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Abstract. In this work we develop methods for studying the Navier-Stokes equations in thin
domains. We consider various boundary conditions and establish the global existence of strong
solutions when the initial data belong to “large sets.” Our work was inspired by the recent
interesting results of G. Raugel and G. Sell [22, 23, 24] which, in the periodic case, give global
existence for smooth solutions of the 3D Navier-Stokes equations in thin domains for large sets
of initial conditions. We extend their results in several ways, we consider numerous boundary
conditions and as it will appear hereafter, the passage from one boundary condition to another
one is not necessarily straightforward. The proof of our improved results is based on precise
estimates of the dependence of some classical constants on the thickness e of the domain, e.g.
Sobolev-type constants and the regularity constant for the corresponding Stokes problem.

As an application, we study the behavior of the average of the strong solution in the thin
direction when the thickness of the domain goes to zero; we prove its convergence to the strong
solution of a 2D Navier-Stokes system of equations.

0. Introduction. We are concerned in this article with the Navier-Stokes equations
of viscous incompressible fluids in three-dimensional thin domains. Let €. be the thin
domain Q. = w x (0, ¢), where w is a suitable domain in R? and 0 < € < 1.

Our aim is to study the global existence in time of the strong solutions of the 3D
Navier-Stokes equations (3DNSE) in the thin domains with various boundary conditions
as well as the study of the behavior of the average of the strong solutions in the thin
direction when the thickness € goes to zero.

The study of the global existence of strong solutions of the three-dimensional Navier-
Stokes equations on thin domains was initiated by G. Raugel and G. Sell ([22, 23, 24]).
Their work is inspired by methods developed by J. Hale and G. Raugel ([13, 14]) for
reaction-diffusion equations and damped wave equations on thin domains. They used
a dilation of the domain to obtain the dilated Navier-Stokes equations defined in the
fixed domain €y = w x (0,1). Then, assuming the space periodic boundary condition,
they showed that the dilated Navier-Stokes equations are a regular perturbation of
the 2DNS when the thickness is small. They also obtained global existence of strong
solutions when the initial data belong to “large sets.”

In the same spirit, using the smallness of the domain, by imposing conditions relating
the first eigenvalue of the Laplacian, the viscosity v and the size of the initial data,
J. Avrin established similar global existence results for the 3DNSE with the Dirichlet
boundary condition ([3]). The results obtained in [3] are based on a contraction principle
argument.
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Many other studies on partial differential equations in thin domains appear in the
work of Ph. Ciarlet and his collaborators; see e.g. Ph. Ciarlet ([6]), H.L. Le Dret ([17]),
and the references therein. The purpose in this work is to systematically derive the
equations for plates and shells by passing to the limit, ¢ — 0, in the the equations of
linear or nonlinear elasticity in three-dimensional domains.

In the present article, we develop a general study of the Navier-Stokes equations on
thin domains and obtain global existence (in time) of the strong solutions for initial data
belonging to large sets, for which we give a very simple characterization. The study
given in this article treats systematically various boundary conditions (listed below);
as we will see at the end of this article, the behavior of the solutions depends strongly
on the boundary conditions. A major difference between our work and that of [22, 23,
24] is that we found it useful to avoid the dilation of the domain and work instead in
the actual domain €. The price to pay for that is that all constants appearing in the
various functional inequalities depend now on e. The first part of our work (Section 2)
is to determine precisely the dependence on the thickness € of the constants appearing
in the classical Sobolev-type inequalities, often used in the study of the Navier-Stokes
equations, namely the Poincaré, Ladyzhenskaya and Agmon inequalities; we also de-
termine the dependence on € of the constant appearing in the Cattabriga-Solonnikov
regularity inequality; we did not find all these constants available in the literature and
a number of them are new to the best of our knowledge.

A useful tool in obtaining the dependence of the constants in the functional inequal-
ities is the average operator in the thin direction which allows us to use the Poincaré
inequality in the thin direction. The definition of the average operator for vector func-
tions depends on the type of boundary conditions; roughly speaking, if a component
does not satisfy the Dirichlet condition in the thin direction then we take its average,
otherwise we set it to be zero (see Section 1 for more details).

The boundary conditions of interest to us are combinations of the usual boundary
conditions, namely the Dirichlet (D), periodic (P) and free boundary (F) conditions.
We will combine these boundary conditions on I'; UT, = w x {0, €} and I'; = dw x (0, 1),
considering (FP), (FD), (FF), (PP), (DD) and (DP) (see below). We could also consider
different combinations of boundary conditions on I'y, I', and I'; (which is not always
straightforward as it will appear in Section 4) but we refrained from doing so to avoid
lengthly developments.

The size of the large sets of initial data for which we obtain the global existence in
time of the strong solution depends on the boundary condition. We divide the boundary
conditions above into three types (see below for the notation):

Type 1. It contains the boundary conditions (FF) and (FP), i.e., the free boundary
condition in the thin direction and either the periodic or the free boundary condition
on the lateral boundary. In this type of boundary conditions, we obtain that whenever
the initial data satisfy

liIr(l)eq(’Aéu0|§+|f|f) =0, forsome ¢ <1,

then, there exists eg = €p(v) such that for € < ¢p, the maximal time of existence T'(¢)
of the strong solution of the 3D Navier-Stokes equations with one of these boundary
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conditions satisfies
T(€) = +o0.

Type II. It contains the boundary conditions (FD): the free boundary condition in

the thin direction and the Dirichlet boundary condition on the lateral boundary, and

(PP): the purely periodic boundary condition. For this type of boundary conditions,

we obtain that whenever the initial data satisfy (see Sections 2 and 3 for the notation):
If for some arbitrarily fived constants K1 > 0, and Ko > 0,

1~ -

|AZ Mug|? + | M f)? < Klelnllne‘, and
1. -

|A2 Neu§|? + | N.f)? < K» ln‘lne

)

then the same conclusions as for Type I hold.

Type III. It contains the boundary conditions (DD) and (DP), i.e., the Dirichlet bound-
ary condition in the thin direction and either the Dirichlet or the periodic condition on
the lateral boundary. For this type of boundary conditions, we obtain the same conclu-
sions whenever the initial data satisfy

lim e (| A2 |2+ £<[2) = 0.

We also give an asymptotic expansion of the solution u¢ for e small in the case of
the channel flow. The asymptotic expansion in more general cases will be given in a
forthcoming article ([28]). The results obtained for the averages are described at the
end of the Introduction.

This work was motivated by the study of the Navier-Stokes equations in thin spherical
shells in order to justify the Navier-Stokes equations on the sphere in view of applications
to geophysical flows. The results obtained in the spherical case will be given elsewhere
(129)).

The global existence results obtained in thin domains allow us to prove the existence
of the attractors, to give a characterization of them and also to determine the dependence
of their fractal and Hausdorff dimensions on the thickness ¢; all these results will appear
in [33].

The setting of the problem. The nondimensionalized form of the Naiver-Stokes equa-
tions (NSE) is

%—VAU—I—(U-V)U—I—V;D:]C in Q¢ x (0,00), (0.1)
divu =0 in Q¢ x (0,00), (0.2)
u(-,0) = ug(+) in Q.. (0.3)

Here u = (u1,u2,us) is the velocity vector at point x and time ¢, and p(x,t) is the
pressure.

Equations (0.1)—(0.3) are supplemented with boundary conditions. We denote the
boundary of Q. by 00, =T', UT', UT, where

I'' =wx{e}, Thy=wx {0}, and T'; = 0w x (0,¢). (0.4)
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The boundary conditions under consideration. The boundary conditions of interest
to us are combinations of the usual boundary conditions, namely the Dirichlet (D),
periodic (P) and free boundary (F) conditions. More precisely, we consider the following
combinations:
(FP) The free boundary condition on I'; UT, and the periodic condition on T'; i.e.,
here w = (0,1;) x (0,l3) and
g,

uz3=0 and — =0, a=1,2 on [ ULy
6.%‘3

and wu;, @ = 1,2, 3, are periodic in the directions x1, x2 with periods l1, Iy respectively,

and
/(uO)adfcz/ fadr =0, a=1,2.
Qs Qe

(FD) The free boundary condition on I'; UT', and the Dirichlet boundary condition on
I';; i.e., here w is a C?- bounded domain in R?, and

Oug
uz =0 and %:O, a=1,2 on I'yUly, andu=0 on I}
T3

(FF) The free boundary condition on 95, i.e.,
u-n=0, curlux@m=0 on 99,

where 71 is the outward unit normal vector to 9.
(PP) The periodic boundary condition on 9§2; i.e., here w = (0,1;) x (0,12) and w are
Qc-periodic, and, for the data

/uodx:/ fdx=0.
Q. Q.

(DD) The Dirichlet boundary condition on 05,
u=0 on Of..

(DP) The Dirichlet boundary condition on I'; U T, and the periodic condition on T'.
The mathematical setting of the problem. We denote by H*(f).), s € R, the Sobolev
space constructed on L?(Q.) and L?(Q.) = (L*(Qe))3, H* () = (H*(£2,))3. We also
denote by H§ () the closure in the space H*(£2) of C3°(Q), the space of infinitely
differentiable functions with compact support in €2.. We need also the following spaces:

Hm(Qe):{ueHm(QE);/g udx:()}, (0.5)

and the spaces H,¢,.(€), which are defined with the help of Fourier series; we write

u(z) = k§3 upexp(2ik - z), (0.6)
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with @ = u_g (so that u is real valued) and

X (1’1 xro ﬁ)

X
ll’l27 €

X1 Xro T3
C kT =k ke ks
) L 1ll+ 2l2+ 36

7=
Then, v is said to be in L?(€2,) if and only if

|u|%2(95) = elyls Z lug|* < oo,
kez3

and u is in HS,,.(Q), s € Ry, if and only if

per

D (L k) ux]? < oo,

keZ3

For the mathematical setting of the Navier-Stokes equations, we consider a Hilbert
space H., which is a closed subspace of L?(€2.) (see [25]). Depending on the boundary
condition, we define the following:

Hpp = {uG]LQ(Qe); div u = 0; / Uogdr =0, ug3 =0on I'; UT
Q.

and u|Fa = u}FOH_g; a= 1,2},

where I'y, and '3 are the faces z, = 0 and z, = [, of 9Q.. The condition u,|T's =
ua|Fa+3 expresses the periodicity of u, in the direction z,.

Hpp = {UELQ(QE); div u = 0; u-n=0 on 896};

Hpp = {u € L3(Q.); div u = 0; / uder =0, u;|I'; =u;|Tjys; j= 1,2,3}7

€

Hpp = Hpr = Hpp and Hpp = Hpp.

