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Abstract. Thermal inflation models (which feature two inflationary stages) can display
damped primordial curvature power spectra on small scales which generate damped mat-
ter fluctuations. For a reasonable choice of parameters, thermal inflation models naturally
predict a suppression of the matter power spectrum on galactic and sub-galactic scales, mim-
icking the effect of warm or interacting dark matter. Matter power spectra in these models
are also characterised by an excess of power (with respect to the standard ΛCDM power
spectrum) just below the suppression scale. By running a suite of N-body simulations we
investigate the non-linear growth of structure in models of thermal inflation. We measure
the non-linear matter power spectrum and extract halo statistics, such as the halo mass
function, and compare these quantities with those predicted in the standard ΛCDM model
and in other models with damped matter fluctuations. We find that the thermal inflation
models considered here produce measurable differences in the matter power spectrum from
ΛCDM at redshifts z > 5 for wavenumbers k ∈ [2, 64]hMpc−1, while the halo mass functions
are appreciably different at all redshifts in the halo mass range Mhalo ∈ [109, 1012]h−1 M⊙

resolved by our simulations. The halo mass function at z = 0 for thermal inflation displays
an enhancement of around ∼ 20% with respect to ΛCDM and a damping at lower halo
masses, with the position of the enhancement depending on the value of the free parameter
in the model. The enhancement in the halo mass function (with respect to ΛCDM ) in-
creases with redshift, reaching ∼ 40% at z = 5. We also study the accuracy of the analytical
Press-Schechter approach, using different filters to smooth the density field, to predict halo
statistics for thermal inflation. We find that the predictions with the smooth-k filter we
proposed in a separate paper agree with the simulation results over a wider range of halo
masses than is the case with other filters commonly used in the literature.
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1 Introduction

The standard cosmological paradigm (standard ΛCDM hereafter) has proved to be a success-
ful theory that is able to reproduce observations on large scales. This model is characterized
by (i) a nearly scale-invariant primordial curvature power spectrum and by (ii) cold and non-
interacting dark matter. These two properties of the standard paradigm mean that matter
density fluctuations are non-vanishing on all scales. However, some possible failures have
been identified in the standard ΛCDM model at galactic and sub-galactic scales (e.g. the
mismatch between the observed and expected numbers of satellites in the Milky Way; for a
review of the small scale problems of the standard paradigm see [1]), although it is not clear
if these issues can be resolved within the standard paradigm by considering e.g. baryonic
effects [2–5]. These failures have renewed interest in alternative scenarios which display less
power on small scales than ΛCDM.

Damped matter fluctuations can be achieved by relaxing one of the above assumptions
characterizing the standard paradigm. We can then divide the models with damped matter
fluctuations (damped models hereafter) into two broad classes: those involving modifications
in the primordial power spectrum (e.g. broken scale invariance during inflation, which we dub
non-standard inflation models) [6–14] and those that suppress power at later times through
some non-standard DM mechanisms (these models are generally referred to as non-cold dark
matter or nCDM, see e.g. [15]) [16–36]. Non-standard inflation models are characterized
by a suppression in the primordial curvature power spectrum on small scales (which acts
as the seed of all the density perturbations), while the DM sector remains the same as in
the standard paradigm (in these models the DM particles are still cold and non-interacting).
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A suppression in the curvature power spectrum can be achieved e.g. when the first deriva-
tive of the inflaton potential (in one-field inflation models) has a discontinuity [6, 12, 14] or
when a second inflationary stage is introduced (as in models of thermal inflation, see be-
low) [13]. nCDM models, on the other hand, introduce non-standard DM mechanisms that
modify the shape of the power spectrum during the evolution of the fluctuations in the radi-
ation and matter domination epochs, while the primordial power spectrum is the standard
scale-invariant one. The mechanism leading to a suppression of power in nCDM depends on
the particular particle production process. Nevertheless, nCDM candidates are often char-
acterized either by a non-negligible thermodynamic velocity dispersion (the so-called warm
DM models or WDM [16–29]), interactions (DM interacting with standard model particles
such as neutrinos or photons [30–32] and self-interacting DM [33]) or pressure terms from
macroscopic wave-like behaviour (e.g. ultra-light axions [34–36]).

Historically, thermal inflation was introduced to solve the moduli problem [37, 38]. The
moduli are long-lived scalar fields generally present in supersymmetric models. Due to their
properties, moduli can dominate the energy density of the Universe for a sufficiently long
time to interfere with the epoch of big bang nucleosynthesis (BBN) (this is referred to as the
cosmological moduli problem) [39, 40]. Thermal inflation solves this problem by introducing
a second, low-energy inflationary period that dilutes the moduli density to harmless values.
The second inflation period is induced by a new field (the so-called flaton) trapped at its origin
by coupling with the thermal bath [37, 38]. Thermal inflation ends when the temperature
is no longer sufficiently high to maintain the flaton at φ = 0, so the field rolls toward its
minimum and starts to oscillate, giving rise to a flaton matter dominated period. Finally,
the flaton decays, ensuring the standard radiation-domination period before BBN.

It was recently pointed out that models of thermal inflation can produce interesting
effects on the matter density perturbations [13]. Indeed, in thermal inflation the standard
inflationary stage is followed by additional periods that can modify the nearly scale-invariant
curvature power spectrum characteristic of the standard ΛCDM paradigm by introducing a
damping scale kb. Modes with k > kb enter the horizon before (and may exit during) thermal
inflation, so they are strongly influenced by the intermediate stages between the first inflation
and the radiation dominated period after the flaton decay. It was shown in [13] that the per-
turbations for k > kb are strongly suppressed compared with those predicted in the standard
ΛCDM paradigm, so the primordial curvature power spectrum for these models presents a
damping at high wavenumbers (small scales). In turn, the matter density perturbations are
affected, showing a suppression in the CDM power spectrum at k > kb. Thus, these thermal
inflation scenarios belong to the class of non-standard inflation models introduced above.
We stress that in non-standard inflation models, the matter power spectrum is naturally
suppressed at small scales, without requiring modifications of the standard cold dark matter
sector. So, in thermal inflation, DM particles are still massive and non-interacting. Thermal
inflation can also produce interesting signatures in CMB observables [41] and in the physics
of primordial gravitational waves (see e.g. the discussion in [42]). However, here we will focus
only on the effects on the matter fluctuations.

