group is satisfied by the set H so (H, *1, ..., *N)
is a N-group (ii) by note below! . Hence the claim.

Note:

1. It is important to note that in the above theorem just
proved condition (i) can be removed. We include it only
for simplicity of understanding.

2. As (Hn G)) U (H N Gy) = H using this for finite
unions we get HN G)H)UH NGy v ... u(HNGN)
= H and each (H n Gj, *;) is a subgroup of (G;j, *;) for i
=1,2,...,N given in Theorem 2.1.2.

33



We now define the notion of commutative N-group.

DEFINITION 2.1.3: Let (G, *;,..., *N) be a N-group where G =
G; UGy U... UGy G is said to be commutative if each (G;,
*; ) is commutative, 1 < i < N.

Example 2.1.2: Let G =G, U G, U.... U G7 where G, = (g | g°
=e), Gy =(g| g’ =€), G3=(Z10,+), Ga = (Z", +), Gs = (Z11, }),
Ge = (h | h"” =€) and G7 = {Zs \ {0}, x}. Clearly G is a
commutative 7-group.

Note: If (G, *1, ..., *n)isa N-group with G=G, U Gy U ... U
Gy, the order of N-group G is the number of distinct elements in
G. It is denoted by o(G) or |G| .
In general

0(G)#0(Gy)+... +o(Gn).

If o(G) = n and n < o« we say the N-group G is finite. If n =
oo then we say the N-group G is infinite.

It is interesting to note that the N-group given in example
2.1.2 is infinite. Thus we can say a N-group is infinite even if
one of the group (G;j, *;) is infinite. If all the groups (Gi, *;), 1=
1,2, ..., N are finite then we say the N-group G is finite.

DEFINITION 2.1.4: Let G = (G, *;, ..., *n) be a N-group. We
say the N-group G is cyclic if each of the group (Gj, *;) is cyclic
fori=12 .., N(HereG=G; Gy U.. UGyand (G, *;)is
agroup fori=1,2,..., N).

Example 2.1.3: Let G = G; U Gy U G3 U G4 where

G ={(g| glo = 1), cyclic group of order 10,

Gz = (Zy5, +) group under ‘+’ modulo 15,

G3=¢h| h' = e) cyclic group of order 19 and

G4 =(Z11, +) group under addition modulo 11.
Clearly G is 4-group which is cyclic infact G is also a finite
cyclic 4-group.
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It is easily verified as in case of groups even in case of N-groups
every cyclic N-group is abelian but every abelian N-group in
general need not be a cyclic N-group.

Example 2.1.4: Let G = {G] U G U G3, *{, *;, *3} where G| =
(Z12, +), G2 = (Z, +) and G3 = {a, b | a> = b> = 1, ab = bal.
Clearly G is a abelian 3-group which is not a cyclic 3-group.

It is still important to see that as in case of finite groups
where the order of the subgroup divides the order of the group,
we see in case of finite N-groups the order of the sub N-group
need not in general divide the order of the N-group.

Result: Let (G, *1, ..., *N) be a finite N-group. Suppose (H, *1,
*5, ..., *n) be a sub N-group of G then, o(H) in general need not
divide the order of G.

We prove this only by an example.

Example 2.1.5: Let (G, *1, ..., *4) be a 4-group where G = G; U
Gy U Gz U Gg with G; = S3, G2 = (Z11, 1), G3 = Az and G4 = (g
| g5 = 1). Clearly order of the 4-group is 34.

Consider H, a sub 4- group of the 4-group G with H=H; U H;
w H3 U Hy; where

" 123123H<O>
:e’ b ’:’
! 2 3 1031 2)) 7
1 2 3 4Y(1 23 4\(1 2 3 4
H; = (e, , , and
201 4 313 41 2/1a 3 21

Ha = (1)

Clearly o (H) =9 and 9 does not divide 34.

Just we make a mention that the classical Lagrange’s
theorem for finite groups cannot hold good in case of finite N-
groups.
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Now we proceed on to define the notion of normal sub N-
group.

DEFINITION 2.1.5: Let (G, *;, ..., *n) be a N-group where G =
G, Gy U... UGy Let (H, *;, ..., *n) be a sub N-group of (G,
*1, oo ¥N) where H=H; UH, U ... UHywesay (H, *j,..., *N)
is a normal sub N-group of (G, *,, ..., *y) if each H; is a normal
subgroup of G fori =1, 2,..., N.

Even if one of the subgroups H; happens to be non normal
subgroup of G; still we do not call H a normal sub-N-group of
the N-group G.

Example 2.1.6: Let (G, *, *5, *3, *4) be a 4-group where G =
G1 UG2UG3UG4WithG1 =A4, G2=S3,G3=Ss andG4=<g
| g12 =1). Take H=H; U Hy, U H3 U Hy where

H_1234123412341234
N1 2 3 40201 4 3013 41 204 3 201
1 2 3)(1 2 3)(1 2 3
H2: b b b
1 2 32 3 1)13 1 2

H; = As and
3 6 9
Hi=1{g,g,¢g,1}.

Clearly H is a normal sub 4-group of the 4-group G for each H;j
isnormal in Gi,1=1, 2, 3, 4.

Now o(G) = 150 and o(H) = 71. We see even the order of
the normal sub N-group in general need not divide the order of
the N-group when G is a finite N-group.

From the above example we can note down the following
important result.

Result: Let (G, *1, *5, ..., *N) be a finite N-group. If (H, *{, *»,

..., *N) is a normal sub N-group of G, in general o(H) does not
divide the order of G.
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Now we proceed onto define the notion of homomorphism of
N-groups.

DEFINITION 2.1.6: Let (G = G; U Gy U... UGy, *1, *5,..., *n)
and (K =K; UK, U ... UKy, *;,..., *n) be any two N- groups.
We say a map ¢ : G — K to be a N-group homomorphism if ¢ |
G; is a group homomorphism from G; to K; for i = 1, 2,..., N.
ie ¢ ‘ 6 -G, &K, is a group homomorphism of the group Gi to

the group K;; fori =1, 2, ..., N.

Thus it is important and interesting to note that even if one of
the restrictions say ¢|; : Gj — K| is not defined as a group

homomorphism we cannot have N-group homomorphism.

Another important thing to be noted about N-groups are that
in general the classical Cauchy theorem for finite groups is not
true in case of finite N-groups. Suppose n is the order of the N-
group G and n is a composite number and suppose p is a prime
such that p divides n then in general the N-group G may not
contain a sub N-group of order p.

First we illustrate this by the following example.

Example 2.1.7: Let (G = G; U Gy U G3 U Gy, *1, *3, *3, *4) be
a 4-group, where

G = (g] g6 = 1) ; cyclic group of order 6,

Gy = {Ss}, S3 the symmetric group of order 3;

G3; = {Z1o, +} the group of integers modulo 10 and
G4 = {Dgya3, the dihedral group having six elements}

= f{abla’=b>=1bab=a)
= {1, a, ab, ab’, b, b’}.

Clearly order of the 4-group G is 28. The primes which divide
28 are 2 and 7. By inspection one cannot have a sub 4- group of
order four for its order can be only greater than 4.

H=(H; U Hy U H3 U Hy, *, *5, *3, *4) be a sub 4-group of
the 4-group G where
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H = {1,¢"},

w2 s
a2 3
H; = {0, 5} and Hy = {1, b, b*}.

Order of the sub 4-group is 7. Thus we have 7/28, a sub-4 group
of order 7 but no sub-4-group of order 2 or 4.
Thus we have the following nice result.

Result: Let G be a N-group of finite order say n, where n is a
composite number. Let p be a prime such that p / n. The N-
group G in general may not have a sub N-group of order p.

Another unique observation which differentiates a group
from a N-group is that if G is a N-group of order n, where n is a
prime number; then also the N-group G can have sub N-group
of order m; m < n, m need not in general be a prime. Also m can
be prime.

This is the marked difference between N-groups and
groups. We illustrate our claim by the following example.

Example 2.1.8: Let (G =G U Gy U G3 U Gy, U Gs, *, *5, *3,
*4 *5) be a finite 5-group. Let G| = S3, Gy = {Zo, +}, G3 = Ay,
Gy ={(g| g8 =¢) and Gs = (g | g9 = 1). Clearly order of the 5-
group is 41. 41 is a prime. But the 5-group G has proper sub 5-
groups. For consider

H=H1UH2UH3UH4UH5

Lo s e (0.3.61

1 123)132’2 9~y VYo
Lotz 3 A (23 4123
U1 2 3 4P 2 31 403 21 4) [

where
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Hy= {1} and Hs = {e, g*}.

Clearly H is a sub 5- group and order of H is 11. H is itself a
sub 5-group of order a prime 11.

Clearly 11 X 41.

We have seen both the classical theorem for finite groups
viz. Lagrange Theorem and Cauchy theorem do not in general
hold good for finite N-groups.

DEFINITION 2.1.7: Let G = (G; UGy U ... UGy, ¥}, ..., *N) be
a finite N-group. If H = (H; U Hy U ... UHy, ¥, ..., *y) is a
sub N group such that o(H) /o(G) then we call H a Lagrange
sub N-group. If every sub N group of G is a Lagrange sub N-
group then we call G a Lagrange N-group. If G has atleast one
Lagrange sub N group then we call G a weakly Lagrange N
group. If G has no Lagrange N-group then we call G a
Lagrange free N-group.

The following theorem can easily be proved.

THEOREM 2.1.3: All N-groups of prime order are Lagrange
free N-groups.

Now we proceed on to define Sylow N group.

Now we try, can we ever think of classical Sylow theorems
for finite N-groups. We have already shown if order a 4-group
is 28,2 /28,4 /28,8 X 28 but the 4-group G has no sub 4-
group of order 2 or 4; but 7 / 28 and infact the 4-group G had a
sub 4-group of order 7. So at the outset we can only say in
general the verbatim extension of Sylow theorems for N-groups
is not possible. To this end we define the following new concept
namely p-Sylow sub- N group for any N-group G.

DEFINITION 2.1.8: Let G = {G; UGy U ... UGy, ¥y, ..., *n} be
a N-group of finite order n and p be a prime. If G has a sub N-
group H of order p', r > 1 such that p / n then we say G has a p-
Sylow sub N-group.
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Note: We do not as in case of usual finite groups demand p' / n.
The only simple thing we demand is p / n; even it may so
happen that the order of H is p' and pt X n still we call H a p-
Sylow sub N-group. It may also happen that pt / n and still order
of H is just p', t finite.

We are forced to define yet another new notion called p-
Sylow pseudo sub-N-group.

DEFINITION 2.1.9: Let G = (G =G; UGy U ... UGy, *1, *5,...,
*n) be a N-group. Let order of G be finite say n. Suppose n is
not a composite number or say even a composite number such

that there is a prime p such that p X n. If the N-group G has a

sub N- group H of order p or p' (t > 1) then we call H the
pseudo p-Sylow sub-N- group of the N-group G.

Now we illustrate all our definitions by the following examples.
Example 2.1.9: Consider the 3-group (G = G; U Gy U Ggs, *q,
*5, ¥3) where G1 = S3, G = Ag and G3 = (g |g11 =1). Clearly G

is a 3-group of finite order; and o(G) is 29 which is a prime.
Consider H = (H; U Hy U Hjs, *i, *5, *3) a sub 3- group

given by
1 2 3\(1 2 3
H, = , ,
3 4V(1 2 3 4Y(1 2 3 4)(1 2 3 4
34021 4 3)0°(3 41 243 21

and H3 = {1}.

T

[\ ]

Il
—
VR
[ —
NN

Clearly H = H; U Hy U Hj is sub 3- group of G and it is a
pseudo 7-Sylow sub 3- group of G.

Now consider K = K; U Ky U K3 a proper subset of G,
where
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{{123M123j}
K= , ,
12 31 3 2
ol a2z
27901 2 03 4)l2 1 o4 3 AR

Clearly K = K; U K U K3 is a pseudo 5-Sylow sub 3 group of
G for o (K) =5.
Now consider P =P U P> U P3 where

I

— an — — .

Clearly P is a pseudo 13-Sylow sub 3- group of the 3-group G.

Next we give an example of a N-group of composite order and
show it has pseudo p-Sylow sub N-groups.

Example 2.1.10: Let (G = G] ) G2 o G3 o G4, *1, *2, *3, *4) be
a 4-group where

Gi = Dyg=1{abla’=b=1bab=a},so|Gi| =12,
Gy = {Z12, under addition modulo 12},
G3 {A4} the alternating group of order 12 and
10 _
Gy {g/g =1}

Clearly G is a N-group or order 46, 46 = 2 x 23 a composite
member.
Consider a subset H=H; U H, U H3 U Hy where

H] = {1, a}, H2: {0, 6}
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. 123 4)(1 2 3 4 o= (1)
= , an ={g 1}.
1 2 3 4121 4 3 I

Clearly H is a sub 4- group of the 4-group G but H is a pseudo
7-Sylow sub 4-group of G, for 7 ) 46.
Let K=K; UK, U K3, U K4 where

Ki={b’b* 1}, Ko = {0, 3, 6,9},

1 2 3 4 1 2 3 4
K3 = , and
{[1 2 3 4)(4 32 1)}

2 4 6 8
Ks={l,g°g g g}

K is a pseudo 13 Sylow sub 4-group of G, for 13 ) 46.

Now consider P = Py U P, U P3 U P4 a proper subset of G,
where

P = {1,b%, b’}, P, = {0, 6},

123 4)(1 23 4

P3= , and
123 4)(3 41 2
Pyi={1,¢ g% ¢% ¢’}

Let V=V; U VU V3 U V4 where

Vi= Ay,
V2=1{0,2,4,6,8, 10},

1 2 3 4\(1 2 3 4\(1 2 3 4
V3 = , , and
1 2 3 4)\1 3 4 2)(1 4 2 3
V4 = {17 g5}
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o(V) =23 and 23 /46.

Clearly order P is 11. P is a sub 4-group of the 4-group G.
In fact P is a pseudo 11-Sylow sub-4 group of G for 11 X 46.
Thus a N-group can have both p-Sylow sub N-group as well as
a pseudo pi-Sylow sub N-group.

The only criteria for this is that order of the N-group must
be a composite number still we have the following interesting
result.

THEOREM 2.14: Let G = (G =G; UGy, U... UGy, *, %), ..,
*N) be a N-group of finite order n. (n a composite number). If p
is a prime such that p / n; then in general G need not have a p-
Sylow sub N-group H in G.

Proof: By an example. Let G = {G; U Gy U G3, *, *, *3}
where

G (glg'=1),
G, = {Z11, addition modulo 11} and
G3 {Zs\ {0} under multiplication modulo 5}.

Clearly order of the 3-group G is of order 20. 5/20 and 2/20 and
4/20. 1t is easily verified G has no 2- Sylow sub 3-group or 5-
Sylow sub 3-group.

Now we proceed on to define quasi-symmetric N-groups.

DEFINITION 2.1.10: Let G = G; UGy U ... UGy, ¥, %5, .., *N)
be a N-group. If each of G; is a symmetric group or an
alternating group then we call G a quasi- symmetric N-group.

Example 2.1.11: Let G=(G; U Gy U G3 U Gg, U Gs, *1, *3, *3,
*4 *s5) be a 5-group. Let G| = A3, G, =S4, G3 =S5, G4 = Ag and
Gs = A7. Clearly G is a quasi symmetric 5-group.

Now we proceed on to define the concept of symmetric N-
group.
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DEFINITION 2.1.11: Let G = (G; v Gy U ... UGy, *1, %5, ...,
*N) where each G; = S, a symmetric group of degree n;. Then

we call G the symmetric N-group of degree (nj, ny, ..., nn).

Now we can extend the notion of the classical Cayley theorem
for groups.

THEOREM 2.1.5: Every N-group is isomorphic to an
appropriate sub N-group of the symmetric N-group.

Proof: Let G=(G=G1uU GyuU ... UGN, *1, *2, ..., *Nn) be a N-
group and (S =Sy US, U ..US{ %, .. %) be a
suitably chosen symmetric N-group.

Then by usual Cayleys theorem we can define a
homomorphism ¢: G — S such that ¢ / Gj is isomorphic to a
subgroup in S fori=1,2, ..., N. Hence the claim.

To over come the problems of obtaining analogous results in
case of N-groups like LaGrange theorem and Cauchy theorem
we define a new notion called N-order in a N-group G.

DEFINITION 2.1.12: Let (G = G; U Gy U ... UGy, *1, %5,
*y) be a N-group. Let H= (H; VH, U... UHYy, *j,..., *n) be a
sub N-group of the N-group G. We define N-order of H to be
equal to o(Hj) + o(Hy) + ... + o(Hn) where HH=H N G;,i=1,
2, ..., N and we denote the N-order of H = (H; VH, U ... U
Hy,, *1,..., *n) by N(H); when H= G we get N (H) = N (G).

Now we need yet another concept for extending Cauchy
theorem.

DEFINITION 2.1.13: Let (G, *, ..., *x) be a finite N-group (i.e.
G=G,uGyu..uvuGyand H=(H; VH, U... UHyp, *4,...,
*N) be a sub N-group of the N-group G, we say the N-order of H
pseudo divides o(G) and we denote it by N(H) /, o(G).

We illustrate this by the following example.
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Example 2.1.12: Let G = (G U Gy U ... U Gn, *1, *2, ..., *N)
be a N-group where N = 5 with G| = S3, Gy = A4, G3 = {Z12,
under + modulo 12}, G4 = Dy and Gs = {g | g8 = 1}. Consider
H=H; quuH3uH4uH5Where

1 2 3)(1 2 3

H, = , ,

1 2 321 3
H_1234123412341234
21 2 3 421 4 313 41 2004 3 21

H; = {0, 6}, Hy= {1,b% b*} and Hs = {1, g*}.

Clearly o(Hj) / o(G;) fori=1, 2, ..., 5 as H; are subgroups of G,
N(H) /, o(G).

0(G) = 48 and N(H) = 12. In truth 12/48, but all sub 5- groups

of G need not divide the order of the N-group G. For take K =
Ky uKyuK;s, UKy, UKs where

1 2 3)y(1 2 3)(1 2 3
K= > P P
1 2 3){2 3 1){3 12
1 23 4)(1 2 3 4
K2: 5 >
1 23 4,12 1 4 3

K3=1{0,2,4,6,8, 10},

Ka={1,a} and Ks = {1, &% g*, ¢°}.

Now o(K) = 16 and o(K) |, o (G) in fact 16/48.
Take P =P; U P, U P3 U P4 U P5s where

P =K, P, =K, P3=1{0,4,8},Ps= {Lbz, b4}
and Ps= {1, " ¢* ¢°}.
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o(P) =14, o(P) / , 0 (G) for 14 X 48.
Thus we have N(H) = o (H) where H is a sub N-group.

THEOREM 2.1.6: Let (G, *;, *,, ..., *n) be a N-group with G =
G[ UGZ ... UGN. (H] vUH, UL UHN, *1, veey *N) be a sub
N-group of G. In general o(H) # N(H).

Proof: From the above example 2.1.12 we see in all the cases of
the subgroup H, P and K we have o(H) # N (H); o(K) # N (K)
and o(P) = N(P).

THEOREM 2.1.7: Let (G; U Gy U ... UGy, *4,..., *n) be a N-
group. N(H) the N-order of H, H a subset of G then N(H) /,
o(G).

Proof: We prove this by an example consider G = G; U Gy U
G3 be a 3-group
G1=S5,Gy=(g|g°=1) and G3 = Dy

He 1 2 3)(1 2 3)(1 2 3
1 2 3021 31 3 2

1 2 3
( j,l,g3,g5,a,ab,ab4,b3,b5}.

321
o(G1) = 6, o(G2) = 6 and o(G3) = 12.

Clearly o(H) / 0o(Gy), o(H2) / o(G2) and o(H3) / 0o(G3), N(H) =
12, o(G) = 24 . N(H) / o(G) but N(H) / , o(G).

THEOREM 2.1.8: Let (G, *4, ..., *n) be a N-group where G = G
UG2 U.... UGNand (H= H; U...UHN, *1, veey *N) be a sub N-
group of G then o(G) is pseudo divisible by N-order N(H) of H.

Proof: Follows from the fact if H=H; U ... U Hx is a sub N-

group of the N-group G then we have o(H;) / o(Gj),1=1, 2, ...,
N. So N(H) /, o(G).
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Now we proceed on to define a new notion called (pi, ..., pN) -
Sylow sub N-group of a N-group G.

DEFINITION 2.1.14: Let G = (G; v Gy U ... UGy, ¥, ..., *N)
be N-group. Let H = H; U H> U.... U Hy be a sub N-group of
G. We say His a (py, ..., pn)- Svlow sub N-group of G if H; is a
pi - Sylow subgroup of G;, i = 1, 2, ..., N.

We illustrate this by the following example.

Example 2.1.13: Let G = G; U Gy U G3 U Gy be a 4-group. H
=H; U Hy U H3 U Hy be a sub N-group of G. Let G; = S3, Gy =
A4, G3 =Dy 7and G4 = (g | g18 = 1). Here

1 2 3)(1 2 3
Hy = , ,
1 2 311 3 2
1 2 3 4\Y(1 2 3 4Y(1 2 3 4
Hy= , , ,
1 2 3 4)12 3 1 4)\3 1 2 4

Hs;={1,b,b% ...,b% and
2 4 6 8 10 127 14 16
Hy=ig.¢g.g.g.2 .22 ,g 1}
Clearly H is a sub 4-group and H is a (2, 3, 7, 3)-Sylow sub N-
group of G.
The following theorem is immediate.

THEOREM 2.1.9: Let (G, *;, ..., *n) be a finite N-group where
G=G;uGy U... UGy Let (py, ..., pn) be a set of N-primes
such that p/ | o(G,) fori=1,2,.., N, then (G, *j,..., *y) has a

N
1, ..., pn) -Sylow sub N-group of N order Zpi“" .

i=1

Now we proceed on to define the notion of conjugate sub N-
groups of a N-group G.
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DEFINITION 2.1.15: Let G = (G; v Gy U ... UGy, *4, ..., *n)
be a N-group. We say two sub N-groups H=H; UH, U ... U
Hy and K = K; U ... UKy are conjugate sub N-groups of G if
H; is conjugate to K;, fori =1, 2, ..., N as subgroups of Gi.

Now using this we can easily get the extension of second Sylow
theorem.

THEOREM 2.1.10: Let G = (G; v Gy U ... UGy, *, ..., *y) be
a N-group. The number of (pj, ..., pn) - Sylow sub N-groups of
G for the N tuple of primes is of the form {(1 + k; p;), (I +
k2p2), ..., (1 + knpn)}.

Now we proceed on to define the notion of normalizer of a N-
group G.

DEFINITION 2.1.16: Let G = (G; v G2 U ... UGy, *;, %, ...,
*n) be a N-group, the normalizer of a in G is the set N(a) = {x €
G / xa = ax}. N(a) is a subgroup of G; depending on the fact
whether a € G;. If a is in more than one G, then one is not in a
position to say the structure of N(a).

It can be set as an open problem if G=G; U Gy U ... U Gy
isa N-groupand a € Gie.a e N Gjie {l,2,..., N} then
what is the structure of N(a) i.e. i does it not take all values from
1 to N, it takes some values whenever a is present in a particular
G;.

Only if we take a € Gj such that a ¢ G;j if j # 1 we can
define normalizer of a and can have

C; _ O(Gi) ‘
o(N(a))
It is still interesting to study
_ o(G)
* 0o(N(a))

when a belongs to more than one G; .
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Now we proceed on to define the concept of cosets of a N-
group, where G = G; U G2 U ... U Gy is a N-group. H =H; U
H; U ... U Hy be the sub N-group of G. The right N coset of H
in G for some a € G is defined to be H; = {hja|h; € Hiand a
e NGj} U {hya/hy e Hyanda € NG;} ... U {hya/hy € Hy
and a € NG;}. If a ¢ every G; and say only a is in Gj, Gj and G,
1 <j <Kk, then,

Ho=H;UHyu ... thja/h; € Hi} UHj; ... U {hja|hj
Hj} UHj+1U LU {hka/hk € Hk} UHk+1U UHN.

The N-cosets largely depends on the ways we choose a. If
k

N G, # ¢, then the N coset is say for a€G,, Ha = H; a U
i=1

Hyau...uthja/hje Gt UHj+1au...UHna.

On similar lines one can define the left N-coset of a sub N-
group H of G.

The next natural question is if H=H; U Hy U ... U Hy and
K=K; UKy u... UKy are two sub N-groups of the N-group
G=G;uUGyuU ... UGy how to define HK we define,

h.eH, . .
HK = 1hk,, h,k,, ..., hyky K K. withi=1,2,...,N¢.

i

The condition when is HK a sub N group is as follows. We
make a definition for it.

DEFINITION 2.1.17: Let G = G; UG, U ... UGy be a N-group.
Let H=H; VH, U .. UHyand K = K; UK, U ... Ky be
any two sub N-groups of G. HK will be a sub N-group of G if
and only if HiK; and K; H; is a subgroup of G; and HK; = K;H;
fori=12, .., N

Now we proceed on to define the notion of quotient N-group of
a N-group G.
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DEFINITION 2.1.18: Let G = G; U Gy U ... UGy be a N-group

wesay N=N; UN> U ... UNyis a normal sub N-group of G if

and only if each Njis normal in G;, i = 1, 2, ..., N. We define the
quotient N-group,

G/N as {iuiu...u ﬁ}

Nl N2 NN

which is also a sub-N-group.

We can define several other analogous properties about N-
groups.

2.2 Smarandache N-groups and some of its properties

In this section we for the first time define the notion of
Smarandache N-groups and when N = 2 we get the
Smarandache bigroup. For more about Smarandache bigroup
please refer [39].

DEFINITION 2.2.1: Let G = (G; UGy U ... UGy, *1, %), ..., *n)
be a non empty set such that G; are proper subsets of G. G =
(G UGy U... UGy, ¥, %, ..., *n) is called a Smarandache N-
group (S-N-group) if the following conditions are satisfied.

i (Gj, *;) is a group (1 <i <N).
ii. (Gj, *;) is a S-semigroup for some j #i, I <j <N.

Example 2.2.1: Let G = {G] U Gy U G3 U G4 U Gs, *1, ¥y, *3,
*4, *5} be a Smarandache 5-group where
G1 = S(3) the S-semigroup,
Gy = {Z0, addition modulo 10} is a group,
G3 = {Z1», multiplication modulo 12} is a S-semigroup,
Gy={g|g’ =1} and
Gs = {Z; under multiplication} is a S-semigroup.

Clearly G is a Smarandache 5-group.

50



It is important to note that in general every S-N-group G
need not in general be a N-group.

In the example 2.2.1 clearly G is not a 5-group it is only a
S-5-group.

Now we proceed onto define the notion of Smarandache sub
N-group.

DEFINITION 2.2.2: Let G = (G; UGy U ... UGy, *}, ..., *N) be
a S-N-group; a proper subset P of G is said to be a
Smarandache sub N-group (S-sub N-group) of Gif P = P; UP;
U ...UPywhere P c Gy i =1, 2, ..., N, and at least one of the
P; is a S-semigroup under the operations of Gi In short a
proper subset P of G is a S-sub N-group if P itself a
Smarandache-N-group under the operations of G.

THEOREM 2.2.1: Let G = {G; v G, UGz U ... UGN, ¥, %5 ...,
*v } be a S-N-group. Then G has a proper subset H which is N-
group.

Proof: Given G=G; U Gy U ... U Gy, is a S-N-group. Let H =
H; U Hy U ... U Hy where each H;j is a subgroup of G, i=1, 2,
..., N then H is a N-group. Thus we see every S-N-group
contains a N-group.

Thus we can also make another definition, which is as follows.

Now we proceed on to define the notion of Smarandache
commutative N-group.

DEFINITION 2.2.3: Let (G = G; UGy U ... UGy, ¥, ..., *N) be
a S-N-group. We say G is a Smarandache commutative N-group
(S-commutative N-group) if all G; which are not semigroups are
commutative and when G; are S-semigroups every proper subset
which is a group in Gjis commutative.

Thus if all the G; happen to be commutative we say G is a S-
commutative N-group.
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Example 2.2.2: Let G = G; U Gy U G3 U G4 U Gs be a S-5-
group. Let

G = (glg?=1),

Gy = {Z3, multiplication modulo 18},

Gs = {As},

G4 = {Z,under multiplication} and

Gs = {Z7\ {0}, under multiplication modulo 7}.

Clearly G is a S-commutative 5-group. We cannot say all S-N-
groups are commutative for we have S-N-groups which are non
commutative.

We illustrate this by an example.

Example 2.2.3: Let G = G; U Gy U G3 U Gy be a S-4 group,
where

Gi = S(Q),
Gy = Ay,
Gz = {Zpo, under multiplication} and

Gy

b
{[a dJ' a,b,c,d,eZ7} under matrix multiplication.
c

Clearly G is a S-4-group which is non commutative.
Now we proceed on to define the notion of Smarandache
weekly commutative N-group.

DEFINITION 2.2.4: Let {G = G; UG, U ... UGy, ¥, ..., *n}be
a -N-group. We say G is Smarandache weakly commutative N-
group (S-weakly commutative N-group) if in all the S-semigroup

Gj, they have a proper subset which is a commutative group and
the rest of G;’s which are groups are commutative.

Now we illustrate this by the following example.

Example 2.2.4: Let G = G; U Gy U G3 be a S-3-group where

52



Gi S(3),
Gy, = {Zi9, under modulo addition 19} and
G; {Z34, under multiplication modulo 24}.

Clearly G is a weakly commutative S-3-group for S (3) has

{0296 )

proper subset which is a commutative subgroup. But K =S3 <
#

S(3) is not a commutative group. So G = G; U G, U G3 is only
a S-weakly commutative 3-group.

In view of this we have the following theorem.

THEOREM 2.2.2: Every S-commutative N-group is a S-weakly
commutative N-group. But a S-weakly commutative N-group in
general need not be a S-commutative N-group.

Proof: From the very definition it implies that every S-
commutative N-group is a S-weakly commutative N-group.

To show a S-weakly commutative N-group in general is not
a S-commutative N-group. We prove by an example. Consider
G = G1 Y Gz Y G3 where G] =S (3), G2 = <Z12, under
multiplication modulo 12) and G3 = (g | g9 = 1). Clearly G is not
S-commutative 3-group for S(3) contains S3 which is a proper
subset of S(3) but is not a commutative group but is only a non
commutative group. So G is only a S-weakly commutative 3-
group and not a S-commutative 3-group. Hence the claim.

We proceed on to define the notion of Smarandache cyclic
N-group and Smarandache weakly cyclic N-group.

