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ABSTRACT

Numerical models for nearshore circulation patterns in the surf zone

have been developed and applied to an observed condition subjected to

a sea breeze environment. Bottom topography and input waves were

derived from observed data to predict surf zone circulation as a

function of time of day. It was found that many features observed in

the surf zone were modeled but wave-current interactions are known

to be important.

Wave-current interactions were modeled for shallow water assuming

a two-dimensional motion which included rip current and longshore

current components. The refraction effects caused by even small

currents produce major changes in the wave induced driving forces

in the surf zone which leads to the prediction of entirely different

rip-current patterns when wave-current interactions are considered.

Numerical results are presented and a discussior ut the numerical

techniques is included.

A review of water wave tteorica t.-- include mass transport, vorticity

and current was made for a vertical section in shallow water of

constant depth.
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I. INTRODUCTION AND SUMMARLY

1.1 INTRODUCTION

In the nearshore area waves arriving from offshcre continuously

bring in momentum, energy and mass. Since the shoreline provides

a fixed boundary the momentum and energy fluxes are dissipated in

the surf zone. Most of the energy is converted to turbulence in the

breaker zone but enough is left to supply a nearshore current

system and move loose bed material. The momentum brought in by

the waves will drive the nearshore current system and cause a local

set-up or set-down of the mean water level.

Over the past four and one half years a series of analytic developments

have been attempted to model some of the more pertinent character-

istics of the surf zone. The work is conveniently divided into two

broad groups: statistical and deterministic. In the statistical

approach (Collins, 1971 and Collins and Wier, 1969) a relatively

simple beach topography was assumed and the effects on wave

height statistics computed together with longshore currents and

"wave set-up. More recently, (Noda, 1972, 1973) a deterministic

approach employing monochromatic waves and much more cor_.plex

beach topographies has been explored.

A number of sub-tasks have been investigated during the past year.

The three specific sub-tasks receiving intensive investigation

include:

a) the application of wave-induced circulation computations

on beaches having rythmic topography.

b) the development of a numerical model for wave

induced circulation which includes wave-current

interaction.

c) the analytical investigation of wave, current, and

vorticity interaction.

1*1



Tim following sections of this report present details of the work

performed. The subsections below pre 3nt a brief review of some

earlier work and a summary of the work completed during the

past year.

1.2 REVIEW OF EARLIER WORK

In a recent study by Noda (1972, 1973) the solution to wave-induced

nearshore circulation due to the incoming wave-bottorm topography

interaction '-'as studied. Results for both normal and oblique wave

incidence were presented and while the results generally agreed

with recent field data from Sonu (1972), Figures 1. 1, 1. 2 and 1. 3,

the numerically derived circulation velocities tended to be larger

than measured in the field, Figures 1.4, 1.5 and 1.6.

Several possible reasons for the apparent discrepancies can be

postulated including;

"a) neglect of wave-current interaction

bottom fiction approximation

c) chuice of wave breaking criteria

d) assumption of monochromatic waves which conse-

quently all break at the same location

e) over-estimates of the incoming wave height or

errors jr. direction

f) approximat.nns made in the analytical developments.

Of the possible reasons for dif"cr-acus the assumptions made to

comply with (c), (d) and ee) : roduce tn"d`ar effects in that the

nearshore circulation pat.ern is strongly influenced by the wave

breaker location. The dominant driving forces are produced by the

radiation stresses induced by breaking waves. Also, because of

this iP must be realized t.Lc.t ''en relatively weak currents change

the breaker location and A-aracteristics hence, the importance of wave-

current interaction is 3 L..aior one. Therefore reason (a) is of prime

importance.

--- :
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I. CIRCULATION UNDER NORMAL WAVE INCIDENCE

WAVE
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Figure 1.1 Dependence of Current Patterns on Wave Incidence
Angles and Surf Zone Topography [From Sonu, 19721
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It is believed that bottom friction effects are important and hence

are never ignored in these investigations. However, approximations

are necessary in order to yield a tractible numerical model. It is
apparent that considerable room for improvement exists in the

approximations generally made.

The numerical techniques employed were found to influence the

predicted currents and a certain effort was needed to refine the

earlier more crude methods. New approximations include the choice

of more realistic beach topographic model and the procedures to

solve the governing differential equations.

The following subsection (1. 3) of this report presents a brief

summary of the technical work which has been oriented towards

improvements and refinements in the nearshore circulation models.

More complete details are presented in Sections Z and 3.

1.3 SUMMARY

1. 3. 1 Wave Induced Circulation Over a Rhythmic Topography

The data obtained bythe Coastal Studies Institute (SALIS by Sonu

et. al., 1973) has been investigated and attempts have been made

to model the wave induced circulat ion using the procedures developed

by Noda (1972) in an earlier phase of the work.

The steps required are:

a) topographic model

b) wave height-wave direction field

c) solution of the momentum equations

d) comparison with observed data

The field data was used to provide (a) and the offshore wave conditions.

The topographic model was developed by choosing empirical functions

and constants to closely simulate the observed topography. Fig. 1. 7

presents a sample of the topographic simulation as used. More

9
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details will be included in Section 2.

The wave height-direction field has been computed using the ray

equations (see Noda, 1972) but some variations on the numerical

techniques were found which yielded significant improvements in

accuracy and speed of computation. The revised technique is

based on a relaxation procedure rather than the previous method of

marching along rays. Wave heights and directions are computed

directly at the required grid points and yield considerable savings in

computing time otherwise spent on interpolation subroutines. The techniques

are fully detailed in Section 3.

The solution of the momentum equations for the wave induced circu-

lation follows the procedures outlined in Technical Report No. 3

(Noda, 1972).

One apparent difference between the numerical results and typical

observed data is that the numerical predictions show a too strong

concentrating effect of the circulation near the transverse bar

(or shoal) and a number of localized eddies in the nearshore area.

Possible reasons for such effects have been indicated in Section 1. 2

and these are also discussed in Section 2. 4. However, in spite of

some obvious shortcomings it is apparent that the approach and

results outlined in Section Z have yielded a reasonable modeling

capability for many features of the nearshore circulation over a

rhythmic. topography.

1. 3. 2 Wave and Current Interaction Over a Rhythmic Topography

It is apparent from even a casual glance at a beach that incomirg

waves interact strongly with the local currents which are themselves

induced by the waves. Section 3 presents a detailed analysis of

this problerr The interaction produces two dominant effects;

i1



the currents change the wave refraction and also change the breaker

locations.

These wave-induced nearshore circulation patterns were derived

assuming no wave-current interaction. Thus interest was developed

to determine if the effects of wave-current intc.g'action produced

signi•icant changes in the nearshore circulation .atterns as observed

in prototype. Section 3 deals with the theoretical development and

numerical computations of this process as affeding the circulation

within the nearshore zone.

The initial computational steps followed those given in Section 1. 3. 1,

i. e. topography-wave height and direction field-solution of the

momentum equations. Then the resulting circulation velocities

were considered as an existing mean current system, and waves were

again propagated into this system and a new wave height, direction

and nearshore circulation pattern obtained. It was hoped that con-

tinual interaction would finally yield an "equilibrium" solution in-

cluding wave-current interaction. However, attempts to directly

impose this derived mean current system in an interaction process

with the incoming waves lead to failures of the technique because the

mean current system derived for no vave-current interaction was

too large. Hence, conditions arise where the local waves were no

longer able to propagate into some areats.

An attempt was inade to take only a percentage of the initially

derived current system and then incl,-de interaction with the waves. This was:

partly successful and indicated that considerations of wave-current

interaction were extremely Lmnportarnt. Some major changes in the

computed nearshore circulation system were produced. Section

3. 3. 3 presents some of the results.

12
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It has been demonstrated that wave-current interactions are of major

importance in determining the nearshore circulation but a complete

solution was not possible because of the occurrance of regions in the

nearshore zone where waves could no longer propogate when opposed

by a current. Two major conclusion are deduced,

a) the current-wave interaction theory needs further

development to include the special case of "no wave

propagation" in some regions;

b) the nearshore circulation system is basically a

non-steady pulsating system in that the breaking

waves initially produce a circulation system which

shuts off the waves in some regions and decays

until the waves are re-established and reproduce the

initial circulation.

There seems to be a considerable amount of qualitative field data

to support the second hypothesis (see, for instance, Sonu, 1972).

1. 3.3 Wave-Current Interaction with Vorticity (Two-Dimensional)

As waves approach a shoreline they transport energy, momentum

and mass from deep water towards the shore. Many aspects of

* the momentum balance have been evaluated in Sections 2 and 3 and

summarized above. Mass transport by waves is closely related to

the vorticity present in the water column. Section 4 of this report

presents a detailed review of wave motion, currents, mass transport

and vorticity and their interaction in two-dimensions. The early

work of Dubreil-Jacotin (1934) and others is reviewed. It is shown

that there are an infinite number of solutions for periodic waves in

a perfect inviscid fluid associated with the presence of a more or

less arbitrary vorticity distribution. A current having a velocity

profile which varies over a vertical has an associated vorticity

distribution and hence the form of periodic waves present do not

13
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necessarily follow the classical Stokes solution.

In Section 4 of this report the equations required to solve at least up

to the first order the problem of small amplitude wave propagation in

the presence of an arbitrary current for an arbitrary wave spectrum

have been presented, and a review of the special solutions previously

obtained for a single wave length has been made. The problem in

general requires lengthy numerical computations.

However, for a current whose velocity distribution can be approx-

imated by a linear depth dependence, it has been shown that, at

most, a single numerical quadrature was required to obtain the

average velocity components. This method may then be used to

estimate the forces due to wave action in the presence of a current.

An experimental knowledge of the current velocity at but a few depths

(two minimum) will define the parameters necessary to completely

solve this problem.

14



2. CIRCULATIONS UNDER THE SEA BREEZE CONDITION

2. 1 INTRODUCTION

When the nearshore wave field is strongly influenced by a sea breeze,

local wind waves undergo diurnal changes in height, period, and

incidence angles. In the northern hemisphere, the wave direction

rotates clockwise, while heights and periods both grow steadily

toward late afternoon. Usually, a background swell is superimposed

on these wind waves.

"Nearshore circulations, which are sensitive to breakers and their

incidence angles, will undergo rapid changes accordingly. Diurnal

changes in nearshore and surf zone topography under this condition

are probably more gentle. This situation is known to develop at a

number of tropical and subtropical regions of the world.

In this chapter, a series of computations are performed to simulate

successive stages of nearshore circulation under the influence of a

day-time sea breeze condition. Some of the basic considerations

included in the present computation are summarized as follows:

I) In reality, the change in the circulation velocity field occurs

as a continuous process. However, a finite-difference solution of

time-dependent equations involves technical difficulties as well as a

considerable amount of computer time. Instead, the computation is

performed for four discrece stages of circulation development (at

three hourly intervals) using steady-state equations.

2) Quadratic inertia terms impose difficult, if not insurmount-

able, restrictions to the computation. Consequently, the equations

of motion are linearized by neglectin- the inertia terms.

3) Velocity variations over a vertical are neglected.

15



4) The formnulation of the bottom friction term in the momen-

turn equations was derived following the assumption that circulation

velocity components are small as compared to wave orbital velocity,

as in the previous report (Noda, 1972; Thornton, 1969).

5) The effect of interactions between wave and circulation,

as discussed in detail in Section 3, is not included in the computa-

tions presented in this section.

6) When wind waves and swell coexist as separate wave trains,

there will be an interaction not only between them but also between

the currents they drive simultaneously. This situation is extremely

conmplex and involves a number of mechanisms wnich are not well

understood. As an alternative, the case of coexisting wind wave and

swell is treat.d by vector addition of the velocity fields associated

with each of the wave trains.

2.2 GOVERNING EQUATIONS

The method of computation is to solve by a finite difference approxi-

mation a set of steady-state linear equations of motion and a continu-

ity equation. Basic mathematics of this method have been discussed

in detail in the previous report (Noda, 1972). However, for the

benefit of the reader, these will be briefly summarized:

Equations of metion (vertically integrated) are:

9 ? = 1 M -F 2. 1
x x

S-F 2.2
Y y

16
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and a continuity equation is:

4 sr +d)]+4 [v(,n+d)] 0. Z. 3

where x and y are taken normal and parallel to the coast, res-

pectively.

N&L and My denote radiation stress terms (Longuet-Higgins,

1964), given by

M = 1 [ baX, +_ ) 2.4
x P 01 + d) +x + n2y

y 6{x+

where, in shallow water,

I - o- ogH- 3 cos6 0 + sin?8 . 6
xx 1

1 2 , 2
a 1= -- og F3 sin2 e + 's8 2.7

and
1-2 2 2.8

"rY ='c RK pgH sin 0 2.8

The friction terms are simplified as:

i z•cHu
Z cn -F.d.u 2.9

FMr (td)T sinhkd

F = H+ T d- S F.d.v 2.10y (in+ d)T sinh k

where H is friction coefficient (0. 01 in our computation); d is the

water depth, and vj is a set-up or set-down relative to the mean sea

level.

17



Defining a stream function given by

-d, + vd 2. 11

and assunmng

j+ d~ d 2.1

Equations 2. 1-2. 3 reduce to a single equation:

2 2 F
Lt+ + h.YýL } + XA =

ax2 Zy2 F 6y F bx

{T..A[y F -! (!¶nX + y'xv >44y~r -1a-)- 1.1l3

The boundary conditions are:

0 at x 0 and , Z. 14

and

* (y,'z) = (y + , x) 2. 15

The latter condition implies that the circulation field is periodic

along the shore at a spacing equal to the wavelength X of the

bo'tom topography.

The computation solves Eq. 2. 13 using a relaxation (or Gauss-

Seidell) method, as already discussed in the previous report. The

4' values at the inshore and offshore boundaries can be chosen

arbitrarily. LA this case, 4 is chosen to be zero at x = 0 and a.

The iterative procedure was continued until a condition

It j + - *tI/lIJ * 0. 05 2.14
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:was acbheved between successive interation cycles *j and +

The radiation stress field to be entered into Equation 2. 13 is provid-

ed from a wave ray equation which combines effects of shoaling

and refraction

27

S+ p(s) Ž- +q(s)p 0 2.15
DsD

whe re

p(s) -cos sin OL i C2

q(s) = sin2  2 2 }zsin8 cos a + cos 2

where

s is the arc length along the ray
Sis the wave intensity, and C is the celerity.

Previously, the ray equation was solved by a fourth order Runge-

Kutta scheme. In the present report, this equation is selved by a

relaxation technique, as described in detail in Section 3. This

method computes incident w,-ve heights and angles directly on the

grid, whereas the previous method traced wave rays individually,

which required additional visual inspection of wave ray density and

interpolation steps to transfer the ray data onto the grid. The new

method thus allows the entire wave field computation to be carried

out in a single run of computer processing, resulting in a substan-

tial improvement with respect to both speed and accuracy.
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2.3 BOTTOM TOPOGRAPHY

The input information for bottom topography and wave cbaracteristi-cs

is derived from the observations carried out by the Coastal Studies

Institute on Santa Rosa Island, Florida, in 1972 (SALIS Project, see

Sonu et al., 1973). The CSI data are especially pertinent ic our study

because they contained detailed characteristics of the surf zone tojn-

graphy to which the nearshore circulation is known to be sensitive

(Sonu, 1972, 1973). The CSI data also contained general information

cf circulation pattern and current velocities as revealed from re-

petted dye experiments.

Importance of bottom topography, particularly that of undulations in

the surf zone bottom, to nearshore circulation has been pointed out

by a number of field observers, among them Evans (1939), McKenzie

(1958), Shadrin (1961), Davis and Fox (1971, 1972), and Sonu (1972,

1973). Surf zone topographies as reported by these investigators

are summarized in Figure 2. 1. Evans reported a meandering current

consisting of an inflow across the bar and an outflow originating from

the shoreline embayment. McKenzie reported an inflow across the

bank (shoal) and an outflow along a conspicuous rip channel (or de-

pression) between banks. It should be noted that alLhough a schematic

presented by lMicKenzie depicts the shoreline with a straight line, his

photographs indicated a periodically curved shoreline. According to

Shadrin, an outflow generally initiated in the embayment, but its

orientation depended upon not only wave direction but also wave

height. Davis and Fox reported meandering currents under wind

wave conditions. These rhythmic topographies had wavelengths rang-

ing between 70 and 200 meters.

Figure 2.2 shows the surf zone topography at the site of the CS[ pro-

ect. Note that a cuspate portion of the rhythmic shoreline descends

directly to a shoal in the surf zone. A line of longshore bar exists

approximately 30 meters from the average shoreline position. This

* 20S• .
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rhythmic topography was formed at the time of a strong local storm

and remained essentially unchanged for as long as 14 days while a

local sea breeze dominated the area.

Figure 2. Z also shows a typical example of water movement as re-

vealed from the movement of dye. The dye, initially injected at the

break point on a shoal, streaked toward an embayment in approximately

the same direction as the breaker. It then travelled parallel to the

shoreline for some distance before making a seaward turn. The out-

flow across the surf zone usually occurred on the depression, which,

upon reaching a break point, tended to turn alongshore and eventually

returned shoreward across the downstream shoal. This type of mean-

dering current pattern was typical of afternoon conditions when wind

waves associated with the sea breeze arrived obliquely to the coast.

Current speeds in the meandering currents generally amounted to

30 cm/sec in the inflow current across the shoal, 10 - 15 cm/sec in

the parallel current near the shoreline, and about 20 cm/sec in the

outflow or rip.

During the morning hours when the wave field was dominated by the

background swell, the currents tended to form closed circulations

of minor velocities, consisting of an inflow on the shoal and an out-

flow on the depression. Maximum speed under this condition was no

more than 20 cm/sec.

For mathematical representation, a rhythmic topography may be

broken up into three components, (1) mean profile, (Z) longshore

bar, and (3) longshore undulations.

The mean profile of a c-'st is generally concave upward and may be

approximated by

=i sxY Z. 17
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in which d is the depth measured from the mean sea level, x is

the distance seaward from the shoreline, and $1 and y are numer-
ical coefficients; especially, y < 1 to ensure the concavity of the

profile. Bruun (1973) showed on the basis of a wide range of evidence,
that y varies between about 2/3 nearshore and about 1/2 offshore.

