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Abstract: One method to avoid vibration resonance is shifting natural frequencies far away from
excitation frequencies. This study investigates optimizing the natural frequencies of circular cylin-
drical shells using axially functionally graded materials. The constituents of functionally graded
materials (FGMs) vary continuously in the longitudinal direction based on a trigonometric law or
using interpolation of volume fractions at control points. The spatial change of material properties
alters structural stiffness and mass, which then affects the structure’s natural frequencies. The local
material properties at any place in the structure are obtained using Voigt model. First-order shear
deformation theory and finite element method are used for estimating natural frequencies, and
a genetic algorithm is used for optimizing material volume fractions. To demonstrate the proposed
method, two optimization problems are presented. The goal of the first one is to maximize the
fundamental frequency of an FGM cylindrical shell by optimizing the material volume fractions.
In the second problem, we attempt to find the optimal material distribution that maximizes the
distance between two adjoining natural frequencies. The optimization examples show that building
cylindrical shells using axially FGM is a useful technique for optimizing their natural frequencies.

Keywords: cylindrical shell; functionally graded material; natural frequency; optimization

1. Introduction

Cylindrical shells are extensively employed in various applications such as aerospace,
automobile, marine, and construction industries. They are usually exposed to dynamic
excitations, which cause vibrations and make noise. Reducing vibrations and noise radi-
ation from these structures are important issues in the early stages of structural design
process. A common technique to decrease vibrations is shifting the natural frequencies of
a structure away from the excitation frequencies to prevent resonance. Different passive
methods are employed for optimizing the natural frequencies of cylindrical shells, and
these include adjusting the thickness, adding stiffeners, and tailoring material. For example,
Alzahabi [1] shifted the natural frequencies of a submarine hull by controlling the local
thickness. The length of the hull was divided into equal segments, and then the thickness
of each segment was optimized to achieve the sought natural frequency. Nasrekani et al. [2]
studied the effect of changing the thickness, continuously along a cylindrical shell, on
its first axisymmetric natural frequency. Bagheri et al. [3] investigated a multi-objective
problem for simultaneously maximizing the fundamental frequency and minimizing the
weight of cylindrical shell using ring stiffeners. Mehrabami et al. [4] maximized the funda-
mental frequency-to-weight ratio of cylindrical shell using rings and strings. Akl et al. [5]
minimized the vibration and/or the sound radiation from under water cylindrical shells
using stiffeners. In addition to optimizing the natural frequencies, the literature about the
optimization of circular cylindrical shells with other objective functions is very wide. For
example, Biglar et al. [6] optimized the locations and orientations of piezoelectric patches
on cylindrical shells to reduce the vibration. Sadeghifar et al. [7] studied maximizing the
critical buckling load and minimizing the weight of orthogonally stiffened cylindrical shells.
Belradi et al. [8] utilized anisogrid composite lattice structures in building circular cylindri-
cal shells to optimize the critical buckling load with strength and stiffness constraints.
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Laminated composite materials are used in building circular cylindrical shells due
to their high stiffness-to-weight ratio. Various studies have dealt with the vibrations of
laminated composite cylindrical shells [9–17]. The optimization of the stacking sequence
for natural frequency optimization is a common technique. For example, Hu and Tsi [18]
investigated the maximization of the fundamental frequency for cylindrical shells with and
without cutout. The optimization problem was solved using Golden section method. Koide
and Luersen [19] used ant colony optimization to maximize the fundamental frequency.
Trias et al. [20] investigated the maximization of the fundamental frequency using bound
formulation. Miller and Ziemiański [21,22] maximized the fundamental frequency and
the distance between two adjoining natural frequencies using the genetic algorithm (GA)
in combination with neural networks. Recently, Jing [23] used sequential permutation
search algorithm to maximize the fundamental frequency. The fundamental frequency
of laminated composite cylindrical shells reinforced with shape memory alloy fibers was
investigated by Nekouei et al. [24]. They showed that a small amount of shape memory
alloy fibers increased the fundamental frequency significantly.

Due to sudden change in the mechanical properties between laminars, laminated
composites are very prone to interlamination damages. Thus, using functionally graded
materials (FGMs) overcomes the disadvantages of using multilayer composites, such as
delamination and stress concentration [25]. FGMs are composites typically built from
two materials with continuous variation of the materials’ composition through the di-
mensions of structures. These continuous variations of compositions results in a smooth
variation of material properties. Owing to their distinct characteristics, FGMs are used in
the design optimization of structures [26–28]. Several researchers investigated the free vi-
bration of thin-walled FGMs cylindrical shells. Loy et al. [29] investigated the free vibration
of simply-supported FGM cylindrical shell utilizing Love’s shell theory and Rayleigh–Ritz
method. Using a similar approach, Arshad et al. [30,31] studied FGM cylinders with
various boundary conditions. Using first-order shear deformation theory (FSDT) and
Rayleigh–Ritz method, Sue et al. [32] investigated a unified solution technique to estimate
the natural frequencies of cylindrical and conical shells. Jin et al. [33] employed FSDT and
Haar wavelet discretization. Punera and Kant [34] used several higher-order theories and
Navier’s method to investigate the free vibration of open FGM cylinders. Ni et al. [35]
adopted Reissner shell theory and the Hamiltonian method to find the natural frequencies
of FGM cylinders set in elastic mediums. Liu et al. [36] used FSDT and wave function
expansions to find the natural frequencies. Alshabatat and Zannon [37] studied the free
vibrations of FGM cylindrical shell by employing third-order shear deformation theory and
Carrera’s unified formulation. All previous studies on materials’ volume fraction variations
in the radial direction of cylindrical shells (i.e., through thickness) based on simple power
law [29–31,34,35,37], exponential law [30,31], trigonometric law [30,31], and four-parameter
power laws [32,33,36].

