arXiv:1208.4188v1 [quant-ph] 21 Aug 2012

Network information theory
for classical-quantum channels

[van Savov

School of Computer Science
McGill University, Montréal
July 2012

A thesis submitted to McGill University in partial fulfillment of the requirements of
the degree of Ph.D.

(©lvan Savov, 2012



i



Acknowledgements

This work would not have been possible without the continued support of my su-
pervisor Patrick Hayden. He introduced me to many interesting mathematical research
questions at the intersection of quantum physics and computer science. His outstand-
ing abilities as a researcher, teacher and explainer have been an inspiration for me
throughout the many years that I have known him. I am also very grateful to Mark M.
Wilde for lending me his expertise on all aspects of quantum Shannon theory. I would
like to thank Omar Fawzi, Pranab Sen, Mai Vu and Saikat Guha for the numerous dis-
cussions and their ability to distill complicated mathematical arguments into intuitive
explanations. I want to thank Olivier Landon-Cardinal, Adriano Ferrari, Grant Salton
and Benno Salwey for their help with the preparation of this manuscript. There are
many other people who deserve an honourable mention and my gratitude for either di-
rectly or indirectly influencing me: Jan Florjanczyk, Andie Sigler, Eren Sagoglu, Gilles
Brassard and Andreas Winter. I also want to thank my family for supporting me in
my scientific endeavours.



i



Abstract

Network information theory is the study of communication problems involving mul-
tiple senders, multiple receivers and intermediate relay stations. The purpose of this
thesis is to extend the main ideas of classical network information theory to the study
of classical-quantum channels. We prove coding theorems for the following commu-
nication problems: quantum multiple access channels, quantum interference channels,

quantum broadcast channels and quantum relay channels.

A quantum model for a communication channel describes more accurately the
channel’s ability to transmit information. By using physically faithful models for the
channel outputs and the detection procedure, we obtain better communication rates
than would be possible using a classical strategy. In this thesis, we are interested
in the transmission of classical information, so we restrict our attention to the study
of classical-quantum channels. These are channels with classical inputs and quantum
outputs, and so the coding theorems we present will use classical encoding and quantum

decoding.

We study the asymptotic regime where many copies of the channel are used in
parallel, and the uses are assumed to be independent. In this context, we can exploit
information-theoretic techniques to calculate the maximum rates for error-free com-
munication for any channel, given the statistics of the noise on that channel. These
theoretical bounds can be used as a benchmark to evaluate the rates achieved by prac-

tical communication protocols.

Most of the results in this thesis consider classical-quantum channels with finite
dimensional output systems, which are analogous to classical discrete memoryless chan-
nels. In the last chapter, we will show some applications of our results to a practical
optical communication scenario, in which the information is encoded in continuous
quantum degrees of freedom, which are analogous to classical channels with Gaussian

noise.
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Résumé

La théorie de I'information multipartite étudie les problemes de communication
avec plusieurs émetteurs, plusieurs récepteurs et des stations relais. L’objectif de cette
these est d’étendre les idées centrales de la théorie de 'information classique a 1’étude
des canaux quantiques. Nous allons nous intéresser aux scénarios de communication
suivants: les canaux quantiques a acces multiples, les canaux quantiques a interférence,
les canaux quantiques de diffusion et les canaux quantiques a relais. Dans chacun
des ces scénarios de communication, nous caractérisons les taux de communication

réalisables pour ’envoi d’information classique sur ces canaux quantiques.

La modélisation quantique des canaux de communication est importante car elle
fournit une représentation plus précise de la capacité du canal a transmettre I'information.
En utilisant des modeles physiquement réalistes pour les sorties du canal et la procédure
de détection, nous obtenons de meilleurs taux de communication que ceux obtenus
dans un modele classique. En effet, 'utilisation de mesures quantiques collectives sur
I’ensemble des systemes physiques en sortie du canal permet une meilleure extraction
d’information que des mesures indépendantes sur chaque sous-systeme. Nous avons
choisi d’étudier les canaux a entrée classique et sortie quantique qui constituent une
abstraction utile pour I’étude de canaux quantiques généraux ou I’encodage est restreint

au domaine classique.

Nous étudions le régime asymptotique ot de nombreuses copies de du canal sont
utilisées en parallele, et les utilisations sont indépendantes. Dans ce contexte, il est
possible de caractériser les limites absolues sur la transmission d’information d’un canal,
si on connait les statistiques du bruit sur ce canal. Ces résultats théoriques peuvent
étre utilisées comme un point de repere pour évaluer la performance des protocoles de

communication pratiques.

Nous considérons surtout les canaux ou les sorties sont des systemes quantiques de
dimension finie, analogues aux canaux classiques discrets. Le dernier chapitre présente
des applications pratiques de nos résultats a la communication optique, ot systemes
physiques auront des degrés de liberté continus. Ce contexte est analogue aux canaux

classiques avec bruit gaussien.
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Chapter 1

Introduction

The central theme of this work is the transmission of information through noisy com-
munication channels. The word information means different things to different people,
so it is worthwhile to begin the discussion with a clear definition of the term. State-
ments like “Canada has an information-based economy” suggest that information is
some kind of commodity that can be shipped on trains for export like oil or lumber.
In the world of digital electronics, the word information is used as a synonym for the
word data as in “How much information can you store on your USB memory stick?”.
In that context, most people would say that a TMB mp3 file contains just as much

information as a 7TMB file full of zeros.

In this work we will use the term information in the sense originally defined by
Claude Shannon [Sha48]. Shannon realized that in order to study the problems of
information storage and information transmission mathematically, we must step away
from the semantics of the messages and focus on their statistics. Using the notions of
entropy, conditional entropy and mutual information, we can quantify the information
content of data sources and the information transmitting abilities of noisy communi-

cation channels.

We can arrive at an operational interpretation of the information content of a data
source in terms of our ability to compress it. The more unpredictable the content of
the data is, the more information it contains. Indeed, if we use WinZip to compress
the mp3 file and the file full of zeros, we will see that the latter will result in a much

smaller zip file, which is expected since a file full of zeros has less uncertainty and, by



1.2 Information theory

extension, contains less information.

We can similarly give an operational interpretation of the information carrying
capacity of a noisy communication channel in terms of our ability to convert it into
a noiseless channel. Channels with more noise have a smaller capacity for carrying
information. Consider a channel which allows us to send data at the rate of 1 MB/sec
on which half of the packets sent get lost due to the effects of noise on the channel. It
is not true that the capacity of such a channel is 1 MB/sec, because we also have to
account for the need to retransmit lost packets. In order to correctly characterize the
information carrying capacity of a channel, we must consider the rate of the end-to-
end protocol which converts many uses of the noisy channel into an effectively noiseless

communication channel.

1.1 Information theory

Information theory studies models of communication

which are amenable to mathematical analysis. In order 4 = ply|z)

to model the effects of noise (4) in a point-to-point com-  1X b—'@ Rx
munication scenario, we represent the inputs and outputs Figure 1.1: A point-to-
of the channel probabilistically. We describe the channel point channel = py|x (y|z).
as a triple (X, py|x (y|z),Y), where X is the set of possible

symbols that the Transmitter (Tx) can send, ) is the set of possible outputs that the
Receiver (Rx) can obtain and py|x (y|z) is a conditional probability distribution describ-
ing the channel’s transition probabilities. This model is illustrated in Figure[I.1, where
random variables are pictorially represented as small triangles (P>). For example, the
noiseless binary channel is represented as the triple ({0, 1}, py|x (y|z) = 6(z,y),{0,1}).
Using this model of the channel, it is possible to calculate the optimal communica-
tion rates from Transmitter to Receiver in the limit of many independent uses of the
channel [Sha4§]. These theoretical results have wide-reaching applications in many ar-
eas of communication engineering but also in other fields like cryptography, computer
science, neuroscience and even economics. So long as a probabilistic model for the
channel at hand is available, we can use this model and the techniques of information
theory to arrive at precise mathematical statements about its suitability for a given

communication task in the limit of many uses of the channel.



Tx1

Tx2

Chapter 1: Introduction

1.2 Network information theory

Network information theory is the extension of Shannon’s model of noisy channels to
communication scenarios with multiple senders and multiple receivers [EGC80), [CT91,
EGKI0]. To model these channels probabilistically, we use multivariate conditional
probability distributions. Some of the most important problems in network information
theory are shown in Figure [1.2| and the relevant class of probability distributions is

also indicated.