The bar can be defined, for the sake of simplicity, as a symmetrical

hump superimposed on the mean profile. Assuming a bell-shaped

configuration similar to an error function, the bar profile is given

by,

d= b. exp [(x-x b) 2/(xb/Z) 2] 2. 18

--I I

The longshore undulation is generally confined within the surf zone,
and its amplitude attenuates quite rapidly outside the breaker line.

Thus, we assume a longshore undulation whose amplitude decreases

linearly toward zero at x = I i.e.

2rr
d3 = a (I-x/Ib)sin _T_ (y-6) 2.19

in which a is the maximum amplitude and X is the wave length of

the undulation, The term 6 in Equation 2. 19 represents a degree

of distortion to be introduced in the geometry of the undulation.

Normally, this will consist of two parts:

6= 6 1 + 62 2.20
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Where a longshore current is significant, the longshore cross-section

of the sinusoidal undulation is skewed, yielding a steeper slope facing

the downstream side. Furthermore, under this condition, the crest-

line of the undulation will extend obliquely seaward from the shore-

line.

The first of these effects, the skewness, can be incorporated in

"Equation 2. 19 by considering 61 of the form

6 Zr56 =max in• 6y-5 2.21

In other words, the symmetrical sinusoid of the original undulation,

sin ( , is distorted by displacing the coordinate y by a variable

distance 61 in such a way as to achieve a steep downstream slope.

The displacement is nmaximnum (6 marx) along the crest of undulation,

e.g. at y = (Zn+l) + 6  .n' decreasing in both directions away

from this in proportion tc sin -, (V-6n 1

The oblique downstream orientation of the creut of the undulation can

be represented by 6i2 of the form

s% tana 2.22

in which a is the angle between the normal to the shoreline and the

crest of undulation.

Thus, combining the mean profile, a bar, and skewed undulations,

the general expression for the rhythmic topography is

d=d I -dz+d3

XY r z A zl?+a( xl T
- ux'-'•,. exp J a (1-x/b) sin (y-61-t)

2.23
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Figure 2. 3 shows successive superimposition of dj. d2 and d30 in
which Lt = 0. 075, y = 0. 600, b = 0. 300 (meters), xb = 30. 00 (meters),

a =0.200 (meters), lb= 80 (meters),), = 115 (metars), and a =200.

2.4 WAVES

Figures 2. 4(a), (b), and (c) show diurnal changesh in wave character-

istics. Typically, the waves during the morning were dominated by

the background swell arriving normal to the shore. As the sea breeze

began to increase between 1100-1200 hours, small wind waves be-

came superimposed on swell. Wind waves subsequently grew both

in height and period, while rotating its direction clockwise, until they

dominated the sea state around ) 500-1800 hours in the afternoon. In

the evening hours after 1800 hours, wind waves steadily attenuated

and were gradually replaced by the background swell until the next

ma rning.

In Figure 2.4(a) and 2.4(b), it is seen that the wind waves (0.3-0.7

cps) were strongly coupled with sea breeze, so that the period in-

creased rapidly from about I sec at 1000 hours to 3 sec at 1600 hours,

the time of maximum sea breeze. The direction of wind waves also

increased from about 20o to 400 against the normal to the shoreline

(Fig. 2. 4 (c)). The swell spectrum underwent a slight change, its

direction remaining essentially perpendicular to the shoreline.

Fiom these data, the wave heights, periods, and directions to be

input into the computation were determined, as shown in Table 2. 1.

The significant wave height was computed from the power spectrum

according to

H 1/ 3 =4[f S(fOdf

S~f2
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TABLE 2. 1

INPUT WAVE CHARACTERISTICS

Time of Day Wind Wave Swell

hours HI/ 3 T 0 141/3 T e

0Q
cm sec cm sec

i200 17.9 1.62 0.0 26.0 7.00 -2.0

1500 28.8 2.41 15.0 28.8 7.70 -1.0

1800 33.9 2.'!5 25.0 29.0 7.90 -C. 5

2100 29.0 2.96 40.0 25.5 7.90 0

29
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The term inside the parentheses denotes either wind-wave or swell

portions of the power spectrum, as plotted in Figure 2.4(b). Wave

periods were obtained directly from the spectral density peaks for

wind-wave and swell.
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2.5 RESULTS

2. 5. 1 Circulations Under Wind Waves

Figures 2. 5 and 2.6 show streamlines caused by wind waves only at

1200, 1500, 1800 and 2100 hours. Note that the streamline separation

represents . 2 m3 /sec.

According to Figure 2. 5 (case of normal wave incidence), an inflow

dominates the area of shoals (y= 30-60, 140-170 meters). An inflow

also occurs at part of the depression immediately to the right of the

shoal. However, most of the depression area (y= 90-120 meters) is

dominated by outflow. Thus, there is a general indication that an

inflow is strong on the shoal and an outflow is strong on the depression.

However, a detailed streamline distribution is more complex and in-

cludes some departures from the general rule. There is a small but

well-defined eddy immediately to the right of the shoal (y= 70-90,

185-205), which surrounds an area marked by a contour 0.4 meters.

Another eddy of much smaller velocity is located almost directly

offshore. These eddies have not been noticed during the field _bser-

vation. It must be noted that, although the congested streamlines

give the impression of a strong current, they only involve velocities

on the order of a few cm/sec. Normal velocity components are

clearly larger than the longshore components. The inflow velocity

on the shoal is on the order of 1. 5 cm/sec; the outflow velocity in

the middle of the depression is on the order of 1. 8 cm/sec. The

maximum inflow velocity reaches about 8.6 cm/sec at y= 70; the

maximum outflow velocity reaches about 7.6 cm/sec at y= 85.

Maximum velocity outside of the surf zone is only about 4 cm/sec.

These low velocities are typical of weak breaker activities prior to

the arrival of the sea breeze wave front in the surf zone. It is

noticed in Figure 2. 5 that waves are breaking only in the immediate

vicinity of a shoal.
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Figure 2-5: Streamlines and Bottom Topography for Wind Waves
at 1200 hours Normal Incidence
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Figure 2. 6 shows cases of oblique wind waves in the afternoon. These

streamlines now exhibit a stronger tendency for meander than in the

"case of normal incidence of Fig. 2. 5. The outflow portion of the mean-

der is located in the depression. However, an inflow also occurs

at the depression nearer an upstream shoal. Small eddies tend to

persist throughout the period of computation.

One of the conspicuous features of the afternoon situations is the

tendency for the longshore current along the bar crest to intensify

in proportion to the breaking activity. Fig. 2. 7 shows the distribution

of b-eakers at times corresponding to Fig. 2. 6. Breaking is the mrost

intensive at 1800 hours, e. g. at the peak of sea breeze activity,

generating a strongest current along the bar crest (maximum 23

cm/sec). Both before and after this event (e. g. , at 1500 and 2100

hours) when the breaker zone was narrower, current speeds along

the bar reached a maximum of only 15 cm/sec. Concentration of

longshore current velocity in the breaker zone arises from the

Tustgshore wave thrust generated directly by a breaking phenomenon,

in proportion to the rate of shoreward decrease in the flux of long-

shore momentum across a plane parallel to the shore.

2. 5. 2. Circulations Under Swell

Figure 2. 8 show streamlines associated with swell. Only two cases

are shown inasmuch as the swell characteristics changed little under

the sea breeze condition. Streamline separation is . m 3/sec.

A salient feature of these streamlines is the occurrence of a local

circulation immediately to the right of the shoal (y = 60-80, 175-185),

which contains velocities as high as 120 cm/sec seawards and 80

cm/sec onshore. These circulation are located somewhat offshore

of the eddies as noticed in the case of wind waves (compare with

Figures 2. 5 and 2. 6).
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These velocity patterns contrast strongly with the case of closed

circulations previously observed by Sonu off the Seagrove beach

(Sonu. 1972; See Figure 1. 2 in this report). In the latter case, the

bottom undulation was symmetrical, containing a broad shoal and

narrow depression. In the present case, a depression occupies a

larger area than a shoal, and the shoal is non-symmetrical, causing

a more complex distribution of radiation stresses than in the case

of a symmetrical broad shoal.

2. 5. 3. Circulations Under Coexisting Wind Waves And Swell

Figure 2. 9 shows superirrmposition of streamlines associated with

wind waves and swell. Again, streamline separation is 0. 6 M/sec.

As expected, the results generally indicated both features of wind-

wave and swell cases. At 1200 hours, when wind waves produce

weak breakers, the current field is dominated by swell. Effects of

wind waves steadily increase through 1500 hours toward 1800 hours,

the tendency for current meander becoming gradually more evident.

At 1800 hours, a current arriving at a shoal partly escapes seaward

and partly meanders back shoreward. A local circulation near the

tip of a shoal persists, reflecting a complicated radiation stress

distribution over the sharply skewed bottom topography. It is also

noted that a strong longshore current along the bar crest remains

in force during the time of maximum sea breeze at 1800 hours. In

general, current activities are concentrated around the steep fall

of this shoal where the breaker height variation is most pronounced.

2.6 DISCUSSIONS

The simulated streamlines indicate both similarities and differences as

compared with field observations. In general, the feature of inflow

dominance over the shoal and outflow dominance over the depression

is revealed in the computed streamlines, but it is also disrupted to

various degrees by the occurrence of localized eddies and small
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circulations persisting near the steep face of the skewed bottom un-

dulation. Especially in the case of swell, these localized flows

tend to dominate the overall streamline distribution. Also, the

computed velocities tend to be higher than observations by a sub-

stantial margin especially in the case of swell.

Several approaches seem possible to improve the degree of relia-
bility of numerical simulation for nearshore circulations.

First, the criterion for breaking inception and the estimation of

wave heights during breaking should be improved. The present

computation uses the Miche criterion,

( 0 = 0. 12 tanh Zri (4)

for both breaking inception and post-breaking wave height. Since

this criterion requires wave heights to diminish to zero at the shore-
line, the rate of wave height reduction during breaking, hence the

magnitude of radiation stress, may result in over-estimation. This

could be one of the causes for overestimation of velocities.

There exists a critical deficiency of knowledge on the behavior of

breaking waves. One way to overcome this difficulty may be to
take into consideration a wave set-up in the water depth estimation

in the surf zone. This problem has been handled numerically in a

two-dimensional case (Hwang and Divoky, 1970). In the three-

dimensional case, as in our study, this problem could be handled
by stepwise approximation. First, the result of the computation

which is based on the assumption (Eq. 2. 12).

could be substituted into the starting equations 2. 1-2. 3 to determine
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In the next iteration, T1 will be added to the mean-sea-level water

depth d and the new wave field and streamlines will be determined.
SThis result will again be recycled to the starting equations to deter-

mine and initiate the second iteration, and so on. These procedures
will result in a slower breaker height reduction on the shoal and

hence smaller radiation stresses and weaker currents.

The second approach is to take into consideration the randomness in
the incident waves. Since wave breaking will occur in a zone instead
of at a point, the radiation stresses will be spread more broadly,
resulting in a general lowering of peak current velocities. In the
case of two-dimensional longshore currents, this approach has result-
ed in a velocity distribution comparable to a derivation using a tur-
bulent momentum mixing or eddy viscosity assumption (Collins, 1972).

Third, a more rigorous formulation of the bottom friction term may
be needed. In the present computation, the bottom friction is associat-
ed primarily with wave orbital motion. Retardation of circulation
velocity, presumably of considerable magnitude, is not taken into

consideration in full value. As already mentioned, this approach
requires readjustment of numerical scheme to ensure a sufficient

degree of computational stability.

Fourth, it must be noted that the present computation does not con-
sider interactions between wave and circulation. Therefore, there
is an implicit assumption as if the wave field had been abruptly re-
moved after driving the current instantaneously. However, the current,
once produced, will interact with waves at all phases of its develop-
ment. It is possible that the effect of such interactions is to produce
an equilibrium circulation with less current velocities than obtained

in the present computation, or a pulsation of the circulation around
a certain mean equilibrium state.

ItI
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3. WAVE CURRENT INTERACTION OVER VARIABLE

TOPOGRAPHY

3. 1 INTRODUCTION AND REVIEW OF HISTORICAL WORK

The available literature on surface wave-current interaction is not

extensive. Unna (1942) and Sverdrup (1944) considered the case of
deep-water waves encountering a following or opposing current and

applied their results to waves in tidal entrances. Johnson (1941)

discussed the refraction of deep-water waves encountering a uniform

current moving at an angle to the wave system. Arthur (1 950) studied

the problem of shallow-water waves being refracted by both changes
"in bottom bathymetry and a nonuniform current system. Application

of refraction effects due to a current distribution similar to an intense

rip current was solved by considering the analogous problem of deter-

mining the minimum flight path of an airplane flying in a variable wind

field.

Taylor (1955) investigated the influence an outward flowing surface

current would have in preventing the passage of waves coming in from

the sea. This study was in association with the concept of utilizing a

surface current produced by a curtain of air bubbles as a "pneumatic
breakwater". Evans ( 955) performed an experimental investigation

of this concept.

Ursell (1960) and Whitham (1960) developed the general geometrical

equation governing the interaction of a variable current and any type

of wave motion. In a classic series of papers by Longuet-Higgins

and Stewart (1960, 1961, 1962) and by Whitharn (1962) the conservation

equations of mass, momentum and energy per unit area for a wave

system superimposed on a variable current system were derived. A

very good summary of this work is given by Phillips (1966). Taylor
(196Z) studied the characteristics of free-standing waves on either a

contracting or expanding current and provided experimental data.
Hughes and Stewart (1961) also conducted experimental investigations

to determine the characteristics of gravity waves on a shear flow.
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Recently Jonsson, Skougaard and Wang (1 970( concentrated attention

on the "current-wave set-down" for two-dimensional wave current

propagation over a gently sloping bed. Kenyon (1971) studied the

kinematics of deep-water waves in conjunction with a variable current

to show the possibility of either the trapping or total reflection of

waves by the current.

To carry out the basic objective of this study as indicated at the very

outset of this introduction, the important kinematic and dynamic

relationships are first set forth. Numerical techniques are developed

to solve these relationships so that the stream function and associated

circulation pattern can be obtained. The basic philosophy is to first

solve the nearshore wave-induced circulation problem with no wave-

current interaction. Then the output of these circulation velocities

are now considered the existing mean current system, and waves are

again propagated into this system and a new wave height, direction

and nearshore circulation pattern obtained. It is hoped that this con-

tinual interaction will finally yield an "equilibrium" solution.
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3.2 WAVE CURRENT INTERACTION

3. 2. 1 Wave Kinematics

Inherent in the concept of three-dirnensional waves is the motion of

a "wave front". Crests and troughs of a wave often tend to maintain

their identity as they propagate, which is represented by surfaces

ever-jwhere perpendicular to the direction of wave motion. These

surfaces are called "surfaces of constant phase' or phase surfaces.

The propagation of gravity water waves can be represented by a form

(t) = a(x,it) e (3.1)

where a(xt) is an amplitude function and the sinusoidal term provides

for the motion of the wave, where the surfaces zptx, t) = constant are

the surfaces of constant phase [Morse and Feshbach (1953), Phillips

(1966)].

This physical interpretation of the phase surface function cp yields

the definition of the wave-number vector field ý and the scalar

wave-frequency field Th in terms of the phase function:

-4
k = vcp (3.2)

and

(3.3)at

In particular, the classic solution for the surface oscillation of a

progressive water wave moving in the +x direction [Lamb (J 945),

Stoker (1957), Wiegel (1965)] is given by

s(x,t) = a sin Zrr(,-4-_) (3.4)

where

a is the wave amplitude

L is the wave length

and T is the wave period.
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Thus application of (3. 2) and (3.3) to (3.4) where p 2( -t

yields the wave-number in the +x direction as

L Z, (3.5)

and the wave-frequency

0 ZT (3.6)o T

Note that in Equations (3. 5' and (3. 6) a subscript o has been utilized.

In all following analyses this subscript refers to conditions of no wave-

current interaction and not to deep-water conditions as is often denoted

in the literature. For deep-water conditions the subscript d will be

utilized.

Since the curl (grad c) 0, then Equation (3. 2) becomes

= 0 (3.7)

and consequently the vwave-number vector field is irrotational. More-

over if (xG, t) is a continuous function then the order of differerntiation

yields identical results and consequently

a (02) (3.8)

Thus substituting from Equations (3. 2) and (3. 3) yielV.-

at+ 0V o (3.9)

Equation (3. 9) is a kinematical relationship which describes the con-

servation of wave number. Consider a single wave train being viewed

by an "Eulerian" observer at a stationary point. The time rate of

change of waves viewed by the observer must be balanced by the con-

vergence or divergence of the wave frequency & , which describes

the flux of the number of waves.
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Consider now the case of surface waves interacting with a mean current
4
U . Kinematical requirements yield that the wave frequency is given by

W +k zU (3.10)

where the first term on the RHS is the wave number with respect to the

current system where

w = w(k,t (3. 11)

In the following analysis concerning surface gravity waves it is

assumed that the depth of water d and mean current U vary slowly

so that the classical solutions for no wave-current interaction are

valid during interaction such that

2
w : gk tanh(kd), (3.12)

where g is the gravitational constant,

the phase velocity c in the local wave direction is

2 = & tanh(kd) (3.13)

and the group velocity is

(c ) = = 1 / + Zkd (3.14)
•~~ ~ (C b : =½c sinhlZkd)

Figure (3. 1) schematically describes the basic wave-current inter-

action terminology. Furthermore -ll following analyses wil assume

that averaging over the water depth or vertical integration has taken

place. From the condition of the irrotationality of the wave number

vector ý in horizontal space coordinates x and y due to vertical

integration, Equation (3. 7) becomes, in cartesian coordinates,

ak ak
VhX kyM+ =O (3.15)
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where

k = kcos 0 (3.16)

and

k = ksin 0 (3. 17)Y

Furthermore, assuming steady flow conditions exist, then • s 0

and Equation (3. 9) becomes

Vh = '7h((W + •U) = 0 (3.18)

and for an arbitrary mean current system, the gradient of a scalar

field can only be identically zero if

- 4w + k U = constant (3. 19)

If U - 0 then Equation (3. 19) becomes identically the invariant wave

frequency wio and thus Equation (3. 19) becomes in cartesian form

I
[gk tanh(kd)]j + UT(x, y)k cos0 + V(x, y)k sing = Wa (3. 20)

where W° = ZrVT and after substitution of Equation (3. 12).

