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We address the problem of approximating the posterior probability distribution of the fixed parameters of a
state-space dynamical system using a sequential Monte Carlo method. The proposed approach relies on a
nested structure that employs two layers of particle filters to approximate the posterior probability measure
of the static parameters and the dynamic state variables of the system of interest, in a vein similar to the re-
cent “sequential Monte Carlo square” (SMC?) algorithm. However, unlike the SMC?Z scheme, the proposed
technique operates in a purely recursive manner. In particular, the computational complexity of the recursive
steps of the method introduced herein is constant over time. We analyse the approximation of integrals of
real bounded functions with respect to the posterior distribution of the system parameters computed via the
proposed scheme. As a result, we prove, under regularity assumptions, that the approximation errors vanish
asymptotically in L (p > 1) with convergence rate proportional to \/lﬁ + ﬁ, where N is the number

of Monte Carlo samples in the parameter space and N x M is the number of samples in the state space.
This result also holds for the approximation of the joint posterior distribution of the parameters and the
state variables. We discuss the relationship between the SMc? algorithm and the new recursive method and
present a simple example in order to illustrate some of the theoretical findings with computer simulations.

Keywords: error bounds; model inference; Monte Carlo; parameter estimation; particle filtering; recursive
algorithms; state space models

1. Introduction

1.1. Problem statement

The problem of parameter estimation in state-space dynamical systems has received considerable
attention, from different viewpoints [2,7,23,25,30], as it is almost ubiquitous in practical appli-
cations. In this paper, we investigate the use of particle filtering methods for the online Bayesian
estimation of the static parameters of a state-space system.

In order to ease the discussion, let us consider two (possibly vector-valued) random sequences
{X:}i=0.1,... and {Y;};=12, ... representing the (hidden) state of a dynamical system and some re-
lated observations, respectively, with # denoting discrete time. We assume that the state process is
Markov and the observation Y; is independent of any other observations {Y%; k # ¢}, conditional
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on the state X,. Both the conditional probability distribution of X, given the value of the previous
state, X;—1 = x;_1, and the probability density function (p.d.f.) of ¥; given X; = x; are assumed
to be known up to a vector of static (random) parameters, denoted by ®. These assumptions are
commonly made in the literature and actually hold for many practical systems of interest (see,
e.g., [5,39]). Given a sequence of actual observations, Y1 = y1,..., Y = yr, ..., the goal is to
track the posterior probability distributions of the state X;, ¢t > 0, and the parameter vector ®
over time.

In the sequel, we briefly review various existing approaches to the parameter estimation prob-
lem that involve particle filtering in some relevant manner. See [23] for a more detailed survey
of the field.

1.2. Particle filters and parameter estimation

When the parameter vector is given, that is, ® = 6 is known, the problem reduces to the standard
stochastic filtering setting, which consists in tracking the posterior probability distribution of the
state X;, given the record of observations up to time ¢ > 0. In a few special cases (e.g., if the
system is linear and Gaussian or the state-space is discrete and finite) there exist closed form
solutions for the probability distribution of X; given Y| = y1, ..., ¥; = y;, which is often termed
the filtering distribution. However, analytical solutions do not exist for general, possibly non-
linear and non-Gaussian, systems and numerical approximation methods are then needed. One
popular class of such methods are the so-called particle filters [19,22,24,31]. This is a family of
recursive Monte Carlo algorithms that generate discrete random approximations of the sequence
of probability measures associated to the filtering distributions at discrete time ¢ > 0.

Particle filters are well suited for solving the standard stochastic filtering problem. However,
the design of particle filters that can account for a random vector of parameters in the dynamic
system (i.e., a static but unknown ®) has been an open issue for the past two decades.

When the system of interest is endowed with some structure, there are some elegant techniques
to handle the unknown parameters efficiently. For example, there are various conditionally-linear
and Gaussian models that admit the analytical integration of ® using the Kalman filter as an
auxiliary tool, see, for example, [8,19]. A similar approach can be taken with some non-Gaussian
models appearing, for example, in signal processing [4]. In other cases, the analytical integration
may not be feasible but the structure of the model can be such that the conditional probability
law of ® given X¢ = xp,..., X; =x; and Y| =y, ..., Y, = y; is tractable. In particular, if ®
depends on X1.; = {X1, ..., X;} through a low-dimensional sufficient statistic then it is possible
to draw efficiently from the posterior distribution of ® (given Xo., = x¢.; and Y1.; = y1.1) [7,40]
and then integrate the parameters out numerically.

For arbitrary systems, with no particular structure, the more straightforward approach is to
augment the state-space by including ® as a constant-in-time state variable. This has been pro-
posed in a number of forms and in various applications! but it can be shown that standard particle
filters working on this augmented state-space do not necessarily converge in general because the

Ut has also been proposed to use Markov chain Monte Carlo (MCMC) steps to prevent the collapse of the population
representing the parameter posterior, that otherwise occurs due to the resampling steps [20,21].
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resulting systems are non-ergodic [2,37]. Another popular technique to handle static parameters
within particle filtering consists in building a suitable kernel estimator of the posterior probability
density function (p.d.f.) of ® given Y1., = y;,; from where new samples in the parameter space
can be drawn [30]. The latter step is often called “rejuvenation” or “jittering” (we adopt the latter
term in the sequel). One key feature of this technique is the “shrinkage” of the density estimator
in order to control the variance of the jittered particles. This method has been shown to work in
some examples with low-dimensional ®, but has also been found to deliver poor performance in
other simple setups [34]. A rigorous analysis of this technique is missing as well.

Finally, there exists a large body of research on maximum likelihood estimation (MLE) for un-
known parameters. Instead of handling ® as a random variable and building an approximation of
its posterior distribution, MLE techniques aim at computing a single-point estimate of the param-
eters. This is typically done by way of gradient optimisation methods, that lend themselves natu-
rally to online implementations. A popular example is the recursive maximum likelihood (RML)
algorithm [15,29,38]. As an alternative to gradient search methods, expectation maximization
(EM) techniques have also been proposed for the optimisation of the parameter likelihood, both
in offline and online versions [2,23]. These techniques use particle filtering as an ancillary tool
to approximate either the gradient of the likelihood function [15] or some sufficient statistics [2]
and have been advocated as more robust than those based on state-space augmentation, artificial
evolution or kernel density estimation [2,23].

1.3. Non-recursive methods

A number of new methods related to particle filtering have been proposed in the past few years
that tackle the problem of approximating the distribution of the parameter vector ® given the ob-
servations Y1.7 = yi.7. These techniques include the iterated batch importance sampling (IBIS)
algorithm of [9] and extensions of it that rely on the nesting of particle methods (such as in [37] or
[10]), combinations of Markov chain Monte Carlo (MCMC) and particle filtering [1], variations
of the population Monte Carlo methodology [26] and particle methods for the approximation of
the parameter likelihood function [36].

The IBIS method is a sequential Monte Carlo (SMC) algorithm that updates a population
of samples 9,('), i=1,..., N, in the space of ®, with associated importance weights, at every
time step. The technique involves regular MCMC steps, in order to rejuvenate the population of
samples, and the ability to compute the p.d.f. of every observation variable Y;, given the previous
observation record Yi.,—1 = y;,—1 and a fixed value of the parameters, ® = 6. Let us denote
such densities as d(y;|y1:1—1, 6) for the sake of conciseness. The need to obtain d(y;|yi:+—1, )
in closed-form has two important implications. First, IBIS is not a recursive algorithm, since each
time we need to compute d(y;|y1.,—1, 6) for a new sample point ® = 6 in the parameter space it
is necessary to process the entire sequence of observations Yi.;—1 = y1.;—1. Second, the algorithm
can only be applied when the dynamic model has some suitable structure (e.g., the system may
be linear and Gaussian conditional on ®) that enables us to actually find d (y;|y1:+—1, €) in closed
form.

In [37], these difficulties with the IBIS method are addressed by using two layers of Monte
Carlo methods. First, a random grid of points in the space of ®, say oW .. oM g gener-
ated. Then, for each ® =0, i =1,..., N, a particle filter is employed targeting the signal
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{X:}r=0.1..... The latter particle filters provide approximations of d (y;|y1:/—1, Q(i)), i=1,...,N,
and, since the grid in the parameter space is fixed, a single sweep over the observations
Yi.r = yi.1, T < 00, is sufficient, hence the algorithm is recursive. The practical weakness of
this approach is that the random grid over the parameter space is generated a priori (irrespective
of the observations Y1.7 = yj.7) and it is not updated as the observations are processed. There-
fore, when the prior distribution of ® differs from the posterior distribution (of ® conditional on
Y1.7 = y1.7) significantly, a very large number, N, of samples in the parameter space is needed
to guarantee a fair performance.

The methodology proposed in [10] is also an extension of the IBIS technique. Similarly to the
method in [37], a random grid is created over the parameter space and a particle filter is run for
every node in the grid. However, unlike the technique in [37], the grid of samples in the space
of ® is updated over time, as the batch of observations Y1.7 = y;.7 is processed. In particular, if

{Gt(i)l, i=1,..., N}isthe grid at time # — 1, a particle filter is used to process y; and then a new

grid {Gt(i), i=1,..., N} can be generated. This filter involves the computation of weights that
depend on the densities d(y;|y1:1—1, Gt(l)), i =1,..., N (similar to the original IBIS). For each

point ® = 9,(i), a particle filter is run to approximate d(y;|y1.1—1, Gt(i)). The resulting method is
called SMC? in [10] because of the two nested layers of particle filters. It is more flexible and
general than the original IBIS and its extension in [37], but it is not a recursive algorithm. New
samples in the parameter space are generated by way of particle MCMC [1] (see below) moves
and resampling steps in order to avoid the degeneracy of the particle filter. However, each time
a new point in the parameter space is generated at time ¢, say 6, a new filter has to be run from
time O to time ¢. Therefore, the computationally complexity of the method grows quadratically
with time. A major advantage of the SMC? algorithm is that the approximation errors vanish
asymptotically as the number of samples N on the parameter space increases, independently of
the number of particles used to approximate the densities d (y¢|y1:;—1, 9,(')) in the second layer of
particle filters, which can stay fixed. This is shown in [10] resorting to a well known unbiasedness
property proved in [14].

A technique that has quickly gained popularity for parameter estimation is the particle MCMC
method of [1] (employed as a building block for the SMC? method described above). It es-
sentially consists in an MCMC algorithm to approximate the posterior distribution of ® given
Y1.+ = y1.+. Such construction is intractable if addressed directly because the likelihoods d (y1:+]6)
cannot be computed exactly. To circumvent this difficulty, it was proposed in [1] to use particle
filters in order to approximate them. The same trick has been used in the population Monte Carlo
[6] framework to tackle the approximation of the posterior distribution of ® using particles with
nonlinearly transformed weights [26]. The latter technique has been reported to be computa-
tionally more efficient than particle MCMC methods in some examples. These two types of
algorithms, as well as the SMC? scheme, revolve around the ability to approximate the factors
d(yt|y1:4—1, 0) using particle filtering.

An alternative, and conceptually simple, approach to compute the likelihood of ® given Y7,
has been proposed in [36]. The problem is addressed by generating a random grid over the pa-
rameter space (either random or deterministic, but fixed), then using particle filters to compute
the value of the likelihood at each node and finally obtaining an approximation of the whole
function by interpolating the nodes. If a point estimate of the parameters is needed, standard op-
timisation techniques can be applied to the interpolated approximation. Convergence of the L,
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error norms is proved in [36] for problems where both the parameter space and the state space
are compact.

1.4. Contributions

We introduce a particle filtering method for the approximation of the joint posterior distribution
of the signal and the unknown parameters, X; and ®, respectively, given the data Y1, = yi;.
Similar to [37] and [10], the algorithm consists of two nested layers of particle filters: an “outer”
filter that approximates the probability measure of ® given the observations and a set of “inner”
filters, one per sample generated in the outer filter, that yield approximations of the posterior mea-
sures that result for X, conditional on the observations and each specific sample of ®. The outer
filter directly provides an approximation of the marginal posterior distribution of ®, whereas a
suitable combination of the latter with the outcomes of the inner filters yields an approximation
of the joint posterior probability measure of X; and ©.