Another useful space is V;, a closed subspace of H!(.), which is defined depending
on the boundary condition as follows:

Viep ={u € H(Q) N Hpp; ulr, = ulr, .},
Vep = {u e H(Q) N Hpp; u=0 on T},
Vep = {u € H},.(Q); divu=0},

Vpp = {u € H(Q); divu =0}, and
Vip = {u € H'(Q) N Hpp; u- =0 on 0Q}.
In the remainder of this paper, unless there are differences in the proofs, we will omit

the reference to the boundary condition; we denote, for instance, any one of the spaces
defined above by H, or V..
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The scalar product on H. is denoted by (-, )¢, the one on V; is denoted by ((-,-))e,

and the associated norms are denoted by | - |. and || - || respectively. We denote by A,
the Stokes operator defined as an isomorphism from V. onto the dual V! of V,, by
Vo e Ve (Acu,v)vr v, = ((u,v))e. (0.7)

The operator A, is extended to H. as a linear unbounded operator. The domain of
A, in H, is denoted by D(A,). The space D(A,) can be fully characterized using the
regularity theory. We refer for the study of the regularity of the Stokes operator to [4],
[7, 8], [10], [25, 26] and [32]. Here we give the characterization of the domain of the
Stokes operator:

Bua Bul 8uz

_ 2 . OQUua _ o OUiy,  Ou .
D(AFP) = {u cH (Qe) N VFPa 6l‘3 0, axa {Foé axa |Fa+3,

i=1,2,3, a—l,Z},

D(AFD):{UEH2(Q€)QVFD; %:0 on 'y UTYy, OZZLQ},
Z3

D(App) =H2,,(Q) and D(App) = H2() NHE(Q).

per
D(Aprp) = {u € H*(Q) NVpp; curl uxii=0and u-7 =0 on 3(26} )
We should also recall the Leray’s projector P, which is the orthogonal projector of

L?(Q.) onto H.. The Stokes operator can be given with the help of the Leray projector
as follows:

Acu = P.(—Au), for ue D(A,). (0.8)
Let b, be the continuous trilinear form on V, defined by:
2 v,
be (u, v, w) = ”2::1 /Q uia—liwj dz, u, v, w € HY(Q,). (0.9)

We denote by B, the bilinear form defined for (u,v) € Ve x V. by
(Be(u,v), wyvr v, = be(u,v,w), Vw € Vg,
and
B.(u) = Be(u,u).
We assume in this work that the data v, ug and f satisfy
v>0, uy€ He (or Vp); fe L*®(0,+00; He). (0.10)

The system of equations (0.1)—(0.3), with one of the boundary conditions listed above,
can be written as a differential equation in V :

W +vAu+ Be(u) = f,  u(0) = up, (0.11)

where u’ denotes the derivative (in the distribution sense) of the function u with respect
to time. We recall now the classical result of existence of solutions to problem (0.11).
See [5], [9], [15], [16], [20], [18], [25, 26], etc.
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Theorem 0.1. For ug € H,, there exists a solution (not necessarily unique) u = uc to
problem (0.11) such that

ue € L2(0,T; V)N L>(0,T; H.), VT > 0. (0.12)

Moreover, if ug € V, then there exists T, = T(Qe, v, ug, f) > 0, and a unique solution
ue to problem (0.11) such that

ue € L*(0,T.; D(A.)) N L>®(0,T,; Vo). (0.13)

The solution u. which satisfies (0.13) is called the strong solution of (0.11). The study
of the global existence (in time) of the strong solution and the uniqueness of solutions to
problem (0.11) is still open in three-dimensional domains; this work will give a partial
answer to this question when the three-dimensional domain is thin.

The main results. First we state the main results concerning the global existence results.
Let R(e) be a monotone positive function satisfying for some ¢ < 1

lim e?R?(¢) = 0,

e—0

and assume that the initial data satisfy
2
| A 2ol + |12 < R(e).

The global existence results will depend on the type of the boundary condition:
- The boundary conditions (DD) and (DP): we take ¢ = 1.
- The boundary conditions (FF) and (FP): we take ¢ < 1.

- The boundary conditions (PP) and (FD): we assume, in this case, a stronger condition
on the initial data; i.e., for arbitrary positive constants K7, Ko (independent of €), we
assume that

A2 Meuol? + | M f|? < Kyeln[lne|  and
| A2 Neug |2 + |Nef|2 < Ksln|lne],

where M, is the average operator in the thin direction and Nou = u — M.u (see Section
1 for more details on M, and N,).

Theorem Al. With the assumptions above on the initial data, there exists eg > 0,
such that

Ve<eo Yug€Ve, ¥ feH,., with |AV2u) +|f> < R¥(e)
the mazimal time T, of existence of the strong solution u. of problem (0.1)—(0.3) satisfies

T, = .
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In order to see the improvement that this result brings to the classical small data
existence result [5], [24], [25, 26], etc., we recall that if, e.g., ug and f are independent
on z3 (the thin direction variable) then

2
A uo|, + |fI7 < Coe,

where Cj is independent of €, which implies that R(e) goes to zero as € goes to zero,

2
while in our results R?(e) and therefore \Ai/2u0|€ + |f|f can be very large for e small.
Now we state the results concerning the behavior of the average, in the thin direction,

of the strong solution . of (0.1)—(0.3) when e approaches zero. For this purpose, we
introduce the spaces

Hp = {i € (L*(w))? div’ @ = 0; /adx =0, Galp, = la a=1,2},

w

P2
where T, is the face of dw in the direction .
Hp = {d € (L*w))? divva=0; a-n=0 on aw} ,
where 71 is outward unit normal vector to dw.
Hp = Hp.
We also introduce
Vp = HpN (H),.(w)?* Vp=(H)w)?, and Vp=(H"(w))*NHp.

The 2D Navier-Stokes equations on w are given by:

%—m'm@-v’)mv’p:f in w x [0,00),
div' =0 in w x [0,00),
o(z’,0) = vo(x) in w.

We denote, here and henceforth, the two-dimensional operators with a prime, for ex-
ample

22
o 83:1’8352’

The 2D Navier-Stokes equations above are supplemented with one of the following

boundary conditions: The periodic boundary condition (P), the Dirichlet boundary

0) and 2’ = (21, 2).

condition (D) or the free boundary condition (F). Note that the study of the existence
and uniqueness of solutions to the 2D Navier-Stokes equations is complete. See [5], [9],
[15], [16], [18], [25, 26], etc.

We will prove the following:
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Theorem A2. In the case of one of the boundary conditions (FD), (FP), (FF) or (PP),
we assume that we are given a family of functions uf € Ve and f¢ € H. defined on the
domains Q¢, 0 < € < 1 such that

€

lim — ug(-,z3)drs =0y in V -weak
e—0 € 0

1 = =

hné - / fe(C x3)des = f  in H-weak.
€E— 0

Then, for all T > 0, there exists ¢g > 0 such that, for 0 < € < €, there exists a unique
strong solution u¢ of (0.1)—(0.3) defined on [0,T] and

€

1 - .
liH(l) = | wf(t; w1, w0, 3) dwg = 9(t; w1, m2) in C([0,T); H) N L*(0,T;V),
e—0€ Jg

where v 1s the “unique” strong solution of the 2D Navier-Stokes equations above, with

the boundary condition (P) in the case of (PP) or (FP); the boundary condition (D) in
the case of (FD) and the boundary condition (F) in the case of (FF).

We will also show that in the case of the Dirichlet boundary condition on either the
top or the bottom of ., we have

€
elirr(l)% u(t; 1, w9, 23)dzs =0 in C([0,T]; H)NL*(0,T;V).
- 0
We also give an asymptotic expansion of the solution u¢ for a channel flow when € is
small. For more details, see Section 4.

This article is organized as follows: In Section 1 we define the average operator and
study its properties. Section 2 is devoted to some fundamental inequalities related to
the Navier-Stokes equations on thin domains. Section 3 gives the necessary a priori
estimates for the average of the strong solution in the thin direction. In Section 4, we
study the behavior of the maximal time of existence of strong solutions when € goes to
zero, and finally in Section 5, we study the behavior of the averages as the thickness
goes to zero.

1. Preliminaries. For a scalar function ¢ € L?(€2.), we define its average in the
thin direction as follows:

(Mep)or.aa) = 1 [ plaroa,s)ds, (1)

and we set
Nep=¢ — Mcp, ie, M+ Nep=I120q,), (1.2)
where Iy2(q,) is the identity operator on L?(€).
In order to define the average operator M., we will need to specify the boundary
condition. For u = (uy,ug,u3) € L?(Q.), we write
(Mcuy, Mcus, 0) for (FF), (FP) and (FD)
Mo =< (Mo, Meug, Meug) — for (PP) (1.3)
0 for (DD) and (DP),
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and we set } } . 3
Neu=u— Mcu; ie, M+ Nou=I:2q,). (1.4)

The reason for which we gave different definitions for the average operator lies in the
fact that there is no need to take the average of a function when its boundary values are
zero at either the top or the bottom of the thin domain, i.e., when a function satisfies
the Poincaré inequality in the thin direction.

It is useful to observe that for the boundary conditions under consideration, each
component (N.u);, i = 1,2,3 of N.u satisfy one of the conditions:

(New); =0 on Ty and Ty, or / (New)i(z1, zo, 23,t) drg = 0. (1.5)
0

All these operators are projectors; i.e.,
M?=M,, N?=N., M?>=M,., N?=N.. (1.6)

Furthermore,we have the following properties which are obvious:

(i) M, is an orthogonal projector from L?(£2.) onto L?(w).

(ii) M.N.=0, and M.N.=0 (1.7)

(iii) M.V' =V'M,, N.V' =V'N,, and M.V' =V'M,., NV' = V'N,, (1.8)

(iv) ¢ € H*(Q.) = M.p € H*(w) and N.p € H*(Q.), k > 0. (1.9)

(v)  The boundary condition for M, on dw is the same as the one for u on
Ow x (0,¢); i.e., (1.10)

If u satisfies (FD) or (DD), then Mu is zero on dw.
If u satisfies (FP) or (PP), then M.u is periodic.
If u satisfies (FF) , then M.u satisfies (FF).

In the following lemma, we give the basic properties of the operators M, and M,. These
properties hold for all the boundary conditions listed above; therefore, we omit the
indices of the boundary conditions.

Lemma 1.1. For all u, v € HY(Q.), we have

/ VN.u-VMovdr =0. (1.11)
Qe

uf? = [Mcul? + |Neu?  and [|ul? = |Mcu|? + [|[Neul?, Vue HY(Q).  (1.12)
If veV., then Mo eV, and N eV,. (1.13)
be(u, u, ME’U) = be(MEu, Meu, Mev) + bE(Neu, Neu, Mev), for u,ve V.. (1.14)
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be(u, u, Neov) = bE(NEu, MEU,NE’U) + bE(Meu,Ngu, ]\7611)
+ be(Neu, Nou, New),  for u,v e Ve, (1.15)

For all uw € D(A.), we have

AN.u = N.Au, AM.u= M.Au. (1.16)
Proof. (i) Let u, v € H'(Q); we have immediately

/VNu VMvdx—/ VNu VMvdx
e (1.17)
/N (V'u) - M. (V'v) dz = 0.

Hence, we have (1.11).

(ii) The first Pythagorean identity in (1.12) is a consequence of the fact that M, is
an orthogonal projector in L?(£2.), while the second one is a consequence of (1.7), (1.8)
and (1.11).

(iii) Let v € V,, it is clear that M.v € H'(Q,) and satisfies the same boundary
condition as v on 9. The only point that remains to be checked is div Mv = 0 :
In the case of the boundary conditions (DD) and (DP), we have M.v = 0. Hence, we
need only to consider the boundary conditions (FF), (FP), (FD)and (PP). We integrate
div v = 0 between 0 and € and obtain

o ov
div’ Mv :/ a?j,d 5 =0. (1.18)

The second term in the left-hand side of (1.18) vanishes in all the cases (FF), (FP),
(FD)and (PP). Hence, 3
div’ M.v = 0. (1.19)

(iv) Let u, v € Vi; we have
be(u, u, Mgv) = / (Meu . V)Meu -Movdr + / (Neu . V)Mgu -M.ovdz
Qe Q.