As found in [13] the linear matter power spectrum from models of thermal inflation
differs from that expected in the standard ΛCDM by the presence of an enhanced peak in
the transfer function at k ∼ kb followed by a damping and oscillations at k > kb. The
damping is very similar to that seen in nCDM scenarios. For nCDM models, it is well
known that the nonlinear evolution of the Universe at low redshifts transfers power from
low to high wavenumbers [43, 44]. The non-linear power spectrum is less affected by the
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damping, while the halo mass function is more sensitive to the form of the linear power
spectrum [44]. We expect that this behaviour is true also for thermal inflation. However,
the presence of an enhanced peak and oscillations for k > kb (which are in general not
present in simple thermal WDM scenarios, see e.g. [16, 19]) can potentially introduce new
features into structure formation that deserve to be investigated in detail, and which could
potentially leave signatures of thermal inflation in the large-scale structure of the Universe.
Here, we investigate the non-linear evolution of structure formation in the thermal inflation
scenario described in [13] by using high-resolution N-body simulations, highlighting the main
differences with respect to the results found in nCDM, other non-standard inflation models
and standard ΛCDM. We note that the impact of thermal inflation on structure formation
was addressed recently in [42], by e.g. using semi-analytical techniques to calculate dark
matter halo abundances. However, we show here that a full study using N-body simulations
is necessary to model accurately the non-linear evolution of structure (and to find accurate
estimations of the non-linear power spectra and halo abundances at late times). As a second
step we compare the N-body results with semi-analytical techniques showing the degree of
accuracy of these approaches.

The paper is structured as follows. In Section 2 we briefly describe the theoretical
model of thermal inflation considered here, together with two other models of damped matter
fluctuations. In Section 3 we present our N-body simulation set-up. In Section 4 we show
our main results for the non-linear power spectra. Section 5 is devoted to the study of halo
statistics at z = 0, while in Section 6 we show the results for halo abundances at higher
redshifts. In these sections, we measure the halo mass function from N-body simulations and
compare with analytical predictions from a version of the Press-Schechter (PS) approach.
Finally, our conclusions are given in Section 7.

2 Theoretical models

In this section we briefly describe the model of thermal inflation together with two other
damped models: a thermal WDM and a broken scale invariance inflation model. The latter
two models are considered because we are interested in quantifying if the results from thermal
inflation are, in some way, different from those found in other damped models. The linear
power spectra for all the models considered here are shown in Figure 1(a), while the ratios
with respect to ΛCDM are shown in Figure 1(b) (in these figures we show also the power
spectra measured from the N-body initial conditions at z = 199). The ΛCDM linear power
spectrum at z = 199 is generated with the code class [45, 46] using the following values
for the cosmological parameters: the DM contribution is Ω0

DMh2 = 0.120, the baryonic
contribution is Ωbh

2 = 0.023, the dimensionless Hubble constant is h = 0.6726, the spectral
index of the primordial power spectrum is ns = 0.9652 and the linear rms density fluctuation
in a sphere of radius 8 h−1Mpc at z = 0 is σ8 = 0.81. Regarding the other models in Figure
1, we illustrate how we have generated the associated linear theory power spectra in the
subsections below.

2.1 Thermal inflation

We consider the model of thermal inflation proposed in [37, 38] and studied in [13] from
the point of view of the effects on density perturbations. This model predicts (at least)
two inflationary stages. The universe starts as usual with a standard first (or primordial)
inflationary period, which produces nearly scale-invariant perturbations and ends at t = te.
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However, since moduli acquire non-null vacuum expectation values (VEV) during the first
inflation, this stage is followed by a moduli dominated period (moduli are non-relativistic,
so in this stage the Universe is matter dominated), starting at t = ta. In this period a
sub-dominant standard radiation component is also present. The moduli dominated era ends
when their energy density drops below the constant value V0 = V (φ = 0) of the flaton
potential, maintained at the origin by thermal effects. At this stage, t = tb, the Universe
undergoes a second low-energy inflationary expansion, which dilutes the moduli. Thermal
inflation finishes when the thermal bath temperature is not sufficient to hold the flaton at
φ = 0. The flaton rapidly rolls to its true minimum, starting to oscillate. At t = tc a flaton
matter dominated period begins and a first-order phase transition converts the flaton energy
into standard radiation at t = td, before BBN. The universe, from this point on, follows the
standard history.

Following the convention in [13], we define the characteristic wavenumbers, kx ≡ a(tx)H(tx),
with x = {a, b, c, d} (where the various times tx have been introduced in the above paragraph).
The numerical values are given e.g. in [42]. In some thermal inflation scenarios (e.g. multiple
thermal inflation [38]), the values of ka and kb are sufficiently small to be in the range of
wavenumbers that are interesting for structure formation. In particular, there are cases when
kb ≪ ka, kd, so the impact of thermal inflation on the curvature power spectrum comes effec-
tively from one parameter, kb, [13]. In such cases the curvature power spectrum for thermal
inflation can be written as [13],

PTI
R (k) = P prim

R
(k)T 2

TI(k), (2.1)

where P prim
R

(k) is the (dimensionless) curvature power spectrum from the first inflationary
stage, while TTI(k) is the transfer function which contains information about the effects of
thermal inflation on the modes with wavenumbers k > kb. The matter power spectrum at a
given redshift z is then calculated from the primordial curvature perturbations as P (k, z) =
PTI
R (k)T 2(k, z), where T (k, z) is the transfer function that characterises the evolution after

the flaton decay.
P prim
R

takes the approximate form (as calculated in [41]),

P prim
R

≃ A∗

(

1 −
1

N∗

ln

(

k

k∗

))(1−n∗)N∗

, (2.2)

where A∗ is the amplitude at the pivotal scale k∗ and N∗ is

N∗ ≡ ln

(

ke
k∗

)

. (2.3)

N∗ is uncertain mainly because of the unknown phases before the moduli domination epoch
(see [41] for the interval of possible values that can be taken by N∗).

The thermal inflation transfer function TTI(k), takes the analytical form [13],

TTI(k) = cos





(

k

kb

)
∫

∞

0

dα
√

α(2 + α3)





+ 6

(

k

kb

)
∫

∞

0

dγ

γ3

∫

∞

0
dβ

(

β

2 + β3

)3/2

sin





(

k

kb

)
∫

∞

γ

dα
√

α(2 + α3)



 .

(2.4)
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The above expression is unity for k ≪ kb, and corresponds to an enhancement of ∼ 20%
around k ≃ 1.13 kb, while for k ≫ kb the transfer function oscillates around zero as TTI(k) ≃
− cos(2.23 k/kb)/5.