The method is very similar to the SMC? scheme of [10] in its structure. However, unlike
SMC?, it is a purely recursive procedure and, therefore, it is more suitable for an online imple-
mentation. At every time step, all the probability measure approximations (both marginal and
joint) are updated recursively, with a fixed computational cost. Also, the jittering of particles in
the SMC? algorithm is carried out using a particle MCMC kernel [10], that leaves the target
distribution invariant but cannot be implemented recursively, while the proposed scheme works
with simpler Markov kernels easily amenable to online implementations. A detailed comparison
between the proposed algorithm and the SMC? method of [10] is presented in Section 4.3.

The core of the paper is devoted to the analysis of the proposed algorithm. We study the
approximation, via the nested particle filtering scheme, of 1-dimensional statistics of the posterior
distribution of the system parameters. Under regularity assumptions, we prove that the L , norms
of the approximation errors vanish with rate proportional to ﬁ + ﬁ, where N and N x M

are the number of samples in the parameter space and the number of particles in the state space,
respectively. This result also holds for the approximation of the joint posterior distribution of the
parameters and the state variables.

The analysis builds upon two basic assumptions, which determine the applicability of the
algorithm. The most important one is that the optimal filter for the state space model of interest
is continuous with respect to (w.r.t.) the parameter 6, that is, small changes to the parameter lead
to small changes to the posterior probability measure of the state given the available observations.
It is this continuity property that makes the implementation of the proposed recursive algorithm
feasible and determines some key practical elements of the algorithm, including the magnitude
of the jittering of the particles. Non-recursive methods, such as particle MCMC or SMC?, are not
subject to this constraint. The second basic assumption is that the parameter space is a compact
set and the the conditional p.d.f. of the observations is well behaved (positive and upper bounded)
uniformly over that set. The proposed technique is not guaranteed to work if the parameters
have to be searched over an infinite support or, most importantly, if the conditional p.d.f. of the
observations has some singularity (e.g., it becomes unbounded) for some parameter values.

To complement the analysis, we also provide a numerical example, where we apply the pro-
posed algorithm to jointly track the state variables and estimate the fixed parameters of a (stochas-
tic version of the) Lorenz 63 system. The length of the observation periods for this example
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(~40000 discrete time steps) is large enough to make the application of the non-recursive SMC?
method impractical, while the proposed technique attains accurate estimates of the unknown
parameters and tracks the state variables closely.

1.5. Organisation of the paper

We present a general description of the random state-space Markov models of interest in this
paper in Section 2, including a brief review of the standard particle filter with known parameters.
The recursive nested particle filter scheme is introduced in Section 3. In Section 4, we provide a
summary of the main theoretical properties of the proposed algorithm and discuss how it com-
pares to the (non recursive) SMC? method of [10]. The analysis of the approximation errors in
L is contained in Section 5, together with a brief discussion on the computation of an effective
sample size for the proposed algorithm. Section 6 presents some illustrative numerical results for
a simple example and, finally, Section 7 is devoted to the conclusions.

2. Background

2.1. Notation and preliminaries

We first introduce some common notation to be used through the paper, broadly classified by
d times

———
topics. Below, R denotes the real line, while for an integer d > 1, RI=Rx---xR.

o Functions. Let § € R be a subset of RY.
— The supremum norm of a real function f : S§ — R is denoted as || f|lococ = SUp,cg | f(X)].
— B(S) is the set of bounded real functions over S, thatis, f € B(S) if, and only if, || f|lcc <
0.
e Measures and integrals.
— B(S) is the o-algebra of Borel subsets of S.
— P(S) is the set of probability measures over the measurable space (B(S), S).
- (f, ) = f f(x)u(dx) is the integral of a real function f : S — R w.r.t. a measure u €
P(S).
— Given a probability measure u € P(S), a Borel set A € B(S) and the indicator function

1, ifx e A,
I4(x) =
) {O, otherwise,
w(A) = (I, u) = [ Ia(x)(dx) is the probability of A.
e Sequences, vectors and random variables (r.v.).
— We use a subscript notation for finite sequences, namely x;,.;, = {Xz, ..., Xp, ]}
— For an element x = (x1,...,x4) € R? of an Euclidean space, its norm is denoted as

Il = /xf + - 4 xg.

L
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— Let Z be a r.v. taking values on R¢, with associated probability measure P € P(R%).

1
The L, norm of Z, with p > 1,is | Z||, £ E[|Z|P]"/? = ([ |z|P P(dz))? (where E[]
denotes expectation).

Remark 1. Let o, 8, &, B € P(S) be probability measures and let f,h € B(S) be two real
bounded functions on § such that (h, @) > 0 and (h, 8) > 0. If the identities

D) _ (fh.B)
(fia)= .3) and (f,B)= 0 B
hold, then it is straightforward to show (see, e.g., [12]) that
1 _ = Il flloo - 5
|(fre) = (f: B)] < (h’&)l(fh,a)—(fh,ﬁ)lJr o) |(h,&) — (h, B)|. 2.1

2.2. State-space Markov models in discrete time

Consider two random sequences, {X;};>0 and {Y;};> taking values in RY and R%, respectively,
and a r.v. © taking values on a compact set Dy C R%. Let IP; be the joint probability measure
for the triple ({Xx}o<k<s, {Yk}o<k<:» ©), that we assume to be absolutely continuous w.r.t. the
Lebesgue measure on B(R% D 5 RO % Dy).

We refer to the sequence {X;};>¢ as the state (or signal) process and we assume that it is an
inhomogeneous Markov chain governed by an initial probability measure 79 € P(R%) and a
sequence of transition kernels ;¢ : B(RdX) x R — [0, 1] indexed by a realisation of the r.v.
® =46. To be specific, we define

10(A) £ Po{Xp € A}, (2.2)
Tt,@(A|xt—1)éPt{Xt €AIXi—1 =x1-1,0 =0}, t>1, (2.3)

where A € B(R%) is a Borel set. The sequence {Y:}:>1 is termed the observation process. Each
r.v. Y; is assumed to be conditionally independent of other observations given X; and ®, namely

]Pt{Yt € AlXo:r = x0.4, 0 =0, {Yx = )’k}k;ét} =P (Y, € AlX, =x, 0 =0}

for any A € B(R%). Additionally, we assume that every probability measure Vi € PRY) in
the family

Vo(Alx) 2P Y, € AlX, =x,0=0}, AeBR"),0eDy.t>1, (2.4)

has a nonnegative density w.r.t. the Lebesgue measure. The function g; ¢ (y|x) > 0 is proportional
to this density, hence we write

Yi.0(Alx) = / cla(y)gio(ylx)dy, (2.5)
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where c is a (possibly unknown) normalisation constant, assumed independent of y, x and 6.

The prior 79, the kernels {7, 9};>1, and the functions {g; ¢},>1, describe a stochastic Markov
state-space model in discrete time. Note that the model is indexed by 6 € Dy, which is henceforth
termed the system parameter. The a priori probability measure of the r.v. ® is denoted ¢, that
is, for any A € B(Dg), 110(A) £ Pp{6 € A}.

If ® = 0 (the parameter is given), then the stochastic filtering problem consists in the compu-
tation of the posterior probability measure of the state X, given the parameter and a sequence
of observations up to time ¢. Specifically, for a given observation record {y;};>1, we seek the
measures

bro(A) EPHX, € AlY1y =y14,0 =0}, t=0,1,2,...,

where A € B(R%). For many practical problems, the interest actually lies in the computation of
statistics of the form ( f, ¢, ¢) for some integrable function f : R% — R. Note that, for = 0, we
recover the prior signal measure, hence ¢g g = 7o independently of 6.

There are many applications in which the parameter ® is unknown and the goal is to fit the
model using a given sequence of observations. In that case, the sequence of probability measures
of interest is

w(A) EP{O® € AlY1, =y14),  t=0,1,2,..., where A € B(Dy).

If both the fitting of the model and the tracking of the state variables {X;};>¢ are sought, then we
need to approximate the joint probability measures

T[I(A X A/)éPt{Xt GA,@EA/|Y1z :ylil}! t:0, 1,2,...,

where A € B(R%) and A’ € B(Dy). Note that we can write the joint measure 7, as a function of
the marginals ¢; ¢ and .. Indeed, if given A € B (Rd") we introduce the real function f;“ Dy —
[0, 1], where fA(0) = ¢ 9 (A), then

m(4x ) = (1ath ) = [ 10 @ Otde) = [[ 1@ 12000 @om o). 20

2.3. Standard particle filter

Assume that both the parameter ® = 6 and a sequence of observations Y1.7 = y1.7, T < 00, are
fixed. Then, the sequence of measures {¢; ¢};>1 can be numerically approximated using particle
filtering. Particle filters are numerical methods based on the recursive relationship between ¢; ¢
and ¢;_1 . In particular, let us introduce the predictive measure &; o £ 71,0011, such that, for
any integrable function f : R% — R, we obtain

(fs Ez,e)=/ F Q)T 0(dx|x")pi—1.6(dx") = ((f, 71.6), Pi-1.6), 2.7)
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where we note that f F(xX)1,0(dx]|x’) is itself a map R% — R. Integrals w.r.t. the filter measure
@10 can be rewritten by way of & g as

(fg[99 gl 9)
\ =— 2.8
(f. ¢10) = & Erd) (2.8)

where g,yfe (x) £ g;.0(y|x) is the likelihood of x € R Eqgs. (2.7) and (2.8) are used extensively
through the paper. They are instances of the Chapman—Kolmogorov equation and the Bayes
theorem, respectively.

The simplest particle filter, often called “standard particle filter” or “bootstrap filter” [22] (see
also [18]), can be described as follows.

Algorithm 1. Bootstrap filter conditional on ® = 6.

(@)

1. Initialisation. At time ¢ =0, draw N i.i.d. samples, x;’, n =1, ..., N, from the prior 7.

2. Recursive step. Let {xt_1 }1<n<n be the particles (Monte Carlo samples) generated at time
t — 1. At time ¢, proceed with the two steps below.

(@) Forn=1,..., N, draw a sample X, ™) from the probability distribution ; g (- |x )
and compute the normalised weight

(n)
w(n) _ s, g(x )

t = NNE
PO 89 )

(b) Forn=1,...,N,let x™ = ® with probability w™, k € {1, ..., N}.

2.9)

Step 2(b) is referred to as resampling or selection. In the form stated here, it reduces to the
so-called multinomial resampling algorithm [17,19] but convergence of the filter can be easily
proved for various other schemes (see, e.g., the treatment of the resampling step in [12]). Using

the set {x,(")}ls,,f ~, we construct random approximations of & ¢ and ¢, g, namely
1< 1 <
N (dx;) = 5 Z‘%}”’ (dx;) and @M, (dx,) = ¥ Z%:M (dx,), (2.10)
n=1 n=1

where 8x(n) is the Dirac delta measure located at X; = x; ™ For any integrable function f in the
1
state space, it is straightforward to approximate the integrals (f, & ¢) and (f, ¢r0) as

N

l n n
(L&)~ (F6Y) =5 D F(E7) and (f.600) ~ (f.07%) = Zf (™). @11

n=1

respectively.
The convergence of particle filters has been analysed in a number of different ways. Here we
use results for the convergence of the L, norms (p > 1) of the approximation errors.
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Theorem 1. Assume that both the system parameter ® = 6 and the sequence of observations
Yi.7 = y1.1 are fixed (with T < 00), g;vfe € B(R%) and gtyfe > 0 (in particular, (g[yfg, &) > 0)
foreveryt=1,2,...,T. Then forany f € B(Rd'*), any p>landeveryt=1,...,T,

crollflloo crollflloo

VN VN

where ¢; 9, ¢; 9 < 00 are constants independent of N, || f oo = SUP,cgax | f(x)| and the expecta-
tions are taken over the distributions of the random measures Stl\g and qthQ , respectively.

I(£.6%) - (f&nl, < and |(f.9%) = (f.¢e0), <

Proof. This result is a special case of, for example, Lemma 1 in [35]. O

Theorem 1 is fairly standard. A similar proposition was already proved in [16], albeit under
additional assumptions on the state-space model, and bounds for p =2 and p =4 can also be
found in a number of references (see, e.g., [12—14]). It is also possible to establish conditions
that make the convergence result of Theorem 1 uniform over the parameter space. Recall that the
r.v. ® has compact support Dy C R% and denote

ls" [ = sup 8% |l oo- 2.12)
ur () = (7. &.0) and (2.13)
Urinf = inf u;(6). (2.14)

6eDy

We can state a result very similar to Theorem 1, but with the constant in the upper bound of the
approximation error being independent of the parameter 6. For convenience in the exposition of
the rest of the paper, we first establish the convergence, uniform over the parameter space Dy, of
the recursive step in the particle filter.