+ / (Z\Nfeu . V)Ngu -Modr + / (Mgu . V)Z\Nfeu - M.vdzx. (1.20)
Q. Qe

Now, since [ Neudrs = eM,(Neu) = 0, we have

/ (New - V)Mo - Moo dx = / (/ N.udzs - V) M- Mowdz' =0.
Qe w 0

For the integral fQ (]\Zeu . V)Neu - M.vdz, we observe that

3 3

N.u; :
Z/ﬂ MeuiaaT%Mevj de =" ) MeuiMevjNe(%)dx:O, (1.21)
j=1"%% E j=1"%% !
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due to (1.8), for ¢ = 1,2, while for ¢ = 3, the similar integral vanishes because of (1.5),
hence (1.14).
(v) Similarly, for u, v € V¢, we have

be(u, u, Nov) = / (Mou - V)

wu-Noudz + / (Meu . V)Nsu -Novdx
Qe

Qe

+ / (New- V)Mo - Novda + / (New- V)New - Nevdz,  (1.22)
Q Qe

€

but

/ (Meu - V)]\Zfﬁu -N.ovdx

e . (1.23)

:/ ME[(MGU V)M - (/ N dx3> dz’ =0.
w 0

Hence (1.15) is established.

(vi) In the case of the boundary condition (DP) or (DD), the identities (1.16) are
obvious, since M.u = 0 and N.u = u. The case of the purely periodic condition (PP)
is also obvious, since %Me = M, 5. ¢t =1,2,3. We need to prove (1.16) when the
boundary condition is (FF), (FP) or (FD). We will only treat (FD); the two other cases
can be treated similarly.

Let v € (C5°(w))?; we have by integration by parts

/ AM.u - vdr' = / A'Mu-vds' = —/ V' M- V'vda'

w

:—/]\Zfe(vlu)-vlvdx’:—/ V’u-V’vdac:/ A'u-vdr
w Qe Qe

:LME(A’U)-vdx/ZLMe(Au)-udx’. (1.24)

The last equality is obtained, thanks to %ZZ =0onT,UTy, a=1,2. Hence AM.u =
M, Au. Then, we have on the one hand

Au = AMu+ AN = M (Au) + AN,u, (1.25)

and on the other hand R R
Au = M. (Au) + N (Au); (1.26)
therefore, AN.u = N(Au). O
In addition to the lemma above, we need to establish the commutativity of the
operators M, and N, with the Stokes operator A.. In the case of one of the boundary
conditions (FF), (FP) and (PP), we have Au = A.u for u € D(A,) (see [31]) and the
commutativity follows from (1.16). In the case of the boundary conditions (DP) and

(DD), we have M, = 0. Hence the commutativity follows. There remains the case of
the boundary condition (FD). First we note that

Au|FtUFb =0, for ue D(AE)
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Indeed, since div u = 0, we have

82’&3 32u1 Bqu in 0
=— — in
0z3 Oxs3x1  Orsxsy ¢
and since 2—2 = gg; =0on I'; UT, we have
&%u
= =0 onT, UL,
Oxs
Moreover, since ug = 0 on I'y U T, it is clear that
0%u 0%u
5" 32 -0 onT,UTy.

or? O3
Now from the characterization of the Leray projector (see [5] and [25]), we have

Acu = —Au+ Vp,

where
Ap=0 in Q,
%:A'fwnw on dw x (0,€),
;—53:0 on w x {0,¢€}.

Applying the operator M, and using (1.8) and (1.16), we obtain
M A= —AM.u+ V'Mp

and
A'Mp=0 in w,
M
%nf = (A/M’U,) * N,

which is the characterization of the 2D Leray projector for A’ M.u. Therefore
A M.u = M.A.u.

Finally, we recall an important orthogonal property related to the trilinear form. The
orthogonal property reads

E(U,v,fiv) =0, Yo € D(A), (1.27)
where b is the 2D trilinear form, and A is to the 2D Stokes operator with either the
periodic boundary condition (see [5], [26, 27]) or the free boundary condition (see [31]).
The identity (1.27) will be used in our work in order to obtain better estimates of
the strong solution in thin three-dimensional domains, and will apply in the cases of
the boundary conditions (FF) and (FP). We state also the following lemma, which is
obtained by integrating by parts several times (see [31]):
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Lemma 1.2. In the case of either boundary conditions (PP), (FF) or (FP), we have
for u e D(A,) ) } ) ) o
be(Mcu, Mou, AcMcu) = b(Mou, Meu, AM.u) = 0. (1.28)

2. Fundamental inequalities in thin domains.

2.1. Sobolev-type inequalities. One of the basic tools in the study of nonlinear
partial differential equations in thin domains is the knowledge of the exact dependence,
with respect to the thickness of the domain, of the constants appearing in the Sobolev
and related inequalities. In the classical form of Sobolev inequalities, the dilation in-
variance of the constants is emphasized. However, in thin domains, the shape of the
domain is important. Therefore, we break away from isotropy and derive a version of
the inequalities emphasizing the dependence of the constants on the thickness € of the
domain.

In our work, we will prove appropriate versions of the Poincaré inequality, Agmon’s
inequality and Ladyzhenskaya’s inequalities. The Poincaré inequality in thin domains
was obtained in [13, 14] and [22, 23, 24]. The proof is classical (see [12] and [21]). Also,
Ladyzhenskaya’s inequalities were obtained in [22, 23, 24] when the boundary condition
is purely periodic and independently in [2] for the Dirichlet boundary condition.

We should also mention the work of Solonnikov [35] in which he obtained anisotropic
inequalities for functions in W P(R"), the space of distributions which are in L?(R"™)
along with their derivatives of order < m. He showed that

If b—Zﬂ]<1 and, either p,q,7 > 1 or

j=1
n n
ozj 1 1 1
p=1=) —=+(-—-- —
jz:; mj q D Z m;
with ¢ > p > 1 and 7 > 1, then there exists a positive constant ¢ such that
1_27'l:1 ﬂj
|Dau}L‘1(R" (H|ax Lp R™ )|U|LT(Rl’7rL) 3 (*)
8061 aan
where D% = Wﬁlm for a = (aly-..,an).

The method that we develop below will imply the validity of the inequality (*) in
bounded parallelepipeds (see the proof of Proposition 2.2).

The following result is easy and classical (see [12], [21], [13, 14]), etc.); we incorporate
it here for the sake of completeness.

Proposition 2.1 (Poincaré’s inequality). For u € H(S.) satisfying one of the follow-
ing conditions:
(1)) u=0 on Ty,

(7)) wu=0 on Ty, (2.1)

€
(4i1) / u(r1,x2,3)drs =0 a.e. inw,
0
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we have

ou
[ulzz00 = E{a—xgh?(sze)' (22)

We recall that (2.1) (i), (ii) or (iii) is valid for each component of a function N,u,
where u satisfies any of the boundary conditions under consideration.

Proof. First note that {u € C'(Q); u=0 on I, (respectively I';)} is dense in
{ue H(Q); u=0 on Ty (respectively I';)},

and .
{u € C(Q); / u(zy, o, x3) drs = 0, Vaq, xg} is dense in
0

{u € HY(Q.); /0 u(xy, o, r3) drs = 0,a.e. in w} .

Thanks to a density argument, we assume that v € C*(£2.). We have for any ¢, 1 in
[0, €]

w3(@,¢) +ud (@’ n) = 2u(a’, Qu(a’,n) + (u(a’, ) — u(a’,n))*
= 2u(z’,¢) / (2, s) ds)Q, 23)

with 2’ = (z1, z2). We fix ¢ and integrate with respect to 1 to obtain

€

eu2(w',()+/

0

u? (2! = 2u(z’ Eux’ ‘ C%x's 5)?
@omdn=200) [ umns [ ([ @0 as)an 20

Now if u = 0 on T’y (respectively T'y,) we take ¢ = € (respectively ¢ = 0) and obtain
from (2.4)

[ mans [c-n([ 5w o) < @@ ([ 175w P @)

and (2. 2) follows promptly.
If [, u(a’,n) dn = 0, we infer from (2.4)

Aeuz(m’,n)dné/oe(/ncaa;(x s) ds) dn</ ¢ — 77|/|83(x’,8)|2)d5
/|3$3 ds.

It is easy to see that for each boundary condition listed above, each component of
N, where v € V, satisfies one of the conditions (2.1). Therefore, we have the following:

The proof is complete. [
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Corollary 2.1. Under any of the boundary conditions under consideration, we have
forallv eV,
ON.v

8x|

|Nev|e < ¢ (2.6)

Proposition 2.2 (Anisotropic Agmon’s inequality). Let Qo = (0,1)3; then there exists
an absolute constant ¢ such that

1
’u‘LOC Qo)—C’ }Lz QD)H 830 |L2 (Q0) |3m ‘L2(QO)+‘ ’Lz(g ))4’ (2.7)

for all u € H*(Qo).

Proof. We prove the lemma in three steps.
Step 1. We replace Qg by R? and assume that u € C3(R?). We write, using the
Sobolev inclusion HZ(R?) € L>®(R?),

3
0*u
‘u’Lm(RB)S Coz‘axZ’Lz(R3)+CO’u‘L2(R3)' (2.8)
i=1 ?

Let A = ()\1,/\2,/\3) S RB, A > 0,4 =1,2,3, and set Yi = Aixi, 1 = 1,2,3. We define
the function vy € C3(R?) as follows:

Y Y2 Y3

— (P B2 B3y, 2.9
oA 2, s) = w3 3 )\3)7 (2.9)
we have immediately
1
|0A] o R3) ™ |u|L°°(]R3)’ oA 2 &= (A1A2As)? }U|L2(]R3)
0? Ux ()\1)\2)\3) 0%u (210)
’ ‘LQ(]RL‘) 22 |6x |L2 (R3)"
Inequality (2.8) applied to vy yields
i 1 c
o 1 0 1
{u|Loc(R3): |v)‘|L°°(]R3)§ Z )\1)\2)\3 2 Z _2 }Lz (R3) Z()\l)\Q)\ZS)z |u|L2(R3)a
- (2.11)
and since (2.11) is valid for all choices of A1, A2, A3, we can take
A = M i=1,2,3. (2.12)
]2 )

Hence,

’ ‘LDO (R?) <400’ ‘Lz(R3)H|8x ’L2 (R3)"



NAVIER-STOKES EQUATIONS IN THIN DOMAINS 515

Step 2. We will show that there exists an absolute constant c1 > 0, such that if
u € C*(€Qp), then there exists @ € C*(Q;), where ©; = (-1, 3)3 such that

ok oku .
’@|L2<91>< ‘a k|L2Q), E=0,1,2; i=1,2,3. (2.13)
We use the classical Babitch extension operators (see [1], [34], [21]); we first extend u
to the domain (—%,%) x (0,1)? using

u(x) for z; € [0, 1],
> 1
Z(—j)kaju(—jxl,xg,xg) for z, € [-3,0),

Elu(z)={ = 3 (2.14)
G 4
Z(—j)kaju(l —jlxr —1),29,23) fora; € (1, 5)’

j=1

where (aq, as, a3) is the unique solution to the system

3
> (=i =1, k=012 (2.15)
j=1
We have immediately
3’“E3u 13ku ]
awfx :Eka—m?’ k:031727 Z:1a2737 (216)

and (2.15) implies that

14 _
EéUECQ([—g,g] X [0, 1}2) if UGCQ<90).