@RXI Tx1 b é @Rﬂ @@,

N@ N Eé< y ’
Rx )
W 4 @ Rey Tx2 b ; @ Rx2 Tx é

B> e

(a) MAC = p(yl|z1,2) (b) BC = p(y1,y2lz) (c) IC = p(y1, yalw1, 22) (d) RC = p(y1,ylw, z1)

Figure 1.2: Classical network information theory studies communication channels with
multiple senders and multiple receivers. These include, among others, (a) multiple access
channels (MACs), (b) broadcast channels (BCs), (c) interference channels (ICs), and (d)
relay channels (RCs).

Each of the above channels is a model for some practical communication scenario.
In the multiple access channel, there are multiple transmitters trying to talk to a sin-
gle base station, and we can describe the tradeoff between the communication rates
that are achievable for the inbound communication links. The broadcast channel is the
dual problem in which a single transmit antenna emits multiple information streams in-
tended for different receivers. We can additionally have a common information stream
intended for both receivers. Coding strategies for broadcast channels involve encodings
that can “mix” the information streams to produce the transmit signal. Interference
channels model situations where multiple independent transmissions are intended, but
crosstalk occurs because the communication takes place in a shared medium. The re-
lay channel is a multi-hop information network. The Relay is assumed to decode the
message during one block of uses of the channel and re-transmit the information it has
decoded during the next block. This allows the Receiver to collectively decode the in-
formation from both the Transmitter and the Relay and achieve better communication

rates than what would be possible with point-to-point codes.



1.8 Quantum channels

1.3 Quantum channels

Classical models are not adequate for the characterization of the information carrying
capacity of communication systems in which the information carriers are quantum sys-
tems. Such systems need not be exotic: in optical communication links, the carriers are
photons, which are properly described by quantum electrodynamics and only approx-
imately described by Maxwell’s equations. A more general model for communication
channels is one which takes into account the underlying laws of physics concerning the
encoding, transmission and decoding of information using quantum systems. Quantum
decoding based on collective measurements of all the channel outputs in parallel can be
shown to achieve higher communication rates compared to classical decoding strategies

in which the channel outputs are measured individually.

Of particular interest are classical-quantum channel
models, which model the sender’s inputs as classical vari- NX—B
ables and the receiver’s outputs as quantum systems. A x ®—> fx
classical-quantum channel (X, NX78(z)=p8l, #HP)is fully Figure 1.3: A point-

to-point classical-quantum

specified by the finite set of output states {pZ} it produces
channel {p,}.

for each of the possible inputs =z € X. Figure depicts
a classical-quantum channel, in which the quantum out-
put system is represented by a circle: O. Such channels form a useful abstraction
for studying the transmission of classical data over quantum channels. The Holevo-
Schumacher-Westmoreland (HSW) Theorem (see page establishes the maximum

achievable communication rates for classical-quantum channels [Hol98, [SW97].

Note that a classical-quantum (c¢-¢) channel corresponds to the use of a quantum-
quantum (¢-q) channel in which the sender is restricted to selecting from a finite set
of signalling states. Any code construction for a c-¢ channel can be augmented with
an optimization over the choice of signal states to obtain a code for a ¢-¢ channel. For

this reason, we restrict our study here to that of ¢-¢ channels.

The study of quantum channels finds practical applications in optical communi-
cations. Bosonic channels model the quantum aspects of optical communication links.
It is known that optical receivers based on collective quantum measurements of the
channel outputs outperform classical strategies, particularly in the low-photon-number

regime [GGLT04, [Guh11l WGTLI12]. In other words, quantum measurements are nec-

4



Chapter 1: Introduction

essary to achieve their ultimate information carrying capacity. In [GGLT04] it is also
demonstrated that classical encoding is sufficient to achieve the Holevo capacity of the
lossy bosonic channel, giving further motivation for the theoretical study of classical-

quantum models.

1.4 Research contributions

This thesis presents a collection of results for problems in network information theory
for classical-quantum channels. As we stated before, the results here easily extend to

quantum-quantum channels. The problems considered are illustrated in Figure

Re
Rx1
WB b Qm W TS
4
o
Tx2 |%2 é Tx2 | RX2 é Rx2 Tx é Rx

(a) QMAC = {p? ,,}  (b) QIC = {pf;i-?; (c) QBC = {pF15:} (d) QRC = {pP1P

Figure 1.4: Network information theory can be extended to channels with quantum out-
puts. We call these “classical-quantum channels,” and consider the following communication
scenarios: (a) multiple access channels (QMACs), (b) interference channels (QICs), (c¢) broad-
cast channels (QBCs), and (d) relay channels (QRCs).

Most of the results presented in this thesis have appeared in publication. The new
results on the quantum multiple access channel and the quantum interference channel
appeared in [FHS™12|, which is a collaboration between Omar Fawzi, Patrick Hayden,
Pranab Sen, Mark M. Wilde and the present author. That paper has been accepted
for publication in the IEFEFE Transactions on Information Theory. A more compact
version of the same results was presented by the author at the 2011 Allerton confer-
ence [FHST11]. A follow-up paper on the bosonic quantum interference channel was
presented by the author at the 2011 International Symposium on Information Theory,
thanks to a collaboration with Saikat Guha and Mark M. Wilde |[GSWT1]. A further
collaboration with Mark M. Wilde led to the publication of [SW12], which describes
two coding strategies for the quantum broadcast channel. Finally, a collaboration with
Mark M. Wilde and Mai Vu led to the development of the coding strategy for the
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quantum relay channel presented in [SWV12]. The last two papers have been accepted

for presentation at the 2012 International Symposium on Information Theory.

Our aim has been to present a comprehensive collection of the state-of-the-art
of current knowledge in quantum network information theory analogous to the review
paper by Cover and El Gamal [EGC80]. Indeed, the current work contains the classical-
quantum extension of many of the results presented in that paper. Towards this aim,
we have chosen to include in the text the statement of several important results by
others. These include a proof of the capacity theorems of the point-to-point c¢-q chan-
nels different from the original ones due to Holevo, Schumacher and Westmoreland
[Hol98| [SW97] and the capacity result for quantum multiple access channel, originally
due to Winter [Win01]. We will also present an alternate achievability proof of the
quantum Chong-Motani-Garg rate region for the QIC, which was originally proved by
Sen [Senl2al.

1.5 Thesis overview

Each of the communication problems covered in this thesis is presented in a separate
chapter, and each chapter is organized in the same manner. The exposition in each
chapter is roughly self-contained, but the ideas developed in Chapter [ are of key
importance to all other results in the thesis. Chapters |3 through [7| present results
on classical-quantum (¢-¢) channels where the output systems are arbitrary quantum
states in finite dimensional Hilbert spaces. This class of channels generalizes the class
of classical discrete memoryless channels. The last chapter, Chapter [§] introduces the
basic notions of quantum optics and studies bosonic quantum channels, for which the

output system is a quantum system with continuous degrees of freedom.

Necessary background material on the notion of a classical typical set and its quan-
tum analogue, the quantum typical subspace, is presented in Chapter 2] A more de-
tailed discussion about typicality is presented in the appendix. Appendix[A.1] concerns
classical typical sets whereas Appendix reviews the properties of quantum typical
subspaces, and quantum typical projectors. Of particular importance are conditionally

typical projectors, which are used throughout the proofs in this work.

Our exploration of the classical-quantum world of communication channels begins

in Chapter 3] where we discuss classical and classical-quantum models of point-to-point

6



Chapter 1: Introduction

communication. We will state and prove the capacity result for each class of channels:
Shannon’s classical channel coding theorem (Theorem [3.1]) and the Holevo-Schumacher-
Westmoreland theorem (Theorem concerning the capacity of the classical-quantum

channel.

Chapter 4] presents results on the quantum multiple access channel (QMAC) and
discusses the different coding strategies that can be employed. The capacity of the
QMAC was established by Winter in [Win01] (Theorem using a successive de-
coding strategy. Our contribution to the quantum multiple access channel problem
is Theorem [£.2] which shows that the two-sender simultaneous decoding is possible.
This result and the proof techniques used therein will form key building blocks for the
results in subsequent chapters. The proof of Theorem is the result of longstanding

collaboration within our research group.

Chapter 5| will present results on quantum interference channels. These include the
calculation of the capacity region for the quantum interference channel in two special
cases and a description of the quantum Han-Kobayashi rate region [FHST11, [FHST12].
In that chapter, we also provide an alternate proof of the achievability of the quantum
Chong-Motani-Garg rate region, which was first established by Sen in [Senl2al. This

new proof is original to this thesis.

