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Natural transformations of higher order
cotangent bundle functors

by JAN KUREK (Lublin)

Abstract. We determine all natural transformations of the rth order cotangent bundle
functor T into T°* in the following cases: r = s, 7 < s, r > s. We deduce that all natural
transformations of 77" into itself form an r-parameter family linearly generated by the
pth power transformations with p=1,...,r.

Using general methods developed in [2]-[5], we deduce that all natural
transformations of the rth order cotangent bundle functor T7* into itself
form an r-parameter family generated by the pth power transformations
APt withp=1,...,r.

Then we deduce that all natural transformations of 7"* into T +9* form
an r-parameter family generated by the generalized pth power transforma-
tions Ap"9 with p =q+1,...,q+7.

Moreover, we deduce that all natural transformations of 77* into T'("~0*
form an (r — g)-parameter family generated by the generalized pth power
transformations A" 7 withp=1,...,7r —gq.

The author is grateful to Professor I. Kolar for suggesting the problem
and for valuable remarks and useful discussions.

1. Let M be a smooth n-dimensional manifold. Let T"*M = J"(M,R)g
be the space of all r-jets j. f of smooth functions f : M — R with source at
x € M and target at 0 € R. The fibre bundle mp; : T™* M — M with source
r-jet projection mys : jo f +— x has a canonical structure of a vector bundle
with
(1.1) Jof +iz9=0:(f+9), k-juf =Jz(k-f)
for v € M and k € R [1].
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The vector bundle mps : T"* M — M is called the r-th cotangent bundle
over M.

Every local diffeomorphism ¢ : M — N is extended to a vector bundle
morphism T"*¢ : T™*M — T™ N, jI f — j;(x)(fogo_l), where ¢~ is locally
defined. Hence, the rth cotangent bundle functor T"* is defined on the cat-
egory M f, of smooth n-dimensional manifolds with local diffeomorphisms
as morphisms and has values in the category VB of vector bundles.

If (%) are local coordinates on M, then we have the induced fibre coor-

dinates (w;, Ui iy, - -, Wiy, i) o0 TT*M (symmetric in all indices):
. af . 0% f
ul(];f) = O’ ) ulll2(];f) = Ori1 O PRI)
19 (z) (z)
Uiy, (Jof) = Oz . Oz " :

Since the functor T"* takes values in the category VB of vector bundles,
we may define natural transformations A7" of T into itself forp = 1,..., 7.

DEFINITION 1. The natural transformation A} of the rth cotangent
bundle functor T7* into itself defined by

(1.3) A" g = JR ()P

where (f)? denotes the pth power of f, is called the p-th power transforma-
tion.

DEFINITION 2. The natural transformation A;’s of T™ into T** defined
by

(1.4) Ayt g f e g (f)F
is called the generalized p-th power transformation.

We note that in the case s = r + ¢ this definition is correct only for
p=gq+1,...,9+r.

DEFINITION 3. The natural transformation P™"~4 of T"* into T("—2)*
defined by

(L5) Prrou g e e
is called a projection.
Note that
(1.6) ATt =A7 T o P forp=1,...,1—q.

2. In this part we determine, by induction on r, all natural transforma-
tions of T"* into itself.
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THEOREM 1. All natural transformations A : T™ — T™ form the r-
parameter family

(2.1) A=k A" + kA" + ...+ kAT
with any real parameters ki, ks, ..., k. € R.

Proof. The functor T7* is defined on the category Mf, of n-dimen-
sional smooth manifolds with local diffeomorphisms as morphisms and is of
order r. Thus, its standard fibre S = (T7*R"), is a G} -space, where G/, is
the group of all invertible r-jets from R”™ into R™ with source and target
at 0.

According to general standard methods [2]-[5], the natural transfor-
mations A : T™ — T" are in bijection with the G -equivariant maps
frr (T R™)g — (T™*R™)g of the standard fibres.

Let a = a~! denote the inverse element in G7, and let

1
(22) t(’u’L,) = ﬁ Z tiu(1)~~~ia(7‘)
' o€es,

denote the symmetrization of a tensor with components ¢;, ;. .

