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ABSTRACT

Numerical models for nearshore circulation patterns in the surf zone
have been developed and applied to an observed condition subjected to
a sea breeze environment. Bottom topography and input waves were
derived from observed data to predict surf zone circulation as a
function of time of day. It was found that many features observed in
the surf zone were modeled but wave-current interactions are known

to be important.

Wave-current interactions were modeled for shallow water assuming

a two-dimensional motion which included rip current and longshore
current components. The refraction effects caused by even small
currents produce major changes in the wave induced driving forces
in the surf zone which leads to the prediction of entirely different
rip-current patterns when wave-current interactions are considered.
Numerical results are presented and a discussior uf the numerical

techniques is included.

A review of water wave theorics ¢ include mass transport, vorticity
and current was made for a vertical section in shaliow water of

constant depth.
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1. INTROCDUCTION AND SUMMARY .

- 1.1 INTRODUCTION

. In the nearshore area waves arriving from offshcre continuously

bring in momentum, energy and mass. Since the shoreline provides

a fixed boundary the momentum and energy fluxes are dissipated in
the surf zone. Most of the energy is converted to turbulence in the
breaker zone but enough is left to supply a nearshore current
system and move locse bed material. The momentum brought in by
N the waves will drive the nearshore current system and cause a local

set-up or set-down of the mean water level.

A Over the past four and one half years a series of analytic developments
“ have been attempted to model some of the more pertinent character-
istics of the surf zone. The work is conveniently divided into two
: broad groups: statistical and deterministic. In the statistical
e approach (Collins, 1971 and Collins and Wier, 1969) a relatively
simple beach topography was assumed and the effects on wave
height statistics computed together with longshore currents and
wave set-up. More recently, (Noda, 1972, 1973) a deterministic
approach employing monochromatic waves and much more cor plex

beach topographies has been explored.

4 number of sub-tasks have been investigated during the past year.
The three specific sub-tasks receiving intensive investigation
include:
a) the application of wave-induced circulation computations
on beaches having rythmic topography.
b) the development of a numerical model for wave
induced circulation which includes wave-current
interaction.

c) the analytical investigation of wave, current, and

vorticity interaction.
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The following sections of this report present details of the work
performed. The subsections below pre 32nt a brief review of some
earlier work and a summary of the work completed during the

past year.
1.2 REVIEW OF EARLIER WORK

In a recent study by Noda (1972, 1973) the solution to wave-induced
nearshore circulation due to the incoming wave-botiom topography
interaction vvas studied. Results for both normal and oblique wave
incidence were presented and while the results generally agreed
with recent field data from Sonu (1972), Figures 1.1, 1.2 and 1, 3,
the num.erically derived circulation velocities tended to be larger

than measured in the field, Figures 1.4, 1.5 and 1.6.

Several possible reasons for the apparent discrepancies can be

postulated including;

a) neglect of wave-current interaction
) bottom fiction approximation
c) chuice of wave breaking criteria
d) assumption of monochromatic waves which conse-

quently all break at the same location
e) over -estimates of the incoming wave height or
errors ir direction

) approximawv:ons made in the analytical developments.

Of the possible reasons for dif'.r~ucus the assumptions made to

comply with (c), (d) and fe} srcduce simiiar effects in that the
nearshore circulation pat.ern is strongiy influenced by the wave
breaker location. The dominant driving forces are produced by the
radiation stresses induced by breaking waves. Also, because of

this i* must be realized thut ¢en relatively weak currents change

the breaker location and ~taracteristics hence, the importance of wave-
current interaction iy 1 «. ajor one. Therefore reason (a) is of prime

importance,

I
i .‘:.mﬂ
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3. LUONGSHORE SURF ZONE PROFILE

Figure 1.1 Dependence of Curreat Patterns on Wave Incidence
Angles and Surf Zone Topography [From Sonu, 1972)
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It is believed that bottom friction effects are important and hence
are never ignored in these investigations, However, approximations
are necessary in order to yield a tractible numerical model. I is
apparent that considerable room for improvement exists in the
approximations generally made.

The numerical techniques employed were found to influence the
predicted currents and a certain effort was needed to refine the
earlier more crude methods. New approximations include the choice
of more realistic beach topographic model and the procedures o

solve the governing differential equaticns.

The following subsection (1. 3) of this report presents a brief
summary of the technical work which has been oriented towards
improvements and refinements in the nearshore circulation models,
More complete details are presented in Sections 2 and 3.

1.3 SUMMARY

1. 3.1 Wave Induced Circulation Over a Rhythmic Topography

The data obtained bythe Coastal Studies Institute (SALIS by Sonu

et. al., 1973) has been investigated and attempts have been made

to model the wave induced circulat ion using the procedures developed
by Noda (1972) in an earlier phase of the work.

The steps required are:
a) topographic model

b) wave height-wave direction field
c) solution of the momentum equations
4) comparison with observed data

The field data was used to provide {2} and the offshore wave conditions.
The topographic model was developed by choosing empirical functions
and constants to closely simulate the observed topography. Fig. 1.7
pPresenis a2 sample of the topegraphic simulation as used. More
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details will be included in Section 2,

The wave height-direction field has been computed using the ray

equations (see Noda, 1972) but some variations on the numerical

techniques were found which yielded significant improvements in

accuracy and speed of computation. The revised technique is

based on a relaxation procedure rather than the previous method of

marching along rays. Wave heights and directicns are compvuted

directly at the required grid points and yield considerable savings in
computing time otherwise spent on interpolation subroutines. The techniques
are fully detailed in Section 3.

The solution of the momentum equat'ions for the wave induced circu-
lation follows the proccdures cutlined in Technical Report No. 3
(Noda, 1972).

One apparent difference between the numerical results and typical
observed data is that the numerical predictions show a too strong
concentrating effect of the circulation near the transverse bar

(or shoal) and a number of localized eddies in the nearshore area.
Possible reasons for such effects have been indicated in Section 1.2
and these are alsu discussed in Section 2. 4. However, in spite of
some obvious shortcomings it is apparent that the approach and
results outlined in Section 2 have yielded a reasonable modeling
capability for many features of the nearshore circulation over a
rhythmiz topography.

1.3.2 Wave and Current Interaction Over a Rhythmic Topography

It is apparent {rom even a casual glance at a beach that incoming
waves interact strongly with the local currents which are themselves
induced by the waves. Section 3 presents a detailed analysis of

this problem. The interaction produces two dominant effects;

11
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the currents change the wave refraction and also change the breaker

locations.,

These wave-induced nearshore circulation patterns were derived
assuming no wave-current interaction. Thus interest was developed
to determine if the effects of wave-current intc~action produced
significant changes in the nearshore circulation »atterns as observed
in prototype. Section 3 deals with the theoretical development and
numerical computations of this processg as affecting the circulation

within the nearshore zone.

The initial computational steps followed those given in Section 1.3.1,
i. e. topography-wave height and direction field-golution of the
momentum equations. Then the resulting circulation welocities
were considered as an existing mean current system, and waves were
again propagated into this system and a new wave height, direction
and nearshore circulation pattern obtained. It was hoped that con-
tinual interaction would finally yield an Yequilibrium' solution in-
cluding wave-current icteraction, However, attempts to directly
impose this derived mean current syatem in an interaction process
with the incoming waves lead to failures of tha technique because the
mean current system derived for no wave-current interaction was
too large. Hence, conditions arise where the local waves were no

longer able to propagate into some areas,

An attempt was 1nade to take only a percentage of the initially
derived current system and then inc!vde interaction with the waves. This wasj:;:
partly successful and indicated that considerations of wave-current i
interaction were extremely important. Some major changes in the

computed nearshore circulation system were produced. Section

et B s rb e b

3. 3.3 presents some of the results,
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It has been demonstrated that wave-current interactions are of major
importance in deterinining the nearshore circulation but a complete
solution was not possible because of the occurrance of regions in the
nearshore zone where waves could no longer propogate when oppo sed
by a current. Two major conclusion are deduced,

a) the current-wave interaction theory needs further
development to include the special case of ''no wave
propagation' in some regions;

b) the nearshore circulation system is bagically a
non-steady pulsating system in that the breaking
waves initially produce a circulation system which
shuts off the waves in some regions and decays
until the waves are re-established and reproduce the

initial circulation.

There seems to be a considerable amount of qualitative field data

to support the second hypothesis (see, for instance, Sonu, 1972).

1.3.3 Wave-Current Interaction with Vorticity (Two-Dimensional)

As waves approach a shoreline they transport energy, momentum
and mass from deep water towards the shore, Many aspects of
the momentum balance have been evaluated in Sections 2 and 3 and
summarized above. Mass transport by waves is closely related to
the vorticity present in the water column. Section 4 of this report
presents a detailed review of wave motion, currents, mass transport
and vorticity and their interaction in two-dimensions. The early
work of Dubreil-Jacotin (1934) and others is reviewed. It is shown
that there are an infinite number of solutions for periodic waves in
a perfect inviscid fluid associated with the presence of a more or
less arbitrary vorticity distribution. A current having a veloéity
profile which varies over a vertical has an associated vorticity
distribution and hence the form of periodic waves present do not

13




necessarily follow the classical Stokes solution,

In Section 4 of this report the equations required to solve at least up

to the first order the problem of small amplitude wave propagation in
the rLresence of an arbitrary current for an arbitrary wave spectrum
have been presented, and a review of the special solutions previously
obtained for a single wave length has been made. The problem in

general requires lengthy numerical computations.

However, for a current whose velocity distribution can be approx-
imated by a linear depth dependence, it has been shown that, at
most, a sincle numerical quadrature was required to obtain the
average velocity components. This method may then be used to
estimate the forces due to wave action in the presence of a current,
An experimental knowledge of the current velocity at but a few depths
(two minimum) will define the parameters nccessary to completely
solve this problem,




2. CIRCULATIONS UNDER THE SEA BREEZE CONDITION
2.1 INTRODUCTION

When the nearshore wave field is strongly influenced by a sea breeze,
local wind waves undergo diurnal changes in height, period, and
incidence angles. In the northern hemisphere, the wave direction
rotates clockwise, while heights and periods both grow steadily
toward late afternoon. Usually, a background swell is superimposed

on these wind waves.

Nearshore circulations, which are sensitive to breakers and their
incidence angles, will undergo rapid changes accordingly. Diurnal
changes in nearshore and surf zone topography under this condition
are probably more gentle. This situation is known to develop at a

number of tropical and subtropical regions of the world.

In this chapter, a series of computations are performed to simulate
successive stages of nearshore circulation under the influence of a
day-time sea breeze condition. Some of the basic considerations

included in the present computation are surnmarized as follows:

1) In reality, the change in the circulation velocity field occurs
as a continuous process. However, a finite-difference solution of
time-dependent equations involves technical difficulties as well as a
considerable amount of computer time. Instead, the computation is
performed for four discre:e stages of circulation development (at

three hourly intervals) using steady-state equations.

2} Quadratic inertia terms imj:ose difficult, if not insurmount-
able, restrictions to the computation. Consequently, the equations

of motion are linearized by neglecting the inertia terms.

3) Velqcity variations over a vertical are neglected.

it Wl we o




4) The foriaulation of the bottom friction term in the momen-
tum equations was derived following the assumption that circulation
velocity components are small as cornpared to wave orbital velocity,
as in the previous report (Noda, 1972; Thornton, 1969).

5) The effect of interactions between wave and circulation,
as discussed in detail in Section 3, is not included in the computa-

tions presented in this section.

6) When wind waves and swell coexist as separate wave trains,
there will be an interaction not only between them but also between
the currents they drive simultaneously. This situation is extremely
comiplex and involves a number of mechanisms wnich are not well
understood. As an alternative, the case of coexisting wind wave and
swell is treated by vector addition of the velocity fields associated

with each of the wave trains.

2.2 GOVERNING EQUATIONS

The method of computation is to solve by a finite difference approxi-

mation a set of steady-state linear equations of motion and a continu- i
ity equation. Basic mathematics of this method have been discussed

in detail in the previous report (Noda, 1972). However, for the

benefit of the reader, these will be briefly summarized:

Equations of mction (vertically integrated) are:

an _ . .
B ax Mx Fx 2.1
M. M -F 2.2

g 3y 4 y




and a continuity equation is:
u(ﬁ+d)J+b— [v(n+d)] = 0. 2,3
¥y '

where x and vy are taken normal and parallel to the coast, res-
pectively.

M, and My denote radiation stress terms (Longuet-Higgins,
1964), given by

-1/ T
M o= .1 (__x_x_ + _x_z) 2.4
x p(n+d) ax 3y
1 a0 aT .
M = - - Yy + yx 2.5
y p(n+ad) 3y 3%
where, in shallow water,
_ 1 2 [ 2 2 ]
O = T?)_DgH 3cos 0+ sin" B 2.6
o1 2 [ .2 2.0
oyy-—l—g-pgﬂ 3s8in 6 + ccs 9_; 2.7
!
and :
_ 1 2 .2
‘rxy-'ryx— 16 pgH sin" 0 2.8
The friction terms are simplified as:
_ 2¢Hu - f
Fe * fFA)T sinhkd ~ T4 2.9
F ZeHy =F.dv 2. 10

y  (m+d)T sinh kd

where ¢ is friction coefficient {0.01 in our computation); d is the
water depth, and mn is a set-up or set-down relative to the mean sea

level.
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Defining a stream function given by

%=-ud,%?;=+vd 2.11
and assunung
n+da=d 2.12

Equations 2. 1-2. 3 reduce to a single equation:
3F 33

3%y , 3Ty , 3y 3 , dx 3 _
yz F 3y F ax

. . 3 .}
{2 G B ] 20 B ) ],

The boundary conditions are:

%};—=0 at x =0 and = , 2.14
and
ty.z2) = ¢ (y+ ), x) 2. 156

The latter condition implies that the circulation field is periodic
along the shore at a spacing equal to the wavelength ) of the
bo'tom topography.

The computation solves Eq. 2.13 using a relaxation (or Gauss-
Seidell) method, as already discussed in the> previous report. The

y values at the inshore and offshore boundaries can be chosen
arbitrarily. I. this case, ¥ 1is chosento be zeroat x=0and ®.

The iterative procedure was continued until a condition

18
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was achieved between successive interation cycles *j and *j +1°

1
1
o tsanrrbzed, LMMJHLNM

The radiation stress field to be entered into Equation 2.13 is provid-

ed from a wave ray equation which combines effects of shoaling

s srbass o e

and refraction

2
-D—%- +p(S)-g5- +q(s)p=0 2.15
Ds 8

where
. 1 aC o[l ac
p(s) = -cos e[c _iLx'] - 8in @ o -———ay]
2.16
2 2 2
.2 .11 C . 1 C 2 1 C
q(s) = sin F}[E 3 > ]-Zsme cos B[T %‘3'}7]4'008 e[fg—z:;
X ay
where

s is the arc length along the ray

B is the wave intensity, and C is the celerity.

Previously, the ray equation was solved by a fourth order Runge-
Kutta scheme. In the present report, this equation is sclved by a
relaxation technique, as described in deatail in Section 3. This
method computes incident w..ve heights and angles directly on the
grid, whereas the previous method traced wave rays individually,
which required additional visual inspection of wave ray density and
interpolation steps to transfer the ray data onto the grid. The new
method thus allows the entire wave field computation to be carried
out in a single run of computer processing, resulting in a substan-

tial improvement with respect to both speed and accuracy.

19

e e D T ) A T e e e T 2 A i A R AT L b e



IRt

b
§
&

2.3 BOTTOM TOPOGRAPHY

The input information for bottom topography and wave characteristics
is derived from the observations carried out by the Coastal Studies
Institute on Santa Rosa Island, Florida, in 1972 (SALIS Project, see
Sonu et al., 1973). The CSI data are especially pertinent ic our study
because they contained detailed characteristics of the surf zone topo-
graphy to which the necarshore circulation is known to be sensitive
(Soma, 1972, 1973). The CSI data aleso contained general information
cf circulation pattern and current velocities as revealed from re-

peited dye experiments,

Importance of bottom topography, particularly that of undulations in
the surf zone bottom, to nearshore circulation has been pointed out
by a number of field observers, among them Evans (1939}, McKenazie B
(1958), Shadrin (1961), Davis and Fox (1971, 1972), and Sonu (1972,
1973), Surf zone topographies as »eported by these investigators i
are summarized in Figure 2. 1. Evans reported a meandering current *
consisting of an inflow across the bar and an outflow originating from :
the shoreline embayment, McKenzie reported an inflow across the
bank (shoal) and an outflow along a conspicuous rip channel (or de-
pression) between banks. It should be noted that although a schematic
presented by McKenzie depicts the shoreline with a straight line, his
photographs indicated a periodically curved shoreline. According to
Shadrin, an outflow generally iaitiated in the embayment, but its
orientation depended upon not only wave direction but also wave -
height. Davis and Fox reported meandering currents under wind
wave conditions, These rhythmic topographies had wavelengths rang-

ing between 70 and 200 meters,

Figure 2.2 shows the surf zone topography at the eite of the CSI pro-
ject. Note that a cuspate portion of the rhythmic shoreline descends
directly to a shoal in the surf zone, A line of iongshore bar exists

approximately 30 meters from the average shoreline position, This
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June 17, 1971

Depth: cm

Shorsline

1
0 50 100 150 200 250

Figure 2-2: Rhythmic Topography at the CSI Stady Site
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rhythmic topography was formed at the time of a strong local storm
and remained essentially unchanged for as long as 14 days while a

local sea breeze dominated the area,

Figure 2.2 also shows a typical example of water movement as re-
vealed from the movement of dye., The dye, initially injected at the
break point on a shoal, streaked toward an embayment in approximately
the same direction as the breaker, It then travelled parallel to the
shoreline for some distance before making a gseaward turn. The out-
flow across the surf zone usually occurred on the depression, which,
upon reaching a break point, tended to turn alongshore and eventually
returned shoreward across the downstream shoal. This type of mean-
dering current pattern was typical of afternoon conditions when wind
waves associated with the sea breeze arrived obliquely to the coast.
Current speeds in the meandering currents generally amounted to

30 cm/sec in the inflow current across the shoal, 10 - 15 cm/sec in
the parallel current near the shoreline, and about 20 cm/se= in the

outflow or rip.

During the morning hours when the wave field was dominated by the
background swell, the currents tended to form closed circulations
of minor velocities, consisting of an inflow on the shoal and an out-
flow on the depression, Maximum speed under this condition was no

more than 20 cm/sec.

For mathematical representation, a rhythmic topography may be
broken up into three components, (1) mean profile, (2) longshore
bar, and (3) longahore undulations,

The mean nrofile of a ¢~ 8t is generally concave upward and may be
approximated by

t:!1 = uxY 2.17
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in which dl is the depth measured from the mean sea lavel, x is

the distance seaward from the shoreline, and y and v are numer-
ical coefficients; especially, y <1 to ensure the concavity of the
profile. Bruun (1973) showeri on the basis of a wide range of evidence,

that y varies between about 2/3 nearshore and about 1/2 offshore,

The bar can be defined, for the sake of simplicity, as a symmetrical
hump superimposed on the mean profile., Assuming a hell-shaped

configuration similar to an error function, the bar profile is given

by,

dz =b. exp [— (X -Xb)Z,(xb/Z)z] 2.18

Tt v

The longshore undulation is generally confined within the surf zore,
and its amplitude aitenuates quite rapidly outside the breaker line.
Thus, we assume a longshore undulation whose amplitude decreases

linearly toward zero at x = lb' i.e.
- .o 2n
d3 = a (l-x/lb)smT— {y-5) 2.19
in which a is the maximum amplitude and ) is the wave length of
the undulation, The term & in Equation 2.19 represents a degree
of distortion to be introduced in the geometry of the undulation,

Normally, this will consiat of two parts:

6=6l+&z. 2.20
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Where a longshore current is significant, the longshore cross-section
of the sinusoidal undulation is skewed, yielding a steeper slope facing
the downstream side. Furthermore, under this condition, the crest-
line of the undulation will extend obliquely seaward from the shore-

line.

The first of these effects, the skewness, can be incorporated in
Equation 2. 19 by considering 61 of the form

. 2n
61=5msm—r—(y-61). 2.21

In other words, the symmetrical sinusoid of the original undulation,
sin __(Z_;rx)_, is distorted by displacing the coordinate y by a variable
distance 61 in such a way as to achieve a steep downstream slope,
The displacement is maximum (§ ) along the crest of undulation,
e.g. at y = ;—' 2nt+l) + & , decreasing in both directions away

A . MAX_ 2n
from this in proportion t¢ sin . (y—bl).

The oblique downstream orientation of the crest of the undulation can
be represented by &, of the form '

52 = xtang 2.22

in which @ is the angle between the normal to the shoreline and the

crest of undulation,

Thus, combining the mean profile, a bar, and skewed undulations,
the general expression for the rhythmic topography is

d-= dl_d2+d3

= uxY— Y. exp [-(x-xb)z /(xb/Z)z] +a(l -xllb) sin %E (y-ﬁl- 62)

2.23
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Figure 2.3 shows successive superimpocrition of dl" d?_ and d3, in
which @ -0.075, vy = 0,600, b=0.300 (meters), Xy = 30, 00 (meters),
a 0,200 (meters), lb= 80 (meters), X =115 {metzrs). and a= 200.

2.4 WAVES

Figures 2. 4(a), (b), and (c) show diurnal changes in wave character-
istics. Typically, the waves during the morning were dominated by
the background swell arriving normal to the shore. As the sea breeze
began to increase between 1100-1200 hours, small wind waves be-
came superimposed on swell. Wind waves subsequently grew both

in height and period, while rotating its direction clockwise, until they
dominated the sea state around 1500-1800 hours in the afterncon. In
the evening hours after 1800 hours, wind waves steadily attenuated
and were gradually replaced by the background swell until the next

morning.

