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N a tu r a l Im a g e S ta t i s t ic s fo r

N a tu r a l Im a g e S e g m e n ta t io n *

M a tth ia s H e i le r , C h r is to p h S c h n ö r r

C om p u te r V is io n , G ra p h ic s , a n d P a t te rn R e c o g n i t io n G ro u p

D e p a r tm e n t o f M a th em a t ic s a n d C om p u te r S c ie n c e

U n iv e r s i ty o f M a n n h e im

D -6 8 1 3 1 M a n n h e im , G e rm a n y

A b s tr a c t

B u i ld in g o n re c e n t p ro g r e s s in m o d e l in g f i l te r r e s p o n s e s ta t i s t ic s o f n a tu r a l

im a g e s w e in te g r a te a s ta t i s t ic a l m o d e l in to a v a r ia t io n a l f r am ew o rk fo r im a g e

s e g m e n ta t io n . I n c o rp o r a te d in a s o u n d p ro b a b i l i s t ic d is ta n c e m e a s u r e th e m o d e l

d r iv e s le v e l s e ts to w a rd m e a n in g fu l s e g m e n t a t io n s o f c o m p le x te x tu r e s a n d n a t -

u r a l s c e n e s . D e s p i te i t s e n h a n c e d d e s c r ip t iv e p o w e r o u r a p p ro a c h p re s e rv e s th e

e f f ic ie n c y o f le v e l s e t b a s e d s e g m e n ta t io n s in c e e a c h c o n n e c te d r e g io n c o m p r is e s

tw o m o d e l p a r am e te r s o n ly . W e v a l id a te th e s ta t i s t ic a l b a s is o f o u r m o d e l o n th o u -

s a n d s o f n a tu r a l im a g e s a n d d em o n s t r a te th a t o u r a p p ro a c h o u tp e r fo rm s re c e n t

v a r ia t io n a l s e g m e n t a t io n m e th o d s b a s e d o n s e c o n d -o rd e r s ta t i s t ic s .

1 Introduction

1.1 Motivation

S ta t i s t ic a l m o d e ls p la y a n in c r e a s in g ly d e c is iv e ro le in c o m p u te r v is io n fo r s h a p e m o d -

e l in g , s e g m e n ta t io n , t r a c k in g a n d a p p e a r a n c e -b a s e d r e c o g n i t io n [7 ] . I n th e c o n te x t o f

B a y e s ia n in f e r e n c e , th e n a tu r e o f a s ta t i s t ic a l m o d e l d e f in e s th e d a s s o f th e o p t im iz a t io n

p ro b lem to b e s o lv e d [1 6 ] . A s a c o n s e q u e n c e , th e r e is a t r a d e -o f f b e tw e e n th e d e s c r ip t iv e

p o w e r o f s ta t i s t ic a l m o d e ls a n d th e d i f f ic u l ty o f th e a s s o c ia te d B a y e s ia n (v a r ia t io n a l )

in f e r e n c e s te p f ro m th e o p t im iz a t io n p o in t o f v ie w .

R e c e n t ly , th e s ta t i s t ic s o f f i l te r o u tp u ts tu rn e d o u t to p ro v id e p o w e r fu l a n d g e n e r a l

m o d e ls fo r im a g e s ta t i s t ic s a n d te x tu r e [3 3 ,3 4 ,2 1 ,2 0 ,3 1 ] . U n fo r tu n a te ly , in c o rp o r a t in g

s u c h a m o d e l in to a v a r ia t io n a l a p p ro a c h to im a g e s e g m e n ta t io n r e s u l t s in a c o m p u ta t io n -

a l ly in t r a c ta b le o p t im iz a t io n p ro b lem w h ic h r e q u ir e s th e a p p l ic a t io n o f t im e -c o n s u m in g

s to c h a s t ic s am p l in g m e th o d s to c o m p u te a m in i m i z e r [3 3 , 3 4 ; 2 1 ] .

• A s h o r t v e r s io n o f th is p a p e r w a s a c c e p te d fo r IC C V 0 3 .
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F rom the v iew po in t o f op tim iza tion , on the o ther hand , a range o f varia tional ap -

p roaches to im age segm en ta tion ex ist [4 , 10 ] w h ich can be regarded as effic ien t and

com pu ta tionally conven ien t app rox im ations o f the soph istica ted M um ford -Shah func-

tional [17 ]. H ow ever, the c lass o f p rob lem s to w hich these m odels have been app lied

so far is lim ited to cartoon -like p iecew ise sm oo th im ages and second-o rder sta tis tics o f

m ultip le filte r channel responses [32 , 10 ].

T h is m otiva tes the use o f m ore soph istica ted sta tis tica l m odels w h ich describe a

larger c lass o f na tu ra l im ages w ithou t com prom ising the effic iency of level se t based

segm en ta tion .

1.2 Contribution and Related Work

In the p resen t paper, w e study fo r the first tim e the use o f arecen t m odel o f na tu ra l im age

sta tis tics in an effic ien t leve l se t based varia tion al fram ew ork fo r im age segm en ta tion .

T he sta tis tica l m odel w h ich w e describe in Section 2 , has been used fo r w avele t-

based im age co d ing [14 , 2 ] and w as em pirica lly verified fo r a large database o f natu ra l

im ages [23 , 9 ]. W e also refer to [29 ] fo r re la ted w ork .

T he varia tional app roach w e use fo r im age segm en t a t ion fo llow s Zhu and Y uille

[32 ]' and C han and V ese [4 ]. W e considerab ly enhance the descrip tive pow er o f these

m ethods by inco rpo ra ting the above-m en tioned sta tis tica l m odel o f na tu ra l im ages (Sec-

tion 2 ), thereby en larg ing the range o f app licab ility o f varia tion al segm en ta tion to a m uch

broader im age class. In th is sense , ou r w ork is sim ilar to Parag ios and D eriche [18 ] w ho

successfu lly enhance the geodesic ac tive con tou r m odel [3 , 12 ] w ith a G aussian m ix t u re

m odel o f filte r response sta tis tics fo r supervised tex tu re segm en ta tion . H ow ever, ou r

sta tis tica l m odel is m ore com pact and targe ted tow ard natu ra l scenes, w h ich m akes it

possib le to trea t na tu ra l im ages and unknow n tex tu res in a com ple te ly unsuperv ised w ay .

W e g ive a rigo rous deriva tion o f the equations d riv ing the m otion o f reg ion boundaries

tow ard a segm en ta tion in Section 3 .