DEFINITION 2.2.5: Let G = (G; v Gy U ... UGy, *, %, ..,
*N) be a S- N-group. We say G is a Smarandache cyclic N-
group (S-cyclic N-group) if G; is a group it must be cyclic and if
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Gj is a S-semigroup it must be a S-cyclic semigroup for 1 <i, j <
N.

Recall a S-semigroup, S is cyclic if each of the proper subset P
of S which is a group must be such that P is a cyclic group.
Then we say the S-semigroup is a S-cyclic semigroup. If the S-
semigroup S has atleast one of the proper subset P which is a
cyclic group then we call S a Smarandache weakly cyclic
semigroup.

Now we proceed onto define S-weakly cyclic N-group.

DEFINITION 2.2.6: Let G = (G; v Gy U ... UGy, ¥, %, ..,
*N) be a S-N-group. We say G is a Smarandache weakly cyclic
N-group (S-weakly cyclic N-group) if every group in the
collection {G;} is a cyclic group and every S-semigroup in the
collection {G;} is a S-weakly cyclic semigroup.

Recall a S-semigroup S is a S-weakly cyclic semigroup if S has
at least one proper subset which is a group, is cyclic.
Now we illustrate these by examples.

Example 2.2.5: Let G = G U G2 U G3 U G4 be a S-4 group
where

G1 = {Zs0, under multiplication modulo 20},
_ 3 _

G = {glg =1},

G3 = {Z7,under ‘+’ modulo 7} and

Gy

{Z12, under multiplication modulo 12}.

Clearly G is a S-cyclic 4-group.
Now we give an example of a S-weakly cyclic N-group.

Example 2.2.6: Let G = G; U Gy U Gz U G4 U Gs; be a S-5-
group, where

Gi = S3),G2=S(5),Gs={g|g =1},

Gs = {Z;5, multiplication modulo 15} and
Gs = {Z11\ {0} under multiplication modulo 11}.
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Clearly G is only a S-weakly cyclic 5-group and is not a S-
cyclic 5- group for S(3) the S-semigroup contains Sz (< S(3)) as

a proper subset) which is a group that is not cyclic similarly
S(5) contains subsets S5 and As which are groups that are not
cyclic. Thus G is only a S-weakly cyclic 5-group which is not a
S-cyclic 5-group.

It is interesting to note that: f G = (G; U Gy U ... U Gy, *1,
*5, ..., *N) 1 a S-cyclic N-group then it is a S-weakly cyclic N-
group but a S-weakly cyclic N-group in general is not a S-cyclic
N-group. The example 2.2.6 just discussed will show how S(3)
is a S-semigroup such that all its subgroups are not cyclic for S3
is not cyclic.

Now we proceed on to define the notion of Smarandache
Lagrange N-group.

DEFINITION 2.2.7: Let G = {G; UGy U ... UGy, *p, ..., *n} be
a S-N group. The number of distinct elements in G is called the
order of G. If o(G) is finite we say G is a finite S-N-group
otherwise it is infinite.

DEFINITION 2.2.8: Let G = G; U Gy U ... UGy be a finite S-N-
group. If the order of every S-sub N-group H of G divides the
order of G then we call G a Smarandache Lagrange N-group
(S-Lagrange N-group). If the order of at least one of the S-sub
N-groups of G say H divides order G then we call G a
Smarandache weakly Lagrange N-group (S-weakly Lagrange
N-group). We call the S-sub N group H of G such that o(H) /
o(G) to be a Lagrange Smarandache sub N group (Lagrange S-
sub N group).

The following remark is very important which is evident from
the definitions.

Remark: Every S-Lagrange N-group is a S-weakly Lagrange
N-group.
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Now we proceed on to define the notion of Smarandache p-
Sylow N-groups.

DEFINITION 2.2.9: Let G = (G; UGy U ... UGy, *1, %5, ..., *n)
be a finite S-N-group. Let p be a prime such that p divides the
order of G. If G has a S-sub N-group H of order p or p' (t > 1)
then we say G has a Smarandache p-Sylow sub N-group (S-p-
Sylow N-group).

It is very important to note that p / o(G) but pt X o(G) for
any (t > 1); still we may have S-p-Sylow sub N-groups having
p' elements in them. Even if p / o(G) still in case of S-N-groups
we may or may not have S-p-Sylow sub N-groups in them.

We illustrate our claim by the following example.

Example 2.2.7: Let G = G; U Gy U G3 where

G S (3),
Gy, = Zjo, {semigroup under multiplication modulo 10} and
Gy = (glg’=1).

Clearly G is a S-3-group, o(G) = 43. Now order of G is 43. G
has sub N-groups which are not S-sub N-groups. Take

O (A

H; = {1, 9 multiplication modulo 10} and H3z = {g | g6 =1}.

Clearly H = H; U H; U Hj is a sub 3-group of order 10. This
example is given to prove a S-N-group of even prime order can
have sub N-groups.

Now we see this S-3-group also has S-sub 3-groups, for
take K = K; U Ky U K3 where K; = S3, Ky = {0, 2, 4, 6, 8}
under multiplication modulo 10 and K3 = {1}. Clearly K is a S-
N-group in fact a S-sub N-group and order of K is 12.

56



Now we proceed on to give example of S-Sylow sub N-
groups of a S-N-group.

Example 2.2.8: G = G; U G U Gj3 be a 3-group where

G = S;s,

Gy, = {Z14, semigroup under multiplication modulo 14} and
Gy = {glg=1}.

Clearly o(G) =28, and G is a S-3 group. Now 2 /28 and 4 / 28
but G has no S- sub 3-group of order 4. Also 7/28 but 7 X 28.
Consider H=H; U H, U H3 where

we{ 6 1)

H, = {0, 2, 4, 8} and H; = {1}

Clearly H is a S-sub 3-group in fact H is a 7-Sylow sub 3-group
of G as order of H is 7.

Now we proceed on to see how far we can go for extending
the notion of Cauchy element in case of S-N-groups.

DEFINITION 2.2.10: Let G = G; v G2 U ... U Gy be a S-N-
group of finite order. Let a € G, a is said to be a Smarandache
special Cauchy element (S-special Cauchy element) of G if n /
o(G) when n > 1 such that a" = 1 (n is the least number). We
call a € G to be the (Smarandache Cauchy element) S-Cauchy
element of G if a € G; and n | o(G; ). We see that by no means
we can associate at all times the S-Cauchy elements and S-
special Cauchy element of a S-N-group.

Also it is important to note that in general in a S-N group every
element need not be a S-special Cauchy element or a S-Cauchy
element of the S-N-group.

Now we proceed on to define the notion of getting
Smarandache right coset of a S-N-group G.
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DEFINITION 2.2.11: Let G = (G; v Gy U ... UGy, *1, %, ...,
*n ) be a S-N-group; let H= (H; UH> U ... UHy, ¥, %,
*N) be a S-sub N group of G.

For any g € G we define the Smarandache right coset (S-
right coset) of the N-group G as Ha = H; VH, U ... UH;ja U
K
.. UHyifa € H;alone ifa € (| H,, then Ha = H;'a VH>' a U
i=1
.. Hy"a; here H; = H'; if H; is a group; H;' c H; if H; is a S-
semigroup, H'; is a group. Similarly we can define Smarandache

left coset (S-left coset) a H. We say H is a Smarandache coset if
a H=Ha.

The following observation is important and interesting.

Observation: Let G =(G; U Gy U ... U Gn, *1, *2, ..., *N) be
a finite S-N-group. If m is a positive integer such that m / o(G)
then

1. G need not have a S-sub N group of order m
2. EvenifH is a S-sub N-group of G

then o(H) X o(G) in general. We have given several examples
to this effect.

In view of this we define a new notion called Smarandache
non Lagrange N-group.

DEFINITION 2.2.12: Let G = (G; v G2 U ... UGy, *;, %, ..,
*n ) be a finite S-N-group. If the order of none of the S-sub N-
groups of G divides the order of G then we call G a
Smarandache non Lagrange N-group (S- non Lagrange N-

group).

We illustrate this by the following example.

Example 2.2.9: Let G = G; U Gy U G3 be a S-3 group where G
=<g|g2=1),G2= {g|g4= 1} under x and G3 = Zg be the
semigroup under multiplication. Clearly G is S-3-group of order
12.
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Now consider the S-sub 3-group H = G; U {1, gz} v {0, 2,
4}. Clearly H is a S-sub semigroup and o(H) = 7 and o(H) X
0(G). So G is a S-non Lagrange 3-group.

Example 2.2.10: Let G = G U Gy U G3, where

G = (glg=1)
G, = ¢h|h"=1)and
G3 {Z4, under multiplication modulo 4}.

Clearly G is S-3-group and o(G) = 9. G has no S- sub -3 group
which divides o(G). But G has S-sub-3 groups.

For take H = H; U Hy U H3 where H; = G, Hy = G; and Hj
= {0, 2}; H is a S-sub 3-group of order 7 and all other S-sub 3-
groups are of order greater than 6.

However one can have a S-sub 3-group of order seven by
taking K = K; U K» U K3 where K| = Gy, Ky = G, and K3 = {0,
1, 3}. Clearly order of Kis 7,7 X 9.

Now we proceed on to define a new notion called Smarandache
symmetric N-groups.

DEFINITION 2.2.13: G = (G; v Gy, U ... UGy, *1, %2, ..., *N)
where each Gij is either S (ny) or S, ie. each G is either a
symmetric semigroup or a symmetric group, for i =1,2, ..., N.
Then G is defined as the Smarandache Symmetric N-group (S-
symmetric N-groups).

THEOREM 2.2.3: (SMARANDACHE CAYLEY’S THEOREM FOR
S-N-GROUPS): Let G = G; U ... UGy, *1, *5, ..., *§) be a S-
N-group. Every S-N-group is embeddable in a S-symmetric N-
group for a suitable n;, i =1, 2, ..., N.

Proof: We know from the classical Cayley’s theorem every

group is embeddable in a symmetric group for an appropriate n.
Also we know from the Cayley’s theorem proved for S-
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semigroup every S-semigroup is isomorphic to a S-semigroup in
S(n) for some n.

Hence we have every S-N-group is embeddable in a S-
symmetric N-group.

Now we proceed on the define Smarandache inverse pair in a S-
N-group G.

DEFINITION 2.2.14: Let G = (G; UGy UGz U ... UGy, ¥, %,
oo, *n ) be a S-N-group. An element x € G\ {1} is said to have a
Smarandache inverse (S-inverse) y € G, if xy = 1 and fora, b €
G\ {1, x, y} we have xa =y and y b = x with ab = 1. The pair
(x, ) is called the Smarandache-inverse pair (S-inverse pair).

If x be a S-inverse pair of y and (x, y) is a inverse pair with
the related pair (a, b). If the pair (a, b) happens to be a S-
inverse pair not necessarily with (x, y) as related pair we say (a,
b) is the Smarandache co-inverse pair (S-co-inverse pair).

THEOREM 2.2.4 : Let G = (G; oGy U ... UGy, *1, %5, ..., *v)
be a §-N-group. Every S-inverse in G; or H < G; (H a subgroup
of the S-semigroup G;) has the inverse in the subset P of G. P =
G; U Gj but every inverse in G need not have an S inverse.

The proof is left as an exercise for the reader.
Note: The S-inverse may be in more than one G; or H < G;.

Now we define the notion of Smarandache conjugate in S-N-
groups.

DEFINITION 2.2.15: Let G = (G; UGy U ... UGy, *1, %, ...,
*v) be a S-N group. We say an element x € G has a

Smarandache conjugate (S-conjugate) y in G if.

i xa = ay for some a € G
ii. ab = bx and ac = cy for some b, c in G.
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1t is easy to verify if G is a S-symmetric N-group then G has S-
elements which are S-conjugate.

Several interesting results as in case of groups can be derived
with suitable modifications in case of N-groups and S-N-
groups.

Now we just give the definition of N-semigroups and S-N-
semigroups and just mention a very few of its important
properties.

DEFINITION 2.2.16: Let S = (S; v ... UShN, *;, ..., *n) where S
is a non empty set on which is defined, N-binary operations *j,

*y vy ¥ Sis called a N-semigroup if the following condition
are true
i S=8 US> U... USN, Si’s are proper subsets of S. 1
<i <N

i. (S;, *i) are semigroups, i =1, 2, ..., N.

Example 2.2.11: Let {S=S; U S, U S3, *|, *5, *3} where

S = {Z;o semigroup under x modulo 10},
S, = S(5) and
S; = {Z, semigroup under multiplication}.

S is a 3-semigroup.
Now we just give the definition of Smarandache N- semigroup.

DEFINITION 2.2.17: Let S = {S; U S, U ... USN, *1, 2, ..., *n}
where S is a non empty set and *;, ..., *y are N-binary
operations defined on S. S is said to be Smarandache N
semigroup (S-N semigroup) if the following conditions are
satisfied

i S =8 uS v.. USyis such that S;i’s are proper
subsets of S.
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ii. Some of (Si, *i) are groups and some of (S;, *j) are S-
semigroups, 1 <i, j <N. (i #j)

We illustrate this by the following example

Example 2.2.12: Let S = {S; U Sy U S3 U Sa, ¥, *2, *3, %4}
where

S = S(5),

S, = {Zi»; a semigroup under multiplication modulo 12},
a b

S; = {( d]|a, b, ¢, d EQ} Semigroup under matrix
c

multiplication and
Se = {(a, b) | a € Zip and b € Zj»} a semigroup under
component wise multiplication.

Clearly S is a S-4 semigroup of infinite order.
All results derived for groups and groupoids can be derived in
case of N-semigroups and S-N-semigroups with appropriate

modifications. Problems are suggested in chapter six of this
book.
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Chapter Three

N-LOOPS AND
SMARANDACHE N-LOOPS

In this chapter we introduce the notion of N-loops and
Smarandache N-loops. We give some of its properties and
illustrate them with examples. This chapter has two sections in
section one we introduce the notion of N-loops and in section
two we define Smarandache N- loops and give some of its
properties.

3.1 Definition of N-loops and their properties

In this section we define the notion of N-loops and give some of
their propertiecs. We mainly study Sylow and Lagrange
properties for N- loops for they alone can give some special
nature of these structures, which will be interesting and
innovative.

DEFINITION 3.1.1: Let (L, *;, ..., *n) be a non empty set with N
binary operations *;. L is said to be a N loop if L satisfies the
following conditions:

i L =1L1L; vlL) v..uLywhere each L; is a proper
subset of L; i.e., Li ¢ Ljor Ly ¢ Liifi #j for 1 <i,j <
N.
il. (Li, *;) is a loop for some i, 1 <i <N.
iii. (Lj, *;) is a loop or a group for somej, I <j <N.
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For a N-loop we demand atleast one (L;, *;) to be a loop.

Example 3.1.1: Let (L =L; U Ly U L3, *1, *5, *3) be a 3-loop
where (L1, *1) is a loop given by the following table:

1le | g | g | g | g ogs
€ € g1 | & | 8 | g | &
g1 g1 c 23 g5 22 g4
g | & | & € g4 | 81 | 83
g3 g3 g4 | 81 © gs g2
g4 | 84 | 23 | & | & e g1
g5 | 8 | 8 | g4 | 81 | & e

L, = {Zjo, group under ‘+’ modulo 10} and
L3 {S3} symmetric group of degree 3.

Clearly L is a 3-loop.

DEFINITION 3.1.2: Let (L =L; ULy U ... ULy, *1, ..., ) be a
N-loop. L is said to be a commutative N-loop if each (L; *) is
commutative, i = 1, 2, ..., N. We say L is inner commutative if
each of its proper subset which is N-loop under the binary
operations of L are commutative.

Example 3.1.2: Let (L =L ulyULlsulLy, *, %), *3, *4) be a
4-loop, where L; = (g | g12 = 1), cyclic group of order 12, L, =
{Z1s, group under ‘+’ modulo 15}, L3 is given by the following
table:

g1 g1 © g4 | & | 8 | £
g | g | 24 € g | 8 | 81
g3 | & | 8 | & ¢ g1 | 24
g4 | 84 | 8 | 8 | 81 € g2
g | & | 8 | 81 g4 | & €
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L3 is a commutative loop. L4 is given by the following table:

*4 € |ay|a |a3 | a|as | a | a7
€ € ary (ax | a3 | a4 | as | ag | A7
al | a1 €Clas|a |a | a3 | a7 | a4

ay | a2 | as € A | a3 | a7 | a4 | a1
az | az | a2 | ag (3] ay | a4 | a1 | as
a4 | a4 | a6 | A3 | A7 € ar | as | a2
as (a5 | a3 | a7y | a4 | 41 € ay | ag
a6 | g | A7 | a4 | a1 | a5 | ay | € | a3
a7 | ay | as | ay | as | a | ag | a3 €

Clearly L4 is also a commutative loop so L is a 4-loop, which is
commutative.

It is important to note that the number of distinct elements
in a N-loop L gives the cardinality of L. If L has finite
cardinality then L is a finite N-loop. If L has infinite cardinality
then L is an infinite N-loop.

Now we proceed on to define certain types of N-loops.

DEFINITION 3.1.3: Let L = {L; ULy U ... ULy, *1, *5, ..., *n}
be a N-loop. We say L is a Moufang N-loop if all the loops (L;
*; ) satisfy the following identities.

L (xp) (zx) = (x(yz))x

i.  ((x)z)y =x(v(zy))

iii. x(y(xz)) = ((xy)x)z
forallx, y,zel,i=12, ..., N.

Now we proceed on to define a Bruck N-loop.

DEFINITION 3.1.4: Let L = (L; ULy U ... ULy, *5, ..., *n) be a
N-loop. We call L a Bruck N-loop if all the loops (L;, *;) satisfy
the identities
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i (x(vz))z = x(y(xz))
i. (o) l=xy!

forallx,y eL,i=1,2, .., N

Similarly we can define Bol N-loop, WIP-N-loop and
alternative N-loop.

Now we proceed on to define sub N-loop of a N-loop more
seriously.

DEFINITION 3.1.5: Let L = (L; ULy U ... ULy, *, ..., *y) be a
N-loop. A non empty subset P of L is said to be a sub N-loop, if
P is a N-loop under the operations of L i.e., P = {P; UP, UP;3;
U... UPN, ¥, ..., N with each {P;, %} is a loop or a group.

We give the conditions under which a proper subset P of a N-
loop L is a sub N loop of L.

THEOREM 3.1.1: Let L = {L; ULy L...U Ly, ¥, ..., *N} be a N-
loop. A non empty subset P = {P; UP; U ... UPn, ¥}, ..., *N}
of L is a sub N-loop of L if and only if

i. Pi=PnNLjisasubloop or subgroup of L, i =1, 2, ..., N.

Proof: Clearly if each P; satisfies the condition P; =P N L; is a
subloop of Lj, i = 1, 2, ..., N then P is a sub N-loop. Now
suppose P = {P; U Py U ... UPN, *1, ..., *N} be a sub N-loop
of L. Then clearly we have the two conditions to be true
(1) Each Pj is a loop or a group under the operations of *;, i
=1,2,...,N.
(2) Also P n L;j=Pjis true. Hence the claim.

Now we define normal sub N-loop of a N-loop L.

DEFINITION 3.1.6: Let L = {L; ULy, U ... ULy, *;, ..., *Nt be a
N-loop. A proper subset P of L is said to be a normal sub N-

loop of L if
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i P is a sub N-loop of L
ii. x; P = Pixj forall x; € L;
iii. i (xi P;) = (vi x;) Pifor all x; y; € L;.

A N-loop is said to be a simple N-loop if L has no proper
normal sub N-loop.

Now we proceed on to define the notion of Moufang center.

DEFINITION 3.1.7: Let L = {L; ULy U ... ULy, ¥, ..., *n} be a
N-loop. We say Cn(L) is the Moufang N-centre of this N-loop if
Cn(L) = Ci(L;) UCx(Ly) U ... vCn(Ly) where Ci(Lj) = {x; € L;
/xiyi=yxiforally; € Ly}, i =1, 2, ..., N.

DEFINITION 3.1.8: Let L and P to two N-loops i.e. L = {L; UL,
U... ULy, *], ooy *N} and P = {P] vuPyu... UPN 0 ..., ON}.
We say a map 6: L — P is a N-loop homomorphism if 0= 6; v
& v .. U Oy ‘U is just a symbol and 6, is a loop
homomorphism from L; to P; foreachi=1,2, ..., N.

Here for a N-loop homomorphism to be defined we must have
both L and P to be N-loops and if L; is a loop then P; is a loop if
L;j is a group then P; must be a group otherwise one cannot
define N-loop homomorphism of N-loops.

We define the notion of weak Moufang N-loops, weak Bol
N-loops and weak Bruck N-loops.

DEFINITION 3.1.9: Let L = {L; ULy U ... ULy, *5, ..., ¥} be a
N-loop. We say L is weak Moufang N-loop if there exists atleast
a loop (Li, *;) such that L; is a Moufang loop.

Note: L; should not be a group it should be only a loop.

Likewise we can define the notion of weak Bol N-loop, weak
Bruck N-loop and weak WIP N-loop. It is very important to
note that the Lagrange theorem for finite groups can by no
means be true for finite N-loops. So we make a small
modification and define a new notion called Lagrange N-loop.

67



DEFINITION 3.1.10: Let L = {L; ULy U ... ULy, *;, ..., *n} be
a N-loop of finite order. We call L a Lagrange N-loop if the
order of every sub N-loop divides the order of L, then we call L
a Lagrange N-loop.

It is interesting to note that in case of N-loops one cannot
always easily find out whether a N-loop is a Lagrange loop or
not. So we now proceed on to define a new concept called weak
Lagrange N-loop.

DEFINITION 3.1.11: Let L = {L; ULy U ... ULy, ¥, ..., *} be
a N-loop of finite order. Suppose L has atleast one sub N-loop P
={P; UPy, U... UPN, ¥, ..., *N} such that order of P divides
order of L then we call L a weak Lagrange N-loop.

It is easy to verify that if a finite N-loop is a Lagrange N-loop
then L is a weak Lagrange N-loop. However a weak Lagrange
N-loop in general is not a Lagrange N-loop.

We give some examples to illustrate this.

Example 3.1.3: Let L = {L; U Ly U L3, *{, *5, *3} be a 3-loop
where L = {g | g12 =1}, L, = S5 the symmetric group of degree
3 and L3 is given by the following table which is a loop of order
8.

* 3 (§ al az as ag as ae az

€ (5] al a az a4 as ag az

al a1 € as a ae az a7 a4

a az as [ as as a7z a4 aj

az az a ae € a7 a4 al as

a a4 ae az ay € al as az

as as a3 a7 a4 al € az ag

ag ae a7 a4 a1 as ap € az

az a7z a4 al as az ae as [

Clearly L is a 3-loop of order 26.
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Now consider the sub 3 loop given by P; U P, U P3 where

2 4 6 8 10
Pi={g.g.g.g.8 .1},

1 2 3 1 23 1 2 3
P, = , , and
{(1 2 3} [2 3 J [3 1 2]}

P3;={e, a}.

Now order of P=6+3+2=11and 11 X 26.
Now consider K = K; U K; U K3 where

Ki={l, g g ¢ ¢ ¢ Ka={S;} and K3 = {e}.

Thus order of Kis 6 + 6 + 1 = 13. Now 13/ 26 so L is a weak
Lagrange 3 loop and not a Lagrange 3 loop.

We can construct several such examples. We proceed on to
define the notion of p-Sylow N-loops.

DEFINITION 3.1.12: Let L = {L; ULy U ... ULn, *;, ..., *n} be
a N-loop of finite order. If p is a prime such that p®/ o(L) but
paﬂ X o(L) and if the N-loop L has a sub N-loop P of order p®
but not of order paﬂ then we call P the p-Sylow sub N-loop of
the N-loop L.

1If for every prime p we have a p-Sylow sub N-loop then we
call L a Sylow N-loop.

First we prove that the Sylow theorem cannot in general hold
good for all N-loops L.

THEOREM 3.1.2: Let (L =L; UL, U ... ULy, *, ..., ) be a
N-loop of finite order. If p is a prime such that p®/ o (L) but
paﬂ X o(L) then the N-loop in general does not have a sub N-

loop of order p°.
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Proof: We show that we can have N-loops of finite order and if
p®/ o(L) and p0t+1 X o(L) still we can have sub N-loops of order

paﬂ. This is true from example 3.1.3, 2 / 26, L has no sub 3-
loop of order 2.

Example 3.1.4: Consider the 3-loop L = {L; U Ly U L3, *{, *5,
*3} where L = {g | g14 = 1} a cyclic group of order 14, L, =
{S3} the symmetric group of degree 3 and L3 the loop of order 8
given in page 22. The order of the N-loop L is given by 14 + 6 +
8 = 28, clearly 22/ 28, 23 X 28 but L has a sub 3-loop or order
8. Take K = K;iu Ky, uKjs where K= {1}, K, = S3 and K3 =
{e}. Clearly o(K) =8, 8 X 28 but L has a sub 3-loop of order 8.
Hence the claim.

However the N-loop can have sub N-loops of order 2% For
consider H=H; U H, U H3; where

1 2 3
H; = {1}, H2={(1 5 3]} and Hz = {e, a3}.

Clearly order of H is 4 and 4/28. Also it is easily verified that
this 3-loop L has a sub 3-loop of order 7. Take T =T; U Tr U
T3 where

o U2 3 (123 (123
R | PRI U PP ) PR

and Tz = {e, as}.
o(T)=2+3+2=7,7/28. L cannot have sub 3- loop of order
49. Now comes a confusion to one that should one call the 3-
loop L a 2-Sylow sub 3-loop and 7-Sylow sub 3-loop.

So we make a new definition called the super p-Sylow N-loop.

DEFINITION 3.1.13: Let L be a N-loop of finite order. Suppose p
is a prime such that p®/ o(L) butpaH X o(L) but L has a sub N-
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loop oforderpaﬂ (orpaﬁ r 2> 1) then we call L a super p-Sylow
N-loop or just super Sylow N-loop provided L is also a Sylow N-
loop.

The 3-loop described in example is a super p-Sylow 3-loop.

Note: By the very definition we see a super Sylow N-loop is
always a Sylow N-loop but in general a Sylow N-loop is not a
super Sylow N-loop. Now one may have the following
situation. Let L be a N-loop of finite order. Suppose p is a prime

such that p%/ o(L) but p**! X o(L) and L has only sub-N-loops

of order less than p” say of order p' (r < o) then we are forced to
define the notion of weak Sylow N-loop.

DEFINITION 3.1.14: Let L = {L; ULy U ... ULy, ¥}, ..., *n} be
a N-loop of finite order. Suppose p is a prime such that p°/ o(L)
but paH X o(L) and L has only sub N-loop of order p" (r < @)
this is true for all primes p satisfying the condition p® / o(L) but
paﬂ X o(L) then we call the N-loop L to be a weak p-Sylow N-
loop.

We illustrate this by the following example:

Example 3.1.5: Let L = {L| U Ly U L3, *, *5, *3} be a 3-loop,
with

Ly = {g] g7 =1} is a cyclic group of order 7,

L, = Ssthe symmetric group of order 3 and
L3 = the loop of order 8 given in page 22.

oL)=7+6+8=21,3/21, 3? X 21. But L has no non trivial
sub 3-loop of order 3. Clearly L has a sub 3-loop of order 9
given by K =K; U Ky U K3 where

Ki={1},Ky=S3and K3 = {e, ar}.
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Order of K=1+ 6 +2 =9. Thus we cannot claim L to be a
super Sylow 3-loop.

Example 3.1.6: Take L to be 4- loop where L=L; U L, ULz
L4 where

L = f{glg'=1

L, = D2.5={a,b|a2=b3=1;bab=a},
L3 = {loop of order 8} and

Ly = S;3.

oL)=7+9+8+ 6 =30, 5/30 and 5° X 30. But L has a sub 4-
loop of order 25.

For consider K = K; U K; U K3 U K4 where

1 23
K1=L1,K2:L2,K3:L3al’ldK4:{[1 2 3}}

Clearly order of K is 25 still L is not a super Sylow N-loop as L
has no sub 4-loop of order 3.

Example 3.1.7: Consider the 3-loop L =L; U Ly U L3, where

3
L = {glg’ =1}
L, = loop of order 8 given in page 68 and
L3 = Aj3, the alternating subgroup of Sz

o(L)=37+8+3 =48, 2°/48,2" ) 48, L has no sub 3 loop of
order 8 but L has a sub 3-loop of order 2r=4.

Take K = K; U K, U K3 where

K;i=(1),Ky,= dK5= b23
1 =(1), Ky ={e, 2} and K3 = L
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o(K) = 4. Hence the claim. 3 / 48, 3? X 48, so L has no subloop
of order less than 3. Thus L is a weak 2-Sylow N-loop.

DEFINITION 3.1.15: Let L = {L; UL, U ..U Ly, *;, ..., *N} be
a N-loop. If x and y € L are elements of L; the N-commutator (x,
y) is defined as xy = (yx) (x, y), I <i <N.

It is important note if x € Lj and y € L;, i # j such that x ¢ L;
and y ¢ L; then we cannot define N-commutator. So even the
very existence of the definition of N-commutator is not always
guaranteed.

Similarly the definition of associator also is defined only
when the triple chosen is in one of the L;’s.

DEFINITION 3.1.16: Let L = {L; ULy, U...ULy, *4,..., v} be a
N-loop. If x, y, z are elements of the N-loop L, an associator (x,
¥, z) is defined only if x, y, z € L; for some i (I <i <N) and is
defined to be (xy) z = (x (v 2)) (x, y, z).

Likewise we can define the notion of left nucleus, middle
nucleus and right nucleus of a N-loop, which is left as an
exercise for the reader.

Now we proceed on to define the notion of right regular N-
representation of a finite N-loop L.

DEFINITION 3.1.17: Let L = {L; ULy U ... ULy, *1, %5, ..., *}
be a N-loop of finite order. For o; € L; define R, as a

permutation of the loop Li, R, : x; = xjc. This is true for i = 1,
2,..., N we define the set
{R,UR,U..UR, |, €Lsi=12,..,N|
1 2 N
as the right regular N-representation of the N loop L.

Now we proceed on to define the notion of principal isotope of
a N-loop L.
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DEFINITION 3.1.18: Let L = {L; ULy U ... ULn, ¥}, ..., *n} be
a N-loop. For any pre determined pair a;, b; € L;, i € {1, 2, ...,
N} a principal isotope (L, o0;, ..., on), of the N loop L is defined
by x;0;yi = X; * Y; where X; + a; = x;and b; + Y; = y;, i = I,
2,.., N. L is called G-N-loop if it is isomorphic to all of its
principal isotopes.