Expanding Equation (3. 15) yields

Cosa~~~ ~~ Ue+sn )a oak _sinO 1 ýIk
coserax + sink ko 6xk (3.21)

where the wave number k is defined by the transcendental relation-

ship (3. 20). Notice that if a local coordinate system s and n as

shown in Figure (3. 1) are utilized, the form of Equation (3. 21) becomes

DO I. (3. zz)
TDs- k DRi

with Dx
with = Cos (3. 23)

and P-- = sing (3. 24)

Ds
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where the operators of s and n are

S~D Df = cos8 + sine (3. 25)
3 oD ox

D 6and m= -sinO + cosg-L (3. Z6)

.ELuations (3. 22), (3. 23) and (3. 24) arc very similar to the kinematical

relationships obtained by Munk and Arthur (1951) starting from
Fermat's principle of minimum travel +'ime for a water wave ray or

orthogonal except that Equation (3. Z2) is replaced instead by

SDO I DcsD - c i (3. 27)

where c is the phase speed of the water wave as given by Equation

(3. 13). In fact, if the mean current is identically zero
U = V - 0, then it can be shown that Equation (3. 22) reduces e-_actly

to (3. 27, aad thus (3. 22), (3. 23) and (3. 24) are the general relation-
ships governing the ray path with wave-current interaction.

While the form of Equations (3. 22) to (3. 24) appear deceptively simple
such that a standard numerical computational technique such as a
Runge-Kutta or similar method could be utilized, an expansion of the
.RPS of Equation (3. Z2) yields a problem. Differentiating Equation

(3. 20) yields

gk -= 1 kJa U4 sin9- Vcos) -kcose + sinB F)

.1gksech2 (kd) Id * 'Ucos0+ Vsine (3.28)

2[gk tanh(kd)]2 x -(x

"" g£kd sech (kd) + tanh(kd)]

Z[gktanh(kd)]Ji
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and

I .& (UsinO- Vco 0 av\ k oseU + sie2

2z' 2 sech2 kd) 2 _ 4+2[gktanh(lkd)]z by - Ucos9+ VeinO (3.29)

+f gkd sech 2kd) + tanh(kd)1l
+.2[gktanh(kd)]'!

and notice that both •x and -4 each have a term -e and ae
respectively. Thus Equation (3. 22) does not explicitly yield an
expression for the ray angle e in terms of only changes along the

ray path 3 . Hence the valuable technique of integrating along
characteristic lines is no longer valid if Equation (3. 21) is to be
fully solved.

3.2. 2 Wave Dynamics

As indicated in the introduction, Section 3. 1, the objective of this

current research effort is to determine the effects of wave-current
interaction on the nearshore circulation characteristics. Thus of
prime interest with respect to wave dynamics is the change in
wave height characteristics as the wave interacts with the nearshore
current distribution. The conservation for mass, momentum and
energy per unit area due to the interaction of wave motion or. a
variable current have been given by Longuet-Higgins and Stewart
(1960, 1961) and Whitham (1962). In this section the important

relationship arises from the energy balance of the fluctuating motion
of a wave train in which energy dissipation is negligible.

Vertically integrating the energy balance due to the fluctuating wave
train superimposed on a variable current system and averaging over

time during a wave period yields the energy relationship
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•U.

E+ E[U. + (C + i~j 0 (3.30)

where

E pgH2 is the energy density per unit area (3. 31)

aoij is the "radiation stress" for surface waves

defined by Longuet-Higgins and Stewart

(1960,1961)

and given by

cxx = E[(Zn-½)cos2O + (n-½) sin2B] (3.32)

ayy = E[(2n-4) sin 2 0 + (n-!) cos B] (3. 33)

T = T insin(28) (3.34

where

n - + sinh(Zkd) (3.35)

Since the region of primary concern is the nearshore coastal zone

especially between the breaker zone and beachline, the tendency to

consider kd << I as was assumed by Noda (1972, 1973) is very strong
and outwardly very reasonable. But a more careful analysis of the

physical processes involved in the breaker zone deems this unwise.

In particular consider the degenerate case of surface waves propa-

gating in the +x direction on a variable current U(x) in infinitely

deep water. In this case since B = 0 everywhere the kinematic

relationship Equation (3. 21) is identically satisfied and Equation

(3. 20) yields a quadratic equation with solution

c= I + + I 4H 
(3.36)
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where the positive sign in the square root term is taken so that

c =co cd=(C) ko(3.37)

when U = 0. Notice the interesting effect that no solution to Equation
(3. 36) can exist if U/co< -4. At the critical velocity of U = -

a 4- 4
the square root term becomes zero and Equation (3. 36) yields

C
C (3.38)

2SU Z

and U =-1
and .i (3. 39)

Since the local group velocity of the deep-water wave system is

c = Ic (3.40)
g

then Equation (3. 39)physically implies that the wave system can no longer

propagate when the mean current exactly opposes the energy propa-

gating speed of the wave system.

For this special case the energy relationship Equation (3. 30) becomes

t dE+ 1 d(U+c I dU" "'• (+ C) d + Z(~ g''=0 (3.41)
E dx: (U+c)9 dx 2(U +c & d

and the solution to (3. 41) is

SH CH - (3.42)

0o [c(c +ZU)

These results were given by Longuet-Higgins and Stewart (1961).

Extension of these concepts to the nearshore coastal zone implies

that the complicated vector direction of the mean current coupled

with the wave direction could yield the equivalent situation where

the mean current directly opposes the local energy propagation
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or group velocity of the wave. In the limit as this situation is approached

the local wave length will approach zero with respect to a stationary

observer. Thus while the local water depth d may be small, the local

wave number k = 2n/L may become very large such that the so called
"shallow water" approximation may not be valid. Hence in all subse-

quent theoretical formulations with wave-current interaction, no

approximations are made for the magnitude of the term kd.

Expanding Equation (3. 30) in cartesian coordinates yields

(U + CgCOs58-4' + (V+c sine) 6E

+ o (U+c cosa) + _L (V+c sine)6 x by g

+ aU + A!4 + -y- + A 0 (3.43)

where

= (Zn--j)cos2 0 + (n - -)sin 2  (3.44)

a : (Zn- FDsin 2 + (n- -)cos (3. 45)

S~Y7 andF i = sZB(346
:. ~~~xy y-x 2 i(e)13 6

Since E is defined by Equation (3. 31), substituting for E in Equa-
tion (3. 43) provides directly a relationship for the wave height

(U+C Cosa) + (V+C g (
gx H 1y ax g

+ -L (V+c sine)(421Y + y + 0 (3. 47) :

where

S-= + _Tnyxb•y bys + 1 (3.48)
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Finally expanding Equation (3. 47) fully yields

(U ~ +H C Co V+C b)2H + bU + 2V
(TJ+CgCOB8)j-f- + (V+cgsine) y ax u av

9 x 9 H 4) axaa
- CgBsine S + cosO a x gCo y +

+3 = 0 (3.49)

The group velocity and wave celerity functions are given by

c tanh (kd (3. 50)

Cg [1 + siahl2kd)J (3.51)
]9

1c c [kt + d% 2, [n (Zkd) -Zkd cosh (Zkd)

bx sinh 2 (2kd)

+ + si-Zkd)] ax (3. 52)

bc C k •+d [sinh (Zkd) nkd cosh (kd]

"a •Ysinh 2 (Zkd)

I+ + 2kd I c

1 +sinh (2kd)J by (3. 53)

where

bc = . ksech 2(kd) (kA+ d - tanh(kd)-by 2k2 Fx x )X (3. 54)ay 2k 2 caxx

at by rksch (kd) (k + d tanh (kd) (3.55)

3y Zk~c kTy by a j
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8k c)k

and where y- and are given by Equations (3. 28) and (3. 29) res-

pectively and k defined by the solution to Equation (3. 20).

To understand some of the physical processes interacting within the

energy equation (3. 49), it is useful to transform (3. 49) in terms of the

local coordinate system s along the wave ray and A along the wave

front. Utilizing operators defined by Equations (3. 25) and (3. 26),

Equation (3. 49) becomes

DH I DO 1 Dcg + I rw1 + 1 l +
Rl7Bs 2 DB Zc Ds 2c x L yX Z3jcH Iax a Y]

g g

+ C =0 (3.56)2c
g

If the mean current velocity is now set equal to zero, U = V = 0,

then Equation (3. 56) becomes
Dc

I DH + i RD0 + ---- g = 0 (3.57)
HDs an 2c Dsg

or in terms of the energy density
Dc

IDE + PA + -L -__& = 0 (3. 58)
E DVs Di c Dsg

Notice that both Equations (3. 57) and (3. 58) describe the changes in

the wave height or energy as being related to the curvature of the
DO

wave front and to the logarithmic change in group velocity along

the ray path, . In point-of-fact describes ray refrac-

Dc
tion and wave shoaling.

Ds

The form of Equation (3. 57) suggests a form of separation of variables

where H = H ()Hsh(C (3.(59
r sh g

and substitution of (3. 59) into (3. 57) yields

DH 1 Dc DH
Dsh + s H Ds 1D =0 (3.60)--- H- Ds ___Do + R- Der M'

sh g r
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Since Hsh is only a function of Cg , and Hr only a function of B

Equation (3. 60) implies that

I DHsh + I _- (3.6 1 D)

Ssh Ds Zcg Ds
SbDg

I DH+IDec

and I Ds+ 2D I -_ (3. 62)
r

where C is a constant. Equation (3. 61) can easily be integrated and

yields a solution

-~C1

Hsh -t (3. 63)

where C1 is a new constant. The solution to Equation (3.62) is much

more complicated. By considering the ray separation diagram shown

in Figure 3. 2, Munk and Arthur (1951) have shown that

1 Db = Do (3.64)
-bs !YR

and defining 8 = b/bd , the equation for ray separation (3. 65) becomes

l- DR (3.65)
= 8Ds Dfi

Now substituting Equation (3.66) into (3. 62) yields

IDH r + D_ C (3.66)l IDs 28 Ds
r

and integrating directly yields

H r (3.67)

where Cz is a constant.

Thus finally substituting back into Equation (3. 59) produces
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-H = (3.68)

and in deep water Ht=H , c c and 0-01 yields
d 9d

SH = C Cg (3.69)

and finally,

H = H° 1 (3.70)

where Equations (3. 50) and (3. 51) give

.• 1

h kd ) ,kd (3.7 1)
t tan h(kdi sinhZkd)

Equation (3. 70) is the well known classic solution to waves undergoing

transformation due to both shoaling and refraction.

The solution for H from Equation (3. 70) is not fully complete since
Sis yet an unknown. Munk and Arthur (195 1) have derived a dif-
ferential equation for • , called the wave intensity

2 + p(s) + q(s)$= 0 (3. 72)iDs 2 Ds

where

p(s)- sine[1 (3.73)

[2 2C .and q(s) sin 2O - zinecose[! 2c ] + cos 6Yij2]

(3. 74)

and solutions for $ are shown in Nods (1972, 1973). In particular
it can be shown that Equation (3. 72) degenerates to the Snell's Law
solution when d d(x) only
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rcos(. 1)

Returning back to the general equation (3. 56), it is painfully evident

"that with wave-current int.-raction, the simple concept that the local

wave height can be represented by a product of wave shoaling and

wave refraction factors as described by Equation (3. 59) is no longer

valid. The combined dependency of refraction on shoaling and vice

versa necessitates the solution of Equation (3. 49) directly.

As the wave propagates from relatively deep water into shallow water

or into an area where mean current conditions exist, Equation (3.49)

wifl govern the local wave height until an instability occurs. This

instability is usually wave breaking due to the effects of shoaling,

refraction and wave-current interaction. In order to determine when

breaking occurs it is assumed that spatial variation in U and V

are sufficiently gradual so that an empirical breaking criteria is

imposed, developed from the non wave-current interaction observation.

The theoretical limiting wave steepness condition from Mi4che (1944) is

"-"- O. 142 tanh I (Lb3.76)
Lb ~ Lb,

where the subscript b indicates breaking conditions and the breaking

wave length L1 is given by

(3.77)

and kb is derived for the transcendental Equation (3. 20). An examin-

ation of experimental data of waves breaking over a horizontal bottom

by Le Mehaute and Koh (1967) indicates a better limiting steepness

criterion is

0i 0. 12 tanh ant (3. 78)
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Since the wave number k during wave-current interaction is obtained

directly from Equation (3. 20), then Equation (3. 78) can be transformed

to Hb ( 0.'1 )2) T tanh(db) (3.79)

During computation if the solution for the local wave hcight H from

Equation (3. 49) is less than Hb , then the wave height is H. If

computation indicates that

H > Hb (3. 80)

then the local wave is considered to have broken and the empirical

relationship Equation (3.79) is imposed where H = H.. Thus the

effects of the mean current become critically important through the

wave number k. In other words if the local mean current is in the

same direction as the local wave direction then the local wave number

k becomes smaller which requires a larger wave height for breaking

to occur. On the other hand if the local mean current opposes the

local wave direction then the local wave number k increases and

the limiting local breaker height decreases. This phenomenon is

easily seen at the entrances of river and estuaries when an outflowing

current meets an incoming gravity wave system. The local limiting

breaking wave height decreases so that even very small waves seem

to "white cap" and break.

Application of the empirical breaking criterion Equation (3. 79) is

indeed crude. Recent studies of breaking waves by Divoky, Le Mehaute

and Lin (1970) indicate that wave breaking is dependent on a "charac-

teristic" bottom slope and the research effort of Galvin (1969) centers

on different types of breaker characteristics as a function of bottom

slope. Thus the breaking criterion expressed by Equation (3. 79)

hopefully indicates the major breaking process, sufficient to deter-

mine the merits of the concept of nearshore wave-induced circulation

including wave-current interaction.
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3. Z. 3 Nearshore Wave-Current Circulation Formulation

In the following theoretical formulation, the equations which describe

the circulation pattern within the nearshore zone are derived. The

formulation objective is to initially solve for the wave height and

direction fields and subsequently for the wave-induced nearshore

circulation pattern with no wave-current interaction [Noda (1972,

1973)]. The next step is to use this circulation pattern or more

specifically the circulation velocity fields U(x, y), V(x, y) as the
mean current to be input into a new calculation of the wave height

and direction fields and again obtain the solution for the new wave-

induced circulJition pattern with wave-current interaction. In theory

this iterative technique, which assumes a series of quasi-steady

states, should hopefully in the limit, converge such that the circula-

tion velocities are exactly equal to the previously imposed mean

current.

The coordinate system is described in Figure 3. 1. Vertically inte-

grating the momentum and continuity equations and neglecting the

nonlinear and time dependent terms yields

"9 ax p(;+d) -1y + 2 - F (3.81)

F do aT + - I - F (3.82)
g ay pi d)I L ay ;3xj y

and '-) [u(n + d)] + [v(-t+ d)] 0 (3.83)

where

'i is the mean water surface

p is the fluid density
F F are bottom friction terms

and u, v are the new wave-induced circulation velocities.
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The analysis of the bottom friction term is similar to that provided by

Longuet-Higgins (1970) and a detailed formulation of this concept is

given by Noda (1972) where

= ZcHu
Fx : (T+ d)T sinh kd (3.84)

and

F= ZcHvFy (n4+ d)T sinh kd (3.85)

where

cis a constant bottom friction coefficient,

usually E = 0.01,

and T is the local wave period.

AM surning that

= a3.86)

and cross-differentiating Equations (3. 81) and (3. 82) and introducing

a stream function * defined by

S-- -ud (3. 87)• by

and

- L - +vd (3.88)
ax

automatically satisfies the continuity equation (3. 83) and yields the

nearshore circulation equation

82 y2

axB2 2 Fayay r axax

ax': ay

where (3. 89)
F ( (3.90)d 2 T sinh kd
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H H2

= -[ (2n--)cos2 0+ (n-)sin 2 O] (3.91)

_2
-�[1ron-(l) 7in18 + (n-x)cos 9] (3.92)

* * H2

¶x7 =T•x =- nsin(26) (3.93)

Typically since the nearshore coastal zone is of primary interest, the

urge to utilize the so called "shallow water" approximation where the

argument kd is considered small seems appropriate. Note the

important concept distinction that vertically integrating the momentum

and continuity equations is not identically synonymous to the shallow

water approximation. As described in the previous section, while the

water depth d may become small, the wave number k may become

very large if the mean current opposes the wave ray direction and its

magnitude approaches the energy propagating speed of the local wave;

implying that the product kd may become very large. Thus the form

of the circulation equation (3. 84) should definitely consider this inter-

active concept. In particular the local wave period T in Equation

(3. 90) is not invariant to a stationary "Eulerian" observer and its

variation must be considered.

Since the local wave period T is defined by

T =-L , (3.94)
(W

then substituting Equation (3. 94) into (3. 90) after noting that w is

defined by Equation (3. 12) yields

ITF = V --2[ sinhZkd] (3. 95)

and consequently its x and y derivatives are
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2 ad = sinh_(2kd)

F H ýd ZHId

s kd d" -in. 3.96)

Ssinh(2kd dk (.97

Hd d ] h

I .k

.k i[ r d)d

6-F =2-k tanh(Zkd) 5+ (- d• - H 5(398

6y TT d 2 ksinh (2kd)

[ sinhiZkd] d (337

and thus

1F I bk 2kk d- + 2HI F x ax 1

[ýý _ ] (dý-H2H ýd (.8

;ýx 2ka tanh(Z-kd) 1 d 6xI ax (398

and

by = 4k- by tanh(zkd) 3+d ( 3.9y

where k is the solution to Equation (3. 20).