To the best of our knowledge, the optimization of natural frequencies of thin-walled
cylindrical shells using axial grading material has not been attempted yet. Hence, in this
work, analyses and optimization of FGM cylindrical shells are presented. First, the effect of
material gradient through the axial direction on the natural frequencies of thin cylindrical
shells is investigated. Then, the optimization of the natural frequencies is conducted. The
material volume fractions are graded through the length of the cylinders according to
control points method and a trigonometric law. FSDT and finite element method (FEM)
are employed to find the natural frequencies. To validate the present method, numerical
results are compared with those available in the literature. A genetic algorithm (GA) is
utilized to look for the ideal material distributions that optimize the natural frequencies.
Two optimization problems are considered to show the efficiency of the presented method.
The methods for the manufacturing and processing of FGMs are not considered here and
can be found in [38–40].
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2. Materials and Methods
2.1. Functionally Graded Material

Consider a circular cylindrical shell made from FGM, which consists of two materials
mixture. The constituents’ volume fractions are graded in the axial direction of the cylinder
and follow a simple power law distribution or a trigonometric distribution. The volume
fraction of the first material is given by

V1(x) =
( x

L

)γ
(1)

or V1(x) = (α + α cos(ηx + φ))γ (2)

where L is the length of the cylinder, and x is the axial coordinate (0 ≤ x ≤ L). γ, α, η, and
φ are the design variables used to control the volume fraction profile. These parameters
are chosen such that 0 ≤ V1(x) ≤ 1. Note that V2(x) = 1−V1(x). In addition to these laws,
this work suggests using control points method for optimization problems. In this method,
the volume fraction profile is controlled by the volume fractions at some control points that
are distributed evenly through the length of the cylinder. The location of ith control point,
along the cylinder length, is xi = (i− 1)L/(N − 1) in which N is the number of control
points. The volume fraction distribution in the cylinder, V1(x), can then be estimated by
the piecewise cubic hermit interpolating polynomial (PCHIP) [41,42]. The design variables
in this case are V1,1, V1,2, . . . , V1,N .

The local material properties of FGM are estimated using Voigt model (or the rule of
mixture) as

E(x) = (E1 − E2)V1(x) + E2, (3)

ρ(x) = (ρ1 − ρ2)V1(x) + ρ2, (4)

ν(x) = (ν1 − ν2)V1(x) + ν2 (5)

where Ei is the Young’s modulus, ρi is the density, νi is the Poisson’s ratio, and the subscript
i denotes material 1 or 2.

2.2. Kinematic Relations

A circular cylindrical FGM shell is considered with the length L, thickness h, and
radius R as shown in Figure 1. The shell is assumed thin (i.e., h/R ≤ 0.05). According to
Reddy et al. [43,44], the solution of Love–Kirchhoff theory is not accurate for composite
structures. Thus, FSDT is used in this study. Based on FSDT, the displacements of any point
in the cylinder can be written as

u(x, y, z, t) ' uo(x, y, t) + zθx(x, y, t) (6)

v(x, y, z, t) ' vo(x, y, t) + zθy(x, y, t) (7)

w(x, y, z, t) ' wo(x, y, t) (8)

where u, v, and w are the displacements in the axial (x), circumferential (y), and radial (z)
directions, respectively. uo, vo, and wo are the middle surface displacements. θx and θy are
the middle surface rotations, and t is the time.

The strain–displacement relations for thin shells are given as [45]

{ε} =


εxx
εyy
γxy
γxz
γyz

 =



∂uo
∂x + z ∂θx

∂x
∂vo
∂y + z ∂θy

∂y + wo
R

∂vo
∂x + ∂uo

∂y + z
(

∂θy
∂x + ∂θx

∂y

)
∂wo
∂x + θx

∂wo
∂y −

vo
R + θy


. (9)
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Figure 1. The geometry of the circular cylindrical shell.

The stress σzz is negligible for a thin shell. The stress–strain relations of FGM cylindrical
shell are given as

σxx
σyy
τxy
τxz
τyz

 =
E(x)

1− ν2(x)


1 ν(x) 0 0 0

ν(x) 1 0 0 0
0 0 1−ν(x)

2 0 0
0 0 0 1−ν(x)

2 0
0 0 0 0 1−ν(x)

2




εxx
εyy
γxy
γxz
γyz

 (10)

or {σ} = [Q]{ε}. (11)

The elements of matrix Q are functions of the longitudinal coordinate (x). The govern-
ing equations are obtained by applying Hamilton’s principle as

t2∫
t1

δ(T −U)dt = 0 (12)

where T and U are the kinetic and strain energies of the vibrating cylindrical shell, respec-
tively. The kinetic energy can be given by

T =
1
2

y
ρ(x)

[(
∂u
∂t

)2
+

(
∂v
∂t

)2
+

(
∂w
∂t

)2
]

dV, (13)

and the strain energy can be given by

U =
1
2

y
σεdV. (14)

The equations of motion are acquired by substituting Equations (13) and (14) into
Equation (12). Owing to the complication of the present case, FEM is adopted to solve the
equations and find the natural frequencies. A quadrilateral shell element with four nodes
is employed to discretize the FGM cylinders. Each node has five degrees of freedom. The
material properties of each finite element are apportioned by Equations (3)–(5), in which
V1(x) represents the volume fraction of the first material at the center of the element. The
degrees of freedom include three translational (ui

o, vi
o, and wi

o) and two rotational (θi
x and

θi
y). The element kinetic and strain energies are given by [46]
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Te =
1
2

{ .
δ
}

e

T
[m]e

{ .
δ
}

e
(15)

and Ue =
1
2
{δ}e

T [k]e{δ}e, (16)

where {δ}e
T =

{
δT

1 , δT
2 , δT

3 , δT
4
}

, δT
i =

{
ui

o, vi
o, wi

o, θi
x, θi

y

}
, [m]e is the element mass matrix,

and [k]e is the element stiffness matrix. The element mass matrix is given by

[m]e =
y

ρNT N|J|dVe, (17)

and the element stiffness matrix is

[k]e =
y

BTQB|J|dVe, (18)

where N is the shape functions matrix, J is the Jacobian matrix, B is the strain-displacement
matrix, and Q is the stress-strain matrix with respect to global coordinates. The shape
functions are quadratic. Equations (17) and (18) can be evaluated using Gause–Legendre
numerical integration. Equation (17) can be evaluated using 3 × 3 integration points
in the in-plane coordinates [46]. For thin shells, Equation (18) can be evaluated using
2 × 2 integration points in the in-plane coordinates [47]. The details of the finite element
formulations are given in [46]. The governing equations for the free vibration of FGM
cylinders are given as

[M]
{ ..