Lemma 1. Choose any 6 € Dy and any f € B(R%). Assume that the sequence of observa-
tions Y1+ = y1+ is fixed (for some t < 00) and a discrete random measure d)t]\il gdxi—1) =

% ZQ’ZI 8x<n) (dx;—1) is available such that, for any p > 1,
t—1

Cz—lllflloo+5t—1||f||oo
VN VM

where M > 1 is an integer and c;—1, C;—1 < 00 are constants independent of N, M and 9.
If8)5 >0, 118" || < 00 and us jut > 0, then, for any p > 1,

[(£.810) = (F 10, = (2.15)

&l flloe &l flloo
VN M
el flloo . @l flloo

|(f.87%) = (£ o), < A

[(£.6%) - (f.50)], <
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where 5,1\2; and qthg are computed as in the recursive step of the standard particle filter, &, ¢, ¢;
and ¢, are finite constants independent of N, M and 0, and the expectations are taken over the
distributions of the random measures 5% and qthg. Ifc;—1 =0, then ¢, =¢; =0.

Proof. See Appendix A. (]

The (arbitrary) integer M introduced for notational convenience and the error term o ——

VM
plays no role in the proof of Lemma 2 below. It is included exclusively to ease the exposition
of some proofs in Section 5. Given Lemma 1, it is straightforward to establish the convergence,

uniform over Dy, of the standard particle filter.

Lemma 2. Assume that the sequence of observations Y1.7 = y1.1 is fixed (for some T < 00),
g;vfg >0, ||lg]"|l < oo and u;int > 0 for every t =1,2,...,T. Then, for any f € B([R%), any
0 € Dg and any p > 1,

Cill flloo il flloo
VN VN

fort=0,1,...,T, where ¢,(f) and c,(f) are finite constants, independent of both N and 9,
and the expectations are taken over the distributions of the random measures étNg and ¢1N9'

I(£.6%) - a0l < and |[(f.¢%) = (f-d10)], =

Proof. See Appendix B. O

Remark 2. Lemmas 1 and 2 also hold for any test function f? : R% — R (i.e., dependent on )
as long as the upper bounds

1 flloo = sup [ f7] o, and [&"] . = sup &l
0eDyg 0€Dy

are finite and the lower bound infy¢p, gty \p(x) is positive for every x € R% and every t =
I,...,T. Note that infgc p, gty,’e(x) > 0 implies that u; ;,y = infge p, u;(6) > 0. Under these as-
sumptions the constants ¢; and ¢; in the statement of Lemma 1 are independent of 6 (they depend
on iy inf and || g;" || oo, though).

3. Nested particle filter

3.1. Sequential importance sampling in the parameter space

We aim at devising a recursive algorithm that generates approximations of the posterior proba-
bility measures u;(d6),t =1,2,..., using a sequential importance sampling scheme. The key
object needed to attain this goal is the marginal likelihood of the parameter ® at time ¢, that is,
the conditional probability density of the observation Y; given a parameter value ® = 6 and a
record of observations Y1.;—1 = y1:4—1.
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To be specific, assume that the observations Y1.,—1 = y1.;—1 are fixed and let
v o(A) EP Y € AlY 11 =y14-1.0=0),  AeB(R?),

be the probability measure associated to the (random) observation Y; conditional on Yi.;—1 =
Y1:—1 and the parameter vector ® = 6. Let us assume that v; g has a density u; g : R —
[0, +00) w.r.t. the Lebesgue measure, then we can write

Vo (A) = / Is(Durg(y)dy,  forany A € B(Rb).

When the actual observation Y; = y; is collected, the density u;g(y;) can be evaluated as an
integral, namely u; ¢(y;) = (gl}:’e, &:.9), and it yields the marginal likelihood of the parameter
value 0, denoted as

w(0) 2 uro () = (). &1.0)-
A straightforward Monte Carlo approximation of u; could be obtained in two steps, namely,

e drawing N i.i.d. samples {G_t(i)}lf,-f ~ from the posterior measure at time t — 1, ;_1,
e and then computing normalised importance weights proportional to the marginal likelihoods

Uy (9'[(1) ) .
Unfortunately, neither sampling from ;1 nor the computation of the likelihood u,(0) can be
carried out exactly, hence some approximations are in order.

3.2. Jittering

Let us consider the problem of sampling first. Assume that a particle approximation ,ufv_ | =

% ZlN: 10 o of us—1 is available. In order to track the variations in u,, it is convenient to have a
t—1

procedure to generate a new set {ét(i)l }1<i<n which still yields an approximation of y;— similar
to ;LtN_ |- A simple and practically appealing way to generate the new samples is to mutate the

particles 91(1)1, e, 9,(1\]1) independently using a jittering kernel «y : B(Dg) x Dg — [0, 1], that

we denote as

, (@)
kn(d0109) =k @0),  i=12.....N. (3.1)

The subscript N in «y indicates that the kernel may depend on the sample size N. This is a key
feature in order to keep the distortion introduced by this mutation step sufficiently small, as will
be made explicit in Section 5 (see also Section 4.2).

3.3. Conditional bootstrap filter and marginal likelihoods

Let ét(i) be a Monte Carlo sample from «y (d6 |81(i)1 ), i.e., a random mutation of Qt(i)l as described

above. The likelihood u,(é,(i) ) can be approximated using Algorithm 1 (the standard particle
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filter), conditional on ® = Q_t(i). For notational convenience, we introduce two random transfor-
mations of discrete sample sets on R9 , that will later be used to write down the conditional
bootstrap filter.

Definition 1. Let {x(f )}15 j<Mm be aset of M points on the state space R% . The set

{)Z(j)}lgng = "’9({x(j)}1§j§M)

is obtained by sampling each ¥/) from the corresponding transition kernel 7, ¢ (dx|x‘"), for
j=1...,M.

Definition 2. Let {¥/)};< ;< be a set of M points on the state space R4 . The set

{x(j)}lgng = T::?@({i(j)}lgij)
is obtained by

e computing normalised weights proportional to the likelihoods,
n _( .)
v(j) . g,);,g(xn] )

_— i=1,..., M.
n " O J s s
2 k=1 g,fﬁ(x,g )

e and then resampling with replacement the set {¥'/)};< j<m according to the weights

{v,(lj)}lfij, that is, assigning 1 = x® with probability v® for j=1,...,M and
kef{l,...,M}.

Let us now rewrite the bootstrap filter algorithm using this new notation.

Algorithm 2. Bootstrap filter conditional on ® = 09,([).

1. Initialisation. Draw M i.i.d. samples x(gi’j), j=1,..., M, from the prior distribution .

2. Recursive step. Let {xi’;’l)} 1<j<m be the set of available samples at time n — 1, withn < 1.
The particle set is updated at time n in two steps:

(a) Compute (%" }1<jemr = ¥,y (05, Vij<m)-

(b) Compute (x""}1<jemr =T o (8 1<j<m)-
»Yt

For n = ¢, we obtain approximations of the posterior measures Et 70 (dx;) and qbt F0) (dx;) of
sVt Mt
the form

M M
1 1
£l @) =1 _Zlaita,n (dx) and ¢ (@dx) =+ lex;i,.f> dx), (32
J= J=
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respectively, hence the likelihood u; (é,(i) ) can be approximated as

u, (9(1)) (gttew te(” th 9(1) (l j) . (3.3)

3.4. Recursive algorithm

If anew sample G(i) € Dy is produced at time ¢, one can approximate the likelihood u (6, (l)) =

(" 50 & 9(1)) by running a standard particle filter from time O to time #, as shown in Section 3.3.
t, t,

However the computational cost of this procedure obviously increases with time. We need to
avoid this limitation in order to design a recursive algorithm.

Let us assume that the optimal filters ¢; ¢(dx) are continuous w.r.t the parameter 6. This means
that if we have two candidate parameters 6 and 6 such that 6 ~ 6, then Pr—1,9 ~ ¢t—l,§‘ If the
latter approximation holds, then we can naturally expect that the predictive measure at time ¢
for the parameter 6, namely €, 5 can also be approximated using ¢;—1,¢ instead of ¢, 5. To be
specific, we can expect that

Et,é = Tt,§¢t—l,§ ~ ‘L’t’g(]ﬁt_],e

and, hence, the likelihood of the parameter u () = (g St §)> can be approximated from the

filter at time ¢ — 1 computed for the mismatched parameter value 6 (instead of the actual §), that
is,

u () = (8)'5.§.5) ~ (8)'5 7, 5%-1.0)- (3.4)

If we accept the approximation in Eq. (3.4), then it is possible to devise a truly recursive
particle filter for the approximation of the posterior probability measures u;(d6). Assume that,
at time ¢ — 1, we have been able to generate a set of particles in the parameter space {9[(’_)l H<i<n

and, for each 91( )1,

yields an approximation of the optimal filter conditional on o

we have the set of particles in the state space {xl(i_’{)}ls j<m. The latter set

- 1, i.e., we have

(l /)

||ME

G190 O

i =
t—1,6,",

Now we generate a new parameter sample é,(i) by jittering the previous sample 9( )1 in a con-

trolled manner (as suggested in Section 3.2). If the modulus of the difference, ||9t(’) 9(1)

small enough, then we can expect that

(I, is

b1 N By g0, X9 L, = Zs s (3.5)



Nested particle filters for online parameter estimation 3053

and we can use the particle approximation of the filter computed for Qt(i)l as a particle approxima-

tion of the filter for the new sample 0_,(') . Once we have this approximation, it is straightforward

to sample from the Markov kernels t e (dx; |xt(l_’11) ) (this is the transformation Tn F0) applied to
29t

the set {x( ] )}1 <j<m from which q) Lo is constructed) in order to obtain the new predictive
t—1

gM(,)) In this

process, we do not need to run a new particle filter from scratch, but s1mp1y to take a recursive
step at time #. The price to pay is the introduction of an additional approximation error, that arises
from (3.5) and needs to be quantified.

The complete recursive algorithm for the particle approximation of the sequence of measures
¢ 1s described below.

measure Et 50 and then approximate the likelihood of ét(’) as u, Mg, (’)) =(g” 40"
Ut

Algorithm 3. Nested particle filtering for the approximation of u;, t =0, 1,2, ....

1. Initialisation. Draw N i.i.d. samples {Géi)} 1<i<n from the prior distribution mo(d6) and

N x M i.i.d. samples {xéi’j)}lfiﬁN;lijM from the prior distribution 7.
2. Recursive step. For ¢ > 1, assume the particle set {Gt(l_)l,

and update it taking the following steps.

{x(l J)}1<J<M}1<,<N is available

(a) Foreachi=1,...,N
90)
— draw 6, from K (dh),
— update {x, }1§/§M = té(i)({xt(i’/])}lfij) and construct gt’”é(,.) = ﬁ X
»Up ,0,
ZM:1 5-<i.j>,
— compute the approximate likelihood u; Mg, (’)) =(g”" 9(,), S’Vé_<i)), and
Ut
— update the particle set {)?,l"’ }1<j<M = Ty’,(l.)({)"cl }1<]<M).
(b) Compute normalised weights w ) u, (6 (l)) i=1,...,N.
(c) Resample: for eachi =1,..., N, set {9,(’), ,l ”}15ij {9(1) o ])}1<,<M with
probability w”’, where I € {1, ..., N}.

Step 2(a) in Algorithm 3 involves jittering the samples in the parameter space and then taking
a single recursive step of a bank of N standard particle filters. In particular, for each 65,(’), I1<i<
N, we have to propagate the particles {x[('_’jl)}lijM S0 as to obtain a new set {)Z;l’])}lngM.

Remark 3. The cost of the recursive step in Algorithm 3 is independent of 7. We only have
to carry out regular “prediction” and “update” operations in a bank of standard particle filters.
Hence, Algorithm 3 is sequential, purely recursive and can be implemented online.

