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The benchmarking of the thermal neoclassical transport coefficients is described using examples of

the Large Helical Device �LHD� and TJ-II stellarators. The thermal coefficients are evaluated by

energy convolution of the monoenergetic coefficients obtained by direct interpolation or neural

network techniques from the databases precalculated by different codes. The temperature profiles

are calculated by a predictive transport code from the energy balance equations with the ambipolar

radial electric field estimated from a diffusion equation to guarantee a unique and smooth solution,

although several solutions of the ambipolarity condition may exist when root-finding is invoked; the

density profiles are fixed. The thermal transport coefficients as well as the ambipolar radial electric

field are compared and very reasonable agreement is found for both configurations. Together with

an additional W7-X case, these configurations represent very different degrees of neoclassical

confinement at low collisionalities. The impact of the neoclassical optimization on the energy

confinement time is evaluated and the confinement times for different devices predicted by transport

modeling are compared with the standard scaling for stellarators. Finally, all configurations are

scaled to the same volume for a direct comparison of the volume-averaged pressure and the

neoclassical degree of optimization. © 2011 American Institute of Physics. �doi:10.1063/1.3553025�

I. INTRODUCTION

Minimization of neoclassical transport is a key element

in the design of economic fusion reactors based on the stel-

larator concept. In the long-mean-free-path �lmfp� regime,

the neoclassical transport has a very unfavorable temperature

dependence, particularly in the �electron� 1 /�-regime for

small radial electric fields where the neoclassical heat diffu-

sivity scales as T7/2. Although a detailed analysis of the ex-

perimental energy balance and its comparison with the neo-

classical predictions is lacking for most devices, the W7-AS

results clearly indicate that neoclassical confinement in the

lmfp regime limits the achievable temperatures �see, e.g.,

Ref. 1�. At low temperatures, however, neoclassical transport

is less important due to the fairly strong temperature depen-

dence of the radial transport coefficients. Furthermore, the

measured radial electric fields are in rather good agreement

with the prediction from the ambipolarity condition of the

neoclassical particle fluxes.
2

In the energy confinement time scaling ISS04,
3

a device

�and even a configuration� dependent “renormalization” fac-

tor was introduced, describing the specific degree of energy

confinement in the different devices �and configurations�.
With this factor included, the spread of all the experimental

�E with respect to the scaling could be significantly reduced;

however, the physical basis of this approach is still unclear.

In this paper, the different levels of neoclassical confinement

in a few stellarator examples �LHD, TJ-II, W7-AS, and

W7-X� are analyzed for high-performance scenarios in pre-

dictive transport simulations and compared with the ISS04

scaling.

Recently, a benchmarking of the three monoenergetic

neoclassical transport coefficients with quite different nu-

merical codes for the main stellarator configurations of inter-

est has been completed �see Refs. 4 and 5�. A very fast cal-

culation of all thermal neoclassical transport coefficients by

energy convolution can be performed based on interpolation

in the databases of the monoenergetic coefficients for each

magnetic configuration. This approach represents the most

efficient means for neoclassical transport analysis of stellar-

ator discharges since even the calculation of the monoener-

getic coefficients requires significant computer resources,

particularly at low collisionalities. The situation is similar for

predictive neoclassical transport simulations.

In the traditional neoclassical ordering scheme, the five

dimensional drift-kinetic equation is reduced to three dimen-

sional by the local and monoenergetic ansatz, i.e., both the

radius and the velocity appear only as parameters. In particu-

lar, energy diffusion is neglected and the simplified pitch-

angle collision operator violates parallel momentum conser-

vation. However, parallel momentum correction techniques

are available,
6–9

which can be implemented in the energy

convolution of the monoenergetic transport coefficients.

Consequently, both the parallel conductivity and the boot-

strap current are strongly affected by this parallel momentum

correction �and also the radial neoclassical transport in toka-

maks�. In stellarators, however, the radial transport in the

lmfp regime is dominated by the distribution function of the

ripple-trapped particles, which is symmetric in the pitch, p

=v� /v, and is not affected by parallel momentum conserva-

tion. Consequently, the impact of momentum conservation

on radial neoclassical transport in stellarators is negligible
7,9

�except at very high collisionalities where the parallel vis-

cous damping becomes very small�.
The natural next step is the benchmarking of the thermal

PHYSICS OF PLASMAS 18, 022505 �2011�

1070-664X/2011/18�2�/022505/11/$30.00 © 2011 American Institute of Physics18, 022505-1

Downloaded 12 Sep 2012 to 130.54.110.73. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions

A Self-archived copy inKyoto University Research Information Repositoryhttps://repository.kulib.kyoto-u.ac.jp

http://dx.doi.org/10.1063/1.3553025
http://dx.doi.org/10.1063/1.3553025


neoclassical transport coefficients and, in addition, the esti-

mation of the ambipolar radial electric field. In this paper, the

electron and ion energy balance equations are solved with a

predictive transport code
10

with neoclassical transport as-

sumed �and “anomalous” transport contributions only at the

outermost radii�. These predictive transport simulations are

based on interpolation in the databases of the monoenergetic

coefficients precomputed with the DKES code.
11,12

The

benchmark is performed for a Large Helical Device �LHD�
and a TJ-II vacuum configuration. Using �fixed� density and

calculated temperature profiles for the LHD configuration,

the thermal neoclassical transport coefficients are estimated

with a neutral network interpolation �NNW� �Ref. 13� tech-

nique from a database of the monoenergetic coefficients pre-

computed with the Monte Carlo code DCOM.
14,15

The radial

electric field, Er, is evaluated by root-finding from the ambi-

polarity condition of the neoclassical particle fluxes. The

equivalent approach is performed for the TJ-II configuration

also with a NNW technique and database results calculated

by the Monte Carlo code MOCA.
16

Then, the thermal neoclas-

sical transport coefficients and the ambipolar radial electric

fields are compared: the benchmarking is successful if rea-

sonable agreement with the predictive simulations is ob-

tained.