In Section 4 w e evalua te ou r app roach num erica lly using natu ra l im ages and tex tu re

im ages from pub lic ly availab le databases. T he perfo rm ance is com pared to the use o f

second order sta tis tics as in [32 , 10 ] w ith in the same varia tional fram ew ork , bo th in a

superv ised and unsuperv ised se tting . It tu rns ou t tha t, desp ite its enhanced descrip tive

pow er, the sta tis tica l m odel w e exp lo it is still s im p le enough to be estim ated locally

such tha t, by m easu ring an approp ria te d istance to non-Ioca lly estim ated m odels, fo rces

can be com pu ted w hich drive level se ts to m ean ing fu l segm en ta tions. W e conclude and

ind ica te fu rther w ork in Section 5 .

F ina lly , w e w ish to po in t ou t tha t ou r resu lts shou ld no t so le ly be judged from the

specific v iew po in t o f tex t u re segm en ta tion . T h is w ou ld am oun t to consider a w ide range

o f possib le d issim ilarity m easu res [22 ] m any of w h ich canno t be easily inco rpo ra ted in to

a levelse t based segm en ta tion fram ew ork and are no t app rop ria te fo r less tex tu red parts

o f na tu ra l scenes. R ather, w e focus in th is paper on a com pact param etric m odel re la ted

to natu ra l im age sta tis tics fo r super- and unsuperv ised levelse t segm en ta tion o f scenes

w here tex tu re p lays an im portan t bu t no t an eX clusive ro le .
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(a ) N o rm a liz e d im ag e (b ) F ilte r re sp o n se . (c ) H is to g ram an d m o d e l.

F ig u re 1 : Overview. A n im ag e (a ) is f i l te re d b y a lin e a r f i l te r . T h e m a rg in a l h is to g ram

(d o tte d lin e ) o f th e re su lt in g f il te r re sp o n se im ag e (b ) is c om p u te d a n d a g en e ra liz e d

L ap la c ia n (so lid lin e ) is f i t te d to th e h is to g ram (c ) . T h e p a ram e te rs (a, s) o f th e g e n e r-

a liz e d L ap la c ia n se rv e a s im ag e d e sc r ip to rs .

2 Natural Image Statistics

W e cap tu re th e s ta tis t ic s o f n a tu ra l im ag e s u s in g g en e ra liz e d L ap la c ia n s f it te d to m a rg in a l

h is to g ram s o f lin e a r f i l te r re sp o n se s . T h e K uH b a ck -L e ib le r (K L ) d is ta n c e b e tw e en th e

L ap la c ia n s th e n se rv e s a s a d is ta n c e m ea su re o n th e im ag e s (c f . F ig . 1). T h e foH ow in g

se c tio n d e sc r ib e s th e s ta tis t ic a l m o d e l in d e ta il .

2.1 Feature Extraction

T h e b a s is o f o u r a p p ro a c h is th e s ta tis t ic a l m o d e l

(1)

fo r th e f il te r re sp o n se Z o f a lin e a r f i l te r a p p lie d to n a tu ra l im ag e s . I t w a s p o in te d o u t in

th e li te ra t u re th a t fo r a la rg e d a s s o f im ag e s th e g e n e ra liz e d L ap la c ia n (1) d e sc r ib e s th e

re sp o n se s ta tis t ic s o f v a r io u s lin e a r f i l te rs su rp r is in g ly w eH . T h is m o d e l w a s em p ir ic aH y

v e r if ie d fo r s am p le s o f n a tu ra l im ag e s [2 3 , 9 ] a n d h a s b e e n ap p lie d to c om p a c t1 y c o d e

w av e le t c o e ff ic ie n ts o f im ag e s [1 4 , 1 1 , 2 , 1 3 ] a n d to B ay e s ia n im ag e re s to ra tio n [2 6 ] . In

th e p re se n t p a p e r w e ap p ly th is m o d e l b o th locally and globally w ith in a v a r ia tio n a l

f ram ew o rk to th e se gm en ta tio n o f n a tu ra l im ag e s .

V a r io u s lin e a r tra n s fo rm a tio n s o f im ag e s h a v e b e e n u se d in c o n ju n c tio n w ith th e

m o d e l: T h e d is c re te c o s in e tra n s fo rm [2 3 ] ' s te e ra b le p y ram id s [6 , 2 7 , 2 6 ] ' a n d v a r io u s

o r th o g o n a l w av e le ts [1 4 , 9 ] . In th is w o rk w e ex am in e s te e ra b le p y ram id f il te rs a n d

q u ad ra tu re m ir ro r f i l te rs a s w eH a s th e w eH -k n ow n H aa r w av e le t a n d D au b e ch ie s w av e le t

o f o rd e r 3 . In th e foH ow in g th e se f il te rs a re a b b re v ia te d b y

- sp n ,

- qm fn ,

- h a a r , a n d
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(a ) F ilte r re sp o n se p a ra m e te rs . (b ) D e n s ity p a ra m e te rs .

F ig u re 2 : The role of nonlinear parameter mapping. S ta n d a rd d e v ia tio n (J a n d

k u rto s is / 'i , o f th e filte r re sp o n se s a re m a p p e d n o n lin e a rly a c c o rd in g to (2 ) to d e n s ity

p a ra m e te rs a a n d s. N o te th a t th e le ft p a rt o f (a ) , w h e re m o st p o in ts a re lo c a te d ,

is sp re a d a fte r m a p p in g . C o n v e rse ly , th e a re a o n th e rig h t o f (a ) , w h e re re la tiv e ly fe w

p o in ts a re s itu a te d , is c o m p re sse d . T h e p o in ts d e p ic te d a re 4 1 6 7 m e a su re m e n ts c o lle c te d

fro m th e v a n H a te re n d a ta b a se u s in g a lin e a r d e riv a tiv e filte r . T h e la b e le d g rid v isu a liz e s

th e n o n lin e a rity o f th e tra n sfo rm a tio n .

- d a u b 3 ,

w h e re n is a n in te g e r e n c o d in g th e n u m b e r o f o rie n ta tio n s e x a m in e d . E x p e rim e n ta l

re su lts to b e d isc u sse d b e lo w re v e a l th a t b o th th e c h o ic e o f th e filte r b a n k a n d th e

m e tric a ffe c t th e p e rfo rm a n c e o f th e s ta tis tic a l m o d e l.