By (1.2) the action of an element (aj,aj, ;,,...,a; ;) € G; on
% n 3 M

(Wiy s Wigigy -y Uiy 4,) € (TT*R™)g is given by

— =T — . =J102 g1

Ujy, = Ujy A, Ujyiy = Ujyjp O, A7) + Ujy Ay s e v s

i A TR R

7. . = . . ~Ir . . e HIr—25)r—

Uiy .y = Uy By o Q) + Ujy .. gy (7" — 2)'2|a(i1 R i 1in) =+ ...
(2.3) r!

~J1 ~jr—s—1~dj7"fs

tUjy g [(T g — 1)!(8 + 1)!a(i1 SRR SR

i) +...

7! o
L. ~J1 ~J2
+ Uy jo [(T _ 1>!1!a(i1ai2.‘

I. Consider the case r = 2. The equivariance of a G2-equivariant map
22 = (fi, fij) of (T**R™)y into itself with respect to homotheties in G2:
aj = kéj, aj ;, = 0, gives the homogeneity conditions
(24)  kfilui,uig) = filkui, ki), K2 fig(uiuig) = fij(kug, Kugg)

By the homogeneous function theorem [2]-[5], we deduce that, first, the
fi are linear in u; and independent of u;;, and secondly, the f;; are linear in
u;; and quadratic in u;. Using the invariant tensor theorem for G [2]-[5],
we obtain 22 in the form

(2.5) fi =k,  fij = kausuj + ksuy;

with any real parameters k1, ko, ks € R.

1
i) + ... + Ujy @y, 4
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The equivariance of %2 of the form (2.5) with respect to the kernel of

the projection G2 — G, : 5;'- = (5;- and E; i arbitrary, gives

(2.6) ke = ki .

This proves our theorem for r = 2.

I1. Suppose that the theorem holds for r — 1 and the G7~!-equivariant
maps f" 171 of (T(T D*R™)¢ into itself define the (r—1)-parameter family
A=k A]” L=l 4k 1A~ }r ! with any real parameters ki, ..., ky_1
eR.

Our aim is to obtain the general form of any G7 -equivariant map of
(T R™)( into itself.

Let (uq,ug, ..., up) := (Wiy, Wiyig, - - - Uiy .4, ) denote the fibre coordinates
on T"* M. We assume that a G -equivariant map f™" is of the general form
"= (f1,-.., fr—1, fr) and the given map f"~ 171 defines the first r — 1
components (fi,..., fr—1) of f".

Conadenng the equivariance of f™" with respect to the homotheties

= k&, @t ;, = 0,...,a%5 = 0in G}, for the rth component f. we
obtaln the homogeneity condition
(2.7) E" fr(ur,ug, ... uy) = fr(kug, Kug, ... k" u,) .
By the homogeneous function theorem [2]-[5], f, is of the general form
(2.8) fil---ir = hruil et Uyt hr,1U(il co U o U y4,)

+ oo ho g, Uy gy R 2 Wiy ) e R,
with any real parameters hi,ho1,h292,...,h.—1,h, € R. The equivariance
of f" with respect to the kernel of the projection G — Gr—1 : aj = 0j,
a;lh =0,... ,ahm] =0and a a \...j, arbitrary, gives
(2.9) hy =k .

Thus, we obtain the 1st power transformation A7".
Now, considering the equivariance of A—k; A7"" with respect to the kernel

of the projection G~ — GL: E = 5Z and a} ;. ,...,6;1_._%71 arbitrary, we
obtain
r! rl
2.10 ho1 = ——k hoo = —F——k
(2.10) R TP TR DT ) TR

Thus, we obtain the 2nd power transformation A5".

Then, considering the equivariance of A — kq A7" — ko AY" with respect
to the kernel of the projection GT=2 — GL, we obtain the general form
of the 3rd power transformation A3". Continuing this procedure gives the
next power transformations 43", ..., A™",. The equivariance of A—k; A7 —
ko Ay —. . . —k,_o A", with respect to the kernel of the projection G2 — G1
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Zi; = 5; and Zi; ;. arbitrary, leads to the next relation
7!
(r —2)12!
Thus, we obtain the (r — 1)th power transformation A" .
Finally, the G}, -equivariant map
(212) A— k?lArl"r — szg,r — .. kr—lA:fl = hTA:’T
is defined by the rth power transformation with any real parameter h, € R.
If we put h, = k,., this proves our theorem.