δ
}
+ [K]{δ} = {0}, (19)

where [M] and [K] are the global mass and stiffness matrices, respectively, and {δ} and
{ ..

δ
}

are the nodal displacement and acceleration vectors, respectively. The natural frequencies
(ωn) and mode shapes can be found by solving the following eigenvalue problem:[

K−ωn
2M
]
{δ} = {0}. (20)

Note that the fundamental frequency is the smallest value of ωn.

3. Results and Discussion
3.1. Validation and Convergence

In this study, FEM is employed for free vibration analysis of cylindrical shells. The
eigenvalue problem (Equation (20)) is solved using Block Lanczos iteration method [48],
which is performed using in-house program developed with MATLAB software. To
evaluate the accuracy of the algorithm in the present method, validation and conver-
gence study is performed for clamped-free (CF) isotropic circular cylindrical shells with
Naeem and Sharma [49] and Arshad et al. [31]. In this study, the dimensions of the cylin-
ders are R = 0.2423 m, h = 0.000648 m, and L = 0.6255 m. The material properties are
E = 68.95 GPa and ρ = 2714.5 kg/m3. The numerical results, which are summarized in
Table 1, are close to those available in the literature.

Table 1. Comparison of the lowest natural frequencies of clamped-free isotropic cylindrical shells.

Frequency (Hz)

Elements 1 2 3 4 5

Present 20 × 10 94.08 108.09 108.6 138.6 167.3
24 × 10 93.26 106.25 108.49 135.29 167.78
36 × 20 92.58 105.28 108.15 133.95 168.28

Ref. [49] 92.55 105.05 108.47 133.60 169.12
Ref. [31] 95.38 106.33 114.39 134.23 171.84

Here, we are interested in FGM circular cylindrical shell. Thus, convergence study
is performed for FGM cylinders composed of aluminum (Al) and zirconia (ZrO2) with
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CF boundary conditions. The material volume fractions are graded over the cylinder
length according to a power Law (Equation (1)). The materials properties are listed in
Table 2. In this study, the dimensions of the cylinders are R = 1 m, h/R = 0.05, and
L/R = 10. Table 3 shows the convergence study of the fundamental frequencies with
different power-law exponents (γ) and number of elements. The fundamental frequency
can be considered as convergent at 36 × 40 elements (i.e., 36 elements in the circumferential
direction and 40 elements in the longitudinal direction). In the following investigations,
the 36 × 40 element mesh is used.

Table 2. Material properties of aluminum and zirconia.

Property Al ZrO2

E (GPa) 20 205
ρ (kg/m3) 2700 6050

v 0.3 0.31

Table 3. Convergence of the fundamental frequency (Hz) of clamped-free FGM cylinders with
number of finite elements.

γ

Elements 0.5 1 10

12 × 5 23.67 24.88 21.84
24 × 5 24.26 25.47 22.38
36 × 5 24.57 25.80 22.67

36 × 10 25.17 26.40 23.19
36 × 20 25.32 26.53 23.35
36 × 40 25.34 26.54 23.37

3.2. Parametric Study

In this study, the possibility of shifting the fundamental frequency of thin cylinders
using FGM graded in the axial direction is investigated. The effect of the power-law
exponent (γ) on the fundamental frequency of CF thin cylinder with different dimensions is
presented. The FGM compositions are aluminum (AL) and zirconia (ZrO2). The properties
of aluminum and zirconia are listed in Table 2. The material constituents vary in axial
direction as per of the power law (Equation (1)), where V1(x) represents the volume fraction
of aluminum. The FGM cylinders have zirconia at x = 0 and aluminum at x = L, as shown
in Figure 2.
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Table 4 shows the effect of varying the power law exponent (γ) on the fundamental
frequency for different length-to-radius (L/R) ratios (assuming h/R = 0.05). Table 5 shows
the effect of varying the power law exponent (γ) on the fundamental frequency for different
thickness-to-radius (h/R) ratios (assuming L/R = 10). Similar to isotropic cylindrical
shells, the fundamental frequencies of long cylinders (i.e., high L/R ratios) are smaller
than those of short cylinders (i.e., increasing L/R ratio decreases the bending stiffness-
to-mass ratio, which decreases the fundamental frequency). The fundamental frequency
also increases by increasing the thickness (i.e., increasing h/R ratio increases the bending
stiffness-to-mass ratio, which increases the fundamental frequency). Tables 4 and 5 also
show that increasing the exponent (γ) only increases the cylinder’s fundamental frequency
to a certain value. Any further increase of the exponent (γ) does not increase the cylinder’s
fundamental frequency, as an increase in the cylinder mass leads to the reduction in the
cylinder’s fundamental frequency. This trend differs from that of FGM cylinders when
material constituents vary in thickness (z). In the case of material variations in thickness,
the natural frequencies of the FGM thin cylindrical shells are limited between the natural
frequencies of the first- and second-base materials [31,37]. The natural frequencies depend
on material distributions through the axial direction of FGM circular cylindrical shells.