In Figure 2.4(a) and 2, 4(b), it is seen that the wind waves (0.3-0.7
cps) were strongly coupled with sea breeze, so that the period in-
creased rapidly from about 1 sec at 1000 hours to 3 sec at 1600 hours,
the time of maximum sea breeze. The direction of wind waves also
increased from about 20° to 40° against the normal to the shoreline
(Fig. 2.4(c)). The swell spectrum underwent a slight change, its

direction remaining essentially perpendicular to the shoreline.

From thesge data, the wave heights, periods, and directions to be
input into the computation were determined, as shown in Table 2. 1.

The significant wave height was computed from the power spectrum

according to
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TABLE 2.1

INPUT WAVE CHARACTERISTICS

Time of Day Wind Wave Swell
hours H1/3 T 6 H1/3 T 6
o <
cm sec cm  sec
1200 17.9 1.62 0,0 26.0 7.00 -2,0
1500 28.8 2,41 15.0 28.8 7.70 -1.0
1800 33,9 2.7%5 25,0 : 29.0 7.90 -C.5
2100 29.0 2,96 40,0 25,5 7.90 ¢




The term inside the parentheses denotes either wind-wave or swell
F portions of the power spectrum, as plotted in Figure 2.4(b)., Wave
: periods were obtained directly from the spectral density peaks for
wind-wave and swell,
4
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2.5 RESULTS

2.5.1 Circulations Under Wind Waves

Figures 2.5 and 2, 6 show streamlines caused by wind waves cnly at
1200, 1500, 1800 and 2100 hours. Note that the gtreamline separation

represents , 2 m3/sec.

According to Figure 2,5 (case of normal wave incidence), an inflow

dominates the area of shoals (y=30-60, 140-170 meters), An inflow
also occurs at part of the depression immediately to the right of the

shoal. However, most of the depression area (y=90-120 meters) is
dominated by outflow. Thus, there is a general indication that an

inflow is strong on the shoal and an outflow is strong on the depression.

However, a detailed streamline distribution is more complex and in-
cludes some departures from the general rule. There is a small but
well-defined eddy immediately to the right of the shoal (y=70-90,
185-205), which surrounds an area marked by a contour 0.4 meters.
Another eddy of much smaller velocity is located almost directly
offshore. These eddies have not been noticed during the field vbser-
vation, It must be noted that, although the congested streamlines
give the impression of a strong current, they only involve velocities
on the order of a few cm/sec. Normal velocity components are
clearly larger than the longshore components. The inflow velocity
on the shoal is on the order of 1. 5 cm/sec; the outflow velocity in
the middle of the depression is on the order of 1.8 cm/sec., The
maximum inflow velocity reaches about 8.6 cm/sec at y=70; the
maximum outflow velocity reaches about 7.6 cm/sec at y = 85,

Maximum velocity outside of the surf zone is only about 4 cm/sec.

These low velocities are typical of weak breaker activities prior to
the arrival of the sea breeze wave front in the surf zone. Itis
noticed in Figure 2, 5 that waves are breaking only in the immediate
vicinity of a shoal.
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Figure 2.6 shows casea of oblique wind waves in the afternoon., These
streamlines now exhibit a stronger tendency for meander than in the
case of normal incidence of Fig. 2.5, The outflow portion of the mean-
der is located in the depression. However, an inflow also occurs

at the depression nearer an upstream shoal. Small eddies tend to
persist throughout the period of computation.

One of the conspicuous features of the afternoon situations is the
tendency for the longshore current along the bar crest to intensify

in proportion to the breaking activity., Fig. 2.7 shows the distribution
of breakers at times corresponding to Fig, 2.6, Breaking is the most
intensive at 1800 hours, e.g. at the peak of sea breeze activity,
generating a strongest current along the bar crest (maximum 23
cm/sec). Both before and after this event (e. g., at 1500 and 2100
hours) when the breaker zone was narrower, current speeds along
the bar reached a maximum of only 15 cm/sec. Concentration of
longshore current velocity in the breaker zone arises from the
lungshore wave thrust generated directly by a breaking phenomenon,
in proportion to the rate of shoreward decrease in the flux of long-

shore momentum across a plane parallel to the shore.

2.5.2. Circulations Under Swell

Figure 2.8 show streamlines associated with swell. Only two cases
are shown inasmuch as the swell characteristics changed little under

the sea breeze condition. Streamline separation is .6 m~ /sec.

A salient feature of these streamlines is the occurrence of a local
circulation immediately to the right of the shoal (y = 60-80, 175-185),
which contains velocities as high ag 120 ¢cm/sec seawards and 80 :
ecm/sec onshore. These circulation are located somewhat offshore

of the eddiss as noticed in the case of wind wavaes (compare with

Figures 2.5 and 2, 6), '
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Thege velocity patterns contrast strongly with the case of closed
circulations previously observed by Socnu off the Seagrove beach
(Sonu, 1972; See Figure 1.2 in this report). In the latter case, the
bottom undulation was symmetrical, contairing a broad shoal and
narrcw depression. In the present case, a depression occupies a
larger area than a shoal, and the shoal is non-symrnetrical, causing
a more cornplex distribution of radiation stresses than in the case

of a2 symmetrical broad ghoal,

2.5.3. Circulations Under Coexisting Wind Waves And Swell

Figure 2.9 shows superimposition of streamlines associated with

wind waves and swell. Again, streamline separation is 0.6 m/gec.

As expected, the results generally indicated both features of wind-
wave and swell cases. At 1200 hours, when wind waves produce
weak breakers, the current field is dominated by swell. Effects of
wind waves steadily increase through 1500 hours toward 1800 hours,
the tendency for current meander becoming gradually more evident,
At 1800 hours, a current arriving at a shoal partly escapes seaward
and partly meanders back shoreward. A local circulation near the
tip of a shoal persists, reflecting a complicated radiation stress
distribution over the sharply skewed bottorn topography., It is also
noted that a strong longshore current along the bar crest remains

in force during the time of maximum sea breeze at 1800 hours. In
general, current activities are concentrated around the steep fall

of this shoal where the breaker height variation is most pronounced.

2.6 DISCUSSIONS

The simulated streamlines indicate both similarities and differences as
compared with field observations. In general, the feature of inflow
dominance over the shoal and outflow dominance over the depression

is revealed in the computed streamlines, but it is also disrupted to

various degrees by the occurrence of localized eddies and small
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circulations persisting near the steep face of the skewed bottom un-
dulation. Especially in the case of swell, these localized flows
tend to dominate the overall streamline distribution, Also, the
computed velocities tend to be higher than observations by a sub-

stantial margin especially in the case of awell.

Several approaches seem possible to improve the degree of relia-

bility of numerical simulation for nearshore circulations.

Firat, the criterion for breaking inception and the estimation of

wave heights during breaking should be improved. The preaent
computation uses the Miche criterion,

ﬁ) = 0.12 tanh 2n (d)
(L b L/y

for both breaking inception and post-breaking wave height. Since
this criterion requires wave heights to diminish to zero at the shore-
line, the rate of wave height reduction during breaking, hence the
magnitude of radiation stress, may result in over-estimation. This

could be one of the caugses for overegtimation of velocities.

There exists a critical deficiency of knowledge on the behavior of
breaking waves, One way to overcome this difficulty may be to
take into consideration a wave set-up in the water depth estimation
in the surf zone. This problem has been handled numerically in a
two-dimensional case (Hwang and Divoky, 1970). In the three-
dimensional case, as in our study, this problem could be handled
by stepwise approximation. First, the result of the computation
which is based on the assumption (Eq. 2.12).

n+d=d

could be substituted into the starting equations 2.1-2. 3 to determine -
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In the next iteration, " will be added to the mean-sea-level water
depth d and the new wave field and streamlines will be determined.
This resuit will again be recycled to the starting equations to deter-
mine m, and initiate the second iteration, and so on. Thesge procedures
will result in a slower breaker height reduction on the shoal and

hence smaller radiation stresses and weaker currents.

The second approach is to take into consideration the randomness in
the incident waves. Since wave breaking will occur in a zone instead
of at a point, the radiation stresses will be spread more broadly,
resulting in a general lowering of peak current velocities. In the

case of two-dimensional longshore currents, this approach has result-
ed in a velocity distribution comparable to a derivation using a tur-

bulent momentum mixing or eddy viscosity assumption (Collins, 1972),

Third, a more rigorous formulation of the bottom friction term may

be needed. In the present computation, the bottom friction ig assocciat-
ed primarily with wave orbital motion, Retardation of circulation
velocity, presumably of considerable magnitude, is not taken into
consideration in full value. As already mentioned, this approach
requires readjustment of numerical scheme to ensure a sufficient

degree of computational stability.

Fourth, it must be noted that the present computation does not con-
gider interactions between wave and circulation. Therefore, there

is an implicit assumption as if the wave field had been abruptly re-
moved after driving the current instantaneously. However, the current,
once produced, will interact with waves at all phases of its develop-
ment. It is possible that the effect of such interactions is to produce

an equilibrium circulation with less current velocities than obtained

in the present computation, or a pulsation of the circulation around

a certain mean equilibrium state.
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3. WAVE CURRENT INTERACTION OVER VARIABLE
TOPOGRAPHY

3.1 INTRODUCTION AND REVIEW OF HISTORICAL WORK

The available literature on surface wave-current interaction is not
extensive. Unna (1942) and Sverdrup (1944) considered the case of
deep-water waves encountering a following or opposing current and
applied their results to waves in tidal entrances. Johnson (1941)
discussed the refraction of deep-water waves encountering a uniform
current moving at an angle to the wave system. Arthur (1950) studied
the problem of shallow-water waves being refracted by both changes
in bottom bathymetry and a nonuniform current system, Application
of refraction effects due to a current distribution similar to an intense
rip current was solved by considering the analogous problem of deter-
mining the minimum flight path of an airplane flying in a variable wind
field.

Taylor (1955) investigated the influence an outward flowing surface
current would have in preventing the passage of waves coming in from
the sea., This study was in association with the concept of utilizing a
surface current produced by a curtain of air bubbles as a2 "pneumatic
breakwater'. Evans (1955) performed an experimental investigation
of this concept.

Ursell (1960) and Whitham (1960) developed the general geometrical
equation governing the interaction of 2 variable current and any type

of wave motion. In a classic series of papers by Longuet-Higgins

and Stewart (1960, 1961, 1962) and by Whitham (1962) the conservation
equations of rmnass, momentum and energy per unit area for a wave
system superimposed on a variable current system were derived. A
very good summary of this work is given by Phillips (1966). Taylor
(1962) studied the characteristics of free-standing waves on either a
contracting or expanding current and provided experirnental data.
Hughes and Stewart (1961) also conducted experimental investigations

to determine the characteristics of gravity waves on a shear flow.
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Recently Jonsson, Skougaard and Wang {1970} concentrated attention
on the ''current-wave set-down'' for two-dimensional wave current
propagation over a gently sloping bed. Kenyon (1971) studied the
kinemetics of deep-water waves in conjunction with a variable current
to show the possibility of either the trapping or total reflection of
waves by the current.

To carry out the basic objective of this study as indicated at the very
outset of this introduction, the important kinematic and dynamic
relationships are first set forth, Numerical techniques are developed
to solve these relationships so that the stream function and associated
circulation pattern can be obtained. The basic philosophy is to first
solve the nearshore wave-induced circulation problem with no wave-
current interaction. Then the output of these circulation velocities
are now considered the existing mean current system, and waves are
again propagated into this system and a new wave height, direction
and nearshore circulation pattern obtained. It is hoped that this con-

tinual interaction will finally yield an "equilibrium' solution,
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.2 WAVE CURRENT INTERACTION

3.2.1 Wave Kinematics

Inheremt in the concept of three-dimensicnal waves is the motion of
a "wave front'. Crests and troughs of a wave often tend to maintain
their identity as they propagate, which is represented by surfaces
everywhere perpendicular to the direction of wave motion., These
surfaces are called "surfaces of constant phase' or phase surfaces.

The propagation of gravity water waves can be represeanted by a form

. b
ci,t = a@,pel®= ) (3.1)

where a(i’,t) is an amplitude function aud the sinusoidal term provides
for the motiop of the wave, where the surfaces :p(:;, t) = constant are
the surfaces of constant phase [Morse and Feshbach (1953), Phillips
(1966} ],

This physical interpretation of the phase surface function ¢ yields
the definition of the wave-number vector field R and the scalar

wave-frequency field 't in terms of the phase function:

IS K= vo (5.2)
s Wy
® - ,' and
I - 2% (
L St (3. 3)
In particular, the classic solution for the surface oscillation of a
) 3 progressive water wave moving in the +x direction [Lamb (1945),
- Stoker (1957), Wisgel (1965)] is given by
.
' . t
. gs(x,t) = a sin Zn(f -T) (3. 4)
N where
a is the wave amplitude
L is the wave length
3 and T is the wave pericd.
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Thus application of (3. 2) and (3. 3) to (3. 4) where o©= 2 ( IE.. - % )

yields the wave-number in the +x direction as

k

[o]

m
)

(3.5)

and the wave-frequency

W
(o]

(3. 6)

n
His

Note that in Equations (3.5, and (3. 6) 2 subscript o has been utilized.

PRI I SO IO T3 v OFFLYPRIPR (e Lo S F |11 Crist, A TR

In. all following analyses this subscript refers to conditions of no wave-
current interaction and not to deep-water conditions as is often uenoted
in the literature. For dzep-water conditions the subscript d will be
utilized.

Since the curl (grad ¢) =0, then Equation (3. 2) becomes
vXk =0 (3.7) :

and consequently the wave-number vector field is irrotational. More-
-+ : - . s o
over if ®(x,t) is a contimious function then the order of differertiation

yields identical results and consequently

2 (v) = 9(3D) (3. 8)

Thus substituting from Equations (3. 2) and (3. 3) yields

—+tvwe =20 (3. 9)

Equarion (3. 9) is a kinematical relationship which describes the con-
servation of wave number. Consider a single wave train being viewed
by an "Fulerian' observer at a stationary point. The time rate of
change of waves viewed by the observer must be balanced by the con-
vergence or divergence of the wave frequency w , which describes

the flux of the number of waves.,

v
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Consider now the case of surface waves interacting with a mean current

'y
u. Kinematidc.al requirements yield that the wave frequency is given by
e

- - -5 -»
w=w+k U (3.10)
where the first term on the RHS is the wave number with respect to the

current system where

w= wl,x%) (3.11)

In the following analysis concerning surface gravity waves it is

-
assumed that the depth of water d and mean current U vary slowly
so that the classical solutions for no wave-current interaction are

valid during interaction such that

w? = gk tanh(kd), (3.12)

where g is the gravitational constant,

the phase velocity ¢ in the local wave direction is

- % tanh(ka) | (3.13)
and the group velocity is
) = _ 1. f), _2kd (3. 14)
gi ok, 2% sinh(2kd)

Figure (3, 1) schematically describes the basic wave-current inter-
action terminologv. Furthermore 211 following analyses will assume
that averaging over the water depth or vertical integration has taken
place. From the condition of the irrotaticnality of the wave number
vector R in horizontal space coordinates x and y due to vertical

integration, Equation (3. 7) becomes, in cartesian coordinates,

- akx ok
thkz-aT+__lax =0 {(3.15)
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where

kx = kecos 0 (3.16)
and

kY = ksin 0 (3.17)

Furthermore, assuming steady flow conditions exist, then Sa? = 0

and Equation (3. 9) becomes
v = v w+k-0) =0 (3.18)

and for an arbitrary mean current system, the gradient of a scalar

field can only be identically zero if
-+
w+ k*U = constant (3.19)

-
If U= 0 then Equation (3.19) becomes identically the invariant wave

frequency w, and thus Equation (3. 19) becomes in cartesian form
1
[gk tanh(kd)]? + Ulx, y)k cosB+ V(x, y)k sing = w, (3. 20)
where w_ = ZrdTo and after substitution of Equation (3.12). A

Q

Expanding Equation (3, 15) yields

28 4 5in028 = coso L 2 ging L 2Kk
coseax+sm9ay -cosek Sy s1nGk - (3. 21)

where the wave number k is defined by the transcendental rzlation-

ship (3. 20). Notice that if a local coordinate system s and n as

shown in Figure (3. 1) are utilized, the form of Equation (3. 21) becomes

Do _ 1Dk
Ds ~ k Dn (3. 22)

with Dx _ cosb (3. 23)
Ds *
Dy _

and = ginf (3. 24)

Ds




S R 4 i

- where the operators of s and n are
] D _ d . . .3
g Ba = coseax + smea—; (3.25)
and D3 - -sind 5 + cose (3. 26)

Eauations (3. 22), (3.23) and (3.24) are very similar to the kinematical
relationships obtained by Munk and Arthur (1951) starting from
Fermat's principle of minimum travel +:me for a water wave ray or
orthogonal except that Equation (3. 22) is repiaced instead by

IS

{(3.27)

UIU
[/ Lav]
1
]
o=

where c is the phase speed of the water wave as given by Equation
(3. 13). In fact, if the mean currznt is identically zero

U =V =0, then it can be shown that Equation (3. 22) reduces exactly
to (3.27, and thus (3. 22), (3.23) and (3. 24) are the general relation-
ships governing the ray path with wave-current interaction.

While the form of Eguations (3. 22) to (3. 24) appear deceptively simple 3
such that a standard numerical computational technique such as a '
Runge-Kutta or similar method could be utiiized, an expansion of the

RiIS of Equation (3.22) yields a problem. Differentiating Equation

(3. 20) yields

\...v —g% = {k %%(U sing - Vcose) - k(C-osG%% + sinb %y’;) :
o kZsech®(kd) 3d | =
N - £ 1 55 ( + {Ucos6+ Vsing (3. 28)
' 2[gk tanh(kd)] 2 °*
- . , Elka sech®(kd) + tanhjkd)]}
2[gk tanh(kd)]?
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and

Bk _f 26 o A, o3V
3y -{k 3y (Usinf - Veos8) - k(coseaY + s8inf 8y)

gk sech ]kdl ad - {Ucose+ Vsind (3. 29)
[gkt:anh(kd)]z

, glkdsech®cd) + tanh(icd)]
2[gktanh(kd)]?

and notice that both ok and ok each have a term 26 and 98 ,
ox dy : 3% dy

respectively. Thus Equation (3. 22) does not explicitly yield an
expression for the ray angle 6 in terms of only changes along the
ray path s . Hence the valuable technique of integrating along
characteristic lines is no longer valid if Equation (3. 21) is to be
fully solved.

3.2.2 Wave Dynamics

As indicated in the introduction, Section 3. i, the objective of this
current research effort is to determine the effects of wave-current
interaction on the nearshore circulation characteristics. Thus of
prime interest with respect to wave dynamics is the change in
wave height characteristics as the wave interacts with the nearshore
current distribution. The conservation for mass, momentum and
energy per unit area due to the interaction of wave motion on a
variable current have been given by Longuet-Higgins and Stewart
(1960, 1961) and Whitham (1962), In this section the important
relationship arises from the energy balance of the fluctuating motion
of a wave train in which energy dissipation is negligible.

Vertically integrating the energy balance due to the fluctuating wave
train superimposed on a variable current system and averaging over

time during a wave period yields the energy relationship
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?U.
a_E_+_a_3E[U.+(c)i+ s=i=0 (3. 30)
ox i i

where

E = % pgl—IZ is the energy density per unit area (3. 31)

o4 3 is the "'radiation stress'' for surface waves
»,

defined by Longuet-Higgins and Stewart
(1960,1961)
and given by
- 1 2 1y s 2
G E[(2n-3)cos“8+ (n-3)sin”8] (3. 32)
= 1 . 2 1 2
Opy = E[(2n-3)sin“0 + (n-3) cos“0] (3. 33)
T = 1= Snsin(2e) (3. 34
Xy yx 2
where
c
= {-&)=1 —2kd
n (c )i 2(‘ ¥ sinh(de)) (3.35)

Since the region of primary concern is the nearshore coastal zone
especially between the breaker zone and beachline, the tendency to
consider kd << 1 as was assumed by Noda (1972, 1973) is very strong
and outwardly very reasonable. But a more careful analysis of the
physical processes involved in the breaker zone deems this unwise.

In particular consider the degenerate case of surface waves propa-
gating in the +x direction on a variable current U(x) in infinitely
deep water. In this case since 8= 0 everywhere the kinematic
relationship Equation (3. 21) is identically satisfied and Equation

(3. 20) yields a quadratic equation with solution

c au \Z
c=-§-9-[l+(l+-é—-) (3. 36)
[&]
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where the positive sign in the square root term is taken so that

1
€ =c¢ =cy =(-1§-)z {3.37)
o

when U = 0, Notice the interesting effect that no solution to eq::ation
(3. 36) can exist if U/c_< -%. At the critical velocity of U = . 2
the square root term becomes zero and Equation (3. 36) yields

[od

c = —22 (3. 38)
and PE = -3 (3. 39)

Since the local group velocity of the deep-water wave system is

[ o] = %C (3- 40)

then Equation (3.39)physically implies that the wave system can no longer
propagate when the mean current exactly opposes the energy propa-
gating speed of the wave system.

For this special case the energy relationship Equation (3. 30) becomes

A dE 1 d(U+t:)+ 1 au _ 3. 41)
E dx (U+cg) dx 2(U+cg)dx - *

and the solution to (3. 41) is

C
H o (3. 42)

e
o [elct2U)]z

e

These results were given by Longuet-Higgins and Stewart (1961).

Extension of these concepts to the nearshore coastal zone implies
that the complicated vector direction of the mean current coupled
with the wave direction could yield the equivalent situation where
the mean current directly opposes the local energy propagation
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or group velocity of the wave. In the limit as this situation is approached

the local wave length will approach zero with respect to a stationary

observer. Thus while the local water depth d may be small, the local
wave number k = 2n/L may become very large such that the so called

"'shallow water'' approximation may not be valid. Hence in all subse-
quent theoretical formulations with wave-current interaction, no
approximations are made for the magnitude of the term kd.

