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We investigate soliton collisions in the Manakov model, which is a system of coupled
nonlinear Schrédinger equations that is integrable via the inverse scattering method. Com-
puting the asymptotic forms of the general N-soliton solution in the limits ¢ — Foo, we
elucidate a mechanism that factorizes an N-soliton collision into a nonlinear superposition
of (%) pair collisions with arbitrary order. This removes the misunderstanding that multi-
particle effects exist in the Manakov model and provides a new “set-theoretical” solution
to the quantum Yang-Baxter equation. As a by-product, we also obtain a new nontrivial
relation among determinants and extended determinants.

§1. Introduction

In recent years, there has been a surge of interest in some systems of coupled
nonlinear Schrédinger (coupled NLS) equations because of their relevance in nonlin-
ear optics.’®)  Among such systems, this paper focuses on the following system of
coupled NLS equations:

iq, + Gop +2[al’a =0, @ =(a1,02, . am)- (11)
Here |q|?> = q-qf = E;’;l |gj|%, where the superscript  denotes Hermitian conjuga-
tion. The subscripts ¢ and = denote the partial differentiation with respect to these
variables. It is well known that (1-1) is a completely integrable system.*)®) We
call (1-1) the Manakov model, since the two-component (m = 2) case of (1-1) was
solved for the first time by Manakov® using the inverse scattering method (ISM).
The extension of the ISM to the general m-component case is straightforward.?)
Nevertheless, the value of m is extremely important when we consider soliton solu-
tions. The m = 2 case is merely a special case of the general m case. The most
interesting is the case in which the total number of solitons, say N, is equal to the
number of components, m. Indeed, in the N = m case, the coefficient vectors for the
hyperbolic-secant-type envelope of solitons [see, e.g., w1 in (2-12)], which we refer
to after normalization as polarization vectors, are just sufficient to span the vector
space C™, in which g exists. Soliton solutions in the other cases (N > m or N < m)
are obtained from those in this case through a special choice of soliton parameters
or the operation of a unitary transformation. In this paper, we consider the most
general case, in which N and m are arbitrary positive integers. Then, the most
interesting case, N = m, is automatically included.

Although the integrability of the Manakov model (1-1) has been established

*) B-mail: tsuchida@poisson.ms.u-tokyo.ac.jp
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152 T. Tsuchida

formally through application of the ISM, multi-soliton dynamics in the model remain
to be clarified. There are two reasons for this. One reason is that the vector nature of
(1-1), which supports the internal degrees of freedom of solitons, leads to complicated
behavior. Indeed, even a two-soliton collision is highly nontrivial,9) ) as not only
does a displacement of the soliton centers depend on the initial polarization vectors
but also the polarization vectors themselves are changed. Therefore, in this model,
the effect of an N-soliton collision can never be written as the algebraic sum of the
effects of pair collisions (at least, if we employ only the initial soliton parameters).
This is quite different from the NLS case [i.e. (1-1) with m = 1], in which the effect
of an N-soliton collision in fact can be written as the algebraic sum of the effects of
pair collisions (in which the order of the pair collisions does not matter).lo)’lz) The
other reason is that Manakov gave a rather misleading description of an N-soliton
collision in Ref. 4). We quote the corresponding part, the first two sentences of the
last paragraph of §2 in Ref. 4):

Comparison of relations (17) and (18) indicates that an N-soliton collision
does not, in general, reduce to a pair collision. This is clear, for example,
from the fact that the expression for S ; contains S; with 7 > k, which
depend on the initial parameters of all the remaining solitons.

(%)
The relations (17) referred to here are given by

S—i]\} - { H al_ll(CN7Cn)} &T(CN7C17SI_) e dT(CN7CN_1’ S]_V—l)S]_V’

n<N

= {Hall(@;@ }{Ha CHCTL } (Cz?(l-i-l? 1+1) : d*(Cz*vng‘SE)

k>1 n<t
&T(Ci7<-17s1_) o '@T(Ci,Cj_l,S;_l)S;, 1= 1727 o 7N - 17

while the relations (18) are given by

ST =a;7' (¢, G)a" (¢, ¢, S7)S3,
ST = a11(¢1, () & (¢1, €2, 85) 87 -

We now briefly explain the situation considered and the notation used in Ref. 4).
The equations (17) of Ref. 4) represent the solution for the collision of N solitons
(to which we refer as solitons-1, 2, ---, N), while the equations (18) represent that
for two solitons. We note that the equations (18) are obtained from (17) by setting
N = 2. The equations (17) were derived through analysis based on and intuition
gained from the ISM. It is assumed that a soliton designated by a larger number
moves faster along the z-axis. That is, soliton-i overtakes® solitons-1, 2, ---, i — 1
and is overtaken by solitons-i + 1, ¢ + 2, ---, N as time t passes from —oo to
+00. The velocity of soliton-i and its amplitude are determined by the complex
parameter (;, which is time independent. The quantities S; are column vectors with

*) Throughout this paper, we use the term “overtake” if only the relative velocity is positive.
Thus it can be used for head-on collisions, etc.
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N -Soliton Collision in the Manakov Model 153

two complex components, corresponding to the choice of m = 2 in Ref. 4). The

vector norm | S| [= (Sj : SZ)%] determines the center position of soliton-i, while
the normalized vector S;/|S;| gives its polarization vector after the operation of
Hermitian conjugation. The superscripts + and — denote the final state (t — +00)
and the initial state (¢t — —o0), respectively. «1; is a scalar function and & is a 2 x 2
matrix function. We do not give their explicit forms, which are not important in the
following discussion. The superscripts 7" and * denote the operations of transposition
and complex conjugation, respectively.

Although the assertion (&) is somewhat ambiguous, the most natural and rea-
sonable interpretation seems to be the following:

Let us try to explain (17) by assuming that the IV solitons collide pairwise in
accordance with (18). Then, the first equation in (17) can be understood as
follows. Soliton-N first overtakes soliton-N —1 in its initial state, i.e. soliton-
N —1, which has not collided with other solitons. Next, soliton-/N overtakes
soliton-N — 2, which has not collided with other solitons. ... Finally, it
overtakes soliton-1, which has not collided with other solitons.

Similarly, the second equation in (17) can be understood as follows.
Soliton-7 overtakes solitons-i — 1, ¢ — 2, ---, 1 in this order, none of which
has collided with other solitons. Next, soliton-i is overtaken by solitons-/V,
N —1, ---, 7+ 1 in their final states, i.e. those which will not collide with
other solitons.

If we attempt to diagram these events, we immediately encounter a
contradiction. This indicates that an N-soliton collision cannot be described
as a sequence of pair collisions, since the matrices & for different sets of
arguments do not commute in general.

The logic of the above interpretation is not mathematically rigorous, but it seems
to be correct if the complex structure of (17) is taken into account. It might also be
possible to interpret the assertion (&) in a different way. In any case, it appears that
an N-soliton collision in the Manakov model (1-1) does not reduce to a pair collision,
and thus that some multi-particle effects exist in the Manakov model. However, in
fact this is not true.

The main goal of this paper is to clear up this misunderstanding. We explicitly
demonstrate a mechanism that factorizes an N-soliton collision in the Manakov
model (1-1) into a nonlinear superposition of pair collisions. Here, we have used
the term “nonlinear” to express the fact that the considered superposition is no
longer additive. For the sake of definiteness, we explain in advance what we prove in
terms of the Manakov notation, which also gives the definition of factorization in this
paper. We first interpret the equations (18) as forming a nonlinear mapping with
two complex parameters, f((2,¢1), which maps the initial state {S5,S7 } into the
final state {S5,S7}. Then, we can use the mapping f(¢j,(x) to evaluate in an N-
soliton collision the effect of the two-soliton collision whereby soliton-j in a state S;
overtakes soliton-k in a state Sj. For a given order of (gf ) pair collisions, we consider

the corresponding composition of the (];[) mappings: f((5,C¢k), N > j >k > 1.