The primordial curvature power spectrum for the standard ΛCDM paradigm is

P prim,s
R

(k) = A∗

(

k

k∗

)n∗−1

, (2.5)

where the pivotal wavenumber is k∗ = 0.05 Mpc−1. Three differences arise when comparing
the power spectrum from thermal inflation (eq. (2.1)) with that from the standard paradigm
(eq. (2.5)):

• a small change in the P prim
R

with respect to P prim,s
R

due to N∗ (this difference is k-
dependent). However, as shown in [42] the difference due to the choice of N∗ is negligible
(if compared to the other effects listed below) at k . kb for kb ≥ 1 Mpc−1, while the
range of wavenumbers really affected by N∗ are those (k ≫ kb, oscillation regime) which
are already extremely damped by T 2

TI (see Figure 3 or 4 in [42]). So, instead of fixing
a value of N∗, from here on we will consider P prim

R
(k) = P prim,s

R
(k);

• an enhancement in the power amplitude at k ∼ kb, and

• a strong damping for k > 3kb, with an oscillatory pattern in the power spectrum of
thermal inflation (T 2

TI oscillates around 1/50 at large wavenumbers).

To calculate the matter power spectrum in thermal inflation, we have used the class

code [45, 46], providing as input the primordial curvature power spectrum for thermal infla-
tion. The matter power spectra P (k) at z = 199 are shown in Figure 1 for the two values of
the characteristic wavenumber kb = 5 and 3 Mpc−1 considered in this analysis, together with
that from standard ΛCDM and two other damped models (see below) for comparison. We
choose these two values of kb because they produce a sufficient reduction of the number of
haloes with mass Mhalo < 109 h−1 M⊙ (as we will see in the next sections) to be considered
as possible solutions to the missing satellite problem. Larger values of kb give matter power
spectra that are less suppressed and so are very similar to standard ΛCDM at the scales of
interest in our analysis, and as pointed out in [13, 41] only kb & 1 Mpc−1 is allowed by CMB
constraints. As can be seen in Figure 1(b), the enhancement at k ∼ kb and the damping at
larger wavenumbers influence significantly the shape of the matter power spectrum of ther-
mal inflation when comparing with that from standard ΛCDM, so we will focus on the effect
of these two properties on structure formation. We also note that the matter power spectra
from thermal inflation are significantly different, in general, from those expected from nCDM
(see e.g. the thermal WDM power spectrum in Figure 1 and the discussion below), because of
this enhancement in power at k ∼ kb and the presence of oscillations (although some nCDM
scenarios such as axion-like DM [34] or interacting DM [30–33] also display oscillations in the
matter P (k)).

2.2 Thermal WDM

Since we are interested in how structure formation in thermal inflation differs from that
expected in a nCDM model, we consider here the simple thermal WDM scenario. For this

model, the transfer function, T (k) =

√

PWDM/PCDM, takes the approximate form [16, 19],

T (k) =
(

1 + (αk)β
)γ

, (2.6)
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Figure 1. (a) Matter power spectra generated at z = 199 for different models as labelled. (b) Ratios
of the linear damped power spectra relative to that from standard ΛCDM. Solid lines show the linear
theory power spectra, while symbols represent the power spectra measured from the N-body ICs.
The black vertical dashed line indicates the Nyquist frequency of the simulations. The green vertical
dashed line in panel (b) shows the position of the half-mode wavenumber k1/2,TI5 for the thermal

inflation matter power spectrum with kb = 5 Mpc−1.

where

α = a

(

Ω0
WDM

0.25

)b
(

h

0.7

)c
(mWDM

keV

)d
, β = 2ν, γ = −5/ν, (2.7)

and a = 0.049, b = 0.11, c = 1.22, d = −1.11, ν = 1.12, as computed in [19]. We choose
the WDM particle mass mWDM = 2 keV because the corresponding half-mode wavenumber1

(k1/2,WDM2) is roughly equal to the half-mode wavenumber (k1/2,TI5) for the thermal inflation

model with kb = 5Mpc−1 (see Figure 1(b)), so these two models are directly comparable.
The WDM power spectrum considered here is shown in Figure 1.

2.3 BSI inflation

We also compare thermal inflation with another non-standard inflation model, which here-
after we call broken scale invariance inflation or BSI. Inspired by the scenario proposed in
[14, 47] (which was studied as a viable solution of the small-scale crisis in [6]), we consider a
model where the primordial curvature spectrum takes the form P prim

R
(k) = P prim,s

R
(k)T 2

BSI(k),

where P prim,s
R

is the standard ΛCDM primordial spectrum (see Eq. (2.5)), while T 2
BSI is given

1
We define the half-mode wavenumber k1/2, damped for a given damped model as the wavenumber at which

the ratio P
damped

/P
ΛCDM

between the linear damped and standard ΛCDM power spectrum is equal to 1/2.
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by [14]

T 2
BSI(k)

NBSI
= 1 − 3(p− 1)

(

k0
k

)

[(

1 −
k20

k2

)

sin

(

2 k

k0

)

+

(

2 k0
k

)

cos

(

2 k

k0

)

]

+
9

2
(p− 1)2

(

k0
k

)2
(

1 +
k20

k2

) [(

1 +
k20

k2

)

+

(

1 +
k20

k2

)

cos

(

2 k

k0

)

−

(

2 k0
k

)

sin

(

2 k

k0

)

]

,

(2.8)

where k0 is the wavenumber above which the power spectrum breaks its scale-invariance, p
quantifies the power suppression2 and the normalisation NBSI is chosen such that T 2

BSI(k) = 1
for k ≪ k0, so at small wavenumbers the BSI power spectrum is equal to that in the standard
paradigm. We note that this transfer function has an enhanced peak at k ∼ k0, whose
amplitude depends on p. As we did for the case of thermal inflation, we have modified class

providing the BSI primordial power spectrum as input. In this way, class can calculate
the linear theory matter power spectrum for BSI. We choose the free parameters, {k0, p},
such that the linear matter power spectrum for BSI has the enhanced peak in the same
position and with the same amplitude as the linear P (k) for the case of thermal inflation with
kb = 5 Mpc−1. We find that for k0 = 5.45hMpc−1 and p = 2.21, the enhanced peak in BSI
linear matter power spectrum is roughly equal to that of thermal inflation with kb = 5 Mpc−1.
The linear power spectrum for the BSI model is shown in Figure 1. From Figure 1(b) the
choice of this BSI model to compare with thermal inflation with kb = 5 Mpc−1 is clear.
Indeed, the linear matter power spectrum of BSI is very similar to that of thermal inflation
with kb = 5 Mpc−1 up to k ∼ 20hMpc−1. For larger wavenumbers, the thermal inflation
transfer function oscillates around zero, while the BSI TBSI(k) oscillates around a constant
non-zero value3. However, we note that the power spectrum depends on the squared transfer
function. In the case of thermal inflation T 2

TI(k) oscillates around 1/50 at high wavenumbers
(see Section 2.1) while for BSI T 2

BSI(k) ∼ 0.22. The thermal inflation linear power spectrum
is then more suppressed at large wavenumbers than that from BSI.