Carrying through the derivatives of the RHS of the nearshore circula-

tion equation (3. 89) yields

RHS [Eq. 3. 84) J + 2 ~x~ i
F dy axay 6xd 2

TY + +adT + TX
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and full computation of the derivatives in Equation (3. 100) yields

ac rx +i zaE *1+csd .
xx = -H n 2-0 siin(e) + .- fy• x+ (

Bx 8 x 1-x cs x) + Hx 6 x (3. 101)

si n sin(ZB) + (1 + sin2 e + ai* (3. OZ)
fy iY ay H ay yy

a•e +nail. 1~ +bn *
• xn - cos(2e) + R- -14~ sinl20 + T-

= ax H cosx6n ;3x m j (3.103)

aH - n cos(20) + R- 'H sin(Z ) + (• An 13.104)

3y3Y Haby Jn6y ,XY

where k ad +d ýk-

6n =( ax 2 kd(315
•n sjnh(Zkd) L tanh(Zkd) (3. 105)

an - - Zkd; n=( a'Y + ay ( 3. 106)

ay sinh(2kd) "tanh(lkd)J

and the second-order derivatives are

; •z•~~~y* H21 ,beb eb i(o
nx H 8"-L- sin(Ze) - asn s a'sin2 .0)

a)-ax 8 ayax;x ayca ;xa2y

aansin(29) + (1 + cus%
Wyax acx," r}

+ n - -L sin(20) + ax cos 2 0)
4 ay[ ax'

H ax ay + Za H Eyax - bx z(3.z107)
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= n [aH I cos(2O) 2 n(26) + -- (
2y by 2 o;36y

hi + 1L jn jj.• *n H •Zn 1 co Z8 Z i

ay ay'(9 y b

;3 2 y2 ew

+Lv b T + Ln a _z(.aj (3. 108)n by by +'xy n 6y' Z

_. Y = H n ý s(26)]nw C )B( + s in) +-jsin ( 20)

bx. 8 y ax xyb;3

+ sin(26) + 1G + sin 2 6) a
ay ax ý3X2y

H aH ___nT + 2 n 2I 1 sn H

H by ax yy Inaay HZ Wxy (3.109)

." H 2[ao cosl(2) -+ 4 cos(26)
ax ax a 2(a) s

;I? +H -A] S-fl(ZOA
+LH ~2bax)2] 8 ax 6os(6oxis Ell

A xV. y + a _ax2  (3.110)

a: n x bx YX llý x 2 n Z ax j
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where

au* 12x _
H2[n y sin(ze) F+ icos~e)w 14by( (3.111)T~ ~ ~ b : nx xI

and

ax 8 9)n --- aH . (3. 112)
S= sin(Z$) + (1 + sin2 e, Yak H[n~ H Ox yy

Notice all derivatives and parameters have been specified except for
a2 n 72 n2

second-order derivatives in n , i. e. n and 6nax x2 P 7y2 axay

While algebraically feasible, these derivatives would contain 2nd

order derivatives of k with respect to x and y and considering

the complicated form of Equation (3. 28) and (3. 29), it was decided

to use central differences of the first-order derivatives to compute

the second-order derivatives of n.

Finally the RHS of Equation (3. 89) and the variable coefficients of the

first-order derivatives of * are completely specified such that

providing sufficient and necessary boundary conditions, the stream

function can be found by utilizing an iterative relaxation technique.
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3. 3 Numerical Analysis

This section deals with the numerical techniques developed to deter-

mine, first, the wave characteristics of direction and height due to

wave-mean current interaction,and second, to utilize these results

to determine the resulting wave-current induced circulation pattern

in the nearshore coastal zone. Hence, essentially two separate pro-

grams exist- -one to obtain the wave local height and direction, and

the second to solve for the stream function * once the wave height

and direction fields are known.

In a previous study [Noda (197Z, 1973)], the solution to wave-induced

nearshore circulation was found excluding the effects of wave-current

interaction. In that study, the wave height and direction fields were

obtained by integrating along characteristic lines by utilizing a fourth-

order Runge-Kutta scheme. As discussed previously, with wave-

current interaction, characteristic lines no longer exist and thus a

completely new numerical technique was developed. This technique

first solves the kinematics problem directly on numerical grid points

i, j and yields the ray directional field 0 at all nodal points. Then

the energy equation (3. 49) is solved directly on the same numerical

grid points i, j to obtain the wave height field.

The numerical technique discussed above to determine the wave char-

acteristics for wave-current interaction makes important use of the

fact that prototype data indicates a longshore periodicity of both the

wave-induced circulation pattern and the bottom bathymetry such

that

d(x,y) -- d(x,y + mX) where Iml - 1, 2, 3 (3. 113)

This longshore periodicity leads to the key boundary condition which

emits the development of a highly efficient numerical algorithm for

the solution of wave characteristics including wave-current interaction

in the nearshore zone.
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While longshore periodicity proved to be a valuable tool for the work

herein, nevertheless, the method of integrating along characteristic

lines is such a generally powerful method that continuing research

efforts should be extended to be able to utilize this technique for

wave-current interaction, even as an approximate approach.

3. 3. 1 Numerical Solution For Wave Characteristics With Wave-

Current Interaction on a Longshore Periodic Beach

Figure 3. 3 schematically describes a longshore periodic beach with

wavelength I . Equation 3. 21 describes the variation of the wave

direction field 8 as a function of x, y, U, V, and T where the

wave number k is defined by Eq. 3. 20. Rewrite Eq. 3. 21 in the

form

Cos [0[ I + sin 8 by 0 (3.114)

and rewrite the derivatives of k from Eqs. 3. 28 and 3. 29 as:

1 k b__8 [U sine- V cos 81 1 6k
k +A (3.115)

1 ak b8 [U sin e - V cos 81 1 k(
ky b y A (3.116)

where A = Ucos8 + VsinB + -_1 + Ih(kd)] [ -U cose-Vsin]

(3. 117)

1 R-U - cosO+-sinJ - - Ukcose-Vksine

sinh(2kd)
A (3. 118)

Co sy - L+--cosB+-sinJ - o-Uk cose-Vksine
Ssih (Zkd)

A
68 (3. 119)
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Now Eq. 3. 114 can be written:

cs+sinB0(U sinG 0VoG 1 ý- [sine _oa(U sine -VcosB)1
21X A + Gcn A

I ýk os 1 Bk
K y Cos tx sin a (3. 120)

Thus, at any grid point i, j utilize a forward difference derivative

'in x and a backward difference derivative in y and solving for Gij

yields

= 1 1 sinGbk 1, j-1 FINij 1. {ý -Cos Oij - -sin Oij+ A sy L 5 1 Pi A.

(U sine . - cse.]- 6 i1' cs..Us'inG .-VconB. ill
Ax J j[- aij 1,34

(3. 121)
where sinGe _ cos.i. (UsinGi, c-Vcos6, coo sinG+ .j

ij Ay Ax A L Ay Ax

(3. 122)

'o"I 6n k 1 7jk
and ky and k are evaluated at i,j

The RHS of Eq. 3. 121 contains terms cosGi,j and sin Pi and a

variety of approximations for these terms can be utilized to update

SUi, .The simplest would be to use the previous value of 8,j1 . A

more sophisticated approach is to approximate these sinusoidal

fanction at i, j in terms of the four surrounding grid point and

going to Znd order using Taylor series expansions yields
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sine~j = ~ 0sin e j+ sinBi l+, sin 9+l + sine ]

+ 8 e 1 e )(sG~yCos
.P. 1Oi+ ~- Gli- 1,j) (Co s ei-j Oi+ 1j)

+ (ei~±1 -. 6 ij_1) (cos Cos 6,~) (3. 123)

and

Cos .J+ cos 0. + cos. cos0
•~~i 41 i(0-lj l ~ ,j) l

+ k icl±1 - (sin e1+1,- sin ei_

+ ( 9 i,j -- _l-,j) (sin i,j+l-sinei, j1 ))1  (3. 124)

The need for the sophistication of Eqs. 3. 123 and 3. 124 is question-

able, although utilizing this scheme to iterate for fipj yields amazing

results. For instance, if d - d(x) = mx (a plane beach), then starting

with a boundary condition offshore and setting the initial 8 field equal

to rT , a solution using Eq. 3. 121 will convelge to within 1% of the

Snell's Law solution after only two iterations through the full field

Note that it is not necessary to relax over the whole field, but the

solution could have been obtained by iterating row by row or along

S= 
constant , Figure 3. 4, working inward toward the beach. In this

c, se, the approximation given in Eqs. 3. 123 and 3. 124 for sin 8 ij

and cos ei,i should not contain values of e on row i- 1. Neverthe-

less, the extremely rapid convagence of this technique is suffici-

ent to justify the numerical algorithr-. The row by row technique

wt.il be utilized to find the wave height field, shown later in this

section.
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Before further exploring the numerical techniques, the important

longshore boundary conditions should be examined. Figure 3. 5 is

a grid description of the entire field of calculation. Notice that

while the beach is periodic in X or from j =2 to j = r+ 1 , a

column has been added on either side. Thus, iomputations for

either 0 , H or * , are only performed inside of the boundary

linesfrom i=Z toi -- m-1 and j =2 to j =r+ 1. Toutilize

the important longshore periodic boundary condition, for any com-

puted variable f along each row i the following conditions are

imposed as the computation proceeds toward the shore line in

decreasing values of i

r . (3. 125)1 , r + Z ,

f. f", r+2 ,3 (3. 126)

f 1 = . r (3. 127)

Imposing conditions 3. 1Z5 to 3. 127 upon 6, H or * physically

requires that the functions and moreover its derivatives are continu-

ous and periodic in X. Hence, iteration continues for Gij until

every updated value of 8i, j is less than a specified percent of ei,

itself. A typical run will converge in between 3 to 7 iterations with

a maximum relative error for each e6, j of 0. 1% of itself.

At this point, it should be noted that for each updated value of 8.j

a transcendental relationship for k must be solved defined by

Eq. 3. 20. To efficiently solve for k the Newton-Raphson method

was utilized where

e (k) gk tanh (kd ij) - [T-0 - Ukcos6 V Vksin 6i (3.128)
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and

d- e' (k) = g dkd. sechZ (kd + tanh (kd1.)

+Z[ U cose. .~+Vsine. j JFR' -Ukcos8. .~- V ksinB0.2 (.1 lZ19)

Hence,, \

k =e ýkold e' (old (3. 130)new
e'(kold

and this iteration was performed until

Iknew - koldI 0. 0o001 I knew (3. 131)

Computation starts far offshore where the periodic beach d (x, y) is

defined to be a plane beach d = d(x) = ax starting at i = m and

offshore from this row. On the row i = m , the local wave angle

is specified in reference to a chosen deep water wave angle, using

Snell's Law. From this point, computation immnediately begins with

Eq. 3. IZ1 and the output is the direction e.ij for a given reilative

accuracy.

The next series of calculations solves for the wave height field.

Rewrite Eq. 3. 49 to yield
(U+ cos + sinM) +H 'c sine c Cos

gcosO+gý-V Co si 6 n!!& -g si g

x 6 } (3. 132)

75



Define

Q {Cgsinl8 - c o qu
"" 2 j b g a-CgC0O - x+a-

-cos -8 sin!- 1 
- C (3.133)

where and Q' are obtained by central differences,
Swher 1,j i,j

and taking a forward difference derivative in x and a backward

difference in y and solving for H.,j yields:

(V + cg sin 9) H j- 1 - (U + cg cos G) Hi j

Ay Ax
H isj (V+c . sin 0) (U ± c cos e) Q.. (3.134

Ay Ax 2

In the computation for the wave height H. , a row by row relaxa-

tion technique is utilized starting on row i nm-i, and proceeding

inward to row i = 2 . On each row, the boundary conditions 3. 125

and 3. 127 are utilized and the solution is reached when

IHnew - H old' Is (0. 001) 1Hnew (3. 135)

The convergence of this scheme is amazingly rapid for even the most

complicated bottom bathy-metry and mean velocity distribution. Usu-

ally, only 2 to 3 row iterations are required to meet the criterion

defined by Eq. 3. 135.

Similar to the 9 calculations, the wave height calculations start

at row i = rn-I where values of the wave height on row i = m are

used, derived from the Snell's Law relati rnship. During each update

calculation of Hi, , the breaking height i- also calculated, and if
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H is j exceeds this value, then the wave breaking height is automati-
cally imposed and a flag is set to denote if the breaking height condi-
tion is being utilized at the point iij • Computer outputs of this
breaking index will be shown later.

Now that the H and e field has been specified, the numerical
algorithm proceeds to the computation of the stream function field 4.
The technique used to find the stream function is very similar to the
technique used by [Noda (1972, 1973)]. Equation 3. 89 is rewritten

+L + (.kL!24 ý(MF += ' W (3. 136)2 2 \F x by \E=y/ y

where 2* 2* 2* 2 *

d - 2 a7 . + by d-. + ¶j i t

(2. 137)

Utilizing a central difference form for the 4 derivatives, and
gathering terms of . yields:

(I A"/ 11 a x

j 2[l+(Ax )2 WAx) +
i' 2 *+ A T _ iji- l,j 1

+ 'i+lj L+ 1 L

+ (Ax) l ýipj-I____
) 2Ay

+(Ax) 2 ij F I • : ( ) (3. 138)
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Note that before computation of 4 begins, the n field and its deriva-

tives are first computed. Thus, the second-order derivatives for n

can then be calculated from the first-order derivatives using central

differences.

The longshore boundary conditions for 4 are given by Eqs. 3. 125 and

3. 127, and at the beachline *' is defined to be * = 0 . The final

boundary condition is to move the final offshore grid row sufficiently

far from the nearshore zone so that its influence on the nearshore

circulation pattern is small. At this finaloffshore boundary I. = mm,

the stream function is again defined to be * = 0 . With these boundary

condition the iteration for * can begin using Eq. 3. 138, ane thc. critcr-

ion of convergence is assumed when

-*new - old sO. 00o1 new L 138)

In comparison to the numerical techniques for e arid H , the con-

vergence of the 4 field requires more extensive iterating, usually

300 to 400 complete field relaxations before the solution converges

as defined by Eq. 3. 138. Note that condition 3. 138 is not a com-

pletely sufficient condition to assure convergence since the solution

"may be asymptotically convergent or perhaps even divergent. There-

fore, value of the relative error are varied to insure that Eq. 3. 138

does ideed provide an acceptable convergence criterion.

In the zone between i = m and i =mm * a plane beach profile is

assumed so that calculation for 8 and H are explicitly determined

from the Snell's Law relationships once deep-water wave character-

istics are defined.
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3. 3. Z Verification of the Wave-Current Interaction Algorithms

To test the numerical algorithm for the determination of the wave

characteristics, the degenerate c;se of a wave propagating in the -x

direction in deep water over a variable current system U (x) was

utilized. The solution to this case was first given by Longuet-Higgins

and Stewart (1961). For the case of a wave propagating in the -x

direction, 0 = 1800 and the analytic solution for the wave celerity

is:

c -% I + (1 - ±T--) (3.139)

0

"where T

co) =y =S F (3. 140)
o 0

2
but since k = o (3. 141)

0 -

.gT
g T = 0 (3. 14Z)

•mC 0_ T0  Zn

The wave height is given by:

Hc
H [-- 0U0 1/2 (3. 143)

[c(c- ZU)j

A simple form for the mean current velocity was chosen to be

U (x) 0. Zx +; (3. 144)

where dU -0. 2.
dx
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Essentially, two verification tests were performed. First, the

energy equation 3. 49 was degenerated into an ordinary differential

equation given by:

Sd--U + gx
dH H [2 dX
'dli [ x U- c ] (3. 145)

JCg

and solved by a 4th order Runge-Kutta technique. Second, the finite

difference Eq. 3. 134 was utilized directly to obtain a solution for H.

The final comparison was to check each solution directly with the

analytic solution Eq. 3. 143 . Table 3. 1 shows the analytic solutions

for the wave celerity c and wave height H from Eqs. 3. 139 and

3. 143, respectively, for To = 4 seconds.