Table 4. Variations of the fundamental frequencies (Hz) with the power-law exponent and length to
radius ratio (L/R ).

γ

L/R Al 0.5 1 2 5 10 100 ZrO2

0.2 1347.0 1689.1 1758.1 1754.9 1678.2 1622.3 1549.0 1539.9
0.5 469.0 559.8 581.0 586.6 572.9 559.1 538.77 536.21
1 231.0 282.6 293.2 296.1 286.1 277.4 265.54 264.09
2 119.3 136.1 140.6 142.3 140.7 139.1 136.7 136.4
5 41.45 47.71 49.31 49.76 49.05 48.40 47.50 47.39

10 18.84 25.35 26.54 26.33 24.63 23.38 21.75 21.54
15 8.68 11.75 12.31 12.20 11.38 10.79 10.02 9.92
20 4.94 6.71 7.03 6.97 6.50 6.16 5.71 5.65

Table 5. Variations of the fundamental frequencies (Hz) with the power-law exponent and thickness
to radius ratio (h/R ).

γ

h/R Al 0.5 1 2 5 10 100 ZrO2

0.001 3.52 4.38 4.50 4.57 4.43 4.27 4.05 4.02
0.005 7.09 9.17 9.57 9.52 9.01 8.64 8.16 8.10
0.01 9.13 10.92 11.33 11.37 11.04 10.80 10.48 10.44
0.02 14.68 16.14 16.59 16.83 16.87 16.85 16.80 16.79
0.03 18.82 22.26 22.79 23.23 23.57 23.36 21.73 21.52
0.04 18.83 25.34 26.53 26.32 24.62 23.37 21.74 21.53
0.05 18.84 25.34 26.54 26.33 24.63 23.38 21.75 21.54

3.3. Optimization Examples

The efficiency of using FGMs for optimizing the natural frequencies of circular cylin-
drical shells is demonstrated in two design examples. The first one involves maximizing
the fundamental frequency of a circular cylindrical shill. In the second optimization exam-
ple, the natural frequencies are shifted out of a frequency band. Practically, these design
examples can be applied for cases in which we cannot control the excitation frequency (or
frequencies) that happen to coincide with the cylindrical shell natural frequencies. In the
optimization problems, we look for the optimal distribution of the materials’ constituents
through the length of the cylindrical shells that optimize the objective function. In both ex-
amples, the cylindrical shell under consideration is a CF circular cylindrical shell (R = 1 m,
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L/R = 10, and h/R = 0.05). It is composed of aluminum as the first material and zirconia
as the second material. The first two natural frequencies of aluminum and zirconia cylin-
ders are f1,Al = 18.84 Hz, f2,Al = 33.75 Hz, f1,ZrO2 = 21.54 Hz, and f2,ZrO2 = 38.59 Hz. The
mode shapes are shown in Figure 3. The optimization process couples FEM and a GA to
find the optimal design parameters that provide the optimal material distribution through
the length of the cylinders (i.e., V1(x) and V2(x)). For more information about the GA used,
see Alshabatat et al. [27].
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3.3.1. Maximizing the Fundamental Frequency of FGM Cylindrical Shell

In most structures, the excessive vibrations occur when excitation frequencies are
near the fundamental frequency. One method to solve this problem is maximizing the
fundamental frequency of a structure. In this optimization problem, we look for the optimal
distribution of the materials’ constituents that maximizes the fundamental frequency of
a CF cylinder. The optimization of material distribution is attained by finding the optimal
volume fractions at the control points. The constraint optimization problem is defined
as follows:

Maximize f1
Design variables {V1,1, V1,2, . . . , V1,N}
Subject to 0 ≤ V1(x) ≤ 1

(21)

In this problem, we use different number of control points N = 5, 7, and 11. The
volume fractions of the first material, V1(x), are estimated by the piecewise cubic hermit
interpolating polynomial (PCHIP) [41,42]. A GA is employed to obtain the optimal design
parameters {V1,1, V1,2, . . . , V1,11}. In each generation of optimization process, the number
of the population is 150. The optimization process stops when the change in the frequency
is less than 10−2. The optimal volume fractions at the control points are summarized
in Table 6, and the corresponding aluminum volume fraction distribution is shown in
Figure 4. The maximum fundamental frequency is resulted by using 11 control points.
The maximum fundamental frequency of the axially FGM cylinder is 29.39 Hz, which
is more than the fundamental frequencies of aluminum and zirconia cylinders by 56.0%
and 36.4%, respectively. To reduce the computational efforts that resulted from the high
number of design variables and the interpolation method, a trigonometric law (Equation (2)
is proposed to describe the volume fraction distribution in the optimization process. In
this law, there are four design variables only (i.e., α, η, φ, and γ). The design variables
must be carefully selected to ensure that 0 ≤ V1(x) ≤ 1. The constraints are assumed as
0 ≤ α ≤ 0.5, −π ≤ η, φ ≤ π, and 0 ≤ γ ≤ 10. In this case, the number of the population
in each generation is assumed to be 40. The optimal design parameters in Equation (2)
are listed in Table 6, and the corresponding aluminum volume fraction distributions are
shown in Figure 5. The maximum fundamental frequency is 28.60 Hz, which is greater
than the fundamental frequency of aluminum and zirconia cylinders by 51.8% and 32.8%,
respectively. Figures 4 and 5 show that assigning the stiffer zirconia near the support
(i.e., high bending moment region) and the lighter aluminum near the area of high modal
displacement increases the fundamental frequency.
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Table 6. The optimal frequencies and design variables of the first design problem.