3 N-body simulations

The linear matter power spectra shown as solid lines in Figure 1 are used to generate the initial
conditions (ICs) for N-body simulations, using the second-order Lagrangian perturbation
code 2LPTic [49]. The initial redshift is chosen to be z = 199 to ensure that all the modes
probed in our analysis are in the linear regime. The simulations are performed in a cubic
box of comoving length L = 25h−1 Mpc using N = 5123 particles (the simulation particle
mass is ∼ 107 h−1 M⊙). We choose this pair of {N,L} because we want to resolve structures
on scales near the cut-off of the thermal inflation linear power spectra (see Figure 1 and
Section 4 below). We have extensively tested the accuracy of simulations with this choice

2
Note that if p > 1 the power is suppressed at high wavenumbers, while if p < 1 the power is enhanced at

high wavenumbers.
3
Apart from the enhanced peaks, the differences in the transfer functions at high wavenumbers between

BSI and thermal inflation are very similar to those between mixed DM (see e.g. [48]) and pure WDM. Indeed,
pure WDM models have vanishing transfer functions at high wavenumbers (see e.g. the thermal WDM power
spectrum in Figure 1(b)). While, in mixed DM (where the dark matter content is made up of a mixture of
warm and cold DM) the transfer function reaches a constant non-zero value at high wavenumbers since CDM
fluctuations are present on small scales [48].
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Figure 2. Ratios of the matter power spectra measured from N-body simulations of thermal inflation
respect to those measured from standard ΛCDM simulations at various redshifts (as labelled). Panel
(a) shows the results for thermal inflation with kb = 5 Mpc−1, while the results for kb = 3 Mpc−1 are
shown in panel (b). The black vertical dashed line indicates the Nyquist frequency of the simulations.

of parameters against possible numerical effects (see Appendix A and our previous work on

thermal WDM models [50]). The Nyquist frequency of a simulation is kNy ≡ π (N1/3/L)
(this specifies the value up to which we can trust the P (k)). We evolve the ICs to z = 0
using the publicly-available tree-PM code Gadget2 [51]. The gravitational softening length

is chosen to be 1/40-th of the mean inter-particle separation, L/N1/3.

4 Matter power spectra

Below we present our results for the matter power spectra measured from the simulations.
We show our results for seven redshifts z = 199 (initial conditions) and z = 19, 9, 5, 3, 1, 0.
The matter power spectrum is measured from the Gadget2 snapshots using a code based on
the cloud-in-cell mass assignment scheme.

Initial P (k) – The matter power spectra measured from the ICs for all the models
described in Section 2 are shown as symbols in Figure 1(a). These are presented normalised

as ∆2(k) ≡ k3P (k)/(2π2). The ratios P damped/PΛCDM of the damped power spectra with
respect to that from ΛCDM are displayed in Figure 1(b) instead. As shown in these figures,
the ICs resolve well the cut-off region for all the power spectra considered in our analysis.
It is interesting to note how well the ICs capture the enhanced peak at k ∼ kb and the
oscillatory behaviour at k > kb in the case of the thermal inflation models. Below we will see
how the enhancement in the thermal inflation P (k) changes the non-linear power spectrum
and if the oscillatory pattern at high wavenumbers survives non-linear evolution.

Evolved P (k) – The matter power spectra at late times for the two thermal inflation
models are shown in Figure 2. First, we note that the oscillations at high wavenumbers do not
survive the non-linear evolution and they are erased at low redshifts, in agreement with what
we found in [44] for an oscillatory power spectrum. Second, the enhanced peak in the linear
power spectra is progressively shifted to higher wavenumbers in the non-linear regime, while
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Figure 3. Ratios of the matter power spectra for thermal inflation with kb = 5 Mpc−1 (green),
thermal WDM (cyan) and BSI (magenta) with respect to those from standard ΛCDM measured from
N-body simulations at redshifts z = 5, 3, 1, 0 as labelled. The black vertical dashed line indicates the
Nyquist frequency of the simulations.

the peak height is reduced. By z = 0, the thermal inflation P (k) are very similar to the P (k)
of the standard ΛCDM at all the wavenumbers probed by our simulations. We note that in the
linear regime, the thermal inflation power spectra were extremely suppressed at k > 3 kb (see
Figure 1(b)). However, due to the shift of the peak position to large wavenumbers, the non-
linear power spectra for these models show, in general, more power at k > 3 kb with respect
to ΛCDM. This is true for both the thermal inflation power spectra considered here. For
example, at z = 0, for the model with kb = 5 Mpc−1 we have PTI/PΛCDM ≃ 1.02, while for
the thermal inflation with kb = 3 Mpc−1 PTI/PΛCDM ≃ 1.05 at wavenumber k ∼ 32hMpc−1.
In the linear regime, both thermal inflation power spectra where suppressed by ∼ 1/50 at
k ∼ 32hMpc−1 with respect to ΛCDM.
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Comparison with WDM and BSI – We have also compared the results from thermal
inflation with kb = 5 Mpc−1 with those from the WDM and BSI models described in Section
2. The non-linear power spectra measured from N-body simulations for these models (shown
as ratios to standard ΛCDM) are given in Figure 3. For thermal WDM (but see also [44] for
more results about nCDM-like models), although the non-linear evolution transfers the power
from small to large scales, the non-linear power spectra at low z always have less power than
the standard ΛCDM P (k), in contrast with what we find for thermal inflationary models (see
the discussion in Evolved P(k) above). In the case of the BSI model, the non-linear power
spectrum behaviour follows that of thermal inflation. Indeed, as can be seen from Figure
3 the enhanced peak is reduced in magnitude and shifted by the same amounts for both
thermal inflation and BSI. In general, the matter power spectra at low redshift from thermal
inflation display less power than BSI. However, the differences in the non-linear matter power
spectra at k ≫ k0, kb between thermal inflation and BSI are appreciably less than those in
the linear theory power spectra on the same scales. For example, the ratio between thermal
inflation and BSI power spectrum at z = 199 (linear theory) is small, ∼ 0.09 at k ∼ kNy,
while the ratio between the two non-linear power spectra at z = 0 is ∼ 0.98 for wavenumbers
near the Nyquist frequency. The non-linear transfer of power from large to small scales has
reduced the initial linear theory difference between these two models by a factor of 10.