Moreover,
/ |%2d:g=/ |E181Z2da;
(=1/3,4/3)x (0,12 T3 (—§7§)x(0 2 0x;
:/0|g%:|2dx+/( L,0)x (0, 1)2|Z f jxl,wz,x3)|2d:v (217
! /(1,§)x(0,1)2 |ji(j)kajglf:;(1 ~dlar = Do) Cde < f /90@22“6'2 o

The extension is complete in the direction x;.
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The same argument can be applied in the directions x5 and x3, but instead of applying
it on the domain Qg, we apply it to extend the function Eju defined in (—%, %) x (0,1)?
to the domain (—21,4)2 x (0,1). The extended function is denoted by E2u and satisfies

373
OFE2u 2 - OFEbu 2
|W|L2((—%,§)2X(O,l)) = cl’W’LQ((—%,%)x(O,l)Q)
' ' (2.18)
0Fu 2 o
<eloliaqy F=0121i=123

Finally the extension of E2u in the direction z3 yields a function @ € C*(Q1), Q1 =
(—3,3)% with
akﬂ 2 3 aku

2 .
|@ L2 < A Wb(ﬂo), k=0,1,2; i=1,23. (2.19)

Step 3. We will show that we can localize without “mixing the directions.” Let
¢ € C3°(R) be such that supp ¢ C (—1,%),0< ¢ <1 and ¢ =1 on [0,1]. Set

O(xq1,29,23) = H(p(xi). (2.20)

i=1

We have immediately (with @ being the extension of u defined in Step 2)

- 2 3 _ _
du € Cy(R”), |u|L°°(QO): |(I)U|L°°(]R3)’ |(I’“|L2(1R3)S 02|U|L2(QO)’ (2.21)
where ¢y is an absolute constant. Moreover,
0?du 0%u 0% Ou 0°®
— =0— — — t+ U= 2.22
Ox? Ox? Ox; Ox; tu Ox? ( )
Let K = [1 4 supg(2|¢'|+]¢”|)]; we have (with Q; = (=3, 3)?)
0?du 0?1 ou _
‘ Ox2 |L2(R3) = K(’@|L2(Ql)+|3_171,|L2(Ql)+|u}L2(91))
! ” (2.23)
0“u ou
< K1(|8—$22|L2(Qo)+|a—wi|L2(QO)+|U|L2(QO))'

We conclude the lemma by combining (2.13), (2.21) and (2.23). O

Thanks to Proposition 2.2, it is easy to obtain
Corollary 2.2 (Agmon’s inequality in thin domains). There exists a positive constant
co(w), independent of €, such that Vu € H?(Q,)

< 1 0“u 1, ou 1
|U{LN(QE)*CO}U|L2(Q€) |3_33%}L2(Q€)+€|3_%|L2(Q€)+6_2‘“|L2(Q€)

W=

2 2 82U ou
8 H Z(‘ O0x;0x; ‘Lz(ﬂe)+|67].‘L2(Q£)+|U"L2(QE) - (224)
i=1 \ j=1



NAVIER-STOKES EQUATIONS IN THIN DOMAINS 517

Proof. First assume that the domain €. is of the form (0,1)? x (0,¢). We use (2.9)
with Ay = Ao = 1 and \3 = % This allows us to work in the domain (0,1)% and to use
(2.7). Thanks to (2.10), we have

1
4

1 1 ou
|u’Lw(sz€)§CO‘u|L2(sz‘) |5_x§}L2(Q |8x ‘Lz(Q 6_2‘U|L2(Q€)

X H( o 2|L2(Q) ’895 |L2(Q )+| }LQ(Q >

For a general domain Q. = w x (0, €), w a C? bounded domain of R?, we obtain similarly
(2.24): We proceed in the same way in the z3 direction and, in directions z1,zy we
classically proceed by localization using a partition of unity. The localization procedure
induces a mixing of the derivatives in the directions x; and x5, hence (2.24). O

For any component (N.u); of Neu, where u € D(A,.), we observe that besides (2.2),
we have by integration by parts in x3 :

R s

a%’% 8$3
so that _ _
O(Neu); 0?(N.u)
| ors ‘L2(Q€)S ef— 5 012 |L 2(Q,)
and
ON.u 9?N.u

|5 Oz |L2(Q = el 922 |L2(Q) (2.25)
Hence, combining Corollaries 2.1 and 2.2, we have

Corollary 2.3. There exists a positive constant co(w), independent of €, such that

N i
Mty <CO|NU|L2Q)<Z|% oo )> . Vue D(A).  (2.26)

The use of N.u in (2.26) is necessary to obtain a constant independent of €, since
N.u satisfies (2.2) and (2.25).
Now we give the anisotropic Ladyzhenskaya inequality.

Proposition 2.3 (Anisotropic Ladyzhenskaya’s inequality). Let Q = Hle(ai,bi).
There exists an absolute constant co such that

|u|L5(Q)—COH< ’ ‘Lz )Ham |L2(Q) , Yue HY(Q). (2.27)
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Proof. It is enough to establish the inequality for u € C*(£), where Q denotes the

closure of 2. Without loss of generality, we can assume that u is positive.
2

We write, with w = H(ai, bi),

=1

/Q uS(z) dx < / " dxg{ abl max u®(z) dxl] [ ;2 max u () dxg}. (2.28)

x x
as 1 2 2 1

. b b
Now we estimate [, max,, u*(z)dz; and [,? max,, u®(z) dry. For a; < a; < % aitbi | we

have by integration by parts in t (with 1 < p < 00)

b

i =94
2

b»—ai P

/0 uP(x', z; + bi;ai —t)dt = ZTu (x)

—a

7 i

z _ b — a; ou by — a;
_|_p/0 tuP 1(56/73%_’_ i 5 i _t)axz(x/ T + i i

but since t € [0, %5%], we have

b; — a; bi P bi
? LaP < P Y (b o p—1 il )
S () _/ wP(e)dri + L0y az)/ai )| (o) da

b; U
< /a P (z) Hu(m)|—|—§(bz — az)|§—%(m)u dx; (2.30)

i

< (Cauchy-Schwarz)

<(/ b £~ (z) dxi)é( / fiﬂu( )+ 56— a0)| ()] dwz)%

The inequality above is also valid for % < x; < b;. Hence, for i,j = 1,2, i # j, we
have (with p = 3)

bj

max v’ (z) dz;
Ty

bi—ai
2

a;j

< (/ﬁ(@ dg;')é (L[|u(:c)|+@|g—;i(x)|]2dx’) g (2.31)
Therefore,

LUG(x) dr < /;3 dxs [/w ut(z) dx’] Ll:[l/w[bz Eai |u(x)|+3|(§;i}]2d:c'};
2

< (max/wu‘l )[H/Q[biai|u(x)}+3\g—5i|]2dxr. (2.32)

=1

=
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Finally, we estimate max,, [ u*(x)dz'; we use inequality (2.30) with ¢ =3 and p = 4
and obtain after integration with respect to z; and x»

I’B_Ta?'/wu‘*(x)dx’g (/Qufi(x)dx)é(/ﬂ[u( ) +2(b 3—a3)|§mgﬂ dx)l. (2.33)

Hence,

2

ou 72 2
n;z:x/wu‘l(x) da' < |ul}s o (/Q[bg — ‘u(x)|+4|8—x3|] dm') . (2.34)

Combining (2.32) and (2.34), we obtain

1

1 3
| |L6(Q <36| iLG Q)H( | |L2(Q +| ’L2 Q)) 5 VuEHl(Q)

The proof is complete (co = V/36). O

Remark 2.1. Inequality (2.27) can be extended to hold for a general domain Q. =

x (0,¢€), where w is a C? bounded domain in R%. We have, then, as in the case of
Corollary 2.3, a mixing of the derivatives in the directions x; and x5; i.e., we have the
following inequality:

1 ou 1 U 2
[u| s (.) SCO(w)(E|u|L2(Qe)+’a—x3‘LQ(Q )? (lulr2 e )Ha ’LQ ‘a—@|L2(Qe))3’
(2.35)
for all u in H' ().

In order to avoid the appearance of € in (2.35), we need to use the Poincaré inequality
in the thin direction; hence, we work with N.u and obtain

Corollary 2.4. There exists a positive constant cy, independent of €, such that

Y _
|N€u|L6(Q€)§ col| Neul|?. (2.36)

Proof. We take ag = 0, bs = €. Then, we have by (2.2) and (2.35)

ON.u
Oxs

2
3

| Neu| o) < co(w))] |3 [| New|, + |V Nl ], (2.37)

and (2.36) follows promptly. O

Using Proposition 2.1, Corollary 2.4 and an interpolation argument, we obtain
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Lemma 2.4. For 2 < q < 6, there exists a positive constant c(q), independent of ¢,
such that o oa
|N€u’Lq(Qe)§ c(q)e @ ||[Nu|? YwueV. (2.38)

2.2. Inequalities related to the Stokes operator and the trilinear form. Let

Q be a bounded open subset of R”, n > 2, with a C2-boundary I' = 9). We denote by

B the second fundamental form of T'. The quadratic form B is defined as follows (see
[30)): B

BPU(ClaCQ) = _v<1n'C27 (239)

where (; and (, are tangent vectors to I' at the point Py, the vector i denotes the unit
outward normal vector to I' and V¢, 7 denotes the covariant derivative, with respect
to (1, of the vector ©. We recall that, in the case of a convex domain €2, the second
fundamental form is nonpositive ([11], [30]).

For a vector field v defined on I', we denote its normal and tangential components by

v, =v - and v =v— v,7. (2.40)

Similarly, we denote the tangential gradient of a scalar function ¢ by
Vre=Vp—(Vo-m)ii=Vp— (2.41)

Now we recall the following identity due to Iooss and Grisvard; see [11].

Theorem 2.1. Let Q be a bounded open subset of R™, and let v € (H*(Q))". Then

ov; 6vj
/|dw v| dr — Z / oz, 8x1 —2((yv)7; Vr(yv - M)

i,j=1

_ /F (B((v0)7: (v0)7) + tr Bl(y0) - A2} do. (2.42)

Here ~ is the trace operator from (H'(2))" onto (Hz(I'))", tr B is the trace of the
bilinear form B (in the “matrix-sense”) and < -;- > is the duality bracket between
(H?())"~" and (H~3(T)",

Assume that € is convex. If ¢ € H?(Q) N H (), then writing (2.42) with v = Vi

yields
= A<p2 T+ r Blv(Vp -2 do. .
Z/’@x@x /Q| | d /rt (V) -nil"d (2:43)

However, since € is convex, we have tr B < 0. Therefore,

Z/‘a j]deg/Q|A<p|2dx. (2.44)

i,j=1
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The inequality (2.44) is also true for any component of a vector field u € H?(Q.)
satisfying any of the boundary conditions under consideration in this article. For the
proof we refer the reader to the Appendix in [14].

Inequality (2.44) is an important tool for the study of the H?-regularity of second-
order strongly elliptic operators defined in convex domains (see [11]). It was used in the
study of reaction-diffusion equations and damped hyperbolic equations on thin domains
([13, 14]). This type of inequality was also used in the study of Navier-Stokes equations
on thin domains ([22, 23, 24]), in the case of the purely periodic boundary condition; the
proof was given with the help of Fourier series ([24]). Note that inequality (2.44) gives
a control of the L?-norms of “the mixed second derivatives” of a function ¢ in terms of
the L2-norm of its Laplacian with a constant, which is independent of the shape of the
domain (i.e., in our case independent of the thickness €). Our purpose now is to obtain
similar inequalities for the Stokes operator under various boundary conditions.