Material Type f1 (Hz) Optimal Design Variables

Aluminum 18.84 -
Zirconia 21.54 -

FGM (5 Control Points) 28.93 {0, 0, 0.39, 1, 1}
FGM (7 Control Points) 29.25 {0, 0, 0.01, 0.42, 0.99, 1, 1}

FGM (11 Control Points) 29.39 {0, 0, 0, 0.019, 0.090, 0.450, 0.931, 0.982, 1, 1, 1}
FGM (Equation (2)) 28.60 α = 0.5, η = −0.397, φ = −2.813, γ = 1.351

Materials 2022, 15, x FOR PEER REVIEW 10 of 15 
 

 

 
Figure 4. The optimal aluminum volume fraction profile which maximizes the fundamental fre-
quency (control points approach). 

 
Figure 5. The optimal aluminum volume fraction profile which maximizes the fundamental fre-
quency (trigonometric law, Equation (2)). 

3.3.2. Maximizing the Gap between Two Adjoining Natural Frequencies in FGM Cylin-
drical Shell 

A common method to decrease vibration is by maximizing the gap between two 
adjoining natural frequencies to avoid the coincidence of these natural frequencies with 
the excitation frequencies that lie between them [50]. In this optimization problem, we 
look for the volume fractions of the materials’ constituents to maximize the distance 
between the first and second natural frequencies of the CF cylinder. The cylinder under 
discussion is similar in size and base materials to one in the previous example. We as-
sume that the cylinder is exposed to a force with excitation frequencies in the range of 15–
35 Hz. As mentioned previously, the first and second natural frequencies of the alumi-
num cylinder are 1, Alf =  18.84 Hz and 2,Alf  = 33.75 Hz, and the first natural frequency 
of the zirconia cylinder is 

21,ZrOf  = 21.54 Hz. These natural frequencies are located in the 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/L

V 1

 

 
Control Points (N=13)

PCHIP (N=13)

Control Points (N=7)
PCHIP (N=7)

Control Points (N=5)

PCHIP (N=5)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/L

V 1

Figure 4. The optimal aluminum volume fraction profile which maximizes the fundamental frequency
(control points approach).

Materials 2022, 15, x FOR PEER REVIEW 10 of 15 
 

 

 
Figure 4. The optimal aluminum volume fraction profile which maximizes the fundamental fre-
quency (control points approach). 

 
Figure 5. The optimal aluminum volume fraction profile which maximizes the fundamental fre-
quency (trigonometric law, Equation (2)). 

3.3.2. Maximizing the Gap between Two Adjoining Natural Frequencies in FGM Cylin-
drical Shell 

A common method to decrease vibration is by maximizing the gap between two 
adjoining natural frequencies to avoid the coincidence of these natural frequencies with 
the excitation frequencies that lie between them [50]. In this optimization problem, we 
look for the volume fractions of the materials’ constituents to maximize the distance 
between the first and second natural frequencies of the CF cylinder. The cylinder under 
discussion is similar in size and base materials to one in the previous example. We as-
sume that the cylinder is exposed to a force with excitation frequencies in the range of 15–
35 Hz. As mentioned previously, the first and second natural frequencies of the alumi-
num cylinder are 1, Alf =  18.84 Hz and 2,Alf  = 33.75 Hz, and the first natural frequency 
of the zirconia cylinder is 

21,ZrOf  = 21.54 Hz. These natural frequencies are located in the 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/L

V 1

 

 
Control Points (N=13)

PCHIP (N=13)

Control Points (N=7)
PCHIP (N=7)

Control Points (N=5)

PCHIP (N=5)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/L

V 1

Figure 5. The optimal aluminum volume fraction profile which maximizes the fundamental frequency
(trigonometric law, Equation (2)).

3.3.2. Maximizing the Gap between Two Adjoining Natural Frequencies in FGM
Cylindrical Shell

A common method to decrease vibration is by maximizing the gap between two ad-
joining natural frequencies to avoid the coincidence of these natural frequencies with the
excitation frequencies that lie between them [50]. In this optimization problem, we look
for the volume fractions of the materials’ constituents to maximize the distance between
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the first and second natural frequencies of the CF cylinder. The cylinder under discussion
is similar in size and base materials to one in the previous example. We assume that the
cylinder is exposed to a force with excitation frequencies in the range of 15–35 Hz. As
mentioned previously, the first and second natural frequencies of the aluminum cylinder
are f1,Al = 18.84 Hz and f2,Al = 33.75 Hz, and the first natural frequency of the zirconia
cylinder is f1,ZrO2 = 21.54 Hz. These natural frequencies are located in the frequency band
of the force. Thus, our target is to shift the natural frequencies out the range of 15–35 Hz.
This constraint optimization problem can be stated as follows:

Maximize f2 − f1
Design variables {V1,1, V1,2, . . . , V1,N}
Subject to 0 ≤ V1(x) ≤ 1

f1 < 15 Hz
f2 > 35 Hz

(22)

The GA parameters are similar to those in the previous example. The optimal volume
fractions at the control points are summarized in Table 7, and the corresponding aluminum
volume fraction distributions that maximizes the gap between the natural frequencies are
shown in Figure 6. The optimal frequencies are summarized in Table 7. The maximum
gab between the first and second natural frequencies is resulted by using 11 control points.
The gap between the first and second natural frequencies of the optimal FGM cylinder is
24.64 Hz, which is greater than the gap between the first and second natural frequencies of
aluminum and zirconia cylinders by 65.3% and 44.5%, respectively. By using the trigono-
metric law (Equation (2)), with similar constraints, number of the population, and stopping
criterion to the previous example, the optimal gap between the first and second natural
frequencies of the FGM cylinder is 23.84 Hz, which is more than the gap between the first
and second natural frequencies of aluminum and zirconia cylinders by 59.9% and 39.8%,
respectively. the optimal design variables are listed in Table 7, and the corresponding
aluminum volume fraction distribution is shown in Figure 7.

Table 7. The optimal frequencies and design variables of the second design problem.