Remark 4. Algorithm 3 yields several approximations. While ,uN M — % va 1 9@ is an esti-

mate of u;, the joint posterior measure 7; is approximated as 71’ = N i Zl_l M =1 39(1) (N3
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Conditional predictive and filter measures on the state space are also computed by the inner fil-
M _ 1M y M _ 1M y
ters, namely Ez,é,(") =37 2 j=1 Sit(,,p and ¢t,9;(i) =37 2 j=1 (Sxt("”'

4. Summary of results

4.1. Convergence of the approximation errors in L,

We pursue a characterisation of the L, norms of the approximation errors for ,u,iv M ¢zMe o
Ut
(i=1,...,N)and ntN ‘M Which can be stated in a form similar to Lemma 2. Towards this aim, we

prove in Section 5 that, under regularity assumptions on the state-space model and the jittering
kernel Kf\,, the L, norms of the errors asymptotically decrease toward 0, and provide explicit
convergence rates. To be specific, our analysis relies on the following basic assumptions (to be
stated in a precise manner in Section 5):

e The optimal filters ¢; ¢ are continuous w.r.t. the parameter 6.

e The jittering steps are “small enough” and, in particular, the variance of the jittering kernel
is a decreasing function of the number of particles N.

e The parameter 6 is restricted to take values on a compact set Dy, and the conditional p.d.f.
of the observations, gty: ‘9 (x;) is positive and uniformly bounded over Dy.

The continuity of the optimal filters and the constraint on the variance of the jittering kernel are
at the core of Algorithm 3. If these conditions are not satisfied, it cannot be expected to converge,
as the errors due to the jittering steps may grow without bound. Under the assumptions above, we
have proved the results below, that hold true for an arbitrary-but-fixed sequence of observations
yi.T, with T < 00, and arbitrary test functions & € B(Dg) and f € B(Dg X Rd’f).

Result 1 (Theorem 2, Section 5). There exist constants ¢;, ¢; < 00, independent of N and M,
such that
crllnlloo | Celllloo

VN VM

| (M) = )|, <

forany p>1landeveryr=0,...,T.

Result 2 (Theorem 3, Section 5). There exist constants ¢;, ¢; < 00, independent of N and M,
such that B
cillhlloo | Ctllinlloo

VN VM

[(£m M) = (rmo ], <

forany p>1andeveryr=0,...,T.

Additionally, Algorithm 3 yields explicit approximations of the conditional filter measures (for
O = 9t(’), i=1,...,N). In particular, we will show that the statement below also holds under
mild assumptions.
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Result 3 (Remark 10, Section 5). For any / € B(RdX) there exist constants k;, k; < 0o, inde-
pendent of M and N, such that

killllloo kel lloo
VN VM

sup ||(1, ¢LM9[(”) — (.8, yi) ||p <

I1<i<N

forany p>1landeverytr=0,...,T.

Remark 5. In most practical applications, we can expect constraints on the computational effort
that can be invested at each time step. Typically, this occurs because a full sequential step of
the algorithm must be completed before a new observation is received. This is likely to impose a
limitation on the overall number of samples that can be generated, namely the product K = M N.
For a given value of K (say with integer v/K), Results 1 and 2 above indicate that the choice
of M and N that minimises the error rate is M = N = +/K . In this case, we obtain approximate
measures

R | YEVK
~K A AK A
:—ES,- andn':—égcsii,'
Ha \/_K P gt() ! K izl =1 9;(),/\’:( 7

such that

. &nl A allfl
|, ) = howo) ], < fK; and || (£,7") = (fim)], < ’Ié"",

for any test functions & € B(Dy) and f € B(Dg x RdX), and some finite constants ¢; and ¢;.

4.2. Jittering

The main choice to be made when implementing the algorithm is the type of jittering kernel, as in
Eq. (3.1), to be used. This can actually be very simple. Assume for instance a standard Gaussian
kernel /29/, with mean 6’ and covariance matrix C = 14,, where I, is the dy x dp identity matrix,
and let % the corresponding kernel truncated within the parameter support set Dg. Any kernel
of the form

iy = (1—en)dg +enic?, @.1)

with ey < —L» is sufficient to make Results 1 and 2 hold with a prescribed value of p. Note

N
that the choice of «y in (4.1) amounts to perturbing each particle with probability ey (or leave
it unchanged with probability 1 — ey). The perturbations applied can be large, but not many
particles are actually perturbed.

. . A ! . .
Alternatively, we can choose a standard Gaussian kernel fcf\,, with mean 6’ and covariance

matrix Cy o ﬁl’de. The jittering kernel Kﬁ,/ is then obtained by truncating /2]%/ within the

N 7P
parameter support set Dy. In this case, we perturb every particle, but each single perturbation
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is small. This choice of ky is also sufficient for Results 1 and 2 to hold. See Section 5.1 and
Appendix C for a detailed description.

In practice, the magnitude of the jittering introduced by the kernel « is relevant for the perfor-
mance of the algorithm, because it determines how fast the support of the approximating measure
;Lﬁv’M can be adapted over time to track changes.” If the jittering variance is too small, it may turn
out hard to track large changes in the posterior measure u;. Such large changes can be expected
for small # (when the amount of accumulated data is still limited), in the presence of outliers, due
to change-points not accounted for by the model, etc. Some specific techniques can be adapted
from [33] to deal with outliers, and we show a simple numerical example at the end of Section 6
to illustrate the effect of change-points. On the other hand, if the jittering variance is made too
large, the adaptivity of the algorithm can be improved but its converge rate can be compromised
(see Remark 9 in Section 5.2).

4.3. Comparison with the SMC? method

The natural benchmark for the algorithm introduced in this paper is the SMC? method of [10].
This technique is similar in structure to Algorithm 3 and, in particular, it generates and maintains
over time N particles in the parameter space and, for each one of them, M particles in the state
space. However, it displays two key differences w.r.t. Algorithm 3:

e The particles in the parameter space are jittered using a particle MCMC kernel, with the aim
of leaving the approximate posterior distribution of the parameters invariant.

e The weights for the particles in the parameter space at time ¢ are computed using the com-
plete sequence of observations y; ;.

The SMC? algorithm is consistent [10], Proposition 1, as it targets a sequence of probability
measures (of increasing dimension) that have the parameter posterior measures, {;};>0, as
marginals. Although this is not explicitly proved in [10], under adequate assumptions it can be
shown that the SMC? method produces approximate measures p,ﬁvsﬁc such that the L, norms of
the approximation errors can be bounded as

C
NM | t
IRy 1y gme) — (4, Mz)||p < N (4.2)
for some constant C;, independent of N and M. This implies that the approximation errors vanish
asymptotically as N — oo, even if M < oo is kept fixed. Also, if K = N M is the total number of
particles in the state space generated by the SMC? algorithm, and M is assumed to be constant,

the the inequality (4.2) implies that the approximation errors converge as K -3,
The obvious drawback of the SMC? method is that it is not recursive: both the use of a particle
MCMC kernel® and the computation of the particle weights at time ¢ involve the processing of

2The jittering step enables the adaptation of the support set {Gt(l) }1<n - The shape of the posterior distribution is tracked
by computing the importance weights.

3Particularly note that if we replace the jittering kernel in the proposed Algorithm 3 by a particle MCMC kernel, the
resulting procedure is not recursive anymore.
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the whole sequence of observations y;.. In particular, a straightforward implementation of the
SMC? algorithm with periodic resampling steps and a sequence of T observations, yi.7, yields
complexity O (NMT?). In comparison, Algorithm 3 is purely recursive, hence for a sequence of
observations y;.7 the computational cost is O (NMT), that is, linear in T versus the quadratic
complexity of the original SMC? approach.

The linear complexity O (NMT) of Algorithm 3, however, comes at the expense of some lim-
itations compared to the SMC? technique. The most important one is that the approximation
errors converge with ﬁ + \/LM (see Result 1), hence we need to let N — oo and M — o0

for the errors to vanish, while in the SMC? method it is enough to have N — oo (and keep M
fixed). If K = N M is the total number of particles in the state space, the optimal allocation for
Algorithm 3 is N = M = +/K and the convergence rate is K = (see Remark 5) while the SMC?

attains a rate K 2.

We finally remark that the conditional optimal filters ¢, ¢ need to be continuous w.r.t. 6 € Dy
in order to ensure the convergence of Algorithm 3, while this is not necessary for the SMC?, the
particle MCMC [1] or the nonlinear population Monte Carlo [27] methods. This limitation of
the proposed scheme is a direct consequence of not using the full sequence of observations to
compute the weights.

5. Convergence analysis

We split the analysis of the recursive Algorithm 3 in three steps: jittering, weight computation
and resampling. At the beginning of time step ¢, the approximation ;" of u,— is available.
After the jittering step, we have a new approximation,

|
-N.M _ _
iy = Z‘Sé}”’
i=1
and we need to prove that it converges to p;—1. After the computation of the weights, the measure
N
~N.M 0)
= w; 856
Mt 21: t 91( )
1=

is obtained (note that the weights w,(i) o (g;V ’é(,.),ét’%(i)) depend on M, although we skip this
Yt Ut

dependence for notational simplicity) and its convergence toward p, must be established. Finally,
after the resampling step, we need to prove that

1 N
NM _ * )
Mo =N _21:595”
=

converges to i, in an appropriate manner. We prove the convergence of /jLiv_ 10 N and pV in
three corresponding lemmas and then combine them to prove the asymptotic convergence of
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Algorithm 3. Splitting the proof has the advantage that we can “reuse” these partial lemmas
easily in order to prove different statements. For example, it is straightforward to show that

ntN’M — 1;, when N, M — oo, as well (see Section 5.5).

5.1. Jittering step

In the jittering step, a rejuvenated cloud of particles is generated by propagating the existing
9(’)
samples across the kernels « ™

sumption.

' i=1,...,N.For the analysis, we abide by the following as-

A.1. The family of kernels /clg\,/, 0’ € Dy, used in the jittering step satisfy the inequality

Cellhlloo

sup / h(6) — (d@) < 5D

0’eDy | | N \/ﬁ
for any & € B(Dy) and some constant ¢, < 00.
Remark 6. One simple class of kernels that complies with A.1 has the form

K (d6) = (1 — en)84/(d6) + enic (d6), (5.2)
where 0 < ey < ﬁ and /219\,/ € P(Dy) for every 8’ € Dy. Note that substituting (5.2) into (5.1)
yields

2[|7 |0
sup [ [h(6) — h(8') iy (@) < 2en|hlloo < ,
6’eDg

hence A.1 is satisfied with ¢, = 2.

When using a kernel of the form in (5.2) only a small fraction of particles are actually changed
in the jittering step. However, when a particle is actually jittered, the move can be large. Note
that the variance of /Zz,/ (d6) can be independent of N and possibly large, since the variance of

0’ : . 1
Ky (dB) is controlled by the choice of ey < Wi alone.

Remark 7. Assume that & € B(Dy) is Lipschitz, that is, there is a constant ¢;, < oo such that
|h(0) = ()] < cLlo]6 — 6|

for any 0,60’ € Dy. If there exists a constant ¢ < oo independent of N such that the inequality

o2y = sup /||9 0’|’k (o) < (5.3)

en
is satisfied, then Eq. (5.1) in A.1 holds with ¢, =cp (1 + 5sup91’62€D9 |61 — 62]]) < co. A gen-
eralization of this statement is proved in Appendix C. Note that with this class of kernels every
particle is jittered at each time step, but the moves are very small.
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Lemma 3. Let Yi.7 = y1.7 be arbitrary but fixed and choose any 0 <t <T.If h € B(Dy), A.1
holds and

ci—1llhlloo | Ci-tllhlloo

hoao ) = (- < (5.4)
” ( t—1 ) ! ”p \/]T] m
for some p > 1 and some constants c;—1, ¢;—1 < 00 independent of N and M, then
_ crellhlloo | Crellhlloo
hoafe) = (o], < = : : (5.5)
”( r—1 ) t Hp JN JM
where the constants c1 ¢, C1,; < 00 are also independent of N and M.
P 9@
Proof. Recall that we draw the particles Qt(’), i=1,..., N,independently from the kernels A}" ,
i=1,..., N, respectively. In order to prove that (5.5) holds, we start from the iterated triangle
inequality
- N.M _N.M N.M
[ 2,2)) = o) ||, < ([ (e 227) = (kw2 )],
N.M N.M
[ (v Zy") = (o2 |, (5.6)
+ (w0 = ),
where

N )

1 o
(hoonil) = 5 3 [ 23] @),
i=1

and then analyse each of the terms on the right-hand side of (5.6) separately. Note that the last
term, in particular, is straightforward: its bound follows directly from the assumption in Eq. (5.4).
Let G;_1 be the o-algebra generated by the random particles {él(ft)_ 1 Béft)_l }<i<n. Then

1 Y G
B[ )61 ] = 5 3 [ 007 @) = (e t)
i=1

where the random variables Zt(?l = h(é_t(i)) —E [h(é}"))|g,_ 11,i=1,..., N, are conditionally

independent (given G,_1), have zero mean and can be bounded as |Z[(?1| < 2||h|loo- It is an
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exercise in combinatorics to show that the number of non-zero terms in
N P
= (i SGi1) . 5p)
e (3520) Jo |- etz - 26
i=1 i ip

is a polynomial of order no greater than N % with coefficients independent of N. As a con-
sequence, there exists a constant ¢, independent of N, M and & (actually independent of the

distribution of the Zt(?l ’s) such that

7 (i)
Z
i=1

M N ! & h))%
E[|(h,;1,N_’1)—(h,KNut_*l)|”|gt_1]=E[ gt_l]s 1N% NN

From (5.7), we readily obtain that

_ cillh
1,22 = ()], = 2L 58)

For the remaining term in (5.6), namely, || (4, KN/L:V_’?/I) — (h, ,u?f{”) | », we simply note that

|(hosen i oy') = (k)| =

1Y 0 00
¥ 2 [ 0®) ~ne2))e o)
i=1

(5.9)

<y i/%(&) —h(o, )i ) < e
- N — t—1 N - \/ﬁ ’

where the last inequality follows from assumption A.1, with the constant ¢, < oo independent
of N and M.