Obtain some interesting results about principal isotopes. Can
one get any analogue results for N-loops?
Is the principal isotope of a N-loop a N-loop?

3.2 Smarandache N-loops and their properties

Now we in this section proceed on to define the notion of
Smarandache N-loop and list a few of its properties.

DEFINITION 3.2.1: Let L = {L; ULy, U... ULy, *1, ..., *n} be a
N-loop. We call L a Smarandache N-loop (S-N-loop) if L has a
proper subset P; (P = P; UP, U ... UPy, ¥, ..., *y ) where P
is a N-group.

Example 3.2.1: Let L = {L] ULy uLsulLy, *, *, *3, *4} bea
4-loop. L is given by the table

* 1 (S al ar az ag as

€ € al ar az ag as

a] a] c az as ap ay

a a as (S a4 al as

as az a4 al € as az

a g a3 as ar € al

as as a a4 al az €

L= {g| glO =1}, L3 is the loop of order 8 given in page 68 of
this book and L4 = S3. Take P = P; U P, U P3 U P4. Py = {e,
as}, Pr=1{1, g% ¢", g%, '}, Py = {1, g3} and Py = As.
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Clearly P is a 4-group. So L is a Smarandache 4-loop.

Let L be a S-N-loop. L is said to be of finite order if L has
finite number of distinct elements.

If L has infinite number of elements then L is called as a
Smarandache N-loop of infinite order.

Now we proceed on to define the notion of Smarandache
sub N-loop.

DEFINITION 3.2.2: Let L = {L; ULy, U... ULy, *1, ..., *N} be a
N-loop. We call a proper subset P of L where P = {P; U Py U
v UPN, ¥, oL, ¥} to be a Smarandache sub N-loop (S-sub N-
loop) of L if P itselfis a S-N-loop.

The following theorem is straightforward.

THEOREM 3.2.1: Let L = {L; ULy, U ... ULy, *;, ..., *n} be a
N-loop. Suppose L has a S-sub N-loop then L is a S-N-loop.

Proof: Let L be a N-loop. Let P be a proper subset of L. We are
given P is a S-sub N-loop of L. So P has a proper subset T such
that T is a N-group.

Now T c L and T is a proper subset of L and T is a N-group
in L; hence L is a S- N-loop. Hence the claim.

Now we proceed on to define to notion of Smarandache
commutative N-loop and Smarandache Weakly commutative N-
loop.

DEFINITION 3.2.3: Let L = {L; ULy U...U Ly, *p,..., *} be a
N-loop. L is said to be a Smarandache commutative N-loop (S-
commutative N-loop) if every proper subset P of L which are N-
groups are commutative N-groups of L.

If the N-loop L has atleast one proper subset P which is a
commutative N-group then we call L a Smarandache weakly

commutative N-loop (S-weakly commutative loop).

DEFINITION 3.2.4: Let L = {L; ULy, U ... ULy, *1, ..., *N} be a
N-loop. We say the N-loop L is a Smarandache cyclic N-loop
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(S-cyclic N-loop) if every proper subset which is a N-group is a
cyclic N-group.

If the N-loop L has atleast one proper subset which is a N-group
which is cyclic then we call L a Smarandache weakly cyclic N-
loop (S-weakly cyclic N-loop).

DEFINITION 3.2.5: Let L = {L; ULy, U... ULy, *1, ..., *N} be a
N-loop. A proper S-sub N-loop (P =P; UP, U ... UPy, %1, ...,
*N) of L is said to be a Smarandache normal N-loop (S-normal
N-loop) if

i x;i Pi = P x;
ii.  Pxi(vi) = Pi(xp)
iii.  yi(xiPy) = ix;) P

forallx;, yi e Pifori=1,2, .., N.
If the N-loop L has no proper S-normal sub N-loop then we
call the N-loop to be Smarandache simple N-loop (S-simple N-

loop).

It is important to note the notions S-simple N-loop and
simple N-loop may or may not have in general any proper
relations.

DEFINITION 3.2.6: Let L = {L; UL, U ... ULy, *;, ..., *N} be a
N-loop and P = (P; U Py U ... UPy, *|, ..., *) be a S-sub N-
loop of L. (P c L) for any N-pair of elements x;, yi € P; (i € {1,
2, ..., N}) the N-commutator (x;, y;) is defined by x; y; = (i Xi)
(xi, Vi)-

The Smarandache commutator sub N-loop (S-commutator sub
N-loop) of L denoted by S (L’) is the S-sub N-loop generated by
all its commutators.

If this set does not generate a S-sub N-loop we then say the S-

commutator subloop generated relative to the S-sub N-loop P of
L is empty.
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Thus it is important to note that in case of S-commutators in
N-loops we see there can be more than one S-commutator S-sub
N-loop, which is a marked difference between the commutator
in N-loops and S-commutator in N-loops.

Now we proceed onto define the S-associators of N-loops.

DEFINITION 3.2.7: Let L = {L; ULy, U... ULy, *1, ..., *N} be a
N-loop. Let P — L be a S-sub N-loop of L. If x, y, z are elements
of the S-sub N-loop P of L, an associator (x, y, z) is defined by
()z = (x (2)) (5, 3, 2).

The associator S-sub N-loop of the S-sub N-loop P of L
denoted by A(Lfv) is the S-sub N-loop generated by all the

associators, that is ({x € P|x = (a, b, ¢) for some a, b, ¢ € P}).
IfA(LfV) happens to be a S-sub N-loop then only we call

A (Lf\,) the Smarandache associator (S-associator) of L related

to the S-sub N-loop P.

Now we proceed on to define the notion of pseudo commutative
N- loop.

DEFINITION 3.2.8: Let L = {L; ULy U...U Ly, *1,..., *n} be a
N-loop. If for a, b € L with ab = ba in L, we have (ax;) b = (bx;)
a (or b (x;a)) for all x; € L; (if a, b € L;), then we say the pair is
pseudo commutative.

If every commutative pair in every L; is pseudo commutative
then we call L a pseudo commutative N-loop. If we have for
every pair of commuting elements a, b in a proper subset P of
the N-loop L (which is a S-sub N-loop). If a, b is a pseudo
commutative pair for every x in P then we call the pair a
Smarandache pseudo commutative pair (S-pseudo commutative

pair).

Note: We see a pair is a pseudo commutative pair then it is
obviously a S-pseudo commutative pair. But we see on the
contrary that all S-pseudo commutative pairs in general need not
be a pseudo commutative pairs. If in a S-sub N-loop P of L
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every pair in P is a S-pseudo commutative pair then we call the
N-loop L a Smarandache pseudo commutative N-loop (S-
pseudo commutative N-loop).

Now we proceed on to define the notion of Smarandache
pseudo commutator.

DEFINITION 3.2.9: Let L = {L; ULy U...U Ly, *p,..., N} be a
N-loop. The pseudo commutator of L denoted by P(L) = ({p € L
/ a(xb) = p ([bx] a)}); we define the Smarandache pseudo
commutator (S-pseudo commutator) of P — L (P a S-sub-N-loop
of L) to be the S-sub N-loop generated by ({p € P |a (xb) =p (
[bx] a), a, b € P}); denoted by PY (L). If P (L) is not a S-sub

N loop then we say P’ (L) = ¢.

It is important to note that we may have more than one S-sub N
loop Pg (L) for a given N-loop L.

Now we proceed on to define the notion of Smarandache
pseudo associative triple in case of a N-loop L.

DEFINITION 3.2.10: Let L = {L; ULy U...U Ly, *1,..., *n} be a
N-loop. An associative triple a, b, c € P L where P is a S-sub
N- loop of L is said to be Smarandache pseudo associative (S-
pseudo associative) if (a b) (x ¢) = (ax) (b c) forallx € P. If (a
b) (x ¢) = (a x) (b c) for some x € P we say the triple is
Smarandache pseudo associative (S-pseudo associative)
relative to those x in P.

If in particular every associative triple in P is S-pseudo
associative then we say the N-loop is a Smarandache pseudo
associative N-loop (S- pseudo associative N-loop).

Thus for a N-loop to be a S-pseudo associative N-loop it is
sufficient that one of its S-sub N-loops are a S-pseudo
associative N-loop.

The Smarandache pseudo associator of a N-loop (S-pseudo

associator of a N-loop) L denoted by S(AL/;’) ={teP/(ab)(t

¢) = (at) (bc) where a (bc) = (a b) c for a, b, ¢ € P})where P is
a S-sub N-loop of L.
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DEFINITION 3.2.11: Let L = {L; ULy U ... ULy, ¥}, ..., *N} be
a N-loop. L is said to be a Smarandache Moufang N loop (S-
Moufang N-loop) if there exists S-sub N-loop P of L which is a
Moufang N-loop.

A N-loop L is said to be a Smarandache Bruck N-loop (S-
Bruck N-loop) if L has a proper S-sub N-loop P, where P is a
Bruck N-loop.

Similarly a N-loop L is said to be a Smarandache Bol N-
loop (S-Bol N-loop) if L has a proper S-sub N loop) K, where K
is a Bol N-loop.

We call a N-loop L to be a Smarandache Jordan N-loop (S-
Jordan N-loop) if L has a S-sub N-loop T, where T is a Jordan
N-loop.

On similar lines we define Smarandache right (left) alternative
N-loop.

Now proceed on to define the Smarandache N-loop
homomorphism.

DEFINITION 3.2.12: Let L = {L; ULy U ... ULy, *1, ..., *n}
and K = { K; UKy U ... UKy, 01, 02, ..., on} be two N-loops.
We say a map ¢ = ¢ U ¢ U ... U @y from L to K is a
Smarandache N-loop homomorphism (S-N loop
homomorphism) if ¢ is a N-group homomorphism from P to T

where P and T are proper subsets of L and K respectively such
that P and T are N-groups of L and K.

Thus for Smarandache ¢ - homomorphism of N-loops we need
not have ¢ to be defined on the whole of L. It is sufficient if ¢ is
defined on a proper subset P of L which is a N-group.

Now we proceed on to define Smarandache Moufang center
of a N loop.

DEFINITION 3.2.13: Let L = {L; ULy, U ... ULy, *j, ..., *ntbe
a N-loop. Let P be a S-sub N-loop of L. The Smarandache
Moufang Centre (S-Moufang Centre) of L is defined to be the
Moufang centre of the S-sub N-loop; P = (P; U Py U ... UPy,

*1, e *N).
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Thus for a given N-loop L we can have several S-Moufang
centres or no Moufang centre if the N-loop L has no S-Sub N-
loop.

Now we proceed on to define the notion of S-center.

DEFINITION 3.2.14: Let L be a N-loop. P be a S-sub N-loop of
L. The Smarandache N-centre (S N center) SZy (L) is the center
of the sub-N-loop P c L.

Thus even in case of S-centre for a N-loop we may have several
S-centers depending on the number of S-sub N-loops.

Now notion of Smarandache middle, left and right nucleus
of a N-loop is defined.

DEFINITION 3.2.15: Let L be a N-loop, P be a S-sub N-loop of
L. To define Smarandache nucleus (S-nucleus) related to P we

consider the Smarandache left nucleus (S-left nucleus) of L to
be the left nucleus of the S-sub N-loop P denoted by NV .

Similarly the Smarandache right nucleus (S-right nucleus)
of the N-loop L to be the right nucleus of the S-sub N-loop P
denoted by N} .

We can define the Smarandache middle nucleus (S-middle
nucleus) of the N-loop L to be the middle nucleus of the S-sub
N-loop P, denoted by N'". Thus the Smarandache nucleus (S-

nucleus) is [SN(L)]y = NJ* A N;¥ N

Note: We define left, right and middle S- nucleus only for the
same S-sub N-loop P. As we vary P we can have several S-
nucleus.

Now we proceed on to define the notion of Smarandache
Lagrange N-loop, Smarandache Cauchy element in a N-loop
and Smarandache p-Sylow N-loop.

DEFINITION 3.2.16: Let L = {L; ULy, U ... ULy, *j, ..., *ntbe
a N-loop of finite order. A proper subset S of L where S is a S-
sub-N-loop is said to be a Smarandache Lagrange sub N-loop
(S-Lagrange sub N-loop) of L if o (S) / o (L).
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If every S-sub N-loop of the N-loop L happens to be a S-
Lagrange sub N-loop then we call L a Smarandache Lagrange
N-loop (S-Lagrange N-loop). If no S-sub N-loop of L is a S-
Lagrange sub N-loop then we call L a Smarandache non
Lagrange N-loop (S-non Lagrange N-loop).

Now we proceed on to define the notion of Smarandache
Cauchy element of a N-loop L.

DEFINITION 3.2.17: Let L = {L; ULy U ... ULy, ¥}, ..., *n}be
a N-loop of finite order. An element x € P, where P = {P; UP;
U ... UPN, ¥, ..., *n} is a S-sub N-loop of L is said to be a
Smarandache Cauchy element (S-Cauchy element) of the N-loop
Lifx"=e (n>1)andn/o(P).

If every S-sub N-loop of L has a Cauchy element then we
call the N-loop L to be a Smarandache Cauchy N-loop (S-
Cauchy N-loop).

We now proceed to define Smarandache p-Sylow N-loop.

DEFINITION 3.2.18: Let L = {L; ULy U ... ULy, ¥}, ..., *n}be
a N-loop of finite order. Let p be a prime such that p®/ o (L) but
paH X o(L) and if L has a S-sub N-loop P of order p® then we
call P the Smarandache p-Sylow sub N-loop (S-p-Sylow sub N-
loop). If for every prime p, p® / o(L) and paH X o(L); we have
S-p-Sylow sub N-loop then we call the N-loop L to be a
Smarandache Sylow N-loop (S-Sylow N-loop).

We proceed on to define super Smarandache p-Sylow sub N-
loop and the notion of super Smarandache Sylow N-loop.

DEFINITION 3.2.19: Let L = {L; ULy U...U Ly, *1,..., *n} be a
N-loop of finite order. Suppose L is a S-Sylow N-loop. If for

every prime p, p®/ o(L) butpaH X o(L) we have a S-sub N loop
P; oforderpa+r (r > 1) then we call L a (S-super Smarandache

Sylow N-loop). P; is called as a super Smarandache p-Sylow S-
sub N loop (super p-Sylow S-sub N loop) of L.
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We define a N-loop L to be a Smarandache pseudo N-loop
(S pseudo N-loop) if L = {L; U Ly, U ... ULy, *, ..., *N
contains a non empty subset P where P = {P; U Py U ... U Py,
*1, o, N} 1S a N-groupoid.

Several results can be derived studied and analyzed using
these definitions. This work is left for the researchers.
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Chapter Four

N-GROUPOIDS AND
SMARANDACHE N-GROUPOIDS

In this chapter we for the first time introduce the notion of N-
groupoids and Smarandache N-groupoids. The notion of
bigroupoids was introduced in 2003 and also in the same year
the notion of Smarandache bigroupoids was introduced.

We here introduce these N-groupoids (N > 2) for when
N =2 we get the usual bigroupoid and also give some of its
applications.

This chapter has four sections. In section one we just
introduce the concept of bigroupoids and S-bigroupoids. In
section two we introduce the new notion of N-groupoid and
give some of its properties. Section three gives the definition
and properties of Smarandache-N-groupoids. In the final section
we suggest some of the probable applications.

4.1 Introduction to bigroupoids and Smarandache bigroupoids

In this section we just recall the definition and some of the basic
properties of bigroupoids and S-bigroupoids and illustrate them
with examples.

DEFINITION 4.1.1: Let G = (G, +, 0) be a non empty set. We
call G a bigroupoid if G = G; U Gy where G; and G, are
proper subsets of G and satisfy the following:
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i (G;, +) is a groupoid (i.e. “+’ is non associative closed
binary operation).
ii. (G, 0) is a semigroup.

Example 4.1.1: Let G = (G; U Gy, *, 0) where G, is given by
the table

hi | hy | h | by
hy hy hy hj
hs h; hy h;

and G, = S(4), the semigroup of set of all mapping of (1,
2, 3, 4) to itself under composition of mappings. G is a
bigroupoid.

The number of distinct elements in a bigroupoid G is called
the order of the bigroupoid and is denoted by o (G). If 0 (G) =n
and n < oo implies the bigroupoid G is of finite order. If n =
we say G is a bigroupoid of infinite order.

Further it is important to note that in general o(G) # o(G;) +
0(G) for we may have common elements in G; and G, but we
can say

0o(G) = 0o(Gy) + 0(Gz) — o(G1 N Gy).

Now we proceed on to define the notion of sub-bigroupoid of a
bigroupoid G.

DEFINITION 4.1.2: Let G = (G; U Gy, * o) be a bigroupoid. We
say a proper subset H of G is said to be a subbigroupoid if H
under the operations of G is itself a bigroupoid.

We illustrate this by the following example.

Example 4.1.2: Let G = G| U Gy be a bigroupoid where

G1 = S(5) is a semigroup of mappings of (1 2 3 4 5) to itself
under the composition of mappings and
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G, is given by the following table:

NN N | BR|[W(N[—=]|OD]| *
(o)W IF-NI I O}l Reoll Ko N (P SN | \O ) Ken 'l e
EEN I\ SR K==l Ro N I S [ \O ) Kenll [N N8 ol
\O N Feull Ho i (RSN || \O N Rl Ko N [ S I (S
(e Ho N IF SN 1 \S N Keoll Ho W I S [} \OJ) RS
(o) IFNN I\ |l Reoll Ko N (P ) I NS TN (Kl I SN
EEN 1\ Sl Kl Ho N I S [ \O ) Kenll fo N8 R 05}
\O N Feu}l Ho | (RSN ||\l Rl Ko N [ SN No)
(=3 Ho N IF SN B \O ) Kol Ho W I S [} \O TN DN |

Now clearly one can verify (G2, *) is a groupoid and not a
semigroup.

Now take P =Py U P, where Py = {0, 2, 4, 6} and P, = S'(3)
i.e., we fix in the mappings of the set 1, 2, 3, 4, 5, 4 and 5 only
123 are mapped. This will form a semigroup isomorphic to S(3).
Clearly P is a subbigroupoid of the bigroupoid G.

We now proceed on to define the notion of commutative
bigroupoid.

DEFINITION 4.1.3: 4 bigroupoid G = (G; U Gy, *, o) is said be
a commutative bigroupoid if (G, *) is a commutative groupoid
and (G, o) is a commutative semigroup.

We can still define a new notion called idempotent bigroupoid.
DEFINITION 4.1.4: A bigroupoid (G, * o) is said to be an
idempotent bigroupoid if (G;, *) is an idempotent groupoid and

(G, o) is an idempotent semigroup.

We can also as in the case of semigroups define the notion of
right and left ideals of a bigroupoid.

DEFINITION 4.1.5: Let (G, *, o) be a bigroupoid where G = G

U Gy with (G, *) a groupoid and (G2, o) a semigroup. We say a
nonempty subset P of G is said to be a right biideal of G if P =
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P; U Py such that P; is a right ideal of the groupoid G; and P,
is a right ideal of the semigroup G».

On similar lines we can define the notion of left biideal of
the bigroupoid G. We say a nonempty subset P of the groupoid
G to be a biideal of G if P = P; U P, where P; — Gj and Py
G, with P is an ideal of the groupoid G| and P; the ideal of the
semigroup G.

Now we proceed on to define the notion of normal
subbigroupoid of a bigroupoid G.

DEFINITION 4.1.6: Let G = (G; U G, *, 0) be a bigroupoid. A
non empty subset P of G is said to be a normal subbigroupoid of
the bigroupoid G if

i P = P; UPywhere P is a subbigroupoid of G.
ii. a Py =PjaoraP;=Pyaaccording asa € Pyora €
P).
iii. P;(xy) = (P;x)yorP;(xy) = (P;x)y according as x,
y ePjorx, y eP)
iv. y(xP;)=(x)Prory (P = (xy) P;according as
x,y €Prorx,y e Pyforallx, y,a € G.

We call a bigroupoid simple if it has no nontrivial normal
subbigroupoid.

Next we define a new notion or condition under which a
bigroupoid itself is normal.

DEFINITION 4.1.7: Let (G, +, 0) be a bigroupoid, G = G; U G»
where (G, +) is a groupoid and (G, o) is a semigroup. We say
G is a normal bigroupoid if

I xG =Gx (i.e. x; Gy = Gxjifx; € Gy and x; G2 = G2
x2ifx; € Gy).

i. Gy =(Gx)y(ie G (xy)=(Gix)y;ifxy el
and ((G2x) y = G2 (x ) if x, y & Go).
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iil. y(xG)=@wx)Gie, vx) G =y (x Gy), x, y € Gy,
and (yx) Go =y (x Go) if (x, y € G)).

We proceed on to define some more concepts like biconjugate,
bicenter, biconjugate pair, etc.

DEFINITION 4.1.8: Let (G, * o) be a bigroupoid with G = (G,
U Gy) where (G, *) is a groupoid and (G, o) is a semigroup.
Let H and K be two proper subbigroupoids of (G, *, o) where H
= H; UH) (H;, *) is a subgroupoid of (G;, *) and (H), o) is a
subsemigroup of (G2, o).

Similarly K = K; U Ky with K N H = ¢ We say H is
biconjugate with K if there exists x; € H; and x; € H, with x;
K;=Hjor (K;x;=Hj) and x; Ky = Hy (or Ky x; = Hy) ‘or’ in
the mutually exclusive sense.

DEFINITION 4.1.9: Let (G, * o) be a bigroupoid. An element x
€ G is said to be a zero divisor if there exists y € G such that xy
=yx = 0.

DEFINITION 4.1.10: Let (G = G; U Gy, * 0) be a bigroupoid.
The centre or bicentre of (G, *, o) denoted by BC (G) = {x € G;
| xa =ax foralla € G} Uy e Go|yb=by forall b € Gy} i.e.
why we call it as bicentre.

DEFINITION 4.1.11: Let (G = G; U Gy, * 0) be a bigroupoid .
G =G; uUGywesay a, b € Gis a biconjugate pairifa = b o xj,
(ifa, b € G| for some x; € Giora=x;0b)andb =aoy, (or
y1 0 a for some y; € Gy) (if a, b € Gy we choose x and y from
G>). On similar lines we define right biconjugate only for a, b €
Gi(orGyasaox=bandboy=aforx € Gy (x € Gy).

DEFINITION 4.1.12: Let (Y, * o) be a set with Y = Y; U Y, Y
and Y, are proper subsets of Y where (Y;, *) is a loop and (Y3,
0) a groupoid, then we call (Y, * o) as a biquasi loop. A proper
subset P — Y is said to be a sub-biquasi loop if P itself under the
operations of Y is a biquasi loop.
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Now we proceed on to define the notion of normal biquasi
loop.

DEFINITION 4.1.13: Let (X, +, o) be a biquasi loop X = X; U
Xo. (X, +) is a loop and (X, o) is a groupoid. P = P; U Py a
subbiquasi loop of X. We say P is a normal subbiquasi loop of X
if Py is a normal subloop of (X;, +) and P, is an ideal of the
groupoid (X, o).

Now we proceed on to define the notion of Lagrange
biquasi loop.

DEFINITION 4.1.14: Let (X, +, o) be a biquasi loop of finite
order. If the order of every proper subbiquasi loop P of X
divides the order of X, then we say X is a Lagrange biquasi
loop. If the order of atleast one of the proper subbiquasi loop P
of X divides the order of X then we say X is a weakly Lagrange
biquasi loop. If the sub biquasi loop exists and none of its order
divides the order X then X is said to be non-Lagrange biquasi
loop.

We just illustrate this by an example.

Example 4.1.3: Consider the biquasi loop (Y, +, o) with Y =Y,
U Y, where Y, a loop of order 8 given by the following table:

* a; | ap | a3 | a4 | a5 | ag | a7

€ € al a az aq as ae ay

al al € as az ag a3 a7 a4

a a as € ag a3 a7 aq al

az az a ae € az a4 ai as

a4 a4 ag as a7 € a1 as a

as as as a7 a al € as ae

ae ae azy as al as a (5] az

a7 a7 a4 al as a ae az €
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The groupoid Y3 is given by the following table:

+ | X1 | X2 | X3

X1 X1 X3 | X2

X2 | X3 X2 | X1

X3 X2 | X1 X3

Clearly o(Y) = 11. Y has no nontrivial subbiquasi loops but it
has subbiquasi group. P =P U Py, where P| = {e, a¢} is a group
and P, = {x1} is a semigroup.

DEFINITION 4.1.15: Let (Y, +, o) be a biquasi loop of finite
order. If p is a prime such p®/ o(Y) andpaﬂ X o(Y) we have a
sub-biquasi loop P of order p® then we say P is a p-Sylow sub-
biquasi loop.

If for every prime p / o(Y) we have a p-Sylow subbiquasi
loop then we call Y a Sylow biquasi loop.

Just we proceed on to define the notion of Cauchy elements
in a biquasi loop.

DEFINITION 4.1.16: Let (Y, +, o) be a biquasi loop of finite
order, an element x € Y such that X' = e (e-identity of Y) r> 1
with v/ o(Y) is called the Cauchy element of Y.

We see in case of finite groups every element is a Cauchy
element but in case of biquasi loop only a few of the elements
may be Cauchy elements, if the order of a biquasi loop is a
prime, p none of the elements in it would be a Cauchy element

even though we will havex € Ywithx' = e, t >1t#p, ast X p.

DEFINITION 4.1.17: Let (P, +, 0) be a non empty set. If (P, +) is
a loop and (P, o) is a semigroup then we call P a biquasi
semigroup.

THEOREM 4.1.1: All biquasi semigroups are biquasi loops.
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We now proceed on to define the notion of biquasi
groupoid.

DEFINITION 4.1.18: Let (T, +, o) be a non empty set. T is a
biquasi groupoid if (T, +) is a group and (T, o) is a groupoid.

THEOREM 4.1.2: All biquasi groups are biquasi groupoids and
not conversely.

4.2 N-groupoids and their properties

In this section we proceed on to define the new notion of N-
groupoids (N > 2) for when N = 2 we get the bigroupoids and
give several of the properties and some other related structures.

DEFINITION 4.2.1: Let G = (G; UGy U ... UGy, ¥y, ..., *n) be
a non empty set with N-binary operations. G is called the N-
groupoid if some of the G;’s are groupoids and some of the G;’s
are semigroups, i #j and G = G; U G, U ... U Gy is the union
of proper subsets of G.

It is important to note that a G; is either a groupoid or a
semigroup.

Example 4.2.1: Let G = (G] U Gy U G3 U Gy, *1, ¥, *3, *4)
where G; = S(3), G2 = S(5), G3 =(Z7, * | a* b=3a + 2b (mod
7)) and G4 = (Z4, 2a *4 b=3a + b (mod 4) for a, b € Z4). Clearly
G is 4-groupoid.

Now we proceed on to define the order of a N-groupoid G.

DEFINITION 4.2.2: Let G = (G; UGy U ... UGN, *1, 5, .., *n)
be a N-groupoid. The order of the N-groupoid G is the number
of distinct elements in G. If the number of elements in G is finite
we call G a finite N-groupoid. If the number of distinct elements
in G is infinite we call G an infinite N-groupoid.
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The N-groupoid given in example 4.2.1 is a finite 4-
gorupoid.

Now we proceed on to define the notion of commutative N-
groupoid and idempotent N-groupoid.

DEFINITION 4.2.3: Let G = (G; UGy U ... UGy, ¥y, ..., *y) be
a N-groupoid. We say G is a commutative N-groupoid if each
(G, * ) is either a commutative groupoid or a commutative
semigroup.

Example 4.2.2: Let G = {G] U Gy U G3, *{, *,, *3} where

G; = Ls(3) given by the table,
Gy, = Zjo={multiplicative semigroup under modulo 10} and
G3 = {Z,under multiplication}.

G is a 3-groupoid which is commutative.
The table for the groupoid Ls(3) is given which is easily
checked to be commutative.

*

Nl |WIND|[—|lo |o

WO [(—]—

—lWwWln|o [N

Al—=|O || |W[W

NSARCH L RUSE RV, ) IR N QSN
QI |BR|—=|W]|n|n

Nl lWIN|—|O

Next we proceed on to define the notion of sub N-groupoid of a
N-groupoid G.

DEFINITION 4.2.4: Let G = {G; UGy U ... UGy, *, %, ..,
*N} be a N-groupoid. We say a proper subset H ={H; U H, U
. UHy, *1, %5, ..., *n} of G is said to be a sub N-groupoid of
G if H itself'is a N-groupoid of G.

Now we illustrate this by the following example:
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Example 4.2.3: Let G = (G; U Gy U G3, ¥, ¥, *3), be a 3-
groupoid where

Gy = {Z;p/a*b=3a+4b(mod12);a,b e 12},
Gy = {Zi6, semigroup under multiplication mod 16} and
G; = S(@3).

Consider H = {H] |\ Hz |\ H3, *1, *2, *3} where H] = {G]}, Hz
={0,2,4,6,8, 10, 12, 14, under multiplication modulo 16} and
Hiz = {S(3)}. H is a sub N-groupoid of G.

It is interesting to note that as in case of all N-structures
even in case of N-groupoids we may or may not have the order
of the sub N-groupoid to divide the order of the N-groupoid G.
For in the example 4.2.3 we see the order of the 3-groupoid is
55. The order of the sub 3-groupoid is 47, 47 X 55.

Thus we want conditions under which the sub N-groupoids
of a finite N-groupoid divides the order of the N-groupoid. To
this end define a new concept called Lagrange N- groupoid.

DEFINITION 4.2.5: Let G = (G; UGy U ... UGy, *1, %5, ..., *n)
be a finite N-groupoid. If the order of every sub N-groupoid H
divides the order of the N-groupoid, then we say G is a
Lagrange N-groupoid.

It is very important to mention here that in general every N-
groupoid need not be a Lagrange N-groupoid.
Now we define still a weaker notion of a Lagrange N-groupoid.

DEFINITION 4.2.6: Let G = (G; UGy U ... UGN, ¥, ..., *y) be
a finite N-groupoid. If G has atleast one nontrivial sub N-
groupoid H such that o(H) / o(G) then we call G a weakly
Lagrange N-groupoid.

It is easily verified that every Lagrange N-groupoid is a weakly
Lagrange N-groupoid. Also one cannot for certain say that all
N-groupoids are weakly Lagrange N-groupoids. Thus we have
the following containment relation.
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{Lagrange N-groupoid} < {Weakly Lagrange N-groupoid} <
#* #*
{N-groupoid}.

Now we give an example of a weakly Lagrange N-groupoid.