Expanding Equation (3. 30} in cartesian coordinates yields

L 3E ingy L 2E
(U + cgcose)f S + (V+ cgsmB)E 3y

r-N (U+cgcose) + 2 (V+<:g sinB)

* ox oy

where
5. = (2n-Y)cos?e + (n - Y)sin®0 (3. 44)
e 2 2 .
- _ 1,.. 2 1 2
UYY = (2n-3)8in"6 + (n-3)cos B (3. 45)
- _ = _n _.

and Txy = Tyx =3 s8in(28) (3. 46)

Since E is defined by Equation (3. 31), substituting for E in Equa-
tion (3. 43) provides directly a relationship for the wave height

2 3H o 2 8H | 3 (U+te_cosb)
(U-l-cgc.cose)Hax + (V+cgsm9) Hay t 5z g
+ 2 (Vhegeind) 4 52 o (3. 47)
where
s=[z 2u,: 2u .. av,. av
g = [Uxxa_ + Tyx 3y + Txy = + Oy_yay_] (3. 48)
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Finally expanding Equation (3. 47) fully yields

2 3H 2 3 , U

2_8H ing} = 41 av
(U-H:gc:c»se)H 5% + (V+cgsm6)H 3y +

dx oy

dc

-1 £ 28 . £
- cgsme 3% + cosf Sx + cgcose Sy + s5inb

The group velocity and wave celerity functions are given by

1

c = [lg(' tanh (kd)] ¢

c = < 1 + —————de
g " 2 sinh (2kd)
3d , . k] [..
ac _ c[k Fe= +d ax]-[fuh (2kd) - 2kd cosh (deﬂ
ax sinh &(2kd)
1 2kd ac
* 2[1 * simh (Zrd) d 3x

ac, c[k S0+ a55] | sinh (@ka) - 2ka cosh (2ka)]
oy sinh %(2kd)
1 2kd ]3¢
3 ¥ 2[1 * 5inh (2kd) | 3y
where
3 & | & 2 2, 43k 3k
_ 5 -5 [sech 2ca) 22+ a 3 - tanh ca) %]

2 - & [isech o) g 28+ g 3K ax]
5 [L.sech (cd) G 52+ @ 59 - tanh (d) S

(=™
~
o~
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and where ok and ok are given by Equations (3. 28) and (3. 29) res-

Ix Ay
pectively and k defined by the solution to Equation (3. 20).

To understand some of the physical processes interacting within the
energy equation (3. 49), it is useful to transform (3. 49) in terms of the
local coordinate system s along the wave ray and n along the wave
front. Utilizing operators defined by Equations (3. 25) and (3. 26),

Equation (3. 49) becomes

Dc 1
l_D_li+LP_§ L__g..;_.l__@-g.-g.é.y +_U§£{.+V§.I:I_
HDs 2Dn 2c g Ds ch ax dy ch ox dy
o .
+ ch =0 (3. 56)

If the mean current velocity is now set equal to zero, U=V =0,

then Equation (3. 56) becomes

Dc

1DH,1Dg, 1 % _
HD5+ + =0 (3.57)

Z2Dn’ 2c_ Ds
g
or in terms of the energy density

Dc
DE D6 , 1 g ., (3. 58)

Notice that both Equations (3. 57) and (3. 58) describe the changes in
the wave height or energy as being related to the curvature of the
wave front 39 and to the logarithmic change in group velocity along

El— Ds * In point-of-fact %—g describes ray refrac-
c

L.

the ray path,
g

o

wave shoaling.

2,

tion and L
c
g

The form of Equation (3. 57) suggests a form of separation of variables

where H = H(OH (o) (3.59)

h
and substitution of (3. 59) into (3.57) yields

1 DHﬁ‘!1 1 D¢ 1 DH 1 D8
H, Ds * ch Ds +ﬁ; Ds V3P0 (3. 60)
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Since Hsh is only a function of ¢

, and Hr only a function of 8 ,
Equation (3, 60) implies that

—_— 1
H Ds +2c Ds c (3.61)
sh
DH
1 T 1 D6 _
and H_ Ds "20a" "

(3.€2)
where C is a constant. Equation (3.61) can easily be integrated and
yields a solution

C
H. = 1
.‘ 3

sh ~
Cc
v Eg
.

(3.63)
where Cl is a new constant, The solution to Eguation (3. 62} is mmch
| more complicated. By considering the ray separation diagram shown
| in Figure 3.2, Munk and Arthur (1951) have shown that
X
- 1 Db _ Do
\‘ ; b DS - Dﬁ (3. 64)
|
\"u\ ' and defining B = b/bd , the equation for ray separation (3, 65) becomes
r 1Dg _ Do
‘,\ B Ds ~ Dn (3. 65)
Now substituting Equation (3. 66) into (3. 62) yields
DH
128 1 oDpp,
H Ds 28 Ds ~ -C (3. 66)
and integrating directly yields
3 C
E H ==2 (3.67)
B

where Cz is a constant.

Thus finally substituting back into Equation (3. 59) produces
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C

H-= (3. 68)
"cgJF
and in deep water I-I=Hd ’ cgd= cgd and B1 vyields
C=E_ ¢ (3.49)
° "g4
and finally, c 1 .
H=H ( gd)a 1 (3. 70)
°\cg/ 8
where Equations (3. 50) and (3. 51) give
(cgd) : 1 : . 71)
Cg {tan h{kd) [l + Su‘.lz_h(]%%-ay]

Equation (3. 70) is the well known classic solution to waves undergoing
transformation due to both shoaling and refraction.

The solution for H from Egquation (3, 70) is not fully complete since
B is yet an unknown. Munk and Arthur (1951) have derived a dif-
ferential equation for R , called the wave intensity

2
D D . .
D_ﬂz + p<s)5§ + q(s)B=0 (3. 72)
5
where
_ L3e] | inall e
p(s) = --cose[c ax] - sme[c ay] (3.73)
2 2 2
and qgfs) = sinze[% aa—(é] . Zsinecose[% a—%] + cosze[% _5_;_]
x ox dy
(3. 74)

and solutions for B are shown in Noda (1972,1973), In particular
it can be shown that Equation (3. 72) degererates to the Snell's Law
solution when d=d(x) only
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1
8 —[c----—"’36 ]z (3.75)

cosBd

Returning back to the general equation (3, 56), it is painfully evident
that with wave-current interaction, the simple concept that the local
wave height can be represented by a product of wave shoalirg and
wave refraction factors as described by Equation (3.59) is no longer
valid, The combined dependency of refraction on shoaling and vice
versa necessitates the solution of Equation (3. 49) directly.

As the wave propagates from relatively deep water into shallow water
or into an area where mean current conditions exist, Equation (3. 49)
will govern the local wave height until an instability occurs. This
instability is usually wave breaking due to the effects of shoaling,
refraction and wave-current interaction. In order to determine when
breaking occurs it is assumed that spatial variationin U and V

are sufficiently gradual so that an ermnpirical breaking criteria is
imposed, developed from the non wave-current interaction observation.

The theoretical limiting wave steepness condition from Miche (1944) is

' 2
% = 0, 142 tanh (—f];_) {3. 76)

where the subscript b indicates breaking conditions and the breaking
wave length L, is given by .
2

Lb = q (3. 77)

and kb is derived for the transcendsntal Equation (3. 20). An examin-
ation of experimental data of waves breaking over a horizontal bottom
by Le Mehaute and Koh (1967) indicates a better limiting steepness
criterion is

FA1
Ehi. = 0.12 tanh( _._d.b.) (3. 78)




Since the wave number k during wave-current interaction is obtained

directly from Equation (3. 20), then Equation (3. 78) can be transformed

5 to
‘ f, - Q220 oo (12) (3.79

i During computation if the solution for the local wave hecight H from
" Equation (3. 49) is less than Hy , then the wave height is H. If
computation indicates that

H > H.b (3. 80)

then the local wave is considered to have broken and the empirical
relationship Equation (3. 79) is imnposed where H = H'b' Thus the
effects of the mean current become critically important through the
wave number k. In other words if the local mean current is in the
same direction as the local wave direction then the local wave number
k becomes smaller which requires a larger wave height for breaking
to occur. On the other hand if the local mean current opposes the
local wave direction then the local wave number k increases and

the limiting local breaker height decreases. This phenomenon is
easily seen at the entrances of river and estuaries when an outflowing
current meets an incoming gravity wave system. The local limiting
breaking wave height decreases so that even very small waves seem
to "white cap' and break.

Application of the empirical breaking criterion Equation (3. 79) is
indeed crude. Recent studies of breaking waves by Divoky, Le Mechaute
and Lin (1970) indicate that wave breaking is dependent on a ''charac-
teristic'’ bottom slope and the research effort of Galvin (1969) centers
on different types of breaker characteristics as a function of bottom
slope. Thus the breaking criterion expressed by Equation (3. 79)
hopefully indicates the major breaking process, sufficient to deter-
mine the merits of the concept of nearshore wave-induced circulation

including wave-current interaction,
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3.2.3 Nearshore Wave-Current Circulation Formuiation

In the following theoretical formulation, the equations which describe
the circulation pattern within the nearshore zone are derived. The
formulation objective is to initially solve for the wave height and
direction fields and subsequently for the wave-induced nearshore
circulation pattern with no wave-current interaction [Noda (1972,
1973)]. The next step is to use this circulation pattern or more
specifically the circulation velocity fields U(x,y), V(x,y) as the
mean current to be input into a new calculation of the wave height
and direction fields and again obtain the solution for the new wave-
induced circulition pattern with wave-current interaction., In theory
this iterative technique, which assumes a series of quasi-steady
states, should hopefully in the limit, converge such that the circula-
tion velocities are exactly equal to the previously imposed mean

current.

The coordinate system is described in Figure 3.1. Vertically inte-
grating the momentum and continuity equations and neglecting the

nonlinear and time dependent terms yields

an 1 v0_ . a'rxy
g ax p(‘r]+d) Ax + v ] - Fx (3. 81)

an - . 1 [%%  2Tyx] (3. 82)
£3 pn+ )| By 3x y :

and ga; [uln+ )] + % [vin+d)] = 0 (3. 83)

where
7 is the mean water surface
p is the fluid density

Fx’ FY are bottom friction terms

and u,v are the new wave-induced circulation velocities,
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The analysis of the bottom friction term is similar to that provided by
Longuet-Higgins (1970) and a detailed formulation of this concept is
given by Noda (1972) where

- 2cHu
Fx = (n+4d)T sinh kd (3. 84)
and
- 2cHy
¥y @FA)Tsinh kd (3. 85)
where
¢ is a constant bottom friction coefficient,
usually ¢ = 0,01,
and T is the local wave period,
A suming that
(3. 86)

n+t+d T 4d

and cross-differentiating Equations (3. 81) and (3. 82) and introducing

a stream function § dcfined by

o =
and
—gl}: = +vd (3. 88)

automatically satisfies the continuity equation (3. 83) and yields the

nearshore circulation equation

Cy , P, 13F 2 , L 3FE 3 _
ax? ay? T Y3y F ax 3x
g) a1 2% + °% xy Y RV AAEY +_acxx
Floayld X dy ax|d\ 3y X
where i (3. 89)
F = Tﬁ-—— (3. 90)
d”T sinh kd
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2
0" = B [(2n-3) cosP0 + (n-Hsin’s] (3.91)
2
a*w = %.[(zn_%)sinza + (n-%)cosze] (3.92)
* LF _H_ o
Txy ~Tyx = 16 n5in(20) (3.93)

Typically since the nearshore coastal zone is of primary interest, the
urge to utilize the so called ''shallow water' approximation where the
argument kd is considered small seems appropriate. Note the
important concept distinction that vertically integrating the momentum
and continuity equations is not identically synonymous to the shallow
water approximation. As described in the previous section, while the
water depth 4 may become small, the wave nummber k may become
very large if the mean current opposes the wave ray direction and its
magnitude approaches the energy propagating speed of the local wave;
implying that the product kd may become very large. Thus the form
of the circulation equation (3. 84) should definitely consider this inter-
active concept. In particular the local wave period T in Equation

(3. 90) is not invariant to a stationary ''Eulerian'' observer and its

variation must be considered.

Since the local wave period T is defined by

2

T = T ’ (3. 94)

then substituting Equation (3. 94) into (3. 90) after noting that ® is
defined by Equation (3. 12) yields

(S

_eVeg H k
F==5 dZ[sinh(de)] (3.95)

and consequently its x and y derivatives are
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1 ad ok
2 0 ][ (s b o) o

ox smh (2kd)
1
Irq8H _ 5y 04
+ k dax 2H ox (3. 96)
SInh(Zkd) 3 .
a2 ofei )
JF _ tV7g | H [sinh(zka)]’. [ sinh(2kd) 50 - 2kl k5o + d 5y ] cosh(zkd)
oy ™| z24® k sinh® (2kd)
iradl - ondd
fl—k _3y oy (3. 97)
sinh(2kd) 3 .
and thus
ad ak)
13F _ 1 ak_Zk(ka tdx L(a38 gy (3. 98)
¥ ox - 2K|ox tanh(Zkd) * Ha 3% .
and
ad 3k
1oF ak-Zk(kay+day) L[ 2 5. 99
F 3y dYy tanh(2kd) Hd\ = 3y ay '

where k is the solution to Equation (3, 20),

Carrying through the derivatives of the RHS of the nearshore circula-

tion equation (3, 89) yields

2 % 2 % 2 % 2 *
e 3 T "¢ o
- 1 XX Xy Yy xy
RHS [Eq.(3.84)] = &{ = + - -
[Eq. ( )] r{ d | Tyax oy %3y ot ]
2 B3 % -
g—d (30 3T -g-‘-i- de 3T,
.2y X . __ Xyl Ox|_ vy, _Xy
dZ ox dy dZ oy ox

(3. 100)
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and full computation of the derivatives in Equation {3. 100) yields

_a_"é;‘x_ﬂs - _f.;_z. L-n-a—gsm(ZB) + By coszﬁ)] o G0
_a_g_yﬂ - _Pé_z _“%%Si"‘ze’ + g—; (1+ sinze)] + gﬁ _2% G*YY (3.102)
3 5 T
_;%’5 - Ig__ng—ecos(ze) + B g—}-‘-sm(ze) rizm - (3.103)
?:*E! [ 20 n 3H | Laa

Sy. - F | PaycosO gy ROt iy Ty (- 108

where
( 2d . dak) -
2n _\“ox - 2kd )] (3. 105)

3% sinh(Zkd) Ll tanh(2kd

kdd ok )r 2kd
on _ dy + 3 | o —— (3. 106)
ay sinh(2lkd) tanh(2kd) y

and the second-order derivatives are

B3

d 0o 2 2
—xx . %—{ n 28 5in(26) - 2n 2888 cog(20) - 28 2R sin(20)

oyox Jydx ox Ay ox dy
220.8n i) + (14 cus 3%
dy 3x VB Y Trax
HaH| 280 .. : dn
+ ) By[ n - sin(20) + 1 cous G) ax]
30, 2
2 3H %% , ,* [L @H _ 1 2 2H
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2%
3% 2 2
—xy o n)p21378 o) - 2(28) sinzey| + 4: 28 2H coa(20)
2 8 2 3y 3y 3y
Y oy
+ H-bili+ 8H *1.; (20)3+ B 2n H 28 cos(20) + 2 sinpo)
a2 \3y sin(20)¢+ g 35| 7 3y 3y
a1 2 2
+.l_g.§._sﬁ+ 'r* la_lz’._LZ %&) (3. 108)
n ¥ xyina? g v
i H?) 3628 a%g 39 3n
—maxay = Y n-a—;—x cos(268) + Sxoy sin(20)] + W 3x sin (26}
3n 20 2. ¥n
+ S}- Ix sin(20) + (1 + sin"§) a%3y
HaH| »H . an 2
+ 75 [n 3y sin(20) + dy (1 + sin B)]
2aH Oy, L [1afm 1 aman 6. 109)
H 3y 3x yy | H axay ~ gé 9y 3x :

2 .
T 2 2
—y= - %{Hz[a 8 cos(20) - 2(3_:6:) sin(29)| + 4Hg—£-g% c0s(28)
dx Ax -
+1B8 B—E-I'-I. +(38 2 sin{28)) + H a—n'.H-a—ecus(ZS) + 3 (29
9x 8 ax ox ax o
ox B L
»
T « [ <2 2
+i_§§_§1g+ - %a_le_l_z(a_z)] (3. 110)
x yx L o n
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#
oo 2 %®

x _ H af . 2., on 2 oH

5 C | _aY sin(2€) + (1 + cos e)—-ay] + H_y (o] (3.111)
and
30 2

yy _ H 30 . . 2., ON 2 3H *

3% e [n I sin(26) + (1 + sin"¢@) 3% + H 3% UYY . (3.112)

Notice all derivatives and parameters have been specified except for
2 r 2
second-order derivatives in n , i.e. o n ’ en and on R
axz ayz dxdy

While algebraically feasible, these derivatives would contain 2nd

order derivatives of k with respect to x and y and considering
the complicated form of Equation (3. 28) and (3. 29), it was decided
to use cantral differences of the first-order derivatives to compute

the second-corder derivatives of n.

Finally the RHS of Equation (3.89) and the variable coefficients of the
first-order derivatives of § are completely specified such that
providing sufficient and necessary boundary conditions, the stream

function can be found by utilizing an iterative relaxation technique,
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.3 Numerical Analysis

This section deals with the numerical techniques developed to deter-
mine, first, the wave characteristics of direction and height due to
wave -mean current interaction,and second, to utilize these results
to determine the resulting wave-current induced circulation pattern
in the nearshore coastal zone. Hence, essentially two separate pro-
grams exist--one to obtain the wave local height and direction, and
the second to solve for the stream function ¥ once the wave height

and direction fields are known.

In a previous study [Noda (1972, 1973)], the solution to wave-induced
nearshore circulation was found excluding the effects of wave-current
interaction. In that study, the wave height and direction fields were
obtained by integrating along characteristic lines by utilizing a fourth-
order Runge-Kutta scheme. As discussed previously, with wave-
current interaction, characteristic lines no longer exist and thus a
completely new numerical technique was developed. This technique
first solves the kinematics problem directly on numerical grid points
i, j and yields the ray directional field @ at all nodal points. Then
the energy equation (3. 49) is solved directly on the same numerical
grid points i, j to obtain the wave height field.

The numerical technique discussed above to determine the wave char-
acteristics for wave-current interaction makes important use of the
fact that prototype data indicates a longshore periodicity of both the
wave -induced circulation pattern and the bottorm bathymetry such
that

d(x,y) = d(x,y + m\) where |m]|=1,2,3 (3.113)

This longshore periodicity leads to the key boundary condition which
emits the development of a highly efficient numerical algorithm for
the solution of wave characteristics including wave-current interaction

in the nearshore zone.
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While longshore periodicity proved to be a valuable tool for the work
herein, nevertheless, the method of integrating along characteristic
lines is such a generally powerful method that continuing research
efforts should be extended to be able to utilize this technique for

wave-current interaction, even as an approximate approach.

3,31 Numerical Solution For Wave Characteristics With Wave-

Current Interaction on a_Longshore Periodic Beach

Figure 3. 3 schematically describes a longshore periodic beach with
wavelength )\ . Equation 3.21 describes the variation of the wave
direction field 8 as a functionofx, y, U, V, and T where the
wave number k is defined by Eq. 3. 20. Rewrite Eq. 3. 21 in the

20 13k, oo [28 , 1 3k]
cose[a—x--—kay]+s1n9[ay+kax]-0 {3. 114)

form

and rewrite the derivatives of k from Eqs. 3.28 and 3.29 as:

1 3k 38 [U sin8 - V cos 8]

_ 12k
k d3x = 3¥x A * k ax (3. 119)
1 3k _ 38 [Using - V cos 8] 1 3k

K3y " 3y - b ko (3. 116)

1 2kd T, )
where A =Ucose+Vsin9+i [1+ m :} [T-Ucose-stne]

(3. 117)
% _B_l_;_ = - [%2— cos 9+g—\:‘ sine:] - [To- Ukcose-VksinG}gﬁ'
sinh(2kd)
A (3. 118)
1 3k _ 33U v ing 122
K5y *- Lay cosS+ay san] -[TO - Uk cose-VksmB]al
sinh (2kd)

A
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Now Eq. 3. 114 can be written:

a6 sin@(Using - VcosB) 0 [ .. cosf(UsinB -Vcosp _
33 [cose A ]+9y [stne - A 2] -

& sin g (3. 120)

el

cosB8 -

b
o/la)
2%

Thus, at any grid point i, j utilize a forward difference derivative

in x and a backward difference derivative in y and solving for Gi

»

vields o
T 5T T s s 0.
_ 1 [T 13k _, 17, 208 %53
81 "B, Lkay %5 ax Sn0iyt Ty Loindy 5 A
(Usind, .- Vcos® )]-—O-H—l‘*i— cos 8. {Usi B .-V 0. )-l}
i,j i,j Ax 'J n -vcos ijd
(3. 121)
where sinei . cosB. . (UsmB -VcosG. 1) cose. ; sin@, .
B. .= o i,] [ 4 1.1]
ij Ay Ax A Ax
(3. 122)
and -{-;%—1;- and * -g—i— are evaluated at 1,j .