Substituting the inequalities (5.4), (5.8) and (5.9) into Eq. (5.6) yields the desired conclusion,
viz., Eq. (5.5), with constants ¢1; = ¢;—1 + ¢« + ¢1 and ¢1; = ¢;—1 independent of N and M. [J

5.2. Computation of the weights

Since the integral u;(0) = (gty 's» &1,0) is intractable, the importance weights are computed as

wz(i) . (gzy,té,(z)vgt%,(i)) = “y(ét(i))’ i=1,....N.

We also recall that the particles in the set {x;i;{)}ls j<Mm» which yield the approximate filter

oM Lo = ﬁ Z;VI: 18 G, are propagated through the transition kernels as
=10, =1

M
N S 0 . oem 1 .
X; tt‘e-tm(dx; |x171), j=1,...,M, toobtain gtﬁ_f(,.) = Z(Sif"”'
Jj=1
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This means that we are using ¢pM L@ asan estimate of ¢, » in order to compute the pre-
r— Y
-1

dictive measure & /Vg(,-) and, as a consequence, it is necessary to prove that the error introduced at
1,6,

this step can be bounded in the same way as the approximation errors in Lemma 3. To attain that
result, we need to strengthen slightly our assumptions on the structure of the kernel k.

A.2. The family of kernels /{,6\’,/, 0’ € Dy, used in the jittering step satisfies the inequality

sup f”e — 0"« (d0) < Ci (5.10)
0'eDy Nz
for some prescribed p > 1 and some constant ¢, < o0.
Remark 8. It is simple to prove that kernels of the class
K = (1 —en)Sg + enicy. (5.11)

1
12
2

with 0 < ey < and Ef\,/ € P(Dy), satisfy assumption A.2 for every p > 1. Simply note that

N

, n p
sup /He — 0"k (d6) < enCP < C—,,
0’eDy N2

where CP = SUPp, a,ep, 101 — 02117 < 00, since Dy is compact. The inequality (5.10) also holds
for any kernel Kjev/ that satisfies the inequality

v

ol N = sup /||9—9’||2K?v’(d9)§ - (5.12)
0,0'eDy N

for some constant ¢ < oo (see Appendix C for a generalisation of this result).

In the first case, ey < ﬁ, we control the number of particles that are jittered. However, those
which are actually jittered may experience large perturbations. In the second case, we allow for
the jittering of all particles but, in exchange, the second order moment of the perturbation is
controlled. Kernels of the class in (5.11) with ey < ﬁ trivially satisfy A.1. The inequality (5.1)

in A.1 also holds for any kernel K?V’ that satisfies (5.12) for the prescribed value of p.

Remark 9. It is possible to replace the factor N =2 in assumptions A.1 and A.2 by some strictly
decreasing function of N, say r(N), and still prove the convergence of the nested particle filtering
scheme (Algorithm 3). However, the error rates would depend directly on the choice of r(N),
so that if r(N) > N _%, then convergence would be attained at a slower pace (relative to N). If
r(N) were chosen to be constant, convergence would not be guaranteed.
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Using ¢pM L Aasan estimate of ¢ can only work consistently if the filter measure
t_

r—1,6
Y1 ’
¢:i—1,0 is continuous in the parameter 6. Here, we assume that ¢,_; ¢ is Lipschitz, as stated
below.

A.3. The measures ¢; g, t > 1, are Lipschitz in the parameter 8 € Dy. Specifically, for every
function f € B (RdX) there exists a constant b; < oo such that

|(f. dr.60) — (fs br.07)

<blfllso|0'—6"|  foranyé’,6” € Dy.

Assumptions A.2 and A.3 enable us to quantify the error ||(f, é,_, é@) —(f, ¢IM] NG M p, as
ot —LY%

made explicit by the following lemma.

Lemma 4. Assume that:

(a) A.3 holds (i.e., ¢1—1.¢ is Lipschitz in 6);
(b) forany 6’ € Dy and f € B(R%), qﬁ% | ¢ is a random measure that satisfies the inequality

-1l flloo n -1l flloo
VN M

for some constants c;_1, ¢;—| < o0 independent of N, M and 0’; and /
(¢c) the random parameter 0" is distributed according to a probability measure K]% (d0O) that
complies with A.2 for some prescribed p > 1.

” (fv ¢%1,9') = (f, ¢z—1,9’)”p =

Then, for every f € B(R%) and every 0’ € Dg, there exist constants &_1, Gr_1 < 00, independent
of N, M and 0’, such that

_ G-t flloe | Gl floc
TN NCE

” (fv ¢%1,91) - (f» ¢t—1,9”)

Proof. Consider the triangle inequality
|| (f’ ¢%1,9’) = ¢t71!0//)”p

(5.13)
< (£ 01 0) = (frbr—1.6)

|, + I Cfobi1.0) = (fo 100,
We aim at bounding the two terms on the right-hand side of (5.13).
For the first term, we simply apply assumption (b) in the statement of Lemma 4, which yields

il flloo | @1l flloo
| o — (Frtiron], < Hﬁ + ti/ﬁ , (5.14)

where ¢,_1, ¢;—1 < 00 are constants independent of N, M and 6’.
To control the second term on the right-hand side of (5.13), we resort to assumption A.3. In
particular, note that for any 6, 6" € Dy and any f € B(R%), we have

|(f. di—1.0) — (f. br—1,6)

<bi_1lflloc |6 —6"| (5.15)



Nested particle filters for online parameter estimation 3063

where the constant b,_; < oo is independent of 8’ and 8”. Moreover, if 8” is random with prob-
ability distribution given by Kfi,, from assumption A.2 we obtain that

cf

E[|6'—6"|"] < sup /||0/—9||”K;‘\’,/(d9)5 - (5.16)
0’eDg N2

Combining the inequalities (5.15) and (5.16) yields

bi—iccll f
| (f =100 = (f 100, < # (5.17)
Finally, substituting (5.17) and (5.14) into the triangle inequality (5.13) completes the proof,
with constants ¢;—1 = ¢;—1 + b;—1¢c and ¢;—1 = C;—1. O

Lemma 4 implies that we can “leap” from 91(1)1 to é,(i) and still keep the associated particle filter
in the inner layer running recursively, that is, we do not have to start it over every time the particle
position in the parameter space changes. If we incorporate some regularity assumptions on the

likelihoods g ‘9>t > 1 (in such a way that we can resort to Lemma 2), then we arrive at an upper

t,
bound for the error || (%, /liv’M) — (h, uy) |l after the weight update step. These assumptions are

made explicit below.

A. 4. Given a fixed sequence Y1.7 = yi.r, the family of functions {gz):te; 1<t<T,0 € Dy}
satisfies the following inequalities:

L. ||gtyl||oo = SUPgep, IIegfglloo < 0o (which implies SUPgepy u(0) = SUPgep, (givfgvéft,e) =
87" lloc), and ,
2. infpep, &'y (x) > O (which implies u inf = infge p, u;(0) = infoep, (8], &.0) > 0)

forevery 0 <t <T.

Lemma 5. Let Yi.7 = y1.7 be fixed and choose any 0 <t < T, any h € B(Dy) and any f €
B(Rdx). Let p > 1 and assume that A.2, A.3 and A.4 hold. In Algorithm 3, if

cLillhlloo | CrellPlloo

VN VM

for some constants c1;,¢1,; < 0o independent of N and M, and the random measures

{¢M @) }lsigN satisfy
1—1,09,

| (h,22) = (o an], < (5.18)

k=il flloo | k=1l fllo

Mo o) - = 5.19
S0 0187, o) = A8,y g, = =% N 619
for some constants ky ;_1, 121,[_1 < o0 independent of N and M, then
. caillhlloo | c24llhlloo
hoa M) = (oo, < = + = : (5.20)
”( t ) ! ||p \/ﬁ m
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kil | K2l flloo

1215 I(r.¢ 9(')) (. Et»éf”)“z’ = JN N (5.21)
kol fllso | k2l flloo
1213 I ’. 9(’)) . ¢t»0,(i))||17 = JN N (5.22)

where the constants ¢4, 21, k2.1, k21, ko ¢, 122,, < 00 are independent of N and M.

_ ®
Proof. Recall that the particle 0,( D is drawn from the kernel k" (d0). Therefore, the inequality
(5.19) together with Lemma 4 yields

Gl flloo E—1ll flloo
VN M

sup |[(f.9" 19(,))—(f,<¢>,,1,9-;i>)||,,_ (5.23)

1<i<N

where the constants ¢,_1, 5,_ 1 < oo are independent of N, M. However, the key feature of Al-
gorithm 3 is to set the approximation

) = Za<,,>, i=1,...,N.

r—1,60 ¢ 1 6,

This choice of ¢M 0 together with the inequality (5.23) and Lemma 1, yields the inequalities
(5.21) and (5. 22) in the statement of Lemma 5.
Now we address the characterisation of the weights and, therefore, of the approximate measure
[Liv'M = ZINZI w,(l)Se—(i). From the Bayes’ theorem, the integral of 2 w.r.t. u; can be written as
1

(ch, 1) vy _ @' i)
h, )= ———-=, hile (h, — N 5.24
(. ) (e, pi—1) v le( i ) (u; vﬁﬁv iw) ( )
Therefore, from the inequality (2.1) we readily obtain
- 1
|(h M;V M) (h:Mt—l)} = ﬁ[”h”oouut ,/L, ] ) (Mt,Mz—1)|
T (5.25)
+ | (hu”, 12) = Grae, )],
and (5.25), together with Minkowski’s inequality, yields
- 1
[ 5") = el = = [l (" 1) = . -],
(5.26)

[ (e, i) = e, ] ]

where (u;, ;—1) > 0 from assumption A.4-2.
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We need to find upper bounds for the two terms on the right-hand side of (5.26). Consider first
the term || (uf"l , ﬂf\i’{w) — (s, e—1) || p- A simple triangle inequality yields

” (M?/I, ﬁ;\/_i\/l) — (uy, ,U«t—l)” -
(5.27)
< 1@t ") = G g0, + 1 s 2753") = G a0 |,

On one hand, since supy. p, |u:(0)| < ||gty’ [loo < 00 (see A.4), it follows from the assumption in
Eq. (5.18) that

Y
crllg lloo | Crellgs oo

e A2 = e a0, = == NI (5.28)
On the other hand, we may note that
N p
) = G B = |5 S 0) — 0 (B))
= (5.29)

=z

1 . .
< 5 2l OF) —w (G))
i=1

which is readily obtained from Jensen’s inequality. However, the /th term of the summation above
is simply the (pth power of the) approximation error of the integral u,(é}”) = (gty ’é(,-) & 50).
Indeed, taking expectations on both sides of the inequality (5.29) yields ’t

N
E[|(u", a2y") = (e 2y Z [90)’ ,em) (g;t§[<i)’5t‘§t(f))|p]
=l (5.30)

E Yt , i )4 ]
== ;eseugg:luf]v [I(s75- & 90)) (87 sfﬁf))‘ ]

From assumption A.4, we have supy.p, IIg,):’glloo < 118" lloo and infyep, &' (x) > 0 for every
t=1,...,T andevery x € R%  hence Lemma 1 (see also Remark 2) readily yields

E[|(e) 6% ) — (e )|,,]<1€§’,,||g;“||£o+k§t||g;||oo 531)
su su 8 i 80 0] = > .
Deby 112N L0 Lo N? M?

for some finite constants IGZJ and 122,, independent of N and M. Substituting (5.31) into (5.30)
yields

K lg" ||oo+ 5 lg 15

I ) ~ G 7] < RO 4 B
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or, equivalently,

B B ]2 Ve ]z Y
O e O T e Y (532)

Substituting (5.32) and (5.28) into (5.27) yields

e N ot
) = |, < o e e (533)

VN VM

where ¢; =1, + 122,, and ¢, =c¢1 4+ l%m are constants independent of N and M.