Equivalent predictive transport simulations are also per-

formed for the W7-X vacuum configuration. These three

configurations under investigation are characterized by a

very different degree of neoclassical confinement optimiza-

tion: a rather poor neoclassical confinement for the TJ-II

configuration, a fairly good one for the LHD, and a very

good one for the W7-X case. In the lmfp regime, the mo-

noenergetic transport coefficients for Er=0 at equivalent col-

lisionalities differ by more than one order of magnitude, e.g.,

characterized by the effective helical ripple, �eff, describing

the radial transport in the 1 /�-regime �see, e.g., Refs. 17 and

18�. Due to the very strong nonlinearity of the thermal trans-

port coefficients with respect to the temperatures, however,

this difference in the neoclassical confinement is strongly

reduced in global quantities such as the energy confinement

time, �E, and the volume-averaged ���. In particular, �E is

compared with the confinement time scaling ISS04 �Ref. 3�
in the predictive simulations for the three configurations. In

addition, the three devices are scaled to the identical volume

with fixed aspect ratio and identical magnetic field strength.

This approach allows for a direct documentation of the im-

pact of the different degree of neoclassical transport optimi-

zation as reflected in the global �E and ��� for identical heat-

ing power. Additionally, the required heating power to obtain

the same ��� is also given for the three configurations.

In Sec. II, the neoclassical transport modeling is briefly

summarized. Section III describes the benchmarking of the

neoclassical thermal transport coefficients and of the ambi-

polar radial electric field for both the LHD and the TJ-II

configurations; details on the diffusion equation for estimat-

ing Er compared with straightforward root-finding from the

ambipolarity condition are given in Appendix A. In Sec. IV,

a predictive transport simulation for the W7-X configuration

is introduced, and all �E from III and IV are compared with

the ISS04 scaling. Furthermore, the predictive transport

simulations for the LHD and TJ-II configurations both scaled

to the W7-X volume and for the same magnetic field strength

are described. Finally, conclusions are given in Sec. V.

II. BASICS OF NEOCLASSICAL MODELING

Within the international collaboration on neoclassical

transport in stellarators,
4,5

the benchmark of the monoener-

getic transport coefficients describing the radial transport,

the bootstrap current, and the parallel conductivity has

been successfully completed. As an outcome of these

efforts, neoclassical databases have been created for several

stellarators using various approaches including Monte Carlo

simulations
13,16

and numerical solutions of the ripple-

averaged
19

and drift kinetic equations.
12

These coefficients

depend on the flux surface label and two dimensionless pa-

rameters: the normalized radial electric field and collisional-

ity. However, in order to use the monoenergetic coefficients

in the predictive transport codes and for the analysis of ex-

perimental results, the full neoclassical �or thermal� transport

matrix must be obtained through database interpolation and

appropriate convolutions of the resulting quantities with a

local Maxwellian �see Eq. �4��. The power balance of the

plasma in the predictive transport code is described by equa-

tions for the electron and ion energies,

3

2

�n�T�

�t
+

1

V�

�

�r
V��q� + ��T� − ��n�T��� = P� + Z���Er,

�1�

where P� is the power source term that includes the heating

power, the bremsstrahlung by electrons, and the term de-

scribing the collisional coupling between electrons and ions.

The neoclassical particle �� and energy q� fluxes are given

by the following expressions:

�� = − n�D1
�	
n��

n�

−
Z�Er

T�

� + 
D2
�

D1
� −

3

2
�T��

T�
� , �2�

q� = − n�T�D2
�	
n��

n�

−
Z�Er

T�

� + 
D3
�

D2
� −

3

2
�T��

T�
� , �3�

with

Dn
� =

2

	
�

0




dK�e−K�K�
n−0.5

D11, K� =
m�v�

2

2T�

, �4�

D11 = D11
r,
��

v�

,
Er

v�B0

� , �5�

where m�, ��, v�, n�, T�, ��, and Z� are the mass, collision

frequency, velocity, density, temperature, anomalous energy

diffusivity, and charge number of electrons or ions, Er is the

radial electric field, B0 is the average value of magnetic field,

the prime denotes the partial derivative with respect to the

effective radius r=� /	B0 with � being the toroidal mag-

netic flux, and V is the volume inside the flux surface labeled

by r. The diffusion coefficients Dn
� appearing in the fluxes

are the result of energy convolution of the radial monoener-
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getic transport coefficient D11 with the Maxwellian distribu-

tion function.

