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The natural and Marangoni convections formed spontaneously in the melt inside a two-dimensional rectangular
open boat were investigated by means of an order-of-magnitude evaluation and a numerical analysis according to
the finite difference method. A quantitative evaluation was made of the Grashof number, Marangoni number,
Prandti number and melt depth, all of which affect the interfacial velocity and the velocity distribution of the melt
convection. It was concluded that Marangoni convection as well as natural convection is important when the melt is

shallow.

Introduction

Single crystals of semiconductors, compound semi-
conductors and oxides are very important as:device
materials in -the electronics industry.- When single
crystals are grown from a melt, natural convection
due to density differences and Marangoni convection
due to- an. interfacial tension gradient at the free
interface of the melt are formed spontancously in the
melt. These convections affect the quality of single
crystals. Therefore, to grow high-quality single crys-
tals it is necessary to clarify and control the melt
convections. With this in. view, much work has been
carried out related to melt convection processes, both

_theoretical®!! ' and experimental.®’-1%1%) However,
many points remain unclear. In particular, it has been
suggested! =21 that Marangoni convection may be
important as melt convection, not only in. micro-
gravity environments but also under normal gravity,
but these investigations are not complete. Also, when
the melt convections are controlled by Lorentz force
due to the application of a magnetic field*>29 or by
the formation of forced convection due to crystal
rotation,? 71319 it is extremely important to clarify
the effect of natural and Marangoni convections on
both the velocity and distribution of melt convections
in order to determine the correct magnitude for the
applied magnetic field and also the appropriate crys-
tal rotation rate.

In the present study, the natural and Marangoni
convections in- the melt inside a two-dimensional
rectangular open boat were investigated by means of
an- order-of-magnitude evaluation and a numerical
analysis according to the finite difference method.
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This yielded a quantitative evaluation of the effects of
the Grashof number, Marangoni number, Prandt]
number and melt depth on the interfacial velocity at
the free melt interface and the velocity distribution
within the melt.

1. Analysis

The theoretical model is shown in Fig. 1. The model
considers a two-dimensional rectangular open boat
with a free interface which is heated from' one side
(Ty) and cooled from the other {(7;). The model
included the following assumptions: (i) steady state,
(i1) an incompressible and Newtonian fluid, (iii) a flat
interface, (iv) an adiabatic bottom wall and free
interface, and (v) constant values of all physical
properties except the interfacial tension in the stress
balance equation for the free melt interface and the
density in the buoyancy force term.

The basic equations and boundary conditions are
described by the following equations:

Continuity equation

du O
T 5 0 (1)
Navier-Stokes equations
m— ;
| I
. _Free Surface I
T, Tc |
4 d |9
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‘\x'u LN
s

Fig. 1. Configuration considered by analysis
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Energy equation

oT oT oT 2T 8T
~a—t~+u—a~;+v~a;=a(—a—x—2~+~5}7) “4)
Boundary conditions
(a) along the free interface; 0<x <L, y=d.
ug—z= ——g—; : —g-)? (5)
r=0, o&7/0y=0 (6)
{(b) along the bottom wall; 0Sx=<L, y=0.
u=r=0, 0T/oy=0 (N
(c) along the hot wall; x=0, 0<y<d.
u=r=0, T=Ty (8)
(d) along the cold wall; x=L, 0y <d.
u=r=0, T=T, 9

A steady-state solution was obtained from Eqs. (1)
(9) by means of an order-of-magnitude evaluation!”
and ‘a numerical analysis according to the finite
difference method. In carrying out the numerical
analysis, a 21 x 21 grid system was used in the range
of Gry=1—10° and Ma,=1—10*

2.- Results and Discussion

2.1 The effect of natural and Marangoni convections
on velocity distribution in the melt

The effect of natural and Marangoni convections

on velocity distribution in the melt obtained by the
‘present numerical analysis are shown in Fig. 2. The
arrows in the figure show the velocity vector of the
convection at each point in the melt. The results
shown in column (a) of Fig. 2 are for the situation in
which only natural convection exists; column (b)
shows the results for the coexistence of both natural
and Marangoni convections; ‘and column (c¢) shows
the results obtained when only Marangoni convection
exists. The melt convection caused by natural con-
vection circulates around the whole of the melt, the
velocity of the convection decreasing as the depth
becomes smaller (Fig. 2(a)). In the case of melt
convection caused by Marangoni convection, there is
a circulating flow near the free interface when the melt
is deep, but in the vicinity of the bottom wall the flow
velocity is low. When the melt is shallow, however,
the Marangoni convection circulates throughout the
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Fig. 2. Effect of natural and Marangoni convections on
velocity distribution in melt (Arrows show velocity vector at
each point in the meit.)