Since ||hus oo < |2 ]loo ||g,y’ oo (the bound is independent of #), the same argument leading to
the bound in (5.33) can be repeated, step by step, on the norm || (huﬁv, [Lf’_l) — (huy, =)l p, to
arrive at

Y = Y
fIhlloollgi lloo | ¢/ Allsollgi" oo

M -N.M\ _
H (hut 7:u‘t_1 ) (hl/it, H’l‘—l)Hp = \/ﬁ m ) (534)
where ¢, ¢]' < oo are constants independent of N and M.
To complete the proof, we substitute (5.33) and (5.34) back into (5.26) and so obtain
. c2llhlloo | C2tlllloo
i My = (o], < = + = :
” ( t ) ! ||p \/N m
where the constants ¢ = [|g;" oo (¢} + ¢}/ (ur. jts—1) < 00 and &2 = 187" oo (€] + &)/ (ur,
Ui—1) < oo are independent of N and M. O

5.3. Resampling
We quantify the error in the resampling step 2(c) of Algorithm 3.

Lemma 6. Let the sequence Y1.7 = y1.1 be fixed and choose any 0 <t <T.Ifh € B(R%) and

c2illblloo | C24lllloo

VN VM

for some constants ¢y ;, ¢, < 00 independent of N and M, then

| (M) = )|, < (5.35)

cullilloo | C3llllco

VN M

where the constants ¢3¢, c3,; < 00 are independent of N and M as well.

| (M) = oo, <

Proof. The proof of this Lemma is straightforward. The resampling step is the same as in a
standard particle filter. See, for example, the proof of [35], Lemma 1, or simply the argument
leading from Eq. (A.16) to Eq. (A.19) in Appendix A. (]
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5.4. Asymptotic convergence of the errorsin L,

Finally, we can put Lemmas 3, 5 and 6 together in order to prove the convergence of the recursive
Algorithm 3.

Theorem 2. Let the sequence Yi.7 = yi.7 be fixed (T < 00), take an arbitrary test function
he B(Rdﬁ), and assume that A.1-A.4 hold. Then, for Algorithm 3,

cillhlloo | Crllhlloo

VN VM

where {c;, C;}o<i<T IS a sequence of constants independent of N and M.

(1Y) = )], < 1<1<T, (5.36)

Proof. We prove (5.36) by induction in ¢. At time ¢t = 0, we draw 95”, i=1,..., N, indepen-
dently from the prior o and it is straightforward to show that || (%, uf)v M )= (h, wo)llp < %,

where co does not depend on N. Similarly, for each i = 1,..., N we draw M i.i.d. samples

{x(()”" ) 1<j<m from the distribution with measure 7o and it is not difficult to check that the ran-
M _ 1 NM . i

dom measures ¢0’9(()i) = ijl (Sx(()l.” satisfy

kol floo
VM

for every i € {1,...,N} and any f € B(R%). The constant ko is independent of M and
{9(51)}15,-5 ~ (note that to = ¢ ¢ is actually independent of ).
Assume that, at time ¢ — 1,

1(f. o™ ) = (f, ¢0’95i>)“1 <

(i)
0.6,

cr—1llhlloo n cr—1llhlloo
VN M
where ¢,_1, ¢,—1 < oo are independent of N and M, and, for any f € B (RdX),

kz—lllflloo+/€t—1||f||oo
VN VM

| (i 2) = i), <

sup [[(£,0" o) = (Frdy 400, =

(i)
I<i<N t—l,@,_]

where k;_1,k;_1 < oo are constants independent of N and M. Then, we simply “concatenate”
Lemmas 3, 5 and 6 (in that order) to obtain

Cillhlloo | Erllhlloo

| (s 12 ™) = h )|, < + ;
’ ) m léﬁ (5.37)
sup | (f. ¢$’<i)) —(fs ¢[’9[<f>)Hp < ’ﬁw + tmoo,

1<i<N

for some constants ¢;, &, k;, k; < 00 independent of N and M. O
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Remark 10. The argument of the proof of Theorem 2 also yields, as a by-product, error rates for
the (approximate) conditional filters ¢M 50 computed for each particle in the parameter space, as

shown by the inequality in (5.37). These rates are uniform for any 6 € Dy.

5.5. Approximation of the joint measure 7,

Integrals w.r.t. the joint measure m; introduced in (2.6) can be written naturally in terms
of the marginal measures ¢; ¢ and pu,. To be specific, choose any integrable function f :
Dy x ]Rd* — R and define f9 R — R, where fg(x,) = (0, x;), and f, : Dy — R, where
t(0) £ [ f%(x)pr0(dx) = (f%, ¢1,6). Then we can write

(f; 7Tt)=f f(e»xt)”t(de,dxt)Z/ft(e)l/«t(de):(ft»l/«t)- (5.38)

It is straightforward to approximate m; as
| NoM
Y6 x dxi) = Z Zaer<i)’xt(i,_;>(d9 x dx;),
i=1 j=1

which yields
1 N M
(fm M) = —MZZ 65" = (1 ). (5.39)

j @
where £ (6/7) = (", 9™ ).
Yt
It is relatively easy to use the results obtained earlier in this section in order to show that, for

any f € B(Dy x RdX) the L, error norm || (f, n,N M) (f, @)l p has an upper bound of order

1 1

T

Theorem 3. Let the sequence Y. = y1.1 be fixed, take an arbitrary test function f € B(Dg x
R%) and assume that A.1-A.4 hold. Then, for any p > 1, Algorithm 3 yields

Ct||f||oo+51||f||oo
VN VM

where {c;, C;}1<i<T IS a sequence of finite constants independent of N and M.

|(f.2M) = (], < 1<t<T, (5.40)

Proof. From Eqs. (5.38) and (5.39), (f, nlN M) —(f,m) = (ft ,,u[ ) — (f;, ¢) and a triangle
inequality yields

[ ™) = o, < DE ) = (o )], 4 1Y) = G ], 541
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Since f; € B(Dy) (namely, ||f;|lcc < || fllco), Theorem 2 yields a bound for the second term on

the right-hand side of (5.41), that is,

G M) = i), < C‘%"O + C’%“, (5.42)

where ¢;, 5, < 00 are constants independent of N and M.
In order to control the first term on the right-hand side of (5.41), we note that

N

1 0] @
E 1) = T = 5 DOEL (" 00) = (770, y0) ']
= , (5.43)
< sup sup E[|(f%. ¢ 90)) (%8, ,0)|"],
9eDy 1<i<N ot

where (5.43) follows from Jensen’s inequality. However, since f % < |1 flloo < 00, We can resort
to Remark 10 in order to obtain

R PR 2 B i L Wi e
lggNEH(fﬁ,,@;») (o)== + = 7

where the constants k;, k; < oo are independent of N and M. Since the latter upper bound is
uniform over Dy (recall Remark 2), it follows that

E[I( m™) = (™)) < sup sup E[[(£%,07,0) = (7, 40)|"]

0eDy 1<i<N

_KIflS | Kl

- N M5
as well or, equivalently,
kil flloo . kell £lloo
M NMY g VMY < + . (5.44)
” ( t t ) ( ! ) ” p \/N m
Substituting (5.44) and (5.42)_int0_the triangle inequality (5.41) yields the desired result, with
constants ¢; = ¢; + k; and ¢, = ¢; + k¢, 1 <t < T, independent of N and M. O

5.6. Effective sample size

After completing all operations at time t — 1, Algorithm 3 produces a system of particles
{Gt 1}1<l< ~N, where many of its elements may be located at the same position in the parameter
space because of the resampling step. At time ¢, the first operation of Algorithm 3 is the jittering
of the particles in order to restore their diversity. After jittering, the new system {9 }1<,< N i
available. However, depending on the choice of kernel «y, it is possible that not every particle in
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{Gt('_)l }1<i<n has actually been changed, hence the jittered system {9_;')}15,-5 N may still contain
replicated elements, that is, particles with different indices that correspond to the same position
in the parameter space Dp.

Let N, denote the number of distinct particles in the system {9_ (i)}1<i< ~ and let {égt(i)}lq.< 0,

be the set of those distinct particles. Obviously, 1 < Nt < N. We use nf D to denote the number
of replicas of 9( ? included in the original system { }1<, <n. Itis straightforward to check that,

foreveryi =1, N,,
1<n® <N-N,+1,

while Y™V 2D = N
The size of the set {9(1) }]<l< N, is particularly relevant to the computation of the so-called
effective sample size (ESS) [28] (see also [19]) of the particle approximation produced by Al-

gorithm 3. The ESS, which is commonly used to assess the numerical stability of particle filters
[3,10], was defined in [28] as

ESS, (V) = 77

Where V2 denotes the variance of the non-normalised importance weights (namely, the variance
of uM(0) in the case of Algorithm 3). Since this variance cannot be computed in closed form,
the ESS has to be estimated and the most commonly used estimator takes the form [19,28]

ESS,(N) = ———
ZN 1 wt(l)z

_ o u@)?
il @)
(Zl_]n(l) M(G(l)))Z
ZlN—’lntl) M(e(l))z ’

(5.45)

(5.46)

where (5.45) follows from the construction of the normalised weights in Algorithm 3 and in
(5.46) we write the estimator explicitly in terms of the system of distinct particles* {ét(i)} L<i<0."

The estimator of the ESS in Eq. (5.46) takes values between 1 and N, with 1 being the worst
and N being the best outcome. However, it can become uninformative when we actually have
replicated particles, i.e., when N; < N. To see the problem, let us consider the extreme case in
which Nt =1 and, as a consequence, n( ) — N.If we substitute these values in (5.46) and realise

4We assume that the algorithm is implemented efficiently, meaning that when a subset of particles is found to correspond
to the same position in the parameter space the likelihood of that position is estimated only once. In other words, if we
(@ Go))

=~ n

have indices ig, iy, ..., i (i) such that 9"[(10) = é[(il) =...=0, ' ,then we compute u; (0( 0)
"t

) only once.
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that ZlNz’l ng')u{”(él(')) = Nuf”(ét(l)), then we readily obtain that E/S\S[(N) = N. This seems to
indicate that we have an “optimal” set of particles, as the maximum ESS is attained, when it is
actually a fully degenerate set with one single particle replicated N times. This difficulty does
not arise in standard particle filtering applications because the ESS is typically estimated after
the weight update step, before resampling, when all particles are different with probability 1.
To overcome this problem, we propose to use a different estimator of the ESS. Recall that
@ — '@
e
the same position in Dy, the resulting probability measure

1 <i < N, are the normalised weights. When there are multiple samples at

N
u M = Z w,(i)se-t(,»)
i=1
can be rewritten as
N,
uM=3" v,(i)S(;[(i), (5.47)
i=1

where v,(i) = nt(i)w,(i) is the probability mass that M;v M allocates at position 5,(i) . If we are given

/LfV’M in the form of (5.47), a fairly natural estimator the ESS is

N M pK)\y2
BSS, (V)= — = Q=14 O (5.48)

YN YN P uM60))?

where we note that Z,](v; I n§i>u,(9~,(k)) = Z,ivzl ut(éfk)).
When all the particles are distinct, Nt = N and n,(’) =1 for every i, the estimator in (5.48)

reduces to the standard one in (5.46). On the other hand, when Nt =1and nt(l) = N, the formula
in (5.48) yields ESS;(N) = 1, which is the minimal ESS and the expected result in this fully
degenerate case. We recall that E/S\SI(N ) = N in the same scenario. Finally, if we divide the
expression in (5.48) by N then we obtain an estimate of the normalised ESS (NESS) [19] of the
form

Ol ul 09))?
NN P uk @302

NESS;(N) = (5.49)

that takes values in the interval [N !, 1].