Chapter [6] is dedicated to the quantum broadcast channel problem. We prove two
theorems: the superposition coding inner bound (Theorem [6.1]), which was first proved
in [YHDII] using a different approach, and the Marton inner bound with no common

message (Theorem |6.2)).

In Chapter [7] we will present Theorem which is a proof of the partial decode-
and-forward inner bound for the quantum relay channel. The decode-and-forward and
direct coding strategies for the quantum relay channel are also established, since they

are special cases of the more general Theorem [7.1]

Chapter [§] discusses the free-space optical communication interference channel in
the presence of background thermal noise. This is a model for the crosstalk between
two optical communication links. This chapter demonstrates the practical aspect of

the ideas developed in this thesis.

We conclude with Chapter [0 wherein we state open problems and describe avenues

for future research.






Chapter 2
Background

In this chapter we present all the necessary background material which is essential to

the results presented in subsequent chapters.

2.1 Notation

We will denote the set {1,2,...,n} as [1:n] or with the shorthand [n]. A random
variable X, defined over a finite set X', is associated with a probability distribution
px(z) = Pr{X = z}, where the lowercase x is used to denote particular values of
the random variable. Furthermore, let P(X) denote the set of all probability mass

functions on the finite set X'. Conditional probability distributions will be denoted as
pY\X(y|x) or simply py|x.

In order to help distinguish between the classical systems (random variables) and
the quantum systems in the equations, we use the following naming conventions. Clas-
sical random variables will be denoted by letters near to the end of the alphabet (U,
W, X, X5) and denoted as small triangles, D, in the diagrams of this thesis. The
triangular shape was chosen in analogy to the 2-simplex = P({1,2,3}). Quantum sys-
tems will be named with letters near the beginning of the alphabet (A, B, Bs) and
represented by circles, O, in diagrams. The circular shape is chosen in analogy with
the Bloch sphere [LS11].

Consider a communication scenario with one or more senders (female) and one or

more receivers (male). In diagrams, a sender is denoted Tx (short for Transmitter)

9



2.2 Notation

and is associated with a random variable X. If there are multiple senders, then each
of them will be referred to as Sender k and associated with a random variable Xj.
Receivers will be denoted as Rx 1, Rx 2 and each is associated with a different output
of the channel. The outputs of a classical channel will be denoted as Y7, Y5, and the

outputs of a quantum channel will be denoted as pPt, pP2.

The purpose of a communication protocol is to transfer bits of information from
sender to receiver noiselessly. In this respect, the noiseless binary channel from sender

to receiver is the standard unit resource for this task:

(X = {07 1}7 pY|X(y|x) = 5(!E,y), y = {07 1}) = [C — C]v (21)

where we have also defined the more compact notation [¢ — ¢]. We will use [¢ — ¢] to
denote the communication resource of being able to send one bit of classical information
from the sender to the receiver [DHWOS|. The square brackets indicate that the re-
source is noiseless. In order to describe multiuser communication scenarios, we extend
this notation with superscripts indicating the sender and the receiver. Thus, in order
to denote the noiseless classical communication of one bit from Sender k to Receiver z
we will use the notation [¢* — ¢*]. The communication resource which corresponds to
the sender being able to broadcast a message to Receiver 1 and Receiver 2 is denoted
as [c — c!'c?]. All the coding theorems presented in this work are protocols for convert-
ing many copies of some noisy channel resource into noiseless classical communication

between a particular sender and a particular receiver as described above.

Codebooks {z™(m)}mer are lookup tables for codewords representing a discrete
set of messages M = {1,2,3,...,|M|} that could be transmitted. A communication
rate R is a real number which describes our asymptotic ability to construct codes
for a certain communication task. We will use the notation |[M| = 2% and M =
{1,2,3,..., M|} = [1:2"8], in which 2"® should be interpreted to indicate |2"%].

Let R = {7 € R" | v; > 0,Vi € [1 : n]} be the non-negative subset of R*. We
will denote a rate region as R C R’ and the boundaries of regions as 9R. We denote

points as P € R" and denote the convez hull of a set of points {P;} as conv({P;}).

10



Chapter 2: Background

2.2 Classical typicality

We present here a number of properties of typical sequences [CT91].

2.2.1 Typical sequences

Consider the random variable X with probability distribution px(z) defined on a finite
set X. Denote by |X| the cardinality of X'. Let H(X) = H(px) = — >, px(x) logy px ()
be the Shannon entropy of px, and it is measured in units of bits. The binary entropy
function is denoted Hs(po) = —pologs(po) — (1 — po)logy(1 — po) = Ha(p1), where
po = px(0) and p1 =1 — po.

Denote by z™ a sequence x1xs...x,, where each x;,i € [n| belongs to the finite
alphabet X. To avoid confusion, we use ¢ € [1 : n| to denote the index of a symbol
x in the sequence z™ and a € [1,2,...,|X]|] to denote the different symbols in the
alphabet X.

Define the probability distribution px»(z™) on X" to be the n-fold product of py:
pxn(2") = [[;_, px(x;). The sequence x™ is drawn from px» if and only if each letter
x; is drawn independently from px. For any 6 > 0, define the set of entropy J-typical

sequences of length n as:

ﬁ"(X)E{x” e X"

_M_H(X)‘ga}, (2.2)

n

Typical sequences enjoy many useful properties [CT91]. For any ¢,6 > 0, and

sufficiently large n, we have

> pxala") >1-—¢ (2.3)

m"e?;(")(x)
o= nlHX)+e] < o (7)< 27" HX)=8] yyn ¢ T (XY, (2.4)
- E]Qn[H(X)—é] < |7:5(") (X)|< onlH(X)+3] (2.5)

Property (2.3) indicates that a sequence X" of random variables distributed ac-
cording to px» = [[" px (identical and independently distributed), is very likely to be

typical, since all but € of the weight of the probability mass function is concentrated

11



2.2 Classical typicality

T(X)

Figure 2.1: The typical set. Property (2.3]) implies that draws of a random sequence X" ~
pxn = [["px are likely to fall inside the typical set 7" X) C X™ with high probability. If

draws from X™ ~ []" px are represented as points, then after many draws the typical set will

become darker as the shaded region in the diagram. The probability mass density on 7;(n)(X )

is approximately uniform: it varies between 2~ "H(X)+0] and 2—nH(X)=8] (Property (2.4)),
and the size of the shaded area will be at most 2" (X)+9] (Property (2.5)). The non-typical
set, X"\ 7;(n)(X ), will have at most e weight in it (Property (2.3)).

on the typical set, which follows from the law of large numbers. Property follows
from the definition of the typical set (2.2)). The lower bound on the probability of the
typical sequences from can be used to obtain an upper bound on the size of the
typical set in . Similarly the upper bound from and equation (2.3 can be
combined to give the lower bound on the typical set in .

2.2.2 Conditional typicality

Consider now the conditional probability distribution py|x(y|x) associated with a
communication channel. The induced joint input-output distribution is (X,Y) ~

px(x)py|x (y|x), when px(z) is used as the input distribution.

The conditional entropy H(Y|X) for this distribution is

H(Y|X) = HX,Y) = H(X) = Y px(za) H(Y|za). (2.6)

T EX

where H(Y|z,) = —>_, pvix (y|za) log py|x (ylza)-

We define the z™-conditionally typical set ﬁ(n)(le”) C Y™ to consist of all se-

quences y" which are typically output when the input to the channel is x™:

12



Chapter 2: Background

T,(Y)

Figure 2.2: Illustration of the conditionally typical set %(n)(Y]:x") and the output-typical
set E(n)(Y). The “density” of %(n)(Y), the lightly shaded area, is at least 2~ H()+dl anq

the size of 7:5(n)(Y) is at most 277+ The size of E(n)(Y|a:"), the darker shaded region,
is no greater than 2" (1X)+] for an 2" picked on average.

with pynxn(y"z") = [, Py |x (¥s|z:). The definition in ([2.7) can be rewritten as:
9—nlH(Y[X)+6] < pynixe (|27 < 9=nH(YI1X)=3]  ygyn ¢ %(n)(ymjn), (2.8)

for any sequence x™.