2.2 Density Estimation

T h e g e n e ra liz e d L a p la c ia n m o d e l (1 ) h a s tw o p a ra m e te rs , sa n d a , w h ic h a re re la te d to

v a ria n c e (J2 a n d k u rto s is / 'i , o f th e filte r re sp o n se b y

2 s2 r(3 /a )

(J = r( l/a )

r(1 /a )r(5 /a )

K, = P (3 /a ) .
(2 )

F ig u re 2 illu s tra te s th e n o n lin e a r m a p p in g o f th e s ta tis tic a l p a ra m e te rs {(J, / 'i ,} to th e

m o d e l p a ra m e te rs {s, a } in (1 ) . W h e n / 'i , > 9 /5 w e c a n so lv e th e rig h t e q u a tio n n u m e r-

ic a lly fo r a a n d d e te rm in e s v ia th e le ft e q u a tio n . M a th e m a tic a lly , w e c a n n o t m o d e l

d is tr ib u tio n s w ith / 'i , ~ 9 /5 a s fo r a ---+ 0 0 th e g e n e ra liz e d L a p la c ia n a p p ro a c h e s th e

u n ifo rm d is tr ib u tio n c e n te re d a t 0 , th e k u rto s is o f w h ic h e q u a ls 9 /5 . T h is is n o t a se v e re

re s tr ie tio n , h o w e v e r: In th e e x p e rim e n ta l se c tio n (S e c . 4 a n d F ig . 3 ) w e g iv e s tro n g

e v id e n c e th a t su c h s ta tis tic s a re v e ry ra re in n a tu ra l im a g e s .

2.3 MDL-Criterion for Segmentation

O u r g o a l is to p a rtitio n th e im a g e d o m a in st in to tw o , m a y b e m u ltip ly -c o n n e c te d , re g io n s

s t in a n d s to u t se p a ra te d b y a c o n to u r C su c h th a t th e lo c a l im a g e s ta tis tic s a re "d o se "
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to the g lobal sta tisties w ith in nin or nout, respeetively . M ore precisely , if p d / x denotes

the statisties of a sm all w indow W x eentered at im age loeation x , and if p d / i n and p d /o u t

denote the statistics of the in terio r and exterio r reg ions nin and nout, respeetively , then

w e w ant to m in im ize

Em dl(n in , nout) = 1d s + L i~ ( P d / x I I P d / i n ) d X + L o : ; ( P d / x l l p d / o u t ) d X (3)

w here D ( p l l q ) = - Jp ( z ) l o g ( p ( z ) j q ( z ) ) d z is the K ullbaek-Leib ler (K L ) distanee betw een

densities p and q.

In order to in terpret eriterion (3), le t us assum e for a m om ent that p d / i n , p d / o u t , and

p d / x m odel the true densities of their dom ains perfeetly . M inim izing (3) then am ounts to

m in im izing the deserip tion length of an im age eode: A m inim al eode for Wx has average

length H ( p d / x ) , H denoting Shannon entropy [5]. Eneoding Wx using the m odel for one

of the reg ions nin or nout requires a eode of average length H ( p d / x ) + D ( p d / x l l p d / i n / o u t ) .

In order to m in im ize (3), w e should assign x to the reg ion w ith m in im al K L-distanee to

p d / x . The first in tegral in (3) m easures the length of the separating eontour C ensuring

that the m em bersh ip relation , that is w hether a speeifie po in t x belongs to nin or to

nout, w ill be inexpensive to eneode.

N ote that the K L-distanee of tw o generalized Laplaeians p and q w ith param eters

{ s p , a p } and { S q , a q } ean be eom puted by evaluating (2) for sam pie estim ates on the left

hand sides, and by inserting the resu lting values for the param eters { s p , a p , S q , a q } in to

the fo llow ing expression :

(2)O qr(~ ) (r(l + 1))
D( 11 ) = Bq O p I S q a; _ ~

p q r( ..l.. ) + og S r(l + ..l..) a .
O p p O p P

2.4 C om bin ing F ilter R esponses

(4)

G iven the statistics for a set of filter responses the quest ion arises how to eom bine

inform ation gathered at d ifferen t seales and orien tations. In th is w ork , w e strive for a

g e n e r i c m easure not op tim ized for any partieu lar set of tex tures or filters.

W e propose, as a first approxim ation , to treat the statistics of ind iv idual filter re-

sponses as statistically independent. U nder th is assum ption the ind iv idual K L -distanees

sim ply add up so that w e ean m inim ize the average distanee eolleeted over all linear fil-

ters i:

H ere p d / i n / o u t , i denotes the prob ability density function m odeling the response of filter

i in reg ion nin /ou t and p d / x , i is the eorresponding density for a w indow Wx eentered at

loeation x in the im age plane.

It is know n that in rea;lity the independenee assum ption does n o t hold . For orthog-

onal w avelet bases norm alization sehem es have been proposed to rem ove dependencies

betw een filter responses at d ifferen t seale [25]. For the tim e being , how ever, w e did not

7



in co rpo ra te any no rm aliza tion schem es in to th e firs t im p lem en ta tion o f ou r app roach .

W h ile th is c lea rly is sub op tim a l in th eo ry , em p irica l ev id ence (S ec tion 4 ) suggests th a t

ou r m ode l is su ffic ien tly accu ra te fo r a range o f rea l-w o rld scenes .

3 Levelset Formulation

In th is sec tion w e inco rpo ra te ou r s ta tis tica l d is tan ce m easu re on im ages in to a leve lse t

fo rm u la tion . T he upda te equa tion s de te rm in ing th e dynam ics o f th e segm en ta tion a re

rigo rou sly de riv ed by tak ing in to accoun t a ll reg ion -dependend te rm s and by com pu ting

th e firs t v a ria tion o f th e co rrespond ing area in teg ra ls .

3.1 Energy Functional

M otiv a ted by th e reg ion -based segm en ta tion m ode l o f C han and V ese [4 ] w e genera l-

ize (3 ) and con sid e r ene rgy func tiona ls o f th e fo rm

E(1)) = Lkb(x) IV1>18(1))dx + A l L kout(x, 1>)H(1))dx + A2 L kin(x, 1»(1 - H(1)))dx

(6 )

H ere 1> : JR 2 -t JR deno tes th e em bedd ing leve l se t func tion , th e ze ro -leve l o f w h ich

rep resen ts segm en ta tion boundarie s . H: JR -t {a , I} is th e s tep func tion , and 8 stand s

fo r D irac 's d e lta func tion . In th e fo llow ing w e d rop th e func tion a rgum en ts 1> and x fo r

b rev ity .

C han and V ese 's m ode l [4 ] fits in to th is fram ew ork as a spec ia l case

=1

= lUD - C in l
2

= lUD - Coutl2 ,

(7)

w hereas ou r app roach invo lv es th e con sid e rab ly m o re genera l s ta tis tica l m ode l from (5 )

=1

= L:i D(pdfx,illpdfin,i)
= L:i D(pdfx,illpdfout,i).

(8)

3.2 First Variation and Boundary Update

T he varia tiona l upda te ~ = -(E'(1>), 'ljJ), V 'ljJ , o f th e leve l se t func tion read s
l
:

lT o save ho rizon ta l sp ace w e abb rev ia te (E'(</»,'lj;) by oE/o</>.

