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Nanomechanics of Carbon Tubes: Instabilities beyond Linear Response
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(Received 22 September 1995)

Carbon nanotubes subject to large deformations reversibly switch into different morpholo
patterns. Each shape change corresponds to an abrupt release of energy and a singularity in th
strain curve. These transformations, simulated using a realistic many-body potential, are explai
a continuum shell model. With properly chosen parameters, the model provides a remarkably ac
“roadmap” of nanotube behavior beyond Hooke’s law.

PACS numbers: 61.46.+w, 02.70.Ns, 46.30.Lx, 85.40.Ux
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It took the Daedalus’ “hollow molecules” [1] two
decades to become incarnated in a family of fullere
[2,3], remaining since then an object of keen intere
Their growth, atomic makeup, electronic and mechan
properties, doping, and intercalation are all being inv
tigated. The variety of shapes is usually associated w
embedded pentagons or heptagons, which accommo
a positive or a negative Gaussian curvature of otherw
hexagonal graphene scrolls. Small elastic deviations fr
cylindrical shape have also been observed [4]. La
findings in transmission electron microscopy of nanotu
[5–7] suggest that even largely distorted configuratio
can be due to elastic deformations with no atomic defe
involved. Such a suggestion is provocative for a graph
like material, commonly perceived as rather brittle [8
and poses important questions: What range of strain
nanotubes sustain elastically, and what kind of patte
can they exhibit under different mechanical load? It
closely related with the ultimate strength of nanotub
and their lateral stiffness when used as quantum w
or proximal probes. While direct experimental answe
are pending, a better control of the forces involved
sentient atomistic modeling can already provide use
guidelines.

Recent development of many-body interatomic pot
tials [9,10] made possible realistic molecular dynam
(MD) simulations of carbon-made systems. We carr
out such studies for nanotubes under generic mode
mechanical load: axial compression, bending, and tors
A remarkable synergism between the methods of MD a
those of macroscopic structural mechanics was found
singular behavior of the nanotube energy at certain lev
of strain corresponds to abrupt changes in morpholo
when a switch between distinct patterns occurs. Th
transformations can be explained with a continuous tub
model. With properly chosen parameters, this analyt
model predicts nanotube behavior not only at small de
mations but also beyond the linear response.

One of the outstanding features of fullerenes is th
hollow structure; they consist of atoms densely pack
along a closed surface that defines the overall sha
This should also manifest itself in dynamic properties
molecules, resembling so much the macroscopic obj
0031-9007y96y76(14)y2511(4)$10.00
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known in continuum elasticity asshells[11,12]. Macro-
scopic shells and rods have long been of interest:
first study dates back to Euler, who discovered the e
tic instability. A rod subject to longitudinal compressio
remains straight but shortens by some fraction´, propor-
tional to the force, until a critical value (Euler force) is
reached. It then becomes unstable and buckles sidew
at ´ . ´cr , while the force almost does not vary [13]. F
hollow tubules there is also a possibility of local bucklin
in addition to buckling as a whole. Therefore, more th
one bifurcation can be expected.

In application to fullerenes, the theory of shells m
serve as a useful guide, but its relevance for a coval
bonded system of only a few atoms in diameter is
from obvious. MD simulations are much better suit
for objects that small [14]. The discussion below pr
ceeds therefore in two, almost parallel, paths. First,
results of MD simulations are presented for a nanotu
under axial compression. We then briefly introduce c
cepts of elasticity of shells and show how to adapt th
to nanotubes. MD results for other modes of load f
low and are compared with those suggested by the c
tinuum model.

Figure 1 shows a simulated nanotube exposed toax-
ial compression. The atomic interaction was modele
by the Tersoff-Brenner potential, which reproduces
lattice constants, binding energies, and the elastic c
stants of graphite and diamond [10]. The end ato
were shifted along the axis by small steps, and the wh
tube was relaxed by a conjugate-gradient method w
keeping the ends constrained. At small strains the
tal energy [Fig. 1(a)] grows asEs´d 

1
2 E00´2, where

E00  59 eVyatom. The presence of four singularitie
at higher strains is quite a striking feature, and the p
terns 1(b)–1(e) illustrate the corresponding morphol
ical changes. The shading indicates strain energy
atom, equally spaced from below 0.5 eV (brightest)
above 1.5 eV (darkest). The sequence of singularitie
Es´d corresponds to a loss of molecular symmetry fro
D`h to S4, D2h, C2h, andC1. Can this evolution be pu
in the framework of continuum elasticity?