An arbitrary offshore point was chosen so that U(x) = 0 and H =1. 0
0

and as the solution proceeded shoreward both the Runge-Kutta techni-

que and the finite difference scheme did not yield results comparable

with the analytic solution. Table 3. Z describes the numerical solu-

tions. While the difference between the Runge-Kutta solution with

step size dx = -0.dm and the finite difference scheme may possibly

be acceptable, comparison to Table 3. 1, the analytic solution was

unacceptable. The problem is due to the unrealistic starting condi-

tions imposed at U(x) = 0 where is assumed to be zero. But

there is an obvious discontinuity in the derivative of d- at the point
where U(x) = 0 if is set equal to zero. Thus, a second series

dx
of calculations were performed at a start point where U(x) = -1. 0

rn/sec. The Runge-Kutta program then computed its own starting

derivative and the starting wave height was obtained from the analy-

tic solution H start 0. 77475 meters. Table 3. 3 describes the

results. Comparison of the Runge -Kutta solution with the analytic

results of Table 3. 1 show an exact correlation and the results of the

finite difference solution compare very closely with the Runge -Kutta

solutions, Appendix A contains the Rung e-Kutta computer program

for the above case.
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TA,3LE 3. 1

Analytic Solution For Wave-Current Interaction: Check Case

To = 4 seconds, g 9. 80621, ko= 0.25161618, co = 6. 428272

H/Ho c (rn/sec)

Eq. (3. 143) Eq. (3. 139)

1.615187 4.992348 1.0

3. 761628 3. 737028 1. 5

6. 417806 3. 379949 1. 55

13. 424308 3. 187839 1. 56

0. 774750 7. 119669 -1.0

0. 648222 7.836164 -2.0

0. 564575 8.457301 -3.0

0. 504132 9.013317 -4.0

0.457911 9. 521207 -5.0

0. 421147 9.991652 -6.0
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TABLE 3. 2

"Numerical Rewuits for the Wave Height H

For the Test Case

Mean dHo Finite DifferenceM trent Runga-Kutta Solution 0. 0 S to
Current dxSolution

SU (m/sec)
Step-Size Step Size Grid Size
dx -. Om dx=-O. lrn dx= 0. Olm

0 1.0 1.0 1.0

-0.02 0.99471 0.99365
-0.04 0. 98848 0. 98742

-0.06 0.98232 0. 98129

-1.0 0. 78302 0. 77558
-2.0 0. 65514 0.64891

-3.0 0. 57060 0. 56518

-4. 0 0. 50952 0. 50467
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TABLE 3. 3

Numerical Results for the Wave Height H

For the Test Case

Mean Runga-Kutta Solution dHo = Finite Difference

Current 0. Solution

U (m/sec) Step-Size Step-Size Grid Size

dx = -0.lom dx- =0.01m dx = 0.005rn

-1.0 0. 77475 0.77475 0.77475

-1.02 0. 77156 0. 77156 0. 77156

-1.04 0. 76840 0. 76840

-1.06 0. 76527 0. 76528

-Z 0.64822

-3 0. 56457

-4 0. 50413

-5 0.45791
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3. 3. 3 Numerical Results for Wave-Current Interaction

The periodic bottom bathymetry used to test the influence of wave-

current interaction is given by: ' x/3•

d ,y) ,, E3 ) 1o0 ]r1
S(y - x tan a) (3. 146)

where the first-order derivatives are given by:

1/3

Z4 10 (-ax (bx 4 ) I= M tan a e sin' (y-x tan ca) cos(xtanor)

(x1/3

+mae b sin 10 (y-x tan a) L'- 3b - (3. 147)

and (-xb )
-d 10rrmax
= 1sin (y-x tana) cosj (y-x tan a)

(3. 148)

where the constants are given by:

rn = 0. 025, a n 20 meters. X 80 meters

ct=3° b:(20)1/3 1/

= 30 0 b meters 1

The computation starts by first assuming no wave-current interaction

exists such that initially U = V = 0 . The wave height H and e

fields are obtained and the stream function t solved for. The algor-

ithm then computes the circulation velocities defined by Eqs. 3. 87 and

3. 88, using central differences. These computed circulation velocities

are now the mean current system which must now interact with the ori-

ginal incoming wave system.
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Attempts to directly impose this derived mean current szstem in ais

interaction process with the incoming waves leads to failures of the

technique because the mean current systemn derived for ro wave-

current interaction is too large. .ience, conditions arise where the

local wave is no longer able to propagate into some areas and k

passes through zero and becomes negative.

It is important to understand the specific processes involved in the

numerical algorithm. In particular, under prototype conditions as

a constant wave system begins to attack a coastal area, an instantan-

eous interplay of wave characteristics, bottomn sediment movement

and wave-generated current effects exist simultaneously until some

type of 'equilibrium" condition exists where the dynamic and kine-

matic requirements are all satisfied. The numnerical model does

not allow changes in bottom Zonfiguation. Moreover, the nearshore

circulation system may be sensitive to large changes in the wave

height and direction field due to the instantaneous application of the

full mean current systtem derived from the noninteractive case.

Thus, attempts were made to proceed much more slowly by multi-

plying the noninteractive current field by a constant less t han cr.o.

This still pr-eserved the continuity conditions of the mean flow, but

yet allowed interaction to take place. This technique then envisioned

some type of step by step series -,: quasi-steady circulation solutions

until the full current system could be applied and the interactive

results yields the input current system.

Unfortunately, while seemingly a logical procedure, the wave-current

"interactive system is sensitive to the rate at which the mean current

is applied. Presently, the maximum interactive current applicable

to wave-current interaction is about 50% of the noninteractive circul-

ation system.
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Figure 3. 6 graphically shows the stream function solution i for the

no w'w.ve-current interaction case where HEd 1 1. 0 meters, Td = 4 sec.,

dj= 150°, and the depth is given by Eq. 3. 146. Tables 3.4 through

3. 8 provide the wave direction 8 , wave height H , breaking index IB,

u velocity and v velocity field for this case. Notice the existence of

the counter eddy field defined where ý < 0 , which is the degeneration

of the normal incidence negative t field. Also, all above and follow-

ing tables will only include the region of data where Eq. 3. 146 applies.

Offshore from this row at x = 200 meters, the Snell's Law region is

utilized and the H and 8 field are easily derived. For all cases

herein, the maximum distance offshore is x = 345 meters. The rnaxi-

mum meandering "rip-current" velocity is about 2. 7 meters/sec.

Figure 3. 7 is the solution for the stream function field th with wave-

current interaction where only 20% of the noninteractive current velo-

cities from the solution in Figure 3. 6 were utilized. These noninter-

active velocities are shown in Tables 3. 7 and 3. 8. Notice that the

counter eddy field has decreased a little but the general pattern of the

circulation pattern remains much the same as the noninteractive case.

Tables 3. 9 through 3. 13 provide the values of 8, H, IB, u and v

for this case. For this case, an examination of Tables 3. 12 and 3. 13

shows that the maximum meandering rip-current velocity has been

reducedt slightiy to a maximum value of about 2. 5 meters/sec.

Figure 3. 3 is the solution when for the stream function field t with

wave-current interaction when 50% of the noninteractive current

velocity field from Tables 3. 7 and 3. 8 are utilized directly. Tables

3. 14 through 3. 18 provide the resulting data for the spacial fields

3, H , IB, u and v.
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The resulting stream function pattern from Figure 3. 8 is indeed

startling and unexpected. The counter eddy field has now become

stronger, and while the outgoing meandering rip current is similar

to the previous case, a very strong inflowing meandering current

now exists. The maximum magnitude of this in rip-current is about

4. 1 meter/sec. Presently, it is unclear what is causing this sudden

change in the circulation pattern, since the 20% interaction case

produces no significant effects.

One possible influence could be the sensitivity of the circulation
pattern to the irpnosed bottom topography. In reality, the interaction

of the ability of the bottom to change form in accord with the current

intensity may be as critical a factor of consideration when the full

wave-current interaction problem is considered. Another possibility

is that the stream function solution is sensitive to the magnitude of

the mean current and too intense a current produces spurious results.

Figure 3. 9 shows the stream function solution t when the wave

height Hd has been reduced to Hd--0. 5 meters for no wave-current

interaction. The circulation pattern appears reasonable with respect

to the bottom contours with a maximum outflowing velocity of about

1. 6 meters/sec. Tables 3. 19 through 3. 23 describe the resulting

spacial variables B , H , IB , a , and v field respectively.

Figure 3. 10 shows the stream function solution t' with a wave-current
interaction of 50% of the noninteraction case described in Figure 3. 9.

For this case, 50% of the velocity field shown in Tables 3. 22 and 3. 23

were interacted with the original incoming wave system and the results

for the variables e , H , IB , u , and v fields are given in Tables
3. 24 to 3. 28, respectively. Again as in Figure 3. 8, the results show

extreme changes in the circulation pattern from the noninteractive

case. The maximum in rip-current velocity is about 2. 6 meters/sec.
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The failure of the numerical program to compute wave-current inter-

actions greater than about 50% of the noninteractive case is the inclu-
sion in the algorithm of a condition which stops the calculation in the

event that k x 0 - This physically implies that the local wave

is unable to penetrate beyond this point due to the magnitude of the
opposing mean ctirrent. One possibility to extead computation is to

assume that wheri k % 0 , H =_ 0 . This will ohbviously yield large

changes in the spacial derivatives of the 11 field. The effect of this
change in the program is presently unknown, but if implemented

wave diffraction effects should be considered due to possible sharp

discontinuities in the wave height field.
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3.4 CONCLUSIONS

1. When the process of wave-current interaction is important, the

ability for the mean current to convect wave energy across orthogonal

lines implies that the method of integrating along characteristic lines

is no longer valid. Furthermore the wave height can no longer be

simply represented by the product of independent refraction and

shoaling coefficients.

2. While only limited interaction results have been obtained thus far,

it is clear that wave-current interaction is an important physical

process which can greatly affect incoming wave characteristics with-

in the nearshore coastal zone. This influence would be especially

important if a strong circulation pattern exists within the nearshore

zone.

3. Since the effects of wave-current interaction on the nearshore

circulation pattern is so startling, other parallel areas of effort

should be also considered such as the simultaneous movement of

bottom material as the current bottom shear stress becomes large.

A conclusion of a previous study [Noda (1972)] showed that the cir-

culation pattern and especially the magnitudes of the circulation vel-

ocities were very sensitive to bottom configurations. The interplay

of all these factors must be seriously considered.

4. The preceeding results have opened up interesting areas for fu-

ture research effort. For the present numerical model some non-

linearity could be included either from the inertia term or through

the bottom function term. Also as the wave number becomes k ! 0

the numerical algorithm should have H-* 0.

Future efforts should be expended on a perturbation expansion tech-

nique which would allow the use of integrating along characteristic

lines to obtain approximate solutions for wave-current interaction.
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Or -it the practical. side, these techniques could be directed toward

an stalb;tic quantification o! such basic coastal engineering problems

as groin spacing and design.
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4. WAVE AND CURRENT

4. 1 IN'T RODUCT TON

The question of mass transport or current associated with wave propagation

in the ocean as well as in channels or rivers has been investigated by nume-

rous authors, Several types of problems arise in this connection but they

"can be roughly divided into two mnain classes. The first and most widely

studied phernomenon is the mass transport due to gravity waves, the second

is that of wave propagation in the presence of a current.

The mass trrnsport due to gravity waves has been shown to be of second

order with respect to wave height. M. L. Dubreil-Jacotin (1934) first proved

the existence of waves associated with the rotational motion of a perfect

inviscid fluid and determined that there are an infinity of such solutions

associated witlh a more or less arbitrary distribution of vorticity. Since

the motion is irrotational to the first order, Miche (1944) used the first order

irrotational aalution for a constant finite amplitude two dimensional motion

and calculated the corresponding second order term; the results depend on an

arbitrary furction of depth which can be determined if the vorticity is specified.

The effect oI riscosity was first studied by Longuet-Higgins (1953 and 1960).

He showed ttat the boundary layers near the surface and at the bottom were

of very small extent and that the mass transport velocity above the bottom

layer and its vertical gradient just below the free surface layer were inde-

pendent of viacosity. His results confirmed the existence of vorticity in the

mean flow arid provided boundary conditions which may be used to define the

unknown function suggested by Dubreil-Jacotin and used by Miche. Further

computations af mass transport in cnoidal waves were presented by LeMehaute

(1968) who slv'%ved that the mass transport is uniform in a vertical plane to the
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second order of approximation. A further step in the theoretical study 01

mass transport in gravity wave was the study of a spectrum of random va'ves

Ming-Shun Chang (1969 and 1970).

The problem of wave motion in the presence of a current has not been stvaclied

in the same systematic fashion. However, a number of particular solutivtols

to the problem have been presented. For instance,Abcullah (1949) assunes

an exponentional vorticity distribution, Biesel (1950), a constant vorticityr and

Eliasson and Engelund (1972) a hyperbolic distribution with depth.

Because of the importance of the latter type of motion, one obvious exairjile

being the interference of waves and rip current near shore, the assumptivzis

and equations used in the last three references will be reviewed, then results

summarized and an extension of Biesel's solution (1950) to a discrete wave

spectrum will be presented.

4.2 BASIC EQUATIONS AND ASSUMPTIONS

The motion studied here is assumed two dimensional and the fluid is incom-

pressible.

The basic coordinate system consists in a horizontal x axis laying along the

mean water surface line, and a vertical y axis positive upwards. The foLlow-

ing notation is used:

u, v x and y components of a particle velocity

p pressure

V kinematic viscosity

P 0fluid density

y stream function

.g gravity constant
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The Oasic equations of motion are

+ • 0 (4.1)
ax ay

AU + uB + V u + a_ V U) (4.2)at ax ay P ax

t L + L- + a - g + (v'72V) (4.3)

*The use of these equations imply that any density gradient or Coriolis effects

have been neglected. Moreover, the terms in parenthesis which will

eventually be dropped imply a laminar flow, but could be replaced by other

functions of u or v to approximate turbulent shear stresses.

Equation (4. 1) is identically verified by the introduction of the stream function

ysuch that

u = (4.4)

v = _2LY_ (4.5)
ax

Differentiating (4. 2) with respect to y and (4. 3) with respect of x and subtract-

ing and replacing u and v by their values in terms of y yields the funda-

mental equation for the stream function

('Y + -a -aL 2 Y) y)L (\,1 27  (4.6)
6t ay ax ax ay

Si2
or in another familiar form with c = - ½

Z?

dt ( (4.7)
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For \.ave like solutions of wave speed c, y is a fur.ction of the variables

(x - j•) and (y). Assuming a wave spectrum exists with wave numbers

exte ifhng from kI to k., the stream function can be written as

k

(x. y, t) f(x- Ckt, y) dk (4.8)

whe r

ck and if are functions of k.

EquEt icon (4. 6) is identically verified by the solution

k- 2 2f
tJ • ' • I T dk = constant.

kl k

The xý kial arrotational solution is obtained by setting the constant at zero.

Whet o hear stresses are negligible, that is outside some bottom and free

surf*cQ boindary layer, the right hand side of (4.6) can be neglected. In this

repgic, the stream function must satisfy the oft used equation:

Z (IN•) + _ (v%' - (4.9)at ay x ) ( ya =0 .

Assttitng that the mnain effect of shear is to establish initially a non-zero

vorti-c ity throughout the fluid but that it can be neglected thereafter, solutions

of (4,ýý will be sought. The order of magnitude of the neglected term in (4. 6)

will týLpn be evaluated to verify the validity of this approach.

A sejjVs expansion of the stream function and water height in terms of a

small parameter e will be used. Here e is a measure of the wave height
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and it will be assumed that the surface equation 'n (x, t) and tlic stream

function T (x, y, t) can be written as

N
=-' e IM (4.10)

N
=E Y n (4.11)
n 0

where the function Y0 represents the main effect of the curret-ar, and will be

assumed to depend on depth only. Note that here the functioni qM and T n

are of the form (4. 8) thajt is:

SII I i)lkr (x - ckt) dk m > (4.8a)

1
:.n •kn (% - C kt, y) dk n z(4. 83b)

Introducing expression (4.11) for T into the defining equation3 44.9), grouping
terms in various powers of e. anLd recalling that by hypotheszt Y0 is a

function of y only (4. 9) becomes

F3 .O 3 •¶/ d3¥01 2

S[--L (VVt) dy ?x I - x dy 3 T + 0 1 0.

Hence the zeroth and first order terms of T are defined by the equations

Y0 (y) (4. 12)

a 2d(o a 2 3t= 0 (4.13)(V + I dy 5x ( ax = 0
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"But from (4. 8b)

k - 2 k k (Y - Ckt, y) dk 
(4.14)

An additional assumptior is now made concerning the functional ezrpression

of Y .that is:

k (x - ckt, y) =k (Y) cos [k (x- ckt).

Hence,
Sk2

H , f Y k (y) cos [k (x - ckt)] dk (4. 14a)k2

2 fkz I cos [k(x ckt dk (4. 14b)
* .k y cos k~-ck

Introducing (4. 14a) and (4, 14b) in equation (4. 13), we get

k2 F

If (d d 3 I 0
k 2k k 3-1

This equation will be verified in particular if for all k's in the iinterval

k 5 k <_k2

(d d* 0  (d 2k 2~ d 3 O
-y Ck - - k = (4. 135

dy4 dy
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Hence, given ark arbitrary function Y0 (y) defining the zeroth order stream

function due to 4 depth dependent current, the components of the first order

associated wave stream function are given by equation (4. 15).

The assurnptioil leading to the equation are summarized below:

(1) Tliexe is no density gradient in the fluid.

(2) C 0olis forces are neglected.

(3) Sbtar stresses are neglected. The validity of this assumption

wi.1 be tested for each case considered.

(4) W-a.re like solutions only are considered.

(5) Tbe principal particle velocity component is due to the current

aril depends on depth only.

(6) Tke wave height is small compared to the characteristic length

deigning the depth variation of the current.

4.3 BOUNDARV CONDITIONS

Note that by definition (equations (4.4) and (4. 5)) the stream function is known to

within an arbitsxary function of time. Hence, without loss of generality this

arbitrary functinl can be set to zero.

1I. Thb bottom is a line of current.

"Assuming the bottom is defined by

y i - Wl(x)

4) Y , t , h ) d h a x t , h )
ý-x a ,-):d y

For h czonstant this becomes
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"-!

T (x, t, -h)

where Wb is a constant.

Replacing T by (4. 11) yields the condition

Y0 (-h) •( T (4.16)

Y n(x, t, -h) 0 n ; t 1 (4.1?)

2. The free surface is a line of currer-t

Since the free surface is defined by

y = t)(x, t)

ax at )x ý- ~(X.t,T

Replacing y and T by(4. 10) and (4. 11) and grouping terms in power of g.

-- fl (x,1 t1 ol, dd o 1
L---x(x, t, o)+ -•(x, t) + -3-(x, t) (0) +o0 () 0.

Since Y 0 is a function of y only, 0 (0) is a constant. Since, moreover,

'f is defined within an arbitrary constant, it is always possible to choose Y (0) 0

in which case the value of Y b is defined by other boundary conditions. Note

that alternately Vb could have been taken as zero and T0 (0) T 8 determined

subsequently.

The free surface condition hence becomes to first order:

T0 (0) = . (4.18)
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ay1 b¶l 6TI dY0

T-+ 7U + -Fx d"-- 0 at y = 0. (4.19)

3. The pressure is known at the surface and is usually assumed

constant

From equation (4.2) and (4. )

Ftb6y a y Txa3Y ax py ax

and

Wtb by a~ + x ~j. + P8

Hence,

- 2 y - a+ 2y L -

at by bx Lbx-y g ax xbx

+bX oyx bx xy

Replacing rj and Y by (4.10) and(4.11), at y=0:

r2 2 2at T8 a! T W1  8%T)
+ -- -A - +g +0 (e) 0

if p(x, Tr) Po a constant.