8



T h e th ird te rm , w h ic h is om itte d in [4 ) , o r ig in s f rom ap p ly in g th e p ro d u c t ru le to th e

a re a in te g ra ls a n d th u s ta k e s in to a c c o u n t th a t kin a n d kout a lso d e p e n d o n th e le v e ls e t

fu n c tio n cP. A fte r so m e te d io u s c a lc u la tio n s (A p p en d ix A ) a n d w ith th e sh o r th a n d s

n = I~:Ia n d c = d iv (n ) w e a rr iv e a t

(1 0 )

W e p o in t o u t th a t th is fo rm u la w a s re c e n tly d e r iv e d in a d if fe re n t w ay in [1 0 ] b a se d o n

th e c a lc u lu s o f sh a p e o p tim a l d e s ig n [2 8 ] w h ic h , in tu rn , re lie s o n p re v io u s m a th em a tic a l

w o rk lik e , e .g ., [2 4 ] .

3.3 Computation of the Area Term

L e t u s e x am in e m o re c lo s e ly th e a re a in te g ra l in (1 0 ) . A s m en tio n e d a b o v e (S e c tio n 2 .4 )

w e m o d e l th e lo c a l c o d in g c o s t W .r .t . th e in te r io r re g io n a s

(11)

(1 3 )

R ec a ll th a t th e p ro b a b il i ty d e n s ity fu n c tio n s is g iv e n a s g e n e ra liz e d L ap la c ia n s w ith

tw o p a ram e te rs s = s(a, a2) a n d a = a(K) w h ic h d e p e n d th em se lv e s o n k u r to s is K a n d

v a r ia n c e a2
m ea su re d b o th lo c a lly in Wx a n d g lo b a lly in Oin' T h e re fo re , w e m ay w rite

m o re p re c is e ly

kin =Ln(p( a(Kx,i), s(a(Kx,i), a;,i)) IIp(a(Kin,i), s ( a(Kin,i), a;n,i)))' (12)
i

H e re Kin,i a n d afn,i d e p e n d o n th e a re a Oin a n d th u s v a ry w ith th e le v e ls e t fu n c tio n cP. L e t

u s d ro p th e in d e x i in th e fo llow in g d is c u s s io n , th u s fo c u s in g o n a s in g le f i l te r re sp o n se

o n ly .

T h e d e r iv a tiv e th e n re a d s

8kin 8n 8Kin 8n 8a~
- - = - - - -+ - -2 - - ,
8cP 8Kin 8cP 8ain 8cP

w h e re th e c om p u ta tio n o f th e p a r tia l d e r iv a tiv e s 8nj8Kin a n d 8nj8a~ is lo n g b u t n e v e r -

th e le s s e lem en ta ry w h en s ta r t in g f rom th e a n a ly tic a l fo rm u la tio n o f th e K L -d is ta n c e (4 )

a n d in se r t in g th e re la tio n s (2 ) so l v e d fo r a a n d s .

T h e s ta tis t ic s d e p e n d in g o n th e a re a fo rm a h ie ra rc h y o f re g io n -d e p e n d e n t te rm s :

(1 4 )

9



( 1 5 )

I n th e le v e ls e t f o rm u la t io n ( 6 ) w e r e p la c e th e in te g r a l s o v e r nin b y in te g r a l s o v e r n
w e ig h te d b y th e s te p f u n c t io n H. N o w , ta k in g th e d e r iv a t iv e W .r . t . cjJ y ie ld s ( c f . A p -

p e n d ix B )

80"fn = _ r (x - Jli;)
2
H dx r 6'l/J dx + r (x - Jlin)2 6'l/J dx

8cjJ in Ininl in in Ininl

a n d

( 1 6 )

W ith (1 3 ) th e s e te rm s fo rm th e a r e a d e r iv a t iv e s in ( 1 0 ) .

4 Experiments and Discussion

I n th i s w e d e s c r ib e e x te n s iv e c o m p u ta t io n a l s tu d ie s o f th e p e r f o rm a n c e o f o u r m o d e l . W e

v a l id a te th e u s e o f g e n e r a l iz e d L a p la c ia n d e n s i t i e s f o r f i l t e r r e s p o n s e s ta t i s t i c s o f n a tu r a l

im a g e s , p e r f o rm e x p e r im e n ts in te x tu r e r e t r ie v a l a n d - s y n th e s i s to u n d e r s ta n d w h a t

im a g e f e a tu r e s a r e c a p tu r e d b y o u r m o d e l , a n d s h o w s a m p ie s e g m e n ta t io n s o n n a tu r a l

a n d a r t i f i c ia l im a g e s . W e c o m p a r e o u r m o d e l w i th a s ta n d a rd s e c o n d -o r d e r v a r ia t io n a l

m o d e l f o r im a g e s e g m e n ta t io n a n d d e m o n s t r a te th a t i t p e r f o rm s w e I l .

4.1 Model Validation

B e fo r e f o c u s in g o n s e g m e n ta t io n (S e c t io n 4 .3 ) w e c o n d u c te d e x p e r im e n ts to s e le c t a

s u i ta b le f i l t e r b a n k a n d to v e r i f y th a t th e m a th e m a t ic a l r e s t r ie t io n o n th e k u r to s i s o f

th e f i l t e r r e s p o n s e to b e g r e a te r th a n 9 /5 is m e t in p r a c t ic e ( c f . S e c t io n 2 .2 ) . F o l -

lo w in g [9 ] w e u s e d th e v a n H a te r e n d a ta b a s e o f n a tu r a l im a g e s [ 3 0 ] f o r e v a lu a t io n a n d

r e m o v e d m u l t ip l ic a t iv e c o n s ta n ts f r o m th e im a g e s b y f i r s t lo g - t r a n s f o rm in g th e m a n d

th e n s u b t r a c t in g th e i r lo g -m e a n s .

T a b le 1 s u m m a r iz e s o u r r e s u l t s : W e d is p la y th e m e d ia n a n d th e tw o q u a r t i l e s o f th e

K L -d is ta n c e b e tw e e n th e f i l t e r r e s p o n s e h is to g r a m s a n d a g e n e r a l iz e d L a p la c ia n w i th

id e n t ic a l v a r ia n c e a n d k u r to s i s . F o r c o m p a r i s o n , w e a ls o r e p o r t th e h is to g r a m s ' a v e r a g e

e n t r o p y . The' results show that on average almost alt information in the histograms is

captured by the parametric model.