[}

The RHS of Eq. 3. 121 contains terms cos Bi I and sin ei i and a

variety of approximations for these terms can be utilized to update

0.1 i The simplest would be to use the previous value of Bi ;e A

more sophisticated approach is to approximate these sinusoidal
fanction at i,j in terms of the four surrounding grid point and

going to Znd order using Taylor series expansions yields
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. 11, . . .
sxné\i . vy s1n6i+1,j+ 31n9i-1,j+ smei’j+l+sln8i’j_l:|

1

vy Eei+1,j'ei-l,j) (cos; _1,5790305y,)

F 8y 8y,5.) (088 o - cosg L ) ] (3. 123)

A 1
cos ., , = yy I:c_os ei_+l,j+ cos 91_1 j+ cos ei,j+1+ cos ei,j-lJ

1 . .
+ E[(9i+l,j_ ei-l,j) (s1nei+1’j- smei_l,j)

05 5p1-8 ) (sind, oy - sing, ) (3. 124)

The need for the sophistication of Eqs. 3. 123 and 3. 124 is queston-

able, although utilizing tris scheme to iterate for ei j vields amazing

»

results. For instance, if d - d(x) = mx (a plane beach), then starting
with a boundary condition cifshore and setting the initial 8 field equal
to m, a solution using Eq. 3. 121 will conveige to within 1% of the
Snell's Law solution after only two iterations through the full field !
Note tha! it is not necessary to relax over the whole field, but the
solution could have been obtained by iterating row by row or along

i = constant , Figure 3.4, working inward toward the beach. In this

c.se, the approximation given in Eqs. 3. 123 and 3. 124 for sin Bi j

and cos 9i should not contain values of 8 on row i-1. Neverthe-

J
less, 'he extremely rapid convagence of this technique is suffici-
ent to justify the numerical algorithr. The row by row technique
wi.l be utilized to find the wave height ficld, shown later in this

section.
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Before further exploriug the numerical techniques, the important
longshore boundary conditions should be exarnined. Figure 3.51is
a grid description of the entire field of calculation. Notice that
while the beach is periodicin A or from j=2 to j=r+l, a
column has been added on either side. Thus, computations for
either 8 , H or § , are only performed inside of the boundary
lines from i=2 toi=m-1 and j=2 to j=r+ 1. To utilize
the important longshore periodic boundary condition, for any com-
puted variable f along each row i the following conditions are
imposed as the computation proceeds toward the shore line in

decreasing values of 1i:

£ ore1” f 2 (3. 125)
L orr2° %, 3 (3. 126)
g -5, (3. 127)

Imposing conditions 3. 125 to 3. 127 upon 6, H or § physically
requires that the functions and moreover its derivatives are continu-
ous and periodic in . Hence, iteration continues for ei,j until

every updated value of Gi i is less than a specified percent of Gi

2 s j
itself. A typical run will converge in between 3 to 7 iterations with

a maximum relative error for each ei ; of 0. 1% of itself.

At this point, it should be noted that for each updated value of 9.1 .

’)
a transcendental relationship for k must be solved defined by

Eq. 3.20. To efficiently solve for k the Newton-Raphson method
wasg utilized where

2
= T :
e (k) = gk tanh (kdi,j) - l: o - Ukcos ei’j - Vksmei,j] (3.128
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and
de _ k) =g [kd. . sech® (kd, ) + tanh (kd )]
dk 1)_] ilj i’j
+2 [Ucose +Vsing :, T -Ukcos®, -Visind :| (3. 129)
1, i,5d L i, i,54
Hence, (
ek )
_ old
knew - kolcl N o (k (3. 130)
old
and this iteration was performed until
lknew - k14l s 0.0001 lknewl (3. 131)

Computation starts far offshore where the periodic beach d(x, y) is
defined to be a plane beach d = d(x) = ax startingat i =m and
offshore from this row. On the row i = m , the local wave angle

is specified in reference to a chosen deep water wave angle, using
Snell's Law. From this point, computation immediately begins with
Eq. 3. 121 and the output is the direction 91,1‘ for a given r=lative

accuracy.

v The next series of calculations solves for the wave height field.
] Rewrite Bq. 3.49 to yield

o)z SN ingy2. - B S 028 20
(U+<:gcc>se)ax +iV+ cgasme)ay =35 cgsmeax - ¢ co8 eay -
! dc
U, 3V B ging —£ . 3
ax 3y J Cosb T -sinbgn -0 (3. 132)




Define

_ 1 . 288 38 3y 3V
Qi,j" z{c:g«.unea cgcosaa bx+__ay)
Jc dc
_ —K _ g —£ .
cos® 3% 8in @ 3y c }i j (3. 133)

where (i@_) and (%Q-) are obtained by central differences,
X/ Y.
.J ’J
. and taking a forward difference derivative in x and a backward
difference in y and solving for Hij yvields:
(V+ cg sin 8) Hi,j-l - (U +cg cos 8) Hi+
- Ay Ax
,?r i,j 7 TVFe sin@ (Utc cos & O (3,134
- g Ay Ax 2

1,3

In the computation for the wave height Hi i a row by row relaxa-

tion technique is utilized starting on row i = m-1, and proceeding
\ inward to row i =2 . On each row, the boundary conditions 3. 125

and 3. 127 are utilized and the solution is reached when

| s (0.001) [H_ (3. 135)

l Hnew - Hold ew'

The convergence of this scheme is amazingly rapid for even the most
/i3 complicated bottom bathymetry and mean velocity distribution. Usu-
: ally, only 2 to 3 row iterations are required to meet the criterion
defined by Eq. 3. 135.

Similar to the 8 calculations, the wave height calculations start
at row i =m-1 where values of the wave height on rowi = m are
used, derived from the Snell's Law relati-nship. During each update

calculation of Hi the breaking height i3 also calculated, and if

j'
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H, . exceeds this value, then the wave breaking height is automati-
cally imposed and a flag is set to denote if the breaking height condi -
tion is being utilized at the point i,j. Computer outputs of this

breaking index will be shown later.

Now that the H and 8 field has been specified, the numerical
algorithm proceeds to the computation of the stream function field V.
The technique used to find the stream function is very similar to the
technique used by [Noda (1972, 1973)]. Equation 3. 89 is rewritten

2 2
9y , 3y 4 (L @.F_‘)i\l’_ 123F)ay _
ol 2+<Fax ay+(FaDay'w (3. 136)
x 3y
where 2 % 325" a2 *
{ l:a Oxx f37xy 2 Tyy = xy]
Jdyox y/: axdy axz

ad = & * éi * R *
B P ] B e, )
ox 3y ) dy ¢x

(3, 137)

Utilizing a central difference form for the ¥ derivatives, and

gathering terms of wi yields:

I

(1 ar) A
. _ 1 2 Fax] .
Y, T T {'wi,j(Ax) AW [1——4_]
] 2l_l+(K-yj 2
(.LB_F) bx
F -
¥ 11‘1+1,_] [1 + x 21’1 ]
(_1 gr:)
F
+ (ax)° L [—L - Yl.]:,
(Ay)z 2Ay
(L ﬂ‘)
2 Fayl .
+ (A T v, ;
L4l [ —— ¢ — (3. 138)
l‘(Ay)z 2hy :]
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Note that before computation of | begins, the n field and its deriva-
tives are first computed. Thus, the second-order derivatives for n
can then be calculated from the first-order derivatives using central

differences.

The longshore boundary conditions for | are given by Eqs. 3. 125 and
3. 127, and at the beachline ¥ is defined to be § =0 . The final
boundary condition is to move the final offshore grid row sufficiently
far from the nearshore zone so that its influence on the nearshore
circulation pattern is small. At this finaloffshore boundary { = mm,
the stream function is again defined to be { = 0. With these becundary
condition the iteration for § can begin using Eq. 3. 138, ané the crilar-

ion of convergence is assumed when

| £0.001] 4 3. 138)

[y

new - Yold newi
In comparison to the numerical techniques for 8 and H, the con-
vergence of the V¥ field requires more extensive iterating, usually
300 to 400 complete field relaxations before the salution converges
as defined by Eq. 3. 138, Note that condition 3. 138 is not a com-
pletely sufficient condition to assure convergence since the solution
may be asymptotically ccnvergent or perhaps even divergent. There-
fore, value of the relative error are varied to insure that Eq. 3. 138

does indeed provide an acceptable convergence criterion.

In the zone between i =m andi = mm , a plane beach profile is
assumed so that calculation for 6 and H are explicitly determined
from the Snell's Law relationships once deep-water wave character-

istics are defined.
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3.3.2 Verification of the Wave-Current Interaction Alpgorithms

To test the numerical algorithm for the determination of the wave
characteristics, the degenerate crse of a wave propagating in the -x
direction in deep water over a variable current system U(x) was
utilized. The solution to this case was first given by Longuet-Higgins
and Stewart (1961). For the case of a wave propagating in the -x
direction, 6 = 180° and the analytic solution for the wave celerity
is:

c
% 4u,7
c == [l+(l-co) (3. 139)
where T _%
- 9 . (B
%" X (k ) (3. 140)
o o
" 2
but since ko = "o (3. 141)
g
g . %
€ T T T 2n (3. 142)
o
The wave height is given by:
HOCO
H = 73" (3. 143)
clc - 2U)]

A simple form for the mean current velocity was chosen to be
U(x) =0.2x+b (3. 144)

du
where F el 0.2.
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Essentially, two verification tests were performed. First, the
energy equation 3. 49 was degenerated into an ordinary differential

equation given by:

dc
[- 33U, &
dd H 2 dx dx
& T2 U-e (3. 143)

and solved by a 4th order Runge-Kutta technique. Second, the finite
difference Eq. 3. 134 was utilized directly to obtain a solution for H.
The final comparison was to check each solution directly with the
analytic solution Eq. 3. 143, Table 3. 1 shows the analytic solutions
for the wave celerity ¢ and wave height H from Eqgs. 3.139 and

3. 143, respectively, for T, =4 seconds.

An arbitrary offshore point was chosen so that U(x) =0 and H_ =L 0
and as the solution proceeded shoreward both the Runge-Kutta techni-
que and the finite difference scheme did not yield results comparable
with the analytic solution. Table 3. 2 describes the numerical solu-
tions. While the difference between the Runge-Kutta solution with
step size dx = -0.1m and the finite difference scheme may possibly
be acceptable, comparison to Table 3. 1, the analytic solution was

unacceptable. The problem is due to the unrealistic starting condi-

tions imposed at U{x) = 0 where d(Ii-Ixo is assumed to be zero. But

there is an obvious discontinuity in the derivative of gx—U at the point

where U({x) =0 if dcllio is set equal to zero. Thus, a second series

of calculations were performed at a start point where U(x) = -L.0
m/sec. The Runge-Kutta program then computed its own starting
derivative and the starting wave height was obtained from the analy-
tic solution Hstart = 0. 77475 meters. Table 3. 3 describes the
results. Comparison of the Runge -Kutta sclution with the analytic
results of Table 3. 1 show an exact correlation and the results of the
finite difference solution compare very closely with the Runge -Kutta
golutions. Appendix A contains the Rung e-Kutta computzr program

for the above case.
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TAZLE 3.1

Analytic Solution For Wave-Current Interaction: Check Case
T, = 4 seconds, g = 9. 80621, k,=0.25161618, c¢,= 6.242B272

H/H, c {m/sec)

Eq. (3. 143) Eq. (3.139) U (m/sec)
1. 615187 4.992348 1.0
3. 761628 3. 737028 1.5
6. 417806 3.379949 1. 55
13. 424308 3. 187839 1. 56
1.0 6. 242827 0.0
0. 774750 7. 119669 1.0
0. 648222 7. 836164 ~2.0
0. 564575 8. 457301 -3.0
0. 504132 9.013317 4.0
0. 457911 9. 521207 -5.0
0. 421147 9. 991652 -6.0
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TABLE 3.2

Numerical Results for the Wave Height H
For the Test Case

Mean = . dHo _ Finite Difference
Current Runga-Kutta Solution ax 0.0 Solution
U (m/sec)
Step-Size Step Size Grid Size
dx = -1. 0Om dx=-0.1m dx=0.0lm
’ 0 1.0 1.0 1.0
-0.02 0.99471 0.99365
~-0.04 0.98848 0.98742
-0.06 0.98232 0.98129
-1.0 0. 78302 0. 77558
-2,0 0. 65514 0. 64891
~3.0 0. 57060 0. 56518
-4.0 0. 50952 0. 50467




TABLE 3. 3

Numerical Results for the Wave Height H
For the Test Case

cquitx:lt Runga-Kutta Solution dcll'lxo =0.0 Finistgllztiif:grence
U (m/sec) Step-Size Step-Size Grid Size
dx = -0.10m dx =0.0lm dx =0.005m

-1.0 0. 77475 0. 77475 0. 77475
-1.02 0. 77156 0. 77156 0. 77156
-1. 04 0. 76840 0. 76840
-1 06 0. 76527 0. 76528
-2 0. 64822
-3 0. 56457
-4 0. 50413
-5 0.45791




3.3.3 Numerical Results for Wave-Current Interaction

The periodic bottom bathymetry used to test the influence of wave-

current interaction is given by:

1/3
=)

dix,y) = mx l:l + ae sin 1—{- (y - x tan a)] (3. 146)

where the first-order derivatives are given by:

(22)

9d _ 10 tmax . 9n bl
rr il Il e tan q e sin” o (y -x tan ) cos l(y-xtano,)
1/3
-X
——— 1/3
+ mae( b )s-.nm Ty -xtana) [1-2=] (3. 147)
and -x1/3 )
gd _10mmax e b sir19E (y-xtana)cosﬂ( -x tan a)
3y ) X x Y

(3. 148)

where the constants are given by:

m = 0.025, a = 20 meters, A = 80 meters

ol 1/

3

30°, b metets

Q
"

The computation starts by first assuming no wave-current interaction
exists such that initially U =V =0. The wave height H and §
fields are obtained and the stream function { solved for. The algor-
ithm then computes the circulation velocities defined by Eqs. 3. 87 and
3. 88, using central differences. These computed circulation velecities
are now the mean current system which must now interact with the ori-

ginal incoming wave system.
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Attempts to directly impose this derived mean current system in an
interaction process with the incoming waves leads to failures of the
technigue because the mecan current system derived for no wave-
current interaction is too large. .lence, conditions arise where the
local wavz is no longer able to propagate into some areas and k

passes through zero and becomes negative.

It is important to understand the specific processes involved in the
numerical algorithm. In particular. under prototype conditions as

a constant wave system begins to attack a coastal area, an instantan-
eous interplay of wave characteristics, bottom sediment movement
and wave-generated current effects exist simultaneously until some
type of "equilibrium' condition existas where the dynamic and kine-
matic requirements are all satisfied. The numerical model does

not aliow changer in bottom coniiguation. Moreover, the nearshore
circulation system may be sensitive to large changes in the wave
height and direction field due to the instantaneous application of the
fuli mean current system derived from the noninteractive case.
Thus, attempis were made to proceed much more slowly by multi-
plying the noninteractive current field by a constant less than cue.
This still preserved the contiruity conditions of the mean flow, but
yet allowed interaction to take place. This technique then envisioned
some type oi step by step series ol quasi-steady circulation solutions
urtil the full current system could be applied and the interactive

results yields the input current system.

Unfortunately, while seemingly a logical procedure, the wave-current
interactive system is sensitive to the rate at which the mean current

is applied. Presently, the maximum interactive current applicable

to wave-current interaction is about 50% of the noninteractive circul-

ation system.
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Figure 3. 6 graphically shows the stream function solution ¢ for the
no wnve-current interaction case where Hd = 1. 0 meters, Td = 4 gec,.,
Gd = 150°, and the depth is given by Eq. 3. 146. Tables 3. 4 through

3. 8 provide the wave direction 8 , wave height H , breaking index 1B,
u velocity and v velocity field for this rase. Notice the existence of
the counter eddy field defined where §< 0 , which is the degeneration
of the normal incidence negative { field. Alsc, all above and follow-
ing tables will only include the region of data where Eq. 3. 146 applies.
Offshore from this row at x = 200 meters, the Snell's Law region is
utilized and the H and @ field are easily derived. For all cases
herein, the maximum distance offshore is x = 345 meters. The maxi-

mum meandering '"rip-current"” velocity is about 2. 7 meters/sec.

Figure 3. 7 is the solution for the stream function field * with wave-
current iateraction where only 20% of the noninteractive current velo-
cities from the solution in Figure 3. 6 were utilized. These noninter -
active velocities are shown in Tables 3. 7 and 3.8. Notice that the
counter eddy field has decreased a little but the general pattern of the
circuiation pattern remains much the same as the noninteractive case.
Tables 3.9 through 3, 13 provide the values of 6, H, IB, u and v
for this case. For this case, an examination of Tables 3. 12 and 3. 13
shows that the maximum meandering rip-current velocity has Leen

reduced slightiy to a maximum value of about 2. 5 meters/sec.

Figure 3.3 is the solution when for the stream function field { with
wave -current interaction when 50% of the noninteractive current
velocity field from Tables 3. 7 and 3. 8 are utilized directly. Tables
3. 14 through 3. 18 provide the resulting data for the spacial fields
0, H, IB, u and v.
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The resulting stream function pattern from Figure 3. 8 is indeed
startling and unexpected. The counter eddy field has now become
stronger, and while the outgoing meandering rip current is similar
to the previous case, a very strong inflowing meandering current
now exists. The maximum magnitude of this in rip-current is about
4. 1 meter/sec. Presently, it is unclear what is cansing this sudden
change in the circulation pattern, since the 20% interaction case

produces no significant effects.

One possible influence could be the sensitivity of the circulation
pattern to the imposed bottom topography. ln reality, the interaction
of the ability of the bottom to change form in accord with the current
intensity may be as critical a factor of consideration when the full
wave-current interaction problem is considered. Another possibility
is that the stream function solution is sensitive to the magnitude of

the mean current and too intense a current produces spurious results.

Figure 3. 9 shows the stream function solution { when the wave
height Hd has been reduced to Hd=0. 5 meters for no wave-current
interaction. The circulation pattern appears reasonable with respect
to the bottom contours with a maximum outflowing velocity of about

1. 6 meters/sec. Tables 3. 19 through 3. 23 describe the resulting

spacial variables 8, H, IB, u, and v field respectively.

Figure 3. 10 shows the strcam function solution ¢ with a wave-current
interaction of 50% of the noninteraction case described in Figure 3. 9.
For this case, 50% of the velocity field shown in Tables 3.22 and 3. 23
were interacted with the original incoming wave system and the results
for the variables 6, H, IB, u, and v fields are given in Tables
3. 24 to 3. 28, respectively., Again as in Figure 3. 8, the results show
extreme changes in the circulation pattern from the noninteractive

case. The maximum in rip-current velocity is about 2. 6 meters/sec.
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TABLE 3,6
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The failure of the numerical program to compute wave-current inter -
actions greater than about 50% of the noninteractive case is the inclu-

sion in the algorithm of a condition which stops the calculation in the

event that ks0o . This physically implies that the local wave

is unable to penetrate beyond this point due to the magnitude of the
opposing mean current. One possibility to extend computation is to

assume that when k=<0, H=0. This will obviously yield large

changes in the spacial derivatives of the H field. The effect of this
change in the program is presently unknown, but if implemented
wave diffraction effects should be considered due to possible sharp
discontinuities in the wave height field.
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.4 CONCLUSIONS

1, When the process of wave-current interaction is important, the
ability for the mean current to convect wave energy across orthogonal
lines implies that the method of integrating along characteristic lines
is no longer valid, Furthermore the wave height can no longer be

simply represented by the product of independent refraction and

]
1
i
E:
s
i
9
K
;.
3

shoaling coefficients,

O s

2. While only limited interaction results have been obtained thus far,
it is clear that wave-current interaction is an important physical
process which can greatly affect incoming wave characteristics with-
in the nearshore coastal zone., This influence would be especially
important if a strong circulation pattern exists within the nearshore

zone,

3. Since the effects of wave-current interaction on the nearshore

3 circulation pattern is so startling, other parallel areas of effort

' should be also considered such as the simultaneous movement of
bottom material as the current bottom shear stress becomes large.
A conclusion of a previous study I-Noda (1972)] showed that the cir-
culation pattern and especially th; magnitudes of the circulation vel-
ocities were very sensitive to bottom configurations. The interplay

of all these factors must be seriously considered.

4, The preceeding results have opened up interesting areas for fu-
ture research effort. For the present numerical model some non-
linearity could be included either from the inertia term or through
the bottom function term, Also as the wave number becomes k< 0,

the numerical algorithm should have H- 0.

Future efforts should be expended on a perturbation expansion tech-
nique which would allow the use of integrating along characteristic

lines to obtain approximate solutions for wave-current interaction,

139




O op the practical sgide, these technigues could be directed toward
an aualvtic quantification of such basic coastal engineering problems

as gyoin spacing and design,
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4. WAVE AND CURRENT

4.1 INTRODUCTION

The question of mass transport or current associated with wave propagation
in the ocean as well as in channels or rivers has been investigated by nume-
rous authors, Several types of problems arise in this connection but they
can be roughly divided into two main classes. The first and most widely
studied phenomencn is the mass transport due to gravity waves, the second

is that of wave propagation in the presence of a current,

The mass transport due to gravity waves has been shown to be of second

order with respect to wave height. M. L. Dubreil-Jacotin (1934) first proved
the existence of waves associated with the rotational motion of a perfect
inviscid fluid and determined that there are an infinity of such solutions
associated with a more or less arbitrary distribution of vorticity. Since

the motion is irrotational to the first order, Miche (1944) used the first order
irrotational salution for a constant finite amplitude two dimensional meticn

and calculated the corresponding second order term; the results depend on an
arbitrary function of depth which can be determined if the vorticity is specified.
The effect of viscosity was first studied by Longuet-Higgins (1953 and 1960).
He showed that the boundary layers near the surface and at the bottom were

of very small extent and that the mass transport velocity above the bottom
layer and its vertical gradient just below the free surface layer were inde-
pendent of viscosity. His results coufirmed the existence of vorticity in the
mean flow and provided boundary conditions which may be used to definc the
unknown function suggested by Dubreil-Jacotin and used by Miche., Further
computations of mass transport in cnoidal waves were presented by LeMdchautd

(1968) who showed that the mass transport is uniform in a vertical plane to the
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second order of approximation. A further step in the theoretical study of

mass transport in gravity wave was the study of a spectrum of random waves

Ming -Shun Chang (1969 and 1970).

The problem of wave motion in the presence of a current has not been stadied
in the same systematic fashion. However, a number of particular solutions
to the problem have been presented. For instance, Abdullah (1949} assumes

an exponentional vorticity distribution, Biesel (1950}, a constant vorticity and

Eliasson and Engelund (1972) a hyperbolic distribution with depth.

Because of the importance of the latter type of motion, one obvious example
being the interference of waves and rip current near shore, the assumptions
and equations used in the last three references will be reviewed, then results
summarized and an extension of Biesel's solution (1950) to a discrete wave

spectrum will be presented.