Usually, the radial electric field Er is obtained by solving

the ambipolarity constraint

Zi�i = �e. �6�

In some cases, however, this approach suffers from the draw-

backs of multiple roots and a discontinuity in dependence on

the radial coordinate. These problems may be avoided by

solving a partial differential equation for the radial electric

field, which has the form of a diffusion equation,

�Er

�t
−

1

V�

�

�r
DEV�r

�

�r

Er

r
=

�e�

�
��e − Zi�i� , �7�

where DE is the diffusion coefficient of the electric field,

which originates from the poloidal plasma viscosity �here,

for simplicity, we assume that DE does not depend on Er�,
and � is the dielectric constant. This equation follows from

the thermodynamic approach
20–22

by minimizing the total

heat production �A1� due to both the poloidal sheared rota-

tion and the neoclassical transport �see Appendix A for more

details�. An equation similar to Eq. �7� can be derived using

the higher order expansion of the distribution function within

the neoclassical theory.
23

A method for estimating the diffu-

sion coefficient DE can be also found in Ref. 23.

III. BENCHMARKING OF THERMAL NEOCLASSICAL
TRANSPORT

In this section, we present benchmarking results of two

techniques used for creating the full neoclassical transport

matrix. The testing procedure is as follows. At first, we per-

form a “theoretical” experiment for LHD by applying the

predictive transport code
10

with neoclassical transport pro-

vided by the convolution based on the database created from

DKES simulations of this device and conventional interpola-

tion on the domain of three parameters: the plasma minor

radius, the normalized radial electric field, and collisionality.

Then, the resulting plasma profiles are analyzed by

means of the neoclassical database DCOM/NNW, which

uses the Monte Carlo code DCOM for creating the discrete

data set and neural network technique for interpolation dur-

ing convolutions with a local Maxwellian. The outcome of

transport analysis, the derived thermal diffusion coefficients

and the ambipolar radial electric field, are compared with the

original prediction. The same method is applied for the com-

parison of the predicted transport coefficients for the TJ-II

stellarator with the ones resulting from transport analysis

based on the MOCA database and neural network technique

for interpolation of the database results.

A. Prediction and benchmarking results for LHD

The modeling has been performed by a transport code
10

for a pure hydrogen plasma of 1020 m−3 density for the

inward-shifted vacuum configuration of LHD with a major

radius of 3.60 m. The density profile in Fig. 1 is held fixed

during the simulation and 10 MW electron cyclotron reso-

nance heating �ECRH� is modeled by the Gaussian profile in

Fig. 1. The transport model is chosen to be largely neoclas-

sical; only near the plasma edge, where the neoclassical

fluxes may strongly decrease due to the low temperature, a

simple anomalous energy diffusivity �e,i�1 /ne is used to

stabilize the numerical scheme �see Fig. 2�. The neoclassical

transport is provided by the convolution module based on the

data created from DKES simulations of this device. The data

0
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FIG. 1. �Color online� Plasma profiles for the inward-shifted LHD: density

and ECRH power deposition profiles �left�; predicted electron and ion tem-

peratures �right�.
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FIG. 2. �Color online� The thermal diffusion coefficients for electrons and ions �left and middle�; the ambipolar radial electric field �right�. Shown by lines

are those from the original prediction; solid symbols are the results of analysis by DCOM/NNW; open circles denote anomalous energy diffusivity used in the

predictive simulation.
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file contains approximately 3000 records of monoenergetic

coefficients stored for a number of radial positions, normal-

ized electric fields, and collisionalities. The interpolation is

done by conventional techniques using asymptotic behavior

when needed. Predicted temperatures are shown in Fig. 1.

The plasma profiles shown in Fig. 1 are used in the

transport analysis performed by TASK3D �Ref. 24� with the

neoclassical database DCOM/NNW. The results of both con-

volution techniques for evaluating the thermal diffusion co-

efficients are compared in Fig. 2.

The ambipolar radial electric field and thermal diffusion

coefficients from both approaches coincide well. Some dis-

crepancies are seen, especially where the ambipolar electric

field changes rapidly. This can be explained by the different

methods used for determining the ambipolar radial electric

field. In the original prediction, the electric field is obtained

from the diffusion equation �7�, while in the analysis by

DCOM/NNW, the electric field is found by solving the am-

bipolarity constraint �6� for the neoclassical radial particle

fluxes of the electrons and ions. The electron diffusion coef-

ficients have some disagreement in the region of strong den-

sity gradient. The ion diffusion coefficients are mainly af-

fected in the region, where a transition occurs from the

positive radial electric field to the negative one, i.e. from the

“electron root” solution
25

of the ambipolarity condition �6� to

“ion root.” However, the entire results demonstrate good

agreement despite the quite different techniques used.

B. Prediction and benchmarking results for TJ-II

The prediction for TJ-II has been made by the transport

code
10

for a pure hydrogen plasma of 1019 m−3 density for

the standard magnetic configuration. The density profile in

Fig. 3 is held fixed during the simulation and 300 kW elec-

tron heating is modeled by the Gaussian profile in Fig. 3. The

anomalous transport model shown by the open circles in Fig.

4 is the same as in the LHD case. The neoclassical transport

is provided by the convolution module that uses the data

created from DKES runs. The results of the simulation, the

electron and ion temperatures, are shown in the right portion

of Fig. 3.