T h e fo l lo w in g e x p e r im e n ts w e r e c o n d u c te d u s in g th e s te e r a b le p y r a m id f i l t e r b a n k

s p 3 w i th f o u r o r ie n te d s u b -b a n d f i l t e r s a n d th r e e s c a le s . I n F ig . 3 w e s h o w th e lo g -

h is to g r a m s o f th e k u r to s i s , . , ;f o r e a c h in d iv id u a l f i l t e r d e te rm in e d fo r a l l 4 1 6 7 im a g e s o f

th e d a ta b a s e . T w o th in g s a r e r e m a rk a b le : F i r s t , th e d is t r ib u t io n o f / 'l , f o l lo w s c lo s e ly a

1 0



8 8 8 8

6 6 6 6

4 4 4 4

2 2 2 2

0 0 0 0
0 50 0 50 0 50 0 50

min=3.2 med=8.2 min=3.2 med=8.6 min=3.9 med=9.2 min=3.2 med=8.5

8 8 8 8

6 6 6 6

4 4 4

2 2 2 2

0 0 0 0
0 50 0 50 0 50 0 50

min=3.1 med=7.6 min=3.1 med=7.3 min=3.3 med=7.8 min=3.2 med=7.3

8 8 8

6 6

4 4

2 2 2

0 0 0 0
0 50 0 50 0 50 0 50

min=2.8 med=6.9 min=2.8 med=6.4 min=3.1 med=6.8 min=2.9 med=6.4

F ig u r e 3 : C h e c k f ü r p a th ü lü g ic a l s ta t i s t i c s . L o g -h i s to g r a m o f k u r to s i s I'i, m e a s u r e d

o v e r 4 1 6 7 im a g e s f r o m th e v a n H a te r e n d a ta b a s e [ 3 0 ] f o r a s te e r a b le p y r a m id f i l t e r b a n k

w i th th r e e s e a l e s ( r o w s ) a n d f o u r o r ie n t a t io n s ( e o lu m n s ) . T h e m in im a l a n d m e d ia n

v a lu e s f o r I'i, a r e l i s te d in th e in d iv id u a l im a g e e a p t io n s . N o te th a t th e h is to g r a m s a r e

very regular, a n d th a t f o r e a e h f i l t e r I'i, i s w e H a b o v e 9 /5 , th u s no pathological cases a r e

p r e s e n t in th e d a ta b a s e .

1 1



spO sp1 sp 3 sp 5 qm f9 qm f12 qm f16 h aa r d au b3

K L -d is t m ed ian 0 .0 5 3 0 .0 5 6 0 .0 5 8 0 .0 5 1 0 .1 2 6 0 .1 2 6 0 .1 2 4 0 .1 0 3 0 .1 1 1

K L -d is t q -2 5 0 .0 3 3 0 .0 3 7 0 .0 4 0 0 .0 3 6 0 .0 7 4 0 .0 7 4 0 .0 7 5 0 .0 6 4 0 .0 6 8

K L -d is t q -7 5 0 .0 8 8 0 .0 9 1 0 .0 9 0 0 .0 7 6 0 .2 6 4 0 .2 6 3 0 .2 5 1 0 .1 9 1 0 .2 1 3

en tro p y m ed ian 4 .4 9 8 4 .2 8 6 4 .2 2 0 4 .2 2 3 3 .8 2 9 3 .8 2 4 3 .8 3 2 3 .8 6 8 3 .8 5 7

en tro p y q -2 5 4 .0 9 5 3 .8 7 3 3 .8 2 8 3 .8 2 0 3 .4 5 8 3 .4 4 7 3 .4 6 1 3 .4 7 3 3 .4 8 9

en tro p y q -7 5 4 .8 0 1 4 .6 0 8 4 .5 2 1 4 .5 2 7 4 .1 3 8 4 .1 3 5 4 .1 4 2 4 .2 0 0 4 .1 6 5

K L -d is t / en tro p y 0 .0 1 1 0 .0 1 3 0 .0 1 3 0 .0 1 2 0 .0 3 3 0 .0 3 3 0 .0 3 2 0 .0 2 6 0 .0 2 8

T ab le 1 : M ode l v a lid a tio n . M ed ian and qu a rtile s o f K L -d is tan ce s b e tw een h is -

to g ram s and p a ram e tr ic m od e l (1 ) m easu red ov e r 4 167 p ic tu re s from th e v an H a te ren

d a tab a se [3 0 ] fo r d iffe ren t se ts o f f ilte rs . F o r com pa riso n , en tro p ie s o f th e filte r re sp o n se s

a re a lso rep o rted . T h e s te e rab le p y ram id filte r re sp o n se s (co lum n s 1 to 4 ) f it p a rticu la r ly

w e ll: O n ly a sm a ll fra c tio n o f th e in fo rm a tio n p re sen t in th e h is to g ram s is ig n o red (la s t

row ).

sh if ted ex pon en tia l d is tr ib u tio n . S eco nd , th e m in im a l v a lu e s o f K, en coun te red a re w e ll

ab o v e th e c ritic a l v a lu e o f 9 /5 . T hu s , distributions which cannot be described by our

model do not occur in natural images.

U n fo rtu n a te ly , d u rin g segm en ta tio n w e w o rk w ith sm a ll parts o f im ag e s fo r w h ich

sm a ll v a lu e s fo r k u rto s is are ob se rv ed . E sp ec ia lly v e ry h om ogen eou s im ag e reg io n s lik e

sk y o r p la in s tre e t o cea s io n a lly le ad to u n ty p ie a l f ilte r re sp o n se h is to g ram s . In th e

segm en ta tio n exp e rim en ts rep o rted b e low w e tre a ted th e se h is to g ram s a s o u tlie rs -

w ith o u t an y no tie e ab le d e te r io ra tio n o f segm en ta tio n qu a lity .

T o a sse ss th e q u a lity o f o u r p ro b ab ilis tie d is tan ee m easu re w e ran an exp e rim en t in

tex tu re re tr iev a l o n im ag e s from th e B rod a tz d a tab a se : W e ex tra e ted 16 im ag e p a teh e s

o f s iz e 1 00 x 100 p ix e ls n o n -o v e rlap p in g ly from 32 B rod a tz im ag e s . T h en w e to ok eaeh o f

th e 3 2 .1 6 = 512 im ag e p a teh e s a s a q u e ry an d se le e ted from th e rem a in in g p a teh e s th e

o n e m o s t s im ila r to th e q u e ry w .r .t. a n um be r o f n o rm s: W e ex am in ed LI an d Loo no rm s

fo r v ee to rs o f f ilte r re sp o n se s ta tis tie s eo lle e ted ov e r d iffe ren t se a le s an d Q rien ta tio n s an d

fo r d iffe ren t se ts o f lin ea r f ilte rs . A lso , w e ex am in ed K L -d is tan ce . T h e d is tan ee s fo r

th e in d iv id u a l se a l e s an d o rien ta tio n s w e re eom b in ed u s in g th e m ax , m ean , an d m ed ian

op e ra to r . A re tr iev a l w as eo n s id e red eo rre e t if th e p a teh m o s t s im ila r to th e q u e ry

o rig in a ted from th e sam e B rod a tz im ag e . O th e rw ise it w as eo n s id e red w rong .