First, we consider the purely periodic boundary condition (PP), the free boundary
condition (FF) and the boundary condition (FP). For these boundary conditions, we
have

Acu=—Au, Yu e D(A.). (2.45)

We refer to [5] and [26] for the proof of (2.45) in the case of the boundary condition
(PP), and to [31] in the case of the boundary conditions (FF) and (FP). Therefore, we
have

Lemma 2.5. In the case of the boundary condition (PP), (FF) or (FP), we have

Z ’8:0 Oz ‘L2(Q ‘A&’QL?(QG)v Vu € D(A.). (2.46)

i,j=1

For the other boundary conditions, we will use a symmetry argument to establish
that the constant c., appearing in the classical Cattabriga-Solonnikov “H2-regularity”
inequality,

Z ‘ax or; ’Lz o)< el Ae “‘LZ(Q ) Vue D(A),

1,5=1

is independent of e.
Consider the following Stokes problem:

—VvAG+Vp=f in Qc=wx(—€e), (2.47)
diva =0 in Q; (2.48)

and the boundary conditions:

ou ou
&r; = &rj =0 and 43=0 on wXx {—¢c¢}, (2.49)

and
=0 on Owx (—¢e€), (2.50)
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where f € H, = {p € L2(Q); divo =0, ©-7 =0 on dQ.}.

We write f = (f', f3), with f' = (f1, f2) and analogously, we write @ = (@, @ig).
Assume that f’ is an even function with respect to x3 and that fg is odd in z3. Then,
it is straightforward to see that 4’ and p are even in x5, while 43 is odd in x3.

Now we are ready to prove the following;:

Lemma 2.6. Let (u,p) be a solution of the following Stokes problem:
—vAu+Vp=f in Q,

divu=0 in Q,
Ju Ou (2.51)
G =g =uz=0 onTUIY,
u=0 on Iy.
Then, there exists a positive constant c, independent of €, such that
2
Z |8ac dz; |IL2<Q clAcu[paq,)s  Vu € D(A) (2.52)

i,j=1
where A is the Stokes operator associated with problem (2.51).

Proof. The regularity of the Stokes operator implies the existence of a positive constant
Ce, dilation invariant, such that

Z‘@x oz, |L2(Q CS‘A u’Lz(Q) Yu € D(A).

1,j=1

The constant ¢, is chosen to be the infimum of all constants satisfying (2.52). We extend
ftoQ =wx (—¢,€) in the following way: f1 and fo are extended to be even functions
fl and fg, and f3 is extended to be an odd function fg.

According to the symmetry argument given above, if (4, p) is a solution of the Stokes
problem (2.47)—(2.50), then (1, Gi2) is even in 23 and @3 is odd in x3. Hence, fL|QE: w and
the regularity of the Stokes problem on Q. implies the existence of a positive constant
¢e such that

3 | 024 |
Z Ox;0z; '* (€2 )_
0=

JAcd Vi e D(A.), (2.53)

where A, is the Stokes operator defined on Q..

= u, we infer from (2.53)

Yu € D(A.). (2.54)

Z |8x 83? |IL2(Q )—

t,j=1

2
(Qs)7

Therefore, since c. was chosen to be the infimum, we have ¢, < é.. Repeating this
argument k times, with k& > %, we conclude the lemma using the dilation invariance of
ce. O
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Remark 2.2. The proof of the independence on € of the constant ¢(e) appearing in
the Cattabriga-Solonnikov inequality for boundary condition (DP) is similar to the one
given above and is left as an exercise.

Remark 2.3. The proof of the independence on € of the constant c(¢) for the boundary
condition (DD) is technical and long and will be given in a separate article ([32]).
Remark 2.4. The symmetry argument given above and the classical local regularity
results for the Stokes operator imply the H? regularity of the Stokes operator, with the
boundary condition (FF), (FD) or (FP) in the domain with corners €.

According to Lemmas 2.5 and 2.6 and Remarks 2.2 and 2.3, we have

Theorem 2.2. Under one of the boundary conditions under consideration, there exists
a constant ¢, independent of €, such that

3
82’& 2 2
Z laxiaxj |L2(SZE)§ C’AEU‘LQ(Q‘)’ Vu € D(A).

ij=1

We end this section with some inequalities related to the trilinear form. Using Lem-
mas 2.5 and 2.6, we prove the following:

Lemma 2.7. Let 0 < ¢ < % There exists a positive constant c4(q), independent of

€, such that, for any one of the boundary conditions (FF), (FD), (FP), (PP), (DD) or
(DP), we have

‘be(Meu,Neu,w)K C4eqHMeu||E’AEN6u|€‘w|E Yu € D(A,), w € L*(Q,). (2.55)
‘bE(Neu,Meu,w)yg 046%HJ\N4€uH€‘A€Z\NZEuqu Yu € D(A.), w € L*(Q,). (2.56)

[be(New, Now,w)| < eal|[Neu|| 2| AcNew] o],

. i (2.57)

< C4e%HN€uHE’AEN€u’6|wL Yu € D(A.), w € ]LQ(Qe).
Proof. (i) We only treat the boundary conditions (FF), (FD) and (FP). The purely
periodic condition (PP) is treated similarly (the only differences are in the indices of
summation in (2.58)and (2.62)). The cases (DD) and (DP) are obvious. For u € D(A,)
and w € L2(£,), we have

~ - 2 ON_u;
’be(MEu7Neu,w)|§ ;;/Q|M€ul|’ 81:1-]ij|dx

and, according to Holder’s inequality with exponents p, p* and 2, with % + ]% = %, and
2 < p* <6 (p and p* will be chosen later in terms of ¢), we write

2 3

|bE(M6ua NEU‘V w)’§ Z Z|MCUi|Lp(QE)
=1 j=1

8N5uj
o |5 @0

wj|L2(QE)' (258)
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Neu;
Since 86 Y- Ne(gi) for i = 1,2, we are able to apply Lemma 2.4 and obtain
i T;
ON.u . ON.u;
T ey < e07)e T ||,
< (Theorem 2.2) (2.59)
< C(p*)e%

Moreover, since H!(w) C LP(w), for 2 < p < oo, we have

_1
| Mewi 0,0 < eP)er ™2 [Meui| 1 g - (2.60)

Combining (2.58), (2.59) and (2.60), we obtain
|b€(MEu, Neu,w)|§ C4€i7%+6277ﬁ (2.61)
For 2 < p* < 4, the exponent of € in the inequality above ¢ = % — =, satisfies 0 < ¢ < %
Note also that for any ¢, 0 < ¢ < , there exists p*, 2 < p* < 4, batlbfymg q= 1% — %

Hence, inequality (2.55) is concluded.
(ii) Now we prove inequality (2.56). We have

e (N, M, )| ZZ/ |Nu7||8Mu]|’ w,| de

11]1

< ZZ|N U;

=1 j=1

(2.62)

and, according to Corollary 2.3 and Theorem 2.2, we have

2.2 OM.u,;
|be (New, Mou w)|<C4EQZZ}ANU| | j|L2(Q)
22 (2.63)

< caet| [ Meul| | AcNeul [w]

(Qs) :
(iii) Now we prove the inequality (2.57). We write

ON, uJ

b (N, N, w)] < Z/ |NquaNuJ| N |22

7,7=1

} |w j]LQ(QE)da:, (2.64)

and Holder’s inequality, with exponents 6,4, 12 and 2, yields

3
<~ ONcuj L ONcu; L
[be(New, New, w)| < i;1|Ne“i|Le T, |00 g, ool
ON u; ON.u; L O?N.u; 1
< o Z I |L2 o, 12 75&2 (@)

3,j=1
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Hence } 3 } . o
’be(NEu,Ngu,w)}S C4HN6UHE ‘AGNSuE ‘w’e (2.65)
We use (see (2.25))
aNe’U,j 82N€Uj .
| o0x; LS €| O0x;0x3 '€ vi=123
and obtain, thanks to Corollary 2.4 and Theorem 2.2,
|b€(N5u,N€u, w)|§ C4E%HN€U| |6|A5N6u’6‘w|6. (2.66)

The proof of Lemma 2.7 is now complete. [

3. A priori estimates. In this section we derive some a priori estimates for M.u
and N u. These estimates constitute the main tool in the study of the maximal time of
existence of the strong solutions and also in the study of the behavior of the averages
when the thickness goes to zero.

First we write the equations satisfied by Meu and Neu. Let v € V, (we omit the indices
for the boundary conditions unless they are necessary). By Lemma 1.1, M., N eV,
and

(Meu, Z\NZEU)6 =0 and ((Z\NLu,Ngv))6 =0,

we obtain, thanks to Lemma 1.1, the following weak formulation for M,u and N.u :

d, - - 1. 1. - - -
E(Meu, M), + V(Aé M., Aé Mv)e + be(Mou, Mou, Mw)

+ be(N.u, Nou, M) = (M. f, Mv)e  (3.1)

and

d , - - 1. 1. - - -
%(Neu, Nv)e + (A2 Neu, A2 Nev)e + be(Meu, New, New)

+ be(New, Meu, Nov) + be(New, New, Nev) = (Nf, Nev)e.  (3.2)
Now we introduce the following notation: we set

ao(e) = ’AE%MEUO bo(e) = |A§NE’U,0|E, OZ(E)

[

(L)
kﬁ
=
@
—
o

I
Z
=

(3.3)

e?

We also set
Ri(e) = ag(e) + b3 (e) + a*(e) + 5%(e). (3.4)

We have, according to (1.12), Lemma 1.1

|2

|A2uo|*= a2(e) + B3(e), |£]’= a2(e) + B2(e)

f

and - )
RG(e) = |AZuo|_+|f] - (3.5)
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Now, given ¢ > 1 we have the following classical fact, which is a consequence of Theorem
0.1 (see e.g. [25, 26, 27)):

IT7(e) > 0, such that |A2u(t)|’< oR3(e), V0 <t < T7(e). (3.6)

Here [0,T7 (€)) is the maximal interval on which (3.6) holds. It is clear that if 77 (€) < oo,
then )
|AZu(T? (€)= o R3(e). (3.7)

3.1. Estimates for N.u. We take v = A.u in (3.2) and obtain with Lemma 2.7

d, 1~ ~ 1, - v =
LA Rl | AN < N Y A

N =

+ cact (|AZ Mou| +| A2 Nou| )| A Nou|” +ese?| A2 Mou| |A N, (3.8)

and, since0<e<land 0<¢g< %,we have

<2
d, 1- 1 1 - N,
A N2+ [ = 24e1(| AE L] +| A7 M| )] | AN o] < | VfL (39
Thanks to (3.6), we have
| A2 Nou(t)| +|A2 Nou(t)| < 2V Ro(e), 0<t<T7(), (3.10)
so that
d, L~ 2 <2 ’NsﬂQ
£|Ag Neu| +[v — 4y/ocse" Ro(€)] | AcNeu| < <, 0<2g <1, (3.11)
At this stage, we need to make the following assumption:
lim e?7R3(e) =0, 0<2g< 1. (Hp)

e—0

We note that the assumption (Hp) is not restrictive, since physically, Ry(€) can be
assumed to go to zero when € goes to zero, which is the case when f and wg are
independent of e. Thanks to (Hp), we can choose €; = €1(v,w, o) > 0, such that