6. A numerical example

Let us consider the problem of jointly tracking the dynamic variables and estimating the fixed
parameters of a 3-dimensional Lorenz system [32] with additive dynamical noise and partial ob-
servations [11]. To be specific, consider a 3-dimensional stochastic process {X (s)}se(0,00) taking
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values on R3, whose dynamics is described by the system of stochastic differential equations

dX1=-SX1 - 1) +dw, dX, =RX1 —Xo — X1 X34+ dW>,
dX3=X1X, — BX3+dWs,

where {W;(s)}sec0,00), I = 1,2,3, are independent 1-dimensional Wiener processes and
(S, R, B) € R are static model parameters. A discrete-time version of the latter system using
the Euler-Maruyama method with integration step T, > 0 is straightforward to obtain and yields
the model

Xi,r=X1,-1—TeSX1,1-1 — X2,0-1) +VTeUts, (6.1)
X0 =X0 1+ Te(RX1 -1 — Xop—1 — X1,1-1X3,-1) ++/TeUsy, (6.2)
X3, =X3,1+Te(X1,,-1X2,-1—BX3,-1) ++/TUs3,, (6.3)

where {U; ;};=0.1,... i =1, 2, 3, are independent sequences of i.i.d. normal random variables with
0 mean and variance 1. System (6.1)—(6.3) is partially observed every 40 discrete-time steps, i.e.,
we collect a sequence of 2-dimensional observations {Y, = (Y1, Y3.1)}n=12...., of the form

Yin =koX1,40n + Vi, Y3, =koX3,40n + V3, (6.4)

where k, > 0 is a fixed scale parameter and {V; ,},=12,.., i = 1, 3, are independent sequences of
i.i.d. normal random variables with zero mean and variance o2 = %

Let X; = (X1, X2.1, X3,;) be the state vector, let Y,, = (Y1, Y3,,) be the observation vector
and let ® = (S, R, B, k,) be the set of model parameters to be estimated. The dynamic model
given by Egs. (6.1)—(6.3) yields the family of kernels t; g (dx|x;—1) and the observation model of
Eq. (6.4) yields the likelihood function g;‘:’g (xn), both in a straightforward manner. The goal is

to track the sequence of joint posterior probability measures w,, n = 1,2, ..., for {)2 ns Oln=1,.,

where )A(n = X40n,. Note that one can draw a sample )A(n = x,, conditional on some 6 and )A(n_l =
Xn—1 by successively simulating

X ~ 1r0(dx|X—1), t=40n —1)+1,...,40n,

where X40(,—1) = X»—1 and X, = X40,. For the sake of the example, the prior probability measure
for the parameters, wo(d6), is chosen to be uniform, namely

S~UG,20),  R~U(I8,50),  R~UN,8) and k, eU(0.5,3),

where U(a, b) is the uniform probability distribution in the interval (a, b). The prior measure
for the state variables is normal, namely X ~ N (x4, U§I3), where x, = (—5.91652; —5.52332;
24.5723) is the mean and U(Z)I3 is the covariance matrix, with v% = 10. (The value x, is taken
from a typical run of the deterministic Lorenz 63 model, once in its stationary regime.)

We have applied the nested particle filter (Algorithm 3), with N = M (i.e., the same number
of particles in the outer and inner filters, following Remark 5), to estimate the fixed parameters
S, R, B and k,. Besides selecting the total number of particles K = NM, the only “tuning”
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necessary for the algorithm is the choice of the jittering kernel. One of the simplest possible
choices is to jitter each parameter independently from the others, using Gaussian distributions
truncated to fit the support of each parameter. To be specific, let TN(u, ol A, B) denote the
Gaussian distribution with mean p and variance o2 truncated to have support on the interval
(A, B), that is, the distribution with p.d.f.

explzer (x — )%}
¥ explsls e — w2y dz

pTN(x; H’ﬂazv A7 B) =

We choose the jittering kernel K?V/, with 6’ = (', R’, B, k}), to be the conditional probability
distribution with density

ey (S R, B ko) = pra(S: 8, 0% 5,5, 20) x prn(R; R, 03 ¢, 18, 50)

X pTN(B; B/,a]%,’B, 1,8) X pTN(kO;kQ,a,%,’ko,O.SJ).

This choice of kernel is possibly far from optimal (in terms or estimation accuracy) but it is simple
and enables us to show that Algorithm 3 works without having to fit a sophisticated kernel.

If we are merely interested in estimating the parameter values, then the test function # € B(Dyp)
in Theorem 2 is simply the projection of the parameter vector on the desired component, that is,
for6 = (01, ...,64) = (S, R, B, k,) we are interested in the functions #;(0) =6;, i=1,...,4.
Therefore, the estimator of the parameter 6; at time ¢ has the form

N
1 ,
QiIX’NZ(hivM;V’N)=N2hi(9tm), i=1,....4
j=1

Furthermore, if we aim at the minimising the L errors, E[|9iNt — 6;]], Proposition 1 in Ap-
pendix C shows that it is enough to choose the jittering variances as

(01%/,57 UI%/,R? UI%/,B’ Uz%,ku) = %(CS, CR,CB,Ck,)
N2
for arbitrary positive constants cg, cg, ¢ and ¢, in order to satisfy the assumptions A.1 and A.2.
For the simulations in this section, we have set (cs, cg, cB, ck,) = (60, 60, 10, 1) (we roughly
choose bigger constants for the parameters with bigger support).

Figure 1 shows the average, over 50 independent simulations, of the normalised absolute
errors |9i{\§’N — 0;]/6; versus continuous time when we run Algorithm 3 with N = M = 300.
The figure shows how the errors converge over time (as u; concentrates around the true value
0 = (10,28, 8/3, 0.8)). We have also included the errors attained by a modified version of Algo-
rithm 3 in which the jittering step is removed. It is seen that the particle representation of y; soon
collapses and the algorithm without jittering turns out unable to estimate the parameters. The in-
tegration period for all the simulations shown in this section is T, = 1073, hence 100 x 103
discrete-time steps amount to 100 continuous time units. Observations are collected every 40
discrete steps. Even for this relatively simple system, running a non-recursive algorithm such
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Figure 1. Average of the absolute parameter estimation errors over 50 independent simulation runs using
Algorithm 3 with N = M =300 particles (K = N 2-90x 103 particles overall). The absolute errors are
normalised w.r.t. the true parameter values, S =10, R =28, B = % and k, = ‘5—‘. The results obtained when
jittering is suppressed in Algorithm 3 (labeled as no jitter) are shown for comparison. The horizontal axis
is in discrete-time units. As the integration period is T, = 1073, 100000 discrete-time steps amount 100
continuous time units. Observations are collected every 40 discrete-time steps.

as SMC? becomes impractical (recall that the computational complexity of the SMC? method
increases quadratically with the number of discrete-time steps).

In Figure 2, we plot the average of the normalised errors versus the number of particles in
Algorithm 3 (namely, for N = 150, 300, 600). We have carried out 20 independent simulation
trials (per point in the plot). In each simulation, the Lorenz system is run from continuous time
0 to 24 (i.e., 24000 discrete time steps), with the errors computed by averaging |0,.{\;’N — 6;1/6;
over the continuous time interval (22, 24). As in Figure 1, the performance of Algorithm 3 with
the jittering step removed is also displayed, and again we observe how it fails to yield accurate
parameter estimates. For the outputs of Algorithm 3 with jittering, we also display a least squares
fit of the function e(N) = ﬁ to the averaged errors (with ¢ constant w.r.t. N), as suggested by
Theorem 2.
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Figure 2. Average of the absolute parameter estimation errors over 20 independent simulation runs using
Algorithm 3 with N = M =150, N = M =300 and N = M = 600 (the total number of particles is N2).
The errors are normalised w.r.t. the true parameter values, S =10, R =28, B = % and k, = ‘51 The curves
labeled error fit have the form ﬁ where the constant c is a least squares estimate computed independently
for each parameter. The results obtained when jittering is suppressed in Algorithm 3 (labeled as no jitter)
are also shown for comparison. In each simulation, the Lorenz system was run for 24 000 discrete-time
steps (24 continuous—time steps, for T, = 10~3), with observations collected every 40 discrete steps.

Figure 3 displays the empirical variance for the average errors of Figure 2, with and without
jittering. It shows that the variability of the estimators is relatively large for small ¢ and it reduces
considerably as a longer observation record is accumulated.

Finally, we have carried out a simple computer experiment to test the effect of a change-point
in one of the parameters (the observation scale factor k,). The simulation setup is the same as in
the rest of this section except that we extend the support of the parameter k, to be the interval
[%, 8], with uniform a priori probability distribution, and artificially introduce a change-point
at continuous time instant 30, where &, changes its value from 0.8 to 5. This change-point is
not described by the model, that represents k, as strictly constant. We have run Algorithm 3

once, with N = M = 500 particles, and observed the evolution over time of the posterior-mean
estimators for S, B, R and k,.



3076 D. Crisan and J. Miguez

10 10
—6— jitter —6— jitter
. —%— no jitter » —*— no jitter
10” 107
@ —
5 3 E 3
g 10" = 10
. ®©
S s
@ s
107 3 107
100 200 300 400 500 600 700 100 200 300 400 500 600 700
N N
(a) Parameter S. (b) Parameter R.
1
10 ‘ ‘ ‘ — 107"
—o— jitter —o— jitter
*— no jitter —— no jitter
o N
10 10 L
g <L
= 10 ¢ = 10°
> g
e 6
& 10" &\S\O s 10"
100 200 300 400 500 600 700 100 200 300 400 500 600 700
N N
(c) Parameter B. (d) Parameter k.

Figure 3. Empirical variance of the absolute parameter estimation errors over 20 independent simulation
runs using Algorithm 3 with N = M =150, N = M =300 and N = M = 600 (the total number of particles
is N 2). The errors are normalised w.r.t. the true parameter values, S = 10, R =28, B = % and k, = % The
results obtained when jittering is suppressed in Algorithm 3 (labeled as no jitter) are also shown for com-
parison. In each simulation, the Lorenz system was run for 24 000 discrete-time steps (24 continuous—time
steps, for T, = 10~3), with observations collected every 40 discrete steps.

Figure 4 shows that the posterior-mean estimates fluctuate considerably for (relatively) small 7,
as we concluded from observing their empirical variance. The value of &, is changed at discrete
time 3 x 10%, which corresponds to continuous time 30 and a sequence of 750 observations.
The change is instantaneous, yielding a step function for k, as plotted in Figure 4(d). Before
the change-point, the random support of the posterior distribution of k, concentrates around the
original value k, = 0.8. After the change-point, this support has to be adapted. However, the
pace of this adaptation is limited by the variance of the jittering kernel and, hence, we observe
a transition in the sequence of estimates that lasts for nearly 10* time steps (10 continuous time
units, 250 observations). Eventually, the posterior mean settles around the new value of k, in this
simulation; however, further investigation is needed regarding the speed at which the random
support of va N can be adapted and its interplay with estimation errors.
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Figure 4. Evolution over time of the posterior-mean estimates of the parameters S, B, R and k,, for a single
run of Algorithm 3 with N = M = 500. The actual parameter values of S, R, and B are indicated with a
horizontal solid line. The value of k, is also indicated, however it has a change-point at discrete time 3 x 104
(from 0.8 to 5). The change-point itself is marked by a vertical dashed line in the four plots. The algorithm
is capable of tracking the change in k,, however the adaptation of the estimator is limited by the variance
of the jittering kernel and we observe a relatively long transition period of ~10%* discrete time steps until
the posterior mean settles around the new value.

7. Conclusions

We have introduced a recursive Monte Carlo scheme, consisting of two (nested) layers of particle
filters, for the approximation and tracking of the posterior probability distribution of the unknown
parameters of a state-space Markov system. Unlike existing SMC? and particle MCMC methods,
the proposed algorithm is purely recursive and can be seen as a natural adaptation of the classic
bootstrap filter to operate on the space of the static system-parameters.