4,2 BASIC EQUATIONS AND ASSUMPTIONS
The motion studied here is assumed two dimensional and the fluid is incom-

pressible.

The basic coordinate system consists in a horizontal x axis laying along the
mean water surface line, and a verticzl y axis positive upwards. The follow-

ing notation is used:

u, v x and y components of a particle velocity
p pressure

v kinematic viscosity

P fluid density

y stream function

aa

gravity constant
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The basic equations of motion are

b u v
; . 1 .2
r g%}'- u %1:)2 + v -gll- + = g& = (yp W (4. 2)

The use of these equatioas imply that any density gradient or Coriolis effects
have been neglected. Moreover, the terms in parenthesis which will
eventually be dropped imply a laminar flow, but could be replaced by other

functions of u or v to approximate turbulent shear stresses.

Equation (4. 1) is identically verified by the introduction of the siream function

y such that
LS 3 = ﬁlﬁ
u ay (4. 4)
v = _§§ (4.5)

Differentiating (4, 2) with respect to y and (4.3) with reapect of x and subtract-
ing and replacing u and v by their values in terms of y yields the funda-

mental equation for the stream function

- Y 3 ¢ _a¥ 3 2y - 2 2 (4. 6)
SR Rl Wil L v A UL A A

or in another familiar form with ¢ = - 1 VZ ¥
ot - (wvlg - (4.7)
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For wave like solutions of wave speed ¢, ¥ is a function of the variables

{x- ut)and {y}. Assuming a wave spectrum exists with wave numbers

exte iding irom k1 to kz, the stream function can be written as
) 2
b4 (%, vy, t) :f v (x - ckt, y) dk (4. 8)

whext

c; and ¢ are functions cof k.
k k

Equat jon (4, 6) is identically verified by the solution

VY-~ vz\y dk = constant.
k k

The vsnal irrotational solution is obtained by setting the constant at zero.

Whey shear stresses are negligible, that is outside some bottom and free
surfzte boundary layer, the right hand side of (4.6) can be neglected. In this
regior, the stream function must satisfy the oft used equation:

2 (vz‘y) y ¥ 8 (VZV) _ Q¥ 8

2
= 0. 4.
at 3y 3% ax By vyl =0 (4.9)

Assying that the main effect of shear is to establish initially a non-zero
vortitity throughout the fluid but that it can be neglected thereafter, solutions
of (4,9 will be sought, The order of magnitude of the neglected term in (4.6)

will #hen be evaluated to verify the validity of this approach.

A sejies expansion of the stream function and water height in terms of a

small parameter € will be used, Here € is a measure of the wave height
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and it will be assumed that the surface equation 7 ({x, t] and !pe stream

function ¥ (%, y, t) can be written as

m
€ yl

3
]

iz 3=

1
=}

m (4. 10}

-
H

el ¥ (4.11)

where tiie function 'fo represents the main eifect of the current, and will be
assumed to depend on depth only. Note that herc the function# I and Yn

are of the form (4. 8) that is:

kZ
T!m =f ﬂkm (x - th) dk m =21 (4- 83.)
k
1
kZ
‘fn =[( Ykn (x - ckt, y) dk n =21 (4. 3b)
1

Intraducing expression (4.11) for ¥ into the defining equation ¢.9), grouping
terms in various powers af e, and recalling that by hypothesis ‘1’0 is a

function of y only (4.9) becomes

3
d¥ o¥. 47y
3 2. 0 3 2 i 0 2,
£ [-—at (vV7¥)) o+ v 3= (v ¥) - % -—-—-—dy3 ] + 0(g) = O

Hence the zeroth and first order terms of Y are defined by the squations

Ty = YO (y) (4.12)
3
dy oY a7y
3 2, 0 3 ,.2 1 0o
3% (v i’l) + —*—*—dy % (v Yl) - 3% —a—;:,‘— =0 . (4. 13)
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But irom (4. 8b)

k,
¥ =[ Y (x-ct, y) di . (4. 14)
k

An additional assumption is now made concerning the functional expression

of Yk . that is:

1
: ‘!’kl x - ¢ty y) = ?ik (y) cos [k {x - ckt)] .
3 Hence,
g K,
Yl =f ?k (y) cos [k (x - ckt)] dk {4, 14a)
E k)
2 2 |
vTY, =f — - k Yk’ cos [k(x - ckt)] dk . (4. 14b)
kl dy

Introducing (4. 14a) and (4, 14b) in equation (4, 13), we get

2
2y 3
-’1{ - ‘1’; SRty | O dd‘i’o " ¥ d"W30' dk =0
1 dy Y dy

This equation will be verified in particular if for all k's in the interval

<
k ,_kSkZ

1
(d‘fo ) (dz'fk >~ ) Y,
— l'ed —— - k Y = Y . (4- 15)
Iy K o K 3 K
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Hence, given an arbitrary function ’{0 {(y) defining the zeroth order stream

function due to § depth dependent current, the components of the first order

associated wave stream function are given by equation (4. 15).

The assumptiony leading to the equation are summarized below:

{1) There is no density gradient in the fluid.

{2} Coyiolis forces are neglected.

(3) Shear stresses are neglected. The validity of this assumption
will be tested for each case considered.

{(4) Wave like solutions only are considered.

(5) The principal particle velocity component is due to the current

5 arq depends on depth only.

{6) The wave height is small compared to the characteristic length

defyning the depth variation of the current.
4.3 BOUNDARY CONDITIONS

Note that by definition (equations (4.4) and (4. 5)) the stream function is known to
within an arbitrzgry function of time. Hence, without loss of generality this

arbitrary functiom can be set to zero.

1. The bottom is a line of current.

Agguaming the bottom is defined by

y = -h(x)

oY -
" Ix (%, t, -h) = -

DalCL
¥

oY
ay (x, t, -h) .

For h constant this becomes
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£

¥(x, t, -h} = Yb
where ‘!b is a constant.

Replacing ¥ by (4.11) yields the condition

- = 40 6
!0 (-h) ‘lb {4.16)
Yn (x; t, ‘h) = 0 n 2 1 ] ‘4. 17)
2. The free surface is a line of currert

Since the free surface is defined by
y = nix, t)

2 _dn, A 2
™ (x,t,ﬂ"at'}'ax ay (x,t,T).

Replacing y and Y by(4.10) and (4.11) and grouping terms in power of ¢.

3!’1 anl anl d‘l’o 2
ea—x-(x,t,0)+-$-(x,t)+—g(x,t)-cw(0) +0 (e7) = 0.

Since \1’0 is a function of y only, YO(O) is a constant. Since, moreover,
¥ is defined within an arbitrary constant, it is always possible to choose !’o (0)=0
in which case the value of ‘l’b is defined by other boundary conditions. Note

that alternately ‘i’b could have been taken as zero and \1'0 (0) = YS determined

subsequently.

The free surface condition hence becomes to first order:

YO (0) = 0. (4.18)
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on, 4¥, 4. 19 %
+ T &y 0 at y = 0 . (4.19) ?
3, The pressure is known at the surface and is usually assumed
] constant
From equation (4. 2) and (4. )
4 2 2 2,
3y ¥ 3% Y 3% | 1 ¥p _
E Stoy T 3y ey T x Gz T o ax -
4 b4
4 and
] v oy Ay Py 1 p
3t3x ~ 3y .z O 3oy p 3y = "B -
Hence, i
| 2 2 2 2
] 3y an 3% , ¥ | Py 3y 2%
: dtoy ~ dx dtox Sy | 3&x3y ~ ax 2
] 2 2
3 _3 3%y am Aty ] am |
4 ox ayl dx ‘dxay 3x i

Replacing 7 and ¥ by (4.10) and (4.11), at y=0:

Py, oy, 2%, ar, 3% an
€ . O 0 v g2 |+ 0 (€2 = 0
dtoy & dy Bdxoy X 3,2 & 3x
if plx, n = Py a constant,
. Introducing expression (4.19)
3%y ay_ [afy a®y_ an am, a%y an
L, I I W 0 1], 1 0+g l:Oaty—o
3t oy dy | o=y dyz ox ot dyz dx
(4, 20)
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Now from {4. 8a}

k

| 2
m =f n (x - c t) dk .

kl 1

Assuming as for Yl {equation (4. 14a) that

k

2
n, =f ?}'k cos [kix - ckt)] dk . (4.21)
k

1
The abové boundary conditions will be satisfied if:
from (4.17)
¥ (-h) =0 (4.22)

from (4. 19}

- [d‘l’o ]~
¥ o+ & " %k M = 0 aty =0 (4.23)
from {4. 20)
> 2
ay, a¥, v, rav, .
T al®m T & k] tEfc oy =0

(4. 24)

In summary, given a function Yo {y) which describes the effect of a current

and such that ¥, (0) = O the first order correctionto ¥, describing the

effect of waves on the stream function is defined as 'l (x, v, t} by equation
(4.14a). This function must satisfy ths differential equation (4. 15) with boundary

conditions described Yy equations (4. 22) through (4. 24).
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For each function ¥k a change in variabies such that

s i T

; Yoo = ¥y -y (4. 25a)
u, =u - {4. 25b)
1 X = x -t (4. 25¢)
3 vk = v (4. 258)
: yields the following system of equations:
?' ~ 3
: ¥k dzyk 2 W ¥ v
dy, 2 X ay 3 | % =0 (4. 26)
dy k dyye
¥, (-h) = o, (4.27)
s ay¥
Y, ¢ 3y, T = 0 aty =0 (4. 28)
av , ¥ ¥y oar_
—_— == 4 +g|lf, =0aty=0. (4. 29)
dyk dy dykZ dyk k

Special solutions of the set of equations (4.15, 4.22, 4.23 and 4. 24) or
(4. 26 through 4. 29) have been obtained for a single frequency component.
These solutions are discussed in paragraphs 4. 4 through 4. 7 where the
subscript k has been dropped. In paragraph 4.8, the extension of thesc

cases to a finite wave spectrum will be discussed.
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4.4 EXPONENTIAL DISTRIBUTION OF VORTICITY (Abdullah (1949))

Take 4
_ 2 ~ oy a
QD v YO au_e - u,
corresponding to
= ay
u, = u_e
u
- W QY
¥, 3 (e 77-1)
or from equation (4, 25a)
u
= W (e IY_ 1y
Yr = 3 {e 1) -cy.
Note that o is related to !’b {equation (4. 16)) by
u
= W (o -0h
‘i’b =3 (e 1) .
The first order solution is given by equation (4, 25)
dza‘!;( 2 azu e ~ 2 azu -~
== k% + o — Y = Lk o+ 2]
d 0.y_ u _~-c
y u c o
w
This equation is Abdullah's equation 11. He gives a solution in terms of a
power series in ku  for an infinite fluid. The dispersion relation
for this case is shown to be:
2
S S S
02 02 02

where
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Ll e R

Z -
ku ,n u u
. L w) n W n (4n + 3) w
S01 " ke{2n+l) [1 X {(ntl) (c )+ 31 (n+1)(2n+3) ( c ) Fe-

2 -
kuy \n u u
_ w n{n+1) W\ n{ntZ)}{(4n + 3) ( W
Soz ~ ke(@ntl) [n+ 2 (n+l) (c /+ 3 (n+1}(2nt3) \ ¢ )+"-

Equation (4. 30) is an implicit relation b tween ¢ and k. It was shown by Abdullah
(1949), that the effect of the current is to lower the wave propagation speed for
a fixed frequency.

u
Numerical solutions of equation (4. 19) fur small values of ?w_ {smaller than

. 15) are presented in the cited reference.

Returning to equation (4.6), the solution given above verifies to order ¢ that the

left hand side of the equation is zero. The right hand side is evaluated as
v VZ(VZ‘Y) ~0 [v vz(vz ‘{'0)] ~ [v c,3uw] .

Hence, neglecting the right hand side of equation (4, 6) to order € is only consistent

if \ch.}uW is of same order as the terms in e:z, that is of-xder

2 3 2 v
[S Yly 3% v YI] . 4 .
N .
But since ’1‘1 = “F cos k (x - ct) = ¥ cos kX for a single frequency
2 ¥ 2p atue®Y
v ‘i’l = = - k YJcos kX = . Yy .
d ey
y u e ’-c

From (4.28) and (4. 29)

- d‘fr
¥ = O.d__v




s ' i‘_F_ = 0 d Yr

-, dy ay2
. . rd Z
L0 e u
SR e {2 L g2 - 2 y
N :m‘ : (e ‘yly 3% ¢ 4 )— 0 |eTvgok oo (ug-c)
R w
o "A‘n
I‘:‘u . .

YR = 0 [520.3\1 Zk] :
.

To relate £ to known quantities, note that

DR av ay

T 3 = _1' + e ....i
Yk dy dy

T . - and the basic assumption is

av dy
- 1 0
€ E < < _d_};“ .
. In order of magnitude
g Qu < < 1
w w
Hence, ¢ is a small parameter for this problem provided ¢ < < 1.

SO | i g3 -1
S From the data presented by Abdullah (1949), for v, = 15 em/s, a= 10 cm
. 3

e« <107 em say € = 10 em
valu, = 0 (1072 x107%x10) = 0 10710y gec™?

e By comparison

9

o]
e
c
=
1]

- 2 -
0 (lOZx i0 "% 10 k) sec 2

= 0 (10-5 k) secm2
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3 3

u
w

the assumption that the right hand side of (4. 6) can be neglected is justified.

Hence, 0 (va uw) =0 (eza Zk) for wave lengths up to 600 m, and

4.5 CONSTANT VORTICITY DISTRIBUTION (Biesel, 1950)

Take
A b4

CO = v YO = A a constant.

Corresponding to

el
]

Ay+uw

or

v =2 Ky

r

1t

so that ‘t’b and A are related by

w]:):_'_——“"wh

or calling w the bottom velocity.

u = A (-h)+uw .

The first order solution is obtained from

d¥ 2~




\
\
I
[
5
;
!
[
:
i

et b B0 e mhasrR

with the boundary conditions (4, 27) and (4. 28) o

. sinh k (y+h)
t=-Kn Sih ’

Hence, for a single frequency component

2 .
v =é%’_ + uwy-e'ﬁ'lK Wcosk(x-ct)*!-()(ez) .

The velocity components hence become
= ~ cosh k £!+hl _
u uw+Ay+ eank sinh Kh cos k {x ct)+0(ez)
v = e KeERELHR) o pxion + o0 (D) .
Introducing the expression for Y in (4. 25)

2] cosh kn A
K [k sinh kh ~ E] =8 (4.31)

which is the dispersion relation found by Biesel (1950).

Since ¢ = %— where % is the wave period, Stckes dispersion relation
wz = g ktanhkh is found for the special case where the vorticity vanishes
(A = 0) and there is no current (uw = 0).

For the case of no vorticity but a constant current, the relationship becomes

w‘z = g ktanh kh
where j—‘,”—-— is an equivalent wave period Jdefined by
u
T . A
w w K .

In the general case where the vorticity is given as well as the surface currents,
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equation {4. 31} gives the value of the wave propagation speed as a function

of wave length, Equation (4.31) can be re-written:

> [ (e~u_) - (c-uy)
{c-u_) - = g
w tanh kh (u_-c) h
-
or
cou )2 Kh (c-u,) - (c-u,) -
w'  |tanh kh c-uy, gn -
Solutions only exist if
| (e-u ) - le-u)
W
(c-uw) !'l - ) =gh
w
that is
(c-uw) (c-ub) <eh
where uy is the bottom (absolute) velocity.
For a uniform current of speed u (that is A = 0) equation (4. 31) yields

Comparing with

- . .
‘C'“w’zl kh =, “w ‘lb]:gh

tanhkh ¢ -u,

and assuming a realistic wind generated wave where c¢ > u, {(Wiegel, 1964)

and ub < u

¢ -u > c -1
w W
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c ¢
u

so that when there is a vertical velocity gradient the wave speed is lower
than for a constant current of same surface speed (but not necessarily lower
than for a constant current at the average current speed), In this case

VZ(VZ‘IO) = 0 and
e
d-¢
vz(vz‘!l) = ¢ (—-‘-2(— - ko i() cos k (x - ct)
dy

"t
o

so that the left hand side of (4.6) is irrelevant for zeroth and first order

solutions.
4.6 HYPERBOLIC VORTICITY DISTRIBUTION (Eliasson and Engelund, 1972)

Here a single frequency component is considered and the following

relationship is assumed

(o = VY, = VY = oy

and with boundary conditions (4.27) and (4. 28)

¥ = sinh By
T 'Yb sinh Rh
or
- sinh By
L S = R A
Hence,
B cosh :
uo = - BY Sinn éh toe
uO(O) = ug,
or
K_uvv-c__Bsinh Bh ‘
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. Hence,

K .
LA =-B-—s:.nh 8y

with

u, = Ksinh By .

The first order solution is obtained by solving (4, 6) which becomes

dZ

dy

e

= k2+pYH ¥

3%

with boundary condition (4.27) and (4, 28)

k5 sinhVE g% (v +h
DsimhWk® + 82 n

&)
"

Hence,
. ‘, 2z 2
K . ~ .
Y=Cy+-§~sxnh ﬂy-eanSInhk+j‘(l+h) cosk(x~ct)+0(ez)
sinh kZ'+B2 h
and

2. .2
4 = c+ (uw_c) cosh By - € ?]-1 K\,k2+52 coshvk2+52 (yth) o k (x - ct)
sinhVk“+B° (h)

+0 (ed)

N sinhVk? + 82 (y+h)

v = -—egen K
1 sinhVk* + B n

sink (x - ct) + 0 (&%) .

Boundary condition (4. 29) gives the following dispersion relation

KNIZ 2 cosnVil+ g2 n .

(Elia d E
sinhVk2 + B> b iasson an ngelund, 1972} .
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Once again for zewvo vorticity (B= 0) and no current, this relation reduces

= = W
to Stokes value where Ks 2 eg =%

2
K 1

T K w8 or W gk tamia

k

For non zero vorticity

(c -u )% = —‘g‘"—z =" tantVk” + 8% n (4. 32)
bl Vi + B

c - u_\2 2484 h kb,

—_—w) tanh kd .

( g ) k" + 8" h

Hence, the speed of the waves relative to the current is lower than their

speed in the absence of current.

In order to evaluate the impact of the viscous terms, consider first the

expression for u. The small parameter € is defined by

Ie(uw-c)\lk2 +8%] << fu |

or

eqk2+52 <<l .

Then

ve? (PYg) = 0 (KB = 0 [u(u - 0)p’]

which needs to be compared to
(2 y 5@; vz\yl] - 0 [eZ2 KZ VK% + 8% k B%]

- 0[e? Vi + B2 K g2 (w - ©)°]
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Hence, viscous term can be npglected if

vBSeZ\}k:!JrﬁE k ]uw-cl .

Taking the dispersion relation into account

¢

1 7 Y

4 2.2 2 k anhVK® + 82 h

H vB=<e " (k" + B )ygh —p— T-E-z'—‘ . (4. 33)
v K2 + gt VK +8° n

In mnst real cases B will be relatively small, and for discussing
equation (4. 33), it will be assumed to be at most of order k. Then (4.33) can

be approximated by

For shallow water kh «1 this becomes

vB= eZkZVgh .

For example, assuming €k = 1072 kd = 107}
10”2 B <1074 10? h and B-l in centimeters
— -
B=yi0' h or Bk =107t |

Agsuming P is of the same order as k, v'scc: iy can be neglected for waves

length larger than about 5 cm.

For deep water kh > > 1
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v £ ezkz J%

3 1
1072 g 1074 18 gk =107

so that the same order of magnitude as found above is still valid.

Hence, viscosity can reasonably be neglected for most of the expected wave
spectra, It is interesting to compare this case with the case presented in

paragraph 4.4,

In both cases the vorticity distribution is exponential in character. The main
difference is that in the previous case, the solution which was obtained was
such that the vorticity was a linear function of the stream function whereas here
it is a linear function of the stream function relative to axes moving at the wave
speed. The latter approach was used by Eliasson and Engelund (1972) for a
single frequency as it yields a closed form solution for the velocity components
and a fairly simple dispersion relation. However, if a wave spectrum is to be
analyzed, individual solutions are obtained with respect to axes moving at

different speeds and the combined solution may be difficult to obtain.
4.7 GENERAL SOLUTION

For any given absolute velocity distribution

i = vy
y
YO: ui) dt
0
¥
Y. = uft) dt-cy .
0
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The {irst order solution is given by

. (4. 34)

Boundary conditions (4. 27) and (4. 28) dc "ine the two unknown constants of the

second order differential equation.
The dispersion relation is then obtained from (4. 29).

Equation (4. 34) is singular for uy=cor f @

and for

d™u
= -kz(uo-c) .

Since }uo |+ ® is not a realistic assumption, the possible motions can be
obtained either by direct integration of (4, 34) as was done in paragraphs 4,5
and 4,6 or by power series approximation around the two other singular points
as was done by Abdullah (1949), The dispersion relation in the latter case must

be solved numerically by succ:ssive approximation,

It should be noted that in paragraphs 4.4, 4.5 and 4. 6 the analyses have assumed
a single wave length. Because of the non linearity of the basic equations,
superposition of results caanot be readily performed. Some method of obtain-
ing solutions for a wave spectrum may then be more valuable to the problem

of estimating forces due to waves than determining a single component response
in the presence of complex current distribution. The general discussion of

paragraphs 4. 2 and 4. 3 will provide the means of obtaining this extension,
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4,8 SOLUTIONS FOR A WAVE SPECTNUM

1. Consider firsi the exponencial vorticity distribution., Since 't'o is

independent of k, as in paragraph 4.4

u
¥ =2k V-

and the equation for ‘P‘k is from (4. 15)

dZQ azu e ™Y
k _ kZ + W
d 2 u ec'y- c
¥ k

which is the equation solved by Abdullah (1949).

paragraph 4.4 applies for any wave number k,

This case corresponds to a wind induced current.

value u
w

frequency in the wave spectrum, equations such as (4.30) can be numerically

The discussion of

Given the wind speed, the

can be determined from Wiegel (1964). For each significant

solved for or nomograms could be prepared to obtain ¢, (k). Numerical

(4.35)

integration of equation (4. 35), then (4. 14a) would yield the necessary information

to compute forces due to the combined action of waves and current.