(2.11) By = k1 .

3. In this part we determine all natural transformations 77* — T°* in
two cases: r < s and r > s.

THEOREM 2. All natural transformations A : T™ — TUTD* form the
r-parameter family

(3.1) A= kg1 AZ + kg2 AZTS Y+t kg AL
with any real parameters kg1, kqq2, ..., kg4r € R.

Proof. We apply induction on g.

I. Consider the case ¢ = 1. According to general standard methods [2]-
[5], the natural transformations A : T™* — T(+D* are in bijection with
the GItl-equivariant maps of the standard fibres f™71 : (T™*R"), —
(T(r+1)*Rn)0.

Considering the equivariance of f™"*t = (f1,..., f», fr+1) With respect
to homotheties: Zi;- = k&;, ' ‘ = 0, we obtain the
homogeneity conditions

kfl(ul,uQ, PN ,ur) = fl(kul,kng, . .,kTuT), ceey
(3.2) K" frlug, ug, ... uy) = frlkuy, K*ug,. .., k" u,),
kr+1fr+1(u17u27 v 7u"l") = fr+1(ku17 k2u2a EER) krur)-

Additionally, using the equivariance of f™" = (f1,..., f,) with respect to
the kernel of the projection GI — Gl we obtain, by Theorem 1, the r-
parameter family of the form (2.1): A = k1 AT" + ko A3 + ... + k, A" with
any real parameters k1, ko, ..., k. € R.

Moreover, by the homogeneous function theorem and the invariant tensor
theorem [2]—[5], we deduce that the (r+1)th component f, ;1 is of the general

form

=0,...,a

~j i
Qs 4o J1---Jr41

(33) fi1.--ir+1 = lT+1uilui2 s Uy + l,«’u,(il - uirfluiriwl)
+o e Wiy i) 22U i Wiy i)

with any real parameters ls 1,l22,...,0.,l,41 € R.
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The equivariance of f™"+! with respect to the kernel of the projections
Gl — GT and GT — G gives the relations

(3.4) ki =0,
(r+1)! (r+1)! (r+1)!

3.5 log = ——Fkoy lyo=——""ko,....0r, = ——k,..
(3:5) S T (o 11T M (I D IDY]

If we put l,41 = k.41, this gives the r-parameter family f™"+! =
(f™", fre1) of the form
(3.6) A=k A 4 ke ALY
with any real parameters ko, ..., k41 € R.

I1. Suppose that the theorem holds for ¢ — 1 and the G4 !-equivariant
maps fr7Hal (TT*R™)g — (T+a~D*R") ) define the r-parameter family

(3.7) A=k AT f kg AU 4 L+ g AT

with any real parameters kg, kg1, ..., kgyr—1 € R.

Consider a G7t9-equivariant map f""+9 : (T"*R")y — (T"+D*R™), of
the form fmr+a = (frrta=t f ),

The equivariance of f™"t¢ with respect to the homotheties in GIt9:

al = kdt, Eé»ljz': 0,.. 3 c'L;-lijq =0, gives for the (r + ¢)th component f,1,
the homogeneity condition
(3.8) Kt fo(ur,ug, .. yup) = friq(ku, k*ug, ... k" u,).

By the homogeneous function theorem and the invariant tensor theorem
[2]-[5], fr4q is of the form
(3:9)  fir iy = lrrqWiy Wiy g1 UGy - Uiy oW i)

+o gy e Wi W)

with any real parameters lg41,...,lg4r—1,lg+r € R.

The equivariance of f™" 4 with respect to the kernel of the projections
G711 — GT and G'TY — G gives the relations
(3.10) kg=0, ...,
(g +7)!

(3.11) ot = =1

(g+r)!
kq+17 IR lq-H"—l = mkq—i—r—l .

If we put g4, = kg4r, this proves our theorem.

THEOREM 3. All natural transformations A : T™ — TT=9* form the
(r — q)-parameter family

(3.12) A=FE AT F ko AYTT T+ R AT
with any real parameters ki, ko, ..., k.—q € R.

Proof. Applying the same general procedure, we conclude that each A :
Tm* — T(r=9* is the composition of the projection P™"—4 : T — T(r—a)*
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and a transformation A of T"~9* into itself: A = Ao P9, This proves
our theorem.
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