Introducing expression (4. 19)

YtdY---" + Q F 1 d+ - 1  1 + al d2 Z Oat y = 0

at 6Y dy oýxay 43 u x a dy2  6

(41 20)
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Now from (4.8a)

f 7 =k (x - ckt) cu.

k1 1

Assuxing as for Y, (equation (4.14a) that

r~k•
c1 T)k Cos (k(x - ckt)i dk . (4.21)

The above boundary conditions will be satisfied if:

"from (4. 17)

Yk (-h) = 0 (4.22)

from (4. 19)

0+ [0o at y = 0 (4.23)

from (4. 20)

L- Ck Y kL + dY dy CkJ 0 at y = 0.

(4.24)

In summary, given a function 1O (y) which describes the effect of a current

and such that 10 (0) = 0 the first order correction to to describing the

effect of waves on the stream function is defined as Y1 (x, y, t) by equation

(4. 14a). This function must satisfy the differential equation (4. 15) with boundary

conditions described hy equations (4. 22) through (4. 24).
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For each function Y a change in variables such that

'rk T 0 CkY (4. ZSa)

Uk u ck (4. 25b)

x - x -ckt (4. 25c)

Yk y (4. 25d)

vk v v (4. 25e)

yields the following system of equations:

rk dk k2 d rk + (4.2])
dy---+ dy d 3 k = 0. (4. 26)

k dyk

'Vk (-h) = 0. (4.27)

dYk
TV + :rk - Oat y = 0. (4. 28)k dyk k

drd dTrk" dY
dyk dy d dYk2 dyk + g = at y= 0 4.29)

Special solutions of the set of equations (4. 15, 4. 22, 4. 23 and 4. 24) or

(4. 26 through 4. 29) have been obtained for a single frequency component.

These solutions are discussed in paragraphs 4. 4 through 4. 7 where the

subscript k has been dropped. In paragraph 4. 8, the extension of these

cases to a finite wave spectrum will be discussed.
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4.4 EXPONENTIAL DISTRIBUTION OF VORTICITY (Abdullah ( 949))

"Take

Co 72 w Xz 0 L= aIu eay -

corresponding to
• c•y

U U e m
0 =w

u

To = w (e CLY- 1 )

or from equation (4. 25a)
u

-H (e ay-1 ) -cy.

Note that a is related to Tb (equation (4. 16)) by

-._w (e -I)

The first order solution is given by equation (4. 2 5)

d rC a 2 u eCLy 2 C 2u

- k+ k + a.2-'•dy 2 u CLy _-c u -

This equation is Abdullah's equation 11. He gives a solution in terms of a

power series in ku for an infinite fluid. The dispersion relation

for this case is shown to be:

S 01 2 o zS0
S uw _ 01USo + u 01 So + 01 (4.30)

w wS 0 w - 021 SO2

where
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S• +k•)n n +n (4a + 3) U +.

01 kc(Zn+l) Z!(n+l) + 'Cnl)

ku Ln n(n+l) U n(n+Z)(4n + 3) ( .

S02 [L + & (n+() \C+ 3Un+i)(2n+3)

Equation (4. 30) is an implicit relation b tween c and k. It was shown by Abdullah

(1949), that the effect of the current is to lower the wave propagation speed for

a fixed frequency.

u
Numerical solutions of equation (4.19) fcr small va 1ues of w (smaller than

c

15) are presented in the cited reference.

Returning to equation (4. 6), the solution given above verifies to order e that the

left hand side of the equation is zero. The right hand side is evaluated as

SV2(V 2 ) ~ 0 [ 22 (V Z0 [V3Uw

Hence, neglecting the right hand side of equation (4. 6) to order C is only consistent
3 2

if V cL u is of same order as the terms in e , that is ofd er

But since Y =M cos k (x - ct) = cos k X for a single frequency

Z Id 2 7 2- cta u e
d k2 cos kX-

dyJ u e y-c

From (4.28) and (4. 29)

T=0I r
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m-o

) 0 d\-y2 /

d y

** 0 e" v =0[ta k (U IC

- [23 uZk]

To relate S to known quantities, note that

d u I + d€
U = dy dy

and the basic assumption is

-- I < 0O
dy dy

In order of magnitude

e Cau C< u

Hence, e is a small parameter for this problem provided a c < <.

: 1 -3 -l
From the data presented by Abdullah (1949), for u : 15 cm/s, a 10 cm

c< < 103 cm say E: 10 cm
3 0-2 0-9 10 se

va u = 0 (10 x 10 x 10) = 0 (10- sec-2

By comparison

2 3 2 2 2 -
c aL u k = 0 (10 x "9 x 10 k) secw

S0 (10-5 k) sec 2Z
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Hence, 0 (v a 3uw) 5- 0 (c2 a 3u. k) for wave lengths up to 600 m, and

the assumption that the right hand side of (4. 6) can be neglected is justified.

4. 5 CONSTANT VORTICITY DISTRIBUTION (Biesel, 1950)

ITake

yS~2
co = V T 0 = A a constant. Uw

Corresponding to

= Ay + u

orror"

ur = Ay + u - c=Ay4 - -h

.... A o °.y:.. ... . *..... ...........

... ...... ...

r = Y + Ky

so that T b and A are related by

Ah 2

b 2 w

or calling ub the bottom velocity.

Sub z A (-h)A+ u

A u W - u b
Aw b

h

The first order solution is obtained from

,2dY 2

dy 2  k
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with the boundary conditions (4. 27) and (4.28)

sinh k (y+h)•" -KTI s inh kh"

Hence, for a single frequency component

mAy y • sinh k (yh)
.+ = _ K T11 _ty±h)cos k (x ct)+ 0 ()

S wY l sinh kh

The velocity components hence become

Ay e~ Kkcoshk (y+h)

u+Asih kuh cos k (x - ct) + 0 kC)

v= € Ksikmy+hi i kx-ct + 0 ()
•i s inh kh "i.-( c)+0(

Introducing the expression for T in (4.25)

2 [k cosh kh AKk sinh kh K- =g (4. 31)

which is the dispersion relation found by Biesel (1950).

Since c = -IL where -L_-_ is the wave period, Stokes dispersion relationk .w

w 2 = g ktanh kh is found for the special case where the vorticity vanishes

(A = 0) and there is no current (uw = 0).

For the case of no vorticity but a constant current, the relationship becomes

W,2= g ktanh kh

21!where 17- is an equivalent wave period defined by

U
SW

In the general case where the vorticity is given as well as the surface currents,
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equation (4. 31) gives the value of the wave propagation speed as a function

of wave length. Equation (4. 31) can be re-written:

(c-u ) 2 [tZkl - .(c-uW)- (c-%) g

or

2 kI (c-uw) - (C'-%)

(c-u) tanhkh C-U = gh

Solutions o'nly exist if

(C-Uw) - (c-uw) -(- g h

that is
l(c-uw) (c -u b) _< g h

where ub is the bottom (absolute) velocity.

For a uniform current of speed uw (that is A = 0) equation (4. 31) yields

C uwl2 kh
(cu - ta---h g h

Comparing with

(C - Uw)2 ta"kh + u . g h

and assuming a realistic wind generated wave where c> uw (Wiegel, 1964)

and ub < u

c - u c -u
11 w w
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c <c u

so that when there is a vertical velocity gradient the wave speed is lower

than for a constant current of same surface speed (but not necessarily lower

than for a constant current at the average current speed). In this case

V (V T) = 0 and

V2(V2 y 2 k 2 csk(- t 0
v v dy 2

so that the left hand side of (4. 6) is irrelevant for zeroth and first order

solutions.

4.6 HYPERBOLIC VORTICITY DISTRIBUTION (Eliasson and Engelund, 1972)

Here a single frequency component is considered and the following

relationship is as suined

2o = ZT 2 yr 2 T

and with boundary conditions (4. 27) and (4. 28)

T = ~sinh 13yy

r - To sinh yh

or w

s ih c y yý0

TO -Tbsinh Ph

Hence,

S = sinh Ph +

-h
u0 (0) uw ::::'::;i!

or

K = u -c - -
W sinh P1h
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Hence,
K

r

with

u= K s inh 0y

The first order solution is obtained by solving (4. 6) which becomes

2-i
dy 2

with boundary condition (4. 27) and (4. 28)

K inh 0 (y + h)
11s = - K1i k- + 0 h

"Hence,

c y+ si5hh Py - €wK sYinh~k + .V+ h) cos k (x - ct) + 0 (2

"• ~sinh•k-k + P2 h

and

21Tr cosht/kZ+02 h
U= c + (U - c) cash Py - e 71 KN~k-- s n h cos k (x - ct)W sinh vklC•r (hi)

+ 0 (E:)

s sinh k 2 +,0 2 (y+h) si -CO) + 0 (2)

.v = -e 1 K k nsink (x
sinhVkr+ h

Boundary condition (4. 29) gives the following dispersion relation

K ~2 2+ c o s hNi2 +iýhKink2 2 + P g2 h (Eliasson and Engelund, 1972)
sinhk+"h15
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Once again for zero vorticity (- 0) and no current, this relation reduces

to Stokes value where K c =
s k

I2
th h k = g or W= g k tanh kh.

For non zero vorticity

(c -u )2  = tkZ + a i 2 h (4.32)

C U W a k 2h k
t~c = h~ tanh kd

Hence, the speed of the waves relative to the current is lower than their

speed in the absence of current.

In order to evaluate the impact of the viscous terms, consider first the

expression for u. The small parameter C is defined by

Ie(u w_ C ;k2 + ) 4  I < < juwl

or

4k 2+ Z << I

Then

v v (V Yo)O 0 (vKP) 0 [V(u w-c) 3

which needs to be compared to

2 2 22 2[L Y Vy Y 0YK] [ KZ k

o[ Vk2 + 02 k 02 ( C) z

Sw
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Hence, viscous term can be neglected if

P:5 C 2 k 1ju cI

Taking the dispersion relation into account

v~S 2.5 (k2 + 2)Ng h 12 a1 4 4. (4.33)
4k+ h

In nv)st real cases 0 will be relatively small, and for discussing

equation (4. 33), it will be assumed to be at most of order k. Then (4. 33) can

be approximated by

For shallow water k h c I this becomes

For example, assuming e k = 10-2 kd 10=

0- 2 10 4 ýl0-'h h and in centimeters

h or1

Assuming P is of the same order as k-, vsc'lil y can be neglected for waves

length larger than about 5 cm.

For deep water k h >> I1
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• • v<S€ 2 k 2 41

o-2 ý s io-4 '. 10 sk 5 10

so that the same order of magnitude as found above is still valid.

Hence, viscosity can reasonably be neglected for most of the expected wave

spectra, It is interesting to compare this case with the case presented in

paragraph 4.4.

In both cases the vorticity distribution is exponential in character. The main

difference is that in the previous case, the solution which was obtained was

such that the vorticity was a linear function of the stream function whereas here

it is a linear function of the stream function relative to axes moving at the wave

speed. The latter approach was used by Eliasson and Engelund (1972) for a

single frequency as it yields a closed form solution for the velocity components

and a fairly simple dispersion relation. However, if a wave spectrum is to be

analyzed, individual solutions are obtained with respect to axes moving at

different speeds and the combined solution may be difficult to obtain.

4.7 GENERAL SOLUTION

For any given absolute velocity distribution

a0 = u (y)

y

O I u (t) dt

0

Y

Tr =f u(t) dt- cy

0
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The first order solution is given by

dy (

Boundary conditions (4. 27) and (4. 28) dc "ine the two unknown constants of the

second order differential equation.

The dispersion relation is then obtained from (4. 29).

Equation (4. 34) is singular for u 0 = c or +

and for

d 2u0  k z - c)

dvy (u 0

Since u0 [-t - is not a realistic assumption, the possible motions can be

obtained either by direct integration of (4. 34) as was done in paragraphs 4. 5

and 4. 6 or by power series approximation around the two other singular points

as was done by Abdullah (1949). The dispersion relation in the latter case must

be solved numerically by succ.tssive approximation.

It should be noted that in paragraphs 4. 4, 4. 5 and 4. 6 the analyses have assumed

a single wave length. Because of the non linearity of the basic equations,

superposition of results cannot be readily performed. Some method of obtain-

ing solutions for a wave spectrum may then be more valuable to the problem

of estimating forces due to waves than determining a single component response

"in the presence of complex current distribution. The general discussion of

paragraphs 4. 2 and 4. 3 will provide the means of obtaining this extension.
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4.8 SOLUTIONS FOR A WAVE SPECT2UM

1. Consider first the exponencial vorticity distribution. Since If is

independent of k, as in paragraph 4.4

Uw (e (Xy -1)

and the equation for Yk is from (4. 15)

2- 2 ay
k k wu ck

which is the equation solved by Abdullah (1949). The discussion of

paragraph 4.4 applies for any wave number k.

This case corresponds to a wind induced current. Given the wind speed, the

value u can be determined from Wiegel (1964). For each significant

frequency in the wave spectrum, equations such as (4. 30) can be numerically

solved for or nomograms could be prepared to obtain ck (k). Numerical

integration of equation (4. 35), then (4. 14a) would yield the necessary information

to compute forces due to the combined action of waves and current.

2. Constant vorticity

In this case

A 2

0 2 w

Equation (4. 26) gives

d2-

2 2k
dy
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Hence, as in paragraph 4. 5

Ssinh k (Y + h)
S(CkUw w k sinh kh

and

)t cosh k h A g
w k sinh k h uw . ck

which can readily be solved for.

Computing the velocity components from T, (equation (4.14a)) and integrating

over a fixed period, the average velocity components at a given fetch and depth

are then obtained by a simple numerical quadrative in k.

3. Hyperbolic vorticity distribution

For a single frequency it was found that

u-C sinhr Py+c

where c depended on k according to equation (4. 3Z). Hence, in this case

Y depends on R, and it is nut possible to use the above expression for T0

where a wave spectrum is considered.

A possible extension of this solution can be obtained by first defining an

average velocity c by

k-

11

C- k_ k 1f c (k) d k

and taking

u c

sinh y +cy1
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Then from (4.15)

r1 [dz k 1 2cosh

[(u - c) cosh B + c - C d k2 (u - c)cosh r

As mentioned in paragraph 4. 6, the simple equation which is obtained when

C = Ck occurs here at most for one wave number. In general the equation to be

solved is

d Yk 2 [(U w-c):coshY Ok]

which is of the form of the equation solved for numerically by Abdullah (1949).

4. General distribution

In order to obtain forces and moments on structures placed in a current in the

presence of waves, it is necessary to compute the velocity components or stream

function Y. For a first order solution, given the wave current effect f0, the

stream function Y I is obtained by evaluating the integral (4. 14a) when Yk (y) is a

solution of equation (4. 15) and when the functional relationship between c and k

is usually given by boundary condition (4. 24). The process is, therefore, usually

a lengthy one even with the use of high speed digital computers.

Results are simplified if ý k (y) can be evaluated in closed form.

From (4. 15) it can be seen that

2-

dy0

N dy k
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or

d2 +
-+ f (y)Z:O.

dy
2

Known solutions of such an equation can be obtained for

a) f(y) = 0 k = ay+b

Xy-y

b) fy) =- ae + be - Y

c) f(y) = Zn+1-y 2 2 = e-YZ/2 H-I (y) when n is an integer
and H is a Ilermite Polynomial

•, n

2
d) f (y) I + * 25 -

y xk [

i x (y) is a Bessel function and Xis not

an integer

or Tk =4FY [aJn(y) + b Yn(y)] if X = n

is a integer.

Cases c) and d) already involve functions which must be evaluated numerically

using a series representation.

The only fairly simple cases arc cases a) and b).

For b)

k + d 3%o/dY 3 = X'
Td0o/ady-ck
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d 3 TO

3 = 0 •0 ay + by since T O(o) = 0
dy3

or

d3 TO 2 rkd) o -

dydy k

To= 0 ky + tep - e'1 -P 2 =Xz 2 - k a.

"Both cases have been studied previously and it was shown that the first one

only with Y 0 independent of k could be extended to a wave spectrum without

undue complication of the computations.

4. 9 CONCLUSION

Although the equations required to solve at least up to the first order the

problem of small amplitude wave propagation in the presence of an arbitrary

current for an arbitrary wave spectrum have been presented, and a review

of the special solutions previously obtained for a single wave length has been

made, the problem in general requires lengthy numerical computations.

Howxvever, for a current whose velocity cistribution can be approximated by a

linear dopth dependence, it has been shown that, at most, a single numerical

quadrature was required to obtain the average velocity components. This

mnethod. may then be used to estimate the forces due to wave action in the

presence of a carrent. An experimental 1-nowledge of the current velocity at

but a few depths (two minimum) will define the parameters necessary to com-

pletely solve this problem.
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APPENDIX A: NOTE ON THE BOTTOM FRICTION APPROXIMATION

A dissipative effect imposed by bottom friction comprises an important

term in the momentum equations. The bottom friction is non-linear in

nature, and the coexistence of wave orbital motion and circulation renders

mathematical formulation of this effect even more complex in the surf

zone.

The tangential bottom stress B of a quadratic form is given by

4 - -4.-4

B co IV IV A- I

in which c is the friction coefficient, p the water density,

the resultant velocity vector combining wave orbital and circulatic,

velocities, e. g.

-4
V = U + (u, v) A-2

"in which U is the wave orbital velocity vector, whose x and y
components are, respectively;

4- -4

U cose and - U sine, A-3
0O 0

and (u, v) is the circulation velocity vector whose x and y com-

ponents arc, respectively, u and v.

-4

A full expression for I V I is then,

[cu0 cos 2 + 2  1/2

U2+vZ+0u cos - 2U v sin + U 12A-4

Several methods can be used to simplify Eq. A-4. In the previous inves-

tigation (Noda, 1972; also Thornton, 1969), two assumptions were made.
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"One was to consider the circulation velocity components u, v to be small

as compared with the wave orbital motion, e.g.

ju 0 1 >> u, v A-5

such that Eq. A-4 reduces to

V U A-6

Eq. A -1 is then rewritten

B = cp- U [U + (uv)] A-7

The time average of the bottom stress is

-4, 
4.