The intrinsic symmetry of a graphite sheet is hexa
onal. Since the elastic properties of a two-dimensio
© 1996 The American Physical Society 2511
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FIG. 1. MD-simulated nanotube of lengthL  6 nm, dia-
meter d  1 nm, and armchair helicity (7,7) under axia
compression. The strain energy (a) displays four singulari
corresponding to shape changes. At´1  0.05 the cylin-
der buckles into the pattern (b), displaying two identic
flattenings—”fins” perpendicular to each other. Furth
increase of ´ enhances this pattern gradually until
´2  0.076 the tube switches to a three-fin pattern (c
which still possesses a straight axis. In a buckling sid
ways at ´3  0.09 the flattenings serve as hinges, an
only a plane of symmetry is preserved (d). At´4  0.13
an entirely squashed asymmetric configuration forms
(see text).

hexagonal structure are isotropic [11,15], it can be appr
imated by a uniform shell with only two elastic param
ters: flexural rigidityD, and its resistance to an in-plan
stretching, the in-plane stiffnessC. The energy of a shel
is given by a surface integral of the quadratic form of l
cal deformation [11,12],

E 
1
2

Z Z Ω
Dfskx 1 kyd2 2 2s1 2 nd skxky 2 k2

xydg

1
C

s1 2 n2d
fs´x 1 ´yd2 2 2s1 2 nd

3 s´x´y 2 ´2
xydg

æ
dS , (1)

where k is the curvature variation,́ is the in-plane
strain, andx and y are local coordinates (see Fig. 2
inset). In order to adapt this formalism to a graphi
tubule, the values ofD and C can be identified by
comparison with the detailedab initio and semiempirical
studies of nanotube energetics at small strains [16,1
Indeed, the second derivative of total energy with resp
to axial strain corresponds to the in-plane rigidityC.
Similarly, the strain energy as a function of tube diame
2512
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FIG. 2. The critical strain levels for a continuous, 1 nm wid
tube as a function of its scaled lengthLyN . A buckling pattern
sM, Nd is defined by the number of half waves2M andN in the
y and x directions, respectively, e.g., a (4,4) pattern is sho
in the inset.

d corresponds to2Dyd2 in Eq. (1). Using the data
of Ref. [17], we obtainC  59 eVyatom 360 Jym2

and D  0.85 eV. The Poisson ration  0.19 was
extracted from a reduction of the diameter of a tu
stretched in simulations. The same value is obtained fr
experimental elastic constants of single crystal graph
[8]. One can make a further step towards a mo
tangible picture of a tube as having wall thicknessh
and Young modulusY . Using the standard relation
D  Yh3y12s1 2 n2d and C  Yh [11], one findsY 
5.5 TPa andh  0.066 nm [18]. With these parameters
linear stability analysis [11,12] allows us to assess
nanotube behavior under strain.

Consider briefly the case of imposed axial strain.
trial perturbation of a cylinder has a form of Fourie
harmonics, withM azimuthal lobes andN half waves
along the tube (Fig. 2, inset), i.e., sines and cosines
arguments2Myyd and NpxyL. At a critical level of
the imposed strain,́ csM, Nd, the energy variation (1)
vanishes for this shape disturbance. The cylinder beco
unstable and lowers its energy by assuming ansM, Nd
pattern. For tubes ofd  1 nm with the shell parameter
identified above, the critical strain is shown in Fig.
According to these plots, for a tube withL . 10 nm the
bifurcation is first attained forM  1, N  1. The tube
preserves its circular cross section and buckles sidew
as a whole; the critical strain is close to that for a simp
rod,

´c 
1
2 spdyLd2, (2)

or 4 times less for a tube with hinged edges [11]. Fo
shorter tube the situation is different. The lowest critic
strain occurs forM  2 (and N $ 1, see Fig. 2), with
a few separated flattenings in directions perpendicu
to each other, while the axis remains straight. F
such a local buckling, in contrast to (2), the critic
strain depends little on length and estimates to´c 
4
p

DyC d21  s2y
p

3 d s1 2 n2d21y2hd21 in the Lorenz
limit [19]. For a nanotube one finds

´c  s0.077 nmdd21. (3)
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Specifically, for the 1 nm wide tube of lengthL  6 nm,
the lowest critical strains occur for theM  2 and N 
2 or 3 (Fig. 2), and are close to the value obtained in M
simulations [Fig. 1(a)]. This is in accord with the two
and three-fin patterns seen in Figs. 1(b) and 1(c). Hig
singularities cannot be quantified by the linear analy
but they look like a sideways beam buckling, which
this stage becomes a nonuniform object.

Axially compressed tubes of greater length and/or tu
simulated with hinged ends (equivalent to a doub
length [11]) first buckle sideways as a whole at a str
consistent with (2). After that, the compression at t
ends results in bending and a local buckling inwa
This illustrates the importance of the “beam-bendin
mode, the softest for a long molecule and most like
to attain significant amplitudes due to either therm
vibrations [20] or environmental forces. In simulatio
of bending,a torque rather than force is applied at t
ends, and the bending angleu increases stepwise. Whil
a notch in the energy plot [Fig. 3(a)] can be mistak
for numerical noise, its derivativedEydu unambiguously
shows an increase in tube compliance—a signature
a buckling event [12]. In bending, only one side of
tube is compressed and thus can buckle. Assuming
it buckles when its local straiń  Kdy2, where K is
the local curvature, is close to that in axial compress
[Eq. (3)], we estimate the critical curvature as

Kc  s0.155 nmdd22. (4)

This is in excellent agreement (within 4%) with extensi
simulations of single wall tubes of various diamete
helicities, and lengths [6]. Due to end effects, the aver
curvature is less than the local one, and the simula
segment buckles somewhat earlier than atuc  KcL,
which is accurate for longer tubes.