In conclusion, non-linear matter power spectra are then a blunt tool to distinguish the
effects of thermal inflation or BSI (in line with what we found for nCDM models in [44]).
We will see below that halo statistics are more sensitive to the shape of the linear P (k).
We stress, however, that the results regarding the non-linear P (k) have not appeared in
the literature before, since previous studies on damping models (including our study [44])
have always focused on the damping features of the matter power spectra. In thermal and
BSI inflation, we find that the presence of an enhanced peak in the linear power spectrum
affects substantially the behaviour of the non-linear power spectra at small scales. The non-
linear power spectra in these models are then different from those found in nCDM scenarios,
particularly at high redshifts.

5 Halo statistics at z = 0

In this Section we explore whether counting the number of haloes of different masses can
discriminate between thermal inflation and the standard paradigm. We will see also if the
thermal inflation models predict a different halo mass function than thermal WDM and BSI.
In this Section we focus on results at z = 0, we discuss the halo mass function at high
redshifts in the next Section.

5.1 Measured halo mass function

Regardless of the nature of the process producing damping of matter fluctuations on small
scales, one common impact of these models on structure formation is a reduction in halo
abundance at low masses (see e.g. [16, 32, 52–60]), offering a possible solution to the missing
satellite problem. Since thermal inflation models are characterised by damping in the linear
matter power spectrum at high wavenumbers (as seen above), we expect a similar reduction
in the number of low-mass haloes with respect to standard ΛCDM. However, since thermal
inflation power spectra are characterised by enhanced peaks, it is also possible to find such
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features imposed on the halo mass function4. In this subsection we show the halo mass
function measured from the N-body simulations at z = 0 (for halo mass functions at high
redshifts see Section 6). To extract the halo properties from simulation outputs we use the
code rockstar which is a phase-space friends-of-friends halo finder [61]. As a definition of
the halo mass, we use the mass, M200, contained in a sphere of radius r200, within which the
average density is 200 times the critical density of the universe at the specified redshift. Below
the (differential) halo mass function is presented as F (M200, z) = dn/d log(M200), where n
is the number density of haloes with mass M200. We assume a minimum of 50 simulation
particles in a halo, so the minimum halo mass is ∼ 5 × 108 h−1 M⊙. We note also that the
volume of our simulations is too small to provide a statistically robust sample of haloes with
masses M200 > 1012 h−1 M⊙. This means that for the most massive haloes in our simulations
the results are influenced by large Poisson fluctuations.

N-body simulations of damped models display the effects of artificial fragmentation,
with regularly-spaced clumps (spurious haloes) along filaments, the distance between which
reflects the initial inter-particle separation [16, 32, 52–60]. If not carefully identified and
removed, spurious haloes can influence dramatically the measured halo abundances at small
masses. An estimate of the mass below which spurious haloes are likely to be found was
proposed in [52],

Mlim = 10.1 ρ̄ d k−2
peak, (5.1)

where ρ̄ is the mean density of the Universe, d is the mean inter-particle separation in
the simulation and kpeak is the wavenumber at which the dimensionless power spectrum,

∆2(k) = k3P (k)/(2π2), reaches its maximum5.
To identify spurious haloes we adopt the method used (and extensively checked) in

our previous work [62]. This method was proposed in [56] and refines the mass criterion
proposed in [52] by excluding possible unphysical haloes by looking at the shape of the initial
Lagrangian region (proto-halo) which has evolved to form a halo at late times. To decide if a
halo is genuine or not, this method uses the sphericity of the proto-halo, defined as the ratio
between the minor and major axes of the proto-halo region, s ≡ c/a. Haloes with sphericity
s < slim, where slim = 0.167, are considered to be spurious [56]. We clean the halo catalogues
of our simulations by considering a halo to be spurious (and then removed) if one of these
conditions is satisfied [62]:

• the sphericity of the proto-halo is s < slim, or

• the halo mass is Mhalo < 0.5Mlim.

The halo mass functions at z = 0 extracted from the simulations are shown in Figure 4(a)
for all the models considered in our analysis. The symbols show the results measured from
the halo catalogues once the spurious haloes have been removed using the method described
above. In the lower panels of Figure 4 we display the measured halo mass functions (shown
as ratios to the ΛCDM) for the damped models before (Figure 4(b)) and after (Figure 4(c))

4
These features in thermal inflation cosmologies have been found in [42] by inferring the halo mass function

by using the analytical PS approach. We review this approach in the next subsection by showing that using
a spherical top-hat filter the PS analytical predictions over-estimate the small mass halo abundance when
compared with N-body simulations.

5
Note that in N-body simulations of WDM models, if thermal velocities are added to the gravitational-

induced velocities of the computational particles, Mlim is shifted to higher masses due to the extra noise
introduced in the simulations because of thermal velocities [50].
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the spurious structures have been removed. Comparing Figures 4(b) and 4(c) we can see that
the spurious haloes affect only the low-mass end (M200 < 4 × 109 h−1 M⊙) of the halo mass
function of the damped models. This is in line with what we found in [62] for nCDM models.
We now discuss the cleaned results in more detail starting from the thermal inflation models
and then comparing with WDM and BSI.

Thermal inflation – As we can see from the plots of the ratios with respect to ΛCDM
(lower panels in Figure 4), for both thermal inflation models the halo mass function has
the following behaviour: (i) it approaches the ΛCDM predictions at large halo masses, (ii)
has an enhancement (∼ 17% larger than ΛCDM) at intermediate mass scales (i.e. M200 ∼
3× 1010 h−1 M⊙ for kb = 5 Mpc−1 and M200 ∼ 1.5× 1011 h−1 M⊙ for kb = 3 Mpc−1) and (iii)
becomes much smaller than the ΛCDM results for lower halo masses. This behaviour follows
that of the linear matter power spectrum presented in the previous section (this can be seen
more clearly when using analytical approaches to calculate the halo mass function, see next
subsection) and is generally expected for damped models [44].

Comparison with WDM and BSI – Here, we compare the halo mass function at z = 0
for thermal inflation with kb = 5 Mpc−1 with that from N-body simulations of thermal
WDM and BSI inflation. As can be seen in Figure 4, the differences in the behaviour of
the halo mass function among these three damped models follow those in the linear power
spectrum (see Figure 1) than those in the non-linear spectrum. Indeed, at intermediate mass
scales (M200 ∼ 1010 h−1 M⊙) the thermal inflation and BSI halo mass functions have an
enhancement with respect to ΛCDM while thermal WDM always displays halo abundances
equal to or lower than standard ΛCDM. At lower masses, thermal inflation and WDM display
roughly the same downturn. In the case of BSI, the halo mass function at z = 0 is very similar
to that of thermal inflation for halo masses M200 > 1.5 × 109 h−1 M⊙. However, at low halo

masses (M200 < 1.5 × 109 h−1 M⊙), the halo mass function for BSI is less suppressed than
that measured in the thermal inflation model.