220z 1snbny 9| uo1senb Aq 626806 1/1L5L/2/1 L L/elone/did/woo dnoolwepese)/:sdyy woly pspeojumoq



154 T. Tsuchida

Then, regardless of the order of the pair collisions,*) the composed mapping maps
the initial state {Sy,Sy_;, -+ ,S] } exactly to the final state {87, S;_l, ST
given by the equations (17).

To prove this factorization, we do not employ the Manakov results, the equa-
tions (17) and (18), for the following two reasons. One reason is that, although it is
ingenious and seems to be correct, the derivation of (17) in Ref. 4) is neither very rig-
orous nor understandable to the reader not familiar with the ISM. The other reason
is that the equations (17) are not tractable for our purpose. In this paper, we em-
ploy a more straightforward approach to obtain another formula for the asymptotic
behavior of N solitons. We start from an explicit formula for the N-soliton solution
of the matrix NLS equation derived using the ISM in Ref. 13). Through a simple
reduction, we obtain an explicit formula for the general N-soliton solution of the
Manakov model (1-1).') To make the paper self-contained, we first set N = 2 and
compute the asymptotic forms of the two-soliton solution in the ¢ — Foo limits in
our notation. These solutions define the collision laws of two solitons in the Manakov
model, which are essentially the same as those given by the equations (18). Next,
we consider the general NV case and compute the asymptotic forms of the N-soliton
solution in the ¢ — Foo limits. To express the polarization vectors appearing in
the asymptotic forms concisely, we extend the definition of a determinant in such
a way that the last column of an extended determinant consists of vectors. This
determinant represents a vector defined in terms of the Laplace expansion with re-
spect to the last column. We find a beautiful relation which casts the Hermitian
product between such extended determinants into the form of a product of conven-
tional determinants. Using this relation and the Jacobi formula for determinants, we
prove that an N-soliton collision in the Manakov model (1:1) can be factorized into
a nonlinear superposition of (g ) pair collisions in arbitrary order. This reveals™)
the following two properties of the Manakov model:

(a) An N-soliton collision is composed of a nonlinear superposition of (2) pair
collisions of certain order.

(b) The composition of (];[ ) mappings corresponding to pair collisions in an N-
soliton collision yields the same mapping for every possible order of composition.

We remark that solitons are not mass points, and do not have compact support.
Rather, they are structures with infinitely long tails. Even in a two-soliton collision,
it takes an infinite time for the solitons to completely recover their own shapes.
Taking this into consideration, it is more meaningful to understand this factorization
conceptually than phenomenologically. It is unlikely that properties (a) and (b) are
related directly. We note that proving (a) is equally difficult for every order of pair
collisions and that proving (b) for arbitrary N reduces to proving it for N = 3, that
is, the following;:

*) Here, we are referring to the order in which neighboring solitons collide pairwise. That is,
unlike the m = 1 case (scalar NLS), we do not consider virtual collisions between non-neighboring
solitons.

**) To deduce property (b) from the factorization rigorously in the present setting, some discus-
sion is needed. This is given in §5.
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N -Soliton Collision in the Manakov Model 155

(b’) The composition of three mappings corresponding to pair collisions in a three-
soliton collision does not depend on the (conceptional) order of pair collisions.

The property (b’) is called the Yang-Baxter property. The validity of this property
means that the collision laws of two solitons in the Manakov model (1-1) give a “set-
theoretical” solution to the quantum Yang-Baxter equation.’® To the best of the
author’s knowledge, this solution is new. We mention that another “set-theoretical”
solution to the quantum Yang-Baxter equation is studied by Veselov!®) through
investigation of the matrix KdV equation.

A few interesting ideas!” 19 have been proposed to explain in a general manner
the pairwise nature of soliton collisions in integrable systems. However, those ideas
seem to be too intuitive in their present forms to complete a mathematically rigorous
proof. For instance, it is not obvious that a pair collision is unaffected by the other
solitons given only that they are far away, or that the final result is invariant when
the order of multiple limits is changed. In addition, unlike this work, those works do
not elucidate a nice mechanism of factorization.

Finally, we would like to comment on the literature concerning the Manakov
model (1-1). Multi-soliton solutions of the Manakov model have already been ob-
tained using the Hirota method??)-2?) (see also Refs. 23) and 24) for results obtained
with another method). In this sense, although it is very useful, the explicit formula
for the N-soliton solution obtained in this paper may not be essentially new.*) The
main contribution of this work is the elucidation of the pairwise nature of soliton
collisions in the Manakov model. The results of this paper were obtained by the
author in the summer of 2000 and presented at the autumn meeting of the Physical
Society of Japan in that year. Very recently, he encountered some papers2?)-27):**)
which pose the same problem (but do not solve it completely). In particular, in
Ref. 27), which actually appeared after the first submission of this paper, Kanna
and Lakshmanan gave a “proof” of the pairwise collision nature of a three-soliton
collision. Unfortunately, the “proof” of Kanna-Lakshmanan®? is absolutely incor-
rect. Indeed, in addition to a few fatal mistakes, their “proof” as a whole is a typical
example of circular reasoning.

The remainder of this paper is organized as follows. In §2, we derive an explicit
formula for the N-soliton solution of the Manakov model.™® In §3, we obtain the
collision laws of two solitons. In §4, we compute the asymptotic forms of the N-
soliton solution in the limits ¢ — Foo. In §5, we elucidate a mechanism that factorizes
an N-soliton collision into a nonlinear superposition of pair collisions and discuss the
Yang-Baxter property. Section 6 is devoted to concluding remarks.

§2. Explicit formula for the general IN-soliton solution
In this section, considering a reduction of a formula given in Ref. 13), we derive

an explicit formula for the general N-soliton solution of the Manakov model (1-1).
In Ref. 13), under vanishing boundary conditions, we applied the ISM to nonlin-

) In any case, our formula has the advantage of compactness in its own right.
“*) Actually, the work of Park and Shin®® is very similar to that of Steudel.?®
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ear evolution equations associated with the generalized Zakharov-Shabat eigenvalue

problem:
"% | i Q 'Z
u -l e &

Here, ( is the spectral parameter, I is the m X m unit matrix, and @Q is an m X m
matrix-valued potential function. The first two of the nonlinear evolution equations
associated with (2-1) are the matrix NLS equation,

Q¢ + Quz + 2QQTQ =0, (2'2)
and the matrix complex mKdV equation,
Qi + Quax +3(Q:Q'Q + QQTQ.) = O. (2:3)

We mention that integrable space-discretizations of (2-2) and (2-3) were found re-
cently?) (see also the relevant work in Refs. 22) and 30)-32)). The general N-soliton
solution of (2-2) or (2-3) is expressed as'®)

4 (t)Te_Qiqx
CQ (t)Te—2i(§m
()t e 2
where the mN x mN matrix S is given by
N 2(G=¢)x

Sk =0l =2 e )

o;mtCt), 1< k<N. (2-5)

Here, (; are discrete eigenvalues in the upper-half plane of ¢ (Im¢; > 0), each of
which determines a bound state in the potential ). The quantities Cj(t) are m x m
nonzero matrices whose time dependences are given by

Cj(t) = 000", j=1,2,--- N, (2:6)
for the matrix NLS equation (2-2), and
C](t) :Cj(o)e&c?t? j:1727 7N7

for the matrix complex mKdV equation (2-3), respectively.
Let us consider a reduction of the N-soliton solution of the matrix NLS equation
to that of the Manakov model. We restrict the matrix ) to the form
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N -Soliton Collision in the Manakov Model 157

so that the matrix NLS equation (2-2) is reduced to the Manakov model (1-1). In this

case, the matrices C} (t)! must have the same form as @, from their definition,'3)-14)
C;l) C§2) Cgm)
0 0 .- 0 .
S e - 1 B E R
0 0o ... 0

Conversely, if C;(¢)T take the form (2-8), Q(z,t) given by the formula (2-4) with (2-5)
fits the form (2-7). Then, the formula can be compressed into a compact form,'*)

q(z,t) =2 (T1) e 2% ep (1),

where the N x N matrix T is given by

T =0 EN: il @) -a®!, 1<ik<N
., = .y C; - C s <17 < .
A Rl A ’

Thanks to (2-6) and (2-8), the time dependence of ¢;(t) is given by
ci(t) = e 5 ei(0), j=1,2,--,N.