2. Constant vorticity

In this case

A 2
‘1’0=-—y——2 +uwy.

Equation (4. 26) gives
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Hence, as in paragraph 4.5

~ ~ sinhk (y + h)
Yo = - lep-uy) My Toimh kh

and

2 cosh kh A
u =-c¢) k = - - = g
w k [ sinh kh Ut Sy ]
which can readily be solved for,

Computing the velocity components from ‘i’l (equation (4. 14a)) and integrating
over a fixed period, the average velocity components at a given fetch and depth

are then obilained by a simple numerical quadrative in k.

3. Hyperbolic vorticity distribution
For a single frequency it was found that

¥, = Yw " sinh Bytc

B

where ¢ depended on k according to equation (4, 32). Hence, in this case
Yo depends on k, and it is nut possible to use the above expression for ‘f’o

where a wave spectrum is considered.

A possible extension of this solution can be obtained by first defining an

average velocity < by

k2
- _ 1
C Tk c(k) dk
2 1 Kk
1
and taking
u, - T _
’i’o - sinh By + ¢y .
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Then from (4. 15)

Wond
_ _ d Yk
[(uw -c)coshBy+c -~ Ck] dyz -~ k

2

- 2 - P
‘Ek = B (uw - ¢) cosh By Yk .

As mentioned in paragraph 4. 6, the simple equation which is obtained when

c = ¢, occurs here at most for one wave number. In general the equation to be
solved is
2 2 -
d ‘tk . kz . B (uw- c)cosh By s
dyz (uW - <€) cosh By + € - Sy k

which is of the form of the equaticon solved for numericaliy by Abdullah (1949).

4. General distribution

In order to obtain forces and moments on structures placed in a current in the
presence of waves, it is necessary to compute the velocity components or stream
function Y. For a first order solution, given the wave current effect ¥,, the
stream function ‘i’l is obtained by evaluating the integral (4. 14a) when "\fk(y) is a
solution of equation (4, 15) and when the functional relationship between ¢ and k
is usually given by boundary condition (4.24). The process is, therefore, usually

a lengthy one even with the use of high speed digital computers,
Results are simplified if ;’k (y) can be evaluated in closed form.

From (4.15) it can be seen that

2~
a%z a¥y/, 3 -
ko f o, ZdyT = 0
2 ay k
dy -2 . .
dy k
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o

dzi

= +f(y)¥k=o.
dy

Known solutions of such an equation can be obtained for

e

a) £y} = 0 Yk = ay+b
b) fly) = 8 “}i{ = ae MY 4 pe MY
2 0~ &2
c) fly) = 2ntl-y ‘ik = e 7 Hu(y) when n is an integer
and Hn is a Hermite Polynomial
2522 ~
d fy) =1+ _YT— e =\y [a T.9) + bJ- ()]

J'A(y) is a Bessel function and Xis not

an integer
or ¥ =\[,7 [T (¥)+b Y (y]if A= n

is a integer.

Cases ¢) and d) already involve functions which must be evaluated numerically

using a series representation.

The only fairly simple cases arc cases a) and b).

For bL)

3
K2y ¥/ /dys 52
d?o/dy—ck
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—- = 0 ¥, = ay + by since Y.(0) = C
d 3 o 0
Yy
or
aly ay

¥ o= Cky+a [euy-e-uy] u2=)\2-k2.

Both cases have been studied previously and it was shown that the first one
only with ‘i’o independent of k could be extended to a wave spectrum without

undue complication of the computations.

4,9 CONCLUSION

Altaough the equations required to solve at least up to the first orcder the
problem of small amplitude wave propagation in the presence of an arbitrary
current for an arbitrary wave spectrum have been presented, and a review
of the special solutions previously obtained for a single wave length has been

made, the problem in general raquires lengthy numerical computations.

However, for a current whose velocity distribution can be approximated by a
linear depth dependence, it has been shown that, at most, a single numerical
quadrature was required to obtain the average velocity components. This
inethod may then be used to estimate the forces due to wave action in the
presence of a carrent. An experimental "nowledge of the current velocity at

but a few depths (two minimum) will define the parameters necessary to com-

pletely solve this problem.
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APPENDIX A: NOTE ON THE BOTTOM FRICTION APPROXIMATION
A dissipative effect imposed by bottom friction comprises an important
term in the momentum equations, The bottom friction is non-linear in
I nature, and the coexistence of wave orbital motion and circulation renders
T g
mathematical formulation of this effect even more complex in the surf
; zone,
- 1 The tangential bottom stress B ofa guadratic form is given by
E -+ - 4 = .
3 B=colV|V Aol
3 in which ¢ 1is the friction coefficient, p the water density, v
_ the resultant velocity vector combining wave orbital and circulatic:
1 velocities, e.g.
1 4 o
: V = Uo+(u,v) A2
1 -
¢4 in which U _~ is the wave orbital velocity vector, whose x and vy
’ components are, respectively;
g -+ -+
Lo Uo cos 6 and'UO sin@, A-3

and {u,v) 1is the circulation velocity vector whose x and y com-

ponents arc, respectively, u and v,
-
) A full expression for I V| is then,
-

5 ,q1/2
| v [(UO cos® +u)” + (v - U sin) ]

5 5 5 1/2
[u +v +2U u cosg -2U v sing +U ] A-4
o o o

Several methods can be used to simplify EQ. A-4. In the previous inves-

tigation (Noda, 1972; also Thornton, 1969), two assumptions were made.
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One was to congider the circulation velocity components u, v to be small

as compared with the wave orbital motion, e.g.
-’
‘U | >> u, v A-5
o
such that Eq. A-4 reduces to

V] = U, A-6

Eq. A-lis then rewritten

- -
B=cpU_ [U + (u,v)] A-T

o
The titme average of the bottom stress is

- - '
<B>=Ep<UO><[UO+(u,v)]> A-8

Using the linear theory, the term < U0 > is written as

. 2H
“Us? = Tsinhkd A-9
-
It was also assumed that the term < [UO + (u,v)] > may be approximater
by
-+ -+
<[U0+(u,v)]>:—: <UO> + < (u,v) > A-10

-
Since < U0 > will vanish over a wave cycle, Eq. A-10 now reduces to
-
<[UO+(u,v)]> = < (u,v) > A-11

Combining Eqs. A-8 and A-11, the time-averaged bottom stress takes the

form

t """“".l';mt
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Noting that the friction terms in the momentum equations are defined by

- -+
- < B> <B >
F o= == -13
pTn+d) 5d A-l
then
2¢ U
F o= 2.4 A-14
x® - d
26U°
Fy-‘- —ﬁ—:—-——-v A-15

In the present investigation, an attempt was made to carry out a more
rigorous evaluation of these assumptions., Instead of Eq. A-5, we may

assume

lt-;ol, u >>v A-16
In other words, we assume that a nearshore circulation contains on- and
offshore velocity component wuw  which is much longer than the longshore
component and is not negligible as compared with wave orbital motion,
This assumption is gbviously borne out in a circulation containing a strong
outflow. Since, because of the refraction, the incidence wave angle in the

surf zone is generally small, we may further assume
8=~ 0 A-17

Using Eqs. A-16 and A-17, Eq. A-4 is simplified as

iy 2 2”2
[v] = [u +2uUO+UO] =ut U A-18
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-+ -+ :
Using unit vectors i and j inthe x and vy directions, the bottom

friction is now rewritten as

+ -+
B=cplu+U) [Uo-l-(u,v)]

*
i [Ep {u + Uo) (u + Uo cos B)]

-»

+j [Ep (u+Uo)(v- UO sine)] A-19

-+ )
The time average of Eq. A-19 is evaluated separately for i and j

components, e.g.

-+ -5 4U.U -
<B> =i+ &p [u2+ TT°+‘LU‘]

+ 2Uo
tjecp vt ——v A-20

Consequently, the friction terms in the momentum equations are rewritten

as
Fx=% [u2+f—;—19 u+%—U2] A-21
Fy=% [u+f—rU0 v A-22
where
U, = TsiTLI:kd A-23

The equation to solve to obtain stream function Y is of the form [see
Eq. (2.13) in the text]

2
3y 9y oy
. s Y sy = § A-24
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The choice of the simple friction terms, Eqs, A-14 and A-15 give

f £, aud f3 as functions of x and vy only, hence the problem

19
reduces to solving a linear differential equation, [see EqQ. (2,13) in the

text], The present computation has used this linear case.

On the other hand, the choice of the more complex friction terms, Egs,

A-21 and A-22,vyields fl’ fz and f3 as functions of x,y and ¢,

thus the problem becomes non-linear. Numerical calculation of this
non-linear case was attempted, but the result exhibited extreme instability,
hence the lack of convergence. The form of our non-linear equation is more
complex than any known equations for which the conditions for stable solu-
tion have been well explored. Further investigation of this problem is
apparently outside the scope of the present investigation and should be

reserved for a future study.

179



APPENDIX B
COMPUTER PROGRAMS FOR

WAVE--CURRENT INTERACTION
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PRAGRAM MATHEINPUTZ2560,IUTPUT,, TAPESSTNPUT,, TAPE6ZNUTPLT ,, TAPY 7=512,
*TAPFRSS512,TAPFOS512,TAPF102512)

PROGRAM COMPUTFS WAVF KINFMATIC AND DYNAMICS BY FIN(ITE
DYFFERFNCF INSTFADN OF RY CHARACTIFHISTIrS FOR THE
GEMFRAL CASE (OF WAVF=CHPRENT INTERACTING

CﬂMMﬂN ‘u(7ﬂ.£-?0),V(Tﬂ.eﬂl.l(TG.PH)'SI(N).?(H,(‘-’11'70.20).1“(70,20),
10GEaY,19),5(01,19), HRREAK(41,19), TR(41,10),0070,20),0DDX(70,20),
ARPNYET0,20),PST(T0,20),FXIT70,20),FY{T0,20),%(70,20),UID(T70,20),
IVELODCTIN,20) ,BLAST(TO,205,VE A8Y(70,20)

FUMNONZCNN S 6, P1,PT2,HRAD,EPS,NX, DY, DX, 072, T, STRMA, M, N, Mu

REAN AND WRITE INPDT

INTERTOmewhil WAVF«CUREFMNTY INTFRACTION, 0 AND V. = 0,0
TMNTFPE jwaen AVF =T HRRFNY THRIFRACTTOM, LFAD 1 AND ¥V FROM PF CALLFD NDDAY
ISTOPVENee NAT STARE VELOCTITY FTEIDS ') alP V. NN BERMANENT RILFS
ISTOARV=t~=STORF U AND V IN PERMANFIT FIIF CALLED NODAY
ISTNRH=N==N MOT SINKFE W AND THFTA FIFI NS N PFRMANENT FTIFS
ISTORHZ 1 =«=STHRE H AMD THETA FTFINDS TN PF CALLED NNDAH
IREMNHzfaal ALCHI ATE THE M AMD THETS FIFIPS PTIRECTLY
IREANHZ ek F AN THF H aAND THETA FIFINS FRI™W PEF CALLEN NOBAW
ISTARP=0amaltil 20T STNRE PST FIFLD OWTN PERMANENT FILF
ISTNUPzt=agTORE PST FYE D 0T PERMANENT FTLE CALIFT NAOPAPSTHY

READCS, 1Y m, N, TTMAYZ  TTMAXH, TTMAXP MM, INTER,TISTNOKY, IST RH, IRFANK,

118TNREP

FIRMATIRTYIN)

WHRTTF(A,10) M oN TTMAXZ, TTAXH, TTMAYP M TRTER,ISTORVY, ISTORY, TRFADH

L18100RP

FOPMAYT(10X,8T10/7Y

HEAN(S,?2) THETA L HH DX DY, T,F PG, 84, FRICT,PSTMaX

FORMAT(RFIN,P)

WRTTE (R, 11Y THFTAN,HH, DX, DY, T,FPS,aM, FRICY,PSTMAY

FONRMAT (10X, 106Gt2,4/7)

cNMPUTE ANE DFFINF CONSTANER

nz9 ,A0RP1
B1=24,14159265%36
P12=PI4?,0
RARZIAN /9]
fiXx2=Nx+2 .0
RY2=nye2, 0
STGMA=RT2/T
MMiZMm=
MUTHZM4
MlEHey
MPEMep
Mpsthie
NP e
FONMVERT INTTAL VALLE OOF THFTA<NEFE AATFR T00 RADTANS
THETANSTHETAN/RAN
AR TTF CHIMSTAC |
WRTTE (K, 120 LR, P12 ,0aD0,NY2 Y2 STEMA, TIET AN, 2, K2
PARMAT (1Y, ROY2 S,4TR/)

INTYTAL I7F NEFLOCTTY,THf 1A ASE wAVE HFICHTVARTANLES

(ONVERT DFEP wATER VALLRS OF Ttk TAC AME piH




in e te Ne

50

55

51

30
300

AD

| ]

5

XMAXSDXXF{NAT (Mel)
NSYAPTSAMaXYMAX
CALL WUNHM(DSTART,0,0,0,0,0,0,0,0,RKSTARY,A)
ARGSNSTART2RKSTART
TSTARTSASIN(SINC(THFTANIXTANHCARG))
TSTART=PI=TSTAR]
ARGPZARGAZ2 O
HEHOA] =SORT(L 0/ ({TANH(ARG)IS (1 ,04ARG2/SINHIARGBZ2YI)Y)
HSTARTSHHASOGRTI(CNSITHFTAN) /COSCTISTART)Y
HSTARTTHSTAR TAHSHIIAL

INITYAL T/ZF FIELDS
nn sy =t , MM
7Z=5PT +{TSTART=PT)AFLIJAT(I=1)/FLOAY (M)
HiHz HSTARTAFLNAT(TI«1)/FLOAT(MY)
Xz DX*F{MAT(Twt)
SINZ=SIN(Z7)
CO8S7=.NS(727)
PO S0 Jat,Ng
{T,J)= 0,0
V{T,Ji=a,0
H{T, J)sHHH
7(1, 032217
SI{T,J)=81TN/
racy,¥=0nss
COANTINIE
ph 85 T=2,M
nosS J=i,M
CALL DEPIK(I.J)
CIINT INUF
PIST T=MMIN, MM
D= AMRDXAFLNAT(Tw1)
PO S51 J=t,N
nN{Y,Jy=no
CONTYNUF
REANCIO)Y ((PSICI,JYsJd=1,N2), 121, M)
a0 1N 300
DN 30 I=1,MM
PST(T,1)= PSI(T,N)
PSI(TI,N2)=z PST(I,3)
CONTINUE
COMTINLIE
CAlLL SPHED

FND TNTITTALTZING "IFLDS

READ 1 AMD V. FROM PFRMANENT FTLFS IF INTER=Y

1F (INTFR _Fl1, 0) GN TN RO

READ(T) ((U(T,J),J=1,N2), 121 ,MM)
RFAN(T) (IV(T1:J),J0=1,NP),T=1,MM)
REWTIND T

CONTINII

G0 10 24

WRYTF(6,14) (T JY)ed=t,10),T21,M)
FORMAT(//,(10F13,5))

WRITF(6,15) ((11C1,3)s. 0211 ,M2),120,M)
FNRMATI(//7, (9F13,5))

WRTTIFI6,14) ((V(T,T)edz1,10),1=1,M)
WRTITF (&4, 15) ((V(T,J),J=11,M2),TY=1,M)
WRTTE(A,14) ((H(T1,J),J=1,10).T=1,M)
WRITF (A, 18) ((HR(T,J),J=11,NM2),151,M)
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WRTTE (6,14} C{Z(1+3),J021.10),1=1,™)
WRITF(H,15) ((2(T,J),0211,N2),131,¥)

) WRITF A, 1UYC(ST(T,0),J=1,10),1.1,%)
ok WRITE(Hp19) (U ST (T, 0),d211,823,1T=1,M)
| WRTTF (6, 16) ((CN(T,3),d=1,10),1=1,%)

WRITF{AIRT(ECN(T, 0, J2lt1,N2Y,T21,%)
25 (OMTINIE
WRTTFIAH,15) XMAX ,DSTARTY , RRSTART ,ARC,TSTART, ST ALY
13 FORMAT (INX,BG13,.%)
KMAXTY
N QN K] ,kMAX
v WHYITF(A,91) ¥
. 3 Q1 FORMAT(INY,2FFFD HACK (YL F&ar, 17
N N TR 1=, MM
R N 7R Izt M2
H TF (% 65T, 1Y Gy T 77
E I R(T, Y uil, 4
vl DT, 0= vt U
; Ry T TR
4 77 CONTINIE
HeLDT{T 012 LLAST(Y,0)
v n(t,d)= VEAST(I, D)
TR COMTTIMNUE
HEASTCY, )= 10T ,.0)
VIAST(T, )= V(T, )
VT, 02 O 252U NCT, 0 et AST(T,00Y
VIT,J3= 0.2« (Vi DCT»J)eVvLAST(T,0))
Th CiomTINE
TELALSY
TF (% LR, 1) G 10 37
FPSHE 0 0K
N 3T T, um
AN 3% JE1,NP
: TECARS(UNLALT,J)=Ul ASTE],J)) 6T (EPSUAARS(HLAST(T,J))))IFLALED
Cet ] TFIARSIVIE DN (T, d V! ASTOT 2 J)) 6T (EPSURARSIVEAST(T, I} VIVYIFLALED
1 T8 rONTINIE
T (TRLAG ,#Q, 0Y GO TN 18
wRTTF(A,34) FPSU
84 FORMAY (10X, «AROVE TIFRATTNN DN ) AMD V CONVFRGED FNR FRRNR=#,
tF7,4)
CALL FXTT
37 COMYTIRHF
TS CIONTINUE
WETTF(held) ((UCL,.1),0=1,10),T7=1,m)
WHTITF(h,1%) ({1 (T,M),.0I511,M2),131,™)
VRTITF(A,148) (Vv (T,0)edz1,10),1=1.M)
WETTEC(HR, 159 (VT d)od=11,02),721,mu)
TEO(IRFADKW FG, N) LIV T RS
FEARERY ((HIT,yJ), 021, 12), 1= ,4)
REANP(RY ((7(7,0),0=1,N2),1=1,4M)
RFWIND R
wel1TF(6,RT)
BT FURMAY( /7, 10X, 2VELUES OF 11 AND THETA KEAD FROM PERMANENT FTLE,/7)
~ . N RA Tz, M
Nit BR Tzt ,n2
Ak 7(T,N)
S1iY,J)s STAIARG7)
Co ey, V= CNSCARKYZ)
HA COMT TS
. ] ni TN Re
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8% CNNTINUE

LSttt

NO® SOLVE FOR THFTA

b T B |

ik

; FALL ANGELECYTMAXZ)
CAtl HFIRHTCTIMAXH)
_ 86 FIINTTNIIE
Y CALL SNELL (THETAN,HH, AM)

U ST RPOIRPRIPA L PP -

WRITE OUTPUT

o Thas Mo ]

Gy T 79
WRITE(h, 60 ((N(T,J),J=1,10),T=1,M3
60 FNARMAT(1OX , *WATER DEPTHS AREx/,(10F13,.5))
WRITF(h,61) ({(D{T,J),J=11,N2),T1,¥M)
61 FORMA(/7/,{9F13,5))
79 CNNT INHE
WRITE(H,62) ((HIT, ), l=i,10),1=1,M)
62 FNRMATO//710X, VAL HES 1IWF THE WAVE HFIGRT ARFx/,({106F13.,.%))
WRTITF(h,61Y ((HC(Y J), J=11.:N2),T38,M)
i WRITE(!’OG" ((lﬂ(ll\’)l’x’z‘INP’1T=‘IM)
* 6% FORMAT(//10X,*VALUFS 0IF THF RREAKING INDFX JRee 18=1 NI} RREAKING A
. IMD TR=0D RBREAKIMG2/,(1916))
3 WRYTF(h,6d4) ((HHREAX(TI,J),J=1,10),T1=1,M)
: 64 FORMAT(//10X,*»BRFAKING WAVF HETGHI®/, (10F13,5))
WRITF(Hh,61) ((HRREAK(TI ,J),,J=11,N2),1=1,M)

R )
T

WRITE VALUES NF DFPTH,H AND THETA FOR SNELL*S LAW REGIUNM

e Ral

GO 10 26
WRITF(A,T0) ((D(T+0)ad=1,10),T=MMIN,MHM)
70 FOPMAT(//10X,=WATER DEPTHS FNR THE SNFIL LTS LAW RFGINN2/,(10F13.%))
WRITFCAsT1Y ((N(Tpd)sdzi1 M2, T2MMTIN, M)
Tt FORMATC///7,(9F13.5))
. WRITE(H,72Y ((HCI,J),J=1,10), TaMMIN,MM)
4 T FORMAT(//710X,aWAVF HFIGHTS FNR THE SNELLTS LAW RFGION&/,C10F13,.5))
\E WRITF(Hh,TL) ((HCT,J)»J=114N2),IZMMIN, MM}
] WRITE(H,73) ((Z(Y.:.J),J=1,10),1=MMIN,MM)
7% FARMAT(//10X,«THFTA VALUFS FINR THE SNELLTS LAW KRFGTON®/,(10F13,.,5))
WRITFCA,TLY ((ZCT,J)oJ=11,M2), ISMMIN, M)
26 CNNTINUE
IF (ISTORK FQ, n) GO TN B2
WRTTFCR) ((M(1,J).J31,N2),121,MM)
WRTTE(R) ((Z(1,J),0=1,N2),T21,MN)
RFWIND 8
872 CONTINUF

o\t S s e

INITIALIZE THF PST FIFLD

ano

1F (K GE, 2) GU TH 94
CALL PSTINT(PSTI™MAX)
98 FONTINUE

inNe}

SNLVE FNR PSI BY TTFRATINN

] CALL STRFAM(ITMAXP,FRICT)
N IF (TYSTNRP _FQR, N)} GN TN 94
WRTTF(9) ((PSI(I,J),J=1,N2),T121,HM)
. RFWIND 9
96 FONTINUE
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b

oo e

81
aQn

caLt SPEED
TF (TS8TORV tG, &) g0 TO A1

WRITF(T)
WEITELT)
REWIND 7
FONTTHUT
CIMTINGE
sTNe

((ULT,JY, 021 ,N2),1=1,0M)
(EV(Y,0), 08 ,N2Y, T2t ,M4)
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inBuNe NxRael

(o Ba N

315

316

SUARNUTINE STREAM{TIMAXP,,FRICTY

SUHBROUTINF COMMITFS THF STREAMUINFS GIVFN THE H AND THFYA
FIELDS RY A GAUSS«SEINFL RELAXATIAN TFCHNTGUF BNTH FQOR
NAVE AMD NO WAFeCURRENT YNTFRACTTINN

RIMENSTION DNDX(70,20),DNNY(TR,20)

COIMMON U(7Qp?0)'V(70;?0)fZ(?Or?n)ISI(7003"01lcr)("ﬂ';’O)'H(-’ﬂr?n)v
1CGCa1,197,5041,19) ,HRIFAK(4t,19),IR(41,19),0(70,20),0DDX(70,20),
2RDNY(T0,20),PST(T0,P0),FX(T0,20),FY(TG,20),%{70,20)

CUMMON/CON/ G,PT,PT12,RAD,FPS,NY,NY NX7,NY2,T,STGMA, M N, MM

FQUIVALENCF (DNDY(121),0n 01,83, 00NDY (1, 1), HRRFAX(E,1))

STATEMENT FUNCTTUN

UPPSI(Y,Ji= («NXSA*W(1,J) + (1,0=FX(T,J)aDX/2,0)#PST(T=1,J) +
101,00 & FX{T,0)2DX/P,0)%PSTLY+1,J) +« DYSOQ*{1,0/DYS0 « FY{(1,J)/DY2)2
2PSI{T,J=1) ¢ DXSA»{1,0/DYS0 ¢ FY(I,JY/NY2)xPST(T,J+1))/7CON

FND STAYEMENT FIINCTTINS

MMIz=MMe]

Niz=Net

MP2EN+?