We note that from our N-body results (see Figure 4) it seems that the ratio between
the BSI and ΛCDM halo mass function is close to a constant value (which is also confirmed
by the analytical predictions, see next subsection) instead of decreasing further as in thermal
inflation. However, we note that our simulations cannot resolve accurately mass scales M200 <
5 × 108 h−1 M⊙, so higher resolution simulations would be needed to confirm the existence
of this plateau at small halo masses in the BSI model with respect to ΛCDM. This different
behaviour of the halo mass function at small halo masses for BSI and thermal inflation is
expected from the differences at large wavenumbers in the linear power spectra of these
two models. Indeed the BSI transfer function follows that of thermal inflation up to k ∼
20hMpc−1. However, at larger wavenumbers, the BSI transfer function does not decrease
further and oscillates around a constant non-zero value, as discussed in Section 2.3 (see e.g.
Figure 1).

5.2 Analytical predictions

Some aspects of the non-linear evolution of structure can be captured using semi-analytical
methods. The well-known PS analytical approach is widely used to predict some important
characteristics of structure formation such as the halo mass function [63–65] (see also [66] for
a review).

We follow the notation used in [62] to describe the PS approach, where the differential
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Figure 4. (a) Halo mass function at z = 0 for all the models considered here (as labelled). Symbols
show the results from cleaned catalogues extracted from N-body simulations and cleaned using the
method explained in the text. Lines show the results obtained using the PS analytical approach with
the smooth-k space filter. Note that in (a) all the halo mass functions are shifted above or below that
for thermal inflation for presentation purposes. Lower panels: ratios of the halo mass function for the
damped models with respect to that for ΛCDM from (b) uncleaned and (c) cleaned halo catalogues
respectively. Note that in the lower panels we have reduced the number of bins in the mass range
log(M/(h−1 M⊙)) ∈ [11.2, 13.8] to suppress fluctuations due to Poisson noise.

halo mass function is calculated as

dn

d log(M)
=

1

2

ρ̄

M
f(ν)

d log(ν)

d log(M)
, (5.2)

where n is the halo number density, M is the halo mass and ρ̄ is the average density of
the universe. f(ν) is the first-crossing distribution of [64]. Assuming an ellipsoidal collapse
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model [65], f(ν) is well approximated by

f(ν) = A

√

2qν

π

(

1 + (qν)−p
)

e−qν/2, (5.3)

with A = 0.3222, p = 0.3 and6 q = 1. In the above formula, ν is defined to be

ν =
δ2c,0

σ2(R)D2(z)
, (5.4)

where δc,0 = 1.686 and D(z) is the linear growth factor normalised such that D(z = 0) = 1.

The variance of the density perturbations, σ2(R), on a given scale R is

σ2(R) =

∫

d3k

(2π)3
P (k)W̃ 2(k|R), (5.5)

where P (k) is the linear matter power spectrum at z = 0 and W̃ (k|R) is a filter function in
Fourier space. We note that to calculate the variance in eq. (5.5) we need only the linear
power spectrum. This is because the halo mass function is more sensitive to the linear power
spectrum than to the non-linear one. The filter function is not fixed a priori, so it could
be chosen to suit the particular cosmological model and power spectrum. In simulations of
standard ΛCDM, the filter function is generally chosen to be a top-hat function in real space,

WTop−Hat(x|R) =

{

3

4πR
3 if x ≤ R

0 if x > R
, (5.6)

which in Fourier space becomes,

W̃Top−Hat(k|R) =
3 (sin(kR) − kR cos(kR))

(kR)3
. (5.7)

Other choices made in the literature include the Gaussian function and the sharp-k filter (see
e.g. [64, 66]). The filter function is, in general, associated with a volume, VW . In the case of
a real space top-hat function, the filter in real space describes a sphere of radius R, so the
filter volume is VW = 4πR3/3, leading to a straightforward relation between the scale radius
R and the enclosed mass M(R) of the virialised object, M(R) = 4πρ̄R3/3. However, for
other filters there is either no fixed radius in real space (e.g. for the case of a Gaussian filter)
or there is a divergent integral (for a sharp-k space filter) [67], so the mass-radius relation is
usually calibrated using N-body simulations [64].

However, as shown in [55, 58, 68], the top-hat real space filter predicts an excess of
low-mass haloes when applied to models with a cut-off in the power spectrum at small scales.
Indeed, it was found e.g. in [55] (but see also [62]) that when using a top-hat real space filter
the differential halo mass function, Eq. (5.2), goes as R−1 for small radii, irrespective of the
linear power spectrum considered. However, as is well known, the halo mass function for
damped models takes negligible values at small halo masses (i.e. small radii). To solve this
issue, [55, 58, 68] proposed using a sharp-k space filter instead.

6
We note that although q = 1 is expected from a standard ellipsoidal collapse, the authors in [65] found

that the number of the haloes with masses M > 10
13

M⊙/h in ΛCDM is underpredicted, so they calibrated the
value to q = 0.707 to match N-body simulation results. Here we will maintain the standard parametrisation,
q = 1, for the following two reasons. First, when using a sharp-k filter it was shown in [55, 58] that q = 1 gives
a better match with simulations. We note also that the smooth-k space filter was calibrated using q = 1 [62].
Second, the volume of our simulations is too small to contain a statistically robust sample of such massive
haloes.
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Figure 5. Ratios of the halo mass function at z = 0 for the damped models with respect to that for
ΛCDM. Symbols show the results from cleaned halo catalogues, while black lines show the results for
the analytical PS approach with: smooth-k space (solid), sharp-k space (dashed-dotted) and top-hat
real space (dashed) filter respectively.

In a previous work [62], we have observed that, although the PS approach with a sharp-
k space filter reproduces very well the N-body results for thermal WDM, it does not predict
correctly the halo mass function in models with a sharper truncation in the initial P (k). We
therefore proposed the following new filter function, dubbed the smooth-k space filter,

W̃smooth−k(k|R) =
(

1 + (kR)β̂
)−1

, (5.8)

with a mass-radius relation of the form M(R) = 4π
3 ρ̄(ĉR)3, where {β̂, ĉ} are free parameters.

In [62] we found that {β̂ = 4.8, ĉ = 3.30} give the best match with N-body simulations, so
these two values will be used here as well. This new filter overcomes the shortcomings of the
sharp-k space filter and gives improved agreement with N-body simulations.
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Figure 6. Ratios of the halo mass function for the thermal inflation with kb = 5 Mpc−1 with respect
to that for ΛCDM at different redshifts as labelled. Symbols show the results from (a) uncleaned and
(b) cleaned halo catalogues. Lines show the results for the analytical PS approach with the smooth-k
space filter.