The above set of equations gives a formula for the general N-soliton solution of the
Manakov model (1-1) under vanishing boundary conditions. Let us rewrite this into
a form convenient to investigate the asymptotic behavior. We first rewrite it as

N N
q(z,t) =2 Z (Wfl)jkefi[(cwcz)x+2(Cﬁ+<22)t]ck(o)7
j=1 k=1

where the N x N matrix W is given by

Wik = b0 GG e+2G G20 _ f: ¢(0) - a0 i-ghreraici—g
= (G =G =)

« lGHTHAGHGI = lGHDP2AGHGD 1 < k< N,

Next, we introduce the parametrization

G =¢& +in; (& €R, n; >0),
cj(0) = 2nje” Y u; (aj € R, |us| =1),

and employ the following abbreviations:

7 = =i(G = o +2(¢F = G = 25w + 4¢5),
6; = (G +§)r +2(¢ + )t = 2 + 4(E ).
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158 T. Tsuchida

In this way, we obtain the simplest formula for the general N-soliton solution of the
Manakov model (1-1),

N N
=23 ) (U 1)jre O uy, (2-9)

7j=1k=1

where the N x N matrix U is given by

eTitay N .
Ujk = —5— 0k + D Ajge (reO6) 1 < k< N, (2:10)
10 =1

with ;

2m(uj - u))
Nl = — " - (2-11)

! (Cl_gk)(Cl_Cj)
If we set N =1 in the above formula, we obtain the one-soliton solution,

q(z,t) = 2m; sech(my + a;)e 1. (2-12)

Therefore, we understand the significance of each parameter/coordinate as follows:

2n; : amplitude of soliton-j,

—4¢; : velocity of soliton-j’s envelope,

7; : coordinate for observing soliton-j’s envelope,

G)j : coordinate for observing soliton-j’s carrier waves,

: polarization vector of soliton-j (|lu;| =1).

To be precise, in the case of two or more solitons, the real polarization vectors are
not invariant and change under soliton collision. The vector u; defines the bare
polarization of soliton-j, which is realized when it becomes the rightmost soliton.
This point is demonstrated below. In the following, we assume that all the soliton
velocities are distinct, so that every soliton collides with all others.

83. Two-soliton collision

In this section, we compute the asymptotic forms of the two-soliton solution in
the limits ¢ — Foo, which define the collision laws of two solitons in the Manakov
model (1-1).

We first write out the two-soliton solution given by (2-9) with N = 2. According

0 (2-10), the matrix U in this case takes the form

el +an

2 2
o™ + Z Appe” (e +i(©-61) Z)\me—(TﬁazHi(@z—@l)
U= ) =1 =1

T2+
Z )\21[6_(Tl+al)+i(®l_®2) e + Z )\2216—(Tz+a1)+i(®l—®2)
=1 =1

219
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N -Soliton Collision in the Manakov Model 159

Then, the two-soliton solution is given by

2

2 e7'2+042 —(Tan)+i(0—2) _ie
a(xt) = detU 212 + ) agr = Agy)e™ TR T
=1
eTH—Ocl 2 ] )
4 o +Z()\lll _ )\lzl)ef(rﬂraz)ﬂ(@l*@l) eﬂ@qu . (31)
=1
with
e7'1+011 e7'2+042 7'1+041
detU = + Z Aggre~ (1) +i(©1—62)
2 2 =1
n eT2ta2 Z \ (m+oq)+i(0;—01)
111€
219
—(11+o1) s~ (T2 +a2) >\11l1 )\12l1 )
te ¢ > A A (3-2)
(hia)=(12) 2115 29215
Here, we have simplified the expression of det U using the relations
A M | _
‘ Aot Ao =0, =12 (3-3)

which can be proved straightforwardly.
Next, we assume that

§1(=Re(1) > &a(= Re(z)

and investigate the asymptotic behavior of g(x,t) as t — Foo. This is accomplished
by identifying the dominant terms in the numerator of (3-1) and its denominator
(3-2). We here note the relation 71 /m = 12/n2 + 8(&1 — &2)t.

In the limit t — —o0, we have

In this case, we have to consider separately the two regions (17) and (27) defined
below. It is easily seen that g ~ 0 in all other regions.
(17) finite 71, 72 — 400
In this case, the dominant terms are those which contain the factor e™. Then,
using the relation A1 = 1/(211), we obtain

27272 o=

~ 2

q - e7'1+0¢1 e7'2+a2 + 72+o¢2
2m 2n2 212

= 21 sech (1) 4+ o )e Oluy. (3-4)

ul

Arre~(mtar)
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(27) 1 — —o0, finite 1
Here, the dominant terms are those which contain the factor e™™. Then, we
obtain

2 [(Aa21 — Aorr)e™(MFa)e= 10294y 4+ (A11y — Ajgp)e™ () =024y,]

q= (3-5)

ezt y o o—(riton) 4 e~ (ntaon)g—(m2+a2) D Aty Aan

2y ML il{lil,% Aoll, 22l

In terms of ¢12 defined by
1 A A
—2¢12 — 1114 1211

e = 3-6
A111A222 A1ty A221, (36)

{11’12}:{172}

we can rewrite the asymptotic form (3-5) as

. Aoo1 — A A
q ~ 2ng sech(my + g + ¢12)e—1®2 x 12 [(M) uy + (1 — 1—21> uz} .

A1 A1
(3-7)
Here, ¢12 is always taken as real, since (3-6) can be rewritten as [cf. (3-3) and
(2:11)]
o200 _ 1 A+ Az Awar + iz
A1z | A211 + A212 A221 + Aoz
I
= emem) | o8 e || 5,0 G0
i—s i—=f G2—¢f C2—C5
-G -G 1 2

— (o2 _F o 2
_ |G Ci {1+ (SERSI(E . ¢) ’m u;‘ }(> 0).
G —¢ G — ¢
In the limit t — 400, we have
T1 T2
m 2

In this case, we have to consider separately the two regions (27) and (17) defined
below. It is easily seen that ¢ ~ 0 in all other regions.
(2%) 71 — +oo, finite 7
In this case, the dominant terms are those which contain the factor e™. Then,
using the relation Aggo = 1/(212), we obtain

T1taq
2‘3—
2m1
q =~
eT1tay gTatag eT1ta1
2m 2n2 2m

= 2n9 sech (o + ag)e*i%uQ. (3-8)

e—l@z us

Aggoe~(m2taz)

(17) finite 74, 72 — —00
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In this case, the dominant terms are those which contain the factor e™"2. Then,
with the help of (3:6), we obtain

2 [(Aa22 — Aora)e™ (2 Ha2)e= 1014y 4 (X119 — Ajgg)e™ (2Ha2)e=O1y,]

eT1taq _ + _ + _ + Allll )\12l1
2n1 )\2226 (r2-ecz) te (n al)e (r2+az) Z{h,lz} )\2112 )\22l2
={1,2}
. A A12 — A
= 2n; sech(m + a1 + (;512)6_1@1 x 12 [(1 — ﬂ) ul + (M) U2:| .
222 A222

(3-9)

Taking the sum of (3-4) and (3-7), or (3-8) and (3-9), with a slight simplification, we
arrive at the following theorem.