{a) only natural convection presents

{b) both natural and Marangoni convections present

(c) only Marangoni convection presents

melt, and the melt convection becomes large in com-
parison with those observed for a deep melt (Fig.
2(c)). With Marangoni convection, therefore, when
the melt is deep the existence of the bottom wall has
no effect on melt convection; but when the melt is
shallow, the shear stress of the bottom wall does have
an effect on melt convection, and the flow velocity
decreases as the melt depth decreases.

When A =1, the distribution of flow velocity in Fig.
2(b) appears similar to that of Fig. 2(a), which
represents the situation in which only natural con-
vection exists. On the other hand, when A =0.25, the
distribution in Fig. 2(b) resembles that in Fig. 2(¢),
which represents the situation in which only
Marangoni convection exists. This means that when
natural and Marangoni convections coexist, if the
melt is deep then natural convection is dominant,
whereas in the case of a shallow melt natural con-
vection is suppressed and Marangoni convection be-
comes dominant. The results shown in Fig. 2 suggest
the possibility that Marangoni convection is impor-
tant when the melt is shallow, not only in micro-
gravity environments but also under normal gravity.
2.2 The effect of natural convection, Marangoni con-
vection and Prandtl number on interfacial velocity

It is possible to classify melt convection processes
according to whether Re,>o[1] (i.e. ofinertial force]
=olviscous force]) or Re,«o[l] (i.€ ofinertial force]
«olviscous force]). Here, the symbol “0” has the
meaning of “‘the order of .

(a) When Re_ «ol[l]

When Re «e[l], since ofinertial force] <o]viscous
force],
in Eq. (2),

du ou « 0%u 0%u 0
ouE;, ov?; ovW, ov—a—y_z— (10)
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and in Eq. (3),

v Ov « 0%y 7%
o u—a—x—, 0 u?}j 0 VEQZ" 0 v—a}T (11)

Here, u and 0u in Egs. (2) and (3) are replaced by
Uy, v and dv by vy, 0t by ¢, and (T, — T,) by AT. Also,
in Eq. (2), dx and dy are replaced by L and dy
respectively, and in Eq. (3) dx and dy by 6, and 4
respectively. Here 0, is the thickness of the velocity
boundary layer along the hot-side wall, and 8, is the
thickness of the velocity boundary layer along the free
interface.

Since 1— oo under steady state,

6u/5t=0[uo/t:|“’0} (12)
vfot=olvy/t]—0 |

Also, when Re «ol[l], the viscous force influences the
entire melt, so that in Eq. (2),

oL ol Dol 5 )]

(13)
Therefore
ofd,J=0[L] (14)
Similarly in Eq.-(3), ]
old,]=o[d] (15)
Also, from Equ. (1), (14) and (15),
g =o0ldvs/L] (16)

When a melt convection is formed as a result of
buoyancy: force, (i.e. when natural convection is
dominant in the melt), the following relationship is
obtained from Eqs. (3), (15).and (16):

vo=o0[gpATd?/v)

Furthermore, since from Eq. (3), (0u/0y),-,=0,
then wu,=o[u,]. The following relationships are ob-
tained from Egs. (16).and (17):

u,=o[(gBATd*/v)d/L] (18)

(7

and

Re,=o[Gr,)] (19)

When a melt convection is formed as a result of
thermocapillary force (i.e. when Marangoni convee-
tion is dominant in the melt), the following re-
lationships are obtained by replacing 07 in Eq. (5) by
AT: : ’

u,=0[| do/0T | ATS /(L )]
=ol|6o/0T| ATy (20)

and

Re,=o[Ma,] 1)
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(b) When Re,>o[l]

When a melt convection is formed as a result of
buoyancy force, the thickness of the thermal bound-
ary layer is taken to be the boundary layer. thick-
ness.? For the vicinity of the heated vertical wall, the
terms u and Ju in Eqgs. (1)-(4) are replaced by u,;
similarly, v and-drv are replaced by vy, 0t by 1, and 6T
by AT. Also, in Egs. (1), (3) and (4), éx and dy are
replaced by 85, and d respectively. ‘
In Eq. (1),

Oufdx = ol uo/6,.] } 22)
vfdy=olvy/d]

From Egs. (1) and (22), the following relationship
is obtained for the vicinity of the heated vertical wall:

ty = 0[vyd ¢, /d] (23)

‘In Eq. (4), the order of magnitude of convective
heat transfer is: '

wOT/Ox)=0[ugAT/é; ] =0[v,AT/d], (24)
W0T/0y)=0[v,A4T/d]

On the other hand, the order of magnitude of
conductive heat transfer is:

WP T/0x?) = o[aAT/62. 1,
o 0*T/0v?) = oA T/d?] (25)
Here, since d;,«d,
olaAT|8% 1> 0[adTId?] (26)
For the thermal boundary layer since oJconvective
heat transfer] =o[conductive heat transfer], then from

Eq. (4), and Egs. (24)-(26), the thickness of the
thermal boundary layer can be described as follows:

%= olod/vo) @7

In Eq. (3) the order of magnitude of the inertial
force is given by

w0o/ox)=0luqv/dr1=0[v3/d].] (g
ode/oy)=o[v3/d]

and the order of magnitude of the viscous force,
considering Eq. (27), by

WO?0/0x?) = 0[vug /0% ] = o[ Pr(v? Jd)} ,

W2*0/0y?) = o[vry/d?] (29)
Here, in the same way as for Eq. {26),
olvei/ 3% > o[vvg/d?] (30)

Thus from Egs.. (28)-(30), it is known that for
Pro»1,

ofinertial - force] «<olviscous force] and for Pr«l,
olinertial force]» o[viscous force].

When Pr>»1, ofviscous force] =o[buoyancy force],
which leads to-the following relationship:
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vo=0l(gBATd) * Pr17] (31

From a consideration of the mass balance within
the melt,

u=0[vo(S./dr,)] (32)

Here &, is the thickness of the thermal boundary

layer along the free interface. By replacing dx and dy
in Eq. (4) by L and &y,

8%, =olaLue) (33)

Thus the following relationships can be obtained

from Egs. (31)—33):
a1/
shaTd” )12-1} (34)

us=o[u0]=o|:( I

Re,=o[Gr}? Pr~ 17 for Pr»1 (35)

and

On the other hand, when Pr«1, o[inertial force]=
o[buoyancy force], which leads to the following
relationship:

vo=0[(gBATd)""?] (36)

Similarly, the following relationships can be ob-
tained for Pr«1:

u,=olug] =o[(gfATd*)' - 1/L] (37)
and
Re, = 0[Gr}?) for Pr«l (38)

The results. of Egs. (19), (35) and (38) are in
agreement with those obtained by Ostrach.'®

When a melt convection is formed as a result of
thermocapillary force, Eq. (5) yields the following
relationship:

oluu,/o]=ol| do/0T| AT/L] (39)

Here, & is the reference thickness of the boundary
layer. When Pr>1, by putting 6=45,, because
6, 0r,, the following relationships can be obtained
from Eqgs. (33) and (39):

|8 /0T2AT 2\ 13
=0 TRl (40)

Re,=o[Mai*Pr '?]  for Pr>1 (41)

and

On the other hand, when Pr«1, by putting é=4,
because 4,6, and replacing dy in Eq. (2) by 4, the
following relationship is obtained:

82 =o[vLiug}=o[vLju,] (42)
Therefore, from Egs. (39) and (41): '
u,=o[(| 8o /0T |2AT?vj(2 L)' (43)
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Fig. 4. Effect of Marangoni convection on Reynolds num-
ber based on interfacial velocity

and
Re =o[Ma?") for Pr«l 44)

The results obtained by the present numerical
analysis are shown in Figs. 3-6; these show good
agreement with Egs. (19), (21), (39), (38), (41) and
(44).

2.3 The effect of melt depth on interfacial velocity

The effect of melt depth on interfacial velocity due
to natural convection obtained by the present numeri-
cal analysis are shown in Fig. 7. From Fig. 7,
when Re > o[l],

Re,=o[A712Gri?] (45)
and when Re, <ofl],
Re, =o0[A °2Gr, (46)

Here, A=d/L, and describes the aspect ratio.
Figure 8 shows the results obtained by the present
numerical analysis on the effect of melt depth on
interfacial velocity due to Marangoni convection.
When Re,<o[l],

Re.=o[A'* Ma,] “n
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‘On .the other hand, when Re >o[l], there is a
critical aspeet ratio, 4,. When 4 > A,, the interfacial
velocity does not depend on the melt depth, but is
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described by the following relationship:

Re,, =o[Ma;"]
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(48)

When A < A, the interfacial velocity decreases as
the melt depth decreases, and is described by

Re,, =o0[A - Ma}'® Ma??]