Material Type f1(Hz) f2(Hz) f2−f1(Hz) Optimal Design Variables

Aluminum 18.84 33.75 14.91 -
Zirconia 21.54 38.59 17.05 -

FGM (5 Control Points) 13.87 37.94 24.07 {1, 1, 0.39, 0, 0}
FGM (7 Control Points) 13.57 37.95 24.38 {1, 1, 1, 0.43, 0.01, 0, 0}

FGM (11 Control Points) 13.32 37.96 24.64 {1, 1, 1, 0.995, 0.994, 0.469, 0.007, 0.004, 0, 0, 0}
FGM (Equation (2)) 14.13 37.97 23.84 α = 0.5, η = −0.406, φ = 0.473, γ = 1.381

Figures 6 and 7 show that assigning the low stiffness aluminum near the support
(i.e., high bending moment region in the first mode) decreases the first natural frequency.
In addition, assigning the high stiffness zirconia at the area of high modal displacement in
the second mode outweighs the disadvantage of increasing masshus. The second natural
frequencies of the optimized cylinders are close to natural frequency of zirconia cylinder.

Using the control points method in material distribution optimization is efficient for
finding the optimal natural frequencies, but it has a large number of design variables,
making it computationally expensive. Moreover, the high number of control points may
cause a very high gradient of volume fraction. This high gradient may lead to a sud-
den change in mechanical properties, which causes cracks and delamination. On the
contrary, the trigonometric law can achieve good optimization results with acceptable
computational efforts.
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Figure 6. The optimal aluminum volume fraction profile which maximizes the gap between f1 and
f2 (control points approach).
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4. Conclusions

In this article, a technique to optimize the natural frequencies of circular cylindrical
shells using FGM was presented. The constituents of the FGM were graded in the ax-
ial direction. Material volume fraction distribution was described by simple power law,
four-parameter trigonometric law, and piecewise cubic interpolation of volume fractions at
control points. The effective material properties were estimated by applying Voigt model.
FSDT and FEM were employed for free vibrations analysis. To validate the FE program,
numerical results were compared with the results of other authors. Two optimization prob-
lems were presented. The first problem focused on maximizing the fundamental frequency
of a clamped-free FGM circular cylindrical shell by optimizing the distribution of aluminum
and zirconia through the axial direction. The maximum fundamental frequency, based on
the control points method, was 56.0% and 36.4% more than the fundamental frequencies of
aluminum and zirconia cylinders, respectively. In the second example, the gap between
the first and second natural frequencies of a FGM circular cylindrical shell was maximized.
Based on the control points method, the maximum gap between these frequencies was



Materials 2022, 15, 698 12 of 14

65.3% and 44.5% more than those of aluminum and zirconia cylinders, respectively. It
was found that using light material near the area of high modal displacement and using
stiff material near the area of high bending moment increased the corresponding natural
frequency. The control points method is efficient in optimizing the natural frequencies.
Increasing the number of control points gave better results. However, the high number of
control points may cause a very high gradient of volume fraction which may cause cracks
and delamination in real life cases. In addition, the high number of control points makes the
design method computationally expensive. Thus, a good alternative is to use the suggested
trigonometric law. (Equation (2)) to reduce the drawbacks of control points method. This
law provides a flexible description of material volume fraction profile with small number
of design variables, which gives engineers a powerful tool for design optimization with
accepted computational efforts.

The presented examples show the capabilities of axially FGM in optimizing the natural
frequencies of cylindrical shells. A further study of the proposed method is recommended
to take in consideration other boundary conditions. Future extension of this work may
include minimizing the vibration and sound radiation from such structures.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the author.

Conflicts of Interest: The author declares no conflict of interest.

References
1. Alzahabi, B. Modal Vibration Control of Submarine hulls. WIT Trans. Built Environ. 2004, 76, 515–525.
2. Nasrekani, F.; Kumar, S.; Narayan, S. Structural Dynamic Modification of Cylindrical Shells with Variable Thickness. In

Proceedings of the Pressure Vessels and Piping Conference, Virtual, Online, 3 August 2020.
3. Bagheri, M.; Jafari, A.; Sadeghifar, M. Multi-objective optimization of ring stiffened cylindrical shells using a genetic algorithm.

J. Sound Vib. 2011, 330, 374–384. [CrossRef]
4. Mehrabani, M.; Jafari, A.; Azadi, M. Multidisciplinary optimization of a stiffened shell by genetic algorithm. J. Mech. Sci. Technol.

2012, 26, 517–530. [CrossRef]
5. Akl, W.; Ruzzene, M.; Baz, A. Optimal design of underwater stiffened shells. Struc. Multidiscip. Optim. 2002, 23, 297–310.

[CrossRef]
6. Biglar, M.; Mirdamadi, H.R.; Danesh, M. Optimal locations and orientations of piezoelectric transducers on cylindrical shell

based on gramians of contributed and undesired Rayleigh-Ritz modes using genetic algorithm. J. Sound Vib. 2014, 333, 1224–1244.
[CrossRef]

7. Sadeghifar, M.; Bagheri, M.; Jafari, A.A. Multiobjective optimization of orthogonally stiffened cylindrical shells for minimum
weight and maximum axial buckling load. Thin-Walled Struct. 2010, 48, 979–988. [CrossRef]

8. Belardi, V.G.; Fanelli, P.; Vivio, F. Structural analysis and optimization of anisogrid composite lattice cylindrical shells. Compos. B
Eng. 2018, 139, 203–215. [CrossRef]

9. Hui, L.; Haiyu, L.; Jianfei, G.; Jian, X.; Qingkai, H.; Jinguo, L.; Zhaoye, Q. Nonlinear vibration characteristics of fiber reinforced
composite cylindrical shells in thermal environment. Mech. Syst. 2021, 156, 107665.