Example 4.2.4: Let G= (G U Gy U G3, U G4, *1, *2, *3, *4) be
a 4-groupoid where

G1 = (Z4, semigroup under multiplication modulo 4),

G, = {Z¢|a*b=2a+b(mod6);ab e Zs},

G3 {Z7, semigroup under multiplication modulo 7} and
Gy {Z1p]a*b=4a+6b(mod 10) fora, b € Zo}.

Clearly G is a 4-groupoid and order of G is 27. Consider H = H;
Y Hz Y H3 |\ H4 where

H; = {0, 2, semigroup under multiplication modulo 4},
Hy = {0,2,4),

H; = {1} and

Hy = {0,2,4,6,8}.

Clearly o(H)=11and 11 X 27.

Take K =K; U Ky U K3 U K4 where K = {0, 2}, Ky = {3},
Kz = {1} and K4 = {0, 2, 4, 6, 8} where K; = Gj, 1 =1, 2, 3, 4.
Clearly o(K) =9 and 9 / 27. Thus G is a weakly Lagrange N-
groupoid and not a Lagrange N-groupoid.

Now we proceed on to define the notion of normal sub N-
groupoid.

DEFINITION 4.2.7: Let G = (G; UGy U ... UGy, *1, %), ..., *n)
be a N groupoid. A sub N groupoid V =V; UV, v ... UVyof
G is said to be a normal sub N-groupoid of G, if

i aVi=Via i=1 2, ... Nwhenevera €V;

ii. Vixy)=(Vix)y,i=1,2, ... Nforx,y €V;
iii. yxVi)=@)Vi,i=12 .., Nforx,y €V,
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Now we say a N-groupoid G is simple if G has no nontrivial
normal sub N-groupoids.

Now we proceed on to define the notion of N-conjugate
groupoids.

DEFINITION 4.2.8: Let G = (G; UGy U ... UGN, ¥}, ..., *y) be
a N-groupoid. Let H={H; U ... UHy; *;, ..., *n} and K = {K;
UKy U... UKN, ¥, ..., *N} be sub N-groupoids of G = Gy v
G, U ... UGN, where H;, K; are subgroupoids of G; (i = 1, 2,
., N).

Let K " H = ¢ We say H is N-conjugate with K if there
exists x; € H; such that x; K; = H; (or K; x; = H)) fori =1, 2, ...,
N ‘or’ in the mutually exclusive sense.

Now we define the notion of inner commutative N-groupoid.

DEFINITION 4.2.9: Let G be a N-groupoid. We say G is inner
commutative if every sub N-groupoid of G is commutative.

We now define the notion of weakly inner commutative N-
groupoid.

DEFINITION 4.2.10: Let G = (G; v Gy U ..U Gy, *1, %, ..,
*N) be a N-groupoid if G has at least one non trivial N-sub
groupoid which is commutative, then we call G a weakly inner
commutative N-groupoid.

We have got the following relations, which can be easily
checked.

1. Every commutative N-groupoid is inner commutative.

2. Every inner commutative N-groupoid is weakly inner
commutative.

3. A weakly inner commutative N-groupoid is not in
general inner commutative.

4. All inner commutative N-groupoids need not in general
be commutative.

94



Now we proceed on to define the notion of zero divisors.

DEFINITION 4.2.11: Let G = (G; U Gy U ... UGy, *1, %, ..,
*N) be a N-groupoid. An element x in G is said to be a zero
divisor if their exists a y in G such that x *; y =y * x = 0 for
someiin{l, 2, ..., N}

We define N-centre of a N-groupoid G.

DEFINITION 4.2.12: Let G = (G; v Gy U ... UGy, *1, %, ..,
*y) be a N-groupoid. The N-centre of (G; U Gy U ... U Gy,
*1, ..., *n) denoted by NC (G) = {x; € G; | x; aj = a; x; for all
aj e G} Ufx, e Gy | xpa =ayxp forallay € Gof U ... U
Ixv € Gy | xv av = an xy for all ay € Gy} =
N

U{xieG|xial=a,.x[ for all a[eG,.} =NC (G).

i=1

DEFINITION 4.2.13: Let G = (G; U Gy U ... UGy, *1, *5,...,
*n) be a N-groupoid. We say a, b € G is a N-conjugate pair if a
=b* xi(ifa b € Gjfor somex; € Giora=x; ¥;b) and b = a
* yi(ory; * aforsomey; € Gy (ifa, b € Gj, i #j we choose x;
and y; from Gj ). Similarly we define right N-conjugate only for
a, b eGi(orGj)a*xi=bandb* y;=aforx; € G

We can define left N-conjugate in an analogous way.

DEFINITION 4.2.14: Let G = (G; U ... UGy, ¥, ..., *n) be a
non empty set with N-binary operations. If atleast one of (G;, *))
is a loop and G a N-groupoid then we call G a N-quasi loop.
The number of distinct elements in G is called the order of G. G
can be a finite or an infinite N-quasi loop.

We just give an illustration of a N quasi loop.
Example 4.2.5: Let G = {G] U Gy U G3 U Gy, *1, *3, *3, *4)

where (G, *;) = S(3) the semigroup under the operation
composition of maps. (Gz, *2) = {Z1o | a *» b = 3a + 2b (mod
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10)} is a groupoid, G3 = {Z9, *3 is usual multiplication modulo
9}. Clearly Gs; is a semigroup. Gy is the loop under the
operation *4 given by the following table:

*2lela]|b|c|d
e el a|b|c]|d
a al|le|c|d|Db
b b|d|a]|e]c
c c|b|d|al]|e
d d|cf|le]|b]| a

Thus G is a 4-quasi loop.

We now proceed on to define sub N-quasi loop and normal sub
N-quasi loop.

DEFINITION 4.2.15: Let (G; v G, U ... UGy, *5, ..., *n) be a
N-quasi loop. Let K = (K; UKy, U ... UKy, *;, ..., *n ) be a
proper subset of G. K is said to be a normal sub N-quasi loop of
G if K is itself a N-quasi loop such that for all loops G;, K; is a
normal subloop of G; and for all groupoids and semigroups G;,
K; are ideals of G;.

It is very important to note that in general in any finite N-quasi
loop a proper sub N-quasi loop K of G does not in general

divide order of G i.e. o(K) )X o (G).

DEFINITION 4.2.16: Let G = (G; v Gy U ... UGy, ¥, ..., *N)
be a N-quasi loop. A proper subset P = (P; UP; U ... UPy, ¥,
o, *n) of G is said to be sub N-quasi loop if P itself is a N-quasi
loop under the operations of G.

Now we define a special case of N-quasi loops.
DEFINITION 4.2.17: Let G = (G; UGy U ..U Gy, ¥y, ..., *n) be

a finite N-quasi loop. If the order of every proper sub N-quasi
loop, P = {P; U Py U... UPp, ¥, ..., *} divides the order of
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G, then we call G a Lagrange N-quasi loop. If the order of
atleast one of the proper sub N-quasi loops P of G divides the
order of G then G is said to be a weakly Lagrange N-quasi loop.
If sub N-quasi loop exist and none of its order divides the order
of G then G is said to be a non-Lagrange N-quasi loop.

Thus given any finite N-quasi loop it falls only under one of the
three types.

1. Non Lagrange N-quasi loop.
2. Lagrange N-quasi loop and
3. Weakly Lagrange N-quasi loop.

Example 4.2.6: Let {G] \ G2 \ G3, *1, *2, *3) where G1 = S(3),
G, is given by the table

x| x2 | X3

X1 X1 X3 X2

X2 X2 X1 X3

X3 X3 X2 X1

and Gs is given by the table:

*3 | e [ a1 | a | a3 | a4 | as | as | a7

€ € al az as a4 as ae ay

al al € as a ag az a7 aq

a a as € ae az a aq ajl

as as az ag € a7 a4 al as

a a ag as a7 € al as ap

as as az az ag al c a ae

ag ag a7 a al as as € az

a7 a7 aq al as a ae az (&

o0(G) = 27+3+8 = 38.
Now consider the sub N-quasi loop given by P =Py U P, U P3
where

Py = {x1, X2, X3},

97



P, =
1 2 3Y(1 2 3Y(1 2 3
1 2 31 3 2/ 21 3/
1 2 3Y(1 2 3\(1 2 3
32 1012 3 1)(3 1 2

and P3 = {e, a;}.
Now o(P) =3 + 6 +2 = 11. Clearly o(P) X o(G).

Now we proceed on to define the notion of p-Sylow sub N-
quasi loop.

DEFINITION 4.2.18: Let G = (G; U Gy U ... UGy, *1, %, ..,
*v) be a N-quasi loop of finite order. If p is a prime such that p®
/ o(G) and paH X 0o(G) and we have a sub-N-quasi loop P of
order p°, then we say P is a p-Sylow sub N-quasi loop. If for

every prime p / o(G) we have a p-Sylow sub N-quasi loop, then
we call G a Sylow N-quasi loop.

DEFINITION 4.2.19: Let G = (G; v Gy U ... UGy, *4, ..., *N)
be a non empty set if each G; is either a loop or a semigroup, i
=1, 2, ..., N then we call G a N-quasi semigroup. i.e. in case of
N-quasi loops we can have G; to be loops and not groupoids
and semigroups but in case of N-quasi semigroups we cannot
have G; to be a groupoid it can only be a loop and a semigroup.

It is interesting to note that All N-quasi semigroups are N-quasi
loops. We still define a new notion called N-quasi groupoid.

DEFINITION 4.2.20: Let G = (G; v Gy U ... UGy, ¥, ..., *N)
be a non empty set with N-binary operations and each G is a
proper subset of G; if some of the G;’s are groups and the rest
of them are groupoids, then we call G a N-quasi groupoid.

Example 4.2.7: Let G = {G] U Gy U G3 U Ga, *1, *2, *3, ¥4}
where
3
G = (glg =D,
Gy = {Zjo, group under +},
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G; = {Z¢|a*b =2a+3b(mod6),a,beZs and
Gy is given by the following table:

2l X0 | X1 [ x| X3

X0 X0 X1 X2 X3

X1 X3 X0 X1 X2

X2 X2 X3 X0 X1

X3 X1 X2 X3 X0

Clearly G is a 4 quasi groupoid.

If the number of distinct elements of a N-quasi groupoid G
is finite we say G is a finite N-quasi groupoid if G has infinite
number of elements then we say G is an infinite N-quasi
groupoid.

We can define the notion of Lagrange N-quasi groupoid,
non-Lagrange N-quasi groupoid and p-Sylow sub N-quasi
groupoid. We define Cauchy elements of a N-quasi loop.

DEFINITION 4.2.21: Let G = {G; U Gy U ... UGy, *1, ..., *}
be a N-quasi loop of finite order. An element x of G such that x'
= e (e the identity element of G), t > 1 with t / o(G) is called the
Cauchy element of G.

We see in case of groups every element is a Cauchy element but
in case of N-quasi loops only a few of the elements may be
Cauchy elements, if the order of the N-quasi loop is a prime, p
none of the elements in it would be a Cauchy element even

though we will have x € Gwithx'=e, t> l,tzpast X p.

It is left as exercise for the reader to give examples and also
derive some interesting results using these new concepts.

4.3 Smarandache N-groupoid

Now we proceed on to define the notion of Smarandache N-
groupoids and give some of its properties.
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DEFINITION 4.3.1: Let G = {G; UGy U ... UGN, *, ..., *n} be
a non empty set with N-binary operations and G; are proper
subsets of G. We call G a Smarandache N-groupoid (S-N-
groupoid) if some of the G are S-groupoids and the rest of them
are S-semigroups; i.e. each G; is either a S-semigroup or a S-
groupoid.

Wesay G = {G; U Gy U ... UGN, *1, *2, ..., *N} is a finite S-
N-groupoid if number of distinct elements in G is finite;
otherwise we say G is an infinite S-N-groupoid.

DEFINITION 4.3.2: Let G = {G; UGy U ..U Gy, ¥, ..., *N} be
a N-groupoid. A non empty proper subset K = (K; UK, U ... U
Ky, *1, ..., *N) is said to be a Smarandache sub-N-groupoid (S-
sub N-groupoid) if K itself is a S-N-groupoid.

The reason for taking a N-groupoid and not a S-N-groupoid is
evident from the following result.

Result: Let G = {G; U Gy U ... UGN, ¥, ..., *n} be a N-
groupoid. If G has a proper subset K = {K; U Ky U ... U Ky,
*1, ..., *N} which is a S-sub N-groupoid then G is a S-N-
groupoid.

Now we proceed on to define the notion of Smarandache-
commutative N-groupoid.

DEFINITION 4.3.3: Let G = {G; UGy U ... UGN, *, ..., *n} be
a N-groupoid. We say G is a Smarandache commutative N-
groupoid (S-commutative N-groupoid) if every S-sub N-
groupoid of G is commutative. If at least one S-sub-N-groupoid
which is commutative then we call G a Smarandache weakly
commutative N-groupoid (S-weakly commutative N-groupoid).

We have the following result:

Result: Every S-commutative N-groupoid in a S-weakly
commutative N-groupoid.
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DEFINITION 4.3.4: Let {G; U Gy U ... UGy, *1, %5 ..., *n} be a
N-groupoid of finite order. We call a S-sub N-groupoid K of G
to be a Smarandache Lagrange sub-N-groupoid (S-Lagrange
sub-N-groupoid) of G if o(K) / o(G).

If every S-sub N-groupoid K of G is a S-Lagrange sub N-
groupoid we call G to be a Smarandache Lagrange N-groupoid
(S-Lagrange N-groupoid). If no S-sub N-groupoid K of G is a S-
Lagrange sub N-groupoid then we call G a Smarandache non-
Lagrange N-groupoid (S-non Lagrange N-groupoid).

Now we proceed on to define the notion of Smarandache p-
Sylow sub N-groupoid.

DEFINITION 4.3.5: Let G = {G; UGy U ... UGy, ¥, ..., *n} be

a N-groupoid of finite order. If p is a prime such that p® / o(G)
and paﬂ X o(G) further if G has a S-sub N-groupoid P of order

p” then we call P a Smarandache p-Sylow sub N-groupoid (S-p-
Sylow sub N-groupoid). If for every prime we have a S-p-Sylow
sub N-groupoid then we call the N-groupoid G to be a
Smarandache Sylow N-groupoid (S-Sylow N-groupoid).

Now we give some properties about the elements.

DEFINITION 4.3.6: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a S-N-groupoid of finite order. An element x € G is said to be a
Smarandache Cauchy element (S-Cauchy element) if X" = e and
n/ o(G). If the S-N-groupoid has atleast a Cauchy element then
we call G a Smarandache Cauchy N-groupoid (S-Cauchy N-
groupoid). An element x € P is a S-special Cauchy element if x'
=eandt/o(P), Pa S-sub N groupoid of G.

DEFINITION 4.3.7: Let G = {G; UGy U ... UGn, *1, %), ..., *n}
be a N-groupoid. We call G an idempotent N-groupoid if every
element of G is an idempotent. We call the S-N-groupoid to be a
Smarandache idempotent N-groupoid (S-idempotent N-
groupoid) if every element in every S- sub N-groupoid in G is a
S-idempotent.

101



DEFINITION 4.3.8: Let G = {G; UGy U ..U Gy, *1,7% ..., *}
be a N-groupoid. A non empty proper subset P = (P; UP; U ...
U Pn, *1, %0, s, *N) of G s said to be a Smarandache left N-
ideal (S-left N ideal) of the N-groupoid G if

i P is a S-sub N-groupoid.
il. Each (P;, %) is a left ideal of G;, 1 <i <N.

On similar lines we can define S-right N-ideal. If P is both a S-
right ideal and S-left ideal then we say P is a Smarandache N-
ideal (S-N-ideal) of G.

DEFINITION 4.3.9: Let G = {G; v G, U ... UGy, *1, %, ...,
*N} be a N-groupoid. A S-sub N-groupoid K = (K; UK, U ... U
Ky, *1, ..., *n) is said to be a Smarandache normal sub N-
groupoid (S-normal sub N-groupoid) of G if

I. a; P,=P;a; a; € P;.
ii.  Pi(xiyi) = (Pixi)yi.xi,yi €P;.
iii. X (viP:) = (xy:)P;.
forall a;, x; y; € G.

We call the Smarandache simple N-groupoid (S-simple N-
groupoid) if it has no non trivial S- normal sub- N-groupoids.

DEFINITION 4.3.10: Let G = {G; v Gy U ... UGy, *1, 5, ..,
*N} be a finite S- N-groupoid.

We say G to be a Smarandache normal N-groupoid (S-
normal N-groupoid) if the largest S-sub N-groupoid of G is a
normal N-groupoid. We call a S-sub N-groupoid to be the
largest if the number of elements in it is the maximum.

For more please refer [35-40]

DEFINITION 4.3.11: Let G = {G; U Gy U ... UGy, *1, %, ...,
*Nt be a N-groupoid. Let H = {H; UH> U ... UHy, *1, %, ...,
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*Nand K = {K; UKy U ... UKy, *1, %5, ..., *n} be any two S-
sub N-groupoids of G. We say H is Smarandache N-conjugate
(S-N-conjugate) with K if there exists x; € H; and x; € H; with x;
K; = H; (or K; x;) and x; K; = H; (or K; x;) ‘or’ in the mutually
exclusive sense.

DEFINITION 4.3.12: Let G be a N-groupoid. We say G is
Smarandache  inner commutative  N-groupoid  (S-inner
commutative N-groupoid) if every S-sub N-groupoid of G is
commutative.

Now we proceed on to define Smarandache Moufang N-
groupoid.

DEFINITION 4.3.13: Let G = G; v Gy U ... UGy, *1, %, ...,
*N} be a N-groupoid. We say G is a Smarandache Moufang N-
groupoid (S-Moufang N-groupoid) if G has a proper subset P
where P is a S-sub N-groupoid of G and all elements of P
satisfy the Moufang identity i.e. P is a Moufang N-groupoid;
likewise we call a N-groupoid G = {G; UG, U ... Gy, *1, %,

*N¢ to be a Smarandache Bol N-groupoid (S-Bol N-
groupoid) if G has a S-sub N-groupoid P where P satisfies the
Bol identity, similarly if the N-groupoid G = { G; v G, U ..U
Gy, *1, *2, ..., *n} has a S-sub N-groupoid K which is a Bruck N
groupoid then we call G a Smarandache Bruck N-groupoid (S-
Bruck N-groupoid).

The notions of Smarandache right (left) alternative (S-right
(left) alternative) or alternative N-groupoid is defined in a
similar way. Thus for a N-groupoid to satisfy the Smarandache
identity we demand a proper S-sub-N-groupoid of G must
satisfy the identity.

DEFINITION 4.3.14: Let G = { G; v G, U ..U Gy, *, ), ..,
*N} be a N-groupoid. P be a S-sub-N-groupoid of G. We say G
is a Smarandache P-N-groupoid (S-P-N-groupoid) if (x *y) * x
=x *(@ *x) forall x, y € P. If every S-sub N-groupoid of G
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satisfies the identity (x * y) *x =x * (y * x), we call G a
Smarandache strong P-N-groupoid (S- strong P-N- groupoid).

On similar lines we can define Smarandache strong Moufang N-
groupoid, Smarandache strong Bol N-groupoid, Smarandache
strong alternative N-groupoid and so on.

DEFINITION 4.3.15: Let G = {G; U Gy U ..U Gy, *1, %5, ...,
*N¢ be a N quasi loop. We say G is a Smarandache N-quasi
loop (S-N-quasi loop) if it has a proper subset K = (K; UK, U
. UKy, *1, %, .., *n) < G such that K is a N-quasi loop with
some of the K;’s S-loops.

Next we define Smarandache N-quasi semigroup.

DEFINITION 4.3.16: Let G = {G; v Gy U ..U Gy, *;, ...,
*ntbe a N-quasi semigroup. We say G is Smarandache N-quasi
semigroup (S-N-quasi semigroup) if G has a proper subset P =
{P; Py U.. UPN *, % ..., *N) such that P is a N-quasi
group under the operations of G.

DEFINITION 4.3.17: Let G = {G; UG, U ... Gy, ¥, ..., *n} be
a N-quasi groupoid. If K = {K; UK, U ... UKy, *j, ..., *N} is
a proper subset of G and if (K;, *;) is a group and (K, *;) is a
S-groupoid i #j, 1 < i, j <N then we call G a Smarandache N-
quasi groupoid (S-N-quasi groupoid).

DEFINITION 4.3.18: Let G = {G; v Gy U ..U Gy, *1, %, ..,
*Nt be a N groupoid we say G is a free N-groupoid; if G = G
UGy U ... UGy and each G is freely generated by a subset A;
OfGi.

4.4 Application of N-groupoids and S-N-groupoids
Now we give applications of N-groupoids and S-N-groupoids.

Now we define the notion of free S-N-groupoids and give their
applications.
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DEFINITION 4.4.1: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a N-groupoid. We say G is a Smarandache free N-groupoid (S-
free N-groupoid) if each G; has a proper subset, which is a
freely generated semigroup, 1 < i < N.

DEFINITION 4.4.2: Let A; = (Z, A, S,) where Z is a finite set of
states, A, = A, U A, V..U A, and 5,=6,U6,U...0 S, is said
to be Smarandache N-semiautomaton (S-N-semiautomaton) if
each A, is a free groupoid (i.e. A is a free N-groupoid) and 0, :
Z x A — Z is a next state function. Thus the S-N-
semiautomation contains A = (Z, Z, g) as a new N-semi

automaton which is a proper sub structure of As.
Or equivalently one can define S-N-semiautomaton as one
which has a new N-semi automaton as a substructure.

We define S-sub N-semiautomaton.

DEFINITION 4.4.3: A =(Z,, A, 5") is called the Smarandache
N-sub semiautomaton of A, =(Z,, A, S.) denoted by A, c A,
ifZ; cZand S'S is the restriction of SS and is defined on Z; x
A, and A, has proper subset H — A', such that H is a new
N-semi automaton.

Now like wise we can define the notion of Smarandache N-
automaton.

DEFINITION 4.4.4: K =(Z,A,B,,5.,A) is defined
to be a Smarandache N-automaton (S-N-automaton) if
K=(Z,A,B,,9o,,A) is the new N-automaton and A, and B,
are the S-free N-groupoids so that K, =(Z, A, B,, 0,, A,) is
the new automaton got from I?s and K is strictly contained

in K.
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A Smarandache automaton equipped with free N-groupoids can
perform multi task unlike a S-automaton.

Now we proceed on to define the notion of Smarandache
sub N-automaton.

DEFINITION 4.4.5: Let K =(Z,A,B,,05,A)is called
Smarandache sub N-automaton (S-sub N-automaton of
K' =(Z,,4,B,,6,,4,) denoted by K'.<K_ if Z, cZ, and
5. and A, are restrictions of S, and A, respectively on Z; x A,
and has a proper subset H c K', such that H is a new N-
automaton.

Also the notion of direct product of S-N-automatons can be
defined using the notion of direct product of N-free groupoids.
Now we proceed on to define the notion of N-semiautomaton
and Smarandache N-semiautomaton.

DEFINITION 4.4.6: Let S3 =(Z, A, 5,) be a triple where A,
is a free N-groupoid and gN is a function from Z x ZN toZi.e.
Sy, =0y U U...USY  such  that  S.:Zx A, > Z
i=12 .., N

ZxAy=(ZxAy,) U (ZxA}) U...U(ZxAY).

DEFINITION 4.4.7: Let S}, =(Z, 4., 5.) where A is a S-N-
groupoid and 8, = 0y U 8 U ..U S8, where 6 :ZxA" - Z
is a function for i = 1, 2, ..., N. Here P, =(Z, A, 8y) is a new

N-semi automation properly contained in S, .

The notion of sub N-semi automaton, homomorphism of N-

semi automaton and direct product of N-semiautomaton can be
defined.

106



Chapter Five

MIXED N-ALGEBRAIC STRUCTURES

In this chapter for the first time we introduce the notion of
mixed N-Algebraic structures. We will broadly classify this
mixed N-Algebraic structures as

1. Associative N-algebraic structures.
2. Non-associative N-algebraic structures.
3. Associative and non-associative N-algebraic structures.

We also define their Smarandache analogue. For the reader
should not be of the opinion we can have N-groupoids, N-
groups, N-groupoids, N-semigroups or N-loops. One can have
any N-algebraic structure got from the four structures.

This chapter has 3 sections. In section one we introduce the
N-group semigroup algebraic structures and analyze them. In
section two N-loop groupoids and their properties are studied. A
new mixed algebraic structure called N-group loop semigroup
groupoid (N-glsg) are introduced in section 3.

5.1 N-group semigroup algebraic structure
In this section we proceed onto define the notion of N-group-
semigroup algebraic structure and enumerate some of its

properties.

DEFINITION 5.1.1: Let G = {G; U Gy U ... UGy, ¥, ..., *}
where some of the Gi's are groups and the rest of them are
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semigroups. G;’s are such that G; & Gjor G; & Gifi #], i.e.

G;’s are proper subsets of G. *;, ..., *y are N binary operations
which are obviously are associative then we call G a N-group
semigroup.

We can also redefine this concept as follows:

DEFINITION 5.1.2: Let G be a non empty set with N-binary
operations *;, ..., *y. We call G a N-group semigroup if G
satisfies the following conditions:

i G = G; UGy U ... UGy such that each G is a proper
subset of G (By proper subset G; of G we mean G; & G;
or G; & G;ifi #j. This does not necessarily imply G; N
Gj = ¢)
ii. (G, *) is either a group or a semigroup, i = 1, 2,..., N.
iii. At least one of the (G;, *;) is a group.
iv. At least one of the (G, *;) is semigroup i #].

Then we call G = {G; UGy, U ... UGy, ¥, ..., *N} to be a N-
group semigroup (1 <i, j < N).

Now we first illustrate this algebraic structure with some
examples.

Example 5.1.1: Let G = {G] U Gy U ... U Gs, *1, ¥y, ..., *5}
where

(G1, *1) = {Zj0, under multiplication modulo 10} is a
semigroup,

{Ga, *2} = Ay is the alternating subgroup of Sy is a group,

G3 = §(3), the semigroup of all mapping from the set

{12 3} to itself,

a a a

1
ay Ay Ay ‘aijeQ

ay 4y Ay

12 13

Gy
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semigroup under matrix multiplication
and
Gs =G ={g| g12 =1} the cyclic group of order 12.

Clearly G is a 5-group semigroup.

Now we as in case of any algebraic structure define the
notion of order of that algebraic structure. Let G = {G; U G, U
... UGy, *, ..., N} be a N-group semigroup. The number of
distinct elements in G is called the order of the N-group
semigroup. If the order is finite then we call G a finite N-group
semigroup. If the order is not finite then we call G an infinite N-
group-semigroup.

DEFINITION 5.1.3: Let G = {G; UGy U ... UGy, ¥, ..., *n} be

a N-group-semigroup. We say G is a commutative N-group

semigroup if each (G;, *;) is a commutative structure, i = 1, 2,
. N.

We give an example of the commutative N-group-semigroup.

Example 5.1.2: Let G = {G; U Gy U G3, *{, *, *3} be a 3-
group semigroup. Let

{G1, *1} = (g| g7 = 1) be a cyclic group of order 7,

{Go, *2} = {Z12, semigroup under multiplication modulo 12}

and

{G3, *3} = {Z11\ {0}, is a group under multiplication modulo
11}.

Clearly G is a commutative 3-group semigroup. Now the order

of the 3-group semigroup is 27, i.e., o(G) =7 + 11 + 9 = 27.

The 4-group semigroup given in example 5.1.1 is non
commutative and is of infinite order and the 3-group semigroup
given in example 5.1.2 is commutative and is of finite order.

Now we define N-subgroup of a N-group semigroup, N-
subsemigroup of a N-group semigroup and sub N-group
semigroup.
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DEFINITION 5.1.4: Let G = {G; UGy U ... UGy, *1, ..., *n} be
a N-group. A proper subset P of G where (P} UP; U ... U Py,
*1, ., *n) is said to be a N-subgroup of the N-group semigroup
G ifeach (P;, *;) is a subgroup of (G;, *;);i=1, 2, ..., N.

Example 5.1.3: Let G= {G] U G, U G3 U Gy, 01, 03, 03, 04} be
a 4-group semigroup where

G; = {Z, the set of positive and negative integers under ‘+’}.
Gy = S(3),
Gs = {(an a12]:A|aijeQ}
ay Ay
the semigroup under multiplication and
— 12 _
Gy = {glg"=1}.

Clearly G is a 4-group semigroup.
The set P = Py U P, U P3 U P4 is a N-subgroup of the N-
group semigroup G; where

P = {2n/n e Z},
P, = Ssthe symmetric group of degree 3,

_ a, 4,
P; = =A|a1,a12—a12a21 #0; c G

ay Ay
is a group of 2 x 2 matrices under multiplication and

_ 376 9

P4_ {gagagal}

P is a 4-subgroup of the 4-group semigroup G.
Now we proceed on to illustrate by an example of the N-
subsemigroup.

Example 5.1.4: Let G = {G] U Gy U G3 U G4 U Gs, *1, ¥y, *3,
*4, *5} be a 5-group semigroup where

G1 = {Z; the set of positive and negative integers with 0, a
group under ‘+’},
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G2 = Ana = {(ajj), semigroup under ‘matrix multiplication’

ajj € Q},
G3 = {Zi6; semigroup under multiplication modulo 16},
Gs = {3 x 2 matrices with entries from Q}, G4 is a group

under matrix addition and
Gs = S(4), semigroup of mapping of the set {1 2 3 4} to
itself, under composition of mappings.

It is easy to see that G is a 5-group semigroup.
Now consider the set K = K; U Ky U K3 U K4 U K5 where

Ky = {Z+, set of all positive integers under ‘+’}, K; is a
semigroup under ‘+’.

Ko = {Anxn= (a5 | aj € Z < Q}, Ky is semigroup under
matrix multiplication.

Ks; = {0, 2, 4, 6, 8, 10, 12, 14} is a semigroup under
multiplication modulo 16,

K4 = {setofall 3 x 2 matrices with entries from Q+, the set of
positive rationals}, a semigroup under matrix addition
and

Ks = {Set of all maps of the set (1 2 3 4) fixing 4 in the same
place}.

Clearly K5 is a semigroup isomorphic to S(3), the semigroup of
all maps of the set (1 2 3) to itself.

Hence K = {K] U Kz v K3 v K4 v K5, *1, *2, *3, *4, *5} 18
a 5- subsemigroup of the 5-group semigroup G.

Now we proceed on to give an example of a N-subgroup
semigroup of a N-group semigroup, then we define both the
notions of N- subsemigroup and N-group semigroup G.