< B > =cp < U > < [U + (u,v)J> A-8

Using the linear theory, the term < U > is written as

0•Uo T sinhkd

It was also assumed that the term < [U + (u, v)] > may be approximaterd

by

<[U +(u,v)]> < U > + < (u,v) > A-10

Since < U > will vanish over a wave cycle, Eq. A-10 now reduces to

"<,[U + (u,v)I > = < (u,v) > A-11

Combining Eqs.A-8 and A-I1, the time-averaged bottom stress takes the

fo rn

_4<B> =c < < (u,v) > A-12
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Noting that the friction terms in the momentum equations are defined by

4 < B > < BF pd A-13

then

2c U
Fx *T - u A-14

2cU
F -_ • v A-15

y rrd

In the present investigation, an attempt was made to carry out a more

rigorous evaluation of these assumptions. Instead of Eq. A-5, we may

assume

IU , u >> v A-16

In other words, we assume that a nearshore circulation contains on- and

offshore velocity component u which is much longer than the longshore

component and is not negligible as compared with wave orbital motion.

This assumption is obviously borne out in a circulation containing a strong

outflow. Since, because of the refraction, the incidence wave angle in the

surf zone is generally small, we may further assume

a e 0 A-17

Using Eqs. A-16 and A-17, Eq. A-4 is simplified as

-1/

I= 2+ u0 + ii" = U f A-18
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• -uu..S '. - uM

Using unit vectors i and j in the x and y directions, the bottom

friction is now rewritten as

B =cp (u + U) U° + (u,V)

St[ (u + Uo) (u + U0 cos )

+ j cp u+Uo)(v- U. sine] A-19

The time average of Eq. A-19 is evaluated separately for i and j

components, e. g.

4 4 f 4uU
< B > = ' I + T- + tU U

r 2Uo A-1S+j cp uv + --- ~A2

Consequently, the friction terms in the momentum equations are rewritten

as

S[ 2 4 U o u 2

Fx = T [ -- u+f- A-21

F dY u 4U- A-22

where

r TTH A-23
o T sinh kd

The equation to solve to obtain stream function • is of the form [see

Eq. (2. 13) in the text]

la2 + f - f A-24
2 1~ ZX T 3
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The choice of the simple friction terms, Eqs. A-14 and A-15, give

flv f 2 atId f3 as functions of x and y only, hence the problem

reduces to solving a linear differential equation, [see Eq. (2.13) in the

text]. The present computation has used this linear case.

On the other hand, the choice of the more complex friction terms, Eqs.

A-21 and A-22, yields f1, f2 and f 3 as functions of x, y and 4'
thus the problem becomes non-linear. Numerical calculation of this

non-linear case was attempted, but the result exhibited extreme instability,

hence the lack of convergence. The form of our non-linear equation is more

complex than any known equations for which the conditions for stable solu-

tion have been well explored. Further investigation of thi3 problem is

apparently outside the scope of the present investigation and should be

reserved for a future study.
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ntKny= RK*(nfnX*FA - rr*nUnN - S*nVDX - A*DDrXfl#JJ)/SINH2)/FF
flnYny= PK*(nTnY*I.AC - CC*fLIDY - SS*DVDY - A* onY' ,IJJ)IINNH?)/FF
FF= (l.0- APGP/TT2)/STNt4?
nNnVX,,J)= FF*(RK*IDnDX(T.JJ) # I)D)*nKr')X)
nfNDY(T,.I)- FF*(Rk*fDD)Y(T,JJ) + ni)I*flKDY)

116 r-ONTTNINF
P. 317 1:=,PU
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m i x r• tT ,N ,P ) -= n r)X f 1 , ý "
•i 117 r1INI TNIf•E

C FNf) CALCUI ATION F0 r)NOX OJM ONDNY

C PQFrfJmPIlTE DfiffX/Fo DFO)Y/F ANn w
c

In 3.00 .:?,m14l

JJ,• I: J

foI)v=nr)ny (TiJJ)
S Snr,pTnn(,, p

rAl r ýk- Vf(.II (r)ft,rC,T.I(- T,..T),Vf ,j),PKA)
A&wC?= ?.O4P*rx~Fl

ARrlz Pi*~
TTzTANIJ(Akrt I
TTY= T&iH(Akr,?)

FPI)t-(Tjlr( 4 VJ-.i)*S( + fi.LT*A(J).O ) ARr?/STN/?./Pg.
nwrvy= Po*(r i~x*PAC - (rrnl'i'nt - sS~ar~vnP - AIfXS~~/-

nrtfYC rr'fN71V*ýAC - (:r*f~lhr'Y - SknV- ArP/S~4)F
r r n 7fTV 1 ,J) z 1- ,l)fr IxF Atn 1Y( ) Ilf )Y/F

rmnrY PKIOI'V

S~~rKr~nym[ (Tnl).l{,. ,4 rnl/!K)Y

n1=(TJ[: (l+ ,?.!h~ipg/ )- *l if*nTr)--.O*H*nf)x )/Hy)

(I-F 1= ?. *F - )

rfF,;'-=r r * -* *,

t 6 TN i Ho)18

STT:T NH(A~,188



FS= Ffj*SlivN

rrr= 1,o + fr2
55Sm 1.0 + 8S2

SX= 9*(CIfFI*CP? +
SY Rq*((flv.1*55? +CfFA7
TAU= SIXTNT*H2*F%*SIN?
nSYDX= R*(-FS*DTIlX + DNnY(!,J)*CCC) + 7.0AfHDX*SY/M1
nSXDY= RA(-FS*DTDY + ONflY(I,J)*CCC) 4 2.0*f)HDY*S)X/H)

SnSYrY: H*(FS*DTDY # flNnY(TJ)*SSS) . ?.O*DHDY*SYIHI
nSYDX= 9*(FS*DTDY 4 nlnX(I,J)*SSS) + ?.O*P$DU*SY/H1
fliTAUiX= R*(Fr*DTDW 4 FS*flH)X/Hf) + DNPY(1IJ)*TAII/FN
rnTAjiY= R*(FC*DTfLY 4 FS*fth4nY/H1) + Df;#OY(IJ)*TAlI/FN

SnNnXX= (D•nx(I+t,J)-r)Nnk(T-t,Jl)llDx,
• nNPYY= (DNnY(IJ¢I)-DNnY(T,J-|))/V)Y?

flNnxY= (DNnfY(I÷,J)-nNrNY(I- ,J))/DW2
c SFCrfND nRDFP n0jPV!T7Vf-

DSXrYX= R* (%FS*nTDXY-2.0*Fr(D TIX*|)IDY-StN2,IDX-nNDY I J)-SlN2*

iflT6Y*nNDX(T,J)+CCC*DNDXY) + f.2l*HI*DHDY*(.F$*DTflK+CCC*flNDX(I1J))

2+ ?.O*tHnx*05Xf)Y/Hi + 2.n*8X*(nHnXY/HM-Di4DX*DHVY/H2)
-IAIt:Y= R*(Fr*fTf)YY-;?.D*FSokoTPY**?] + 6.S*FC*Ht*nTDY*DHDY + 0,125*

IFS*(HI*04HnYY+DHDY**2) + R*DNfYdIJI*(COS2*DTDYSpN4*DHDY/,$) +

2ONnY(TJ)*nTAUY/FN + TAtI*(f)N4YY/FN - (ONDY(CIJ)/FN)**23
nSYnkYm R*t(2.0*FC*DTDY*nTnx+FS*(lTnXY) + STNP*•TDY*ON•W(1,J}¢SIt•*

IDNnY(TJ)*nTnX+S5S*DNDXY) + 0.25*HI*DHDX*(FS*ATOY + SSS*DNDY(I.J))
+ • .0**HOY*DsyrX/HI + P.n*SY*(nHDXY/Hi - •HDYmnl4rX/m2)
flTAIIXX= R*(Fr~nTnXY-2.fl*F5*flYfX*!?) + 0.;F*tnD*1D * 0,I?')*

IFS*(HI*DHnYWX+oHDX*tl) + R*fNOYC•,Jl*(CtCS?*DTDX + DHDX*SIN2/Hl) +

?ONOX(IJ)*nIAUX/FN + TAki*(I)N.JYX/FN - (DNDXCIJ)/FN)**2)

W(T,J)= G*(IOSXDYX + DTAIIYY - nSYoXY - DTAti)X)/Df) - DDY*COSXDX +

IDTAIJY)/D02 + Drlx*(nSYDY * I)IAUX)/Dfl2)/F
300 CONINAUE

G0 10 0bn
WRTTF(6,3qo) ((FX(T,Jl,J=I,1A],I=I,MM)

390 FnRMAT(/tIOe,*fFfX/F*/,(Ifl0I,5))

391 FnR•AT(///,(9Gll.S))

WRITF(6,392) (rFY(TJ)JJ=I, l),1:,IIM)
3q2 FORMAT(//IOX,*nFnY/F*/,(IOfi13.9))

WRTTF(6,391) ((FY(T,J),Jz|l,N2)vlI,MM)

WRITF(6,3Ql) (W IJ) =! NP , IWM

36f CnNTTNUF
C

C PERFnRm ITFRATION FnR PST

no 310 T=I,TIAYAP
YFLAG=1

nO 3?0 I=rMMI
PSTNFwzUPPI(I,?)
TF (ABS(PSTNFW-PSI(I.e)).rT. (FPR*APS(PSINFW))) TFIt A=0
PST(T,?)=P5YNFW
PSI(T,N|)=PST(I.?)
PSTNFW"IIPPSI(I.3)
TF fARS(PcTKFW-PST(I,1)).CT. (FPS*AKS(PSTNFw))) TFLAGMO

PST(I, 3)PSTNWEW
PSI(j,N21=P•1(Iil)
nn Iso Jma,9
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PSTPNF~lzlPP5I1 (1 J)
TF f AP5(P5TNFw-P'!?1 T t)) C~T. fP.psvkf~sf PC lhw) y 1 tfA X^Yz
PST( I, J) -PS•I NE W

PST(1,t )CPST(ION)
12o rokli I N1'F

I" 1 (FLA( I-•t. 1AG r TOt ifin
Ito r(PJTTNT1F

WWTTF (6,310) ITT4AXPFPtI,(
Vi n Or 'A I( I//I1 ,A X*FIA IA I I -F np PSI F AI I- fn A Tf f ,T7 , A x, 7 TI lF RA (IS

I I TH A RF-wprr tww; ilF *F I not, 1AE, ?4Z, T4)

L. I I F (• h, 1-3 3 ) ( r,• (I * I 1, J I ,= I 1 0 1 , I ) ,
A 4 F~'h/1Y* fS vAPMA 7i f5 //*/ /¶A , 3('F I o"T.. •IFPAh.33tl(QF" (UII.') D2F1l,)'

t-jý In 39Q

wkOTIF(#h.iyL) YT,FPS

1~ 1 11TH A "AX TMAIN ý.PPflL 11 ,F i Vh)

3 f, F I WL4AT I r fIý f P ~r, FD VAt. I S elF PIS- A4 R / I 10 1 .;
i4 7 ( h I ( ,Jl J: I

I QQ



SUAWfIUITIN- ANCLF(ITMAX)

C sqI•nflUT7NF SOLVFS FnR TNETA RY REJAXATION INCLUL.ON;
C WAVF-CURRFN? INTERACTIUN

rfnMmnN /CnN/rP,PPIt., CP,FPS,nX,DYDX?2nY?,TSTGMAM,N
rCoTMMfN IJ( 70,?O ,V(70p20) ,Z(70P?0) •SI (70,20)CO(7P,20) #H(702?•),

?nrfl•y(Ttl,?0),PSI(?Oafl),FXt10eQ),PY(70e.?0),WC 7020)

S. PFPFnRM ITERATTON
C

N?=N42

•P4?M-2'

Dn ->AA IT=IT,TTMAY
TFLAG,=l
nf) P2o ]I-z,M?
I:M-TI

nV 210 J:2,N'd
CAJ-1 NFWANG(T,J.1FLAG)

• ~ ~ 1 r. {, I"lm.l Tt;AIF

TF ( TFt ACG JO(. I1) Ml' Tfl i2;n
?On C(tNI'TTKVE

WRTTF(6b?20) ITMAX
7?n F(IRMATC1OX,13HRELAXATInN FOP THFTA FAILEn AFTFP,Ih,3yD10HTTfRATION

ISMI S~WPT7F(6,.21)j ((Z(I,J),J~t, In), T=lM)

?21 FrRMAT(CnXoPl,?-ALST VALUES (M- THETA ARFI/.(i,.X))
-" ~~~wRTTE (h,22P) (ZIJItI•)•ItW

2?? FlR4MAT(///,(9F•3.5))
rAt L FxIT

?5n WR1TF(,.?51) ITPEPS
?51 FURPAT(IH1,//,IOX,15HSfILITI(IN FOR THfTA iRTATNFD AFTFRIb,3)X(,3HTT

IFRATInNS WITH A MAI'4UM PFI ATIVE Fp~np 0F,3X,,F10,51
WRTTF(6,2932) ((Z (I,j), Jzl, I G)#•T--'rm)

252 F(ORMAT(IOX,23HS[ILUTTfnNS FliP THFTA ARF//,(10Fl3.5))
WRTTF(6,293) ((ZlTJ),Jzl I,N?), T:l,%4)

253 F(IRMAI(///,(QFl3.5))

SWPITF THFTA IN nFrFRFýS

nOP40, Tz1cM
nrl 260 J=jN2
7(t,.)=Z(T,J)*RAn

?6n Cn,'T NIJF
WRTTF (6,?5) ITFP5
WPYT~T6,25P) C{i(IJ),J:I 1.N?)°1 •I=IM)
WPITF(6,251) (((• },= ,2 ~ M

n(j 270 I tH
rmO P70 Jz1,N?
? (T,.Y)'Z (I ,,_)/PAn

270 NIiNTYKNLIF

qFTIIPR
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'erd cod- from-copy.

P iwk T II' P. PF 1, JP IF Pq r ~ l'(iI I) T~(L F t. Aa G l i ~FI

7r

r c;111440111tPl~F- CIJMPIIIF-,' THE ItPtoATEO) AN(hLF IHFIA FnP• 1-4ý JJF1 AX411O

r TF(:w- T jl~f
r

ti; C q I , I j) , S( VII , ?n)) , 7 f / , n ( 70 , ) Po Ip. , ( 1 , Po (7f), ? )

f" JT.t 7 ' FICI•'F 1t,'-S

1(( 41 ,j)-4: ?',*(f-( 11,.l)F'! t-1 ,( .) al jp(/1,, u)p) ! (T,.(-)i)n x. l( f* C ( " I

1.1 ,,I)-7(T-!,,!))*(51 (1 1, Il-SY (!-I ,,)) * (/C(I,.I~'* -/(!',,1-?)fl* (it,

,( i - O* *( (, * ,j)ST T1 ,*J"+ T( [,.1 ) 7c , ?1 1) PT ,*-I p1 )F0 X, 1,* ( (f7r

-1+|,.1)- /( -I, ('I*, nf P -I ,P )- _f r+ .1)y 4 ( /1 0 J + ) -7, 1T J -1 "1* • A, v

Pr1- 1-C * l 1 + f ii j'-C -1,I'
r S T !'t "! M III FA ll.r TI-t:1VSt,4• , r•• i

IYl F T, 1 I J (+ r* t 1 'i' n (-l 1 ./f- +lYy1

'tvCT J I Al (1+1,JI'i-V(T-l J + * J

".'-'' (01 1- *.j)r(O. 1+1 'Jl) +-v (Z( I- vI 1)-(,/JIfY)f

Sr j•)2 4i T-

" ",- "i f , It If~ T S.%'1*",',x('T,11 t .r~/Ix* •Vl !Yrlt•11i A *'~r r".-. PXT , F-1n wy f .1)= j + y I(t,1I l T r*7+

C-
r" V FhTI. PU xt JII r%41?

f j, F ill C7 ! -,P.I),U''lIlI • Tri( ] ,.r1,V( !,,J), , ^ P

A , j) = -0 ( i . i r, , I + v . b l*A*(1. P) P

f I y f ,l j ALT II,)

iF (rU *el. 0o,0) s*€ r• iJ';U

, , kT!F P ,, J + IS I N 1 , I .1 ) V( I A r I

A~' r! r~1!~iI 1%, ti~~. I1

-C I 'All F !T

Sp•~r- )-"r!SIslSl,•tkF if-1 /f ~I 1/:'i

r- , it -, F I'r

7* F•-.~(rilSlt i.,•v( ,.I) - •IT C'.,.r~',•., ,J1 , 7(7, !.. T- ).l4F l - /(1,.1, T)s

t r 4 1 , ;1r 'f '-

Io i T , 61 C D -( jI T 1.

CJ I T ,,l)"ST',, /(l1, )))

r' I-- .0

7 1F I 1-II 7 j I )
r- IAj I I P I )t I ,C' ' P )

1 0 'P 1 f ( .

rj .1 II z l (S I _ iS

!S 1 1,; .1,



-400 TF (J *Nk, 3) GOJ Tn 4Io0

r~f Tfl Ljqq
U- 0l TF (J ,NF. N GO T71 40?