T ab le 2 sum m ariz e s th e re su lts w h ich sh ow th a t th e LI no rm o f th e K L -d is tan ee

p e rfo rm s b e s t fo r m o s t f ilte rs . This indicates that (1 2 ) is a useful distance measure on

images with texture.
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Loo LI m ed Loo LI m ed Loo LI m ed

(O",~) (O",~) (O",~) (a, s) (a, s) (a, s) (K L ) (K L ) (K L )

spO 112 9 3 1 2 0 1 3 6 1 3 7 3 0 3 7 5 71 1 0 3

sp l 6 4 3 2 6 0 6 6 5 1 1 1 1 3 3 26 3 4

sp 3 6 2 3 0 4 0 6 6 4 8 4 7 2 9 18 2 4

sp 5 7 7 3 2 3 3 6 5 3 2 4 5 3 8 3 0 24

qm f9 6 4 1 9 3 2 6 6 3 8 8 2 1 6 12 1 7

qm f1 2 7 9 1 9 3 5 7 8 3 9 8 9 2 0 16 2 3

qm f1 6 8 4 2 1 3 4 8 4 4 1 8 3 2 0 17 2 2

h aa r 7 8 2 8 3 9 8 9 4 3 1 2 2 3 4 21 3 5

d au b 3 8 2 2 3 4 4 8 0 4 6 9 0 2 9 17 2 2

T ab le 2 : A sse ssm en t o f K L -d is ta n c e . N um be r o f fa lse re tr ie v a ls o n 5 1 2 ran d om ly

sam p led tex t u re im ag e p a tch e s from th e B ro d a tz d a ta b a se [1 ] . D iffe re n t f ilte rs , fe a tu re s ,

a n d s tra te g ie s to com b in e in d iv id u a l f ilte r re sp o n se s a re com p a red . T h e m in im a l e rro r

ra te fo r e a ch filte r is m a rk ed in b o ld fa c e . K L -d is ta n c e w ith LI m e tr ic p e rfo rm s b e s t in

m o s t c a se s .

4 .2 T ex tu re S y n th e s is E x p e rim en t

T o un d e rs ta n d w h ich im ag e fe a tu re s a re c ap tu red w e sy n th e s iz ed tex t u re im ag e s u s in g

o u r m od e l. F o r com pu ta tio n a l e ff ic ie n cy w e d id n o t re so r t to th e G ib b s sam p ie r b u t

m od if ie d th e fa s t p y ram id -b a sed a lg o r ithm o f H eeg e r an d B e rg en [8 ] in s te ad . T h is

g re ed y a lg o r ithm en fo rc e s f ilte r h is to g ram s im ila r ity b e tw een a ta rg e t im ag e an d a so u rc e

im ag e in itia liz ed to ran d om no ise o v e r d iffe re n t sc a le an d o rie n ta tio n b an d s o f a s te e rab le

p y ram id . In co n tra s t to H eeg e r an d B e rg en w e d id n o t f it th e com p le te f ilte r h is to g ram s

b u t o n ly th e ir g en e ra liz ed L ap la c ia n s . A s im ila r ap p ro a ch w as tak en in [2 9 ] w h e re

B e sse l K fo rm s an d th e G ib b s sam p ie r w e re u sed to sy n th e s iz e te x tu re im ag e s from a

la rg e r n um b e r o f lin e a r f ilte r re sp o n se s .

F ig u re 4 sh ow s so m e re su lts : W h ile o u r - from th e v iew po in t o f im ag e sy n th e s is :

s im p le - m e th o d d o e s n o t p ro d u ce re a lis tic a lly lo o k in g tex tu re s it a p p e a rs th a t e s sen tia l

in fo rm a tio n fo r im ag e segm en ta tio n su ch a s sc a le , g ran u la r ity an d p red om in an t o r ie n ta -

tio n a re re ta in ed .

4 .3 S egm en ta tio n E x p e rim en ts

N ex t w e com po sed ran d om ly se le c te d te x tu re s from th e B ro d a tz d a ta b a se an d a rran g ed

th em in a tex tu re co lla g e w ith a c ro ss -sh ap ed in la y o f o n e tex tu re in an o th e r (F ig . 5 ) .

W e segm en ted 1 0 0 tex t u re co lla g e s u s in g (9 ) without area derivatives an d w ith f ix ed

d e fau lt p a ram e te rs Al = A2 = 1 , w in d ow s iz e IWI = 8 0 x 8 0 p ix e ls . F o r com p a riso n , w e

1 3



F igure 4: Texture synthesis. Textures from the V isTex database (first and fourth

co lum n) are reproduced using the algorithm of H eeger and Bergen [8] (second and fifth

co lum n) and a sim plified version w hich uses on ly im age featu res cap tured by our m odel

(th ird and six th co lum n). A ll im ages w ere syn thesized using iden tical filters and the

sam e num ber of iterations. W e see that our m odel reproduces scale , g ranu larity and

predom inan t orien tation of the im age.

im plem ented an energy term based on second order sta tistics (cf. [32 , eqn . (20)]):

(17)

This m odel should w ork w ell fo r im ages w here the m e an is the m ost im portan t reg ion

descrip to r (F ig . 8 (h)). O ur B rodatz-co llages are of such type: The ind iv idual tex ture

im ages usually are qu ite hom ogeneous so filter response d ifferences are likely to orig in

from tex ture boundaries.

W e ran both m odels for 100 iteration steps, i.e ., w ell after w e expected convergence,

on each tex t ure co llage. For increased speed w e com puted the im age statistics on a

subsam pled im age and in terpo lated the resu lt on the w hole im age. This m akes the

reg ion boundaries look sligh tly sm oother than one w ould expect. A s both m odels are

affected in exactly the sam e w ay th is should not affect the m odel com parison . W e

finally determ ined the percen tage of correctly segm ented p ixels. W e found (Tab . 3) that

the average perform ance (m edian) as w ell as the perform ance on difficu lt im ages (25%

quartile) o f our m odel w as sign ifican tly better than the perform ance of m odel (17).