Theorem 3.1. The asymptotic forms of the two-soliton solution of the Manakov
model (1-1) are as follows (see also Fig. 1):
ast — —oo,

q ~ 2n; sech(r + oq)e‘ielm + 2mg sech(me + ag + ¢12)e_i®2u{1}72;
as t — +o0,
q = 21 sech(71 + a1 + dr2)e” P ugay 1 + 2 sech(r + az)e” 2 uy.

Here ¢12 and w1y o, w2y 1 are given by
_F _ 2
{H(cl DG G, o }
‘Cl - CQ ‘

wna=et? = fun - 2 (wn-ul) o},

uggy ) = e¢12 E“z — gi {Ul — gz : g?k (Ul . ’u,g) 'Ll,2} .

[SES}
Cl <2

e 2012 —

and

Theorem 3.1 defines the collision laws of two solitons in the Manakov model,
which we use in §5 to factorize an N-soliton collision into pair collisions. Here, we
mention some important properties of the collision laws:

e A two-soliton collision changes neither the amplitudes of the solitons nor the
modulus of the Hermitian product of the polarization vectors. In fact, recalling
that |u1| = |uz| = 1, we can prove by direct computations that

gy oll = gyl =10 fur-wyy | = gy ubl,

‘Ul u2‘ ‘U{Z}l u{l}z‘
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Although we omit here the tiresome proof, the most important relation Hu{l}’g H
= Hu{Q}JH = 1 is shown in §5 in a more general context. This relation shows
that the collision is elastic if we observe it with conserved density, |q|? =
>y lasl.

As a result of the collision, the polarization vectors rotate nontrivially on the

unit sphere in C™. Thus, if we observe the collision with respect to each com-
ponent g, it appears as if it were inelastic.

We have expressed ¢12, g1} and w9y in terms of uy and ug. Then, the
collision laws are symmetric with respect to interchange of the subscripts 1 and
2. This form of the collision laws is very useful in studying the factorization of
an N-soliton collision into pair collisions. For any fixed unit vector u;, we can
invert the mapping uz — w1y 2 using the following relation for the projection

operator u] jur (cf. (u up)? = uj{ul):

EESEi S >< -G, >:
(I G ) It a1

Then, we can express ¢12, uz and u(g) ; in terms of u; and uyyy o as Manakov
did in Ref. 4):

-1
_ _x 2
e 2012 _ [SE®) G| 1_ (G — (¢ _ ) ‘ul . U’L}Z‘ . (3-10a)
a-g ¢ — ¢ ’
q ~ 2nsech(m + a1 + ¢r9)e” 1u{2}1 q =~ 2y sech(y + an)e 92u,
solito \ soliton-2
t ;' interaction ‘.

. range

solito / \ton 1

q = 2y sech(Ty + az + ¢ra)e " Pupy q =~ 2 sech(y + oy )e Oy

Fig. 1. Two-soliton collision.
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Uy = —¢12C1 Cg{ {1}2+§ g* (U{1},2~UJ{)U1}a (3-10b)

Cl CQ
Ufo) ] =€ —¢12 Z — 2 {U1 Z : 2 ( uhm) u{l}g} . (3-10c¢)

Owing to the lack of symmetry under the exchange of 1 and 2 (even after
a change of the vector notation), this new form of the collision laws is not
useful in studying the factorization problem. On the other hand, it is of prime
importance in explicitly showing that a two-soliton collision can be expressed
as a mapping from the initial state to the final state. Moreover, using (3-10), we
can easily check that if |u;| = Hu{l}’QH = 1, then |ug| = 1. This verifies that
for any unit vector u;, the mapping us — w1} o in Theorem 3.1 is a bijection
on the unit sphere. We use this fact in §5 to prove the Yang-Baxter property
of the mapping (3-10).

§4. Asymptotic behavior of the IN-soliton solution

In this section, we compute the asymptotic forms of the IN-soliton solution in
the limits ¢ — Foo and simplify them as much as possible. Extensions of some
techniques applied to the KAV equation are used.33)3%)

We first rewrite the N-soliton solution (2-9) before considering the limits ¢ —
Foo. We use the tilde to denote cofactors. For instance, the cofactor Ukj is obtained
by deleting the k-th row and the j-th column from the determinant of U and multi-
plying it by (—1)**7. Using the definition of U given in (2-10) and the multilinearity
of determinants, we can rewrite (2-9) as

q(z,1)
5 N XN
T
:detUZZ ke Uk
J=1 k=1
2 ~ i©1 g iOn
:detU[( 1n+---+Uin)e u + (Un1+ -+ Unn) UN}
1 1 1
:diU Un U.22 Uan Oy,
e
Uni Un2 -+ Unn
Ui U - Uin
+oe : : : e ONuy
Un-11 Un-12 - Un-in
1 1 1
N eTk"FOCk N .
S NN I = I S
et n=0 2<j1 < <jn<N k=2 "Mk by ln=1

k51, dn
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(i ten )4i(0r,—0;,) | Ml Aan A

XX e e ©1y,

N-1 N

ot Nz:l Z H o™ Z o~ (1,01, )+i(0, =6;)

n=0 1<j1<<jn<N-1 k=1 Iy, ln=1
k#.jlf" 7j7l

Njjili 7 Njigeli AINL

eTk+Oék

- (Tln +aln )+1(eln _ejn )

X - X e e_leN'UlN

)\jnjlln e Ajnjnln )\jann
1 e 1 1

(4-1)
Similarly, we can rewrite the determinant of U as

det U

N
Te+ag .
67 ef(TllJrall)‘i»l(@ll*@jl))\. »
27716 § : J1J1t1

J1=1 k;:l I1=1
N

Z e~ (T +au ) +i(O1, =65 ) o= (715 +01, ) +1(01, =05,

1<ji<j2<N l1,l2=1

X‘ Njujali  Ajijaly ‘
J2jile jajale

N
ot Z o~ (T +01)+i(01, =01) || (= (i +aiy)+i(O1y —On)

l17... 7ZN:I

M, 0 ANg

ANly " ANNIy
N

_ i Z ﬂ o Z o~ (11, +0u,)+i(61, —6;;)
k

n=0 1<j1 <--<jn<N k=1 Iy, ln=1
k#j1, Jn

eTktak

Nipids 0 Ajignly

_(Tln ta, )+1(@ln _e]n )

X oo Xe (4-2)
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Here, we note [cf. the definition of Aji; (2-11)] that the quantity

(uj - uf) (ujr - wf)2m (u; - uf)

Uy = —
a-¢ T G- -G -¢)

is invariant under interchange of the subscripts j and j’. Thus, we have

T T
(o) ()

* J x 7] -

G =G G — ¢
This shows that if u; # 0 or u; u; # 0, the two vectors (A\jiz, Ajar, - -+, Ajni) and
(Ajries Ajra, - -+ s Ajrvie) are linearly dependent. In the case that w;s u; = u; ulT =0,
according to (2-11), both vectors become zero. Therefore, the determinants in (4-1)
or (4-2) contribute only if [1,--- ,[, are all distinct. This fact is a generalization of
the relations (3-3).
Next, we assume that

§1(=Re(1) > &(=Rel2) > --- > En(= Relw),

and investigate the asymptotic behavior of g(z,t) in the limits ¢ — Foo. This is
accomplished by identifying the dominant terms in the numerator of (4-1) and its
denominator (4-2). We here note the relations 7;/n; = 73 /ni + 8(&; — &)t.