FIG. 3. Bending of a tubule of (13,0) helicity, 8 nm lon
and 1 nm wide. (a) The strain energy curve (normalized
its second derivative) switches from harmonic to linear at
buckling point, while the force (dashed line) drops and rema
almost constant afterwards. (b) Beyond the buckling poin
distinct kink shape develops.
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In simulation oftorsion,the increase of azimuthal angl
f between the tube ends results in the changes of ene
and morphology shown in Fig. 4. In the continuu
model, the analysis based on Eq. (1) is similar to th
outlined above, except that it involves skew harmon
of arguments likeNpxyL 6 2Myyd [12]. For overall
beam bucklingsM  1d,

fc  2s1 1 ndp , (5)

and for the cylinder-helix flatteningsM  2d,

fc  s0.055 nm3y2dLd25y2. (6)

The latter should occur first forL # 136d5y2 nm, which
is true for all the tubes we simulated. However,
simulations it occurs later than predicted by Eq. (6). T
ends, kept circular in simulation, which is physicall
justifiable by a presence of rigid caps on normally clos
ends of a molecule, deter the through flattening necess
for the helix to form (unlike the local flattening in the cas
of an axial load).

Simulations of nanotubes under mechanical duress l
to shapes very different in appearance. At the sa
time there are robust traits in common: A deformatio
proportional to the force within Hooke’s law, eventuall
leads to a collapse of the cylinder and an abrupt cha
in pattern, or a sequence of such events. The prese
of a snap-through buckling of nanotubes allows for
possibility of “shape memory” when, in an unloadin
cycle, the switch between patterns occurs at a somew
lower level of strain. A small hysteresis observed
simulations is practically eliminated by thermal motion an
can barely be caught in experiment. More interesting
video imaging of the simulations at even a low temperatu
(50 K) shows strongly enhanced thermal vibrations
the vicinity of every pattern switch, while before an
after the transition only barely noticeable ripples are se

FIG. 4. The energy of a sawtooth (13,0) tube, 23 nm long a
1 nm wide, as a function of torsion anglef (a). At f1  2.7
the cylinder flattens into a straight axis spiral (b). Atf2  7.2
the whole helix buckles sideways with a loss of the straight a
(c). It coils up in a “forced” tertiary structure atf3  8.6.
2513
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Physically, this indicates softening of the system, wh
one of the eigenvalues tends to zero in the vicinity of t
bifurcation.

Despite the very large local strain in the nanotub
we did not see any bond breaking or switching. Overa
the simulations show that graphitic layers remain high
elastic. Conversely, this conclusion, consistent with
recent detection of the patterns [5–7], serves as ano
verification of the potential [9,10] used, which thus prov
to be realistic at large strain. This abets the study ofaxial
tension,where no shape transformations occur up to
extreme dilation. Preliminary MD results (atT  50 K)
show a tube stretched by almost 40% with no damage
its graphitic arrangement. Only at this point an atom
disorder is seen to nucleate suddenly, the tube weak
and, after a pulled out long chain of atoms brea
separates into two fragments [21]. This stretchy, rat
than brittle, behavior for such a hard “material” indicat
extreme strength; it deserves further study, thorough
atomic order analysis and possibly in refinements of
potential.

An atomistic modeling of multilayer tubes remain
expensive. It makes extrapolation of the continuu
model tempting, but involves an interlayer van der Wa
interaction. The flexural rigidity scales as,h3 in the case
of a coherent, and as,h for an incoherent stack of layer
[22], sliding with respect to each other when the tube
deformed; this affects the mechanical properties and
has to be investigated.

We did not simulate tubes under hydrostatic pressu
At this scale, anisotropic lateral forces in a molecu
crystal packing are more plausible than a uniform press
[23]. Instead, one can resort to continuum elasticity a
estimate a pressure leading to an inward buckling
pc ø 2Y shydd3 [12], that is, thousands of atmospher
for a nanometer tube. However, it drops fast with t
diameter and is assisted by a flattening effect of twist
or bending [24] and by van der Waals attraction betwe
the opposite walls. Elastic collapse can thus impede
growth of single shell tubes withd . 3 nm.

In summary, our simulations show that carbon na
otubes are remarkably resilient, sustaining extreme st
with no signs of brittleness, plasticity, or atomic rea
rangements. Their peculiar behavior beyond Hooke’s l
can be well described by a continuum model: At lar
deformations an abrupt release of energy is accompa
by a reversible switch into a different morphological pa
tern. With properly chosen tubule parameters (n ø 0.19,
Y ø 5.5 TPa, h ø 0.66 Å), the critical deformations at
which these buckling events occur can be estimated
Eqs. (2)–(6). Corroborated by recent experimental o
servations [5–7], this model provides a useful tool f
fullerene studies.

*Electronic address: yakobson@ncsu.edu
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