W e then evaluated the im portance of the area derivatives, w hich are often om itted

14



Figure 5: Sampie segmentation. Brodatz texture collages segmented with KL-

distance (solid line) and second order statistics (dotted line) with default parameters

set. The KL-distance captures the cross-shaped inlay better than second order statis-

tics. Here, we show two examples out of a large number of segment at ion experiments,

the statistics of which is given in table 3.

reference model proposed model improvement

median 0.65 0.81 25%

q-25 0.47 0.69 47%

q-75 0.81 0.84 4%

Table 3: Comparison of segmentation quality. The percentage of correctly seg-

mented pixels on a set of 100 randomly generated Brodatz texture collages is reported

for our model and for a reference model based on second order statistics. The median

and both quartiles are shown. Our model clearly outperforms the reference model on

average and shows much better performance on difficult images.

in variation al segmentation implementations. We took the first 100 images from the

van Hateren database and computed the area derivative term from (9)

(18)

for an initial segmentation consisting of equally spaced squares distributed over the

whole image (Fig. 8(a)). For comparison, we computed the KL-term

(19)

and measured the influence over the whole image.

The results (Tab. 4) indicate clearly that for our choice of distance measure the area

derivatives can safely be ign 0red. This validates common practice. Note, however, that
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q-lO

K L -te rm -4 .0 3 6 6

A re a - te rm -3 .6 1 . 1 0 - 5

q -9 0

2 .6 0 2 7

2 .1 1 . 1 0 -5

T ab le 4 : Importance of the area term. T h e 1 0% an d th e 9 0% qu an tile s o f e q u a -

tio n s (1 8 ) a n d (1 9 ) e v a lu a te d o n 1 0 0 im ag e s from th e v an H a te re n d a ta b a se a re re p o r te d .

T h e co n tr ib u tio n s o f th e a re a te rm a re f iv e o rd e rs o f m ag n itu d e sm a lle r th an th e co n -

tr ib u t io n s o f th e K L -te rm , in d ic a tin g th a t th e a re a d e r iv a tiv e s c an sa fe ly b e ig n o re d .

(a ) t= O (b ) t= lO (c ) t= 2 0 (c l) t= 5 0

F ig u re 6 : Unsupervised segmentation. Z eb ra s a re se p a ra te d from th e b a ck g ro u n d .

C o n to u rs w e re in itia liz e d to b o x e s , s to p p in g w a s d e te rm in ed au tom a tic a lly a c co rd in g to

E(c/J)'.

re c en tly Je h an -B e sso n e t a l. [1 0 ] h av e co m e to d if fe re n t c o n c lu s io n s fo r a d if fe re n t c h o ic e

o f d is ta n c e m ea su re .

F ig . 6 to 8 sh ow so m e ex am p le s fo r su p e rv ise d an d u n su p e rv ise d segm en ta tio n o f

n a tu ra l im ag e s . In F ig . 6 w e ex am in e an im ag e from th e B e rk e le y d a ta b a se [1 5 ] . T h e

co n to u r w a s in itia liz e d to eq u a lly sp a c ed b o x e s . A s s to p p in g c r ite r io n w e com pu te d

th e im p ro v em en t o f th e en e rg y fu n c tio n a l (6 ) fo r e v e ry tim e s te p an d s to p p ed a s so o n

a s it d ro p p ed b e low a p rev io u s ly d e te rm in ed th re sh o ld . T h e sam e th re sh o ld w a s u sed

fo r a ll e x p e r im en ts . T h e z eb ra p a tte rn is c a p tu re d w e Il b y o u r m od e l: T h e co n to u r

im m ed ia te ly lo ck s o n to th e z eb ra p a tte rn an d en e rg y (6 ) (n o t sh ow n ) d ro p s sh a rp ly a s

th e z eb ra is m o re an d m o re co v e re d .

F ig . 7 sh ow s a m o re d if f ic u lt c a se : A tre e s ta n d in g in fro n t o f a h o u se , c a s tin g a sh a rp

sh ad ow on th e h o u se . W ith th is im ag e , u n su p e rv ise d segm en t a t io n m e re ly sep a ra te s

th e ir re g u la r re g io n s from th e h om og en eo u s sk y an d p a r ts o f th e s tre e ts (F ig . 7 (e ) -

F ig . 7 (h )) . In co n tra s t, if th e co n to u r is in itia liz e d in a su p e rv ise d w ay (F ig . 7 (a ))

th e m od e l c ap tu re s th e v isu a lly d om in an t tre e . H ow ev e r , in th e f in a l se gm en ta tio n

(F ig . 7 (d )) re la tiv e ly la rg e p a r ts o f th e sh ad ow ed h o u se a re c ap tu re d a s w e Il.

In F ig . 8 w e com p a re o u r m od e l to se co n d o rd e r s ta tis tic s (1 8 ) o n an im ag e from

th e M IT V isT ex d a ta b a se [1 9 ] . T h e M D L c rite r io n (3 ) se p a ra te s th e tre e s from th e

im ag e fo re - a n d b a ck g ro u n d . T h is is se n s ib le : T h e tre e s fo rm an im ag e re g io n w h ich is

re la tiv e ly ex p en s iv e to en co d e w h ile sk y an d g ra s s la n d a re com p a ra tiv e ly h om og en eo u s .

U s in g o n e p ro b ab ility m o d e l fo r th e tre e s a n d o n e fo r th e re s t o f th e im ag e th u s m in im iz e s
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(a) t= O (b ) t= lO (c ) t= 2 5 (d ) t= 5 6

(e ) t= O (f) t= 5 (g ) t= 1 0 (h ) t= 2 2

F ig u re 7 : S u p e rv ise d an d u n su p e rv ise d seg m en ta tio n . W ith su p e rv ise d seg m en -

ta tio n th e tre e is se p a ra te d fro m h o u se an d c a r . U n su p e rv ise d seg m en ta tio n fa ils in

th is c a se : In itia liz a tio n o f th e f ilte r re sp o n se m o d e l is to u n sp e c if ic , y ie ld in g a ra t h e r

u n in te re s tin g seg m en ta tio n in to h o m o g en eo u s (sk y , s tre e t) a n d in h o m o g en eo u s re g io n s

(c a r , tre e , h o u se ) . N o te th e lo w im ag e co n tra s t in th e lo w e r le f t p a r t o f th e tre e .

th e ex p e c te d co d in g le n g th o f th e im ag e . S e co n d o rd e r s ta tis tic s s im p ly sep a ra te s th e

b r ig h t sk y fro m th e re s t o f th e im ag e , y ie ld in g a le s s a p p e a lin g seg m en ta tio n .