Example 5.1.5: Let G = {G] U G, U G3 U Gy, *1, ... ,*4}be a
4-group semigroup, where

G; = Ay, the alternating group of degree four.

Gy = S(5) the semigroup of (1 2 3 4 5) to itself.

G; = Dis={ab|a’=b’ =1,bab=a}. The dihedral group
of order 14.
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G4 = {set of all 3 x 7 matrices with entries from Q under,
‘+’} is a semigroup.

Now we denote by P =P U P, U P3 U P4 where

P — 1 23 4\)(1 2 3 4
: 123 4)21 4 3)°
P, = S(3) the semigroup got by fixing the elements 4 and 5
in the set (1 2 3 4 5) and mapping only (1 2 3) to itself,
P; = {l,b,...,b% and
P4 = {setofall 3 x 7 matrices with entries from Z} < Ga.

P is a 4-subgroup semigroup of the 4-group semigroup G.

DEFINITION 5.1.5: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a N-group semigroup where some of the (G;, *;) are groups and
rest are (Gj, *;) are semigroups, 1 <i, j <N. A proper subset P
of G is said to be a N-subsemigroup if P = {P; UPy U ... UPy,
*1, ..., *n} where each (P;, *;) is only a semigroup under the
operation *;.

Now we proceed on to define the notion of N-subgroup
semigroup of a N-group semigroup.

DEFINITION 5.1.6: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a N-group semigroup. Let P be a proper subset of G. We say P
is a N-subgroup semigroup of Gif P = {P; UP; U ... UPyn, ¥,
o, N} and each (Pj, *;) is a group or a semigroup.

Now we are not always guaranteed of a N-subgroup or N-
subsemigroup in a N-group-semigroup. At times even it may be
impossible to find N-subgroup semigroup of a N-group
semigroup.

So the study of the existence theorem for substructures can
be taken up any person who finds interest in it.

Now we proceed on to define the notion of normal N
subgroup semigroup of a N-group semigroup.
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DEFINITION 5.1.7: Let G = {G; oGy U ... UGy, *1, ..., *n} be
a N-group semigroup. We call a proper subset P of G where P
={P; UP, U.. UPy, ¥ ..., N} to be a normal N-subgroup
semigroup of G if (G;, *;) is a group then (P, *;) is a normal
subgroup of G; and if (G;, *;) is a semigroup then (P;, *;) is an
ideal of the semigroup Gj. If G has no normal N-subgroup
semigroup then we say N-group semigroup is simple.

Now we provide some examples for the same.

Example 5.1.6: Let G = {G; U Gy U G3, *{, *, *3} be a 3-
group semigroup where

G = {g| g19=1} be the cyclic group of order 19,
Gy, = {As, the alternating subgroup of the symmetric group
Ss} and

Gz = S(3) be the symmetric semigroup.

Clearly G is simple 3-group semigroup.

Now we give an example of a N-group semigroup, which
has non trivial normal N-subgroup semigroup i.e. N-group
semigroup which is not simple.

Example 5.1.7: Let G = {G]1 U G, U G3 U Gy, *1, ..., ¥4} be a
4-group semigroup where

G; = S3, symmetric group of degree 3,

Gy = {Z; the set of integers under multiplication is a
semigroup},

G3 = {Zip, under multiplication modulo 12}, Gz under

multiplication is a semigroup and
Gs = {Zis, group under ‘+’ modulo 15}.

Consider the set P =P, U P, U P3 U P4, where

Py = As;clearly Az is a normal subgroup of Ss3,
P, = {27, 2Z is an ideal of the semigroup Z under
multiplication},
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P3
Py

{0, 6} is an ideal of the semigroup G3 and
{0, 5, 10} is a normal subgroup of Ga.

Thus P is a normal 4-subgroup semigroup of the 4-group
semigroup G.

Having defined the order of the N-group semigroup G the
next natural question would be suppose the N-group semigroup
G is of finite order and if P is a non trivial N-subgroup
semigroup (or N-subgroup or N-subsemigroup) will order of P
divide the order of G. To this end we give an example of a finite
N-group semigroup.

Example 5.1.8: Let G = {Gl U Gy U G3 U Gy, *1, ¥, *3, *4} be
a 4-group semigroup of finite order, where

G1 = Ay, the alternating subgroup of Sy,
Gy = {Zy0, the semigroup under multiplication modulo 10},

G; = {S(3), the semigroup of mapping from the set (1 2 3) to
itself} and
5
Gy = {glg =el

Clearly order of G is 12 + 10 + 27 + 5 = 54. Now we will
find N-subgroup semigroup of G.
Take P =P; U P, U P53 U P4 where

b, — {[1 2 3 4}(1 2 3 4}},
1 2 3 4)3 41 2
P, = {0, 5} subsemigroup under multiplication modulo 10,
P3 = S3 and
P4 = {e}

o(P)=2+2+6+1=11.

Clearly 11 )X 54, so we see in general the order of a N-subgroup
semigroup of a finite N-group semigroup need not divide the
order of the N-group semigroup.

Now consider the subset K of G. Let K=K; U K, U K3 U
K4 where
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1 2 3 4
Ky = ,
{(1 2 3 4]}
Ky = Zo,
K3 = Ssand
Ky = {e}.

Clearly order of K=1+10+6+1=18, 18 /54.
Now consider the subset T =T U Ty U T3 U T4 where

1 2 3 4
T, = ,
{(1 23 4]}
T, = {0, 2, 4, 6, 8} semigroup under multiplication modulo
10.
1 2 3)(1 2 3
T; = , and
1 2 3)2 13
Ty = {e}

The orderof T=1+5+2+1=9,9/54. Thus the order of this
N-subgroup semigroup divides the order of G. Thus we see in
the same finite N-group semigroup we have certain N-subgroup
semigroup whose order divides the order of the N-group
semigroup and some N-subgroup semigroup whose order does
not divide the order of the N-group semigroup. So we define the
following:

DEFINITION 5.1.8: Let G = {G; UGy U ... UGy, ¥, ..., *n} be
a finite N-group semigroup. If the order of every N-subgroup
semigroup divides order the N-group semigroup G then we call
G a Lagrange N-group semigroup. If there is atleast one N-
subgroup semigroup P such that o(P) / o(G) then we call G to
be a weakly Lagrange N-group semigroup. If their does not
exist any N-subgroup semigroup P of the N-group semigroup G
such that o(P) / o(G) then we call G the free Lagrange N-group
semigroup.
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We have all three types of N-group semigroups of finite order.

Now we proceed on to define the notion of Cauchy element of a
finite N-group semigroup G.

DEFINITION 5.1.9: Let G = {G; U Gy U ... UGy, *p,..., *N} be
a finite N-group semigroup. Let x € G; we say x is a Cauchy
element of G if X' = 1 (t > 1 and t is the smallest integer) then t /
o(G). We say the N-group semigroup to be a Cauchy N-group
semigroup if every element x in G such that X' = 1 is a Cauchy
element of G. It is very important to note that in general every
element x in G need not be such that x' = 1 for we may have x in
G such that x° = x and so on or X" = 0. Thus if every element x
which is such that x' = 1 (t > 1) satisfies t / o(G) then only we
call the N-group semigroup to be a Cauchy N-group semigroup.

Now we illustrate this with examples.

Example 5.1.9: Let G= {G] U Gy U G3 U Gy, *1, *5, *3, *4} be
a 4-group semigroup of finite order where

G = {g| g7 = e} the cyclic group of order 7,

Gy = S(3), semigroup of mappings of the set (1 2 3) to itself,
G3 = {Zi1, group under ‘+’ modulo 11} and

Gy {Zg, semigroup under multiplication modulo 8}.

Clearly 0 (G) =7 + 27 + 11 + 8 = 53. Now since order of the 4-
group semigroup is a prime we see G has no Cauchy elements.
In truth we see g7 = e is an element of finite order

123\ (123
2 3 1) 23
is an element of order 3 and so on. As o (G) = 53 a prime this 4-

group semigroup has no Cauchy element.
Next we go to another example.

116



Example 5.1.10: Let G = {G] U Gy U G3 U Gg U Gs, *1, ¥, *3,
*4, ¥5} be a N-group semigroup of finite order where

G = (g] g8 = e), cyclic group of order 8.

Gy = {Z13, semigroup under multiplication modulo 12}.

G3; = Sz, symmetric group of degree 3.

Gs = {Zis, semigroup under multiplication 14} and

Gs = Dys=1{ab] a’=b = 1, b a b =a} dihedral group of
order 10.

Clearly 0 (G)=8+ 12+ 6 + 14 + 10 =50.

Take
1 2 3
X:
2 31

; (1 23
X =
1 23
but 3 X' 50 so x is not a Cauchy element of G.
Take g2 e G, (gz)4 =ebut4 X 50 so g2 is not a Cauchy

element of G.
1 2 3 G
= S
Y7l o3 2

Consider
yz _ 1 2 3
1 2 3

and 2/ 50 so y is a Cauchy element of G. Consider b € G, we
have b = 1 thus b is a Cauchy element of G. So we see in this
finite N-group semigroup G some elements are Cauchy
elements and some of them are not Cauchy elements though the
elements considered are of finite order.

Now we see the element 3 € G, 30=729=1 (mod 14), 3 is
an element of finite order but 6 X 50.

Next we consider the following finite N-group semigroup

in G;

We have

G.
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Example 5.1.11: Let G= {G; U G, U G3 U Gy, *1, ..., ¥4} be a
4-group semigroup of finite order where

G; = {Ze, semigroup under multiplication modulo 6},
Gy (g| g3 = 1), cyclic group of order 3,

G3z = {S3, the symmetric group of degree 3} and

Gy {Z3, under modulo addition}.

Now orderof G=6+3+6+3=18.

It is easily verified every element of finite order is a Cauchy
element and G is a Cauchy 4-group semigroup. In fact G has
element x such that x> = x for x =4 in G gives 4% = 4, similarly
y € G such that y3 =y fortake 2 € G, =2 (mod 6). Thus this
4-group semigroup also has elements which are such that x" = 1.

Now we make the following definition.

DEFINITION 5.1.10: Let G = {G; v Gy U ... UGy, ¥, ..., *N}
be a N-group semigroup of finite order. We say G is a weakly
Cauchy N-group semigroup if G has atleast one element x such
thatx' =1, (t >1) and t / o(G).

We have also seen examples of N-group semigroup which has
no Cauchy elements. However we can give a one way condition
for the existence of a Cauchy N-group semigroup.

THEOREM 5.1.1: Let G be a N-group semigroup of finite order
n where n is a prime. Then G has no Cauchy elements.

Proof: Given G is a N-group semigroup of order n where n is a
prime. So even if G has elements say x such that x'= 1 (t > 1)
still t X p. Hence the claim.

So we define a finite N-group semigroup G to be a Cauchy
free N-group semigroup if no element of finite order in G
divides the order of G.

All finite N-group semigroup of order n, n any prime is a
Cauchy free N-group semigroup.
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Now we proceed on to define the notion of p-Sylow sub N
group semigroup of a N-group semigroup G.

DEFINITION 5.1.11: Let G = {G; v Gy U ... UGy, *1, ..., *}
be a N-group semigroup of finite order. Let p be a prime such
that p®/ o(G) but paﬂ X o(G) and if G has a N-subgroup
semigroup P of order p” then we call P the p-Sylow N-subgroup
semigroup of the N-group semigroup G. If for every prime p
such that p®/ o(G) but paﬂ X o(G) we have a p-Sylow N-
subgroup semigroup then we call the N-group semigroup G to
be a Sylow N-group semigroup.

Now we proceed on to illustrate this concept by examples.

Example 5.1.12: Let G = {G] U Gy U G3, *|, *3, *3} be a 3-
group semigroup, where

G = Ss,
Gy {Z54, is a semigroup under multiplication modulo 24}
and

Gy = {glg’=e}.

The order of G =6 + 24 + 6 = 36, 3 /36,3 /36 and 3° X 36,2
/36,2%/36and 2° { 36.
Take P =P, U P, U P; where

(Y P

{0,6,12,18) and P3; = fe, g’}

Py

P

Clearly o(P) =3+ 4 +2=9,9/36. Hence P is a 3-Sylow N-
subgroup semigroup. Consider K = K; U Ky U K3 where

23

{0, 12} and Kz = {e}.

K4

K>
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Clearly order of K=1+ 2 + 1 =4 and K is a 2-Sylow N-
subgroup semigroup of G. Thus we can call G the Sylow N-
group semigroup. Here N = 3.

Now consider the subset T = T; U T, U T3 where

3903

T2 = 224 and T3 = {e}

T

The order of Tis 2 +24 + 1 =27=33, 33 X 36. But G has a N-

subgroup semigroup of order 27. This property forces us to
define some new structure called super Sylow N-group
semigroup.

DEFINITION 5.1.12: Let G = {G; U Gy U ... UGy, *1, %, ...,
*Nt be a finite N-group semigroup. Suppose G is a Sylow N-
group semigroup and if in addition for every prime p, with p®/
o(G) but paH X o(G) their exists N-subgroup semigroup of
order pa+t, t > 1 then we call the N-group semigroup to be the
super Sylow N-group semigroup.

Now it is important to note that every super Sylow N-group
semigroup is obviously a Sylow N-group semigroup, but in
general every Sylow N-group semigroup need not be a super
Sylow N-group semigroup. Now we proceed on to define still a
weaker condition than the Sylow N-group semigroup.

DEFINITION 5.1.13: Let G = {G; U Gy U ... UGy, *1, ..., *n}
be a N-group semigroup of finite order. Suppose p is a prime
such that p®/ o(G) but paH X 0o(G) and G has a N subgroup
semigroup P = {P; UP, U ... UPy, *, ..., *\} of order p' (t <
@) then we call P the weak p-Sylow N-subgroup semigroup of
G. If for every prime p such that p®/ o(G) butpaﬂ X o(G) we
have a N-subgroup semigroup of order p' (t < @) then we call

120



the N-group semigroup to be a weakly Sylow N-group
semigroup.

We now illustrate this by the following example:

Example 5.1.13: Let G = {G; U Gy U G3, *1, *5, *3} be a 3-
group semigroup where

G = (g] g37 = ¢) the cyclic group of order 37,
Gy = {Zs, the semigroup under multiplication modulo 5} and
G3 {Z3, semigroup under +}.

Now order of G =37 + 5 + 3 =45, 3/ 45, 3%/ 45, 5/45, 5> ) 45.
Clearly G has no p-Sylow N-subgroup semigroups (p = 3).

If we take T=T; U Ty U T3 where T = {e}, T» = {0} and
T3z = Z3 we get a 5- N-subgroup semigroup. This is another
extreme case where the order of the N-group semigroup is not a
prime yet we are not a position to get or make the N-group
semigroup into a Sylow N-group semigroup.

Example 5.1.14: Let G = {G] U Gy U G3, *{, *3, *3} be a 3
group semigroup where

G = (g] g19 = 1) the cyclic group of order 19,
Gy {Z3, the semigroup under multiplication modulo 3} and
G3 {1, —1 group under multiplication},

o(G) =24, 2’24 and 2" X 24,3/24,3% ) 24.
Take T =T; U Ty U Tz where T; = {e}, T, = {0} and T3 =
Gs. Order of T is 4 and G has no sub N-group semigroup of
order 8. But it has a N-subgroup semigroup of order 4 viz. T.
Clearly G has no N-subgroup semigroup of order 3. So G is
a weakly Sylow 3-group semigroup. We can as in case of any
N-algebraic structure define homomorphism.

DEFINITION 5.1.14: Let G = {G; U Gy U ... UGy, *1, ..., *}
and K = {K; v ... U Ky, 05, ..., on} be any two N-group
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semigroups. We can define a map ¢ from G to K to be a N-
group semigroup homomorphism if and only if {G;, *} is a
group then {K; o;! is also a group. Likewise if {G, *} is a
semigroup then {Ki, o, is a semigroup. We have ¢ = ¢; U ... U
on where ¢ G; — K; is either a group homomorphism or a
semigroup homomorphism according as G; and K; are groups
or semigroups.

If in two N-group semigroups G = {G; U Gy U ... U Gy, *1, ...,
*N) and K = {K; U Ky U ... U Ky, 01, ..., on} we have Gj
happens to be a group and K; is only a semigroup then we
cannot define homomorphism of N-group semigroups.

Now we proceed on to define the notion of conjugate sub
N-group semigroups.

DEFINITION 5.1.15: Let G = {G; v G, U ... UGN, *1, %, ..,
*N} be a N-group semigroup. Let H and K be any two N-
subgroups of the N-group semigroup G. i.e. H={H; UH> U ...
U Hy, *5, ..., *Nn} where (H;, *;) is a subgroup of (G;, *;) and K
={K; UKy U ... UKpN, ¥}, ..., *n} is such that each (K;, *;) is
again a subgroup of (G; * ). We say H is a N-conjugate
subgroup of K if each H; is conjugate with K;, i = 1, 2, ..., N.

We can also prove it in case of groups by the following result.

THEOREM 5.1.2: Let G = {G; UGy U ... UGy, ¥}, ..., *n} bea
N-group semigroup. Suppose H = {H; U ... Hy, *;, ..., *N}
and K = {K; UK, U ... UKy, *;, ..., *n} be two sub N-groups
of the N-group semigroup G. HK = {H; K; v ... U Hy Ky, *,
o, N} will be a sub N-group if and only if K; H; = H; K; for i =
1,2 ..., N

Proof: We know if G is any group, H and K are subgroups of G
then we have HK to be a subgroup if and only if KH = HK.
Thus we see in case of any two N-subgroup H and K of G, G a
N-group semigroup we have HK = KH i.e. if and only if H; K; =
KiHj,1=1, 2, ..., N. Hence the claim.
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Now we proceed on to define the notion of Smarandache N-
group semigroups.

DEFINITION 5.1.16: Let (G = G; v Gy U ... UGy, ¥, ..., *N)
be a non empty set on which is defined N-binary operations. (G,
*1, o, *n) is defined as a Smarandache N-group semigroup (S-
N-group semigroup) if

i G = G; UGy U... UGy where each G; is a proper
subset of G (G; = G, G 5 G, i #j).
ii. Some of the (Gj, *;) are groups.

iii. Some of the (G}, *;) are S-semigroups.
iv. Some of the (G, *r) are just semigroups (I <1i, j, k <
N).

We now illustrate this by the following example:

Example 5.1.15: Let G = {G; U G, U G3 U G4 U Gs, *, ...,
*s5} be a 5S-group semigroup where

G; = {27, the set of integers under multiplication is a
semigroup},

Gy = S(3), the semigroup of the set of all maps from the set
(12 3) to itself,

Gz = Ay, the alternating group,

Gs = {Z13, the semigroup under multiplication modulo 12}

and

Gs = {g| g10 = 1} the cyclic group of order 10.

Clearly G is a S-N-group semigroup for Z;, is a S-semigroup
but 2 Z is just a semigroup.

Now we can define the notion of commutativity of a S-N-
group semigroup.

DEFINITION 5.1.17: Let G = {G; v Gy U ... UGy, *1, ..., *n}
be a N-group semigroup. G be a S-N-group semigroup. We call
G a Smarandache commutative N-group semigroup (S-
commutative N-group semigroup) if G; are commutative groups,
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every proper subgroup of the S-semigroup is commutative and
every semigroup which are not S-semigroups in G is also
commutative.

It is to be noted if G = {G; U G, U ... UGN, *1, ..., *N} is any
S-N-group semigroup then G need not in general be a S-
commutative N-group semigroup.

First we illustrate this by the following examples:

Example 5.1.16: Let G = {G; U Gy U Gs, *1, *2, *3} be a N-
group semigroup, where

G; = S(3), the S-semigroup,
Gy = {g|g =1} and
G3 {Z,5, the semigroup under multiplication modulo 15}.

Clearly G is a S-N-group semigroup, but G is not a S-
commutative N-group semigroup; for S(3) contains the
subgroup S; which is non commutative.

We define Smarandache subcommutative N-group
semigroup in what follows:

DEFINITION 5.1.18: Let G = {G; U Gy U ... UGy, ¥, ..., *N}
be a N-group semigroup. We call G a Smarandache
subcommutative N-group semigroup (S-subcommutative N-
group semigroup) if the following conditions are satisfied.

i. G has non trivial sub N-groups.

ii.  Everysub N-group of G is commutative.

We say a N-group semigroup G is Smarandache weakly
subcommutative (S-weakly subcommutative) if atleast one of
the sub N-group is commutative.

Note: Every S-subcommutative N-group semigroup is evidently
S-weakly subcommutative.

Example 5.1.17: Let G = {G] U Gy U G3 U Gy, *1, *5, *3, ¥4}
be a 4-group semigroup where
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G; = Ay the alternating group,

Gy = {Z13, semigroup under multiplication modulo 12},

Gs; = {Z, the semigroup under multiplication} and

Gs = {Dj3/ the dihedral group of order 6 in which a’=b=
1, bab=a}.

Clearly G is a S-sub-commutative group.

Note: While defining the S-subcommutative group we demand
if P={Py UP,uU ... UPN, *1, ..., *N} is a sub N-group then
each P; is taken only as a proper subgroup of Gi. For we may
have groups which are non commutative but every subgroup is
commutative.

Examples of such groups are A4 and Ss.

DEFINITION 5.1.19: Let G = {G; v Gy U ... UGy, *1, ..., *n}
be a N-group semigroup. We say G is Smarandache cyclic N-
group (S-cyclic N-group) if {G;, *; } are cyclic groups and {G;,
* }is a S-cyclic semigroup. We say G to be a Smarandache
weakly cyclic N-group (S-weakly cyclic N-group) if every
subgroup of (G;, *;) are cyclic and (G;, *;) is a S-weakly cyclic
semigroup.

Now we can define the Smarandache hyper N-group semigroup.

DEFINITION 5.1.20: Suppose G = {G; v Gy U ... UGy, ¥4, ...,
*N' be a S-N-group. The Smarandache hyper N-group

semigroup (S- hyper N-group semigroup) P is defined as
follows.

i If (G, *;) are groups then they have no subgroups.
ii. If (G}, %) is a S-semigroup then (A;, *;) is the largest
subgroup of (Gj, *;).
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iii. If (Gy, *r) are semigroups then (Ty, *i) are the largest
ideals of (Gy, *i), where
rP= U (G.*) U A,*) U ([T.*%).

>
over over over
relevant relevant relevant

i J

Thus P = P; VP, U ... UPywhere P; = (G;, *) or P; = (4,
*)or Pr=(Ty, *). 1<1,j, k<N

We call a S-N group semigroup G to be Smarandache
simple N-group semigroup (S-simple N-group semigroup) if G
has no S-hyper N-group semigroup.

Now we proceed on to study finite S-N-group semigroup.

DEFINITION 5.1.21: Let G = {G; v Gy U ... UGy, *1, ..., *n}
be a S-N-group semigroup. Let P = {P; UP, U ... UPn, ¥}, ...,
*N} be a subset of G. If P itself is a S-N-group semigroup then
we call P a Smarandache sub N-group semigroup (S- sub N-
group semigroup) of G. Now it may happen in case of finite N-
group semigroup G, o(P) / o(G) or o(P) X o(G).

DEFINITION 5.1.22: Let G = {G; v Gy U ... UGy, *1, ..., *}
be a S-N-group semigroup of finite order. If the order of every
S-sub N-group semigroup divides the order of G then we call G
a Smarandache Lagrange N-group semigroup (S-Lagrange N-
group semigroup). If the order of atleast one of the S-sub N-
group semigroup of G say H divides the order of G then we call
G a Smarandache weakly Lagrange N-group semigroup (S-
weakly Lagrange N-group semigroup).

It is easy to verify that every S-Lagrange N-group semigroup is
a S-weakly Lagrange N-group semigroup.

We now proceed on to define the notion of Smarandache p-
Sylow sub N-group semigroup.

DEFINITION 5.1.23: Let G = {G; v Gy U ... UGy, *p, ..., *n}

be a finite S-N-group semigroup. Let p be a prime such that p
divides the order of G. If G has a S-sub N-group semigroup H of
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order p or p' (t > 1), then we say G has a Smarandache p-Sylow
sub N-group semigroup (S-p-Sylow sub N-group semigroup). It
is very important to note that p / o(G) but p' X o(G) for any t >
1, still we may have S-p Sylow sub N-group semigroup having p'
elements in them. Even if p / o(G) still in case of S-N-group
semigroups we may or may not have S-p Sylow sub N-group
Semigroups.

We give some illustrative examples.

Example 5.1.18: Let G = {G] U Gy U Gs, *, *7, *3} be a finite
S-N group semigroup, where

G| = {Zp4, is a semigroup under multiplication modulo 24},
G2, = S(3)and
G: = (g g12 = 1) be the cyclic group of order 12.

0(G)=24+27+12=063.
Let K= {K; U Ky UKj, *, *2’ *3} where

Ky = {0,2,4,...,22} c Zp4,
K2 = S3 and

3 6 9
K3 {ghg,g, 1}

K is a S-N-group semigroup of G. o(K) =12 + 6 + 4 =22
clearly 22 X 63.
Take T = {T =TiuThyu T3, *1, *2, *3}, where

T = {0,816},

I

T3 = {la g4: gg}
0(T)=9and 9/ 63.
Consider U = {U; U Uy U Us, *1, *,, *3} where

T,

Uy = {0, 16},

127



1 2 3 1 23 1 2 3

U, = , , and
1 2 3 2 3 1 31 2

U3 {la g6}

Clearly o (U)=7 and 7/ 63.
We give yet another example.

Example 5.1.19: Let G = {G] U Gy U G3 U Gy, *1, *5, *3, ¥4}
be a 4-group semigroup where

G1 = {Zj4, semigroup under multiplication modulo 24},
8
Gy = f{glg =1},
G3; = {Zis, semigroup under multiplication modulo 15} and
G4 = Aj3, the alternating group of Ss.

0(G)=24+8+15+3=50,5/50and 5% /50,2 /50 and 2*
50 .
Take T = {T] uTh,uTs;u T4, *1, *2, *3, *4} where

T, = {0,6,12, 18} < Za,
T, = {gz’ g49 g6a 1} c Gy,

Ty = {0,3,9, 12,6} c Z;sand
Ty = Gy=A;.

0(T)=4+4+5+3=16=2" 2" X 50. But G has a S-2 Sylow
sub N-group semigroup.
TakeP=P1 UPZUP3UP4;

P = {0,2,4,6,8,10,12, 14, 16, 18,20, 22} < Za,
P, = {Lg g ¢’ cG

P; {3,9, 12, 6,0} c Z;5 and

P4 {As}.

o(P)=12+4+5+3 =24,
Consider V= {V; U Vo U V3 U Vy, *|, *), *3 %}

128



V] = {0, 8, 16} CZQA,
2 4 6

V2 = {la g2,82,8 }’

V3 = G3=Zl5 and

V4 = A3.

0(V)=3+4+15+3.Clearly 25/ 50 i.e. 5* /50 and G has a S-
5-Sylow N-subgroup semigroup.

Now we know if S is any S-semigroup the largest proper
subset which is a group is called a Smarandache hyper
subgroup. For example in S (4) the S-semigroup has S4 to be its
S-hyper subgroup. We will call a subgroup H of a group G to be
maximal if Hc Pc GthenP=Hor P=G.

Now using these two notions we define S-hyper N-group
semigroup.

DEFINITION 5.1.24: Let G = {G; U Gy U ... UGy, *1, ..., *n}
be a S-N-group semigroup. A proper subset P = {P; U P, U P3
U...U Py, *1,..., *n} is called the Smarandache P-hyper sub-N-
group semigroup (S-P-hyper sub-N-group semigroup) if each P;
c Gj is a maximal subgroup of G; and P; is a maximal subgroup
of G;, if G;is a group, or if P;  Gj is the largest group if G is a
S-semigroup.

We illustrate this by the following example.

Example 5.1.20: Let G = {G] U G U G3 U Gy, *1, *2, *3, ¥4}
be a S-4-group semigroup where

Gi = S(3), semigroup,
Gy = {g]g'"” =1}, cyclic group,

Gz = {0, 1, ..., 14 semigroup under multiplication modulo
15} and

Gs = Dy7=1{a,b] a’=b = I; b a b= a}, the dihedral group
of order 14.

o(G) =27+ 12+ 15+ 14 = 68.
Take P = {P] UPuUP3yU P4, >"1, *2, *3, *4} where
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Py = Ss,
2 4 6 8 10
P, = {gheg.g.g.2 .1},
P; = {3,6,9, 12; this is the largest proper subset which is a
group in this the element 6 acts as the multiplicative
identity modulo 15} and

P, {1,b,b% 1%, b*, b°, b°}.

P is the S-hyper sub N-group semigroup of G.
oP)=6+6+4+7=23.0(G)=27+12+15+14=068,23
X 68. Thus we see in general order of a S-hyper sub N-group
semigroup need not divide the order of the S-N-group
semigroup.

Now we proceed on to define the notion of Smarandache
Cauchy element in a finite order N-group semigroup G.

DEFINITION 5.1.25: Let G = {G; UGy U ... UGy, ¥, ..., *ntbe
any S-N-group semigroup of finite order. Let a € G, a is said to
be a Smarandache special Cauchy element (S- special Cauchy
element) of G if t / o(G) where t > 1 and d' = 1 (t is the least
integer. It is important to note a € G; for somei € {1, 2, ..., N}).

We can proceed on to define Smarandache right coset of a N-
group semigroup.

DEFINITION 5.1.26: Let G = {G; v G, U G3 U ... UGy, ¥,
.o, ¥nt be a S-N-group semigroup. Let H = {H; UH, U ... U
Hy, *;, ..., *nt be a S-sub N group semigroup of G, we define
Smarandache right coset (S-right coset) Ha = {H;a UH; U ...
v I:Ii U... UHy|ifa € Giand PAII. denotes H; is not present in

the union; this is true for any i, i.e. whenever a € G;}. Suppose
a is in some r number of G;’s (say) Gi, Gj,..., G, Gk then we
have Ha = {H; v ... va VHja U .. UHia UHka U ... U
Hy}! if we assume H; are subgroups. If H;’s are just S-
semigroups then we take H'; to be the subgroup of the S-
semigroup H;.
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Then Ha = {H'ja VH; U ... U I:I[ U... UHyifa € G;and H;
is the S-semigroup}. If a is in some r, S-semigroups say H;, Hj,
v, HyHa={H vH, .. VUHyaU ... VUHja v ... VUH' a
U..UHylaeG,aeG, .. aeGy Ifa G, G;agroup
and a € Gj a S-semigroup then Ha = {H; v ... UH;a U ... U
H'ja ... UHy| HY is the subgroup of the S-semigroup G;}.
On similar lines we can define Smarandache left coset (S-

left coset) of a S-N-group semigroup. We define Smarandache
coset (S- coset) of Hif Ha = a H.