4y/ocse?Ry(e) < Ve, 0 < e < €. (3.12)

v
27
From (3.11) and (3.12), we can write

O 2

d 5 N 7 €
E|A5N5u}f+g‘AeNeu|f§} Uf‘E, 0<e<e, 0<t<T(e), (3.13)
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and since by the Cauchy-Schwarz inequality
|42 Nou|*< [ A N,
we have

d NS
’A2Nu| + ’AQNu| £, 0<e<e, 0<t<Te).

v

Finally, Gronwall’s lemma yields

vt

22
TS+ e, 0<e<a, 0<t<TT(e).

1 ~ 2 9
|A2 Neu(t)‘eg b5 (€) exp(—
We integrate (3.13) and (3.15) to obtain
b 2¢? 2¢>
/ ’Aé Neu(s)’f ds < V—Zﬁg(e)t + %b%(e), O0<e<e, 0<t<Te)
0
and
! N 2 2 o 2.9 o
|AGNEU(S)}€ ds < ﬁﬁ (e)t + ;bo(e), 0<e<e, 0<t<Te).
0
Now, thanks to the Cauchy-Schwarz inequality, we have
/ |A"’Nu | !A Nu )|eds§

3 ¢ 3
< sup |A2Nu (/ |A2NU | dS) (/ ’AeNeu(s>‘fd5>
0<s<t 0

Therefore, combining (3.16), (3.17) and (3.18), we find

I< (b%(@ - 2623"(6)) (2362@ N 2e2b3(e>>% (fnge)t . 2b3(6)>%

2 2

< e (bﬁ(e) + 62?/22(6)> (ﬂi(; L bgie) )
< es(v)e(€?B(e) + b3 (e)) (t6%(€) + by (e)).
where )
c5(v) = [2max(1, L ;)}2

We collect the previous inequalities in the following lemma:

527

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Lemma 3.1. Under one of the boundary conditions under consideration, we assume
that for some 0 < q < %,

. 1 2 2

lim 62‘1(|A3u0| +|f‘ )=

e—0 € €
Then, there exists e = €1(v) > 0 such that for all e, 0 < e < e, there exists T? () > 0
and a positive constant cs, independent of €, such that for 0 < e < e; and 0 <t < T ()

vt

1 - 2 62
(i) AL Neu(t)|’< B (0) exp(— ) + o 7(0),

t
(i) /0 ‘AeNeu(s)E ds < %ﬂQ(e)t + %bg(6)7

(ii7) /0 |A§Neu(s)|S|A€Néu(s)|Eds < es(v)e (28%(e) + b3(e)) (t5%(e) + b3(e)) -

Remark 3.1. In the case of the boundary conditions (DD) or (DP), the lemma above
is still true with ¢ = %

We have u = N.u in the case of the boundary conditions (DD) or (DP). Hence, we
only need inequality (2.57).

3.2. Estimates for M.u. We take v = u in (3.1) and obtain

th‘M u| —|—1/|A2Mu| +be(New, Now, Mou) = (M, f, Mou).. (3.23)

According to Lemma 2.7, we have

@\ Nl 40| AR L)< |BL || W] 4ea] AE Rou|? | AN ) | W

3.24
2 dt e’ ( )

and since

|¥,u] < %1|14~1%M€u|6, (3.25)

where \; is the first eigenvalue of the corresponding two-dimensional Stokes operator
A, defined on w, we obtain

d, ~ 1 - Mgff C 1 - ~

%|M€u|f+y|A§Meu|f§ | um’ + T;‘I|A§N€u|f|AeNeu|e, (3.26)
and o

d,~ 2 ~ 2 ’M f}s

7 [ Meu| +vda [ Meu| < ) +VA A2 Nou 1’| ANeul . (3.27)

Thanks to Gronwall’s lemma, we find

2
|M6u(t)|f§ a%(e)e_”’\lt—l—ayii V/\l / }A2Nu | |Ae Neu(s } ds, (3.28)
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and Lemma 3.1 (inequality (iii)) implies that

a0 a3 + D 4 agw)eri @+, (3.20)

where c4(v) = 2¢5(v) is independent of € and
R%(e) = max(bg(e),ﬁ2(e)).

We infer from (3.26), after integration in ¢,

/ | A2 M u( < ;(Qt + afi? + cg(V)eRA () (1 +1). (3.30)

To find the H'-estimates of M.u, we take v = A.u in (3.1) and obtain

di‘ 2M u} —l—I/‘A Mu‘ M S, Ae Mu) — b, (Meu,Msu,AeMeu)

N | =

— be(NEu7 N.u, AGMEu). (3.31)

We rewrite (3.31), using the L2-scalar product and the L?-norm on w, as
1= 2 <~ 2 ~ ~ z o~ ~
—‘A2Meu|L2(w)+V’AMeu’L2(w) = (Mcf, AcMcu) 12 () — b(Mcu, Mcu, AMu)
1 ~ ~ ~
— —be(Neu, Neu, Ac M), (3.32)
€
where A and b are the two-dimensional Stokes operator and trilinear form respectively.
Now we distinguish the three types of boundary conditions:

Type L. It contains the boundary conditions (FF) and (FP). Note that for these bound-
ary conditions, we have (see Lemma 1.2)

B(Meu, M.u, AMeu) =0. (3.33)

Type II. It contains the boundary conditions (FD) and (PP). The lack of the orthogonal
identity (3.33) forces us to use the following inequality:

(0, B, A c)| < en| e | AF e | ANt o
< (with Young’s inequality) (3.34)

’AM u|L2 w)+ ‘MU|L2(w)| % |L2(w

where ¢; and cg are independent of e.
Type IIL It contains the boundary conditions (DP) and (DD). Note that, according
to our definition of M.u in these cases, there is nothing to do: M.u = 0.
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First we establish the a priori estimates in the case of the boundary conditions of
Type I. We infer from (3.32), (3.33) and Young’s inequality
~ 2
2| M, 1 -
& + CQ‘Aﬁ Neu‘?)’AeNgu
v €

(3.35)

67

d,z1~ |2 o~ 12
%’AéMeu’E—l—ﬂAMeuLg
and according to

. 1, ~ ~

A% M < A—lfAMe“E»

we have

2|0, f|?
v

G AN | AN < © 1 ool A} Nouf*| AN . (3.36)

Thanks to Gronwall’s lemma and Lemma 3.1, we find

2|, f|?

| AL M) '< ad(e)e M+ T g dew)eRL 0. (337)

We collect the previous inequalities in the following lemma;:

Lemma 3.2. Under one of the boundary conditions (FF) or (FP), we assume that for
some 0 < q < %,

1
lim 62‘1(|A§u0|f+’f‘f) =0.

e—0

Then, there exists €1 = €1(v) > 0 such that for all €, 0 < € < €1, there exists T (e) > 0
and a positive constant c19(v), independent of €, such that

(6)  |[Meu(t)]’< ad(e)e Mt + ‘f—A(f) + co(v)eR (€)(1 + 1).

(i) /O | 4b Ntu(s) 2 ds < O‘;(it + “5);? + ()R () (14 1).
(iid) ]A%Meu(mfs ag(€)e Mt 4 % + c10(v)eRE(e)(1 + 1).
(iv) t’fl]\;leu(s)‘fds < @ + c10(V)eR () (1 + 1).

Remark 3.2. Note that the inequalities of Lemma 3.2 are similar to those of the 2D
Navier-Stokes equations with the periodic boundary condition; we have, however, the
perturbation term c19(v)eR2 (€)(1 + t), which is small for € small enough.

We turn now to the study of the case of the boundary conditions of Type II. We
have, thanks to (3.32), (3.34) and Young’s inequality

2 2|M€f|i,2(w)

C8 | 12 <1~ 4
L2 (w)> L +V_§|M€U|L2(w)|A2M€u|L2(w)

+ AR N[ ANel,. (3.38)
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We set
~ 2
2| M|
Tl o~ 2 €J 12 (w C 1~ 3 ~
y(t) = |A;Meu(t)‘L2(w)7 h(t) = f() + %|AéN€U|€ ’AENGUL (3.39)
and PR I
9(t) = ﬁ’Meule(w)‘A§Meu}L2(w)' (3.40)
We infer from (3.38)
dy
at =T (3.41)

and Gronwall’s lemma yields

y(#) < y(0) exp ( /O * o) dr) + /O " (s) exp ( / "o df) ds.  (3.42)

First we bound fot g(7)dr using (3.28) and (3.29). We have

t t
c ~ 2 <1~ 2
/0 g(T)dr < = sup ‘Meu(r)‘LZ(w)/o ‘AéMEU(T)‘LQ(w) dr

v3 0<r<t
< cia(v, A1) {M + R e)(1 + t)] [M +RMe)(1 +t)}

ta?(e) + ai(e)

< calv ) (R0 + R 1+ ) | )

+ R )1 + t)] (3.43)

where
R2 (€) = max(ag(e), a*(e)). (3.44)

Now we write

/Ot h(s) exp (/:g(T) dT> ds < (/Ot h(s) ds) exp </Otg(7) dT)
< (Mi’"b(e) + R (e)(1 + t)) exp </0tg(7') d7> . (3.45)

Therefore,

}A%Méu@?(w)g a3(v)e (R2, + Ry) exp [c12(R2, + Ry (1+ 1)) (R2, + Ri) (1 + 1)) .
(3.46)

Here we make the following assumption on the initial data (for the boundary conditions
of Type II):

For arbitrary K; > 0 and Ko > 0; RZ (¢) < K ln’lne

, R2(€) < KyIn|lne|. (Hy)

Taking into account the assumption (H;), we collect the estimates of M.u in the case
of the boundary conditions of Type II in the following:
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Lemma 3.3. Under one of the boundary conditions (FD) or (PP), we assume that for
some 0 < q < %,

lim 24(| 48 uo|+[£]?) = 0.
And for arbitrary positive numbers Ky and Ko, we assume that
‘A§M6u0|z+’]\~46f{f§ K161n|1ne‘ and |A§]\~TEUOE+|NJE§ Ky ln|1ne‘.

Then, there exists e1 = €1(v) > 0, such that for all €, 0 < € < €1, there exists T () > 0
and a positive constant c13(v), independent of €, K1, and Ka, such that for all t >0

- K K

() [Fau(d)]?< e+ Tk e (v)eK3 (1 +1).
EKl
V2)\1

(id) /Ot|A§M5u(s)|zds < (;) + c13()eK2(1+1).

(1) | AZ Mu(t)|" < exs(v)eln|Ine| (K + K2)(1+1)
x exp [c13In|lne|(Ky + K3(1+ 1)) (K1 + K3)(1+1)] .