The main theoretical contribution of the paper is the analysis of the errors in the approxima-
tion of integrals of bounded functions w.r.t. the posterior probability measure of the parameters.
Using induction arguments, and placing only mild constraints on the state-space model and the
parameters, we have proved that the L, norms of the approximation errors for the proposed al-
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gorithm vanish with rate proportional to ﬁ + ﬁ, where N is the number of particles in the

parameter space and N x M is the number of particles in the state space. This is achieved with
a computational cost that grows only linearly with time. In comparison, the computational load
of the SMC? method increases quadratically with time. The price to pay for this reduction in
computational cost is that in the new scheme we need N — oo and M — oo in order to make the
error converge towards 0, while the SMC? algorithm is consistent for fixed M, that is, N — oo
is sufficient for the errors to vanish, independently of M. As a consequence, if K = NM is the
total number of particles in the state space, then the optimal allocation for the proposed nested
particle filteris N = M = \/f and the errors converge as K -1 in L, while the SMC?2 scheme,

with M fixed, converges as K ’%.

The proposed algorithm can be combined with a SMC? scheme for practical convenience.
For example, one may run a standard SMC? algorithm on the initial part of the observation
sequence (possibly a few tens or a few hundreds of observations, depending on the problem and
the available computational resources) to take advantage of its faster convergence rate and then
switch to a recursive nested particle filter (Algorithm 3) when the computational cost of batch
processing becomes too high.

We also note that the continuity argument that leads to the derivation the the recursive nested
particle filter, and the theoretical framework for the analysis of the resulting approximations, can
be extended to other similar filtering algorithms. For example, it would be relatively straightfor-
ward to obtain a recursive version of the original IBIS algorithm of [9].

Appendix A: Proof of Lemma 1

We consider first the predictive measure
LN
£y (dx) = = D80 (d),
n=1

()
- . .. X —
where x,("), n=1,..., N, are the state particles drawn from the transition kernels r[’g ldx) &

70(dx |xt('1)1) at the sampling step of the particle filter. Recall that & ¢ = 7; 9¢;—1 ¢ and consider
the triangle inequality

(. étj,vg) —(fs 5:,9)“1, = | (. S,j,ve) = (f, 771,9‘151—1,9)“1,
< |(£.6%) = (f.7o010), (A1)
+ [ (f w091 o) — (f Todi-10)|

p 9
where

(n)

1 . 1<, «
(f. 1100, ) = NZ/f(x)r,,g(dthl) — NZ(f, 7o), (A2)
n=1

n=1
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In the sequel, we seek upper bounds for the L, norms in the right hand side of (A.1).

Let us introduce the o-algebra generated by the random paths x(") and ", n=1,...,N,

1>
denoted F;, = o(x(()"[), xl("t) ,n=1,...,N). The conditional expectation of the integral (f,&,)

given F;_1 is

N
[(fé,glfm NZ |]:t 1]
N <n>
ﬁszr th9¢z19)
(n
and we note that the random variables St(”e) =f (_(")) —(f, r:f ’9*‘ ),n=1,..., N, are independent

and zero-mean conditional on the o -algebra F;_;. For even p, the approximation error between
ftNg and its (conditional) expected value ‘Et,@(ﬁ;\i 1 p can then be written as

el - (ot =] (35t [

N y (A.3)
1
=5 X 3 EISY )

ny=1 np=1

Since the random variables St%") are conditionally independent and zero-mean, every term in
the summation of (A.3) involving a moment of order 1 vanishes. It is an exercise in combi-
natorics to show that the number of terms which do not contain any moment of order 1 is a
polynomial function of N with degree g, whose coefficients depend only on p. As a conse-
quence, there exists a constant ¢ independent of N such that the number of non-zero terms in
(A.3) is at most ¢’ N % Moreover, for each non-zero term we readily calculate the upper bound

E [St(f'e') . (””)|.7-', 11 < 27|l f1|%. Therefore, for even p, we arrive at the inequality

E[(£.6%) — (£ r0 ) 1] = 20 e (A4)

N2

and taking unconditional expectations on both sides of (A.4), we readily find that,

| il flloo

ik

where ¢; = 2¢ is a constant independent of N and 6. The same inequality (A.5) holds for any
real p because of the monotonicity of L, norms (an application of Jensen’s inequality).

(fv i:tNe) = (fs ft(bt]\il’g)Hp = (A5)
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For the second term in the right-hand side of (A.1), we note that (f, 7 0¢:—1.0) = (fo, di—1.0),
where fy € B(R%) is a bounded® function defined as

o= [ £l = (£:7)

and, similarly, (f, 7, 9¢z 19) = (fo, ¢ 19) Therefore, assumption (2.15) yields the upper
bound

1(f. 200, 16) — (O, Tz,9¢>z—1,0)||P = |(fo. 0} 10) — (fo. ¢’z—1,9)||p

2 G-l flleo +Et—l||f||oo
- VN VM

where the constants ¢;_1, ¢, are independent of N, M and 6. Substituting (A.5) and (A.6) into
(A.1) yields

(A.6)

&l fllso &l flloe
[(r.8%) = Fsl, = = 2= + = 2

where ¢; = ¢;—1 + ¢1 and 5, = ¢;—1 are finite constants independent of N, M and 6.
Next, we use inequality (A.7) to calculate a bound on || (f, ¢tN9) — (f, ¢1,0) | p. Let us first note
that, after the computation of the weights, we obtain a random measure of the form

(A7)

§ (n) ) _ gyte(_t(n))
N _ n n t
¢, lp(dx) = E w; (Si,‘”) (dx), where w; w
n=1 P 18 (% )

: ZN : : i N
As a consequence, integrals w.r.t. the measure ¢,y can be written in terms of g;) and &y, namely

(fg Stg)
_— A8
(f.81%) = (m%) (A.8)

This is natural, though, since from the Bayes theorem we readily derive the same relationship
between ¢; ¢ and &; o,

(fgtg’EIG)
\ =—— A9
(f. ¢10) = &y Erg) (A.9)

Given (A.8) and (A.9), we can readily apply the inequality (2.1) to obtain

[(f.81%) — (frdr0)| < (1 lloo|(8)- &0) — (8.0, £2)]

(“&)

(A.10)
+ |(fgt,t9’ 5179) - (fglﬁ’ gt},\’@)D’

5Trivially note that || flleo < Il flloos independently of 6.
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Y

t”ég , &) > 0 by assumption. From (A.10) and Minkowski’s inequality,

where u;(0) = (g

[(£.80%) — (f o), < * (I1f oo (877 &r.6) — (87%9- &),

1
(g &1.0)

. y (A11)
+ “ (fgt,te’ £.0) — (f8re. gt,e)”p)

and, since [|g,"lloo < I18;" llco < 00 by assumption (in particular, ||g;" ||« is independent of 6),

the inequalities (A.7) and (A.11) together yield

-y 2 flloollgl Moot 1 20 fllcollg loolr 1
' — (i), < ——,———— X —=+ . . (A12)
[(£:910) = 00, &k N @ Ee M

where the finite constants ¢, and 5, = ¢;—1 are independent of N, M and 6. Indeed, the only factor
that depends on 6 in the right-hand side of (A.12) is the integral u,(0) = (gty’ ’éo , & .0). However,
we have assumed that

Ut inf = 9i€an@ u (0) >0, (A.13)
hence the inequality (A.12) leads to

2l flloo | €241l f lloo

VN VM

[(£:07%) — (£ dea)l, = (A.14)

where

b ~ y _
2||gtt||ooct _ 2||gtt||ooct—1
j=—— <00 and ¢ y=—"-"-—<0

Ut inf Ut inf

(A.15)

are constants independent of N, M and 6.
Finally, we only need to verify the resampling step. Specifically, we need to prove that the L,
norm || (f, ¢y) — (f. 6,)ll» is bounded as well. Let F; = o' (x|, &12in=1,..., N) be the
(n) (n)

o-algebra generated by the random sequences x,,.,_; and x ./, n =1, ..., N.Itis straightforward
to check that, foreveryn=1,..., N,
E[f(x")NF]=(f.8%), (A.16)

hence the random variables S’t(rg =f (xt(")) —(f, q_StNe) are independent and zero-mean conditional

on the o -algebra F;. Therefore, the same combinatorial argument that led to Eq. (A.5) now yields

c
_ ol fllos

[(f.819) — (£ ), < N

where the constant c3 is independent of both N and 6 (it does not depend on the distribution of
the error variables S‘t("g)). Since

(A.17)

I(£:8%) = (£ deoll, < (£ 01) = (£ 8%) |, + [ (£ %) = (f. d1.0)] (A.18)

p’
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substituting Egs. (A.17) and (A.14) into the inequality (A.18) yields

cillflloo , Elflloc
VN VM

where ¢; = ¢3 4¢3 and ¢; = ¢ ; are finite constants independent of both N, M and 6.
To complete the proof, simply note that ¢;—1 = 0 implies ¢; = ¢3,; = 0 (see (A.15)).

[(£.0%) - (£ ou0), < (A.19)

Appendix B: Proof of Lemma 2

We proceed by induction in ¢. For ¢ = 0, the measure ¢>(1)V€ (dx) = % Zfl\;l 8x(n> (dx) is con-
’ 0

structed from an i.i.d. sample of size N from the prior distribution ¢ ¢ = to. Then, it is straight-
forward to prove that

[(f #0) — (S 00|, < CO%“,

where ¢ < oo is independent of N. Note that, since ¢g,¢ = 10 is actually independent of 6, the
constant cg is independent of 6 as well.
For the induction step, we assume that

I(f.b10) = (fd-10)], < % (B.1)
holds true for some constant ¢;_; < oo independent of N and 6. Given (B.1), Lemma 1 yields
allfl allfl
[(7.8%) - (&), <= ﬂc"” and (£, /%) — (f.dro)], <= WOO

at time ¢, where ¢, and ¢; are finite constants independent of N and 6.

Appendix C: A family of jittering kernels

Proposition 1. Assume that h € B(Dy) is Lipschitz, with constant cp||h|co < 00, and consider
the class of kernels /cj‘:, = (1 —epn)bg + 8NIZ19\,, where 0 < ey <1 and 1219\, € P(Dy). For any
p > 1, if the kernel /ci,/ is selected in such a way that

v

ol = sup /He 0’|’ (d0) < Mc — (C.1)
P NT

is satisfied for some constant ¢ < oo independent of N, then the inequality

NP O cellhlb
sup /|h(9)—h(9)| k5 (d) < p

0'eDy Nz
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holds for a constant cf = ci(l + 5SUP01,026D9 161 — 62]|17) < oo independent of N.

Proof. Since Kf\,/ = (1 —en)bg + sN/ZfV, and & is Lipschitz with constant ¢y ||/]lec < 00, We
readily obtain

/|h(9) — h(0)| % d6) geNc{uhngO/He —0'||7k4 o). (C.2)
Let
1
By =—— (C3)
81f,\/ﬁ

We can rewrite (C.2) as
f (@) — h(0")|" k5 (d0) < eNcinhné’o[ / Loepy:jo—o<py @) ]0 — 0|78 (d6)
+ f Toepy:jo-6'=py ©) [0 —9/||p'?§z/(d9)} (C4)
<enc) ||h||é’o[/3§ +CP / Ipepy:jo—o/=py (OIRY (de)},

where C? = SUPp, a,ep, 101 — 02117 < 0o, since Dy is compact. Using Chebyshev’s inequality
on the right-hand side of (C.4) yields

2
/|h(9) —h(0)| k() < eNc,’j||h||£o<ﬁ§, + éﬂag’zN) (C.5)
N

and substituting (C.1) and (C.3) into (C.5) we arrive at

: PInEo 1 +ece
/|h(9)—h(9/)|pK19\,(d9)§CL” ||<>o(p+c )’
N2

where all the constants are independent of 8" and N. (]

Corollary 1. Consider the same class of kernels K?V/ =1 —en)byg + SNEZ%/, where 0 <ey <1
and Eﬁ; € P(Dy). For any p > 1, if (C.1) holds for some ¢ < oo independent of N then

X

P
N2

sup /”9 —0'[|7ic§ () <
6’'eDy

where cf =1+ 5sup9] 0,epy 101 — 62| < 00 is constant and independent of N.
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Proof. Simply note that
/||9 —0'||7«§ 6) < eN[||9 —0'|"%4 @6)

and then follow the same argument as in the proof of Proposition 1. (|
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