The predicted plasma profiles shown in Fig. 3 are used

in the transport analysis based on the neoclassical database

of monoenergetic coefficients created by MOCA runs. The

results of analysis and the original prediction for the thermal

diffusion coefficients and the radial electric field are com-

pared in Fig. 4. The predicted radial electric field from the

solution of the diffusion equation �7� is shown by the solid

line in the right-hand plot of Fig. 4. The solutions of the

ambipolarity constraint �6� using the predictive transport

code
10

shown by open squares and that from the MOCA

based analysis code demonstrate good agreement within

r0.11 m; for the larger radii, the electron root branch has

more pronounced mismatch. To calculate the thermal diffu-

sion coefficients in the analysis code �MOCA based�, the ra-

dial electric field from the original transport simulation is

used �solid line in Fig. 4 right� because the electric field in

the original prediction is obtained from the diffusion equa-

tion �7�, while in the analysis code the electric field is the

solution of the ambipolarity constraint �6� and in this case

the special procedure to select roots is required �see Appen-

dix A�. The thermal diffusion coefficients from both ap-

proaches coincide well in the central portion of the plasma

within 0.03r0.17 m. However, rather big discrepancies

are found for r0.03 m. This can be explained by the dif-

ferent methods used for the extrapolation of the radial mo-

noenergetic diffusion coefficient D11 toward the magnetic

axis, where both databases from DKES and MOCA runs
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FIG. 3. �Color online� Plasma profiles for the TJ-II: electron heating profiles

�left�; the density and the predicted electron and ion temperatures �right�.
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contain no data. Again, as in the case of LHD, the entire

results demonstrate good agreement despite the quite differ-

ent techniques used.

IV. IMPACT OF NEOCLASSICAL TRANSPORT
OPTIMIZATION

First, a predictive transport simulation for the W7-X

vacuum �“standard”� configuration is described. Then, this

W7-X configuration is used as a reference case to demon-

strate the impact of neoclassical confinement optimization on

global parameters such as �E and ���. For this purpose, the

LHD and TJ-II configurations are scaled to the same volume

as the W7-X case and this scaling is also applied to the

corresponding DKES databases �no new DKES calculations are

required �see Appendix B��.

A. Transport simulations for a W7-X configuration

The aim of this W7-X simulation is the analysis of a

high-��� discharge at full magnetic field �2.5 T�. Conse-

quently, a high density is assumed, which requires ECRH in

O2-mode
26,27 �ne is above the cutoff for the X2-mode� in

order to improve confinement. An ECRH power of 8 MW is

assumed in this simulation, which will be the maximum

ECRH power in the initial operation phase of W7-X. To be

consistent with the LHD and TJ-II scenarios, also the W7-X

vacuum case is used here.

Figure 5 shows an example of a multipass O2-mode

heating scenario at 8 MW ECRH provided by ten beams for

ne=1.5�1020 m−3. The transport model is chosen to be

largely neoclassical; the electron and ion anomalous trans-

port coefficients with an edge value of 1 m2
/s are used only

within the region of high density gradient �similar to the

LHD case in Fig. 2� and have the form �e,i�h�r /a−1� /ne,

where h�x�=1+tanh�4x� and a is the plasma minor radius.

The resulting volume-averaged ��� is about 4.5%. The en-

ergy confinement time �E=0.56 s is higher than that of

ISS04 scaling
3

with an improvement factor of 3, which re-

flects the very good neoclassical optimization �see also

Fig. 8�. The main portion of the ECRH power is absorbed

after two passes; the overall absorption efficiency along three

passes is slightly more than 98%. A small electron root with

a positive value of the radial electric field is obtained within

the central ECRH deposition zone.

B. The magnetic configurations

The LHD magnetic configurations are of the l=2 he-

liotron type.
28

In the central region, the rotational transform,

�–, is fairly flat and increases strongly at the outer radii. An

inward or outward shift of the magnetic configuration has a

large impact on the neoclassical confinement, which can be

characterized in the lmfp regime by the effective ripple, �eff

�which corresponds to the helical ripple for a classical stel-

larator configuration�. The LHD configuration used here in

the benchmarking is inward-shifted with a major radius

R=3.60 m. Since only the component of �B in the helical

direction determines the bounce-averaged radial �B drift,

deeply trapped particles are well confined �see Fig. 6�. This

inward-shifted LHD configuration is drift optimized
15,29 �in

the sense of “�-optimization”
30�. Consequently, �eff is much

smaller than the dominant helical ripple �defined by the

B21 /B00 Fourier mode� in this LHD configuration. This opti-

mization, however, is lost at finite ��� �Ref. 13� but can be

�at least partially� recovered by an increased inward shift.

TJ-II is a flexible heliac with bean-shaped flux surfaces

rotating around the central conductor and with a fairly flat �–

profile. The Bmn Fourier spectrum for the TJ-II configura-

tions is very broad due to the local minima in B, which

reflect the coil ripple �see Fig. 6�. The deeply trapped

particles in the local ripples dominate the radial transport

and lead to a rather poor neoclassical confinement, which

is reflected in very large �eff values �see Fig. 7�. For these

conditions, additional nonlocal convective transport

contributions
31

can further degrade confinement. It should be

mentioned in this context that the original goal of TJ-II was

MHD-stability investigations at high � �Ref. 32� and not

neoclassical confinement in the lmfp regime. Due to the high

�– ��–�3 /2 for the standard configuration considered in this

benchmarking�, the Shafranov shift is rather small and

�-effects on the neoclassical confinement are less important.