We test here which of the above three filters (top-hat real space, sharp-k space and
smooth-k space) gives the best match to the halo abundances extracted from N-body sim-
ulations. In Figure 5, we display as lines the results using the three filters (symbols show
the results from N-body simulations). From all the panels in this figure we can see that the
smooth-k space filter gives better matches than the other two filters for all the models consid-
ered here (in particular the top-hat real space filter predicts an excess in the halo abundance
at small halo masses of a factor of ∼ 4 larger than that actually measured from simulations).
Moreover, the smooth-k space filter predicts reasonably well the position of the enhancement
in the halo mass function of both thermal inflation models and BSI (with deviations < 5%
in the ratios). In the case of BSI, we can also see that the ratio with respect to ΛCDM
predicted by our filter reaches a constant non-zero value at small halo masses. However, as
pointed out in the previous subsection, our simulations cannot resolve properly these mass
scales, so high-resolution simulations are needed to confirm such behaviour. We can extend
the conclusions found in [62] by noting that the smooth-k space filter is still a good choice
when considering models of thermal inflation or BSI (at least for mass scales well resolved
by our simulations). Here we have only considered two thermal inflation models. However,
at least for all thermal inflation models with kb ≥ 3 Mpc−1, our filter is expected to give
good predictions. This is because such models are equally or less damped (more similar to
ΛCDM) at the wavenumbers probed by our analysis than those considered here, so the halo
abundances are less reduced at the scales relevant for structure formation.

6 Halo statistics at high redshifts

In the previous section we presented the halo abundances at z = 0. However, in [42] the
authors show that the magnitude of the peak in the halo mass function for thermal inflation
models increases at high redshifts. In this Section we investigate this aspect by measuring
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the halo mass function from our N-body outputs at redshifts z = 5, 3, 1 and compare them
with the analytical predictions from the PS approach with the smooth-k space filter.

As in the case of z = 0, halo catalogues from simulations at higher z need to be cleaned
from spurious haloes. However, our method of cleaning (considered above) uses the value in
[56], slim = 0.167, for the sphericity limit, which is valid only for halo catalogues at z = 0.
For higher redshifts, one needs to find the appropriate sphericity limit (see e.g. the discussion
in [60]). Since the purpose of this Section is to understand the evolution of the enhanced
peak with z, we will not undergo a thorough study on finding the sphericity limit at z > 0.
Instead, we use a conservative estimation of the spurious haloes at high redshifts based on
the haloes removed in catalogues at z = 0. This method is illustrated below.

For a given halo catalogue at z̃ 6= 0, we first remove all the haloes with masses Mhalo <
0.5Mlim. This is justified because we found in [50] that the upturn in the halo mass function
due to the spurious haloes appears at roughly the same masses irrespective of the redshift.
To remove further spurious haloes among those remaining after this first cleaning step, we
proceed as follows. We identify all the simulation particles belonging to spurious haloes at
redshift z = 0 (they are identified using the cleaning process explained in Section 5). We
call these particles “spurious” particles, just because they are in spurious haloes at z = 0.
We locate the position of the spurious particles at z̃ and find if these particles are bound in
haloes at this redshift. If an halo at z̃ contains more than 70% of these spurious particles,
we consider this halo as spurious and we remove it from the catalogue.

In Figure 6 we show the halo mass function extracted from our simulations of thermal
inflation with kb = 5 Mpc−1 at high redshifts (the uncleaned catalogue results are shown in
Figure 6(a), while the cleaned ones are in Figure 6(b)). From this figure we see that although
the position of the enhancement in the ratio with respect to the ΛCDM remains almost
invariant with the redshift, its magnitude increases with z. Indeed, at z = 1 FTI/FΛCDM ≃
1.19 for masses M200 ≃ 3 × 1010 h−1 M⊙, while it increases to ≃ 1.25 at z = 3 and reaches
≃ 1.40 at z = 5 and for the same mass bin. We note that the differences in the halo mass
function near the peak between z = 1 and z = 0 (see Figure 5(a) for the results at z = 0)
are instead smaller, with an enhancement in the latter of around FTI/FΛCDM ≃ 1.17 at
M200 ∼ 3× 1010 h−1 M⊙ (to be compared with FTI/FΛCDM ≃ 1.19 at z = 1). In Figure 6, we
show also the predictions from the PS approach with the smooth-k space filter. Although
the smooth-k space filter parameters were calibrated using halo statistics at z = 0 [62], we
can see that this filter gives reasonably accurate predictions of the halo mass function at high
redshifts.

We found similar results in the behaviour of the enhancement at high redshifts in the
thermal inflation with kb = 3 Mpc−1 and the BSI model, while the WDM halo mass function
at high redshift is always below that of ΛCDM at low masses. These results are similar to
those found in Section 5 for the halo statistics at z = 0, so we omit them here for the sake of
brevity.

7 Conclusions

Several models which display damped matter fluctuations have been proposed to ameliorate
the (possible) small-scale difficulties of the standard ΛCDM paradigm. Some of these rely
on non-standard dark matter properties (such as thermal velocities or interactions), while
others involve modifications to the inflationary period (such as broken scale invariance during
inflation or multiple inflationary eras). From the point of view of structure formation, the
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common characteristic of all these models is the presence of a characteristic wavenumber scale
above which matter fluctuations are damped. The position of this scale and the damping
power depend on the particular model.

Here we have studied, for the first time, how structures grow in the thermal inflation
models described in [13] by using N-body simulations. These models are characterised by
a matter power spectrum which is damped on small scales but with a peak in the power
(compared to ΛCDM) located at a wavenumber just below the damping scale. The N-body
simulations used here were performed in a cubic box of length L = 25h−1 Mpc using 5123

simulation particles, the simulation particle mass is around 107 h−1 M⊙. We have investigated

two thermal inflation models with kb = 5 Mpc−1 and kb = 3 Mpc−1 respectively. The N-
body results from such models have been compared with those from thermal WDM, BSI and
standard ΛCDM model. The thermal WDM model has been chosen with the same half-mode
wavenumber as in thermal inflation with kb = 5 Mpc−1. In the case of the BSI inflation, we
have constructed the model to have an enhanced peak at the same position and of the same
magnitude as that in thermal inflation with kb = 5 Mpc−1. However, at large wavenumbers
the linear P (k) for BSI is less suppressed than that from thermal inflation.

For each model, we have measured the non-linear power spectrum and the halo mass
function from the N-body simulation outputs at different redshifts. We summarise below the
main results. Regarding the nonlinear power spectrum, our findings can be summarised as
follows.