Suppose that a random input sequence X™ ~ py» = [["px is passed through
the channel pyn x». Then a conditionally typical sequence is likely to occur. More
precisely, we have that for any €,6 > 0, and sufficiently large n the statement is true

under the expectation over the input sequence X™:

)QEH Z pY”\X”(yn|Xn):ZpX"(xn) Z Pynian(y"|z")
™ yneﬁ(”)(y|xn)

yneﬁ(”)(Y‘Xn)
>1-—ce (2.9)
We also have the following bounds on the expected size of the conditionally typical set:

[ — 2rHo0-0 < ‘7:5(")(”)(”) < onIH(YIX)+d], (2.10)
xXn
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2.2.3 Output-typical set

Consider the distribution over symbols y € ) induced by the channel N' = pyx (y|z)

whenever the input distribution is px(x):

py(y) =) pyix(yle)p(e) = ExN. (2.11)

We define the output typical set as

E(")(Y) = {y" cYy":

1 n (Y™
_logpyn(y") _ H(Y)‘ < 5} : (2.12)
n

where py» = []"py. Note that the output-typical set is just a special case of the
general typical set shown in (2.2). The terminology output-typical is introduced to
help with the exposition.

When the input sequences are chosen according to X" ~ px» = [["px, then

output sequences are likely to be output-typical:

E > pyexay"IXT) > 1-e (2.13)
yreTy )

An illustration and an intuitive interpretation of (2.9), (2.10) and (2.13)) is pre-
sented in Figure The expression in ([2.9) for the property of the conditionally

typical set 7?;(")(Y|x”) is the analogue of the typical property for 7:5(")(X ). The
interpretation is that the codewords of a random codebook are likely to produce output
sequences that fall within their conditionally typical sets. This property will be used
throughout this thesis to guarantee that the decoding strategies based on conditionally
typical sets correctly recognize the channel outputs. On the other hand, gives us
both an upper bound and a lower bound on the size of the conditionally typical set for
a random codebook. Finally, Property tells us that the outputs of the channel

which are not output-typical are not likely.
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2.2.4 Joint typicality

Consider now the joint probability distribution pxy(z,y) € P(X,Y). Let (X", Y™) be

a pair of random variables distributed according to the product distribution []" pxy.

We define the jointly typical set jdn) (X,Y) C X" x Y™ to be the set of sequences
that are typical with respect to the joint probability distribution pxy and with respect

to the marginals px and py.

" e T, (X)
T, Y) =" y") € X" x Y|y e TI(Y) : (2.14)
(a7, y") € T,V (X,Y)

A multi-variable sequence, therefore, is jointly typical if and only if all the sequences

in the subsets of the variables are jointly typical.

The probability that two random sequences drawn from the marginals X™ ~ [[" px
and Y™ ~ []" py are jointly typical can be bounded from above by 27"[/(X:Y)=3l  This
is straightforward to see from the definition in and the properties of typical sets.
If (2, y") is such that 2" € T, (X) and y™ € T3" (V) then pyn(2") < 27HE) =0T ang
pyn(y") < 2-nH(Y)=31 " On the other hand, we know that the number of sequences that

H(XY)+6"]

are typical according to the joint distribution is no larger than 2" Combining

these two observations we get:

Z pxn (2" )py=(y") < ‘7}@(}(7 y)’ 9—n[H(X)=6"lg—n[H(Y)~§]
(@ ym) Ty (XY)
< onH(XY)+6"]g=n[H(X)=0"]g—n[H(Y)~']

= 9 nlI(XY)=d], (2.15)

Note that the parameter § = 26’ +¢” is a function of our choice of typicality parameters

for the typical sets.

2.3 Introduction to quantum information

The use of quantum systems for information processing tasks is no more mysterious

than the use of digital technology for information processing. The use of an analog
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2.8 Introduction to quantum information

to digital converter (ADC) to transform an analog signal to a digital representation
and the use of a digital to analog converter (DAC) to transform from the digital world
back into the analog world are similar to the state preparation and the measurement
steps used in quantum information science. The digital world is sought after because of
the computational, storage and communication benefits associated with manipulation
of discrete systems instead of continuous signals. Similarly, there are benefits associ-
ated with using the quantum world (Hilbert space) in certain computation problems
[Sho94. [Sho95]. The use of digital and quantum technology can therefore both be seen
operationally as a black box process with information encoding, processing and readout

steps.

The focus of this thesis is the study of quantum aspects of communication which
are relevant for classical communication tasks. In order to make the presentation
more self-contained, we will present below a brief introduction to the subject which
describes how quantum systems are represented, how information can be encoded and

how information can be read out.

2.3.1 Quantum states

In order to describe the state of a quantum system B we use a density matrix p? acting
on a d-dimensional complex vector space HP (Hilbert space). To be a density matrix,
the operator p? has to be Hermitian, positive semidefinite and have unit trace. We

denote the set of density matrices on a Hilbert space HZ as D(HP).

A common choice of basis for H? is the standard basis {|0),[1), ..., |d — 1)}
0 0
0 E
0) = at )= | |, o ld=1) = ol (2.16)

which is also known as the computational basis.
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Chapter 2: Background

In two dimensions, another common basis is the Hadamard basis:

1
\/—| )+ f!1> (2.17)

1
—) = E\()) = ﬁm. (2.18)

The eigen-decomposition of the density matrix p? gives us another choice of basis

in which to represent the state. Any density matrix can be written in the form:

App 0 e 0 <6p;1|
0 )\ :2 0 <€ ;2|

PP= ) lepa) - lenad || . L . . (219)
0 0 - Apa <ep;d|

where the eigenvalues \,; are all real and nonnegative. In our notation, column vectors
are denoted as kets |e,;) and the dual (Hermitian conjugate) of a ket is the bra:
(epi] = lepu)T (a row vector). We say that p? is a pure state if it has only a single

non-zero eigenvalue: A\, =1, A\,; =0, Vi > 1.

Because the density matrix is positive semidefinite and has unit trace (>, A,,; = 1),
we can identify the eigenvalues of pP with a probability distribution: py(y) = A,,. A
density matrix, therefore, corresponds to the probability distribution py (y) over the
subspaces: |e,y)€py|. This property will be important when we want to define the

typical subspace for the tensor product state: (p?)®" = pPr @ pP2 @ .- @ pPr.

Suppose that we have a two-party quantum state p*® such that Alice has the
subsystem A and Bob has the subsystem B. The state in Alice’s lab is described by

p? = Trp[p?P], where Trp denotes a partial trace over Bob’s degrees of freedom.

In order to describe the “distance” between two quantum states, we use the notion
of trace distance. The trace distance between states o and p is ||o — p||; = Tr|o — p|,
where | X| = VXTX. Two states that are similar have trace distance close to zero,

whereas states that are perfectly distinguishable have trace distance equal to two.

Two quantum states can “substitute” for one another up to a penalty proportional

to the trace distance between them:
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2.8 Introduction to quantum information
Lemma 2.1. Let 0 < p,o,A < 1. Then
Tr[Ap] < Tr[Ac] + |lp — ol - (2.20)

Proof. This follows from a variational characterization of trace distance as the distin-

guishability of the states under an optimal measurement operator M:

lp—oll, = 2 max Tr[M(p - o))

> max THM(p— o)
> Tr[A(p— o)
> Tr[Ap] — Tr[Ao].

Equation @ follows since the operator A, 0 < A < 1, is a particular choice of the

measurement operator M. O

Most of the quantum systems considered in this document are finite dimensional,
but it is worth noting that there are also quantum systems with continuous degrees of
freedom which are represented in infinite dimensional Hilbert spaces. We will discuss
the infinite dimensional case in Chapter [8, where we consider the quantum aspects of

optical communication.

2.3.2 Quantum channels

By convention we will denote the input state as o (for sender) and the outputs of the
channel as p (for receiver). A noiseless quantum channel is represented by a unitary
operator U which acts on the input state o by conjugation to produce the output state
p = UoUT. General quantum channels are represented by completely-positive trace-
preserving (CPTP) maps N475, which accept input states in A and produce output
states in B: pB = N47B(g4).

If the sender wishes to transmit some classical message m to the receiver using a
quantum channel, her encoding procedure will consist of a classical-to-quantum encoder
E:m — o4, to prepare a message state 0 € D(H*) suitable as input for the channel.

We call this the state preparation step.
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Chapter 2: Background

If the sender’s encoding is restricted to transmitting a finite set of orthogonal states
{0} scx, then we can consider the choice of the signal states {o4} to be part of the
channel. Thus we obtain a channel with classical inputs € X and quantum outputs:

pB = NX2B(z) = N42B(64). A classical-quantum channel, N¥75 is represented

by the set of |X| possible output states {p? = NX75(x)}, meaning that each classical
input of z € X leads to a different quantum output p? € D(H?P).