(49)

When A4,> A, as described in Section 2.1, the shear

stress:at the bottom wall has an effect on the melt
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Table 1. Effect of Grashof number, Marangoni number, Prandtl number and aspect ratio of melt (0 < 4 <1) on Reynolds number

based on interfacial velocity

R Re < 0[1] Re>>o[l]
€ o[Inertial force] < o[Viscous force] o[Inertial force]~o[Viscous force]
Dominant Natural convection  Marangoni convection Natural convection Marangoni convection
convection dominant condition dominant condition dominant condition dominant condition
Estimated A® - Ma, A3 Ma, f(4, Ma,) - Ma?2/3 fld, Ma;) - Ma??
—_ «ofl — ol e T wg[1] =30 1]
parameters Gr, (1] Gr, [ Gri? Gry?
Proll] —=ofd 5. Gr —olq12. o[ A2 L2 Reg=o[Ma;” (AzA)
(Si, Ge, GaAs) Re,=old™*C-Grl  Re=old"*-Ma]  Re,=old™"%Gr] Re,=olA- May* Ma2?)
(4« A)
Estimated A* - Ma 4* - Ma A, Ma)) Pri/s - pg2 (4, Ma,) - Prifs - Mq2P
parameters ) = <ol1] “»oll] ¢ S s d : 172 :
Gry Gr, Gri? Grl
«o[1] »o[1]
Pro[i] [ 425 —of 412, o f A2 P12, e f2 Re,=o[Pr7'?-MaiP] (AzA,)
(Oxides) Re =o[A G, Re,=0[A4'* Ma;) Re =ofA Pr Gry’?] Re,=o[A-pr=1%- Ma\ - Ma2?]

(A« A,)

* When A2 A, f(4, Ma,)= A"
When A< A, f(4, Ma,)= A% Ma}’®.

convection, with the effect thought to increase as the
melt depth decreases.

The above results are shown in Table 1. In Table 1,
A*-May|Gr,, f(A, Ma )Ma??|Gri?, and f(A4, Ma,)-
Pri®Mai?|Grl? are parameters used to judge
whether natural or Marangoni convection is the
dominant convection in the melt. These parameters
are not a simple ratio of the Marangoni to Grashof
number, which had previously been generally thought;
they are actually more complex, and also involve the
aspect ratio.

To evaluate the above parameters, it is necessary to
know the values of the physical properties of the melt.

In this study it was also assumed that the interfacial
tension gradient (which is the cause of Marangoni
convection) is formed only as a result of the tempera-
ture gradient at the free interface of the melt.
However, the relationship between the interfacial
tension gradient and the temperature and concen-
tration gradients at the melt’s free interface is com-
plex, and when impurities, etc. adhere to the free
interface, Marangoni convection is to a considerable
degree suppressed (the interfacial contamination
phenomenon). In future it is hoped that an assessment
of Marangoni convection can be performed that takes
into account the effects of the interfacial contami-
nation phenomenon.

Conclusions

A theoretical consideration of ‘the natural and
Marangoni convections in a melt inside a two-
dimensional rectangular open boat using an order of
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magnitude evaluation and.a numerical analysis ac-
cording to the finite-difference method led to the
following conclusions:

1} When the melt is shallow, Marangoni con-
vection as well as natural convection is important, not
only in microgravity environments but also under
normal gravity.

2) Interfacial wvelocity due to natural and
Marangoni convections is a function of the Grashof
number, Marangoni number, Prandtl number and
melt depth.
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Nomenclature

A = aspect ratio (=d/L) [
A, = critical aspect ratio [—]
d = melt depth [m}
g = gravitational acceleration [m/s?]
Gr, = Grashof number (=gf4Td*/v?) [~
L = length of free interface [m]
Ma; = Marangoni number (=|da/dx|ATL/(v- ) -]
0 = order ]
p = pressure [Pa]
Pr = Prandt] number (= v/a} =1
Re, = Reynolds number based on interfacial

velocity (=ud/v) [—]
Reg, = Reynolds number based on interfacial
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velocity at x=L/2 (=u,,L/v) [—]
T = temperature [K]
t = time : s]
u = velocity parallel to interface [mi/s]

U = nterfacial velocity [m/s]
U, = -interfacial velocity at x=1/2 [m/s)
Uy = -reference velocity parallel to interface [m/s]
Vv = dimensionless velocity (=uL/v or vL/v) 1
v = "velocity normal to interface [my/s]
Y = reference velocity normal to interface [m/s]
“x = coordinate parallel to interface [m]

v = coordinate normal to interface [m]
o = thermal diffusivity fm?/s]
B = thermal expansion coefficient [1/K]
4T = Ty—T¢ K]
d = reference thickness of boundary layer [m]
[ = thickness of thermal boundary layer along

hot-side wall ' .  [m]
Oy = thickness of thermal boundary layer along

free interface ‘ fm]
oy = thickness of velocity boundary layer along

hot-side wall [m]
8y = thickness of velocity boundary layer along

free interface fm]
i = viscosity [Pa-s]
v = kinematic viscosity [m?/s]
P = density . fkg/m’]
I3 = interfacial tension [N/m]
{Subscripts>
C = cold
H = hot
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