5 Conclusions and Further Work

In th is p ap e r w e p ro p o sed a seg m en ta tio n ap p ro a ch b a sed o n n a tu ra l im ag e s ta tis tic s

a n d th e g ra d ie n t- le s s le v e l se t s e g m en ta tio n m e th o d in tro d u c ed b y C h an an d V e se [4 ] .

E x p lo itin g th e fa c t th a t a s im p le p a ram e tr ic m o d e l a c cu ra te ly d e sc r ib e s th e s ta tis tic s o f

a w id e d a ss o f f il te r re sp o n se s o n n a tu ra l im ag e s w e co n s tru c te d an en e rg y fu n c tio n a l

ju s tif ie d b y a m in im u m d e sc r ip tio n le n g th a rg u m en t.

W e ran ev a lu a tio n s o n th o u san d s o f im ag e s ch e ck in g th a t p a th o lo g ic a l c a se s n o t

c ap tu re d b y o u r m o d e l d o n o t o c cu r in re a l w o rld im ag e s (F ig . 3 ) , th a t th e em p ir i-

c a lly o b se rv ed h is to g ram s a re a c cu ra te ly re p re se n te d (T ab . 1 ) , a n d th a t th e m in im u m

d e sc r ip tio n le n g th fo rm u la tio n d o e s co n tr ib u te to th e d e sc r ip tiv e p o w e r o f o u r m o d e l

(T ab . 2 ) .

W e co n d u c te d ex p e r im en ts to ev a lu a te th e p e rfo rm an c e o f o u r se g m en ta tio n m e th o d

in co m p a riso n to a se co n d o rd e r m o d e l w h ic h h a s b e en u sed su c c e s s fu lly fo r im ag e

seg m en ta tio n b e fo re [3 2 ] . T h e re su lts in d ic a te th a t fo r se g m en ta tio n ta sk s w h e re im ag e

s tru c tu re is m o re im p o rta n t th an b r ig h tn e s s c o n tra s ts o u r m o d e l c o m p a re s fa v o ra b ly

(F ig . 7 , 8 , 5 ; T ab . 3 ) .
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(a ) t= O (h ) t= lO (e ) t= 2 0 (d ) t= 3 5

(e ) t= O (f) t= 4 (g ) t= 8 (h ) t= 1 2

F ig u re 8 : Unsupervised segmentation. U n su p e rv is e d se gm en ta tio n o f a n a tu ra l

s c e n e from th e V isT ex d a ta b a se [1 9 ] . C o n to u rs w e re in it ia liz e d to b o x e s , s to p p in g w a s

d e te rm in ed au tom a tic a lly a c c o rd in g to E(qy)'. T h e co n to u r e v o lu tio n a t d if fe re n t tim e

s te p s is d isp la y e d fo r o u r m o d e l (F ig . (a ) - ( d ) ) a n d fo r se c o n d o rd e r s ta tis t ic s (F ig . (e ) -

(h ) ) . T h e tre e s in th e c e n te r o f th e im ag e a re th e v isu a lly m o s t d om in an t e lem en t w h ic h

is re f le c te d b y th e se gm en ta tio n w ith o u r m o d e l. S e c o n d o rd e r s ta tis t ic s s e p a ra te s th e

b r ig h t sk y from th e d a rk e r re s t o f th e im ag e , fa il in g to c a p tu re th e v isu a lly d om in an t

tre e s .

F in a lly , w e ex am in ed th e im p o r ta n c e o f a n a re a d e r iv a tiv e te rm em e rg in g d u r in g th e

d e r iv a tio n o f th e f irs t v a r ia tio n o f o u r e n e rg y fu n c tio n a l. W e fo u n d (T ab . 4 ) th a t fo r

o u r fu n c tio n a l th e a re a d e r iv a tiv e 's c o n tr ib u tio n is n o t s ig n if ic a n t, th u s v a lid a tin g th e

c om m on p ra c tic e o f om ittin g it . O m ittin g th e a re a d e r iv a tiv e s a lso g re a tly s im p lif ie s

th e im p lem en ta tio n o f o u r m e th o d an d lif ts th e re q u irem en t th a t th e a re a d e sc r ip to rs

k in a n d k o
u t m u s t b e d if fe re n tia b le .

A n in te re s tin g lin e o f re se a rc h fo r th e fu tu re is to e x am in e h ow im ag e fe a tu re s c a n

b e c a p tu re d w ith e v en m o re in v o lv e d im ag e p ro b ab ili ty d e n s it ie s w ith o u t c om p rom is in g

m o d e l s im p lic ity to o m u ch : O u r e n e rg y fu n c tio n a l c a n in p r in c ip le b e a p p lie d o n a r-

b itra ry p ro b ab ili ty d e n s it ie s . H ow ev e r , m o d e l v a lid a tio n is su e s a s w e ll a s p e rfo rm an c e

a rg um en ts m ak e im ag e m o d e ls d e s ira b le w h ic h a re e a sy to tra in e v en o n sm a ll im ag e

p a tc h e s .
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,---------------------_ .._-------

A First Variation of the Energy Functional

The exposition follow s [4]' suitably generalized and adapted to O U f approach. Starting

from (9)

~: = :4J [L k
b IV'4J18dx] + L 8(>'lko

ut
- >'2kin)~ dx

1( akout akin )

+ n >'1~H + >'2 a4J (1 - H) ~ dx

w e take a closer look at the first term w hich equals

(20)

by product rule. W ith G reen's first theorem the second part becom es

(21)

w hich in connection w ith V '81~:1 = 8'1V '4J1 and (20) yields

N ote that w e can replace each area integral containing the D irac im pulse into an integral

over the region boundary C = {x : 4J(x) = O }:

Lf(x, 4J)8(4J)dx = 1f(x, O)ds.

H ence w e can w rite

(23)

A ssum ing C n an = 0, this leads to (10).
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B Derivation of the Area Terms

W e s ta r t f r o m re la t io n s (1 4 ) a n d r e p la c e th e in te g r a ls o v e r Oin b y in te g r a ls o v e r 0

w e ig h te d b y th e s te p fu n c t io n H. T a k in g th e d e r iv a t iv e W .r . t . cf>y ie ld s

a n d

( 2 6 )

a n d f in a l ly

ß IOinl = r ßHd = r 5 : . 1 . d
ßcf> 1n ßcf> x 1nU'f' x.

C o l le c t in g th e s e te rm s a n d u s in g f n ( J .L in - x ) H d x = 0 y ie ld s (1 5 ) .

T h e d e r iv a t io n o f ßKj ßcf> p ro c e e d s in th e v e ry s am e m a n n e r :

( 2 7 )

w h e re

a n d

( 2 9 )

I n s e r t in g th e v a r io u s te rm s in to e a c h o th e r , th is y ie ld s (1 6 ) .
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