• The peak in the linear power spectrum for both thermal inflation models persists in the
nonlinear regime, but is shifted to higher wavenumbers and has a reduced amplitude
at progressively lower redshifts.

• Although the thermal inflation linear P (k) for k > 3 kb is suppressed by a factor ∼ 1/50
with respect to ΛCDM, due to the peak shift, the non-linear power spectrum at low
redshifts is enhanced at these wavenumbers with respect to that in ΛCDM. At z = 0,
the ratio w.r.t. the ΛCDM is of the order of unity for all the wavenumbers k < kNy,
where kNy is the Nyquist frequency of our simulations. This is true for both thermal
inflation models considered here.

• The WDM non-linear power spectrum behaves differently than that from thermal infla-
tion. Indeed, we find that although the transfer of power enhances the power at small
scales, the non-linear power spectra at low z always have less power than the standard
ΛCDM P (k).

• The BSI non-linear power spectrum shows similar behaviour to that in thermal infla-
tion. Indeed, the peak in BSI is shifted to higher wavenumbers and has a reduced
amplitude at low redhsifts as in the case of thermal inflation with kb = 5 Mpc−1. In the
linear regime, PTI/PBSI ∼ 0.09 at k ≫ kb. However, the non-liner evolution (almost
completely) washes out the differences at large wavenumbers present in the two initial
power spectra, so that at low redshifts the two non-linear power spectra are very similar
to each other, e.g. PTI/PBSI ∼ 0.98 at k ∼ kNy.

Regarding the halo mass function, we find the following results.

• In general, the differences in the halo mass function between the different models studied
here follow those in the linear matter power spectra (rather than those in the non-
linear power spectrum). Indeed, in both the thermal inflation models we find that
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the halo mass function has an enhanced peak before dropping to negligible values at
small masses (as in the case of the linear power spectrum). The BSI and thermal
inflation with kb = 5 Mpc−1 halo mass functions are roughly the same for masses
M200 > 1.5 × 109 h−1 M⊙. At lower masses, the BSI decreases slower than thermal
inflation and eventually reaches a plateau. In the case of WDM, the halo mass function
presents no enhancements and is always equal or less than that from the standard
ΛCDM model.

• The enhancement in the halo mass function is around M200 ∼ 3 × 1010 h−1 M⊙ for

thermal inflation with kb = 5 Mpc−1 and BSI models, while it appears at higher masses,
M200 ∼ 1.5 × 1011 h−1 M⊙, for kb = 3 Mpc−1. The enhancement in all these models
with respect to the ΛCDM is around ∼ 20% at z = 0.

• At higher redshifts and in the case of thermal inflation, we find that the halo mass
function has an enhancement at the same mass as z = 0. However, the magnitude of
this enhancement with respect to ΛCDM increases from ∼ 20% at z = 0 to ∼ 40% at
z = 5.

• We have used these numerical results to test the predictions from the PS approach with
three filters: top-hat real space, sharp-k space and smooth-k space. From this analysis,
we find that the predictions from a smooth-k space filter agree with the simulation
results over the widest range of halo masses. This is true for all the models and at all
the redshifts considered here.

We note that here we have considered the simplest WDM model, the so-called thermal WDM.
However, as mentioned in the introduction, this model does not exhaust all the possibilities
inside the nCDM scenarios. Other well-motivated models, such as sterile neutrinos [20–29],
axion-like particles [34–36] or models suggested by effective theory of structure formation
(ETHOS) [69, 70], can produce different effects on structure formation than those found in
the case of thermal WDM (see e.g. [15, 35, 36, 71, 72]). We note also that our simulations do
not take into account the effects of baryon physics that can modify the matter distribution
and the properties of haloes measured from DM-only simulations, see e.g. [73–79].

As in nCDM models, the thermal inflation model predicts fewer low-mass haloes and
sub-haloes than standard ΛCDM, but without involving any modification to the dark matter
sector. However, differently from nCDM, the model presents an enhancement in the power
spectrum at wavenumbers just shorter than the damping scale. This is a unique feature in
the power spectrum which could leave an imprint on the large-scale structure of the Universe
which can be used to distinguish this model from nCDM scenarios. For example, in [42]
the authors have shown how future 21-cm observations could be able to distinguish between
thermal inflation and WDM because of the different shapes of their power spectra. The recent
results from the EDGES experiment [80], which claim a detection of a 21-cm absorption line
at z ∼ 20, could indicate that star formation was happening at high redshifts (an early
onset of the so-called cosmic dawn). An early cosmic dawn can be used to constrain the
suppression of the matter power spectrum in damped models (as was done e.g. for nCDM
models in [81, 82]) and these constraints can be applied to thermal inflation power spectra.
Moreover, Lyman-α observations could be used to constrain the values of kb as was done for
the mass of thermal WDM candidates in [83, 84]. Regarding halo abundances, the halo mass
function in thermal inflation is characterised by an enhanced abundance at halo masses just
above the suppression mass scale, so in principle, these models can be distinguished from
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nCDM using halo statistics. Indeed, galaxy probes (see e.g. [85, 86]) at high redshift could
be able to give some information on the massive objects near the peak (which is enhanced
in magnitude for z > 0 as we have found here), while future strong lensing observations (see
e.g. [87]) will be able to constrain the number of low-mass DM sub-haloes. Results from
these future observations could shed some light on the shape of the underlying matter power
spectrum and could indirectly constrain the nature of the processes that produce a damping
in the matter fluctuation from very early epochs in the history of the Universe.
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A Numerical convergence

In this appendix, we study the accuracy of simulations with box length and particle number
{L = 25h−1 Mpc, N = 5123}. We have run another set of simulations with parameters
{L = 50h−1 Mpc, N = 5123}, for both the standard ΛCDM and the thermal inflation with
kb = 3 Mpc−1. In Figure 7 we show the ratio of the power spectrum measured from the
thermal inflation model with respect to that from standard ΛCDM at redshifts z = 5, 1 and
0 for simulations with L = 50h−1 Mpc (dashed curves) and L = 25h−1 Mpc (solid curves). As
can be seen from the figure, the power spectra measured from the simulations with different
box lengths are in good agreement at small wavenumbers (up to the Nyquist frequency of
the larger box simulation), this is also true for other redshifts which we omit for the sake of
brevity.

A similar analysis can be done for the halo mass function. In Figure 8 we show the
results at z = 0 for this quantity measured from simulations with L = 50h−1 Mpc and
L = 25h−1 Mpc. As we can see, the numerical results from the two boxes converge at large
halo masses, M200 > 1010 h−1 M⊙. At lower masses the results from the larger box are
dominated by spurious structures as expected.
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