In the limit t — —o0, we have

E<<E<<...<<T_N'
m 2 1IN
In this case, we have to consider the following N regions (17)—(N~) separately. It
is easily seen that q ~ 0 in all other regions.
(17) finite 7, 72, -, 7N — +00
In this case, the dominant terms are those which contain the factor ™7~
Then, using the relation A11; = 1/(2n1), we obtain

N ekt ) —i0

q : T « T (e
H{qul < ;:yrk £+ (Hljcvzz : S;k k) e~(mter) )\,
= 2ny sech(m + al)e*iglul. (4-3)
(Tl_) Ty, ,Tpn—1 — —0OQ, ﬁniteTnu Tn+1,"‘,TN—>+OO, n:277N_1
Here, the dominant terms are those which contain the factor
e T T Tm=1F a1t TN Then, those in the numerator of (4-1) are

N Tk+()tk
H - g ef(TlJro‘l) e e*(Tn—1+ozn_1)ei(®j,@n)
z 20
=n+1 {l1,ln—1}

={1,n—1}
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A1l e Alnly
Aj—11  Nj—inl_y o
x 1 : 1 e 1Oy,
Aj+11y;, o Ajinl
)\nlln,;l to )\nnln,1

while those in the denominator (4-2) are

N rpton,
HL Z e—(mta1) | o= (Ta-1+an—1)
Py 2
=n {ll,'",ln71}
:{1,,7’1,—1}
A1 E AMn—11
y )
A—11ln1 " An—ln—1la_s
N ety A, Ay
+ H Z e~ (Tita1) | | o= (Tntan) : ' :
henin 2Tk
=n+ {l1,ln} >\nlln T /\nnln

={1,n}

As a natural extension of (3:6), we define ¢;,4,...;, for distinct positive integers
z‘171‘27’ T 7ip by

>‘i1i1l1 e )‘ilipll

1
e_2¢i112-~'ip = )\ — )\ — Z E '-‘ E . (4'4)
i R g | 4

:{ily'" sip

ipitlp ipiplp

We should note that ¢;,;,...;, is symmetric with respect to permutations of the
subscripts 1,42, -+ ,ip. We prove below that ¢;4,..;, can always be taken as
real. In terms of ¢, 4,..;,, we can express the asymptotic form of g in this region
as

q = 21 sech(T, + oy + G1o.p — P12 p_1)e OneP12nTOIZ 1

A1, Anly
1 n /\j—lllj,l >‘j—1nlj71
e nerererd DD DI N R
111 n—Iln—1n—1 — A\ e A
=1 {1} j+111; J+1nl;
:{17777/_1} . .
)\nlln,l T )‘nnlnq

(4-5)
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(N7) 71,-+ ,TN—1 — —00, finite 7
Here, the dominant terms are those which contain the factor e~ ~™¥-1_ With
calculations similar to those in the case (n™), we obtain the asymptotic form
of g given by (4-5) with n = N.

In the limit ¢ — +o00, we have

sy IV
m N2 NN
In this case, we have to consider the following N regions (NT)—(11) separately. It
is easily seen that g ~ 0 in all other regions.
(NT) 7, ,7y_1 — +oo, finite 7y
In this case, the dominant terms are those which contain the factor e™+T7n-1,
Then, using the relation Ayyy = 1/(2nn), we obtain

— Tk to _j
2( gL k)e ONuy

q~ 2,
TN ekt N-1 k4% \ —(ry+an)
[lim1 = + ( k=1 2 ) € ANNN
= 2ny sech(7y + aN)e_iQNuN. (4-6)
(n™) 71, , o1 — 400, finite 7., Tpi1, 0, TN — —00, n=2---,N—-1
In this case, the dominant terms are those which contain the factor
et m-1=Tn1==7N  Then, those in the numerator of (4-1) are
N /ol et
92 Z H © Z e~ (Ttitantt) | o —(TN+aN)i(©;—6n)
— \ L 2
J=n \k=1 {1, IN—n}
)\nnll e >\an1
Nj—1nlj_, " Aj—1Nl_, o
X 1 1 e iuy,
>\j+1nlj7n+l T >\j+1Nlj7n+l
ANniy_, " ANNiy .,

while those in the denominator (4-2) are

E e n+4 n-+4 .. e

k=1 {li,IN=n}
Anlndlly "0 AngING
y . .

ANn+liy_, °° ANNiy_n
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n—1 +
+ (H eT; Oék) Z e—(Tn—l-Oén) .
e {l1, N —nt1}
:{n7 7N}
)\nnll
% .
AanN—n-&-l

. e_(TN+aN)

ANNIN i1

In terms of ¢;,4,...;, defined by (4-4), we can express the asymptotic form of g

in this region as

q =~ 2ny, Sech(Tn + an + dppr1-N — ¢n+1n+2mN)e_19ne¢nn+l»~N+¢n+ln+2-<-N

)\nnll )\an1

1 N Nj—1nlj_p Aj—1N_p

‘s —> ¥ i TR P
n+ln+ln+l """ ANNN
J=n (g Inen} | Ao AJHINL i
={n+1,-,N} . X

ANnly_» ANNiy

(4-7)
(1+) finite T1, T2, ,TN — —0OQ

In this case, the dominant terms are those which contain the factor e™27 77N,

With calculations similar to those in the case (n™), we obtain the asymptotic

form of q given by (4-7) with n = 1.

We now simplify the above asymptotic forms by using the following definitions:

i
Cik = 7% djk =

Gk — ¢

H (uy-uf).

J

(4-8)

According to the definition of Aji (2-11), we have Aji = 2mcidj;. Then, we can
rewrite the definition of ¢;,i,..;, [(4-4) with p — n] in a factorized form [cf. the

paragraph below (4-2)]:

n
=1 l1=i1,"+ ,in ln=t1,"",in
n diyiy -+ diyiy,
2 . .
= H(2772'L) X : . :
=1 dinil R dinin
Here il,ig, te

Ciyiy

Cilin

277l1 Cillldilll

211, Ciy 1, il

inlcinll dilll

2, Cinln dinl

Cinil

Cinin

,in, are distinct positive integers. For any nonzero vector (y;,, - - -

(4:9)

7yin)a
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dilil

int1

dllln y’bl
dlnln y’Ln
oz i ( uf) i

. k=G F

= Z / (GG (uy -l ) gy

J.k=t1,- i
- 2
:/ Z e yjuj| dz
0 Mj=i,in
> 0.

Thus, the eigenvalues of the underlined Hermitian matrix are all positive. This
proves that the second term on the right-hand side of (4-9) is positive. Considering
the special case in which all the vectors w;,,--- ,u;, are identical, we can prove the
same for the third term in (4-9). Therefore, the right-hand side of (4-9) is positive,
and ¢;,i,...i,, can always be taken as real. In the same way as for (4-9), we can rewrite
the second line of (4-5) or (4-7) in the following factorized form:

)‘ililll e )\ilinll

1 n )‘ij—lillj—1 o )‘ij—linlj—l

X : § 1 ... 1 u;,
118191 In—1ln—1ln—1 ;1 {1, 1} )‘ij+1i1lj )‘ij+1inlj
={i1,,in-1} . .
)\inillnfl o Aininln,1
n—1 n
=[Ten) <> >

=1 J=11l1=t1, ,in—1

lp—1=%1,"*

20, iy diy e 20, Cipt diyly

20 Cily 1 iy _y1; 4
1

7in71 277[jci1ljdij+1lj e 2nljcinljdij+1lj

2,

2005 Cinly_1 iy 11,4

1 ui].

lcilln—ldinln—l e 2nln—1cinln—1dinln—1
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di1i1 T di1in71 0
’ : Ciriy o Ciniy
n—1 n dij71i1 s dij—linfl 0
H2ml x ) 0 0 1 |x u;,
=1 j=1 dij+1i1 . dij+1in71 0 Citin_1 e Cinin_1
1 1
diniy -+ iy, 0
Ciiy e Cinit

n—1 dilil dilinfl Uiy

H (27721) : : x - (410)
Cilin71 e cininfl d’inil [ d

1 1

~

—

- Inin—1 uin
The last determinant, which contains vectors in its last column, represents a vector
defined in terms of the Laplace expansion with respect to the last column.