Now we illustrate this by a very simple example.

Example 5.1.21: Let G = {G] U Gy U G3, *1, *5, *3} where

G = S,
Gy = {Zy0, semigroup under multiplication modulo 10} and
Gz = {Zy4, the semigroup under multiplication}.

G is a 3-group semigroup.
Let H= {H; U Hy U H3, *y, *,, *3} where

Hy = A;j,

H, = {0,2,4,6,8} and
H; = {0,8, 16}.

Let

1 2 3
X = e G.
[1 3 2}

Clearly x € Gy so Hx = {H; x U H, U H3}. Alsox H=H x.
Now lety=18 € G,y € Gz s0

Hy = {H; UHu {8, 16}. 18}
{H] UHyu {16, 0}} =
yH = {H UHU {16, 0}};

i.e. Hy = yH. We know given any finite N-group semigroup G
and H is any sub N-group semigroup, in general o (H) X o (G).
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DEFINITION 5.1.27: Let G = {G; U Gy U ... UGy, *1, ..., *n}
be a finite N-group semigroup. If the order of none of the S-sub
N-group semigroups divides the order of G then we call G a
Smarandache non Lagrange N-group semigroup (S-non
Lagrange N-group semigroup).

We now illustrate this by the following examples:

Example 5.1.22: Let G = {G; U Gy U G3 U Gy, *1, ..., ¥4} be a
finite S-N-group semigroup where

G1 = {Z13, semigroup under multiplication modulo 12},

Gy = S3the symmetric group of degree 3,

G3 = {Zj0, semigroup under multiplication modulo 10} and
Gs = f{glg =1}

Clearly o (G)=12+6+ 10+ 9 =37.

The order of G is a prime so no number other than 1 and 37
will divide o (G).

Consider H = {H1 U Hy U Hz U Hy, *1, *5, *3, >"4}, the S-
sub N-group semigroup of G where

H = {0,2,4,6,8,10} c Z,
Hy = A;s,

Hs; = {05}, and

Hy = (g’ 1)

Clearly o (H)=6+3+2+3=14; 14 X 37. Thus G is a S-non
Lagrange 4-group semigroup.

Now we proceed on to define the notion of Smarandache N-
symmetric group semigroup.

DEFINITION 5.1.28: Let G = {G; U Gy U ... UGy, *1, ..., *}
be a N-group semigroup. We call G a Smarandache N-
symmetric group semigroup (S-N-symmetric group semigroup)
if each (G, *;) is either the symmetric group S, or the symmetric
semigroup S (m).
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So based on this definition we can give an analogous of the
Smarandache Cayley’s theorem for N-group semigroup.

THEOREM (SMARANDACHE CAYLEY’S THEOREM FOR N-
GROUP SEMIGROUPS): Let G = {G; v Gy U ... UGy, ¥, ...,
*N} be a S-N-group semigroup. Every S-N-group semigroup is
embeddable in a suitable symmetric S- N-group semigroup.

Proof: When we say suitable we mean for each group and S-
semigroup we choose the suitable symmetric group and the
symmetric semigroup respectively.

Let G = {G; U G U ... UGN, *1, ..., *x} be any S-N-group
semigroup G. We know every semigroup in G is a S-semigroup.
We know a S-semigroup S is embeddable in a symmetric
semigroup S(n).

So if G is a S-N group semigroup say G = {G; U Gy U ...
v GN, *1, ..., *N} then each group Gj is embeddable in a
suitable symmetric group S; and each S-semigroup is also
embeddable in a symmetric semigroup S(n) for suitable n.
Hence the claim.

Now we define the notion of double coset in a S-N-group
semigroup G.

DEFINITIONS 5.1.29: Let G = {G; v Gy U ... UGy, ¥}, ..., *n)}
be a S-N- group semigroup. Suppose A and B be sub N groups
of G. Then we define the double coset of x in G with respect to
A BifAxB={A;x;B; U... UANXxN By |x=x; Ux; U ... U
XN/

We proceed onto define S-normal sub N-group semigroups of a
S-N-group semigroup.

DEFINITION 5.1.30: Let G = {G; v Gy U ... UGy, *1, ..., *}
be a S-group semigroup. We call a S-sub N-group H of S-N-
group semigroup G where A = {A; UAy; U ... UAp, *i, ..., N}
to be a Smarandache normal sub N-group semigroup (S-normal
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sub N-group semigroup) of G, ifx € Gand x = (x; Uxy; U ... U
xy) € Gthenx A = (x; A U ... UxyAy) € A and Ax = Ax; v
v UANxy cAforallx € G.

We call a S-group semigroup to be Smarandache pseudo simple
N-group if G has no S-normal sub N-group.

Now we proceed on to define the notion of the non
associative N-algebraic structure viz loops and groupoids.

5.2 N-loop-groupoids and their properties

In this section we define a new mixed N-algebraic structure
called N-loop groupoid. Clearly this algebraic structure is
always non associative as both loops and groupoids are non-
associative. We give several interesting properties about them.
Further we give examples so that the interested reader can easily
follow them.

DEFINITION 5.2.1: Let L = {L; ULy, U ... ULy, *},..., *n} be a
non empty set with N-binary operations defined on it. We call L
a N-loop groupoid if the following conditions are satisfied:

i L=L; ULy ... ULywhere each L;is a proper subset
of Lie. L & LiorL; & L;ifi#j, for 1 <i,j <N.
ii. (Li, *;) is either a loop or a groupoid.
iii. There are some loops and some groupoids in the

collection {L, ..., Ly}.
Clearly L is a non associative mixed N-structure.
We illustrate them by the following examples.

Example 5.2.1: Let L = {L; U Ly U L3, *{, *5, *3} where L| =
{Z10, with *; defined on Zi¢ as a *; b =2a + 3b (mod 10) where
a,b € Zjo}, L is a groupoid,

L, is the loop given by the following table:

134



* 2 (& al ay as ag as

€ € ai az az a4 as
a] a] € a3 | as | ap | a4
a a as € a al az
az az al al € as a

a4 a4 a3 as a (S al

as as as aq al az €

L3 is the loop given by the following table:

x3 | el a|b|c|d
e e | a|b|c]|d
a ale|c|d|Db
b|b|d|a|e]|c
C c|b|d|al]|e
d|d|c|e]|Db]|a

Now L is a 3-loop groupoid.

We say the N-loop groupoid L = {L; U L, U ... U L\, *1,
*5, ..., *n} 1s finite if the number of distinct elements in L is
finite and it is called as the order of L that is the N-loop
groupoid is of finite order. If the number of elements in L is
infinite we say L is of infinite order and L is an infinite N-loop
groupoid.

DEFINITION 5.2.2: Let L = {L; ULy, U ... ULy, *1, ..., *N} be a
N-loop groupoid. L is said to be a commutative N-loop
groupoid if each of {L;, *} is commutative.

Now we give an example of a commutative N-loop groupoid.

Example 5.2.2: Let L = {L; U Ly U L3, *{, *5, *3} be 3-loop
groupoid where

L, is given by the following table:
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1ler | & | g | g | g | g | g
g1 | 81 | & | & | 8 | & | & | &
g | 8 | & | & | & | 84 | & | &3
g3 | g4 | 8 [ 8 | 8 | £ | & | &1
g4 | 22 | & | &1 g4 | 87 | 8 | &6
g | & | & | 8 | 82 | 8 | & g4
g | 8 | & | 84 | & | 8 | & | £
g | & g6 | 8 | & | &1 g | &

It is easily verified that L,is a groupoid of order 7. Now we give
the table of the loop (Lo, *7):

*5 e aj a | a3 | as | a5 | ag | ay

(5] (S al az a3 a4 as (5] a7

al a1 € a4 a7 az ae ap as

a az ae [ as al ag az az

as a3 a4 a7 (5] ag az as al
a as a as a1 € a7 az ae
as as a7z as ae az [ al a4

ag ae as a1 a4 a7 az € a

a7 a7 az ae a as al a4 €

Clearly (L, *;) is a commutative loop of order 8. Now we give
the table for the commutative loop of order 6.

*3

DNl |WIN|—|o

DNl |W(Nd|—]o (o
Wl [—]—
—lWln|o [~
A=l [O|N|W]|W
N [—m[Wwn|A™|DS>
[CHESEE LN AVSE RV, RV,
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Let L = {Lj U Ly U L3, *1, *», *3} is a 3-commutative loop
groupoid and the order of L is 7 + 8 + 6 = 21. Clearly L is a
finite 3-loop groupoid.

DEFINITION 5.2.3: Let L = {L; ULy U ... ULy, *;, ..., *N} be a
N-loop groupoid. A proper subset P of L is said to be a sub N-
loop groupoid if P = {P; U Py U ... UPy, *1, ..., *n} be a N-
loop groupoid. A proper subset P = {P; UPy U ... UPn, *;, ...,
*Nt is such that if P itself is a N-loop groupoid then we call P
the sub N-loop groupoid of L.

Example 5.2.3: Let L = {L; U L, U L3, *{, *,, *3} where L =P
x L; here P and L are loops given by the following tables:

*1e|la|bf|lc]|d
e|lelal|lb]|c|d
ala|lel|lc]|d]|Db
b|b|[d|a]|e]c
c|lc|b|d|al|e
d|d|[c|e]|Db|a
and
*! (§] a a as a4 as
€ € al a as a4 as

al al € as as az az

a a as € al as aq

as a3 as a4 € ap a1

ag ag a aj as c az

as as as a4 a al (&

where P = {e, a, b, ¢, d} and L = {e aj, ay, a3, a4, as}. L, is the
groupoid given by Z;, = {a*b=2a+4b (mod 12) fora, b
Z12} and L3 = {Zs5 x Z10} where the operation in Zs is {a *b=a
+3b(mod 5)} and in Z1p is {a ® b=2 a+ b (mod 10)}. Clearly
L is a 3-loop groupoid. Take P = Py U P, U P3 where P; = {P x
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{e}}isaloopPr=1{a,be {0,2,4,6,8, 10} = Zi>and P; = {Zs
x {¢}} P is a sub3-loop groupoid of L.

Next we define sub N group of a N-loop groupoid.

DEFINITION 5.2.4: Let L = {L; ULy, U... ULy, *1, ..., *N} be a
N-loop groupoid. A proper subset G = {G; UG, U ... UGy, ¥,
v, *n} IS called a sub N-group if each (Gj, *;) is a group.

Now we illustrate this by the following example:

Example 5.2.4: L =L; U L, U L3 be a 3-loop groupoid where
L; is the loop given by the following table:

*le|la|b|c|d
e |le|lal|lb|c|d
alal|e|lc|d]|b
b|b|[d|a]|e]|c
c|lc|b|d|a]|c¢e
d|d|[c|e|Db|a

ie.

Ly = {e,ab,c,d},

L, {Zy4 | a*1 b=2a+4b (mod 24) for all a, b, € Z4} is a
groupoid and

L3 is the loop given by the table:

3 e |8 | & | g | & |8
€ € | & | & | 8 | 8 | &
g | g © g4 | 8 | & | &3
g | & | & € g | & | &1
g3 | 8 | 2 | & ¢ g1 | 84
g4 | 84| 8 | 8 | & e | &
g5 | 8 | 8 | 8 | 84 | & €
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Now take P = {P; U Py U P3, *{, *,, *3} where

Py = {e,a},
P, = {0,6,3,12,18,9} under ‘+’ and
P3 = {e, gl}

Clearly P is sub N-group of the N-loop groupoid L.
Now we proceed on to define sub N-groupoid.

DEFINITION 5.2.5: Let L = {L; ULy U ... ULy, *;, ..., *N} be a
N-loop groupoid. A proper subset T = {T; 0T, U ... UTy, ¥,

., *n} is said to be a sub N-groupoid of the N-loop groupoid if
each (T;, *;) is a groupoid.

It is important to say given any N-loop groupoid we are not
always guaranteed of a sub N-group or sub N-groupoid. It may
or may not exist.

Next we proceed on to define sub N-loop of a N-loop
groupoid.

DEFINITION 5.2.6: Let L = {L; ULy U ... ULy, *;, ..., *N} be a
N-loop groupoid. A non empty subset S = {S; U S, U...USN, ¥,
., *n} is said to be a sub N-loop if each {S;, *;} is a loop.

Next we define sub N-semigroup.

DEFINITION 5.2.7: Let L = {L; ULy U ... ULy, ¥, ..., *n} be a
N-loop groupoid. A non empty subset W = {W; oW, U ... U
Wn, *1, ..., *n} of L said to be a sub N-semigroup if each {W;
*} is a semigroup.

Next we define the notion of sub N-group semigroup.
DEFINITION 5.2.8: Let L = {L; ULy, U... ULy, *1, ..., *n} be a
N-loop groupoid. Let R = {R; UR) U ... URp, *;, ..., *n}be a

proper subset of L. We call R a sub N-group groupoid of the N-
loop groupoid L if each {R;, *;} is either a group or a groupoid.
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Thus one of the main advantage of these mixed structures is that
we can define many mixed substructures of varying varieties
given one mixed structure.

We can give several illustrative examples of each. Now we give
just an example of a sub-N-group groupoid of a N-loop
groupoid.

Example 5.2.5: Let L = {L; U Ly U L3, *, *5, *3} be a N-loop
groupoid. Take N = 3, where

Ly = {L7(4) is a commutative loop of order 8 given in page
19},

L, = {Zjy, where fora,b € Z; a *, b =3a + 6b mod (12)}
and

L3 = {Zj4, where fora,b € Zj4; a *3 b=3a+4b (mod 14)}.
Consider the subset K = K; U Ky U K3, *1, *5, *3} of L.
{Ki, *1} = {e, g4, *1} is a group,

{Ky, *5} {0, 3, 6,9, *»} is a subgroupoid and
{K3, *3} {7, 0} is a subgroupoid.

Thus K is a sub N group groupoid of L.

Having defined several substructures we will give more
weightage only to the algebraic sub N-structure which is the
same as the given N-structure. It is still important to see that
these sub N-structures are such that they may be of any order.
The classical Lagrange’s theorem may not be in general true for
all finite order N-loop groupoid.

First we illustrate this by an example.

Example 5.2.6: Let L = {L; U Ly U L3, *1, *5, *3} be a 3-loop
groupoid of finite order where

Ly

{L7(4) the commutative loop of order 8 given in page
195,
L, = {Z, fora, b € Zjo, with a * b=2a + 3b (mod 10)} and
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L3 = {Zys|fora,b e Zy;a*b=_8a+4b(mod24)}.

order of L=8 + 10 +24 =42.
Let K = {K; U Ky U K3, *1, *5, *3} be a sub N-loop
groupoid where

Ki = {e, gi},
K> {0, 2, 4, 6, 8} is a subgroupoid of (L,, *;) and
K; {0,2,4,6,8,10, 12, 14, 16, 18, 20, 22} < Z»4.

oK)=2+5+12=19 wesee 19 X 42.

Thus a sub N loop groupoid in general does not divide the
order of the N-loop groupoid which is of order 42.

Let V={Vi U VU V3, *{, *;, *3} where

Vi = L,
V, {0,2,4,6,8} cZjpand
V3 {0, 6, 12, 18} < Z4 is a sub N-loop groupoid,

where o0 (V) =8+ 5+4 =17, 17 X 42. Thus even the order of
the sub N-loop groupoid does not divide the order of the N-loop
groupoid L.

Now we proceed on to define the notion of Lagrange N-
loop groupoid.

DEFINITION 5.2.9: Let L = {L; ULy U ... ULy, *}, ..., *n} bea
N-loop groupoid of finite order. K = {K; UK, UK3, *;, ..., *\}
be a sub N-loop groupoid of L. If every sub N-loop groupoid
divides the order of the N-loop groupoid L then we call L a
Lagrange N-loop groupoid. If no sub N-loop groupoid of L
divides the order of L then we say L is a Lagrange free N-loop
groupoid.

Let us give an example of a Lagrange free N-loop groupoid.

Example 5.2.7: Let L = {L; U Ly U L3, *1, *5, *3} be a N-loop
groupoid where
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L; = {Ls4) is the loop of order 8 given in page 19},
L, = {Zy|a*b=3a+4b(mod9)} and
Ls {Z14]a*b=2a+ 5b(mod 14)}.

Clearly order of L, is 8 + 9 + 14 = 31. We see whatever be the
sub N-loop groupoid none will divide 31 since 31 is a prime.

Next we define the notion of weakly Lagrange N-loop
groupoid.

DEFINITION 5.2.10: Let L = {L; ULy U ... ULy, *;, ..., *n} be
a finite N-loop groupoid. Suppose L contains atleast one proper
sub N-loop groupoid say P such that o(P) / o(L) then we call L a
weakly Lagrange N-loop groupoid.

It can be easily verified that every Lagrange N-loop groupoid is
a weakly Lagrange N-loop groupoid. For a N-loop groupoid L
to be Lagrange or weakly Lagrange we need the order of L to be
a composite number. All N-loop groupoids of finite order whose
order is a prime is a Lagrange free N-loop groupoid. It is
important to mention here that even N-loop groupoid of prime
order can have sub N-loop groupoid.

Example 5.2.8: Let L = {L; U Ly U L3, *{, *,, *3} be 3-loop
groupoid where

L; = {L7(3) is the commutative loop of order 8 in page 19},
L, = {Z;p|a*b=2a+4b(mod 12)} and
Ly = {Zig|a*b=3a+5b(mod16)}.

L, and L3 are groupoids. Now order of L =8 + 12 + 16 = 36.
Let us find some of its sub N-loop groupoids. Let V = {V;
|\ V2 Y V3, *1, *2, >X<3} where

Vi = {e, g} isasubloop of L,
Vs {0,2,4,6,8,10} c Z» is a subgroupoid and
Vi = {0,2,4,6,8, 10,12, 14} < Z;¢ is a subgroupoid.
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Now o(V)=2+6+8=161e. o(V) Xo(L)ie. 16 X 36. Now
consider the sub N-loop groupoid P = {P; U P, U P3, *y, *;, *3}
where

Pl = {ea gl}a
P, = {0,8,4} and
P; = Vi

Now o(P)=2+3+8=13.ie. 0P) X o(L)so 13 X 36. ThusL
is not a Lagrange N-loop groupoid. Take S = {S; U Sy U S3, *y,
*5, *3} where

Si = {e, g4},
S, = {0,8,4} and
Sy = {0,4,8,12}.

Now o(S)=2+3+4=9,0(S)/0o(L) i.e. 9/36. Thus L is a
weakly Lagrange N-loop groupoid, so L is not a Lagrange free
or Lagrange N-loop groupoid.

Example 5.2.9: Let L = {Ly U L, U L3, *{, *5, *3} be a N-loop
groupoid where

L; = {theloop Ls5(3)} a loop of order 6},
L, = {Zs|a*b=2a+4b (mod 6)} fora,b € Z;5 and
L3 {Z4|a*b=3a+Db(mod4) for a,b € Z4} are groupoids.

oL)=6+6+4=16=2" Take V= {V, UV, U V3, ¥, *,,
*3} where

Vi = e g3,
V, = {0,2, 4} and
Vi = {0,2}.

oV)=17.7 X 16. Consider P = {P1 U Py U P3, *, *5, *31 where

Py = {e g3},
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P, = {0,2,4,3}and
P3 10, 2}.

o (P) =8 that is o (P) / o(L). So L is only a weakly Lagrange N
loop groupoid.

Example 5.2.10: Let L = {L1 U Ly, U L3 U Ly, *{, *2, *3, *4} be
a 4-loop groupoid where

Ly = Ls(2),

L, L+(4) be loops or order 6 and 8 respectively,

Ly = {Zs|fora,beZs,a*b=2a+3b(mod5)} and
L4 {Z4|fora,b € Z4,a*b=2a+b (mod9)}.

be groupoids of order 5 and 4 respectively.

Now o (L) =6+ 8 + 5+ 4 =23. Clearly L cannot have any
proper sub N-loop groupoid P such that o (P) / o(L). Thus L is a
Lagrange free N-loop groupoid.

Remark: 1t is interesting to note all prime order N-loop
groupoids are Lagrange free N-loop groupoids. Still it is
pertinent to note that even if order of a N-loop groupoid is a
prime still it can have non trivial sub N loop groupoids. But we
call them Lagrange free as no number other than itself can
divide a prime number. Now we proceed on to the next concept
of Sylow sub N- loop groupoids.

Now we see in case of N-loop groupoids L of finite order,
even if p*/ o(L) but p*' X o(L) where p is a prime, L may not
have sub N-loop groupoids of order p”.

DEFINITION 5.2.11: Let L = {L; ULy U ... ULy, ¥, ..., *n} be
a N-loop groupoid of finite order. If p is a prime such that p®/
o(L) but paﬂ X o(L) and if L, has a sub N-loop groupoid of
order p“ then we call P the p Sylow sub N-loop groupoid of L.

If L is a N-loop groupoid of finite order; L has for every
prime p, p / o(L) and p®/ o(L) butpaH X o(L) and if L has a p
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Sylow sub N-loop groupoids then we call L a Sylow N-loop
groupoid.

We illustrate this by the following example:

Example 5.2.11: Let L = {L; U Ly U L3, *{, *, *3} be a 3-loop
groupoid of finite order where

Ly = Ls(3), aloop of order 6,

L, = {a,b e Zgsuchthata * b=4a+2b (mod 6)} and

L3 {For a, b € Zg define a * b = 6, a + 2b (mod 8)} be
groupoids.

Clearly o (L) =6 + 6 + 8 =20. 5 /20 and 5> Y 20, 2/20 and 2%/

20 and 2° X 20. To find whether L has sub N-loop groupoids of
order 5 and 4.
Let V={Vi U VU V3, ¥, *;, ¥3} where

Vi = e},
V, = {0,4} and
Vi3 = {0, 3}.

o(V)=1+2+2=5.

Thus V is a 5 Sylow sub N-loop groupoid. Yet we cannot
have a sub N-loop groupoid of order 4. For both groupoids or a
loop and groupoid must be an identity.

Consider T = {T; U T, U T3, *, *, *3}, be a sub N-loop
groupoid where

Tl = {ea gl}a
T, = {0,3}and
T3 = {0,2,4,6} cZs.

o(T) =2 +2 + 4 = 8 = 2%; 2° / o(L) but L has a sub N-loop
groupoid of order 2.
Thus we make some more modified definitions in this case.
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DEFINITION 5.2.12: Let L = {L; ULy U ... ULn, ¥}, ..., ¥} be
a N-loop groupoid of finite order. If for at least one prime p
such that p®/ o(L) but paﬂ X o(L) we have a sub N-loop

groupoid of order p” then we call L a weakly Sylow N-loop
groupoid.

DEFINITION 5.2.13: Let L = {L; ULy, U ... ULy, *j,..., *N} be
a N-loop groupoid of finite order. If for all primes p such that p
/ o(L) we have non trivial sub N-loop groupoid of order p' (t >
1) then we call L a semi Sylow N-loop groupoid.

If this happens only for one prime p then we call L a weakly
semi Sylow N-loop groupoid.

It is interesting to note all semi Sylow N-loop groupoids are
trivially weakly semi-Sylow N-loop groupoid. Also all Sylow
N-loop groupoids are weakly Sylow N-loop groupoids. We give
some examples before we proceed on to define some more
properties about N-loop groupoids.

Example 5.2.12: Let L = {L; U Ly U L3, *{, *, *3} be a 3-loop
groupoid where

Ly = {Zyfora,be Zpp,a*b=2a+4bmod (12)},

L, {Z4 | for all a, b € Zg a * b =a + 3b (mod 4)} are
groupoids and

L7(4) a loop of order 8.

L;

Clearly o(L) = 12 + 4 + 8 = 24. Now we find what type of N-
loop groupoid L has.
Let V= {Vi U VU V3, ¥, *;, *3} where

Vi = {0,3,6,9},
Vo, = {0,2} and
V3 = {e» g3}

Clearly o(V) =4 +2 + 2 =8, 8/24 so L has a 2-Sylow sub N-
loop groupoid. Clearly L cannot have a nontrivial 3-Sylow sub
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N-loop groupoid. So at the out set L is only a weakly Sylow N-
loop groupoid.

Now we proceed on to define the notion of super Sylow N-
loop groupoid.

DEFINITION 5.2.14: Let L = {L; ULy, U ... ULy, *;, ..., *n}tbe
a N-loop groupoid of finite order. Suppose L is a Sylow N-loop
groupoid i.e. for every prime p such that p® / o(L) but paH
X o(L); L has a sub- N-loop groupoid of order p®. If in addition
for every prime p we have a sub N-loop groupoid of order paﬂ

(t > 1) then we call the Sylow N-loop groupoid to be a super
Sylow N-loop groupoid.

It can be easily verified that all super Sylow N-loop groupoids
are Sylow N-loop-groupoids, but in general a Sylow N-loop
groupoid need not be a super Sylow N-loop groupoid.

We proceed on to define the notion of Cauchy element in a
N-loop groupoid of finite order.

DEFINITION 5.2.15: Let L = {L; ULy U ... ULn, ¥}, ..., *n} be
a N-loop groupoid of finite order. Let a € L if there is a positive
integer say m such that a" = e and if m / o(L) then we call a the
Cauchy element of L.

Note: 1t is important to observe that in general all elements in L
such that a™ = e need not be a Cauchy element. Secondly it is
also important to note all elements in L need not be such that a'
= e for some integer t for L can have elements x that x" = x or
x"=0.

Example 5.2.13: Let L = {L1 U Ly U L3, *, *5, *3} be a 3-loop
groupoid of finite order where

L; = Ls(3) be aloop of order 6,

L, = {Zs, such that for a, b € Zg, define a * b = 4a +2b (mod
6) and
Ls; = {Foralla,b € Z7such thata * b=3a+ 4b (mod 7)},
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where L, and L3 are groupoids of finite order.

Now o(L)=6+ 6 +7 =19 i.e. L is a N-loop groupoid of order
19, a prime. Now we see every element in L; \ {e} is such that
gi2 =ebut 2 X 19. L cannot have any Cauchy element though L
is of finite order.

Thus we can make the following. Let L={Lj UL, U ... U
Ln, *1, ..., *Nn} be a N-loop groupoid of a prime order then L
has no Cauchy element. L is said to be “Cauchy free”. It may so
happen that the N-loop groupoid is of order n, n a composite
number still we may not have order of every element of finite
order of L to divide the order of L.

Example 5.214: L = {L1 ul,uls *1, *2, *3} be a 3-100p
groupoid of finite order where

L; = {L7(3)}isaloop of order 8,
L, = {Zpp|fora,beZpy,a*b=6a+8b(mod12)} and
L; {Zs/fora,b e Zs,a*b=4a+Db (mod 5)}.

Clearly o (L) =8+ 12 + 5 =25.

Now we see the order of L is not a prime still we cannot say
every element x in L such that x™ = e is such that m / o(L), for
take gi € Ly \ {e}, each g;j is such that giz =ebut 2 X 25. Hence
the claim.

Now we proceed on to define the notion of Moufang N-loop
groupoid.

DEFINITION 5.2.16: Let L = {L; ULy U ... ULy, ¥}, ..., *n} be
a N-loop groupoid. We call L a Moufang N-loop groupoid if
each (L;, *;) satisfies the following identities:

i () () = (x ()
i.  ((xy)z)y=x((2y).
iii. x( (xz)) = (xy)x)zforx, y,z €L, I <i< N.

Thus for a N-loop groupoid to be Moufang both the loops and
the groupoids must satisfy the Moufang identity.
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Now we proceed on to define Bruck N-loop groupoid.

DEFINITION 5.2.17: A N-loop groupoid; L = {L; UL, U ..U
Ly, *1, ..., *n} is called a Bruck N-loop groupoid if {L; *;} are
either Bruck loop (xyz) z = x (v (xz)) and (xy)il =x y71 for all
x, v,z elLiyi=1 2 .. N The groupoid need only satisfy
(x(vz)z) = x(y(xz)) for all x, y, z € L.

On similar lines we can define Bol N-loop groupoids, WIP — N-
loop groupoid or alternative N-loop groupoid. We call a non
empty proper subset to be normal sub N-loop groupoid if the
following conditions are satisfied.

DEFINITION 5.2.18: Let L = {L; ULy U...CU Ly, ¥, ..., *N} be a
N-loop groupoid. A proper subset P (P = P; U Py U ... U Py,
*1, oo, *n) of L is a normal sub N-loop groupoid of L if

i If P is a sub N-loop groupoid of L.
ii. xl-P,-=P,-x,- (wherePl-=PﬂL,-)
1il. y,-(x;P,-)=(y,~x,~)P;f0rallx;,y; EL,'.

This is true for each P;, i.e., fori =1, 2, ..., N.
Now we can define homomorphism of N-loop groupoids.

DEFINITION 5.2.19: Let L = {L; ULy, U ... ULy, *1, ..., *}
and K = {K; UK, U ... UKy, *1, ..., *N} be two N-loop
groupoids such that if (L;, *;) is a groupoid then {K;, *;} is also
a groupoid. Likewise if (L;, *; ) is a loop then (K}, *;) is also a
loop true for 1 <i,j <N. Amap 0= 6; U6, U... Uby from L
to K is a N-loop groupoid homomorphism if each 6, : L; — K; is
a groupoid homomorphism and 6 : L, — K; is a loop
homomorphism 1 < i, j < N.

Thus N-loop groupoid homomorphisms are defined on very

special conditions only. We cannot think of picking and
mapping for it may create problems of undefinedness, however
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if any such maps be sought we do not call them as a N-loop
groupoid homomorphisms but we call them as pseudo
homomorphisms. This pseudo homomorphisms can take place
even when N are different.

Now we proceed on to define pseudo homomorphisms of N-
loop groupoids and M-loop groupoids. (M # N)

DEFINITION 5.2.20: Let L = {L; ULy, U ... ULy, ¥, ..., *N} be
a N-loop groupoid and K = {K; UK, U ... UKy, *1, ..., ¥y} be
a M-loop groupoid. A map ¢ = ¢; U ¢y U ... Uy from L to K
is called a pseudo N-M-loop groupoid homomorphism if each
&¢i: Ly = K is either a loop homomorphism or a groupoid
homomorphism, 1 <t < N and 1 <s <M, according as L; and
K are loops or groupoids respectively (we demand N < M for if
M > N we have to map two or more L; onto a single K; which
can not be achieved easily).

Next we proceed on to define the notion of Smarandache N-
loop groupoids as this structure has several sub N-structures we
have several types of Smarandache N-loop groupoids, which we
would be defining.