The W7-X standard configuration used here as the refer-

ence �the same current in all modular coils, no current in the

planar ones� has very good neoclassical confinement, but

neither the bootstrap current nor fast particle losses

��-particles in an equivalent reactor configuration� are suffi-

ciently minimized to make this configuration an attractive

reactor candidate in the sense of multiple optimization

criteria,
33

which should be simultaneously realized. Only

with a rather large toroidal mirror term can the bootstrap

current be reduced, but the price to pay is degraded confine-

ment. The W7-X configuration selected here is probably not

a candidate for quasistationary discharge scenarios, but

promises high ��� at full magnetic field �B=2.5 T� with a

realistic heating power level. The very strong elongation �re-

duction of the toroidal curvature term B10� of all W7-X con-
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FIG. 5. �Color online� The W7-X plasma profiles for the 8 MW O2-mode

heating scenario: assumed density �top left�; predicted electron �circles� and

ion �triangles� temperatures �top right�; power deposition profile produced

by ten ECRH beams in three path absorption scheme �bottom left�; the

radial electric field �bottom right�.
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figurations is an essential ingredient for the rather good neo-

classical confinement. Finite � leads, in general, to an

additional reduction of the neoclassical transport, but in-

creases the bootstrap current.

Figure 7 shows the effective ripple, �eff, versus radius for

the three configurations under consideration. The radial

transport coefficient in the low collisional 1 /�-regime with

Er�0 scales with �eff
3/2. Consequently, the confinement in this

regime is different by more than one order of magnitude for

the three configurations. In addition, the reduction of the

averaged toroidal curvature is also given for reference.

The transport simulations described above are very dif-

ferent with respect to the volume, the magnetic field strength,

the assumed density, and the heating power. Consequently, a

direct comparison of the energy confinement is not possible

and the ISS04 scaling
3

is used for reference. In density and

power scans for W7-AS ECRH discharges with electrons

dominating the energy flux, a rather good agreement of the

experimental �E scaling with a purely neoclassical transport

model for the 1 /�-regime was found �see Fig. 3 in Ref. 34�,
which is in conflict to the ISS04 scaling. The situation be-

comes different if the ions dominate the energy flux. First

predictive transport simulations for the W7-X standard con-

figuration with both density and power scans �for ECRH,

p-NBI, and n-NBI� follow roughly the �E of ISS04 but with

improvement factors of 2–3,
34

which reflects the very good

neoclassical confinement.

In Fig. 8, the experimentally found energy confinement

times and the results of neoclassical simulations for W7-X,

LHD, W7-AS, and TJ-II are compared with the ISS04 �E

scaling. Simulation of the W7-AS high-performance dis-

charge demonstrates good agreement with the corresponding

experimental result. The LHD simulation �Sec. III� exhibits a

�E value about 1.4 times higher than expected from ISS04;

this result manifests good neoclassical optimization of the
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inward-shifted vacuum configuration of LHD. The �E from

the TJ-II simulation �Sec. III� exhibits much better confine-

ment than experimentally observed but nevertheless worse

than ISS04 scaling. The energy confinement time for the

W7-X example of 8 MW ECRH in O2-mode with ne=1.5

�1020 m−3 is three times higher than the ISS04 prediction.

C. Comparison of neoclassical confinement

A direct comparison of the impact of neoclassical con-

finement optimization on the achievable ��� and �E can be

performed with the different magnetic configurations scaled

to the same volume while holding the aspect ratio, R /a, fixed

�where R and a are the major and minor radii, respectively�.
All monoenergetic neoclassical transport coefficients for

configurations scaled in size can be easily derived from the

original database �see Appendix B for more details�. Here,

the standard W7-X vacuum configuration is used as the ref-

erence case. The inward-shifted LHD configuration has

nearly the same volume �with a size scaling factor of

fs=0.997�, whereas the TJ-II configuration must be increased

by fs=3.074. The cross section of the scaled LHD and TJ-II

configurations together with the W7-X reference case are

shown in Fig. 9. This size scaling factor fs is used in the

transform of the monoenergetic transport coefficients in Eq.

�B2�. In addition, the magnetic field strength of B=2.5 T

and the same density profile with ne�0�=1020 m−3 are used

for the predictive transport simulations in which an �artifi-

cial� central ECRH power deposition profile �with Gaussian

shape� is assumed.

Figure 10 �on the left� shows ��� as a function of the

heating power, P, for the three configurations with the scaled

size. At the same power, P, the effect of the quite different

neoclassical confinement is not as strong as would be ex-

pected from the ratio of monoenergetic transport coefficients

in the 1 /�-regime, which scale as �eff
3/2

/R2. The reason is that

the radial electric field and different regimes of collisionality

involved in the convolution procedure �4� lead to high non-

linearity of the thermal transport coefficients with respect to

temperature and, as a result, diminish the large difference in

transport implied by a “pure” 1 /�-regime. On the other hand,

however, the required power to achieve a given ��� reflects

directly the very different degree of neoclassical confinement

optimization. While for the W7-X configuration ����4% is

obtained at P=15 MW, the required P strongly exceeds a

realistic level for the optimized LHD configuration, and even

����2% is unreachable in the TJ-II configuration.