NXSQ=nXanp

RYSOENYxRP

ROXDY=NXSR/DYSNO

CONZ2,0+(1,0 ¢ RPXDY)

EIGMT=Y,0/8,.0

SIXINYZl 0/16,.0

FCONS FRICTASORT(2,0%5)/P]

CALCULATE DNDX AND NADYeaw=NATF THAY K,DXKDY AND DKDY ARE
NNT STORED DUF YO CNRE SPACE PRDBLEMS

NO 315 J3;,N2

ANDX(t,d)= 0,0

DNDY(1,J)= 0,0

CONTINUF

DO 316 T=2,MM

pe 316 Jz2,N1

RINE-RL D!

rp=n(1,JJ)

SS2STI(T, )

ccacn(l,J)

CALL WVNUM(DD,CC,SS,ULT,JIoV(1,J),RK,A)

ARG?2z 2,02RK2DD

STNH22 SINH(ARG?2)

TT22 TANH(ARGZ2)

PtNxs (UlTIet, JN=l(TI=1,.])3/DX?

nunys (U(T,J+1)=11(T,J=1))/DY?

Pvnxz (V(Iel,J)eV(Im=),J))/PXP

DVRY= (V(T,J41)=V(T,]=1))/NY?

NINX= (Z(1+41,J)=7(1=1,0))/DXx2

PYINYE (Z(T,0+1)=7(T,J=1))/DY?

FAC= 1H(T1,J)rSS = V(],J)%0C

FFs (T,JIACC ¢ VIT,J)288 4+ 0, SxAx(1,0 ¢ ARG2/8TMH2)/RK

NDKNY= RK*(DINX2FAC = CCxNUDX = SSANVDX « AxDDNDX LY, JI)/SINH2) /FF

PRNY= RK*(DTNYREAC = (CCxDUDY = SSADVDY = A*DPDY {7 ,JJ)/SINHA)/FF

FF2 (1,0 = ARGP/TT2)/5TNN?

DNRX(T,J)s FFA(RKANDDNXC(T,JJ) ¢ DDRPKHX)

DNDY(T,.J)=2 FFR(RKADDDY(T,JJI) &+ DDaDKDY)

CONTINUF

RO 317 Jsp,MM
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et o

3

MO

317

PNDX 1,03 DaDILT,N)Y
DNDY{T, 1) MmNy ¥V, K)
NMDXCL,N2)= DNDXTE G, 40
DRDY (T, N2Y2 DNDY LS, 1Y
CONYT TN
FND CALCUT ATION FO DNDX &ND DNDY

PRECOMPUTE OFNX/F, DFNY/F AND W

N0 300 T132,MMy

nn o3nn J22,61

JIz ey

Ph=n(1,J3)

aRyEinnxil,Jn

ANYNNNRY LY, 1)

nhPzNnxap

HizH({1, )}

HP2S i axp

DHAYZ(H{T+1,0)erd(l=],0))/DX2

PHOYS (MY, et )=H{I,,J=1Y)/DY>

PHOXYZ R T 414 J4 1)l { T, J41)mblltl,Je1)asH(Tw], et} )/ IDXR2ADY2Y

DHNXXSCHI T @i s JYe2, PaH(T, JIeR(T141,0))/1:X8N

ARNYYZ U], Jel )2 Aol (T, 0Y+H(],Je1))/TY¥YSN

PINX=(Z7(T41,J)eZ Tl 1)) /000D

NINYS(Z(T,Jel )2, e1))/DDY2

DINYY=CLUI41,J4 102 (0=, 00t )=/ (T4l 0ot )4 2(Tet, )Y/ (DX2a0Y2)

ATNXXS(2(T=l,d)m2,087(T, 03472(148,J))/7P¥8A

DINYY2(Z (1, J=1)=? . 0aZ 0, 1)e72(1,J+1))/DYSN2

S8=S8I(T,0)

ce=e0{1,Jy

SR2=8S*zp

CU2=CCuay

STHAZSTIN(2,0%2(],)))

FESASINSI2, 047 (T, JY)

AL L hvr.-lmfhh.l‘c.SS.H(T.J)pVH.J)a‘“"ﬁ}

ARGP=2 2 . NaRkanD

STHRZSSINHIARG?)

ARGY= Rr*ND

TI=TANH{ARNY)

TT2= TAMH(AKG?)

NRURXS(UI{T+1,J)ei(1=1,1))/NXp

MDY= (T, J41)=Ull, 0=1))/70Yp

PVOYS(V(Ta1,J)evil=1,1))/DXp

NVRYS(V(T,.041)=V(i],]=1Y)/DYp

FACPH(T, )88 = V(T,J)arr

FEZUOT,JIRC0 ¢ VI]1,J)288 + 0, 5%A%(} .0 ¢ ARGP/SINHD) /RK

NERYZ Pra(PIDXAFAC = (FAaNINY o SSANYDY = ARNDX/STNHPYZFF

NKNYE QKA (NTIDYAFAC = CraNIPY o« SSaDVDY = A«NPY/STNHAY /FE
NNTHe= FX(I, 1)3NEDX/E AND FY (D, 05=DFDY/F

Hir=H 12D

Pr?2s RKaP 0

PKNDX=E HKADDY & NHaHKDY

NENAYS RKADDY ¢ DL KDY

FX(T,J)= (DENXaReP24NKDNK/TT2Y/HKD & (NNaNKHN Xy  0aH1ADDX ) /HD

FY(T,od)z (DKNYaRKP&RDKDRY/TTR)/RK?S ¢ (NMNANHNY =2 D&«HIADDY ) /1N
MOTEFwe THeN=CG/C

Fre 0 Sa(],) # AVLI/R MK

ruefF1s P2 _0afFn = g%

FiFp= FN - 0,4

R b TErTan)




[z Re Xel

100

390
391

392

393

360

F&=z FueSlnp

FUz Fluarsp

ree=z 1,0 + 02

8§88z {,0 + §8¢2

S$x= Bx{COF1aCLP ¢ CNF2*882)

Sy= Al 128872 + COF 2aCCP)

Tal's STXTINTRHZAFN®SING

PSYXDXz Re(«FSaNTNX ¢ DNNX(T,J}2CCCY + 2, 04DHDX2ASY/HY

NEXNYs RA(=FSanTDY + NDNNY(T,I)ACCCY ¢+ 2. O0*DHDYASX/HY

NSYNYs RA(FSaDTDY ¢ DNDYIT,J)2S8S8S) ¢ 2,02DHDYRSY/HI

DSYDXz HE(FSADTDY + DNNX(1,JYAS88) 4 2,0+xDHDYN2SY/HY

RTAUXS RA(FCADTDXY 4 FSEDHDX/HYY & DNDX{1,JYxTRALI/FN

DYAIYE B2{FCaDIDY ¢ FSaDHNY /KLY ¢ DY (I, JIxTAU/FM

ONDXXz (DNDX (141 ,J)=DNDX(T=]1,JY)/70¥%:

DNDYYs (DNDY(I,J413=DNDY(T,Jd~1))/DY2

DNDXYY: (DNNY (141, J)«DNDY (1=t ,J))/DX2

SFCIHIND NRDER NERIVITIVFES

DSXPYXS Re(aFSenTDXYeZ OaFCADTINX DT eSS INZADTDXRDNDY (T, )nS N2
INDTOYRDONDX (I, J)+CCC*DONDXYY ¢+ 0, 254H12DHDY R («F SADTDX+CCCADNDX (T, J))
2% 2, 0xDHDXANSXNY/HT ¢ 2, 02SAR(NHDXY/Hi=DHOXADHDNY/H2)

DYAUYYZ Ra(FOLANTNYY=2  0aFSaDTRYX22) ¢ O SxFCAHIANTDYRDHDY ¢ 0,125%
1FSE*(HI*DHDYY+DHDYR®2) + BRaDNDY (I, J1A(COS2aDTDYSSIN2ADHDY /HL) +
ZONDY (1, JYRNTAUY/FN + TAUN(DNDYY/FN = (DONDY(Y+J)/FN)Y22n2)

NSYDXYZ Bafl (2 0XFCADTOYANTNAXIFSANTNAY) + STN?*DTRYAXDNDXLT,J)¢S1H2%
IDNDY (T, J)IaDTNX4SSSADNDXYY + 0,2SAHIADHDX*(FSANTIDY + SSSaDNDY(I,J3)
2¢ P O0ADHDYADSYDA/HY + P, OxXSYA(DHDXY/HI = DHDY®RMNX/H2)

ATAUXYE Ra(FCaDINXXw2 OxFSAanTDXer2Y ¢ O, S2FCaHIANTDXADHDY » 0, 125%
IFSa(HIADHNXX ¢DHDARA2Y + RaDNDX (T, )2 (COSPADTDX + DHDXRSINZ/HI) +
PONNXTY,JYADTAUX/EN ¢+ TAUR(NNDYX/FN o (DNDXCT,JY/FNYRR2)

FFCONSHI=*SORT(RK/SINHP)Y /DD2

W{T,J)= GaCIDSXDYX + DTAUYY = DNSYDXY = DYAUXXI/ZDD « DDY*{DSXDX +
IDTAUYY/DD2 4+ ODX2(NSYDY ¢+ DIAUXI/DD2Y/F

CONT INUE

GO 10 360

WRITF(6,390) ((FX(1,J),J=1,108),1I=1,MNM)

FORMAY(//10X, *DNFNRX/F~/,(106G13,5))

WRTITF(6,391) ((FX(T,J),J=211,N2),121,MM)

FORMAT(/7/,(9G13,.8))

WRITF(6,392) ((FY(T,J),J=1,10),1=21,MM)

FORMAT (/710X ,*DFDY/F2/,(106G13,5))

WRYITF(6,391) ((FY(T,J),J=11,N2),TI=1,MM)

WRYTEF(6,393) ((W(I:J)ed=1,10),1%]1,uM)

FORMAT (/710X ,sw (T, 0)2/,(10R1%,5))

WRITF(6,391) ((Wll,JY,1211,N2),121,MM)

CONTINUF

PERFNRM TTFRATION FNR PSTY

N 310 1¥=<1,TTMAXP

TFLAG=]

N 320 I=2,Mm]

PSINFWzUPPSTII(I, 2)

TF (ARS(PSTINFW=PSI(1,2)).nT, (FPS#ARS(PS'NFW))) TFl AG=t
PST(T,”?)=PSINFfNW

PSICTI,NII=PSI(T,”)

PSTNEWSUPPSTI(I. )

TF (ARS{(PSTILFraPST(1,3)).GCT, (FPS*ARS(PSTNFW))) TFLAG=0
PST(Y,3)=PSINEW

PST(I,N2I=PST(T,1%)

no 350 Jsa,N
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AP e | 5

s 3 B RS

PSINFWziiPPSICY,J)
TF (ARS{VSTRFWPSItY,J7) 6T, FEPSRaARSI{PSiNEwIT} tFL ali=o
PST(1,J}SPSINEN
IS0 rNMYINGE
PRT(1,8)2PST(I,NY
320 rONY INUF
TF (TFLAG LEfi, 1) 01 TEY 3un
210 FONTINUIE
WRTITF(&,330) 1THAXP,FPR,K
30 FORMAT(//10X, «RELAXATION FNR PST FALLED AFTER&,IT7,34,21TFRATTI(ING W
1TYTH & REGOIPER FRROR R+ ,F10,6,10X,2Hks, Ty)
WRITFIA,331) ((PRICI«JY,0=0,10),1z1,MM)
$41 FORMATI/Z{0Y,»i AST VALUFS OF P3T ARF#/,{I1NF YL, 5
WRITF(A,B32) ((RSTI{T1,J), 0211,82),121,+M)
332 FORMATL( /77 ,(9F13,5))
rio1n 399
430 whTIF (A, 33%) 1T1,FPS

CAS FIRMATI//10x ,aREPAXATTION IR PST CONVERGFD aFTHERx, 17,48, c]TERAT I
19 wlTH &8 “AXTMUM ERINR NF2,F10,8)
RETTFLAL336) (IPST(LI,0), 021,101,171 ,4~)

356 FURMATIZIOY kI NNVERAFD VAL UES NF PST ARER/, 1107 13,.5)
WTTYFEA,382) ((PRT01,0Y,0211,82),1=1,+m)

399 2 THRY
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260

270

SURRDUTINE ANGLFIITMAX)

SHERNUTINF SOLVES FOR THETA BY RELAXATION INCLUN MG
WAVF=CURRFNT INTERACTION

COAMMON JCON/G,PT . PI2.RADN,FPS,DX,DY,DX2,NYP,T,SIGHA,M,N

COMMON U{T70,20),V(T0,20),2070,20),31070,20),CD(70,20),H(70,20),
1ICG(UY,108),8(01,10) ,HRRFAK(41,19),1R(a1,190),0n{(T0,20),D00¥ (70,20},
PRONY (TN, 20, PSTLT0,20)+FXCT0,20),FY(70,20),%(70,20)

PFRFNAM TTERATTON

NisNe+t

N2=N+2

MMl

T L

D0 200 1T=s1, TTMAX

YFLARZT

poo2to 11=1,42

—MaT}

N 210 Ja2.Nt

CALl NFWANG(Y,J,1FLAG)

COMTINUF

IF (TFL &G FO, 1) GO TN 28n

CUNTTNRLUE

WRITF(b,P20) 1TMAX

FARMAT(I0X ,3IHRELAXATINN FOR THETA FATLED AFTFR, T6,3X,10HTTERATION
18/77)

WRTITF(6,221) ((201,3),d21,10),1=1,M)
FARMATC10X, 28441 AST VALUES (F THETA ARF//.,(10GE13,.8))
WRITF(&,227) ((ZtIIJ)'J=!1055?))13"'4)
FIRMAI(///7,(9F13,.5))

rALL FXTT

WRITF{5,7251) 1T,EPS

FURMATCING,//, 10X, SSHSNLUTINN FOR THETA DBYAINFD AFTFR,16,3X,43KTY
IFRATIONS WITH A MAXIMyM RFI ATIVE FRROR OF,3X,F10,5)
WRITF(6,252) ((Z2C1,J).J81,1G),T131,M)
FORMAT (10X, 23RSOLUTINNS FUOR THFTA ARF//,(10F13,5))
WRTITF(A,253) ((ZMT1,J),J3511,N2),131,M)
FORMATI(///,(9F13,5))

WRITF THFETA IN DFGRFES

N 260 IS M

NN 260 Jsi,N2

2C1, =2 (1,J)%RAD

CONT INUF

WRITF(6,251) [T,FPS

WRTITF(6,252) ((Z2C1,11,J31,10),1=1,m)
WRITF(6,25%) ((2(1,0),J=211,M2),I51,M)
Ny 270 1=1,m

N 270 Jz1,N72

2¢7,0)=2(1,J)/PAN

CONTINUE

RFTHRN
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Reproduced. from
hesi available copy.

. SUBLIIUTIMNE SFRANA{T ., THL AR)
s
g SHRAROHT ITMF COMPUHTFS THE D'PHATED ANLLE THFTA FNR Tup PF]AXATION
r TFHMT
-

COMMOL 0 70, 20Y, 8 (T0,2N),7070,20),8T(70,20,01{70,20),8(70,¢70},
106G a1,19), 801, 10) ,HARF A4, 19) 10041 ,149),D{(70,26),00NX(]0,20),
PRLNNYITI0,20Y, P81 170,°0) ,Fx (70,20 ,FY{T0,20),n{70,20)

ClMMON 2OLIN/ (R 1P 2, RPAN DS, DX DY, ,NY2,DY2,T,SI0HA, ¥, N1

r QYATEMENT FUHNOT TS

Cll,J IS P a0 (T, Y400 (T m Y000, Jet 34 { (T, 0a1)Ys D120+ (7(1}
Tole ) w7 {Tat, 03 a (ST {41, 1ImST (et , 0} ¢ (/7(), 04 1)=/70F, =t} ¥R(51(T,
PR T (T, 1-1)0)

RSO T, V=l ARwER T ]t , )Y eaTeTmt, J o0 [, 001 48107, 0=133e40,825+((711
IEAWRALVASEAFRPRLATAMNGERFNDLISASEA NI ER N FASFIESSEVARIINES B LALLM
3 Pletimi (T, 14131)
< 4 PP ([ S0l 1a], Y= {Tut, 030022
POy (T, 0= (], 81 )=l{T,f=1))/DNY7
PURX (T, IS iy 141, JY=V(Tat, 1)} /DXP

;
3

327

a3 PYDY (T, 0l (Ve J41)=V(T, 1«13} /DY/
3 r EOTE Ty (OkF TS SHFFTCIFLTY DyPx, LunyY, GoDY AND Nofy AR 8F
[ ARLTLET AL C ATED AL ARKAY STORED

ELT, U0z 03 a0 8] ¢ I T, YRR T 6 G N1 0 & AR /SIMBIY /T
OROY LT, ISt Ny Talr ity (], 1Y 3+ STETSDVEY (T, )Y = 2aiitnyY(T,d=1)/
1RIMLDY Sk

DalY 1,12l i ST&MN (T, d) ¢ SINTROIVHY[T, 1)) = AaRCPX(],J=1)/
(R 2Y /6T

FACT T, 302 1T, 03a570 1 = L], 130057

e GRLTN AP P AT

rFs%1s e, N

QI+ i= SS5(f.,.I

ARERLY!