Now we proceed on to define several types of Smarandache
N-loop groupoids and give some of its properties. It is in fact
pertinent to state one can easily derive and prove several
properties but we leave for the reader to develop such concepts
as our motivation is mainly to attract young researchers in this
subject.

DEFINITION 5.2.21: Let L = {L; UL, U ... ULy, *}, ..., *n}be
a N-loop groupoid. We call L a Smarandache loop N-loop
groupoid (S-loop N-loop groupoid) if L has a proper subset P =
{P; UPy U... UPN, *1, ..., *n} such that each P;is a loop i.e. P
is a N-loop.

We illustrate this by the following example:
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Example 5.2.15: Let L = {L; U L, U L3, *{, *;, *3} be a N-loop
groupoid where

L; = Lis(2) is a loop of order 16 and (e, 2, 5, 8, 14) is a
subloop in L;5(2).

L, = Lu4s(8), the loop of order 46 where {e, 1, 6, 11, 16, 21,
26, 31, 36,41} is a subloop in L45(8).

L3 = L'x @G, the groupoid where L' = L5(3) the loop of order
6 and G={Zg|a*b=2a+4b (mod 6) forall a, b e
Ze} 1s a groupoid and L x {0} is a subloop of the
groupoid Ls.

Now take P = {P; U P, U P3, *{, *;, *3} where
Py = {e2,5,8, 14},

P {e, 1,6, 11, 16, 21, 26, 31, 36, 41} and
P3 L x {0}, P is a loop.

Clearly P is a 3-loop. Hence L is a Smarandache loop N-loop
groupoid.

We call the Smarandache loop N-loop groupoid to be a
Smarandache Bruck loop N-loop groupoid if P < L is a
Smarandache Bruck N-loop.

On similar lines we call the N-loop groupoid L to be a
Smarandache Bol loop N-loop groupoid if the Smarandache
loop N-loop groupoid is a Smarandache Bol N-loop. We call a
N-loop groupoid L to be a Smarandache Moufang N-loop
groupoid if P < L where P is a N-loop is a Smarandache
Moufang N-loop.

On similar lines we can define Smarandache WIP — loop N-
loop groupoid, Smarandache diassociative loop N-loop
groupoid and so on.

Next we proceed on to define the notion of Smarandache
group N-loop groupoid.

DEFINITION 5.2.22: Let L = {L; ULy U ... ULy, *;, ..., *N} be

a N-loop groupoid. We call L a Smarandache group N-loop
groupoid (S-group N-loop groupoid) if L has a proper subset P
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where P = {P; U Py, U ... UPy, *, ..., *N} is a N-group i.e.,
each P;is a group and P; c L;; Pi=P NL;

Example 5.2.16: Let L = {L; U Ly U L3 U L4, *{, *5, *3, ¥4}
where

L; = Ls(3)aloop of order 6,

L, = L7(4)aloop of order 8,

Lz = {a, b € Z4 such that a * b = a + 3b (mod 4)} the
groupoid of order 4 and

Ly = G=(g|g3=l),><{Zg|fora,beZg,a*b=2a+6b
(mod 8)} L4 is a groupoid of order 24.

Take P = {Pl v P2 o P3 v P4; *1, *2, *3, *4} where P1 = {e, gl},
Py= {e, g4}, P3 = {0, 2} and Ps= G {0}

Clearly P is a proper subset of L which has a 4-group
structure. So L is a Smarandache group N-loop groupoid.

Now we give some more properties of Smarandache group
N-loop groupoids.

DEFINITION 5.2.23: Let L = {L; ULy, U ... ULy, *;, ..., *n} be
a N-loop groupoid of finite order. If L is S-loop N-loop
groupoid and if every proper subset P = {P; U Py U ... U Py,
*1, ..., *nt which is a N-loop is such that o(P) / o(L) then we
call L a Smarandache Lagrange loop N-loop groupoid (S-
Lagrange loop N-loop groupoid). If the finite N-loop groupoid
has atleast one proper subset P = {P; U P, U ... UPyn, ¥, ...,
*Nt which is a N-loop and is such that o(P) / o(L) then we call L
a Smarandache weakly Lagrange loop N-loop groupoid (S-
weakly Lagrange loop N-loop groupoid). If the S-loop N-loop
groupoid L is such that the order of no proper N-loop P in L
divides the order of L then we call L a Smarandache free
Lagrange loop N-loop groupoid (S-Smarandache free Lagrange
loop N-loop groupoid).

The same definition can be given in case of Smarandache
group N-loop groupoid. L is such that the order of no proper N-
group P in L divides the order of L then we call L a
Smarandache free Lagrange group N-loop groupoid. The same
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definition can be given in case of Smarandache group N-loop
groupoid.

Now we proceed on to define the notion of Smarandache N-
loop groupoid.

DEFINITION 5.2.24: Let L = {L; ULy U ... ULy, ¥}, ..., *n} be
a N-loop groupoid. We call L a Smarandache N-loop groupoid
(S-N-loop groupoid) if each L; is either a S-loop or a S-
groupoid. i.e. L has a proper subset set P = {P; U Py U ... U
Py, *;1, ..., *n} such that each P; =P NL; (i=1, 2, .., N)is
either a group or a semigroup.

Example 5.2.17: Let L = {L1 U Ly U Ly U Ly, *1, *, *3, *4} be
a 4-loop groupoid. Here

L; = Ls(3)aloop of order 6,
L, = L7(4)aloop of order 8 and
L; S(3) x {Zyo| fora,bin Z4,a * b=a+ 3b (mod 4)}.

L is a Smarandache N-loop groupoid for, take P = {P; U P, U
P3 U Py ¥y, *5, *3, *4} where

P = He g},
P2 = {e: g6}a
P; = S(3)and
Py, = {0,2}.

Clearly P is a non empty set such that L; and L, are S-loops and
L3 and L4 are S-groupoids. Hence L is a Smarandache N-loop
groupoid.

We now define sub Smarandache N-loop groupoid of a N-
loop groupoid L.

DEFINITION 5.2.25: Let L = {L; ULy U ... ULy, *j, ..., *n} be
a N-loop groupoid. Let P = {P; UP, U ... UPy, *;, ..., *N} be
a proper subset of L and P be a sub N-loop groupoid, if P has a
proper subset T = {T; 0T, U ... U Ty, *;, ..., *N} such that

153



each T; is a group or a semigroup then P is called a
Smarandache sub N-loop groupoid (S-sub N-loop groupoid) i.e.
if P is a sub N-loop groupoid then P must be S-N loop groupoid
for P to be a S-sub N-loop groupoid.

We have the following result.

THEOREM 5.2.1: Let L = {L; ULy, U ... ULy, *;, ..., *n} be a
N-loop groupoid. If L has a S-sub N-loop groupoid then L is a
S-N-loop groupoid.

Proof: Suppose L is a N-loop groupoid such that L has a S-sub
N-loop groupoid we see L contains a proper subset P = {P; U P,
U ... U PN, *1, ..., *n} which is a Smarandache sub N-loop
groupoid so P contains a proper subset X = {X; U Xp U ... U
XN> *1, ..., N} such that X; = X m P; and X is a group or a
semigroup foreachi=1,2, ..., N.Now X cPcLso XcL
i.e. X is a proper subset of L such that the presence of X makes
L a S-N-loop groupoid. Hence the result.

It is still important to note that all S-sub N-loop groupoid is
a sub N-loop groupoid but in general every sub N-loop groupoid
need not be a S-sub N-loop groupoid.

Now we proceed on to define Smarandache groupoid N-
loop groupoid.

DEFINITION 5.2.26: Let L = {L; ULy, U ... ULy, *;, ..., *n} be
a N-loop groupoid. We call L a Smarandache groupoid N-loop
groupoid (S-groupoid N-loop groupoid) if L contains a proper
subset Y ={Y; Y, U... UYyN, /¥, ..., *n} such that each Y; is
a S-N groupoid.

We cannot always say given any N-loop groupoid it can be S-
loop N-loop groupoid or S-group N-loop groupoid or S-
groupoid N-loop groupoid. Thus given a N-loop groupoid it can
be anything or nothing.

We can easily construct examples of S-loop N-loop
groupoid or so on. Thus we are always guaranteed of the
existence of such structures.
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Now we define Smarandache commutative N-loop
groupoid.

DEFINITION 5.2.27: Let L = {L; ULy, U ... ULy, ¥}, ..., *n} be
a N-loop groupoid. We call L a Smarandache commutative N-
loop groupoid (S-commutative N-loop groupoid) if each (L; *;)
is either a S-commutative loop if (L;, *;) is a loop or (L;, *;) is a
S-commutative groupoid if (L;, *;) is a groupoid.

It is interesting to note that a S-commutative N-loop
groupoid need not in general be commutative. But every
commutative N-loop groupoid is always a S-commutative N-
loop groupoid.

Now we proceed on to define Smarandache homomorphism of
N-loop groupoids.

DEFINITION 5.2.28: Let L = {L; U Ly U ... ULy, ¥, ..., *n}
and K = {K; o Ky v ... UKy, *, ..., *N} be S-N-loop
groupoids. A map ¢ = {¢; U ... U @y} from L to K is called the
Smarandache homomorphism of N-loop groupoids (S-
homomorphism of N-loop groupoids) if each ¢ is a group
homomorphism of a semigroup homomorphism according as L;
is a S-loop or a S-groupoid respectively.

It is important to note that the map may not be defined on the
whole of domain space only on the group or semigroup
contained in each loop or groupoid L; respectively. Now we can
call the N-loop groupoid to be Smarandache Lagrange
semigroup in the following definitions.

DEFINITION 5.2.29: Let L = {L; ULy, U ... ULy, ¥, ..., *n} be
a N-loop groupoid suppose L, ..., L, be K groupoid in the set

{Li, Ly ..., Ln}. We call L a Smarandache groupoid N-loop
groupoid (S-groupoid N-loop groupoid) only if each groupoid
{L, |1=<t<K}isaS-groupoid.
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We do not demand the loops in the N-loop groupoid to be S-
loops. Now we proceed on to define Smarandache Lagrange
groupoid N-loop groupoid, in case the order of the groupoids in
the N-loop groupoid is finite. We don’t demand the loops to be
of finite order.

DEFINITION 5.2.30: Let L = {L; ULy U ... ULy, *j, ..., *n} be
a N-loop groupoid; which has G = {L,,..,L_} to be K-
groupoids. Let the order of each groupoid be of finite order.
Suppose L is a S-groupoid N-loop groupoid.

Let P = {PIl 5 eens P,K} be the K-semigroup, if o(P) / o(G) for

every K-semigroup in G then we call L a Smarandache
Lagrange groupoid N-loop groupoid (S-Lagrange groupoid N-
loop groupoid) .

If we have atleast one K-semigroup P such that o(P) / o(G)
then we call L a Smarandache weakly Lagrange groupoid N-
loop groupoid (S-weakly Lagrange groupoid N-loop groupoid).

We call L a Smarandache Lagrange free groupoid N-loop
groupoid (S-Lagrange free groupoid N-loop groupoid) if G has
no K-semigroup P such that o(P) / o(G).

Now we illustrate this by the following example:

Example 5.2.18: LetL = {L1 U Ly U Ly ULy, *q, *5, *3, *4} be
a S-4-groupoid N-loop groupoid where

L; and L; are loops and

Lz = {Zpp|fora,beZppa*b=2a+4b(mod 12)} and

Ly = {Zjg|fora,be Ziga*b=3a+6b (mod 18)} be S-
groupoids of finite order.

Clearly G = {L3 U L4} is a 2-groupoid. o(G) = 12 + 18 = 30.
Let P=P; U Py, = {0, 6} U {0, 6, 12}, P is a 2-semigroup,
and o(P) / o(G) i.e. 5/30.
Take T=T; U Ty = {0, 6} U {0, 6,9, 12} is a 2-semigroup
o(T) / o(G) i.e. 6/ 30.
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Take S =S; U Sy = {0, 6} U {0, 9} a 2-semigroup, o(S)
Xo(G)ie. 4 X 30.

Thus we see L is not a S-Lagrange groupoid N-loop
groupoid. In fact L is only a S-weakly Lagrange groupoid N-
loop groupoid. Also L is not S-Lagrange free groupoid N-loop
groupoid.

Now we proceed on to define Smarandache loop N-loop
groupoid.

DEFINITION 5.2.31: Let L = {L; ULy U ... ULn, ¥}, ..., *n} be
a N-loop groupoid. Let R = {Lj[ U...U Ljs} where each L, is
a loop from the set {Lj, ..., Ly}. (i=1, 2, ..., s) (i.e. all the loops
from the set {Ly, ..., Ly} is in R). Suppose each L, is a S-loop

then we call L a Smarandache loop N-loop groupoid (S-loop N-
loop groupoid).

We do not demand the groupoids in the set to be S-groupoids.
We have the following interesting theorem.

THEOREM 5.2.2: Let L = {L; ULy, U ... ULy, *, ..., *N} be S-
N-loop groupoid, then L is S-loop N-loop groupoid and S-
groupoid N-loop groupoid.

Proof: If L is a S-N-loop groupoid then each L; is either a S-
loop or a S-groupoid, so the collection of all loops in {Li, ...,
Ln} are S-loops and the collection of all groupoids in {Li, ...,
Ln} are S-groupoids. Hence L a S-loop N-loop groupoid and S-
groupoid N-loop groupoid.

Now we proceed on to define Smarandache Lagrange loop
N-loop groupoid.

DEFINITION 5.2.32: Let L = {L; ULy U... ULy, *,..., *N} be a
S-loop N-loop groupoid, suppose R = {le,...,th} be the
collection of all loops from the set {L,, ..., Ly}. If each Lj.p ,p=
1, 2, .., t is of finite order, then o(R) < oo If V =

157



{VAUV/‘ZU“‘UV/‘; e */‘z} be a t-group of R and if o(V) /

B ji > B

o(R); then we call L a Smarandache weakly Lagrange loop N-
loop groupoid (S-weakly Lagrange loop N-loop groupoid).

Suppose for each t-group Vin R o(V) / o(R) then we call L a
Smarandache Lagrange loop N-loop groupoid (S-Lagrange
loop N-loop groupoid).

We call L a Smarandache Lagrange fiee loop N-loop
groupoid (S-Lagrange firee loop N-loop groupoid) if R has no t-
group V such that o(V) / o(R).

It is important to note that L need not be a finite N-loop
groupoid in these cases.

DEFINITION 5.2.33: Let L = {L; ULy U ... ULN, ¥}, ..., *n} be
a S-groupoid N-loop groupoid. A proper subset of the collection

of all groupoids G = {Lil U.. U LI.K} of {L; U ...uU Ly} is said
to be Smarandache subgroupoid N-loop groupoid (S-
subgroupoid N-loop groupoid) if G has a proper subset T =
{Zl VT u..UT, } such that T is itself a Smarandache sub K-

1

groupoid.

Now we proceed on to define ideal of S-groupoid N-loop
groupoid.

DEFINITION 5.2.34: Let L = {L; ULy, U ... ULy, ¥}, ..., *n} be
a S-groupoid N-loop groupoid. Let G = {L,.1 ... UL,.K} be the
collection of groupoids in L. A non empty proper subset P =
{Bl U..UF } of the K-groupoid G is said to be a K-left ideal
of the K-groupoid G if

i P is a sub K-groupoid.
i. Forallx; € L,.f and a; € P, x;a; ePl.t, t=12 .., K

it
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One can similarly define K-right ideal of the K-groupoid. We
say P is an K-ideal of the K-groupoid G if P is simultaneously a
K-left and a K-right ideal of G.

DEFINITION 5.2.35: Let L = {L; ULy U ... ULy, *;, ..., *n} be
a N-loop groupoid. Let G = G, U...U G, be the K-groupoid;

ie. G, ..., G, be the collection of all groupoids in the set {L,,
ey Ly} A sub K-groupoid V = {V. UV, v UKK} of G is

i i
said to be normal K subgroupoid of G if
a; Vi, ZV:‘, a;
V. x)y, =V, (xy,)
yi(x Vit ):(yi xi)Vil
Jor all aj, xi, yi € G,. The S-groupoid N-loop groupoid is K-

simple if it has no nontrivial normal K-subgroupoids.
We now state when is the S-groupoid N-loop groupoid normal.

DEFINITION 5.2.36: Let L = {L; ULy U ... ULy, *;, ..., *n} be
a S-groupoid N-loop groupoid. Let G = G, U...U G, be the K-

groupoid (i.e. G, ,....,G, be the collection of all groupoids from

the set Ly, ..., Ly). We call L a Smarandache normal groupoid
N-loop groupoid (S-normal groupoid N-loop groupoid)
if

i. xG = Gxwhere
X=x, V..Ux, and
G=G, VG, V..Ul e
xG = (x,.lG,.1 U..Y x,.KGI.K) =(Gl.1xl.1 .Y GiniK)
= Gx.
ii. G(xy)=(Gx)y; x,y e Gwhere
x=x, U..Ux, and

Y=, 9 vy
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G(xy) = (G,.1 U..UG, )(x[1 U..Ux, )(y,.1 u...uy,.K)
(Gl.] (x,3,)9..0G, (x, ¥, ))

{(Gl.lxl.1 )y,.l U"'U(GiniK )ny }

(Gx) y.

iii. y(xG) = (yx) G where
y=y, .y, and

X=X U.ux,
y(xG) = (yl.1 V..U, )[(xil U..Ux, )(Gl.1 U..uG, )]
=Y (xi1 G, ) Yy, (xl.2 G, ) V..V (x, G)
(7%, )G, v (¥,%,)G, V..U (3,%,)G,
x)G

forallx,y € G.

DEFINITION 5.2.37: Let L = {L; ULy U... ULy, *1,..., *N} be a
S-groupoid N-loop groupoid. Suppose H and P be two S-K-

subgroupoids of G = {L, U L U..UL_} where {Lil, vy LI.K}

is the collection of all groupoids from the set {L;, L, ..., Ly} we
say H and P are Smarandache conjugate if there exists

x= (xilu...uxik) e H
such that H = xP or Px where
H= {Hl.1 U... UHI.K} and
P={PuU..UP | and
H=xP
soH= {Hl.] U... UH,-K} = (xl.] UL Ux, ) (Bl U...UP, )

= {xilP;l U.. UP.le.K} ={Pl.1xl.1 (O UEKxiK}

)

Clearly HNP = ¢
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Now we proceed on to define the notion of center of the
Smarandache groupoid N-loop groupoid.

DEFINITION 5.2.38: Let L = {L; ULy U ... ULN, ¥}, ..., *n} be
a S-groupoid N-loop groupoid. Let G = {L,-] 5 eees LI.K} be the K-
groupoid (i.e. {L[l, - LiK} is the collection of all groupoids

from the set {Lj, ..., Ly} we define Smarandache centre of the S-
groupoid N-loop groupoid (S-centre of the S-groupoid N-loop
groupoid) L to be SCs (G) = {x e G| xa =ax foralla € G} i.e.

{(x[l U.ux, el UL, ax=(a, V..U a, )(x, U..Ux, )

= (ai]xi] U..va, X, )=xa

(5, 0.0, ) (a,9.0a, )
= (xa, V.Ux, a, )}
We also call a pair of elements a, b in the K groupoid G
I{L,.l U... uL[K}, Smarandache conjugate pair (S-conjugate

pair) ifa = b x (x. b for some x € G) and b = a. y (y a for some
y € G).
4= (a; V..Va,) is right Smarandache conjugate (right

S-conjugate) with b in G if we can find x, y € G such that ax =b
and by = a (xa = b and yb = a),
ie. (b v..ub ) (y, V..U )

= (b[l yilu"'ubiKyiK)

= (q,v..Va,).

(xa = (yv.ux (g Y..Va,)
= (xilai] V..Ux, a. )=(bl.l U..u biK):b)
and
(vb = (O v.uy )b v.ub)

= Wbv.vyb )= v.va )=a)
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DEFINITION 5.2.39: Let L = {L; ULy U ... ULN, ¥}, ..., *n} be
a S-groupoid N-loop groupoid. G ={Lil U...UL,-K} be a S-K-
groupoid (i.e. L, U...0 L, be the collection of all of groupoids

of the set (L, ..., Ly)) .
We call a S-sub K groupoid H = {H, U..U H, } where

H =HnNL (I <tsK)tobe Smarandache semi normal K-
groupoid (S-semi normal K-groupoid) of N-loop groupoid L if

i. aH= Xforalla eGi.e.
(al.l Ua, U..Va, ) (H.l u...qu.K)

1

= (ailHi1U"'UaiKH-K)= X

)

(Xilu...qu.K).

S
Il

Yforalla e Gie.
(H. U..UH, ) (arl.l U..va, )

= (H;I%U--UH- a.) = 7Y

g K

(yl.] V..U )
where both X and Y are sub K- groupoids.

Interested reader may find some interesting relations between
the S-semi normal K- groupoid and S- normal K-groupoid of a
N-loop groupoid.

One can also define Smarandache semi conjugate sub K-
groupoids of a N-loop groupoid.

DEFINITION 5.2.40: Let L = {L; ULy U ... ULy, ¥}, ..., *n} be
a S-groupoid N-loop groupoids where G = {Li] u...uL,.K} is
the K-groupoid (HereL U..OUL_ s the collection of all

groupoids from Ly, ..., Ly). Let H and P be two sub K-groupoids
of K. We say H and K are Smarandache K-semi conjugate sub
K-groupoids (S-K-semi conjugate sub K-groupoids) of G if
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i. HandP areS- sub K-groupoids of G.
ii. H=xP or Pxor

H = (H,-l u...uH,-K)
- ()Cl.]U...le-K)( i ~
iK)

[or(P,.l U..U BK) (x U..u xl.K)

. u...uBK)

2

= (x.P U...U X,
171 U

i

= (EIX;IU---UP- X, )

g g
= Px]or

P=xHie
(E] u...uRK)
= (x,.1 U..Ux, ) (H,.1 U..UH, )
= (xl.]Hl.] ..y x,.KH,.K)
[or Hx = (H,.1 U..UH, ) . (xil U.Ux, )
= (H,.lxi1 V..U H, x, )]

for some (x,.1 U...U x,.k) €Gie each x, €L, (1 <t<K).

On similar lines one can define for S loop N-loop groupoids
i.e. by using t-loops instead of K-groupoids. Several interesting
results can be obtained, which is left as an exercise for the
reader.

5.3 N-group loop semigroup groupoid (glsg) algebraic structures
In this section we proceed on to define the mixed N-algebraic
structures, which include both associative and non associative

structures. Here we define them and give their substructures and
a few of their properties.
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DEFINITION 5.3.1: Let A be a non empty set on which is defined
N-binary closed operations *;, ..., *y. A is called as the N-
group-loop-semigroup-groupoid (N-glsg) if the following
conditions, hold good.

i A=A; UAy; U ...UAn where each A; is a proper subset
of A (i.e. Ai & Ay & or A; & A;if (i #j).
ii. (4, * ) is a group or a loop or a groupoid or a

semigroup (or used not in the mutually exclusive sense)
I<i <N. Ais a N —glsg only if the collection {4, ...,
An} contains groups, loops, semigroups and groupoids.

Note: If each (Aj, *;) is just only group or (and) semigroup we
get the already defined N-group semigroup. If each (A;, *) is
just a loop and (or) groupoid we obtain the already defined N-
loop groupoid structure. If {A;, *;} are only group, loop and
semigroup then we call A the N-group loop semigroup i.e. N-gls
structure.

If each {Aj, *;} are only just a group, semigroup and
groupoid then we call A just the N-group semigroup groupoid
i.e. N-gsg structure.

Likewise we can have a N-Isg structure or just N-gls
structure also. Whenever situation arises we will make a
mention of them.

We just give some examples in order to make the definition
more concrete.

Example 5.3.1: Let A = {A1 U Ay U Az U Ay ¥, *2, *3, ¥4}
where

A= G=(g|g'=D),
Ay = Loop of order six given in page 135,

Az = {Z12, the semigroup under multiplication modulo 12}
and
Ay = {Zg, the groupoid defined by a * b =2a + 6b (mod 8)}.

Clearly A is a 4-glsg.
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Now we can define the order of any N-glsg. The order of N-
glsg is the number of distinct elements in A. If the number of
elements in A is finite we say A is a finite N-glsg. If the order of
A is infinite we say A is an infinite N-glsg.

Now we can also define N-gls or N-gls or N-Isg or Ngsg
and so on. Now we define the notion of sub N-group-loop-
semigroup groupoid of a N-glsg.

DEFINITION 5.3.2: Let A = {A; U ... UAp, *i, ..., *n} where A;
are groups, loops, semigroups and groupoids. We call a non
empty subset P = {P; UP; U ... UPy, ¥, ..., *n} of A, where P;
= P »n A; is a group or loop or semigroup or groupoid
according as A; is a group or loop or semigroup or groupoid.
Then we call P to be a sub N-glsg.

It is important to note that even if A is a finite N-glsg and P a
sub N-glsg; o(P) need not in general divide order of A (o(A)).
We just illustrate this by an example.

Example 5.3.2: Let A = {A] U Ay U A3z U Ay; *1, ¥, *3, ¥4} be
a finite N-glsg, where

Al = {Dyg={ab|a’=b"=1,bab=a} the dihedral
group of order 12,

A = {Ls(3)} be the loop of order 6,

Az = {Zs = (0, 1, 2, ..., 7) the semigroup under
multiplication modulo 8 and

Ay = {Zjo|fora,b e Zs,a*sb=2a+4b (mod 10)}.

Now o(A) =12 + 6 + 8 + 10 = 36, a N-glsg structure of finite
order.

Let P = {P] U Py U Py U Py ¥, ¥y, *3, *4} be a proper
subset of A, where

P, = {l,b,..,b°},
P2 = {eagl}a

P; = {0,4} and
P, = {0,5}.
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Clearly P is a sub N-glsg. o(P)=6+2+2+2=12,12/36.
Take R = {R; U Ry U R3 U Ry *, *5, *3, *4} be a proper
subset of A. Take

R, = {l,b,.., b},
Ry = {e, g3},

R; = {0,2,4,6} and
Ry = {0,2,4,6,8).

oR)=6+2+4+5=17.0(R) X o(A). Thus we see the order
all sub-N-glsg P of a finite N-glsg A does not divide order of A.
Thus we make the following definition.

DEFINITION 5.3.3: Let A be a N-glsg structure where A = {A;
UAy U ... VAN, *1, ..., *N} be of finite order. If every sub N-
glsg P of A is such that o(P) / o(A) then we call A a Lagrange
N-glsg.

1t at least one sub N-glsg R exists in A such that o(R) / o(4)
then we call A the weakly Lagrange N-glsg. If A has no sub N-
glsg T such that o(T) / o(A) then we call A a Lagrange free N-

glsg.

We have clearly several Lagrange free N-glsg. For take the
order of the N-glsg. For take the order of the N-glsg, A = {A; U
Ay U ... UAN; *1, ..., *N} such that o(A) = p, p a prime. Then
1 or p alone divides p so no sub N-glsg of A divides o(A). It is
interesting to note that every Lagrange N-glsg is a weakly
Lagrange N-glsg.

Example 5.3.3: Let A = {A1 U Ay U A3 U Ayg; *1, 2, *3, %4}
where

A1 = S3, the symmetric group of degree 3,
Ay = L7(3), the loop of order 8,
Az = {Zs, the semigroup under multiplication modulo 6} and

Ay = {Zy|fora,be Zg,a*b=23a+6b(mod19)}.
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A is a finite N-glsg. Now 0o(A) =6+ 8 + 6 + 9 =29 a prime.
Let P= {P; U Py, U P3 U Py, *{, *,, *3, *4} where

1 2 3 1 2 3 1 2 3

Pl = 5 5 :A39
1 2 3 2 31 31 2

P, = {e, g} cl7(3),

P; = {O,2,4}CZGand

Ps = {0,6,3) cZ.

o(P)=3+2+3+3=11.Thus A is a Lagrange free N-glsg. It
is to be noted when we say A is Lagrange free a N-glsg we do
not mean A cannot have proper subsets P such that P is a sub N-

glsg.

Example 5.3.4: Let A = {A] U Ay U A3 U Ag; *1, *2, *3, ¥4}
where

A= {glg' =1}

Ay = Ls(3), the loop of order 6,

A3z = {Zs, multiplication modulo 6} is a semigroup and

Ay = {Z3/a,beZs,a*3b=a+4b (mod 5)} is a groupoid.

A is a 4-glsg, o(A) =4+ 6+ 6 + 5 =21. Clearly A cannot have
sub4-glsg of order 3.
Take P = {P] Y Pz o P3 Y P4, *1, *2, *3, *4} where

PL= {1,g%,

Py = {p1 a1},

P; = {0,2,4} cZgand

Py = {Zs},Pis a4 sub-glsg.

oP)=2+2+3+5=12.12 X 21. Since P4 cannot have any

proper subgroupoid other then {0} and itself we see any sub4-
glsg will have order strictly greater than 8 so A is a Lagrange
free 4-glsg where the order of the 4-glsg is a composite number.
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Now we proceed on to define the special notion of sub K-
group of N-glsg, sub m-loop of N-glsg, sub t-semigroup of N-
glsg and sub g-groupoids of N-glsg.

DEFINITION 5.3.4: Let A = {A; UAy U ... VAy, *5, ..., *N} be
a N-glsg. A proper subset T = {T. U.LUT ¥ ...,*iK} of A is

i ig % i ?
called the sub K-group of N-glsg if each T, is a group from A,

where A, can be a group or a loop or a semigroup of a groupoid
but has a proper subset which is a group.

Example 5.3.5: A = {A; U Ay U A3 U As, *, ..., *5} be a 5-
glsg, where

A1 = {S4, the symmetric group of degree 4},
A; = Ls(3) the loop of order 6,
A3z = L7(4) the loop of order 8,

A4 = S(3), the symmetric semigroup with 3* elements and
As = {Zyy, fora, b € Zg, a * b = 4a + 2b mod 6} is a
groupoid.
Take P = {P] \ P2 |\ P3 \ P4, >"1, cees *5} where
Py = A4, the alternating subgroup of Sy,
Py = {e, g},
P3 = {ea g6}a
P bz b3 S@3) i b 4 f
= , c is a sub 4-group o
’ 12321 3 S1otp
the 5-glsg.
Thus the K cannot be said as the maximum number of
groups in Aj,..., AN we can only say minimum of K will be
maximum number of groups in the collection {Aj,..., Anx}

provided no group A is a cyclic group of prime order.

DEFINITION 5.3.5: Let A = {A; UAy U ...UAN, *1, ..., *N} bea
N-glsg. A proper subset T = {Zl U... UTI} is said to be sub r-
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loop of A if each 7}/ is a loop and 7}/ is a proper subset of some

Ap. As in case of sub K-group r need not be the maximum
number of loops in the collection Ay, ..., An.