We can simplify the asymptotic forms further by noting some relations between
the conventional determinants in (4-9) and (4-10). We have the following lemma:

Lemma 4.1. The following equalities involving determinants hold:

Ci - Ci s
1111 inil nl e Civiy - Ciry i
2 in . . .
= H L x : . : (4-11)
L% : . . s
cilin71 PR ci7lin71 =1 C’Ll Czn o o ) )
1 . 1 Citin—1 Cip_1in_1
Ciyiy t Ciniq
Cirin " Cigiy
. . . H (Cln C’Ll) : :
: - : o X , (4-12)
Hl:l(C'Ln - Cll) Cilin—l L Cinin—l
Cilin e Cinin 1 o 1
Ciyiy e Ciniy . n—1 2 Ciyiy e Ciy_111
T 1 H Giy — Cin " "
Ci Czl
Cilin e clnzn " Z" =1 1’” c7;12’1171 o Cinflinfl
(4-13)

Proof. We can prove (4-11) by subtracting on the left-hand side the last column
from each of the other columns and using the relation

C!(_Cn

Cik — Cnk = ik
j n cj
Cr — ¢

Similarly, (4-12) is proved by subtracting on the left-hand side the last row from each
of the other rows and using the relation

Cn — Gk Ck

Cjk — Cjn = C C*
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(4-13) is a direct consequence of (4-12) and (4-11).

Taking the sum of (4-3) and (4:5) (n = 2,---

O

,N), or (4-6) and (4:7) (n =

1,--+, N —1), with the help of (4-9), (4-10) and Lemma 4.1, we finally arrive at the

following proposition.

Proposition 4.2. The asymptotic forms of the N-soliton solution of the Manakov

model (1-1) are as follows:
ast — —oo,

N
q= Z 20, SeCh(Tn +ap + ¢{1,~-~ ,n—l},n)e_lenu{l,m n—1}n)

n=1
as t — +o0,
N
q~ Z 21n sech(Tn + o + ¢{n+1’,_, 7N}’n)e—1®
n=1
Here ¢y .. in 1y, and Wi g0 1y, are defined for
il) T 7in—17in by

e—2¢{i1,~-~ sin—1hin = 6—2(¢i1-~-in,1in —Piqipy_1)

nu{n-l-l,"' 71\7}777‘-

distinct positive integers

diyiy diyiy,
n—1 2 ’ ’
=1 C'Ll in d2111 dllznfl
dii, :
dinflil dinflinfl
(4-14)
and
WULiy o in—1}in
Aivinly Aivinly
e¢>z‘1~~¢n,1in+¢i1mz‘n,1 n )\ij—l’illj—l )\ijflinljfl
= \ 2 ! ' o
119191 © 7T Mp—19n—19n—1 ,_ L .
nEEmTE TR =1 Iy 1} )\2j+111lj )\’Lj+1lnlj
:{ily“'yinfl} . .
)\inilln—l Ain’inln_l
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dilil T dilin—l Uiy
nol % di o o dis U
_ e¢{ilv”"in—1}vi’ﬂ 7 z*n % Inll Inln—1 in (4.15)
=1 Cil - S, dilil T dilinﬂ
dinflil T dinflinfl

When the set {i1,--- ,in—1} is empty, the definitions (4-14) and (4-15) should read
e 21 =1 and Uy = Ui

We prove in the next section that wy;, . is always a unit vector, i.e.

winfl}ﬁn
HU{i17...7in71}7inH = 1. This ensures that an N-soliton collision does not change
the amplitudes of solitons. The vector wy; .. ,,—1},, gives the polarization vector
of soliton-n before an N-soliton collision, while wy, 1. N}, gives that after the
collision. Using the definition

—i0

(4-16)

Qs o i b = 20 560 (Tiy, + Qi+ By 1)) €T UG

'Jnfl}ﬂn7

we can diagram the asymptotic behavior of the N-soliton solution in the simplest
is symmetric with respect to

way (see Fig. 2). We should note that qg, .. ; 1.,
d{2,.. N} 1 d{n+1,.. .N}n qdiy N
1 n N
t ’ interaction \,
AN range S/
N n 1
d{1,..N-1} N d{1,..n-1}n d{11

Fig. 2. Asymptotic behavior of the N-soliton solution.

220z 1snbny 9| uo1senb Aq 626806 1/1L5L/2/1 L L/elone/did/woo dnoolwepese)/:sdyy woly pspeojumoq



N -Soliton Collision in the Manakov Model 173

permutations of iq,---,4,_1. The last subscript 7,, denotes the soliton’s number,
which is, of course, time independent. The significance of the other subscripts,
i1, ,in—1, in { } is clarified in the next section.

§5. Factorization of an IN-soliton collision into a superposition of pair
collisions

In this section, on the basis of the collision laws of two solitons presented in §3,
we examine the asymptotic behavior of the N-soliton solution obtained in §4. We
conclude that an N-soliton collision in the Manakov model (1-1) can be factorized
into a nonlinear superposition of pair collisions in arbitrary order.

We first prove a lemma needed later to compute the Hermitian product of

ULiy o yin—1},d and WUliq,n yin_1},k

Lemma 5.1. For any set of unit vectors u;,,--- ,u;,_,,u;,ur and dy defined by
(4-8), the following equality holds:

dilil e dilin—l Uiy dilil e dilin—1 Uiy
dinflil e dinflinfl uinfl dinflil e dinflinfl uinfl
djiy o iy u; iy o driy, W
d: di s di1i1 dilin,1 dilk
* Q141 110n—1
Ce — Cj
= —F)X : .. : X ’ ’ ’
1 d: ) e ds ) din—1i1 T din—lin—l dinflk'
Tn—111 In—1Tn—1
djil .. djin71 dj
(5-1)
Proof. In the proof of this lemma, we use D to denote the last determinant in
(5-1):
dilil e dilin_l dilk‘
D=
din—1i1 T din—ﬂn—l dinqk
djil .. djin71 d]

We express minor determinants obtained by deleting one row and one column of D
as

dilil to dilinﬂ
i dilflil T dizf1in71
D E| T dil+1i1 T diz+1in71 )
dinflil T dinflinfl
djiy 0 djiyy
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. dilil t dililfl dilil+1 T dilin—l di1k‘
D[ J } _ ) . . . . ’
1
din—1i1 t din—lil—l din—1i1+1 T din—lin—l dinflk

dilil T dilinfl

dinflil e d’inflinfl

Using these abbreviations and the Laplace expansion of determinants, we can rewrite
the left-hand side of (5-1) as

n—1

Lh.s. = ;(—1)"”1){ Z’ ]uip—l—D{ i ]uj
S }u olil)
ZnZ:MZl( 1)“‘@{ ip { GGG *)}d
e k ipiq
+§( 1)"+QD[ ! ]D[Z‘? ] (G, — 1 dﬂq
= g
+n§( 1)n+pD[ i }D[ j } . {(ck—c*) l(c‘* *)}dzpk
p=1
+D[ }1 }D[ }” (Ck;q)d]k

+§<—1>"“’D{ R e Tf(‘w”)[ ! 0| 1 ]

q=1

[ # 1%=D IS Cyyerpl 0 V4 pl 9 ]
TPk T 1) R L
p=1
B diyiy, 0 digi,_y diyi,
— ( )n+qD|: :| (Czq C) : : :
q=1 Zq ! din—lil e din—lin—l din—1’iq

djiy, 0 dyi, dji,
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X diviy, o diyi,_y di ke
n— * *
1 (Cj -G ) : :
+ (_1)n+pD|: P :| i P
p§=:1 k 1 dinflil T dinflinfl dinflk
digiy = digip 4 dik

+D[HMD.