On the right of Fig. 10, �E from the predictive transport

simulations normalized to the ISS04 value is shown, which

also reflects the neoclassical confinement improvement for

the W7-X configuration and the degradation for the TJ-II

case. The power degradation exponent in the ISS04 regres-

sion is �P=−0.61, but it must be noted that the simulation

results do not follow this simple power-law dependence. In

the range of 2 MW� P�10 MW, however, �E�P� is ap-

proximated in this form, leading to �P=−0.64 for TJ-II,

�P=−0.55 for LHD, and �P=−0.48 for the W7-X configu-

ration. These values can be compared with simple theory

expectations:
34 �P=−7 /9 for the 1 /�-regime �with the most

unfavorable temperature dependence of the transport coeffi-

cients�, �P=−3 /5 for the plateau regime �this is the

Lackner–Gottardi scaling for tokamaks�, �P=0 for transport

coefficients independent of temperature, �P=1 /3 for the stel-

larator �-regime, and, finally, �P=1 in the tokamak banana

regime. In case of the ion and electron energy fluxes being

comparable but with both species in different transport re-

gimes, �E cannot be expressed in the form of a simple scaling

law
34 �which is only possible if the particles dominating the

total energy flux are in a pure transport regime�.
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Finally, the impact of the anomalous energy diffusivities,

�e,i, is briefly discussed. Since no physics-based turbulent

transport model is available for stellarators, the simplified

form �e,i�1 /ne �as was indicated in W7-AS �Ref. 1�� is used

inside the density gradient region �and further suppressed in

the flat density region�. Although experimentally indicated,
35

a power dependence of �e,i is not taken into consideration. In

the transport simulations of Fig. 10, an edge value of �e�a�
=�i�a�=1.5 m2

/s is assumed. For the W7-X scenarios, both

anomalous transport coefficients � are increased by a factor

of 5, leading to the reduction of ��� of about 15% �see the

curves marked as W7-X�2� in Fig. 10�. The impact of the

anomalous � is also important for the W7-X �E at very-low

heating power where the neoclassical transport coefficients

are significantly reduced due to the much lower temperature.

Since the neoclassical transport coefficients, particularly at

outer radii, are much higher in the LHD and TJ-II configu-

rations, the anomalous transport modeling is less important

for these two devices.

D. Impact of device size on neoclassical confinement

The monoenergetic neoclassical transport coefficients in

the various collisionality regimes show a different depen-

dence on the size �see Eq. �B2� in Appendix B�. Conse-

quently, the size dependence is briefly analyzed and com-

pared with the ISS04 scaling in which �E increases roughly

linearly with volume. In Fig. 11, transport simulations for the

plasma density ne�0�=1020 m−3 and 10 MW central heating

are shown for the original LHD configuration �upper row�
and increased linearly by a factor of 2 �lower row�. The

density and the heating power profiles �normalized to the

corresponding plasma radius, see Fig. 1�left�� as well as the

magnetic field strength are identical. An impact of the size on

the anomalous energy diffusivity at the edge is disregarded.

In the small size scenario, a stronger radial electric field is

obtained �consistent with the stronger thermodynamic

forces�, which leads to slightly higher temperatures and ���
=1.94% compared to the larger size case with ���=1.73%

��E normalized to the ISS04 values is also reduced by nearly

the same amount�. Nearly the same results are obtained for a

broader density profile in the larger configuration �where the

density gradient region is reduced by a factor of 2�.
The size scaling of the neoclassical transport coefficients

is reflected by the different roles of electrons and ions in the

energy flux densities. For a doubled size of the configuration,

the electron contribution is roughly reduced by a factor of 4,

which is consistent with the expectation for the 1 /�-regime

in Eq. �B2�. The ion energy transport coefficients are in-

creased, although the size scaling for fixed Er in a pure
�-regime would lead to a reduction ��fs

−1/2�, which, how-

ever, is overcompensated by the smaller radial electric field

��Er
−3/2�. Consequently, the ions dominate the energy flux in

this scenario. With increasing heating power, the electron

energy transport coefficients increase significantly �as they

have the most unfavorable Te dependence� and the electron

contribution to the energy flux approaches the ion one.

Rather equivalent results are also obtained for the W7-X

configuration scaled in size; however, the degradation effect

with respect to size is even larger: ���=3.54% for the origi-

nal size and ���=2.92% for the configuration with the

doubled size at 10 MW.

V. CONCLUSIONS

The energy balance solved by the predictive transport

code based on the databases of the neoclassical monoener-

getic transport coefficients precomputed with the DKES

code
11,12

is benchmarked with the energy transport analysis

with the DCOM database
14,15

for an optimized LHD configu-

ration as well as with the MOCA database
16

for the standard

TJ-II configuration. For both the thermal transport coeffi-

cients and the ambipolar radial electric field, very good

agreement is obtained.

The energy confinement time of these simulations to-

gether with a W7-AS and a W7-X reference case is com-

pared with the ISS04 �E-scaling
3

based on the experimental

results of quite different stellarators. Again, very reasonable
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agreement is found, supporting the conclusion of the energy

balance analyses at W7-AS �Ref. 1� that high-performance

discharges with sufficiently high temperatures are dominated

by neoclassical transport in the bulk part of the plasma;

anomalous transport contributions are only dominant at the

outer radii. In the ISS04 database, however, most discharges,

particularly those with low temperature and high density, are

not consistent with neoclassical transport modeling. The

analysis of high-performance discharges, particularly at

LHD, with respect to the impact of neoclassical energy con-

finement will be continued.

The database of monoenergetic neoclassical transport

coefficients can be scaled with respect to an arbitrary size of

the configuration. This procedure allows for a direct com-

parison of the different neoclassical confinement optimiza-

tions without using an empirical scaling law. Both the LHD

and the TJ-II configurations are scaled in plasma volume to

the W7-X standard configuration. For the same density and

magnetic field strength, the volume-averaged ��� as well as

�E normalized to the ISS04 scaling are calculated in a heat-

ing power scan. Although the monoenergetic transport coef-

ficient �in particular, in the 1 /�-regime, where it ��eff
3/2

/R2�
differs by more than an order of magnitude, the difference in

the obtained ��� and �E is significantly reduced due to the

very strong nonlinearity of the thermal transport coefficients

with respect to temperature. For fixed heating power, ��� is

highest for the W7-X configuration, reduced by a factor of 2

for the LHD case, and further reduced by the same factor for

the TJ-II configuration. Thereby, the degree of neoclassical

optimization is directly reflected by the amount of heating

power needed to obtain a given ���. Furthermore, the power

degradation in �E is in reasonable agreement with the ISS04

scaling, although somewhat stronger for the TJ-II case and

decreasing for the LHD and �even more� for the W7-X

scenario.