2.3.3 Quantum measurement

The decoding operations performed by the receivers correspond to quantum measure-
ments on the outputs of the channel. A quantum measurement is a positive operator-
valued measure (POVM) {Am}ﬁz{]\f‘ )y on the system B, the output of which we
denote M’. The probability of outcome M’ = m when the state p? is measured is
given by the Born rule:

Pr{M' = m} = Tr[AZ p7]. (2.21)

To be a valid POVM, the set of |[M] operators A, must all be positive semidefinite
and sum to the identity: A, >0, > A, =1.

A quantum instrument {Y;}475 is a more general operation which consists of a
collection of completely positive (CP) maps such that ), T is trace preserving [DL70].
When applied to a quantum state o4, the different elements are applied with probability

pr, = Tr[Ti(c?)] resulting in different normalized outcomes pf = pika(aA).

2.3.4 Quantum information theory

Many of the fundamental ideas of quantum information theory are analogous to those
of classical information theory. For example, we quantify the information content of
quantum systems using the notion of entropy.

Definition 2.1 (von Neumann Entropy). Given the density matrix p* € D(H4), the

expression
H(A), = —Tr (p*log p?) (2.22)

is known as the von Neumann entropy of the state p?.

Note that the symbol H is used for both classical and quantum entropy. The
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2.8 Introduction to quantum information

von Neumann entropy of quantum state p with spectral decomposition p* = 3=, Aile; e,

is equal to the Shannon entropy of its eigenvalues.

H(A), = —Tr (p*log p*) Z)\ log \i = H({\:}). (2.23)

For bipartite states pA? we can also define the quantum conditional entropy
H(A|B), = H(AB), — H(B),, (2.24)

where H(B), = —Tr (pB log p? ) is the entropy of the reduced density matrix p? =

Tra (pAB ) In the same fashion we can also define the quantum mutual information
I(4; B), = H(A), + H(B), - H(AB), (2.25)

and in the case of a tripartite system p*?¢ we define the conditional mutual information

as

I(AS B‘C)p

H(A|C), + H(B|C), — H(AB|C), (2.26)
— H(AC),+ H(BC), — H(ABC), — H(C),. (2.27)

It can be shown that I(A4; B|C) is non negative for any tripartite state p*2¢. The
formula I(A; B|C) > 0 can also be written in the form

H(AC) + H(BC) > H(C) + H(ABC). (2.28)

This inequality, originally proved in [LR73|, is called the strong subadditivity of von
Neumann entropy and forms an important building block of quantum information

theory.

Consider the classical-quantum state pX? given by:

ZpX )z Xz|* @ pB. (2.29)

reX
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The conditional entropy H(B|X) of this state is equal to:

H(BIX) = Y px(@)H(pE) = 3 px(a)H(B),,. (2.30)

zeX reX

2.4 Quantum typicality

The notions of typical sequences and typical sets generalize to the quantum setting
by virtue of the spectral theorem. Let H? be a dg dimensional Hilbert space and let
pB € D(HP) be the density matrix associated with a quantum state. We identify the
eigenvalues of p? with the probability distribution py (y) = A,, and write the spectral

decomposition as:
ZPY epsy)(epsyl” (2.31)

where |e,.,) is the eigenvector of p? corresponding to eigenvalue py (y).

Define the set of d-typical eigenvalue labels according to the eigenvalue distribution
py as

T (y) = {yn e yr. ‘_M _ H(y)‘ < 5} , (2.32)

n

For a given string 4" = y1y2...9; - . . Yy, We define the corresponding eigenvector as

|€pn) = lepun) @ l€pys) ® -+ ® lepy, ), (2.33)
where for each symbol y; = b € {1,2,...,dp} we select the b™ eigenvector |e,).

The typical subspace associated with the density matrix p? is defined as
Az s =span{ ey} y" € T ()} (2.34)

The typical projector is defined as

ZB,é = Z |€pyn Xepyn - (2.35)

yn 67:;(") (Y)

Note that the typical projector is linked twofold to the spectral decomposition of ([2.31)):

the sequences y" are selected according to py and the set of typical vectors are built
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from tensor products of orthogonal eigenvectors |e,.,).

Properties analogous to (2.3) - (2.5) hold. For any €,0 > 0, and all sufficiently

large n we have

Te{p* I} s} >1—e€ (2.36)
9—n[H(B),+0] Zﬁ < Hg,ép®nﬂz,6 < an[H(B)p*(S]HZ’é’ (2.37)
[1— 2B < Te{IIn ) < el Bl (2.38)

Equation (2.36) tells us that most of the support of the state p®" is within the
typical subspace. The interpretation of (2.37) is that the eigenvalues of the state p®™

are bounded between 27 "H(B)o+dl and 2-nlH(B)o=dl on the typical subspace A s

Signal states Consider now a set of quantum states {p? }, z, € X. We perform a

spectral decomposition of each pfa to obtain

dp
Pfd = ZPY|X(y|37a)|epza;y><epm;y|Ba (2.39)

y=1

where py|x(y|z,) is the y* eigenvalue of pZ and |e,, .,) is the corresponding eigenvec-

tor.

We can think of {p7 } as a classical-quantum (c-¢) channel where the input is
some z, € X and the output is the corresponding quantum state pfa. If the channel is
memoryless, then for each input sequence ™ = x1x5 - - - x,, we have the corresponding

tensor product output state:

Pon = Pay @ Py @ - @ Pt (2.40)

2.4.1 Quantum conditional typicality

Conditionally typical projector Consider the ensemble {px(z,), p., }- The choice

of distributions induces the following classical-quantum state:

PXB = ZPX<5Ua) ’$a><$a‘X®pfa- (2.41)

Ta
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Figure 2.3: Illustration of a conditionally typical subspace for some sequence ", and the
output-typical subspace.

We define H(B|X), = >, cxPx(Ta)H(pz,) to be the conditional entropy of this
state. Expressed in terms of the eigenvalues of the signal states, the conditional entropy

becomes
H(BIX), = H(Y1X) = 3 px(an) H (Vo) (2.42)

where H(Y|z,) = —_, pyix(y|7a)log py|x (y|za) is the entropy of the eigenvalue dis-

tribution shown in ([2.39)).

We define the x™-conditionally typical projector as follows:

an 5 Z |€pansyn Xeppniyn]

ym ETé(”) (Y|zm)

(2.43)

where the set of conditionally typical eigenvalues 7:5(") (Y|x™) consists of all sequences

y™ which satisfy:

_longn|Xn (y™|x™)
n

Tl =

- H(Y|X)‘ < 5} , (2.44)

with pyn|Xn (yn|xn> = H?:l pY|X<yz|xz>

The states |e,_,.,») are built from tensor products of eigenvectors for the individual

signal states:
|€ppniyn) = |6px1;y1> ® |€pz2;y2> - ® |6Pmn§yn>7 (2.45)

where the string " = y1ys ... ¥ . . . yn varies over different choices of bases for HZ. For

each symbol y; = b € {1,2,...,dg} we select |e,, p): the b™ eigenvector from the
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eigenbasis of p,, corresponding to the letter z; = x, € X.

The following bound on the rank of the conditionally typical projector applies:

Tr{Ilp s} < 2B+, (2.46)

2.5 Closing remarks

In the next chapter, we will show how the properties of the typical sequences and typical
subspaces can be used to construct coding theorems for classical and classical-quantum

channels.
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Chapter 3
Point-to-point communication

In this chapter we describe the point-to-point communication scenario in which there
is a single sender and a single receiver. In Section [3.1I we review Shannon’s channel
coding theorem and give the details of the achievability proof in order to introduce the
idea of random coding in its simplest form. Our presentation is somewhat unorthodox
since we use only the properties of the conditionally typical sets and not the jointly
typical sets. Though, following this approach allows us to directly generalize our proof

techniques to the quantum case.

In Section [3.2.1] we will discuss the Holevo-Schumacher-Westmoreland (HSW) The-
orem and show an achievability proof. We do so with the purpose of introducing im-
portant background material on the construction of quantum decoding operators. We
show how to construct a decoding POVM defined in terms of the conditionally typical
projectors. Readers interested only in the essential parts should consult Lemma 3.1

and Lemma (3.2} since they will be used throughout the remainder of the text.

3.1 Classical channel coding

The fundamental problem associated with communication channels is to calculate and
formally prove their capacity for information transmission. We can think of the use of
a channel N as a communication resource, of which we have n instances. Each use of
the channel is assumed to be independent, and modelled by the conditional probability

distribution py|x(y|z), where x and y are elements from the finite sets X', ). This is
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3.1 Classical channel coding

called the discrete memoryless setting.