1

It is easily seen that in the last expression, only the last term remains. This is the
right-hand side of (5-1). O

Corollary 5.2. The wvector wy, .. ;, 14, defined for distinct positive integers
i, yin—1,1n by (4-15) with (4-14) is a unit vector, i.e.

gy, iy || = 1

Proof. Using Lemma 5.1 in the special case j = k (= i,,), we have

2
Hu{zlv 72.71*1}72.71 H

_ T
= ULy, in—1hin "Wy 1 )i

dilil T dilin—l
dinin : . :
n—1 x 12 n—1, ~x * 12
_ Gir — Gy, % Qi _yiy -+ iy _yiny % it~ Sin
- . —_— . . . . . . —_— *
=1 C’Ll Cln dllll U d'll'ln =1 Czl in
digiy -+ diyi,
, o | Qi i,y T
1
dip yiy 0 i qin oy || Digin 0 digiy,
X 2
dilil e dilin—l
din—lil T din—ﬂ'n—l
=1 O

We are now able to apply the collision laws defined by Theorem 3.1 to the two-
soliton collision in which soliton qy;, ... ;. _, j} , overtakes soliton qg;, .. ;. 1 ; [cf. the
definition (4-16)]. Here, i1,--- ,in—_1, j, k are distinct positive integers.

Proposition 5.3. The two-soliton collision in which qg, .. ;. . jyr overtakes
Qi ... in_1},; Changes these solitons to qg, ... ;,_\yk and Qg ... 5, ky.j» @S shown in
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Fig. 3. According to Theorem 3.1, this is equivalent to the following set of equalities:

e—2(¢{i1’,,, iin—1:d bk TPy 7in71}7k) — e_z(d){ilr" im—1K ) TPy 17;7171}’-7') (5’2&)

g—@2{ (G = GGk = G) . >
- IS iy ga| pr (52D)
G =G 6= ¢ ek
g G — G
Wiiy o i1 Yk = ePlitvin 1.3 bk TPl i1 bk 2D . {u{il,m,inl},k
Cj - Ck
Cj - C; T
- C] — CZ: (u{llv 77;7’14*1}7]{: ’ u{’Ll, ,’in_l},j) u{zlv 7in71}7j ? (5.3)
_ oPlig, i =P Lig, i C’j_g<
Ul i1k} = © {ig,vip_1,k},0 = Plig, o vin_1}.d - 4]* {u{il’,,, sin—1}j

G — G t
- Cr — C]* (u{i1,---,in—1},j ’ u{il’...,inil},k) Uiy i1 bk (- (54)

Proof. Throughout this proof, we employ the following notation in order to express
determinants compactly:

dj1k1 djlkz djlkl

p Juidas e d ) L djgky  djoky ik,
]ﬂ,kz,"',kl - . . .. :

djzkl djzk2 djzkz

To prove (5-2), we first rewrite the left-hand side of (5-2a) as

6_2 (d){ilv"' vin— 1,33k~ PLig oo vinfl}’k)

, d(;l’“' ’Z:nl’]:’z>d<7%1"” 77%n1>
" '17... ,Z'n—laj‘a ‘ 217...‘7271_1 ’ (5.5)
a( ()
i1, =1, ] i, -1,k
using the definition of ¢, .. ;. 13y, (4-14). Obviously, the right-hand side of (5-5)
is symmetric with respect to interchange of j and k. It follows that the equality
(5-2a) holds.

Next, we prove the equality (5-2b). Using the definition of uy;, .
and Lemma 5.1, we obtain

¢ — Ck
G — G

" 7in71}7in7

e (e (N ey
L&@—gx;—m

d Zl7 7in—17j

* . .

C]C_CJ 11, 77’n—17k

X - X .

1 PR
d ‘17 7‘TL 1
11, 5 tn—1

) , ot — oPLit, e in_1 3T PLi i1}k
u{llv"',lnfl}ﬂ u{il,-",infl},k =e " " X

(5-6)
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Multiplying (5-6) by its complex conjugate on each side, we obtain, with the help of
(4-14),
P
2 Kk - Cj |
(G = GGk — <)

1, 5 in—1,] i1,y in—1, K
d| . . dl| . . .
Zl:"'aln—lak 1, 5 in—-1,]
ily"‘7in—17j il?”'ain—lak
d| . . |l d| . :
11, 5 in—-1,] 117"'7/Ln—17k

Then, we can rewrite the right-hand side of (5-2b) as

T
Wlir,sin—1}d " Wiy, in 1 1k

X

. 2 . (¥ —(* 2
G CI: {1 N (G — ¢ ) (Ck : Gi) ‘u{il,-~~,in—1}7j '"Ll b }
Cj_Ck ’CJ—C;Ck‘ T s
1,0 in—1,] i,y in-1,k
d| . . dl| . . .
_ C]_Ck 2 1— (Zlu"'yln—hk) (117"'7/LTL—17]> (57)
Cj_C]t d ilv"' ain—lmj d /i17"' 7in—17k
1,0 in—1,] i,y in—1,k

Here, thanks to the Jacobi formula for determinants, we have
d<7’17 a?n—lu]: > d</Lly 7/L:n—17k>
1, 5n—1,] 11, ,anl,kf
. il?"'yinflaj d ila"' ainfbk
il?”' 7in—17k il)”' 7in—17j
oy (e, 59)
11, " ,in—1 11, 7Zn—17]7k'
Thus, (5-7) is equal to (5-5). This completes the proof of the equality (5-2b).
To prove the equality (5-3), we need to extend the Jacobi formula (5-8). We
remark that, although the matrix elements d;; here are given by (4-8), the two sides
of (5-8) are equal as a polynomial for general elements d;;. Therefore, maintaining

the validity of (5-8), we can replace the columns with index k by columns consisting
of the vectors w;,,--- ,u;, ,,u; or uy:

di1i1 dilinfl Uiy
d(gl,---,zjn_l,j> I s
u, »In—1,] dinflil e din—lin—l Wi,y
diiy - dkiy_y ug,
dilil e dilin—l Uiy
_d<g1,---,z'_n_1,/§> T
11, yn—1,] din—lil ce din_1in—1 Wi, _4

djiy o djipy Uy
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diyiy 0 diyiy .y diyy ug
7:1 . in—l . T . . .
=d| .7’ e . . . . . . . . 59
G G iy viy 0 dig yin s dip 45 Wi, 4 (5:9)
1 s tn—1
dji, - dji,, djj u;
diiy - dki, dyj uy,

We rewrite the right-hand side of (5-3) using (4-14), (4:15) and (5-6) (with j < k)
as