Finally, the impact of the size scaling on the neoclassical

confinement is consistent with the ISS04 scaling where �E

roughly scales with the plasma volume. At fixed heating

power, ��� is only slightly reduced for increased configura-

tion size. While the electron heat transport is significantly

decreased in the 1 /�-regime with size, the ion heat transport

is increased. For ions in the �-regime, the decreased ambi-

polar radial electric field overcompensates the moderate re-

duction in the size scaling in the transport coefficients. To-

gether with the density and the magnetic field strength

dependence, the moderate size degradation in the neoclassi-

cal confinement needs further investigations.

A significantly improved neoclassical confinement al-

lows for high temperatures and high plasma pressure. In-

creasing the magnetic field strength to reduce neoclassical

transport leads to much greater forces on the coils and cor-

respondingly greater demand on the support structure. In-

creasing only the size of a device does not help without

increasing significantly the heating power. Consequently,

neoclassical confinement must be improved to allow for a

reasonable reactor perspective of stellarators. For an inte-

grated reactor concept, however, additional constraints can

be important. For example, an island divertor concept, which

is based on the control of the edge island structure, requires

the control of the plasma current and leads to the constraint

of minimizing the bootstrap current. Consequently, the im-

provement in neoclassical transport is only one goal in the

stellarator optimization procedure, but a very essential one.

Otherwise, high temperatures and high plasma pressure �be-

ing important to confine �-particles� cannot be achieved at a

reasonable level of heating power.
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APPENDIX A: ESTIMATION OF AMBIPOLAR RADIAL
ELECTRIC FIELD

In stellarators, the neoclassical transport coefficients de-

pend on Er and multiple roots of the ambipolarity condition

can exist. In the lmfp regime, typically three roots can

appear:
36,37

the ion root with small �usually negative� Er, the

electron root with strongly positive Er, and an unstable root

in between. In particular, in ECRH discharges with highly

peaked power deposition, this feature has been experimen-

tally identified in different devices.
38

A problem occurs if

these roots exist in a broader radial range and the position of

the transition from the inner electron root to the outer ion

root becomes important for predictive neoclassical transport

simulations.

With a purely local neoclassical ordering scheme, the

poloidal shear viscosity related to the transition in the radial

electric field cannot be estimated since it depends on the

finite radial deviations of particle orbits from the flux

surface.
23,25

From a thermodynamic point of view, however,

the generalized heat production,
20

which is the combination

of the dissipation of the rotation energy in the transition re-

gion and the heat production rate of the neoclassical trans-

port, must be minimized

Q = �
0

a 	DE

2

Er� −

Er

r
�2

+
�e�

�
�Er

�Zi�i − �e�dEr�V�dr .

�A1�

The Euler–Lagrange form of this variational problem leads

to the diffusion equation �7� for the radial electric field. Here,

DE is a formal diffusion coefficient �more strictly, B2DE cor-

responds to a shear viscosity coefficient�, which is adjusted

in the predictive simulations for a reasonable size of the tran-

sition layer �the broadness of this layer scales with DE
1/2�.

Solving this diffusion equation, a unique solution for Er is

obtained, which smoothens the transition with respect to

root-finding combined with an equivalent thermodynamic se-

lection criterion.

With the assumption of a very narrow transition layer,

the criterion for the position is obtained
22

from the variation

of the generalized heat production with respect to the radial

position,
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�
Er

i

Er
e

�Zi�i − �e�dEr = 0, �A2�

where Er
i and Er

e are the ion root and the electron root Er,

respectively. If this integral is positive �negative�, the ion

root �electron root� is realized. This criterion represents a

local Maxwell constraint, which must be combined with the

root-finding from the ambipolarity condition. The solution of

the diffusion equation for Er adds only an additional equation

to the set of balance equations being solved in the predictive

transport simulations �with the same thermal transport coef-

ficients�. On the other hand, root-finding is strictly local �no

information from the close vicinity enters� and, in principle,

the existence of multiple roots must be checked for at all

radii. Furthermore, the integral criterion must be evaluated if

several roots are found leading to additional numerical effort.

Consequently, the solution of the Er diffusion equation has

strong advantages in predictive transport simulations. A dis-

advantage, however, appears if Er becomes very small in the

transition region �this never appears in root-finding: Er is

discontinuous� and where the ion transport coefficients can

become very large as they enter the 1 /�-regime, where the

local neoclassical ordering scheme for ions is violated. Then,

the ion temperature gradient �or more generally, the ion ther-

modynamic forces� must be strongly reduced to compensate

for the peaked ion transport coefficients. Finally, a continu-

ous Er within the transition region was experimentally iden-

tified from the heavy ion beam probe �HIBP� measurements

at the Compact Helical System �CHS� �Ref 39�. The radial

electric fields calculated using different approaches are

shown in Fig. 12. For the small diffusion coefficient, the

differential equation �7� gives the same position of the tran-

sition from the electron root to ion root branch as obtained

from Eq. �A2�. A increase of the diffusion coefficient in Eq.