Example 5.3.6: Let A = {A] U Ay U A3 U As; *1,%), *3, *4,%s}
be a 5-glsg where

Al = {glg' =1}
Ay = Ls(3)x {Da3},
Az = {L7(4)xSs3},

As = {Zs, a semigroup under multiplication modulo 16}and
As = {Zyp| fora, b € Zjp, a * b =2a + 3b (mod 10)} x
Lii(3).

Clearly A is a group. A; and As are loops, A4 is a semigroup
and As is a groupoid.
Take P = {P; U P, U P3} where

Py = Ls(3)c Ay,
P2 = L7 (4) C A3 and
P; = Lii(3)cAs

P is a sub3-loop of the 5-glsg. However we see that there are
only 2 loops in the set {A|, Ao, Az, A4, As}.

Now we proceed on to define the sub u semigroup of the N-
glsg (u < N).

DEFINITION 5.3.6: Let A = {A; VA, U...UAN, ¥, ..., *N} be a
N-glsg. Let P = {P; U P, U ... UPy} be a proper subset of A
where each P; is a semigroup then we call P the sub u-
semigroup of the N-glsg.

Now we illustrate this by the following example:

Example 5.3.7: Let A= {A1 U Ay U A3 U Ay U As; *q, ...%5)
be a 5-glsg. Take
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A1 = {S3} be the group,

Aj {L7(3), loop of order 8},

{Z13, semigroup under multiplication modulo 18},

Ay = {Zy, semigroup under multiplication modulo 10} x
{Z¢ | fora,b e Zg,a* b=2a+b (mod 6)} =B x By is
a groupoid, and

As = {Z; | for a, b € Z7, a * b = 3a + 4b (mod 7)} x

&
Il

b
{a d] /abcd e Q matrix under multiplication} =
c
C1 X Cz.

Take S = {S; U Sy U S3} where

Si {0, 2, 4, 6, 8} semigroup under multiplication modulo
10,
S, = Bjx {0} B x By =A4asemigroup and

Ss3 {0} x Cy < C1 x C; < As semigroup.

Clearly S is a sub3-semigroup of 5 glsg.
Now we proceed on to define the concept of sub t-groupoid
of N-glsg (t < N).

DEFINITION 5.3.7: Let A = {A; UAy U ...UAN; ¥4, ..., *Nf be a
N-glsg. A proper subset C = {C; U Cy U ... UCy} of A is said to
be a sub-t-groupoid of A if each C;is a groupoid.

Now we illustrate this by the following example:

Example 5.3.8: Let A= {A1 UA UA3U AU As; ¥, ... %5}
be a 5-glsg, where

A1 = {Group of quaternions},

Ay = Ls(3), the loop of order 6,

Az = {S(5), the symmetric semigroup};

Ay = {Zip|fora,be Ziy,a*sb=2a+4b (mod 12)} and

As = {Zi5/fora, b e Zisdefinea *sb=a+ 4b (mod 15)}
are groupoids.
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Now define D = D; U D; to be the sub 2- groupoid where

D] = {0, 2, 4, 6, 8, 10} (@ le and
D, 10,3,6,9, 12} < Zss.

Now we proceed on to analyze when these special
substructures of this finite N-glsg are such that they divide the
order of N-glsg, never divide the order of N-glsg and few of
them divide the order of N-glsg.

DEFINITION 5.3.8: Let A = {A;] UAy; U ... UAN, *1, ..., *N} be
a N-glsg. Suppose A contains a subset P = F, U ..UF,  of 4

such that P is a sub K-group of A. If every P-sub K-group of A
is commutative we call A to be a sub-K-group commutative N-
glsg.

If atleast one of the sub-K-group P is commutative we call
A to be a weakly sub K-group-commutative N-glsg. If no sub K-
group of A is commutative we call A to be a non commutative
sub-K-group of N-glsg.

Note: These definitions can be made by replacing the sub-K-
group by sub-t-groupoid, sub-p-loop and semigroup-semigroup
of a N-glsg on similar lines. Now we will represent all these
concepts by examples.

Example 5.3.9: Let A = {A1 U Ay U A3 U Ay U A5 U Ag; *q,
...,*¢} be a 6-glsg, where

A = {g] g12 =1}, cyclic group of order 12,
Ay = {Ay, the alternating group},
Az = {L3(3), the loop of order 6},

A4 = {Zn, the semigroup under multiplication modulo 20},

As = {Zyy, semigroup under multiplication modulo 12} x
{Zo | fora,b € Zg,a* b=3a+ 6b (mod 9)} =B; x By,
and

Ag = {Zis|fora,b e Zis,a*b=2a+ 3b(mod 15)} x {Z¢
semigroup under multiplication modulo 6}= C; x Cy.
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The subset P = {P; U P, U P3 U PsU Pg} of A where

Py {lggggg}cAl,

234 1 2 3 4\(1 2 3 4\(1 2 3 4
4321’2143’3412’4321

< Ag,

P3 = {e,gi} cLs(3),

Py = {111} < Zyy,

Ps = {3,9} < Zi7 {9 acts as the identity of the group for 9.9
=9 (mod 6) 3.9=9.3=3 (mod 6) and 3.3 =9 (mod 6)}

and

Ps = {1,5} cZ¢ {where 5.5=1 (mod 6), 5.1 =1.5=5 (mod
6)}.

Clearly P is sub 6-group of A. Clearly P is a 6-commutative 6-
glsg. We see A is not a commutative structure for the group A4
is not a commutative group.

It is interesting to note that in this example we could get a
sub K-group of the 6 glsg where K =N = 6.

We see this example 5.3.9 has no sub t-loop for both the
loops do not have any proper subloops. Now we find the sub r-
semigroup of A = {A; U Ay U ... U Ag}.

Let S= {S; U Sy U S3} be a proper subset of A where

Sy = 1{0,2,6,8,10,12, ..., 18} < Zy,
Sy x {O} = {0, 3, 6, 9} X {0} c Z1p» x Zg and
S3x {0} = {0} x {0,2,4} = C; x Ca.

Clearly S is a sub 3-semigroup of A which is commutative.
Now we see whether this N-glsg A has any sub t-groupoids.
Take T = {T; U T,} where

T; = {0} x{0,3,6} =By xBsand
T, {0,3,6,9,12} x {0} cC; xC;
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are subgroupoids of As and Ag respectively. So the N-glsg has
sub2-groupoids which is not commutative sub2-groupoids of A.

DEFINITION 5.3.9: Let A = {A; UAy U ... UAy, *5, ..., *N} be
a N-glsg of finite order. Suppose A has sub K-groups H and if
every sub K-group H is such that o(H) / o(A) then we call A to
be a Lagrange sub K-group. If A has atleast one sub K-group T
such that o(T) / o(A) then we call A to be a weakly sub K-group.
If A has sub K-group such that the order of none of them divide
the order of A then we call A to be a Lagrange free sub K-

group.

It is important to note A may not at times have any sub K-

group.
Now we illustrate them by examples.

Example 5.3.10: Let A= {A1 U Ay U A3 U A5 U Ag; *1, ..., %}
be a 6-glsg of finite order where

A = {g] g6 =1} cyclic group of order 6,
Ay =S4, the symmetric group of degree 4,
Az = Ls(2), the loop of order 6,

A4 = L7(3), the loop of order 8,

As = {Z12, semigroup under multiplication modulo 12} and
Ag = {Zis|fora,b e Zg, a*sb=23a+ 5b (mod 8)} groupoid
of order 8.

Now order of A=0(A)=6+24+6+8+ 12+ 8 =64.
Take P = {P; U P, U P3 U Ps} a proper subset of A where

P = {Lg),
1 2 3 4
P2 = 1, >
2 1 4 3
P3 = {eagl}a
Py = {e, g¢} and
Ps = {1,11} cZp.
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Clearly P is a sub- 5- group of A. o(P)=2+2+2+2+2=
10. We see 10 X 64. Now consider T = {T; U T, U T3 U T4 U
Ts} a proper set subset of A where

T = {ge\ 1)

T, — 1 2 3 4 1 2 3 4)(1 2 3 4
2 {[1 2 3 4]’(2 301 4}’(3 12 4)}
T3 = {1, g},

T4 = {l,g3} and

Ts = {4, 8} is a sub5-group of A.

o(T)=3+3+2+2+2=12,12 X 64. Thus we see we have
sub t-groups but their order does not divide the order of A.
Now we consider yet another example.

Example 5.3.11: Let A = {A1 U Ay U A3 U Ay U As; *1,%), *3,
*4,%s} be a 5-glsg where

A= {glg?=1},

Ay = {Zs, group under addition modulo 8},

Az = Ls(3) loop of order 6,

A4 = {Zo, semigroup under multiplication modulo 9} and
As = {Zyp/fora,b e Zjp,a* b=3a+2b(mod 10)}.

0o(A)=12+8+6+9+10=45.
Consider P = {P; U P, U P3 U P4} a proper subset of A
where

P, eh g 1), Py = {0,4},
P; = {e,gi}and Py = {1,8}.

Nowo(P)=3+2+2+2=9.0(P)/0(A)ie. 9/45.
Now consider the subset T = {T; U Ty U T3 U T4} where

4 8
T, = {g,g 1},
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T 10,2,4, 6},
T3 = {ea gl} and
Ts = {1,2,4,5,7,8} is a 4-group.

0(T)=3+4+2+6=15,1i.c.0(T)/o(A)i.e. 15/45.
Take a proper subset R = {R; WU Ry U R3 U Ry} of A where

Ri = {Lg,e"e’ e,
R, 10, 4},

R; = {e, g3} and

Ry = {1,2,4,5,7,8}.

o(R)=6+2+2+6=16. Clearly o(R) X o (A)ie. 16 X 45.
Just we see A in the above example is a weakly Lagrange sub4-
group of A. Further A is not a Lagrange 4-group of A. We now
construct one more example.

Example 5.3.12: Let A= {A1 U Ay UA3 U A4 U As; *1,%0, *3,
*4,%5} where

A= {glg’=1},

Ay = Ls(3), aloop of order 6,

Az = {Zj0, semigroup under multiplication modulo 10},
Ay = {Zg, semigroup under multiplication modulo 8} and
As = {Z;/fora,b € we have, a * b=3a+4b (mod 7)}.

0o(A)=6+6+ 10+ 8 + 7 =37. Clearly A is a prime order N-
glsg. We see A has sub-4 groups but A is a Lagrange free N-
glsg.

For take W = {W| U W, U W3 U W4} where

Wi = {lLg g cA,
W2 = {e, g3} = Ls(3),
W3 = {1,9}choand
Wy = {197} g28

o(W)=3+2+2+2=9,9 X 37.
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It is easily verified that A has sub K-group but since o(A) is
prime none of them will divide o (A). So A is a Lagrange free
sub K-group.

Now we define when is the N-glsg a Lagrange sub K-loop
and so on.

DEFINITION 5.3.10: Let A = {A; UA> U ... VAN, *1, ..., *n} De
a N-glsg of finite order. Suppose for every P = {P; UP, U ... U
Py} a sub-t-loop of A we have o(P) / o(A) then we call A to be a
Lagrange sub t- loop.

On the other hand if A has atleast one sub t loop, P such
that o(P) / o(A) then we call A to be a weakly Lagrange loop-
loop. If no loop-loop P of A is such that o(P) / o(4) then we call
A to be a Lagrange free loop-loop.

Now we give illustration of these by some suitable examples.

Example 5.3.13: Let A= {A1 U Ay U A3 U Ay U As; *1, .. %5}
be a N-glsg of finite order where

A = (g] g7 = 1), cyclic group of order 7,

Ay = Ls(3) x L7(3) (loop of order 48),

Az = {Z4, the semigroup under multiplication modulo 4},

Ay = {Zs|fora,b e Zs,a*b=2a+3b(mod5)} and

As = Ls(2) x {Z3, such that fora,b € Z3,a * b=a + 2b (mod
3)}.

Now o(A) =7 + 48 + 4 + 5 + 18 = 82. Consider the proper
subset M = {M; U My} of A where M| = L7(3) and M, =
Ls(2). Clearly M is a sub 2 loop of A of order 14. Now o(M) X
o(A).

Thus we see the N-glsg has no loop-loop P such that o(P) /
o(A). So A is a free Lagrange t-loop. It is left for the reader to
verify that A is also a free Lagrange K-group. Now we proceed
on to see other examples.

Example 5.3.14: Let A = {A] U Ay U A3z U Ay, *1, ... %}
where
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Al = {glg' =1},

Ay = Ls(3)x {glg’ =1},

Az = L7(2) x{Zy = {0, 1} group under ‘+’ modulo 2} and

A4 = LxGwhereL={e,a,b,c,d)isaloopand G = {x1, xz,
x3} is a groupoid given by the following tables.

*

o |lale (o (oo

o |lo|o|ca e

oo |gle o

oo |g|lv |o|o
o |T|alo | |
ol |o |aajo |o

+ | X1 | X2 | X3

X1 X1 X3 X2

X2 X2 X1 X3

X3 X3 X2 | X1

L={e,a,b,c,d} and G = {x1, X2, X3}, 0(A) =7+ 18 + 16 + 15
= 56. Now consider the subset L'=1L; w L, U L3 of A where L,
=Ls5(3), L =L7(2) and L3 = L. Clearly L' is sub3-loop of A.
o(Lh=6+8+5=19.19 X 56.

Example 5.3.15: Let A = {A] U Ay U A3z U Ay, *, ... %}
where

Al = {glg?=1},
Ay = L={(,a b,c, d) xZ, {={0, 1}, group under ‘+’

modulo 2},

Az = {Z3, semigroup under multiplication modulo 3} and

Ay = {Ls(3)x {Zs,fora,b e Zs,a*b=2a+3b(mod5)} be
a4-glsg.

0o(A) =12 + 10 + 3 + 30 = 55. Consider the proper subset T =
{T1 v Ty} where
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Ty
T,

L x {0} and
Ls (3) x {0}.

T is a sub2-loopof Aand o (T)=5+6=11and o (T)/ o (A).
Further H has only one sub-t- loop so A is a Lagrange loop-
loop.
Consider the proper subset P = P; U P, U P3 where

P = {1’ g4a gg}’
P, = {e} x{0,1}and
P3 = {e, gl} X {0}

P is a sub 3-group of A, oP) =3 +2+2=7.0(P) X o(A)ie.7

X 55.

The other sub 3-groups of A are S =S| U Sy U S3 where

Sl = {1a gza g4a g63 gg’ glo}’
S, = {e}x{0,1}and
S; = {e g2} x {0},

0o(S)=6+2+2=10.0(S) Xo(A)as8 X 55.

Thus we see none of the order of the sub-3-group divides
the order of A. So A is a Lagrange free sub-3-group so it is
evident a N-glsg can be a Lagrange for some structure,
Lagrange free for some other structure.

DEFINITION 5.3.11: Let A = {A; VA, U ... UAn; *5, ..., *n} be
a N-glsg of finite order. Let P = {P; U ... U P} be a proper
subset of A where P is a sub-s-semigroup of A. If the order of
every sub—s-semigroup of A divides the order of A then we call
A to be Lagrange sub-s-semigroup. If atleast the order of one of
the sub-s-semigroup divides the order of A then we call A a
weakly Lagrange sub-s-semigroup. If the order of no sub-s-
semigroup divides the order of A then we call A the Lagrange
free sub-s-semigroup.
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Example 5.3.16: Let A = {A] U Ay U A3 U Ay U As; *q, ...,
*5} be a finite 5-glsg where

Al = {glg' =1},
Ay = {Ls(3), the loop of order 6},

A3z = {Z, the semigroup under multiplication modulo 12},
Ay = {Zs, the semigroup under multiplication modulo 15}
and

As = {Zs/fora,b e Zs,a*b=a+4b (mod5)} x {Z,
= {0 1} semigroup under product modulo 2} =
B1 X B2.

0(A)=5+6+ 12+ 15+ 10 = 48. Consider the subset G = {G
U Gz U G3} of A where

Gi = {0,2,4,8,10},
G, = {0,5,10} and
G; = {0} x{01}.

0(G)=5+3+2=10.0(G) X o(A)ie. 10 X 48. Take S = S;
U S, U Sz a proper subset of A where

Si = {0,2,4,8,10},
S, {0,3,6,9, 12} and
Ss {0} x {0, 1}.

S is a 3-subsemigroup of A. o(S)=5+5+2=12,0(S)/0(A)
i.e. 12/48. Thus A is only a weakly Lagrange sub3-semigroup
and not a Lagrange sub3-semigroup.

Now we proceed on to define the Lagrange groupoids-
groupoids of the N-glsg.

DEFINITION 5.3.12: Let A = {A; UAy U ... UAn; *5, ..., *n} be
a N-glsg of finite order. Suppose A has groupoids-groupoids
say G = G, V... UG, such that the order of every sub r-

groupoid divides the order of A, them we call A to be a
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Lagrange sub-r-groupoid. If there exists atleast one groupoids-
groupoids in A such that o(G) / o(A) then we call A a weakly
Lagrange groupoid-groupoid. If A has groupoid-groupoid G but
none of their order divide order of G then we call A a Lagrange
free groupoid-groupoid.

Now we illustrate these situations by the following examples.

Example 5.3.17: Let A = {A] U Ay U A3 U Ay U As; *q,
...,*N} be a 5-glsg of finite order where

A = {g] g3 =1} cyclic group of order 3,

Ay = Ls(3)aloop of order 6,

Az = {Zj0, a semigroup under multiplication modulo 10},

Ay = {Zi,suchthatfora,b e Zj;,a*b=3a+9b (mod 12)}
and

As = {Zg, suchthat fora,b € Zg,a * b=2a+b (mod 6)}.

Clearly o (A)=3+ 6+ 10+ 12+ 6 =37 a prime.
We see A has sub2 groupoids given by L = (L U L) where

L;=1{0,3,6,9} cZj» and
L,=1{0,2,4} < Zs.

oLy =4+3=7,7 X 37. Thus A is a Lagrange free sub-r-
groupoid as order of A is a prime.

We have the following interesting result namely. If A is a
N-glsg of finite order n where n is a prime then A is Lagrange
free for all sub-r-structures. We now give an example in which
A is a weakly Lagrange groupoid-groupoid.

Example 5.3.18: Let A= {A] U Ay U A3 U Ay U As; ¥, ¥, *3,
*4, *¥s5} a 5-glsg of finite order where

A= {glg’ =1}

A, = L7(3)aloop of order 8,

Aj {Z10p such that it is a semigroup under multiplication
modulo 10},
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Ay = {Zpp,fora,binZjy,a*b=a+ 5b(mod 12)} and
As {Zy5, fora,bin Z;5,a * b=2a+ 3b (mod 15)};

where A4 and As are groupoids. o(A)=5+8+ 10+ 12+ 15=
50.
Take K = {K U K3} a proper subset of A where

Ky = {0,3,6,9} cZjyand
K> {0, 5,10} = Zys.

K is a sub2-groupoid, o(K)=4+3=7,7 X 50.
Let S= {S; U S,} where

S;= 10,6} and S, = {0, 5, 10}

subgroupoids of A4 and As respectively. Then S is a sub2-
groupoid of A.

0(S)=2+3=5;0(S)/0(A)i.e.5/50.

Thus A is only a weakly Lagrange sub-2-groupoid. Now we
proceed on to define Cauchy element of A, N-glsg when A is of
finite order.

DEFINITION 5.3.13: Let A = {A; U Ay U ... UAn, *1, ..., *n}tbe
a N-glsg of finite order suppose for some a € A; and a' =
identity (t > 1 and t is the least positive number) and if t / o (A)
then A is called the Cauchy element of A.

It is important to note that A may have elements x of finite order
such that, x" = identity till n X o (A).
So we make the following definition.

DEFINITION 5.3.14: Let A = {A; UA; U...UApN, *,..., *N} bea
N-glsg of finite order. Suppose every element a in A which is of
finite order a' is equal to identity is such that t / o(A) then we
call A to be a Cauchy N-glsg.
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Note: It may happen that A has elements x which are not finite
orderi.e. x" =0, x' =X or so on.

Now if A has atleast one Cauchy element then we call A to
be a weakly Cauchy N-glsg. If A has no Cauchy element then
we call A to be a Cauchy free N-glsg. (In all these case we
assume A to be of finite order).

Example 5.3.19: Let A = {A]1 U Ay U A3 U Ag U As; *1,%), *3,
>"4,*5} where

A = {g] g12 =1} cyclic group of order 12,

Ay = Ls(3) is the loop of order 6,

Az = L7(4) is the loop of order 8§,

Ay {Z12, the semigroup under multiplication modulo 12}
and

As = {Zjp,fora,b e Zjpa*b=3a+7b(mod 10)}.

o(A)=12+6+8+ 12+ 10=48.
It is easily verified that a is a Cauchy N-glsg. Now we give
an example of a weakly Cauchy glsg.

Example 5.3.20: Let A = {A] U Ay U A3 U Ay U As; ¥, %9, .0,
*s5} where

A = {g] g7 =1} a cyclic group of order 7,

Ay = {Ls5(3)} loop of order 6,

A3z = L7(4), loop of order 7,

A4 = {Zo, the semigroup under multiplication modulo 10}

As = {Zis|fora,be Zy,a*b=a+6b(mod 14)}.

0(A)=7+6+ 8+ 10 + 14 = 45. Every element in A is of
order 7,7 X . 45.

Every element in A and Az are of order 2, 2 X 45, Clearly
A is Cauchy free.
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Example 5.3.21: Let A = {A] U Ay U A3 U Ay; ¥, o, *3, ¥4}
be a N-glsg where

9
A= {glg =1}
Ay = Ls(3)aloop of order 6,

Az = {Zg | Zg is a semigroup under multiplication modulo 9}
and
Ay = {Zg/fora,beZg,a*b=2a+6Db(mod8)},

o(A)=9+6+9+8=32.

Now all elements in Ls(3) is of order 2 and 2/ o(A) i.e. 2/32.
No element of A; divides 32. Thus A is only a weakly Lagrange
N-glsg.

Next we proceed in to analyze about p-Sylow sub N-glsg of
a finite N-glsg.

DEFINITION 5.3.15: Let A = {A; UAy U ..U AN, ¥, ..., *n} be
a N-glsg of finite order (say n).

Suppose p is a prime such that p® ) o(4) but paH X o(4)
and if A has a sub N-glsg P of order p® then we call P a p-Sylow
sub N-glsg of A.

If for every prime p such that p® | o(A4) andpaH X o(A) we
have a p-Sylow sub N-glsg in A then we call A itself a Sylow N-

Isg.
¢ glf A has atleast one p Sylow N-glsg then we call A a weakly
Sylow N-glsg. If A has no p-Sylow sub N glsg then we call A to
be a Sylow free N glsg.

Now it is interesting to note that for a given prime p such
that p*/ o(A) and pOLJrl X o(A).

One may have a sub N-glsg of order pOLth (t 2 1). Such
situations do not in general occur only in groups but in all other

N-structures such occurrences are very common. It is left for the
reader to illustrate these situation by examples.

DEFINITION 5.3.16: Let A = {A; VA, U ... UAp, *i, ..., *n} be
a N-gisg. A is said to be a Smarandache N-glsg (S-N-glsg) if
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some A; are S-loops, some of A; are S-semigroups and some of
Ak are S-groupoids.

DEFINITION 5.3.17: Let A = {A; Ay U ... UAN, *1, *2, ..., *n}
be a N-gisg. A proper subset P = {P; U P, U ... UPy, ¥, ...,
*Nt of A is said to be a Smarandache sub N-glsg if P itself is a
S-N-glsg under the operations of A.

We just illustrate by the following example:

Example 5.3.22: Let A = {Al U Ay U Az U Ay, ¥, *p, *3, *4}
be a 4 glsg where

Ap = S,

Ay = L7(3); S-loop of order 8,

Az = S(3); S-semigroup of order 27 and

Ay = {Z4 % Zyo; where Z4 is a groupoid such that a * b =2a +
b(mod 4) for a, b € Z4 and Z is a semigroup under
multiplication modulo 10}.

A is S-4-glsg.

A study of S-N- glsg can be carried out systematically as it has
been done for N-glsg.
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Chapter Six

PROBLEMS

In this chapter we give problems for the reader to solve. Most of
the problems are simple, only a few of them are difficult. Also,
in this book problems have been given in each and every
chapter as discussions and analysis are carried out. A researcher
can make use of them and make it a point to solve these
problems, which will certainly enable her/him to understand the
topic better.

1. Define sub N-semigroup and illustrate it by an example.

2. Find all sub N-semigroups of S = {S; U Sy U S3 U Sy;
*1, *2, 3, *4} where

St = S0),
Sy = {Z12, *1 is a semigroup under multiplication
modulo 12},
a b .
Sy = {[c dJ' a,b,c,de 24} , semigroup under

matrix multiplication and
S4 = {(X,y)/X,y € Zg} semigroup under
component-wise multiplication.
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10.
11.

12.

Define order of a N-semigroup. Give an example of a
N-semigroup of infinite order.

What is the order of the 4-semigroup given in Problem
2?

Define Lagrange sub N-semigroup. Illustrate it by an
example.

Define Lagrange-N-semigroup. Give an example of a
Lagrange 4-semigroup.

Define weakly Lagrange N-semigroup. Find a 7-
semigroup which is a weakly Lagrange 7-semigroup.

Define N-ideals of a N-semigroup. Find N-ideals of the
3-semigroup, {S = S; U Sy U S3, *1, *,, *3} where

St = S(3),
Ss {Z15, semigroup under multiplication
modulo 15} and

a b
{[ J|a,b,c,dez6}.
c d

Can Cayley’s theorem be extended for N-semigroup if
one defines a symmetric N-semigroup as S = {S(N;) U

. U S(NN)} where S(Nj) is the symmetric semigroup
of all mappings of the set (1, 2, ..., Nj) to itself?

S3

Give an example of a S-N-semigroup.

Define sub S-N-semigroup and illustrate it with
examples.

Find all the sub S-N-semigroups of S = {S; U S, U S3
U S4, *1, *2, *3, *4} where Sy = A4, S = S(3), S3= D27
and S4 = {Z»4, semigroup under multiplication modulo
24},
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,
25.
26.

Define S-Lagrange sub N-semigroup of a S-N-
semigroup.

Does the example given in Problem 12, have S-
Lagrange sub N-semigroups?

Define S-Lagrange N-semigroup and illustrate it with
examples.

Can a necessary and sufficient condition be given for a
finite S-N semigroup to be Lagrange S-N-semigroup?

Obtain a modified form of Cayley’s theorem for S-N-
semigroups.

Define S-N-ideal in a N-semigroup.

Find S-N-ideals of the S-N-semigroup S = {S; U Sy U
S3 U S4, >"1, *2, *3, *4} where S] = S(3), Sz = D2.6, S3 =
Ay and S4 = Zjpp, semigroup under multiplication
modulo 12.

Give an example to show that every sub S-N-semigroup
in general is not an S-N-ideal.

Define S-homomorphism of S-N-groups. [llustrate it by
an example.

Is the principal isotope of a N-loop a N-loop?

Does the 4-loop given by L = {L; U Ly U L3z U Ly, *,
*), *3, ¥4} where L1 = A4, Ly = S3, L3 = Ly(5) and L4 =
Ls(2) have a principal isotope? Justify your claim.

Give example of S-commutative 7-loop?
Give an example of a S-weakly commutative 6-loop?

Does their exist a S-N-loop which is not S-weakly
commutative? Prove your claim.
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27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

Give an example of a S-N-loop which has no S-
commutator S-sub N-loop.

Give an example of a S-N-loop which has a non-trivial
S-commutator sub N-loop.

Give an example of a S-5-loop and find its S-associator.

Give an example of S-3-loop which has no pseudo
commutative pair.

Give an example of S-5-loop which has at least one S-
pseudo commutative pair.

Give a non-trivial example of a S-pseudo commutative
N-loop.

Give an example of a S-N-loop L which has more than
one S-pseudo commutator subloop.

Give an example of a S-pseudo associative sub-N-loop
(N=5).

Can a S-N-loop L have more than one S(A L} )?
Give an example of a S-6-loop which has a

a. Non-trivial S-Moufang center.
b. No S-Moufang center.

Can a necessary and sufficient condition be found on
the N-loop L so that L is a Lagrange N-loop?

Define middle, right and left nucleus of a N-loop L.
[llustrate them by examples. Can one always define
middle, right and left nucleus for any N-loop L?

Derive class equations in case of N-groups.

Can a class equation be defined in case of N-group
semigroup? Justify your claim.
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41.  Define normalizer of an element in case of a N-group.
What will be the algebraic structure of a normalizer of a
N-group?

42.  Define normalizer and centralizer of the N-group G =
G1 |\ G2 Y G3 Y G4 where

G; = Ss, the symmetric group of degree 5,

Gy = Dy7={a,b/a’=b =1, bab=a)} the dihedral
group of order 14,

(g/ g8 =1)and

Ag the alternating group of degree 6.

G3
Gy

What is the structure of them?

43.  Give an example of S-N-loop which has more than one
S-Moufang center.

44.  Can you characterize 5-N-group to be Lagrange N-
group?

45.  Obtain some interesting results on N-gslg structures.
46.  Define S-N-glsg and illustrate it with example.
47.  Define S-sub N-glsg.

48. Define

a. Lagrange S-sub N-glsg
b. p-Sylow S-sub N-glsg
c. Cauchy element in S-N-glsg.

49.  Give an example of S-N-glsg which is a
a. Lagrange S-N-glsg

b. Cauchy S-N-glsg and
c. Sylow S-N- glsg.
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50.

51.

Obtain a necessary and sufficient condition on the
group and semigroup so that a S-group semigroup is

a. Lagrange.
b. Sylow.
c. Cauchy.

Let L = {L;j U Ly U L3, *1, *, *3} where L; = {Zo,
with *| defined on Zjp as a *; b = 2a + 3b (mod 10)
where a, b € Zjp}, L is a groupoid,

L; is the loop given by the following table:

*2 1 e | a | a | a3 | as | as
€ € ai az az a4 as

al al (& a3 as ap a4

a a as € a al az

as as ai al € as a

a4 a4 a3 as a (S al

as as as aq al az €

L3 is the loop given by the following table:

x3 | el al|b|c|d
e e|la|b|c|d
a a|le|c|d|Db
b|b|d|a]|e]c
c c|b|d|a]|e
d|d|c|e]|Db]|a

Find all its substructures.
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Sub K-group N-glsg, 168-9

Sub K-group of N-glsg, 168
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