G —Ck
ed’{il,.”,inlvﬂ,kd){il,-u,inl},k]—k{u{il "
* vt yin—1},
Cj - Ck
. (*
S N O )t }.}
* i1, in—1}, i1, in—1}.] i1, yin—1),]
¢ — Ck n {1, in—1},J n
* _ pxn—1 sx x
— e¢{i1v"'vin71vj};k X Cj k ) <k X 1
C]_Ck; 1—1 C’Ll_Ck d 1, 5 lin—-1,] d 11, 5 ln—1
1, 5 in-1,] 11, ,ln—1
dilil e dilin,1 Uiy
x d(il,---,z'n_l,j> P z
M in-1g dipyiy 0 i gipy Wi,
diiy 0 dki,_y ug
dilil e dilinfl uil
_d<z‘1,---,z'n1,k:> S : :
M in-1g dipyiv 0 i qipy Winy
djiy 0 iy U

Owing to the extended Jacobi formula (5-9), this is equal to wg, .. 5, j}. [cf. the
definition (4-15)]. Now, the proof of the equality (5-3) is complete. The proof of the
equality (5-4) is obtained by interchanging j and k in the proof of (5-3). O

Proposition 5.3 is applicable to two-soliton collisions satisfying the following condi-
tion:
e Before the collision, the set of subscripts in the left-hand soliton’s { } is equal
to the entire set of subscripts of the right-hand soliton: {i1,--- ,in—1,7} =
{’il, s ,’L'nfl} U {]}
We also note the following properties (cf. Fig. 3):
e After the collision, the set of subscripts in the left-hand soliton’s { } is still

equal to the entire set of subscripts of the right-hand soliton: {iy,-- ,i,—1,k} =
{il, R ,in_l} U {k}

e The entire set of subscripts of the left-hand soliton is unchanged: {i1,--- ,ip—1,75}
U {k} - {ilv T 7in—1ak} U {j}

e The set of subscripts in the right-hand soliton’s { } is unchanged: {i1,- - ,ip—1}

= {ir, -+ yin1}
e The overtaken soliton’s number is removed from the overtaking soliton’s { },
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iy, in_1.k}j iy, in_1}k

soliton- | soliton- k

J
i / interaction |
. range

sol ton/ \o iton-j

q{ilw"ﬂ:n—luj}ak q{ilw"ﬂ:n—l}uj

Fig. 3. Two-soliton collision in the presence of other solitons.

while the overtaking soliton’s number is added to the overtaken soliton’s { }.
We are now able to state the main result of this paper.

Theorem 5.4. An N-soliton collision in the Manakov model (1-1) can be factorized
into a nonlinear superposition of (g) pair collisions in arbitrary order.

Proof. According to the asymptotic behavior of the N-soliton solution as t — —oo
(see Fig. 2), solitons-NV, - --, 1 are initially distributed along the z-axis as

q{L... 7N—1}7N7 e 7q{17"' :n_1}7n7 T ’q{ }71'

We take this initial state as the point of departure and assume that the solitons collide
e . . .. Ny _ N(N-1) ,.
pairwise in a given order. Then, a pair collision takes place (2) = ——5— times.
What will the final state be under this assumption? To answer this, we note the
following two points:
e The set of subscripts in each soliton’s { } is always equal to the entire set of
subscripts of the next soliton to the right. This ensures that Proposition 5.3 is

applicable to every pair collision.
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e Soliton-n will overtake solitons-1, ---, n — 1 and will be overtaken by solitons-
n+1,---, N.
We see that, regardless of the order of the pair collisions, solitons-1, - - -, IV are finally

distributed along the x-axis as

q9{2,... N}1>" " »9{n+1, N}n> " >4{},N"

This final state is exactly the same as the asymptotic behavior of the N-soliton
solution in the ¢ — 400 limit (see Fig. 2).
Q.E.D.

Remark 1. Theorem 5.4, together with (3-10), demonstrates that the initial state
of N solitons uniquely determines its final state. That is, an N-soliton collision de-
scribed by Proposition 4.2 defines a mapping from the initial state to the final state.
This fact is not evident from Proposition 4.2.

Remark 2. We can now prove that the mapping (3-10) satisfies the property (b)
or, equivalently the Yang-Baxter property (b’), as stated in the introduction. It is
sufficient to verify the following:

The initial polarization vectors of N solitons (wfy.. n—1},n," " ,u{},1) given in
Proposition 4.2 can be made to coincide with any combination of IV unit vectors in
C™ by appropriately varying the bare polarization vectors (up, -« ,u1).

This is easily verified if we consider the order of the pair collisions such that every
soliton experiences the bare polarization u, ;(= u;) once and inductively use the
fact that the mapping ug — u(y} o in Theorem 3.1 is a bijection on the unit sphere.

Remark 3. The validity of the Yang-Baxter property allows us to extract a new “set-
theoretical” solution to the quantum Yang-Baxter equation (cf. Refs. 15) and 16)).
To be more specific, regarding (3-10) as the mapping (u{y,9,u1) — (U2, Ufay 1), We
obtain a nontrivial solution to the parameter-dependent Yang-Baxter equation for
mappings that act on the direct product of two (complex) unit vectors. Naturally,
we can extend this solution further by adding information concerning the center po-
sitions of solitons. However, this extension is not very intriguing, because the net
change wrought by the mapping does not depend on the added information.

§6. Concluding remarks

In this paper, we have investigated soliton collisions in the Manakov model
for the general case of m components (1-1) using a straightforward approach. We
first derived the general N-soliton solution of the Manakov model from that of the
matrix NLS equation (2-2) through a simple reduction.'” We considered the limits
t — Foo for the N = 2 case and obtained the collision laws of two solitons in the
Manakov model. Next, we considered the same limits for the case of general N and
obtained the asymptotic behavior of the IN-soliton solution. We were able to diagram

the asymptotic behavior in the simplest way in terms of the quantity g, . ;. 1.,
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defined by (4-16) (see Fig. 2). Taking advantage of this, we proved with a simple
combinatorial treatment that an N-soliton collision in the Manakov model can be
factorized into a nonlinear superposition of (];7 ) pair collisions in arbitrary order.
This clears up the longtime misunderstanding that multi-particle effects exist in the
Manakov model.

This result is far from trivial in the m > 2 case. In the m = 1 case (scalar NLS),
all the soliton parameters that play an essential role in the collision laws (in the
notation of this paper, (1,2, - ,(y) are invariant in time. A pair collision results
only in a displacement of the soliton centers and a shift of the phases, which will not
change the effects of future pair collisions. Thus, a superposition of (];[ ) pair collisions
gives the same results for every order of the pair collisions. It is not difficult to prove
in this case that an N-soliton collision reduces to a pair collision.’®12) In contrast,
in the m > 2 case, a pair collision results in a change of the polarization vectors. This
changes the effects of future pair collisions completely. Therefore, it was not obvious
before the present work that a nonlinear superposition of (];[ ) pair collisions gives
the same results for every order of the pair collisions or that it exactly coincides
with an NN-soliton collision. The key to proving these facts is a highly nontrivial
relation among determinants and extended determinants, given in Lemma 5.1. This
implies the possibility that some new relations similar to Lemma 5.1 can be obtained
through the investigation of soliton collisions in multi-component integrable systems.

Very recently, Steiglitz and coworkers®®)37) proposed that soliton collisions in
the Manakov model can be utilized to carry out any computation with beams in a
nonlinear optical medium (see Ref. 38) for the experimental foundations). We be-
lieve that the results obtained in this paper will be useful to refine and reinforce their
interesting idea. In particular, Theorem 5.4 supports*) their hypothesis on the pair-
wise nature of soliton collisions and Proposition 4.2, together with Proposition 5.3,
provides a hint on how to design optical logic operations more simply and reliably
than the method proposed in Ref. 37).
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