�7� leads to broadening of the transition layer and a rather

strong deviation of the solution from that obtained from the

root-finding of Eq. �6� in the regions where the first deriva-

tive of the radial electric field changes rapidly. The plasma

profiles used for solving this particular ambipolar problem

are shown in the right portion of Fig. 12. They have been

produced by predictive transport modeling of a plasma dis-

charge in the W7-X standard magnetic configuration with

800 kW of ECRH.

APPENDIX B: SCALING OF MONOENERGETIC
TRANSPORT COEFFICIENTS

The starting point is the linearized drift-kinetic equation

�DKE�, which becomes inhomogeneous with a radial driving

force, −ṙFM� �r being the radius, ṙ the radial component of the

�B-drift velocity, and FM� the radial derivative of the

Maxwellian with total energy conserved�, and with a parallel

driving force, �v�BFM �see, e.g., Ref. 9�. Splitting this DKE

with respect to the thermodynamic forces A1, A2 �both ra-

dial�, and A3 �parallel� leads to two first-order distribution

functions, f and g, where f is related to −ṙFM� �symmetric in

v�� and g to v�BFM. For the treatment of the monoenergetic

transport coefficients, both the thermodynamic forces and the

Maxwellian are dropped in the following by introducing the

definitions f = f̂�A1+x2A2�FM with x=v /vth and g= ĝA3FM,

where f̂ and ĝ are the solutions of the simplified DKE:

V̂� f̂� − �̂L� f̂� = −
R

v

ṙ and V̂�ĝ� − �̂L�ĝ� = pbR �B1�

with the “collisionality,” �̂=�R /v, the collision frequency

��v�, the major radius, R, and the normalized magnetic field

strength, b=B /B0. The radial component of the �B-drift is

given by

Rṙ =
T

q

1 + p2

B3
x2�B � �̂B�r,

where �̂=R� is the normalized gradient. V̂ is the �local and

monoenergetic� normalized Vlasov operator,

V̂ = 
 p

B
B +

E � B

v�B2�
� · �̂s −

1 − p2

2B2
B · �̂B

�

�p
,

where E is the radial electric field, �¯ � is the flux-surface

average, and �̂s is the normalized gradient within the flux

surface. In Eq. �B1�, L is the Lorentz form of the pitch-angle

collision operator,

L =
1

2

�

�p
�1 − p2�

�

�p
.

The �traditional� monoenergetic transport coefficients

calculated by DKES are defined by the following moments

with �A�=�−1
1 �A�dp /2: D11= �ṙ f̂� is the particle diffusion co-

efficient, D31=v�bpf̂� is the bootstrap current coefficient,

D13= �ṙĝ� is the Ware pinch coefficient, and D33=v�bpĝ� is

the electric conductivity coefficient. Onsager symmetry leads

to the relation D31=−D13.

The scaling of the monoenergetic transport coefficients

with respect to the size of the device is performed by intro-

ducing the scaling factor defined by fs=Rn /Ro, where Rn is

the new major radius and Ro is the original one for which the

DKES database was established. In the DKE �B1�, both op-

erators V̂ and L as well as Rṙ are independent of fs, and ĝ

scales with fs �in addition to the collisionality scaling�. In the

DKES database, the Dij coefficients are stored dependent on

the radius, r, the “DKES collisionality,” � /v, and the �normal-

ized� radial electric field, Er /vB0, i.e., Dij�r ,� /v ,Er /vB0�.
The new “DKES collisionality” is simply scaled by fs for the

-20

-15

-10

-5

0

5

10

0 0.1 0.2 0.3 0.4 0.5

r [m]

Er [kV/m]

DE=0.1

DE=5

DE=20

-20

-15

-10

-5

0

5

10

0 0.1 0.2 0.3 0.4 0.5

r [m]

Er [kV/m]

0

1

2

3

4

5

0 0.1 0.2 0.3 0.4 0.5

r, m

Te,i, keV ne, 10
19

m
-3

Te
Ti
ne

FIG. 12. �Color online� On the left, the ambipolar radial electric field; open

circles are the solutions of the ambipolar condition �6�; shown by lines are

the solutions of the differential equation �7� for the different values of the

diffusion coefficient. On the right, the plasma profiles used for solving am-

bipolar problem.
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interpolation in the original database. The electric field de-

pendence of the Dij is not affected by the scaling factor fs

and is omitted here for simplicity. With the new radii, r, the

scaled new coefficients Dij
n are obtained from the original

ones, Dij
o , by

D11
n 
r,

�

v

� = D11
o 
 r

fs

, fs

�

v

�/fs,

D13
n 
r,

�

v

� = D13
o 
 r

fs

, fs

�

v

� , �B2�

D31
n 
r,

�

v

� = D31
o 
 r

fs

, fs

�

v

�, D33
n 
r,

�

v

� = D33
o 
 r

fs

, fs

�

v

� fs.

Finally, some special cases of this size scaling are briefly

analyzed. For the 1 /� regime, D11� fs
−2 is obtained, which

recovers the analytic theory result.
5

In the �-regime, the

impact of the size of the device is much less pronounced,

D11� fs
−1/2, and in the plateau-regime, D11� fs

−1 is obtained.

No size scaling of D11 exists in all �-regimes. For the parallel

conductivity coefficient, D33� /v is independent of the size in

both the collisional and the collisionless limits.
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