Our goal is to study the rate R at which the channel A can be converted into
copies of the noiseless binary channel [¢c — ¢] = §(x,y), =,y € {0,1}, which represents
the canonical unit resource of communication. This conversion can be expressed as
follows:

n-N 9 nR-[c— . (3.1)

This equation describes a protocol in which n units of the noisy communication resource
N are transformed into nR bits of noiseless transmission, and the protocol succeeds
with probability (1 — €). Note that we allow the communication protocol to fail with
probability €, but € is an arbitrarily small number for sufficiently large n. To prove
that the rate R is achievable, one has to describe the coding strategy and prove that
the probability of error for that strategy can be made arbitrarily small. Usually, the
right hand side in equation is measured as the number of different messages
M ={1,2,...,2"%} = [1 : 2"F] that can be transmitted using n uses of the channel.
One can think of the nR individual bits of the message as being noiselessly transmitted

to the receiver. The channel coding pipeline can then be described as follows:

IT" p(y|x)
o A TRy,
M
© c X" cey" eM

Figure 3.1: Classical channel coding setup. The diagram shows the encoding, transmission
and decoding steps of a communication protocol that uses n copies of the classical channel

N = (X, pyix(W]2), ).

The probability of error when sending message m is defined as p.(m) = Pr{M’ #
m}, where M’ = D o N"™ o £(m) is the random variable associated with the output of

the protocol. The average probability of error over all messages is

> Pr{M' #m}. (3.2)

1
| meM

Pe = W
This is the quantity we have to bound when we perform an error analysis of some
coding protocol.
Definition 3.1. An (n, R, ¢€) coding protocol consists of a message set M, where

IM| = 2B an encoding map £ : M — X™ described by a codebook {z"(m)}men,
and a decoding map D : Y™ — M such that the average probability of error is bounded
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from above as p, < e.

A rate R is achievable if there exists an (n, R — §, €) coding protocol for all €, > 0

as n — o0.

3.1.1 Channel capacity

The capacity C of a channel is the maximum of the rates R that are achievable, and

is established in Shannon’s channel coding theorem.

Theorem 3.1 (Channel capacity [Shad8, Feib4]). The communication capacity of a

discrete memoryless channel (X, py|x (y|x),Y) is given by
C=max[(X;Y), (3.3)
pPx

where the optimization is taken over all possible input distributions px(z). The mutual

information is calculated on the induced joint probability distribution

(X,Y) ~ pxy(z,y) = px(z)pyx (y|z). (3.4)

The proof of a capacity theorem usually contains two parts:

e A direct coding part that shows that for all €, > 0, there exists a codebook
E(m) = {z"(m)} of rate R = C' — § and a decoding map D with average proba-
bility of error p, < e.

e A converse part that shows that the rate C' is the maximum rate possible. A
converse theorem establishes that the probability of error for a coding protocol
(n,C + 6, ¢€) is bounded away from zero (weak converse), or that the probability

of error goes exponentially to 1 (strong converse).

Proof. We give an overview of the achievability proof of Theorem in order to in-

troduce key concepts, which will be used in the other proofs in this thesis.

We use a random codebook with 2" = | M| codewords 2™ € X™ generated inde-
pendently from the product distribution px«(2") = [[" px(x;). When the sender wants
to send the message m € M, she will input the m" codeword, which we will denote
as " (m). Let Y™ denote the resulting output of the channel. The distribution on the
output symbols induced by the input distribution is py(y) = >, pyx (y|z)p(x), and
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3.1 Classical channel coding

define the set of output-typical sequences 7:5(") (Y) according to the distribution py. For

any sequence =", denote the set of conditionally typical output sequences E(n)(Y]x”).
Given the output of the channel y", the receiver will use the following algorithm:

L Ify" & 7:;(”) (Y), then an error is declared.

2. Return m if y" is an element of the conditionally typical set E(")(Y]x"(m)).

Report an error if no match or multiple matches are found.

We now define the three types of errors that may occur in the protocol when the

message m is being sent.
(E0): The event that the channel output Y is not output-typical: {Y" ¢ 73(") (Y)}.

(E1): The event that the channel output sequence Y is not in the conditionally typical
set {Y" & 7:5(") (Y|2™(m))}, which corresponds to the message m.

(E2): The event that Y™ is output-typical and it falls in the conditionally typical set

for another message:

{v" e ;”(Y)}n ( U (v e V(v 2" (m))), m’ # m}>. (3.5)

m/#m

We can bound the probability of all three events when a random codebook is used,
that is, we will take the expectation over the random choices of the symbols for each
codeword. We define the expectation of an event as the expectation of the associated

indicated random variable.

The bound Ex» (EO) < € follows from ([2.13)). The crucial observation for the proof
is to use the symmetry of the code construction: if the codewords for all the messages
are constructed identically, then it is sufficient to analyze the probability of error for

any one fixed message. We obtain a bound Ex» (E1) < € from ({2.9).

In order to bound the probability of error event (E2), we will use the classical
packing lemma, Lemma in Appendix Using the packing lemma with U = (),
we obtain a bound on the probability that the conditionally typical sets for different

messages will overlap. We can thus bound the expectation of the probability of error
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Chapter 3: Point-to-point communication

event (E2) as follows:

E Pr{(E2)} < | M| 2 "HX¥)=]
X'n

We can now use the union bound to bound the overall probability of error for our

code as follows:

£ {p.} = [ Pr{(E0) U (E1) U (E2)}

Xn
< )@([ Pr{(E0)} + )QE Pr{(E1)} + )QE Pr{(E2)}
< € + ¢ + |M| 2 nlXY)=d]

Thus, in the limit of many uses of the channel, we have:
E {pe} < €, (3.6)

provided the rate R < I(X;Y) — 24.

The last step is called derandomization. If the expected probability of error of
a random codebook can be bounded as above, then there must exist a particular

codebook with p, < €, which completes the proof. O]

Note that it is possible to use an expurgation step and throw out the worse half
of the codewords in order to convert the bound on the average probability of error p,

into a bound on the maximum probability of error p** = max,, p.(m) [CT91].

3.2 Quantum communication channels

A quantum channel (H4, N475 HP) is described as a com-
pletely positive trace-preserving map N475 which takes a

NA—)B
quantum system in state o € D(H?) as input and out- Tx . R

puts a quantum system p? € D(H?). Figure shows an Figure 3.2: A point-

example of such a channel. In recent years, the techniques to-point quantum channel

/\/’A_)B.
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3.2 Quantum communication channels

of classical information theory have been extended to the

study of quantum channels. For a review of the subject see [Will1].

In addition to the standard problem of classical transmission of information (de-
noted [¢c — ¢]), for quantum channels we can study the transmission of quantum
information (denoted [¢ — ¢]). If pre-shared entanglement between Transmitter and
Receiver is available, it can be used in order to improve the communication rates using
an entanglement-assisted protocol. There are multiple communication tasks and differ-
ent capacities associated with each task for any given quantum channel A [BSST99).

Some of the possible communication tasks, along with their associated capacities are:

e Classical data capacity: C(N)
e Quantum data capacity: Q(N)
e Entanglement-assisted classical data capacity: Cg-,(N)

e Entanglement-assisted quantum data capacity: Qg-,(N)

The latter two are actually equivalent up to a factor of 2, because we can use the
superdense coding and quantum teleportation protocols to convert between them in the
presence of free entanglement [BW92, BBC793].

In the context of quantum information theory, pre-shared quantum entanglement
between sender and receiver must be recognized as a communication resource. We
denote this resource [gq] and must take into account the rates at which it is consumed
or generated as part of a communication protocol [DHWOS|. It is interesting to note
that shared randomness (denoted [cc]), which is the classical equivalent of shared en-

tanglement, does not increase the capacity of point-to-point classical channels.

Classical-quantum channels

In the previous section we introduced some of the main

communication problems of quantum information theory. NX—B

The focus of this thesis will be the study of classical com- x E i
munication ([c — ¢]) over quantum channels, with no en- Figure 3.3: A point-to-
tanglement assistance. For this purpose, we will use the point ¢-q channel {pg}.
classical-quantum (c-q) channel model, which corresponds

to the use of a quantum channel where the Sender is restricted to sending a finite

set of signal states {0}.cx. If we consider the choice of the signal states {o4}
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Chapter 3: Point-to-point communication

to be part of the channel, we obtain a channel with classical inputs * € X and
quantum outputs: N¥?8(z) = N47B(a4). Note that a classical-quantum channel
(X, NX7B(x) = pB, HP) is fully specified by the finite set of output states {pZ} it
produces for each of the possible inputs x € X. This channel model is a useful ab-
straction for studying the transmission of classical data over quantum channels. Any
code construction for a c-q channel can be augmented with an optimization over the
choice of signal states {o2},cx to obtain a code for a quantum channel. The Holevo-
Schumacher-Westmoreland Theorem establishes the classical capacity of the classical-

quantum channel [Hol98 [SW97]. The strong converse was later proved in [ON99).