CAb vVl (T J 0, 0NST ST Y (e JY, V0T, ), ke, 0)
ARPr=p OakwalD (], 1]}

ClYM 2= TH AR )

FF=t (1,0)

T (Ff8 L CT, 0,0) 130 Tiy usn

VETTF(h, 4% T, J.00 1, 31,0001 ,SIMNT LUl Y, V{T,.0),RK,

Nl FLOrATOINX,4FF 19 ' CATTukeaMUTIPUT T, 0,1, 0081, 8 0T, 0, v, Ru, A/,

110X,21%,700%,.%)

CAalt FXIT

450 FACTIFAL(T, N

Py 1z (STt TafISTaFACH/EFY /DY
PENIEICOSTASIANTRF LTV /PR /00 Y

[aR TLA-SEFRE IRV LAY S NP

2P Fas(CnStalmny (1,0) = STATaPeDx(1,0Y & Z2(1,t=1)ebibg = (Y41, 1)
| Ralaniie B WA Y

T8 (ARS(/Fram7(], 1Y) 0T, (FPS2ARS(7MFn)Y) TF1 A =D
ZiT,Jy=7%¢>

o1, JY2rns /¢, 1))

CILT,, 1Y ST (0T, 1))

TP (Y LF, ) Gy TO san

e

7Y, y=27(Y, )

ricr,»t)=ctet, N

C10T, 1 I=8Y (1.

a1 a4y9




400 TF (J (KsE, 1) GO TN 401

- [ NZIN+ 2
FELY N2YS2(1,0)
COLTAN2ISCNT, )
4 STCY,N2)=ST(T,.
E: YN 469
r 401 IF (J NF. N} GU TO 40?
? 71,1220 ,0N)
3 cNeT,1¥=C011,M
. SI{T1YS8101,N)
-3 ofi TN 499
r Ha2 Mi=net
4 TF (J (NF, M1) GO T 499
n 2€07,2)=z201,0)
Cr1,215C001,J)
7 ST(T,2)281(1,J)
499 RETURN
g FrD
{ vv
g
3
3
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e Mian T e

SUMRINITTNE wVEUMID, LASTA G100, Vrk g4)

SURKNGT M COFMPUGTES Tub wAVE Fosmifis k27 /] THCLUDING whyf e
CuRRFLT TP IFRACT ION

COMMOL /CI g6, BT, B2, RAN, PRS00, GY, 02,002, 1,810 A, M, b
FESK=n, 001
RezpPI2/7(TasGRIIG*DY)
Ny 106 1Tt ,.480
ASSTIOMA = 1IARKALNST ~ VARKASTINT
ApzAexp
ARM WK # Y
Fiep X iAlG)
Fr=t,,0/F1
Qe 2 0/EE TN
SECHPTEECHanp
TI=TANHLARD)
Fhzs NaRKATT o &2
FENZ CA(ARNGASEOH? # TTY 4 , 0a(0enST + VASTHTY ¢
Rkt asRK = F&/FpK
T [AKS{RRMIReBK) L1F, (ARS(FRSKARKME~})Y A& T 110
RrsWKNFm
100N O T TR
AR ENEPRER R Tabow, Tyn, i,V
T FORRATC///, 10X, a0l TERATIM FOAR K RATLES T i yEWAE AR TP, Th, 54,
18513,5)
ratiy X7
110 UrnabkKhFn
ATSIFrMA = UANRA(NST = VaRkasTHT
TE (Rx 0D, 0,0) GO T00 120
W TTIE (F, 1 40) D,UNST,STtT, H, Vv, WK, A
150 FRURATLLI0Y  aRK [S NFGATTVEe=ITPIT D, 0A8T, SINT, i, V, 0K, 4/,
1160x,70138,9)

raly #x17
120 P Tihe
Frn

124




.
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SURKNUTINE GROUPTI,J,DCGNX,DCGNY,FF)

SHRROUYINF COMPUTFS THE GROUP VELOCTITY PARAMETFRS €6,
NEGPX, DCARY TNCLUDING WAVE«CURRENT INTFRACTINN

COMMON U(T0,20),V(T70,20),2(70,20),81€(70,20),C00(70,20),N(70,20),
1rn(al,10).5(ulp!Q)'HHRFAK(QI.lq)rIR(ﬂ!o!Q)rﬁ(70'?ﬂ)pﬂDDXf?D.Pﬂ):
ZNNNYLT0,20),PST(70,20) ,FX(T0,20),FY(70,20),W{70,20)

COMMIAN /CON/ GoPT,,PI2,RANFPS, DX, DY ,NDX2,DY2,T,SIGMA, M, N

STATEMENT FUNCYINNS

PUPYCT I+t ,d)Y=ti{Tet, J))/NX2

DUDY LT, JX=CUHCT,Je1)=ii(T, et )Y /PY2

PVOY T, JY=s(VviT+1,J)YoV{l=t,J))/DX2

PYNY LT, )=V L, J41)=V(],J=1)1/DY2

DINXLT,J)s (2(T+1,.0) = Z(T=1,J3)/Nn¥X2

DIDY(T,Jd)2 (Z(T,J¢1)}=2(1,0=1))/0Y2

NOTF TF CORF 1S SUFFICIFNT DVYDX, DVDY,DUDY AND DUDY CAN BF
APRTIORY CALCULATED AND ARRAY SYNRED

ECY, D)=UCT,3)2008T ¢ VET,JI*SINT + 0,5%a%(1,0 + ARGP/STNH2)/HK

NDRNY (T oY= REKEC(UCTpJIXSINT=V(T,JIRCOSTIADTDX(],.]) =
1 (COSTADUDXLT,J) + SINTADVDRX(T1,J)) = AxDDDYX(I,J~1)/STINM2)/FE

PEKDY(T:d)2 RKALCH(I,J)ASINT & V(I,J)2(NST)2DINY(Y,]) =
1 (COSTANUDY (T, J) + SINTADVDRY(I,J)) = AxDNDY(1,J=1)/SINH2Y/FE

END OF STATFMENT FUNCTYIONS

JizJ=1
DFP:G(T.JJ)
rosT=cnN(Y,.n;
SINT=ST(1,.0)
CALL WVNUMIDFP,CNST,SINT, U(T,J),V(T,J),RK,A)
NEXT OPERATIONS CNMPUTE THE WAVF RRFAKING HEIGHT
TA=TANH(RKADEP)
HBREFAK(J+J1=0,12%PT2ATA/RK

CNSH1= CNSH(RK=DEP)

SECHSOQs 1,0/{CNSH!*22)

ARGP=2,0*RKxDEP

SINHP=SINK(ARG?)

CNSHZ=CNSHIARG?)

SINHSA=SINH2 R %2

EF=E(T,+J)

C=SART(GATA/RK)

FF= 0,52(1,0 + ARGP/SINMP)

CG(TI,J)= FFx(C

Pz CH(SINH? = ARG2*CONSHZ)I/SINHSA

PDKNDOX= RKaNDDDX(1,JJ) ¢ DFEP&NKDX(T,))
NKNNYs REeNNNY (T, JJ) + DFP«DKRDY(T,J)

RNz 0,S+G/(CxRKrx2)

NCNXE QA (RKRSECHSGR*DKNDX = TARDKDX(1,J))
NENYs Qx(RKASFCHSQANDKDNY « TA#DKDY(1,J))
NEGOX= PADKINX ¢+ FFADCDYX

DEGDYS PANKDNY + FFRaDCDY

GH TN 1001

WRITF(6,1000) T,J,RK,A,C,DCNY, NCNRY,DKDNX,DKDNY
FNRMATEI0Y ,215,7615,5)

CNNTINUE

RFTURN

ENP
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‘g SURROUTINE DFPYH(IL D)

SHBRIMITINE CUOMPUHTES THF WATEFR DEPTH AMND TTS SPACTAL DERIVITIVES

MM,

COMMON U(T0,203,V(70,20),7070,20),81€70,20),C3{70,20Y,4(10,20),
1CR6EY1,19),8041,19), HBRFAK(81,19),TR(E1,19),0(70,20),DBPX(70,720),

< ENPNRYLTO,20),PSI{T0sP0),FX{T0,20),FY(70,20),n {70,020

P COMMON JUUIINZ GaPYPI2 HARFPS, DYDY, NY2 DY, T,SI0MA M, N
-3 A=0, 02Y
4 Tulenzy , n/3,.0
4 R=(2N ek [HIRDY /3, N

k FLAMDAZRD N

4 Az 0

Bl PHAZR
ALPHASAL PRA/ZRAD
YaPXaFINAT(I~§)
YNYAFILDAT(J=1)

TAL PHA=TAR(AL HHA)
AMGSIY=XATALPHAYAPT/FLAMDA

4 S=SIN{ARE)Y

k QUmCA4Q

3 SiIN=5G9*S

E ARG S X R THIRD /s

FF=IYP(ARCF)
CiiNz 10 O AMAARP FAX/FT AN
CernSranr)
7 N{T,, 1l -haye (] 0 ¢ A2FASIO)
-4 POV ]IS aFF#SOR(
. SOy - JY=Ah e DRADY LT LI TALPHA & AMFASEF2S{O2(1,0 & ARGE/ZF, 0}

vV
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R50

800

R0t

Ao2

a99

SURROUTINF NFWMT(I,J,IFLAG)

SURROUTINF COMPUTFS THF UPDATED wAVE HETGHT AND CHECKS FOR
ARREAKING
CNMMNN U(?O.?G)QV(70¢2n)pZ(7032Q1331(?9;?9)0535731?0}1“(?OIEG}E
lCG(“’.!9),3(“!,19);HB”E&K(0!'lq);lﬂ(“§pIq)pnf70;29);DD”X(70p20,0
2”007{70,20"93f(70120)pFY(7ﬂ.?ﬂ),FY(70,?ﬂ),N(7ﬁa?0)
COMMON JCUON/ Glpt0P!PlRADpFPS'anDvrnxacDY?fYJSICNA;MIN

FOMPUTE NFW WAVE HFIGHY

’anyJ)zi

Ni=Met

NPENS2

CCLIsVITHT) ¢ €GO1,J)2STC(1,JY)/DY
CEP=00T40) % CG(1.d)%CNOLT,0))/DX
HNFW2(CCTIAK{T,,J=1) = CC23H(YI+1,J1)7(00Y = CC2 » S5(T1.,J)/72,0)
TF (MNFW ,lF, HBRFAK(I,J)}) i1 T AKD
HNF W= HRREAK(I, N

IB{1,J)=0

CONTINIF

TF (ABSCHNFWeH(I,J)5 .GT, (EPSRARS(HNFW))) 1FLAGED
H{T,J)=HNEW

IF (J MF, 2) 60 TO RQo
HOT,N1)SH(T, J)

TR(I.NYV)SIR(T,J)

GO YN aq99

TF (J NE. 3) 60O TO 80¢
HIT,NP2)aH(T,J)

TRI1,N?)STR(T, )

GO Ty AR99

TF (J JNE, NY GO IV ROP
H(T,1)3H(1,J)

TR, 4)=18(1,4)

6N 1IN RA99

If (J ,NE, Nt} GD YU R99
H(T,2)=H(],1)

TR(T,2)=THB(1,0)

RF TURN

END
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SUBRNAUTINE SNFULLETHET AR, v, &H)

SURRNUTINF COMPUTFS THF SMEL LTS LAwW WAVE HEIGHY, DFPTH AND
DRYHAGOINAYL ARGULAR NIRECTION NUISINE NF THE PERIUNIC RFACH

COMMON/TONS G,PL,PY2,RANLEPS, DY, DY ,0X2,0Y2,T,STGMA, M, N, MM

CHMMON U(?D..?O),\l(?ﬂ.?ﬂ).?(Iﬂ,?O),“\I('Iﬂo?ﬁ) .C“(?ﬂc?ﬂ).ﬂ("ﬂp?ﬂ)r
1CGRE8Y,10),5(4),19) dHARFAK(AT1,19),IR(01,19),00720,20),00Dx(70,20Y),
?nnf‘Y('iﬂ,?ﬂ\,PSI(ﬂ?,?ﬂ).FX(?G,PO),FY(?(".&H),W(7ﬂ,?n1

MMThEMe]

MP:N-’?

AN RO JT=uUMTN, uM

MmAMaDX*PL (AT (Jey)

FALL wWYNUMEDDN,D,0n,0,0,0,0,0,0,9K,4)Y

AA=RYK =D

ANCSASTNISTN(THETANIATANNH{AR))

ANGERY » AN

AR(E2,0%A

SHOAL ZSURTIL ,0/(TAMNKR(AAYI (Y . NeARG/SINRIAKGY)IIY
REFsSORT(COSCTHETANY/CNSEANG))
WVHIZHH&SHENAL aRFF

SS=SINfAND)

rearnsavn)

LALET XL (BN £ W S

BT, ) =0n

HET, J)swiny

(T, 1)=sMrn

81(1,J)=55%

ey, 1=CC

DR, 0)zam

MINY(T,)3¥=a,.n

CHNT TN

PETURN

FNp 4




SUBRNUTINF PSIINT(PSIMAX)
) € SHRROUTTINF INTTTALIZES PSY

COAMMANJCONY G, PI,PI2.RaD,FPS, DX,DY,DX2,DY2, 1,5TGMA, M, N, MM
COMMON U{T0,203,VT0,20),2¢70,720),S1(70,20),00070,20),H(70,20),
1C6C4Y,19),5(01,19),HRRFARCL1,19),JR(41,19),0(T70,720),0DRX(T70,20),
PRNNYIT0,20),PST(T0,20),FX(T70,20),FY(70,20),W(70,70)
NPzhe D
MM {TMMay
FM=FLNOAT(MM])
Nt &S0 J=g,N2
PST(Y,J)=0,0
P3T(MM,JY=0,0
hh0 CONT INUE
DY KA0 Tz=2,MMY
PSTIZPSIMAXASIN(PI*FLUOAT({I=1)/FM)
PR AR Jet,M2
PST1(1,J)=2PSI1
660 COMTINIF
RETURN
FND

vy




=
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vy

590
595
500

520
QAN

540

S41

570

SURRNUYINF HEIGHTITIMAX)
SURROUTINF COMPHTES THE WaAVF HETIGHY BY RFLAXATION INCLUDING
EFFFCYIS OF WAVE=CUHRRENT INTFRACTINA

COMMIAN UCT0,20),VITO020),72(70,20),51€70,20Y,CO00LT70,20),M(T70,20),
1CSTUd1,19),8(481,19) ) RRKEAN(4Y,19),IR{41,109),0(70,20),DADXIT0,20),
2PBNYLT0)20),PSICT0.20) 4FX(TO,20),FY(T0,20),w{T0,20)

CIMMON FCOINY G, PT,PIP,RAD,EPS, DY, DY, PX2,NY2, T,816MA, M, M

MizMet

Ni=het

COMPUTE VALUFS OF S(],.1)

N SO0 Ts2,M8

Ny 500 =2, Mt

CAll GROPLT ,J,DCGNXDELGDY,FF)

PUPRXS (T e, J)eli{I=1,J3)/DY2

MINY2(I{l, T4l )etif ], =t1) /DY

NYRXS(VIT41,0)e=v{T=t, 000 /PY

BVRYS{V{T,, Yel)mv{ ] d=1)2/D0Yp

PIPYS{7(T41,0)=2(1=1,10)/DXp

NTRYS(2(1.J41)=711,1s1))/0Vp

S827= SI(T,.0)unp

0P CNCY,0)esp

STRXY=s (2,0%bF = 0,930 02 ¢ (FF = N.K)InSS7

SIGYYE (2,0%FF = .5YA882 + (FF = nN,S)a(r2

TANXYS FRaST(1,.108C01{1,.01)

S{T,J)= CGIT JIn(SI(T13aDT0X & CN{(Y,,J)}aDNTDOY) = (NMIDX ¢ DVDY) =
1OEOT, NanconNY 4 STV, NANFAERYY o (STEXXARUNY & TAUXYADUDY ¢
STAUXYADVRAXY ¢ STGYYANVDY)

G0 TN 895

W TTF(H,N90) 1, JsCRlT e ), DIGDRX,NCGNY ,STHYX,SIGYY, TANIXY,S{T,.)

FhHVA‘(‘x.?.Ig'TG'S.r\‘

rosiTING

CONTINUF

P=MER

MP=Me g

PERFNRR™ TTERATION FOR THE WAVF HETLHT FIEL D

RV GEN TTz, M2

T=Malt

"1 &RQ 11:1.f1NA¥

TFLAG21

ner K20 1z ,N1

CAlLY MFRRY(T,J,TFLAG)

COMT INtE

T+ (TFLAG FO, 1) GO TO &70

resTINUE

ANTTFC(h,%Uu0) 1,17

FORMATCLIOX ,49rRELAXATIN: FOR THE wWAVE HEIGHT FATILFDN TH COvveRGrys,
110X, 9008 BDwWw 12, 15, 5K, SHAFTER, T4, X, 10T TERATINANS)
VRYTFOAZRA1) (HIT,0)e021,N2)

FORMATOINY , 200k AST VALVES DF R ARE/, (106G13,9))
Fal, HXTT

wkINF(h,5%42) 1,17

S472 FoaRsAT(10X  d3HREL AXYATIOM FNP wmAVF HETGHT CONVERARD O T R(w, T, 32,

1S AFTER, To, I HTITFRATTIING /) ,

S10 FomYINIE

RETYOEM
F£rom

200
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750

760
751
752

753

SHARNUTINF SPEFD

SURRDUTINE FUMPRHIFES THE ¢ AND v COWMPORFNTS OF The CIRCIHTATION
VFLNCTYTIFS IN THF PST FIFLD

COMMON (0T, 20),V(70,20),2(70,20),ST(70,20),CNC70,20Y,4(T0,20),
110G ,19),S(01,19) ,HARFAX(41,19),18(41,19),D070,20),D0RX(760,720),
ARNNYLT0,20),PST(70,20),FYCT70,20),FY(70,20),W{i0,20)

COMMON/COMZ G,P1,PT2,RAD,EPS, DY, DY, DY2,DY2:T,STGMA M, NyMM

MM SMMwt

MHPENG P

MizNG Y

DY 750 JE2,Nt

HiY,Jy=0,.40

vit. )= 0,0

1H{MM, J)=0,0

VMM, JIZwPST MM, J)/(OXAD{ MM, Jul])

NH 750 1=2,MM1

H{TeJ)= =(PSI(T,7¢1) « PSI(T1,J=1))/7(DN(1,J=1)2DY2)

V(T,J)=s (PSI(le¢t1,J) = PSI(1=t,J))/(D(1,J=1)2NX2)
CONTYNUE

N 760 [=1,MM

HET,1)= UH{T,N)

B{T,N2Y¥= tiI{T,3)

V(T,1)= V(I,N)

VIT,N2)=V(],3)

CONTINUE
WRTITF(6,751) ((UlT1,J),J=1,10),1=1,MM)

FORMATI /710X enii VELUCITIFS*/,{10F13,5))
WRITF(6,752) ((UlT:JYeT311,N2), IS, ,MM)
FORMAT(///,(9F13,.5))

WRITF(6,753) ((VII,J),J)=1,10),T=1,MM)
FORMATC/Z710X, %V VFIUCITIFS*/,(10F13,5))

WRYTF(h,752) ((V(1,J),J=11,N2),I=1,MM)

RE TURN

FND

FUNCYTON STNM(A)
F=FXP(A)

SINH= (E - !.O/E)/Z.n
REYIIRN

FNP

FUNCTINN CNSH(A)
F=FY¥YP({4a)}

fNSHE (F ¢ 1,0/E)/2,0
RF TURN

FAND
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4n0

4,00
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10

20

21
100

PROGRAK HAIN(INPUF:UUTPUY;TAPE5=INPU1,TAFF&EUUTPU1)

PROGRAM COMPUTES H(X) FROM YHF NIFFFRFENTIAL FOUATION
FOR ENERGY FOR A WAVE SYSTEN PROPAGATING WITH A CURRFENT
HY RUNGA=KUTTA

PDIMENSIUN Y(1),YP(1)
COMMON CFL
RFAN(S,1) NDYX,T,DYX
FORMAT(I10,2F10,7)
WKYTE(Hh,10)Y NDX,T,DX
FORMAT (10X, «NDX, T,DX*/,110,2F10,2)
=9 ,R0b621
P1= 3,1415926%5%4
PI12=2 PT+2 8
FEL= GeT/PT2

TMITIALTIZF Y AND YP
Y(1)y=z 0, 774750
X= 40,0
INPX= O
CALL RUNGS(X,DX,1,Y,YP,INDX)
WRITF(6,20) XeY(1),¥YP(1)
FORMAT (10X, aXzx,FS541,5X, aHZ#,615,5,5%,#DHDXz*,G14,5)
NN 100 I=t,NDX
CALL RUNGS{X,DX,1,Y,YP,1NDX)
WRITF(A,21) X,Y(1),.YP(1)
FHP“ATCIEX.FS.lp7XuG15.5,lnX,615.5)
COMT INLIE F
sSTOP -
FND !

203




e

SURGMAUTING RUNGS (XM, N, Y, ¥YPRIYE, INDFY)
NIMENSTION YOI),YPRIMF{1), Z(1 1. w11, w208, 4301 ,wal])

CRIMAS & RUNCpmxt'fTA SO UHTTNON OF SET (F FIRST RN W B.n,F, FORTIRAN a9

TATICITTTIMATYI™MANTCY YN

vv

DIMENSTINNG #uST HBE SET FNP FACH PROGRAM

X INDEPFNPFRT VARTAN#

4 INCPF#FEST NELTA X, HMAY RF CHANGEDR Th VALIIF

Y NUMARE K (b FOUATIONS

Y NDERPENDFST VARIAMEF Rififk tIMF T IMELSTIV AL &APiAY

YRRIME DERIVATIVE KINCK  ORF DIMEMSTIMAL AlRAY

Tof PROGNRAMME R MUST SUPRiy THITIAL VALHES i YOEY Ty y(N)
TREEY 1S A WVARTABLE wHIM SHECILD RE SFT Y0 7ER0 hFFORF FACH
YRYYT AL BMTRY Tip Tep SUHPFROWYTRF, JT.b., T'0 Sl vE 2 OTFFERFNT

SEY Mk FCUATTENS 1R Y0 START STTH NFR INTTTAL CHORDTITOMS,

THE PunnbkamMil miST @WITE & SURRNUTINE CLLTED DERIYVE a]0H (M
PUTFS ThF NERIVATEIVES AND STNHES THibM

THF AHGUMENT | IST 1S SUBROUTINFE DERTVE (X, N, Y, ¥YPRINE)

TF tTaDEX) 5,4%,14

N P T=f .,

WI(TYSHaYPRPWINE (1)

2CTI=YCI) e v 1(T) % S)

ASY4H/P,

CALE DFRTIVF{A,N,Z.YPRIMNEY

N 3 TSy,

WelT)YSHaYPRTME (T

ZET¥=SYOLYe e (1)

AsXeH/P

Catl DFRTIVFIA,M,7,YRRINE)

DY o4 T2y ,N

WRLT)I=HRYPRIMECL)Y

7CTISYIT Y ewsf1Y

AxzXy

CAtl DEWTVE (A,N,Z,YPWTMEY

LTREY 2 KX RSN

WU CTISHAYRRTIHE (1)

YOOIRY (D)4 00 2 (w2 (T Y4301V 4wt (T )0 i(TYY /A ,)

Y=Y+

FALEL DFRTVE X, Y, YPRTYF)

nee 1e 4

FAIL DFRIVE (X ,N,Y,YPRTNMF)

Tr AP X=1t a
DF ThRs, &
Fen -

204




7 ' SURRNUTINE DFRIVF (X, ,M,Y,YP)

SURRAUTINF CUMPUTFS DFRIVITIVFS DYDY WHFRE Y2FCT(X)

e Xa Xl

4 ATMENSTION Y(1),YP(1)
COMMOL CFL

HT «Q,0 & 0, 2%%
ntPy=s 0, 2

3 RAD= SORT(1,0 = 4,0#U/CFL)
; C= CFL*(0,S 4 0,SaRAD)
E oz 0,50

NeDYs =NHRY/RAD
pEADXS 0,5+DCDX
YPE1Y= Y(1)afal ,SaDUDX ¢ DIGPYY /(2,0 (H=CRY)

RETHRN
FND
] 200 4,00 -0,10
5
E vv
"
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