10. Yang, J.S.; Xiong, J.; Ma, L.; Feng, L.N.; Wang, S.Y.; Wu, L.Z. Modal response of all-composite corrugated sandwich cylindrical
shells. Compos. Sci. Technol. 2015, 115, 9–20. [CrossRef]

11. Matsunaga, H. Vibration and buckling of cross-ply laminated composite circular cylindrical shells according to a global higher-
order theory. Int. J. Mech. Sci. 2007, 49, 1060–1075. [CrossRef]

12. Yadav, D.; Verma, N. Free vibration of composite circular cylindrical shells with random material properties. Part II: Applications.
Compos. Struct. 2001, 51, 371–380. [CrossRef]

13. Hufenbach, W.; Holste, C.; Kroll, L. Vibration and damping behaviour of multi-layered composite cylindrical shells. Compos.
Struct. 2002, 58, 165–174. [CrossRef]

14. Lee, Y.; Lee, K. On the dynamic response of laminated circular cylindrical shells under impulse loads. Compos. Struct. 1997, 63,
149–157. [CrossRef]

15. Jafari, A.; Khalili, S.; Azarafza, R. Transient dynamic response of composite circular cylindrical shells under radial impulse load
and axial compressive loads. Thin. Walled. Struct. 2005, 43, 1763–1786. [CrossRef]

http://doi.org/10.1016/j.jsv.2010.08.019
http://doi.org/10.1007/s12206-011-0912-z
http://doi.org/10.1007/s00158-002-0187-1
http://doi.org/10.1016/j.jsv.2013.10.025
http://doi.org/10.1016/j.tws.2010.07.006
http://doi.org/10.1016/j.compositesb.2017.11.058
http://doi.org/10.1016/j.compscitech.2015.04.015
http://doi.org/10.1016/j.ijmecsci.2006.11.008
http://doi.org/10.1016/S0263-8223(00)00152-5
http://doi.org/10.1016/S0263-8223(02)00025-9
http://doi.org/10.1016/S0045-7949(96)00312-4
http://doi.org/10.1016/j.tws.2005.06.009


Materials 2022, 15, 698 13 of 14

16. Jin, G.; Ye, T.; Chen, Y. An exact solution for the free vibration analysis of laminated composite cylindrical shells with general
elastic boundary conditions. Compos. Struct. 2013, 106, 114–127. [CrossRef]

17. Qu, Y.; Hua, H.; Meng, G. A domain decomposition approach for vibration analysis of isotropic and composite cylindrical shells
with arbitrary boundaries. Compos. Struct. 2013, 95, 307–321. [CrossRef]

18. Hu, H.; Tsai, J. Maximization of the fundamental frequencies of laminated cylindrical shells with respect to fiber orientations.
J. Sound Vib. 1999, 225, 723–740. [CrossRef]

19. Koide, R.M.; Luersen, M.A. Maximization of fundamental frequency of laminated composite cylindrical shells by ant colony
algorithm. J. Aerosp. Technol. Manag. 2013, 5, 75–82. [CrossRef]

20. Trias, D.; Maimí, P.; Blanco, N. Maximization of the fundamental frequency of plates and cylinders. Compos. Struct. 2016, 156,
375–384. [CrossRef]
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22. Miller, B.; Ziemiański, L. Optimization of dynamic behavior of thin-walled laminated cylindrical shells by genetic algorithms and
deep neural networks supported by modal shape identification. Adv. Eng. Softw. 2020, 147, 102830. [CrossRef]

23. Jing, Z. Optimal design of laminated composite cylindrical shells for maximum fundamental frequency using sequential
permutation search with mode identification. Compos. Struct. 2022, 279, 114736. [CrossRef]

24. Nekouei, M.; Raghebi, M.; Mohammadi, M. Free vibration analysis of hybrid laminated composite cylindrical shells reinforced
with shape memory alloy fibers. J. Vib. Control. 2020, 26, 610–626. [CrossRef]

25. Liu, Y.; Qin, Z.; Chu, F. Nonlinear forced vibrations of functionally graded piezoelectric cylindrical shells under electric-thermo-
mechanical loads. Int. J. Mech. Sci. 2021, 201, 106474. [CrossRef]

26. Nikbakht, S.; Kamarian, S.; Shakeri, M. A review on optimization of composite structures Part II: Functionally graded materials.
Compos. Struct. 2019, 214, 83–102. [CrossRef]

27. Alshabatat, N.; Myers, K.; Naghshineh, K. Design of in-plane functionally graded material plates for optimal vibration perfor-
mance. Noise Control Eng. J. 2016, 64, 268–278. [CrossRef]

28. Alshabatat, N.; Naghshineh, K. Minimizing the radiated sound power from vibrating plates by using in-plane functionally
graded materials. J. Vibroengineering 2021, 23, 744–758. [CrossRef]

29. Loy, C.T.; Lam, K.Y.; Reddy, J.N. Vibration of functionally graded cylindrical shells. Int. J. Mech. Sci. 1999, 41, 309–324. [CrossRef]
30. Arshad, S.H.; Naeem, M.N.; Sultana, N. Frequency analysis of functionally graded material cylindrical shells with various volume

fraction laws. Proc. Inst. Mech. Eng. Part C J. Mech. Eng. Sci. 2007, 221, 1483–1495. [CrossRef]
31. Arshad, S.H.; Naeem, M.N.; Sultana, N.; Iqbal, Z.; Shah, A.G. Effects of exponential volume fraction law on the natural frequencies

of FGM cylindrical shells under various boundary conditions. Arch. Appl. Mech. 2011, 81, 999–1016. [CrossRef]
32. Zhu, S.; Guoyong, J.; Shuangxia, S.; Tiangui, Y.; Xingzhao, J. A unified solution for vibration analysis of functionally graded

cylindrical, conical shells and annular plates with general boundary conditions. Int. J. Mech. Sci. 2014, 80, 62–80.
33. Guoyong, J.; Xiang, X.; Zhigang, L. The Haar wavelet method for free vibration analysis of functionally graded cylindrical shells