3.2.1 Classical-quantum channel coding

The quantum channel coding problem for a point-to-point classical-quantum channel
(X, NX7B(x)=pB, HP) is studied in the following setting.

Xn
N {AX"<m>} — M
eM - eM

Figure 3.4: HSW coding setup.

Let 2™(m) = x1x9---x, € X™ be the codeword which is input to the channel
when we want to send message m. The output of the channel will be the n-fold tensor
product state:

n(.n _ B™ _ B B Bn
NE (@™ (m)) = p () = PPy ® P @@ pin (3.7)

To extract the classical information encoded into this state, we must perform a
quantum measurement. The most general quantum measurement is described by a
positive operator-valued measure (POVM) {A,,}, .\, on the system B". To be a valid

POVM, the set {A,,} of | M| operators should all be positive semidefinite and sum to
the identity: A,, >0, > A, =

In the context of our coding strategy, the decoding measurement aims to distin-
guish the | M| possible states of the form (3.7)). The advantage of the quantum coding
paradigm is that it allows for joint measurements on all the outputs of the channel,

which is more powerful than measuring the systems individually.
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3.2 Quantum communication channels

We define the average probability of error for the end-to-end protocol as
_ B" Bn

where the operator (I — A8} (m)> corresponds to the complement of the correct decod-
ing outcome.

Definition 3.2. An (n, R, €) classical-quantum coding protocol consists of a message
set M, where |[M| = 2" an encoding map £ : M — X" described by a codebook
{z"(m)}mem, and a decoding measurement (POVM) {Agn(m)}merm such that the av-

erage probability of error is bounded from above as p, < e.

Theorem 3.2 (HSW Theorem [Hol98, [SWI7]). The classical communication capacity

of a classical-quantum channel (X, p2, HP) is given by:

CN) =maxI(X; B)y (3.9)
Px
where the optimization is taken over all possible input distributions px, and where

entropic quantities are calculated with respect to the following state:

pr )zt @ pf. (3.10)

6XP is the state with respect to which we will calcu-

The classical-quantum state
late mutual information quantities. We call this state the code state and it extends
the classical joint probability distribution induced by a channel, when the input dis-
tribution px is used to construct the codebook: px(z)py|x(y|z). In the case of the
classical-quantum channel, the outputs are quantum systems. Information quantities
taken with respect to classical-quantum states are called “Holevo” quantities in hon-
our of Alexander Holevo who was first to recognize the importance of this expression
by proving that it is an upper bound to the accessible information of an ensemble

[Hol73| Hol79]. Holevo quantities are expressed as a difference of two entropic terms:
I(X;B)y=H(B)y— HB|X)y = (pr ) pr (3.11)

Holevo quantities are in some sense partially classical, since the entropies are with

respect to quantum systems, but the conditioning is classical.
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Chapter 3: Point-to-point communication

Quantum decoding

When devising coding strategies for classical-quantum channels, the main obstacle
to overcome is the construction of a decoding POVM that correctly identifies the
messages. Using the properties of quantum typical subspaces we can construct a set of
positive operators { P, }merm which, analogously to the classical conditionally typical
indicator functions, are good at detecting (Tr[P,, pm] > 1 — €) and distinguishing
(Tr[Py, prvem) < €) the output states produced by each message. We can construct a
valid POVM by normalizing these operators:

—1/2 —1/2
A = (Z Pk> P, (Z Pk> , (3.12)

so that we will have ) ~A,, = I. This is known as the square root measurement or
the pretty good measurement [Hol98| [SW97].

The achievability proof of Theorem is based on the properties of typical sub-
spaces and the square root measurement. We construct a set of unnormalized positive
operators

P =11, Moy 1, (3.13)

where In () = s 5 1s the conditionally typical projector that corresponds to the

input sequence x"[zg;n(;n;nd II; = H?nn’ s 1s the output-typical projector for the average
output state p = > px(z)pZ. The operator “sandwich” in equation corresponds
directly to the decoding criteria used in the classical coding theorem. We require the
state to be in the output-typical subspace and inside the conditionally typical subspace

for the correct codeword z"(m). The decoding POVM is then constructed as in (3.12)).

By using the properties of the typical projectors, we can show that the probability
of error of this coding scheme vanishes provided R < I(X; B) — §. An effort has been
made to present the proofs of the classical and quantum coding theorems in a similar

fashion in order to highlight similarities in the reasoning.
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3.3 Proof of HSW Theorem

3.3 Proof of HSW Theorem

In this section we give the details of the POVM construction and the error analysis for
the decoder used by the receiver in the HSW Theorem.

Recall the classical-quantum state (3.10), with respect to which our code is con-

structed:

%P = px(a) o)l @ pf. (3.14)

For each input sequence z", there is a corresponding d-conditionally typical pro-
jector: Tn = II .

Define also the average output state p = > py(z)pZ, and the corresponding
average-output-typical projector II; = Hfgn’ 5

The Receiver constructs a decoding POVM {A,, };nem by starting from the pro-

jector sandwich:

and normalizing the operators:
~1/2 ~1/2
Ay = (Z Pk> P, (Z Pk) . (3.16)
k k

The error analysis of a square root measurement is greatly simplified by using the

Hayashi-Nagaoka operator inequality.

Lemma 3.1 (Hayashi-Nagaoka [HNO3]). If S and T are operators such that 0 < T
and 0 < S < I, then

N

[—(S+T)ZS(S+T)7 < 2(I—8) + 4T. (3.17)

Ifwelet S=P,and T =) , 4 P I the above inequality we obtain

I—An < 20— Pn) + 45020 P, (3.18)

which corresponds to the decomposition of the error outcome (I — A,,) into two con-

tributions:
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Chapter 3: Point-to-point communication

I. The probability that the correct detector does not “click”: (I — P,,). This cor-

responds to the error events (EQ) and (E1) in the classical coding theorem.

II. The probability that a wrong detector “clicks”: > 4m Pnv. This corresponds to

the error event (E2) in the classical case.

We will show that the average probability of error

De = |M| ZTI‘{ ABn n(m)}a

will be small provided the rate R < I(X;B) — 6 = H(B) — H(B|X) —d. The bound

follows from the following properties of typical projectors:

Tt [ (] < 2" BT (3.19)
I,p%" T1, < 2 "HB) =l (3.20)

and reasoning analogous to that used in the classical coding theorem. Note that by
the symmetry of both the codebook construction and the decoder we can study the

error analysis for a fixed message m.

Consider the probability of error when the message m is sent, and let us apply the

Hayashi-Nagaoka operator inequality (Lemma to split the error into two terms:

1’1

pe = Tr[(I AL pinim)]
<2Te[(I-P") o] +4 > T [PE R ]- (3.21)

~ m/#m

M " _
(1)

We bound the expectation of the average probability of error by bounding the

individual terms.

We now state two useful results, which we need to bound the first error term.
First, recall the inequality from Lemma [2.1] which states that:

Tr[Ap] < Tr[Ao] + ||p— o], (3.22)

holds for all operators such that 0 < p,o, A < I.
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3.3 Proof of HSW Theorem

The second ingredient is the gentle measurement lemma.

Lemma 3.2 (Gentle operator lemma for ensembles [Win99|). Let {p(z),p.} be an
ensemble and let p =) p(x) py. If an operator A, where 0 < A < I, has high overlap
with the average state, Tr[ A p| > 1—¢, then the subnormalized state VAp VA is close
in trace distance to the original state p, on average: Ex {H\//_\px\/K — prl} < 24/e.

We bound the expectation over the code randomness for the first term in ((3.21])

as follows:

E(D)=ETr [(I P") )]

Xn
n m)H )pf:(m)]

(71—
= { 15 oy 7] }
{nin

[ n

:ETr[

§1—[E

=1 )Ql—zn Tr [Hm"(m) px”(m)] T )E'Zn Hprf:(m)Hﬁ - pf:(m)Hl

® n

Xn

6}
<1—(1—€)+2Ve = e+2Ve

The inequality @ follows from equation (3.22)). The inequality @ follows from Lemma
and the property of the average output state Tr[II, p®"] > 1 —e. The inequality ®
follows from: Ex» Tr [HXn(m)pxn(m)] >1—ce

The crucial Holevo information-dependent bound on the expectation of the second
term in (3.21) can be obtained by using the quantum packing lemma. The quantum
packing lemma (Lemma given in Appendix [B.2| provides a bound on the amount
of overlap between the conditionally typical subspaces for the codewords in our code
construction and is analogous to the classical packing lemma (Lemma , which
we used to prove the classical channel coding theorem. Note that Lemma is less
general than the quantum packing lemmas which appear in [HDWO08] and [Will1].