4. Behavior of T7(¢). In this section we study the behavior of the maximal time of

existence of the 3D Navier-Stokes equations in thin domains, when the thickness goes
to zero. We divide our study in three parts depending on the type of the boundary
condition.
Type I. It contains the boundary conditions (FF) and (FP), i.e., the free boundary
condition in the thin direction and either the periodic or the free boundary condition
on the lateral boundary.We will prove that 77 (e) = +o0 in two steps. First we prove
the following:

Proposition 4.1. In the case of the boundary conditions (FF) or (FP), we assume that
1
lim._.g eq(|A3 uo}§+|f|f) =0, for some q < 1. Then, there exists €1(v, 0, q) such that

lir% €272T (€) = 400. (4.1)
e<ey

Proof. According to Lemmas 3.1 and 3.2, we have

26262

vt

% N7 2 2 o
‘Ae Neu(t)|6§ b5 (€) exp(—@) + R 0<t<T(e) (4.2)
and
|A?Meu(t)}§§ a%(e)efu)\lt + VC;/\ -+ ClO(V)ERi(E)(]. + t). (43)
1
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Now we fix o by setting

2 1
o= 4max(1, ﬁ, VQ—)\l) (44)
We infer from (4.2) and (4.3)
3 2 12 vt 2¢°6% | 5\ e, O
bl <ol )+ 57 v S
+ew()eRy()(1+1); 0<t<T(e),
and, with (4.4), we obtain
1
|A2u(t)|j§ %R%(e) + c10(v) (7R3 (€)) €' "R (e) (1 + t), (4.6)
for 0 <t < T7(e). Now we suppose that T7(e) < +oo. Then, we have
3 o 2 2
|A2u(T (e))|€: oR;(e) (4.7)
and, with (4.6), we can write
30 — o
ZR(Q)(e) < c10(v) (7R3 (€)) e IR (€) (1 + T (e)). (4.8)
We make the obvious assumption Ry(e) # 0, and obtain
30 2 1- o
i < co(V)(e'Ri(€))e (1 + T (e)). (4.9)
Now we claim that
lim €' 7977 (¢) = +o0. (4.10)

e—0

If (4.10) doesn’t hold, then there exists a positive constant L; and a sequence (€, )n>1,
with 0 < €, < €1(v), and lim,,_, €, = 0, such that

L
T7(en) < =, Yn>1 (4.11)
€n
Therefore,
30 4 2
I < L267LR0(67L)7 (412)

where Ly = Lo(v). The right-hand side of the inequality (4.12) goes to zero as n goes
to 0o, hence o = 0, which contradicts the choice of ¢ in (4.4). O

Now we go to the second step and establish that the maximal time of existence of the
strong solution of the 3D Navier-Stokes equations in thin domains is infinite, for large
initial data. More precisely, we prove
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Theorem 4.1. In the case of the boundary conditions (FF) or (FP), we assume that
. 2 1 2 2
hn(l)e q(|A§u0|€+}f|6) =0 forsome 0<2q¢<1.

Then, there exists €4 = €4(v,q,w) such that: for 0 < € < €4, the strong solution u. of
(0.1)—(0.3) with the boundary condition (FF) or (FP) exists for all times; i.e., T, = +00
in Theorem 0.1 and

ue € C([0,00); Vo) N L%(0,T; D(AL)), VT >0. (4.13)

Proof. The proof is done in two steps.
Step 1. We set

K? = |A§Meuo|f+%|M€f|e+B3, (4.14)
1

where )

1
Note that, since lir% eq(’AS u0‘§+|f’f) =0, we have
lim ¢1B? = lim e1K? =0. (4.16)

We choose €4 = e4(v, A1, q) satisfying the following conditions:

(1) O0<es< i (4.17)

(i) €IK?<1, for 0<e<ey. (4.18)

(4i4) ii; < é, exp (—%) < i, and 16+4(V)max(1, %)eq < i (4.19)
(iv)  €729T9(e) >4, for 0<e<ey. (4.20)

The existence of €4 is obvious, since the left-hand sides of the inequalities in (ii) and
(iil) go to zero when € goes to zero; and, by Proposition 4.1, the left-hand side of (iv)
goes to oo as € goes to zero.

We recall that

t 1 ~ ~
/ ‘AENEU(S)mAENEu(S)L ds < %max(l, %)33(1 +t). (4.21)
0

Hence,
1 t. 26
AR NI V(O exp(— 5 5) + 5 B2(e), 0=t < T7(e), (4.22)
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and

20%(e) |, 16ccslv) |y DVBY @ +1). (4.23)

M%Meu(t)ﬁg aj(e) exp(—vAt) + AL V >

We set
te = 62(“1), for 0 < e <ey.
We have, according to (4.22) and (4.23)

Vi

|AZ Neu(t) \fg b5 (€) exp(— 5e2

2¢2
)+ 500, test<, (4.24)

a1 o~ 202
|A%M€u(t)‘2< a%(€>e—1/)\1tg + SZ—A(@
1

+c5(v)e (e9B2(e)) B2e' "1(1 4 2t,), t. <t<2t. (4.25)

Now, thanks to (4.17)—(4.20), we have

. 1
|AZ Neu(t)|< ZB?, te <t <2t (4.26)
and ) ) .
| A% Mou(t)|’ < (K2 B2 < DK te<t <. (4.27)
Hence,
|AZu(2t)] < ZKE. (4.28)

Step 2. We use an induction argument. We write (4.22) and (4.23) when the initial
data are given at the time ¢y and satisfy

AN’ 382, ana ALt SR (20
We obtain, as in the proof of Lemmas 3.1 and 3.2
Al Natos gpren (L) 1 2000, wi<rro, aw
€ v
and
e e 250

+co(v) (e"B2(e)) B2e' "U(1 4+t —tg), to<t<T(e). (4.31)
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Thanks to (4.26) and (4.27), we take ¢y = 2¢2(9=1) and obtain, as above,

1 1 1
| A2 Nou(t)|’< B2+ 833 < B2 28070 <y <3y, (4.32)
and
'Ry 2_ 1,5 1.5 1.5 1., 2(g—1) 2(qg—1)
| Az Meu(t)|” < SHE+ghe+ Bl < SKC, 2 <t <3¢ : (4.33)
Hence,
1 3
|AZu(t)|’< TR 2807 < e, (4.34)

which implies that 77 (¢) > 3¢2(@~1), We repeat this argument n times to show that
T7(e) > ne?@Y; ¥ >1. (4.35)

Hence, T7(€) = +o0o for 0 < € < e4. This concludes the study for the Type I boundary
conditions. O

Type II. This type contains the boundary conditions (FD) and (PP). The lack of
the orthogonal property of the trilinear form, b(M w, Mou, AM.u) = 0, implies a weaker
global existence result for the strong solution. We need to assume stronger conditions
on the initial data; these conditions still allow large initial data and are similar to those
imposed by G. Raugel and G. Sell in the case of the purely periodic boundary condition
([22, 23, 24]). More precisely, we prove the following;:

Theorem 4.2. In the case of the boundary conditions (FD) or (PP), we assume that,
for arbitrary positive numbers K1 and Ko,

|A%]\:4€u0|2§+|1~\~4€f|;§ K1€h’1|1n€| and (4.36)
|A2N€u0|6+}NEf|€§ K> ln|lne|.

Then, there exists €5 = e5(v, K1, Ko, w) such that: for 0 < e < €5, the strong solution u.
of (0.1)—(0.3) with the boundary condition (FD) or (PP) exists for all times; i.e.,

ue € CY([0,00); Vo) N L2(0,T; D(A,)). (4.37)
Proof. We set
R2(e) = (K, +K2)ln|lne|+1—|—b3(6)+%ﬂQ(e). (4.38)
According to (4.36), we have |A§ u0|f+|f’f§ R%(e), and since

.1 L1 2
lim € (K1 + K2)In|lne|+1] =0, and 213%54@3(6) + ﬁﬂz(e)) =0, (4.39)
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the a priori estimates obtained in Section 3 still hold. Moreover, we recall that if
T (e) < +00, then

|A2u(T7 (€)= o R2(e).

Now we write, thanks to Lemmas 3.1 and 3.3,

—vt

€2
?) + 21/—252(6) + clg(u)eln|lne|(K1 + K22)(1 +t)exp(0(t)),

(4.40)

| AZu()[*< B3 (e) exp(

where
0c(t) = c1z(v)eln|Ine| (Ky + K3(1+1)) (1+1).

First we prove that

lim 77 (e) = +o0,

e—0
which implies the existence of e5(v, A1, K1, K2) such that T7(e) > 1, for 0 < € < e5.
Then, the induction argument given in the proof of Theorem 4.1 (see also [24]) implies
that T9(e) = 400, for 0 < € < €5.

Assume that there exists a positive constant L3 (independent of €) and a sequence

(€n)n>1, such that

0<e,<es lime, =0 and T9(e,) <Lz, Vn>1 (4.41)
‘We have )
|AZ u(T? () |2 = o R3(en), (4.42)

and we infer from (4.40)

2 2
oR}(en) < bg(m)—l—%ﬂ?(en)—kclg(y)en ln’lnen’(K1+K22)(1—|—L3) exp(fe, (L3)). (4.43)
Hence, we have (with o > 2max(1, %))
S R(en) < ers(v)en Infln ey | (K1 + K3)(1+ Ly) exp(6, (Ls)). (4.44)

The right-hand side of inequality (4.44) goes to zero as n goes to oo, while the left-hand
side is greater than 2. Therefore,

lim 77 (¢) = +o0.

e—0

The induction argument is similar to the one given above and is left as an exercise. [

Type IIL. It contains the boundary conditions (DD) and (DP), i.e., the Dirich-
let boundary condition in the thin direction and either the Dirichlet or the periodic
condition on the lateral boundary. We prove the following;:
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Theorem 4.3. In the case of the boundary conditions (DD) or (DP), we assume that
lim (| A2 uo[*+||7) = 0.

Then, there exists g = €(v) such that: for 0 < € < e4, the strong solution u. of
(0.1)—(0.3) with the boundary condition (DD) or (DP) exists for all times; i.e.,

ue € CY([0,00); Vo) N L2(0,T; D(A,)). (4.45)

Proof. As stated in Section 1, in the case of the boundary condition (DD) or (DP), we
have N.u = u. Hence, the estimates of N.u obtained in Lemma 3.1 (see also Remarks
2.2, 2.3 and 3.1) hold for u. We infer from Lemma 3.1

1 2 L2 —vt e .2
Agu(t)| < |A2 — — . 4.46
A0 < |4l exp (52 + S| (a.46)
Assume now that 77 (e) < co. We have

2
oR3(€) < [Aduo[l+ 55| |7 < [Abuo 2+ 12,

for e < v, (4.47)

which contradicts ¢ > 1. Thus
T (e) = +oo, for e < min(v,e;),

where €] satisfies

2C4€%J%R0(6)§ , for 0<e<e.

NN

The proof is complete. [

Example of channel flow. Note that (4.46) implies that the H! norm of the
solution u. converges to zero when € — 0 as long as we are far from the time boundary
layer t = 0. We give now an example where we develop an asymptotic expansion of the
solution. We consider for simplicity the case where the exterior force is tangential and
given by

f = P161 + P262, (448)

where e; and ey are the unit vectors in the directions x; and xs respectively, and
Py and P, are some constants. We write the Euclidean norm of f as P = /P2 + P3.
(The general case of forces and also the other boundary conditions will be given in a
forthcoming article, [28].)

We consider the Navier-Stokes equations (0.1)—(0.3) with the boundary condition
(DP). It is easy to see that when the exterior force f is given by (4.48) the functions

x3(xs — e)(

2 P161 + P262) (449)

=0 and w,=-—
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are a solution of the Stationary Navier-Stokes equations

—vAw+ (w-V)w+ Vqg= Pie; + Paey in Q. (4.50)
divw =0 in Q (4.51)
w=0 onwx {0,e} and w is periodic in the directions z1, 5.
(4.52)
Notice that 5| | 3| |
€lw ew
lwelF2(0.) = 53 P> |Vweliz) = 55 P>
1221/ 121/ (453)
€ €
|we| Lo (0.) = S_VP’ |Vwe|pe () = ER

Now we prove that for € small enough compared to P and v the stationary problem
(4.50)—(4.52) has a unique solution which is w.. Note that

(we - V)we = 0.
Let V. = v. — w,. The equations satisfied by V. are
— VAV + (V- V)Ve + (Ve - VIwe + (we - V)Ve + Vg =0 in Qg

(4.54)
divV,=0 in Q. (4.55)
Ve=0 onwx {0,e} and V; is periodic in the directions x1, z.