based on the shear deformation theory. Compos. Struct. 2014, 108, 435–448.
34. Punera, D.; Kant, T. Free vibration of functionally graded open cylindrical shells based on several refined higher order displace-

ment models. Thin-Walled Struct. 2017, 119, 707–726. [CrossRef]
35. Yiwen Ni, Y.; Tong, Z.; Rong, D.; Zhou, Z.; Xu, X. A new Hamiltonian-based approach for free vibration of a functionally graded

orthotropic circular cylindrical shell embedded in an elastic medium. Thin-Walled Struct. 2017, 120, 236–248.
36. Liu, T.; Wang, A.; Wang, Q.; Qin, B. Wave based method for free vibration characteristics of functionally graded cylindrical shells

with arbitrary boundary conditions. Thin-Walled Struct. 2020, 148, 106580. [CrossRef]
37. Alshabatat, N.; Zannon, M. Natural frequencies analysis of functionally graded circular cylindrical shells. J. Appl. Comput. Mech.

2021, 15, 1–18. [CrossRef]
38. Kieback, B.; Neubrand, A.; Riedel, H. Processing techniques for functionally graded materials. Mater. Sci. Eng. A 2003, 362,

81–106. [CrossRef]
39. Jin, G.Q.; Li, W.D. Adaptive rapid prototyping/manufacturing for functionally graded material-based biomedical models. Int. J.

Adv. Manuf. Technol. 2013, 65, 97–113. [CrossRef]
40. Gupta, A.; Talha, M. Recent development in modeling and analysis of functionally graded materials and structures. Prog. Aerosp.

Sci. 2015, 79, 1–14. [CrossRef]
41. Esfandiari, R.S. Numerical Methods for Engineers and Scientists Using MATLAB, 2nd ed.; CRC Press: Boca Raton, FL, USA, 2017.
42. Fritsch, F.N.; Carlson, R.E. Monotone Piecewise Cubic Interpolation. SIAM J. Numer. Anal. 1980, 17, 238–246. [CrossRef]
43. Reddy, J.N.; Liu, C.F. A higher-order shear deformation theory of laminated elastic shells. Int. J. Eng. Sci. 1985, 23, 319–330.

[CrossRef]
44. Khdeir, A.A.; Reddy, J.N.; Frederick, D. A study of bending, vibration and buckling of cross-ply circular cylindrical shells with

various shell theories. Int. J. Eng. Sci. 1989, 27, 1337–1351. [CrossRef]
45. Kraus, H. Thin Elastic Shells, 1st ed.; John Wiley & Sons: New York, NY, USA, 1999.
46. Petyt, M. Introduction to Finite Element Vibration Analysis, 2nd ed.; Cambridge University Press: Cambridge, UK, 2015.
47. Zienkiewicz, O.; Too, J.; Taylor, R. Reduced integration technique in general analysis of plates and shells. Int. J. Num. Meth. Eng.

1971, 3, 275–290. [CrossRef]

http://doi.org/10.1016/j.compstruct.2013.06.002
http://doi.org/10.1016/j.compstruct.2012.06.022
http://doi.org/10.1006/jsvi.1999.2261
http://doi.org/10.5028/jatm.v5i1.233
http://doi.org/10.1016/j.compstruct.2015.08.034
http://doi.org/10.3390/app9132754
http://doi.org/10.1016/j.advengsoft.2020.102830
http://doi.org/10.1016/j.compstruct.2021.114736
http://doi.org/10.1177/1077546319889857
http://doi.org/10.1016/j.ijmecsci.2021.106474
http://doi.org/10.1016/j.compstruct.2019.01.105
http://doi.org/10.3397/1/376377
http://doi.org/10.21595/jve.2020.21621
http://doi.org/10.1016/S0020-7403(98)00054-X
http://doi.org/10.1243/09544062JMES738
http://doi.org/10.1007/s00419-010-0460-5
http://doi.org/10.1016/j.tws.2017.07.016
http://doi.org/10.1016/j.tws.2019.106580
http://doi.org/10.24132/acm.2021.654
http://doi.org/10.1016/S0921-5093(03)00578-1
http://doi.org/10.1007/s00170-012-4153-9
http://doi.org/10.1016/j.paerosci.2015.07.001
http://doi.org/10.1137/0717021
http://doi.org/10.1016/0020-7225(85)90051-5
http://doi.org/10.1016/0020-7225(89)90058-X
http://doi.org/10.1002/nme.1620030211


Materials 2022, 15, 698 14 of 14

48. Chen, P.; Sun, S.; Zhao, Q.; Gong, Y.; Yuan, M. Advances in solution of classical generalized eigenvalue problem. Interact.
Multiscale Mech. 2008, 1, 211–230. [CrossRef]

49. Naeem, M.N.; Sharma, C.B. Prediction of natural frequencies for thin circular cylindrical shells. Proc. Inst. Mech. Eng. Part C J.
Mech. Eng. Sci. 2000, 214, 1313–1328. [CrossRef]

50. Bendsøe, M.P.; Olhoff, N. A method of design against vibration resonance of beams and shafts. Optim. Control Appl. Methods 1985,
6, 191–200. [CrossRef]

http://doi.org/10.12989/imm.2008.1.2.211
http://doi.org/10.1243/0954406001523290
http://doi.org/10.1002/oca.4660060302

	Introduction 
	Materials and Methods 
	Functionally Graded Material 
	Kinematic Relations 

	Results and Discussion 
	Validation and Convergence 
	Parametric Study 
	Optimization Examples 
	Maximizing the Fundamental Frequency of FGM Cylindrical Shell 
	Maximizing the Gap between Two Adjoining Natural Frequencies in FGM Cylindrical Shell 


	Conclusions 
	References