S~7('T, )=Z(I,N}
S{'lrn (T, I )=Cfl(I ,N)

r r, in aiqc

SF (J *NF. NI) Gn 1_ •i q
7(T,?):ICT,J)
CP ?Cfl(lflCnIJ
ST(T,7}:8I (I*J}

0.190 OF'TURN

vv
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S.ja rl RT I~II t ,CW-:jm~- 1.4 ,.VI UI'4IF Toa~/ 7, P, II~,~

r' roPpr ýIT I T PArrT Til,'
r

rPSK =flt* 00
Pl,- =PT?/ T* ý(:Pl [G* } I)

F?=t .(. -.1r i = P ( t i )~~

T I T A 1',4 ( L G
F1,= r~ipi*r I -l

c. C*(A ýfr, * -s ? + TT) + ,-T (I.FiST + V AS1T)At

A=l Pru , l/ / I ~ q • f-^~ l F¢'. it /- T /,• i'wr ,, • , ,, F# f
T~ fA PS P9',if 1, -P r K F AJ fl P ,KA'Z lj' T' I I)

ri~dl Fill"

1A v P
A I0 r ,n ,

( Q?, 0 - ) itCflSI ? (
IF 1 , r ., ) C1 T T, 1?0
;,.I- T 1f (',•, I ,fl) P',•Cif lS lTS 'Tl l,V/,"al,"

1 i' Fr • .A f1nAY,*K I; NFrr;AiTvrF -f-l'1,PiT 1•Orf •S',9 t,%,i V,•) ht

I I ix, 7Gi A. S I

r AIL t )( 'T
I dn PI Tlj•i,

F7
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sU1jnuriTTNE GROUP(I, J, DCG(flxCDY ,FV)

C StIRROIITINF rOMPLtTFS THE GpnfP VFLOCITY PARAMETFRS CG,

C nrG~oX DCCDY TNrLODTNf' WAVE-CIlRQENl TNTFRACTInN

Cf)M~rPMON LU(T7flP),eV (7Oa) Z (70,?O),tSI (70o ?) ,Cfl(70,?O) ,H(70,?O),t

?2flY(70,20)PST(70?20*,FX(70g2fl),FY(70,20).W(7O,?O)
CPiMMnN /C(IN/ GPPTP1P2,RAflFPSnXpFYrnX•snYy2T.S IMA MN

C STATEMENT FUNCTTnNS
lUn XTJ) C=(1f+I,J,-fl(T-1,J),)/X2

SnVnYrT,J1=(VeT+I,J),V(T-Ij))/DXfS•nvny(T#j)=(v(IJ+I)-V(T,J-1))/nY2
SDnTnx(I#J)= (Ztl+i,,l) - Z(T-IJl)II)y2

flTDYCT,J)z (Z(TJ+I)-Z(T#J-1))/DYP

C NfTF IF CnRF IS SIJFýIIFNT DVDX, DVDYeDfiYfl ANf) nJf)Y CAN HF
r APRYORT CALCULAIEri ANn ARRAY STnRFO

F('T,.J)=U(TJ)*rfKvT # VfT,J)*SINT + 0.'*A*(t,O + ARGISTNH2)/HK
-)K)•K•y(TJ)= RK*((Ii( I,J)*STNT-V(T,J)*CPST)*DTDX(I,,j) -

S(Ctl1T'DU[)(TtJ) 4 STNI*I)VyflI,J)) - A*oDDWCIJ-II)/STNH2)/FE
flkflY(lJ)z kK*((,I(IJ)*STNT - V(l,J)*tflST)*flTnY(TJ) -
I (COST*DllDYCT,J) + SINT*fVDY(IJ)) - A*DnDY(YJ-I)ISINH?)/FE

C ENr) nF STATFMENT FIINCTIflNS

C

JJZJ'1
DFP=D(T,JJ)
rf ST=Cn(TI,.)
SINT:ST(I,.I)
CAI L WVNIIM(DFPCTISTSINTL(IfJ),V(TCJ),RXA)

C NEYT (lPERATITNS CnMPUTE' THE WAVF RRFAKING HEIGHT
STA=TANH(RK*DFP)
NHHPFAK(ITJ)=O ,1*PT21TA/PK

C
COsHIm CSH(RK*DEP)
SErHsOu l.n/(CnSHI**2)
ARG:=?.O*RK*FEP
STNS'NH( ARG?)
fn lSN? CO SH( ARt.?)
SINHSQ=SIN.4?**?

FF=f(TsJ)
C=99RT(G*TA/RK)
FFM P.S*(1,0 + ARG?/SINH?)
CG(T,J)= FF*C
P= C*(SINH? - ARG?*rflSH2)/RINH'qI3
nKflO= RKX*DnX(IJJ) + nFP*fKDWpT,J)
vwnnYz RWK*nnnY(T,JJ) + DFP*DKPY(TJ)
rQ: 0,.5*G/(C*RK**?)

r)CflXz Q*(RK*SErlASQ*UKnnX - TA*I'KOX(IJ))
nCDYa Q*(RM*8FCHS$Q*0XonY - TA*nKDY(I,J))
flCGDX= P*DWLýVX * FF*nCfX
nrGnyz P*rwnnY + FF*nCnY
GO In 10l1
WRITF(6,10•0•) T,.T,,I9Auc,frnYncnYDKDnXDKDfY

I000 FOlRMATC OX,!VP,7c1.5)
1001 CnNTTNIE

RFTURN
Nfl
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SUP•OUTINL rFPTHt(IJ)
C
SS•UPf)UTINF COtPLUTFS UIF W&TFR DEPlk AND IT,% SPACrIA DERTVIIIVFS
C

Sn~~~~~~=?fn.tl ~].p / ,

,A:-- 0 *= 0
&I PlIAZI 0, 6
4l.PHA:AI ;4:/RAr)

V--•¥*F!llA1 (141[-1 )

T lP•=!A. AI P PHA)

&&-(;=( Y-X*TAI.PHA )APT/FLAM ,A

=fr; -v*•"HTPJ)1f,
F = i ~•' ( 0 A 'A*f )

r=rf-r•( A•")
tn(T , 1 1,4*yM h|*) f A*uFo A)

•l''•.( T;.) -,rf . A* 51*1

" c'(•' . - .I A , - ,t0)r Y (t .T ) , L P T^A 4 . A ,,4 *-" . ld t IS,0 t .0 * / 1 .1; . • 0)

1,16



SUHROUTTNF NF0MT(1,J#1FLAGl
C

C Sti89I11JTTNF COMPUTFS THF UPDATFfn NAVF HEYrGHT AND CHECKS FOR
c flQEAKTNG

CACflN tI(70,20)POTC7O.Žn)es(70,2O)sSI(bo70,2Ol),wr7np#?O)lHl 20),

CO'M. K /C1N/ GapT.PT,pTPIAr#FPSP•SfXt)yrflX,Dy2,1TS],MAP.'NS~C
C I I1P1'TF NFW WAVE HFICIHTS~C

IR(TTJ)cl
Nt=N~l

_CCI• V(T(J) + CG(lIJ)*ST(IT,J)/nY

HNFW=(CCI*H(TJ-I) - CC?.l]H(1,,J))/(rc1 - CC? SCTJ)/?*o)
TF (HNFk% .[. HMIRFAK(,J)) rfl TO RO0
HNFW- HBREAK(IJl

tR(IJ):0
ASO r(INTTNIIF

TF (ARS(HNFW-H(1#J)) .GT. (EPS*ARS04NFWM))) ILAG=O
H(TJ):MNEW
TF WJ NF. ?) GO TO) ROO
H(T,Nj ):H(I,J)• ~TR(I,Nt )zI•(TJ)

GO Tl nF99
800 TF ( .NF. 3) nn TO 801

H(TpN?)ZH(1,J)+''!T~t T,N?):TR(IJ)

GO TO 1499
fkOt TF (J *NE. N) GO if) go?

H(T,1 )2H(T,#J
-,• TMfTrJ)=Tf(IJ)

_,r) Tyn 899

802 IF (J .NE. NI) rn TU Rq9

H(T#?)-H(7,J)
TH 'T, 2) 7 tl, I •, J)

R9Q RFTuJRN

ENDl
vv
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"SUSRni•!ir SNt.LfTtE T A f,•t h)

r SlIRPfOLJTINF r.0001!TFS T4F SNEI LtS LAw '%AVF HwtltHYP ?lFPTH AND

C flPTHA(,flNAt. ANULAR fMl14rfllN lui|Si)f nf THE PFRItIDIC RFACH
C

r0#A',rN/'."nN/ r+,P,,PT?,ArFPSDY,IY,UXP,I)Y2, TSTG?'AP,4,NMm
rolMWIN u ( 70, ?O +V(7nt, PA) ,7 ('7n,, ?0) , On , ?A) f 1 7 nPn) ,H (7 0 ?0)

nn • '+III|0't•(I' •[ }F R F I io • I zm. I N, %AM|q , i •+?" ,D X 'P ,2

r'4%=M ~ ~ * nk fI j
!~'.I t',+ flX*l- r+•,l (I-t I
r Pi I_ IVNI|i•fl)b, O+fl fD.l(Ot~oOfl•,( Q9~,A)

&A=RK*flfl
Al=S T iSTN( I ET Arl)* TA I( AA))

Si;r:=Pl - All'(,

SP~~~VF+ =:.* PT {'CrIS( THE TAM P7)1•15, t AIN, )

W•V$,i=HH*S$1-l #, ihPFF

SS SI N f A k r

n 6AO J=Ik?

wr T J? ) =4 ' I

S T f I #! J S S
rl ý " T 0'.1): =C-

non x [ , = !A

rno)y r I . J =n .
h .I I t'1NT I N I IF

F N P.
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S11ARfnUTINF PS11NT(PS14AX)

Sr SISRRUITTNF TNTTTALIZE.S PSI
S~c

r nMIAOIN/Cn"/NI r-,PI PT2IP~r),FPSDXphY,,)w,)Y.P,,ISTG$MAMNPM
r(-MMnN tI(7fl,0),V(7o,2o),zcTnPO),sIT7n,?o),fnr70,•ONH(7o,?))

?flr)flY(7O,2?01 PST(70,2fl),IY(7O,20) ,FY(7n,?0),W(70,?O)

-Ft=MM-1

FM=FLnAT(TPHI|)
1W, 4hSO j1.oNp
PST(1,J)=O O

PST (PMMJ)=O.A0
6S COl •fNTTN1A :

1Wl bhfl 7=2,MMt

PS •=PSIMAX*SJN(PI*FLL'flA(T.")/FM)
noftb 31o =,N?
PSI(TJ)ZPSIT

660 C(M41I 411F

'FNi
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Stli4RntITrNF HETGHT(TTMAY)
C StURRI•fl14F C004PIITFS 764E VWAVF HFTfGH1 RY PFLAWATTflN INC-t.uING
c FFFFCIS (IF WAVE-CiMRPENT INTFRAC!V|fl•

SMt M.|~

SCflmPUTF VALIIF, f1F 5S(1,Il

nn rno J-",•i1
crAr rPr'l(•(T ,J,E)CGI'-tD)r;nyFF)

rCr?= rfl(T..J1**A

sirxyY f?.n*FF- o.s)*rrp + rrf -~ )s;

"" AIIXY=V FV(.1 ( , - l T. /)
'qT,) T,J) ,J*9( 1i.ln Cf(1Y,J)*PI0Y) -(rtH)DX + I)VVY)-

I. ST(T,?r*i=rrr"Y) -1S.r-YX--,Id)v TAfIIYV*PUPr f

?TA1')Y*;1VDX 4 %TrYYkr)Vt)Y)
r c f n s' (fll-

(,qL; fl(;'IT INflf-

',o(o rnNTPAi'JF

r -P•F rR 'o Il- WAi ,N f Ilk TM4 . kv Ivl Ilf-H T F ill
r

T 4 - T
I'll 1%90 IT=1.'rJMAW

In COPT I II

TFl ri H(IJTFLAr,.70 C1I) n

Tn rTFL*C. *qO I) n n 7f

94 '54 fTtl T (H. Iv HnEI - ..)T T ,nFAI Fr% TI' C(T-nvF.(.F/,

1 t_ OwCIOYY wn, .n*F -~0 0. %HA•; IFTF Pr-, w n. T 7 PA Tn';

S~al Fiim AI ( I Ox ?nl -AR~T VAI'1ilS FIF~ H A[., /v (1 nc1 j.L'1)

rAi , FTT

F - 1 -T T (In I'• Aq• w A.••i T I (I P FrM,; m 4 v f 1- 71; rS f.•x I N lq \0 I-t W, r. F C, f).P

I'' Flt- A FTI FR, T Ii T, F. -1 ATIr I P1
r i, FI-RNT NI I TF

nF TItn T ,

- -0"

-- r,, •0 1=?,h



RlAROUTTNF SPt-FO

c ,qlPlR(I-TT4F C.UP•PTFS T"C- U AND V rtf-MPflvFhT5• fF ?hf tCtltl ATIrlN
r VFLflCTTTFS IN THF PS! F7Fl-D

Cfl#AMfN/CfN/ G,P1 ,PT2,•',A,,FPS,flY,)lY, flY2,DY?, T, STCMAMNM-
MM¶ =MM--|

d N+ I

flu 71;0 Jz2,N1
ii(1 ,J3) O *

VfTFTj) 0.0
tt(Mm, JY)=0o
V (MM, J)=-,P!T I W, I #J)/ (!)y(*P (MIA I,T-. I) )

Ut(T.J)= -(PST(TolJl) - PSI(TIJ-.1))/(rl(I,J-I)*f)Y2)
V(T,J)z (P51(I+IJ) - Pi(TI-,,l)),(O(I,J-1)*flx2)

750 rflNTy1NIE
fii - I161 , MM

II (T, N21= " IfT,3)

V(T1. )- V(TN)
V(TN?_)=V(I";)

7lin CnlNTTNIJE
WPTTF(6,75?) (MU(I,J),J=.t I .0), T=,MM)

7'51 FIIR m A T (l// 10 X I VE 1. 0 C ITTr-S #,( 10 F I A 5
WRTTF (6,79?) (( J ,I1 N ]•I I•PM

SP Fi)RMA1 (///, (9F 13.5))
wP!IF(h,7'i3) (( V(J,Jt• , •i0),T- lMM)

753 F-I RMAI (//10X,*V VFIl 7ITTFS*I ( F I I .S)I
WPTTF(6,75?) ((VC1,J),J=l 1,N?),1=1,MM)
R F T U R N
FNr')

FUNrTT ION TNIH(A)
F-FXP(A)
SJNH-" (E - 1,0/-)/2.0

QFTIIPN

F~r'

FUNrTION CI1SHN(A
F=FYP(a.)
PrFnH (F TUo0/PN/.,
PF TURN

PNn
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- , PROGRAM MAIN(INPttTPI)UTPUTTAPF5SZNPU7,TAPF63c)=iTPtJ.,
S~C

-C PRf)GRAOi CoMPUTE, N(Y) FROm THF nIlFFFRFNTIAL FOfJAl"fJN
C FPR EN4EP;Y FOR A WAVE SYSTfM PRHPAGATTNG WITH A CURRFNT
C MY RIINGA-KUTTA

DIMENSION Y(I)#YP(t)
COMMr]N CFL

I F(l.RmAT(1A0,?Ft 0,)
-WWTTE(AflO) NDWKTX)

10 FOfMA C(ilX,*NDX,Tnx*/,11.,pftn.2)
C,=q.RO621

PT= 3.14159?Ati36
PT?- PT*P.O

c.T ITIALTUF Y ANn YP

Y(I c 0.777S

TNnX= 0
rALL PIIMrS(XDX, I ,eYYp, IN)X)
WRITFT(6?O) XYI().YP(1)

?0 FflRMAT(1OY,*XE*,F5. .
nlOn Ion I=I,NflX
CALL RH!NGSfXoDXt | DYYP, INDX)
WRTTF(ho.?) WsY(1)*YP(I)

21 Ff)PMAT( IXFS1, e7KG1 Sb,5 •IOXG15.5)
1o00 CnNTyrN!|t 4

:; ST OP
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_~~ I .1ALWOUrI Ifl~• PONGS N~~e, Y, YPW1t. I 'Nnf- V)
S.... r•T~~f~M$.NSTflN Y(I1 ), vPl•T-MF'(t ),!( ,l .w II ,w 1 fr ),.•• I}•z i ' )~r

- P lvrk. -r "IT TA 51If~ lT T, i. VF sF1 7tIF F IQ ST iapr~ f".D* FQRTPAI O
r DT-E'• T(• 1 MIST A F 51:T F F HAC PROGfRAM
r y TNI)EPFk.'PFNT V[IAi4l f-

c 4 W NrPF,*F11T nPI I& 1X, 04AY 1RF r.If'1?t.VALH

c Y nF P NfýrFtT VAPI A til F ;41 irK llfl f T flF'.9 r1NAL A17PAY
YPP M P lF P IVA I V F I.M m1f 11. r~??'fN~ll,&Ii 41P

r T,J" Pkf4'•r A".•F' MIiST SiIPPI Y Tt.1VI AL VAL11' ; f+F Y(t) Tit Y ( )
r TI•r.' v le A VAWT A6W. ýRqr- SI"'LD ! A SPFT 7f, 7F•i hFf-mer FlAtw,
r" 71, TYT ijA FITPY Ti Tt'•F Sfi|'01r1 tIfTfl F, I. E., TI', Sii vF t nj IFft; ýJlT
r 'rI frT F(n .'ATT..S lip Tli STt.PT %tTH iFw 1-TIT AI (r` TTTru t1S.

c THF Pwnrf t vwI le MHST -1' Tr & SIS4PflIIT TKIF r L fl n rfl F~PT if ol1jrv (fnm-
r PI1TF-S T!r nfIPvATjVt51 AN.n STfll-5 Ttif-m
r• THF A I-rj;IIMF• I 'ST .15 SIIwFfITrTNF PCRTVF (XdlJoYevP•Ti ,F)

WI1 I)=t.YPWTI" (1)
1 i( T)=y(T )t(O.1 (T)*, )

rA~l frF T ýFt A,4, 7, YPR I P '

Chl I fiFR TVF IA , F',/,Y OF I~

iwA(T =)±H*YPRF (1)

A + X

-rrl 7 l=j ,P,
LNL ( T ) =H* YPI "tI IF(t
Y I T ) =Y ( )÷+ ((2.*Tw T •,j3 ( 7 .41 T)+i./] C I •.

r~j I F T F t•~ k ypRI-4r)

nrf TP hs

rr r'i1 )i

Vv 0
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SH~IL8UITNt DFPVFCXOOJ,yOyp)

C StIFRntlT'NF rnImPIITFS ")FP!VTTYVFS DYDY WHFHE YMFCT(Y)

nlTMF'4STf1N Y(l),YP(f)

-IM -Q.n * fl.?PX

.An= SOOT(1.0 - i.o0*tt/CFL)
+ ['--= CFL,(0.9; + nl.g;,* AP1)

rr,= n.5*r
cnrxz -nr-!y/RA/D

fr rnw 0. 5O,*[)CDX
YPt i I= y t *('-.I5*nu1r1)x + n~rrnx,•I/ ? O, I-C

I•U 1jRN

FNO

vv
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