(4.56)

We multiply (4.54) with V. and obtain

1
Vel? < €| V| F o )| A2 Vel?

VARV == [ (Vo 9) - Vide < [Vuifiagay

€

3P2 1
< with (4.53) < S |AZ V|2,
2v
Hence, if
2 2
& < %, (4.57)
then

1
|A2V.2=0 and V. =0.
Now we go to the nonstationary problem and write U, = ue —w,. The equations satisfied
by U, are
oU.
ot

—vAU. + (U - VYU, + (Ue - VIwe + (we - V)Ue + Vge =0 in Q)

(

div V., =0 in Q, (4.59
U.=0 onwx {0,e} and U, is periodic in the directions x1, 3, (
(

Ue(t = 0) = UQe — We-
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We multiply (4.58) with A .U, and obtain, using Holder inequalities, the inequalities of
Section 2 and (4.53)

1d

1 2 /|lw|P 3p 1
§E|A§ Uf? + v|AU? < Co$|AEUs|S + 68—V|A6Ue|§ +coe? |AZU| | AU,

where ¢q is an absolute constant. Therefore, if € is small enough so that

3 2
9 e v
< 4.62
w4+ S <%, (4.62)
then
]. d % 2 2 1 % 2
ia\Ae UelZ + V|AU|Z < coe?|A2Ue||AU|Z. (4.63)
1 , V2
Assume that |A2U(0)]Z < Toe and let T be the maximal time such that
0€
1 , V2
|[A2U(t)|Z2 < —, Vtel0,T°). (4.64)
4006

Using (4.64), we infer from (4.63)

1d

Yt € (0,T°), ia‘AéUe‘?‘i‘V‘AeUEE <0.

Hence \Aé U.(t)|? is decreasing and T¢ = 4-00. Moreover, with Poincaré’s inequality, we
have L d
1 1
Vi 0, S AU+ S|AULA@ <0

and ) ) 5
[AZU[ (1) < [A2U(0) exp(—) V>0,

Hence, for € satisfying (4.62), we have the following asymptotic expansion for the strong
solution u = u.:

ue(t) = —%(1)@1 + Pey) + Uelt), 0<t<+oo
with
9 9 vt
IU@IIE < [luoe — welle exp(—3),  for all €0, 00).

5. Behavior of the averages. In this section we establish the convergence of the
average, in the thin direction, of the strong solution of the three-dimensional Navier-
Stokes equations in thin domains to the strong solution of the two-dimensional Navier-
Stokes equations, when the thickness of the domain goes to zero.
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Consider the following two-dimensional Navier-Stokes equations:

% —vA+(0-VYo+Vp=f in wx]0,00), (5.1)
div' =0 in wx[0,00), (5.2)
o(z’,0) = vo() in w.

Equations (5.1)—(5.3) are supplemented with one of the following boundary conditions:
(i) The Dirichlet boundary condition: ¥ =0 on dw.
(ii) The periodic boundary condition: In this case w = (0,11) x (0,13) and

¥ is w-periodic and / fdz' =0.

w

(iii) The free boundary condition:

9-n=0 andcurl =0 on Ow,
where
o5 on
(‘91'1 axgl

We refer to the introduction for the mathematical setting of (5.1)—(5.3). Here again, we
omit the references to the boundary conditions. We single out only the case when we
have the Dirichlet boundary condition in the thin direction; i.e., the boundary conditions
(DD) and (DP). Note that in this case Nou = u, and Lemma 3.1 implies

curl v =

1. 2 —vT €2 12 —vT € 12
thtlgT’Agu (t)|€§ b (€) exp(e—z) + ﬁﬁ2(e) = }A3u0|eexp(€—2) + ﬁ’f |E; (5.4)

. 12 2 .
hence, assuming that ’AE ug|E and |f6’6 are bounded in ¢, we conclude that

liH(lJ Mo =0, uniformly in C([r, 00); V), V>0, (5.5)

and if lime_,o}Aé u6|f: 0, then
1in(1J M,u =0 uniformly in C([0, 00); V). (5.6)

We proved

Theorem 5.1. In the case of the boundary condition (DD) or (DP) “on either I'y or
I'y,” we assume that

3 Ky >0, such that |A2ug|*+|f’< Ky, 0<e<l.
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Then, -
lin(l)Meu6 =0 in C([r,00);V), V7>0.

1
L2
N 3 2 ,,€ —
Moreover, if hmEHO|A6 u0|6— 0, then

1irr(1)MEu6 =0 in C([0,00); V).

Now we treat the other boundary conditions. For f € H. or L°°(0,00; H.) and
ug € Ve, we assume the following:

1iIr(1)]\ZI'€f€ =f in H-weak. (5.7)

HH(I) ]\Zfeug =4y in H-weak, ’Aé J\NLUB|€ is bounded. (5.8)

Let T > 0 be given and fixed. Thanks to Theorems 4.1 and 4.2, there exists e5(v, v, f)
such that T'< T7(e) for 0 < € < €5. Now, Lemmas 3.2 and 3.3 imply that

M.u¢ is bounded in L®(0,T;V) for 0 < e < es. (5.9)
M.u¢ is bounded in L2(0,T;V) for 0 < e < es. (5.10)
M.u¢ is bounded in L2(0,T; H) for 0 < € < es. (5.11)

Hence, there exists a sequence (€, )nen, with lim, .. €, = 0, and a function v* such
that

limOMenuC“ =o* in L?(0,T;H) (in norm), (5.12)
lim, M. u =v* in L?(0,T;V)-weak. (5.13)

We rewrite the equations satisfied by J\;.I'Enu6

1 1 Y
(M u" ) Men U)En + V(Agn MEn ur ) AEZn anv)fn + be” <M

€n

€n N/ €n
ur, M u, M., v)

+be, (N, u, N, u, M, v) = (M, f, M, v).. . (5.14)
Now we use Holder’s inequality to obtain

1 - . . .
| —be, (N, un, N, us, M, v)|< 2| N, u
€n

€n

1 -~
2 €
14 |A€n N, u

Lo | M, vl 4, (5.15)

and Lemma 2.4 yields

1 N7 € N7 € 7 Co % Y en |2 i Y €
| —be, (Ne, u™, Ne,u, M v)|< —€i|A2, Ne,u|” -ed|A2, M, u|,,
€n €n €n L2(w)
< coe;% ‘AzlnNenUE" f AénMenUE”|L2(w)§ (with Lemma 3.1) (5.16)

vt
2e2

_1 2¢2 1.
< cpén ? (bg(en) exp(— ) + V—;ﬂQ(e)> ’AgnMenv L2 ()"
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Under the assumptions (5.7) and (5.8), we write b3(e,) < €, K4, where Ky is a positive
constant independent of n. Therefore,

1 - - ~ 1 t 2€2 Lo
‘;ben (Ne,u", Ne, u, M, v)|< coen : (K4 exp(—;T%) + %) |AénM5nu€" ’LQ(W).
(5.17)
Hence,
lim \iben(mnuen, N, u, M., v)|=0. (5.18)

n—oo' €,

Taking into account (5.9)-(5.13) and (5.18), it is straightforward to pass to the limit in
(5.14) (see Chapter IIT of [25]). We have, for v = (v1,v2,0) € V,

%(U*7U)L2(w) + V(A%v*,A%U)Lz(w) +b(v", 0%, 0) = (f,0) L2(w), (5.19)
’U*(',O) = 10-

Finally, the uniqueness of solutions to (5.1)—(5.3) implies that v* = .
Now we are ready to prove the following:

Theorem 5.2. In the case of the boundary condition (FF), (FP), (FD) or (PP), we

1 - ~ ~ ~
assume that ’AE M€u0|L2(w) is bounded, and also the existence of f € H and vy € V,
such that

liH(l) M.f¢=f in H-weak.

lig(l) Meug =1y in H-weak.
Then, for all T > 0, there exists €5 = €5 (f, Vo, V) such that
lim M=o in C([0,T]; H)NL*0,T;V), (5.20)
where U is the unique solution to (5.1)—(5.3), with the “appropriate” boundary condition.
Proof. We first prove that

lim M, u(t) = (t) in H-weak, for all ¢ € [0,T]. (5.21)

n—oo

Integrating (5.14) between 0 and ¢, we obtain (M., v is replaced with v € V)
(MG’LLG" (t), U)L2(w)
t
= (MEUE" (0)7 U)LQ(UJ) + / |:(M5f, U)L2(w) - V(A%Mfuen (S)a A%U)Lz(w)
0

— b(Mou(s), Mou(s),v) — Zbe(Neuén (s), Neu(s),v)| ds, (5.22)
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for all v € V and Vt € [0, T].
The right-hand side in (5.22) converges, as e — 0 (¢ is fixed), to

which is equal to (9(t),v) 2 (w)-
Now we consider the following expression:

1, ~ t ~1 ~ ~1
ec(t) = §]M6u(t) —ﬁ(t)‘iz(w)—i—u/o | A2 M.u(s) — A2 M.(s) ds

and prove that

We write
ec(t) = e (t) + e2(t) + €X(t),
where
L 1, - 2 e 2
e(t) = §|M€u(t)|L2(w)+V }AQMEU(SHLQ(M) ds,
2 L. " i 2
e“(t) = §|U(t)’L2(w)+V 0 |A2U(s) L2(w) ds,

We set v = M,, u(t) in (5.14) and integrate between 0 and ¢ to obtain

1, - 2 b -
1 €n €n
e. (t) = 5|M€wu (O)|L2(w)+/0 (Me,, fy Mec, u(5)) 2 () ds

1t -

— — [ be, (N, u, N, u™, M., u)ds.

n

€n 0

Thanks to (5.17), we have
t ~ ~ ~
[ b e By, iy
0
i 2 n 2 n r Py
< cqer (Ky + L(e))/ |A3nM€nu6" (s)|L2(w) ds.
v 0
Hence,

t
lim sup ‘/ be,, (Ne, u, N u, M, ué")ds‘:O,
0

n—00 0<t<T

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)
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and

n—oo

lim e! (t) = 1|@(0)|2 +/t(f 9(8)) 12 (w) ds (5.31)
€n 2 L2(w) 0 ) L2 (w) . .

Moreover, integrating (5.19), with v = ¥ and taking into account the fact that v* = 7,
we obtain

¢
2 ;o
62(t) = §’U(O)|L2(w)+/o (f,9(8))L2(w) ds. (5.32)
Finally we have, thanks to (5.13), (5.14) and (5.21) (t being fixed)
: = e~ a2
nlLIrgO(Menu (t), ) L2(w) = }U|L2(w) (5.33)
and
to 1 b 2
lim [ (AL ML, u (s), A2 5(s)) 20 ds = / (A2 6(5) 2, ds. (5.34)
Therefore,
lim e} () =2e(t) (5.35)

and lim, o e, (t) =0, V ¢ € [0,T]. This concludes the proof of Theorem 5.2
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