The overall probability of error is thus bounded as

Epe < 2(e+2ye)+4 (27 X872 ~H) (3.23)

XTL
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Chapter 3: Point-to-point communication

and if we choose R < I(X; B) — 36, the probability of error is bounded from above by

€ in the limit n — oo.

Example 3.1 (Point-to-point channel). Consider the classical-quantum channel N =
({0, 1}, pB, C?), which takes a classical bit as input and outputs a qubit (a two-dimensional

quantum system). Suppose the channel map is the following:

10

oﬁpoz|o><0|=[0 .

], 1= pr = 40+ = ] (3.24)

N[= N
NI N

We calculate the channel capacity for three different measurement strategies: two
classical strategies where the channel outputs are measured independently, and a quan-
tum strategy that uses collective measurements on blocks of n channel outputs. Because
the input is binary, it is possible to plot the achievable rates for all input distributions
px. See Figure for a plot of the achievable rates for these three strategies.

a) Basic classical decoding: A classical strategy for this channel corresponds to

the channel outputs being individually measured in the computational basis:

Mo=[0X0l, Av=[11, AN =A,®A,8 -®A,. (325

Such a communication model for the channel is classical since we have Tr [Afnn pB! } =
pynxe (y"|2"). More specifically, pyx« (y"a") = [T" P’y (wil:), where pi7y (yz) is a

classical Z-channel with transition probability p, = pgf‘)x(()\l) = Tr[Ag|+){+]] = 0.5.

The capacity of the classical Z-channel is given by:

C(N) = max H((1—po)(1—p.)) = (1—po)H(p:), (3.26)
<po<l
where we parametrize in terms of py = px(0). For this model, the capacity achieving
input distribution has py = 0.6 and the capacity is C® = H,(0.2) — 0.4 ~ 0.3219.

b) Aligned classical decoding: A better classical model is to use a “rotated” quan-
tum measurement such that the measurement operators are symmetrically aligned with
the channel outputs. The measurement directions —m/8 and 7/4 + 7/8 are symmet-
ric around the output states |0) and |+). Define the notation ¢, = cos(7/8) and

Sprs = sin(m/8). The measurement along the —m/8 and /4 + 7/8 directions corre-
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3.4 Proof of HSW Theorem

sponds to the following POVM operators:

2

c; —CroSn
Ay = (C7r8|0> - S7T8|1>)(C7r8<0| - 37T8<1|) = [ ’ 28 ) ]
{10),11)}

—SngCrg Srs
Cgrg _Cﬂ'gsﬂ'g
A= (enl) = sml Dot —snl=N=| _ ™ 73
g brg 8 {+),1-)}

where the matrix representations are expressed in the basis indicated in subscript.
Using this measurement on channel outputs pZ induces a classical channel pgf‘)x
with transition probabilities

P (00) = 2 pyix(10) = 52, PO (A1) = 2. pyx(O) = 2, (3.27)

which corresponds to a binary symmetric channel (BSC) with crossover probability
pe = 52, = sin?(7/8) and success probability p, = c2,. The capacity of this BSC is
given by:

CO(N) =1~ H(p,) =1— H(cos*(r/8)) ~ 0.3991. (3.28)

c) Holevo limit: The HSW Theorem tells us the ultimate capacity of this channel

COWN) = max H(Z px(x ) Z px(x (3.29)

In our case, the capacity is achieved using the uniform input distribution. The capacity

is given by

for this channel using a quantum measurment is therefore:

CO(N) = Hy(cos?(m/8)) ~ 0.6009. (3.30)

In general, a collective measurement on blocks of n outputs of the channel are
required to achieve the capacity. This means that the POVM operators {A5"} cannot
be written as a tensor product of measurement operators on the individual output
systems. The channel capacity can be achieved using the random coding approach and

the square root measurement based on conditionally typical projectors as shown in the
proof of Theorem [3.2]
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0.7
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— — — a) Computational basis classical measurement
— — " b) Symmetric classical measurement

c) Holevo capacity
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Figure 3.5: Plot of the achievable rates for the point-to-point channel pZ given by the
map 0 — [0)0|%,1 — |+)+|? under three models. The horizontal axis corresponds to the
parameter pg = px(0) of the input distribution. The first model treats each output of the
channel as a classical bit Y@ ¢ {0,1} corresponding to the output of a measurement in
the computational basis: {Ag(,a)}ye{oyl} = {|0X0],|1)(1|}. The mutual information I(X;Y (@)
for all input distributions px is plotted as a dashed line. Under this model, the channel N’
corresponds to a classical Z-channel. A better approach is to use a symmetric measurement
with output denoted as Y(®), which corresponds to a classical binary symmetric channel. The
mutual information I(X; Y(b)) is plotted as a dot-dashed line. The best coding strategy is
to use block measurements. The Holevo quantity H( Y, px(z)pf) — >, px(z)H(pZ) for all
input distributions is plotted as a solid line. The capacity of the channel under each model
is given by the maximum of each function curve: C(®(N) ~ 0.3219, C®(N) ~ 0.3991,
and C)(N) = Hy(cos?(7/8)) ~ 0.6009. For this particular channel the quantum decoding
strategy leads to a 50% improvement in the achievable communication rates relative to the
best classical strategy.
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3.4 Discussion
3.4 Discussion

This chapter introduced the key concepts of the classical and quantum channel coding
paradigms. The situation considered in Example serves as an illustration of the
potential benefits that exist for modelling communication channels using quantum

mechanics.

The key take-away from this chapter is that collective measurements on blocks of
channel outputs are necessary in order to achieve the ultimate capacity of classical-
quantum communication channels, and that classical strategies which measure the
channel outputs individually are suboptimal. The increased capacity is perhaps the
most notable difference that exists between the classical and classical-quantum paradigms

for communication [Gam).

In the remainder of this thesis, we will study multiuser classical-quantum com-
munication models and see various coding strategies, measurement constructions and

error analysis techniques which are necessary in order to prove coding theorems.
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Chapter 4
Multiple access channels

The multiple access channel is a communication model for situations in which multiple
senders are trying to transmit information to a single receiver. To fully solve the
multiple access channel problem is to characterize all possible transmission rates for
the senders which are decodable by the receiver. We will see that there is a natural
tradeoff between the rates of the senders; the louder that one of the senders “speaks,”

the more difficult it will be for the receiver to “hear” the other senders.

4.1 Introduction

The classical multiple access channel N*1¥27Y ig a triple
(X X X, N (21, 22) = pyix,x (Y|T1, 22), Y), where X; and X Tl N
are the input alphabets for the two senders, ) is the output
alphabet and py|x, x,(y|71,22) is a conditional probability D Rx
distribution which describes the channel behaviour. _ W

Our task is to characterize the communication rates Figure 4.1: A classical
(R1, Ry) that are achievable from Sender 1 to the receiver myltiple access channel.
and from Sender 2 to the receiver.
Example 4.1. Consider a situation in which two senders use laser light pulses to
communicate to a distant receiver equipped with an optical instrument and a pho-
todetector. In each time instant, Sender 1 can choose to send either a weak pulse

of light or a strong pulse: X; = {-, =}. Sender 2 similarly has two possible inputs
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\
N =

LASER RADIATION A

Figure 4.2: A real-world multiple access channel Nj.

Xy = {-, =}. The receiver measures the light intensity coming into the telescope, and
we model his reading as the following output space J = {-, —, —}. The output sig-
nal is the sum of the incoming signals: Y = X; + X,. We have py|x,x, (-~ ) = 1,

pY|X1X2(_ - ) = pY|X1X2(_| g —) =1and pY|X1X2(—| ) ‘) =1

The rate pair (Ry, Rs) = (1,0) is achievable if we force Sender 2 to always send a
constant input. The resulting channel between Sender 1 and the receiver is a noiseless
binary channel. The rate (0, 1) is similarly achievable if we fix Sender 1’s input. A
natural question is to ask what other rates are achievable for this communication

channel.

Note that the model used to describe the above communication scenario is very
crude and serves only as a first approximation, which we use to illustrate the basic
ideas of multiple access communication. In Section |4.1.2 we will consider more general
models for multiple access channels, which allow the channel outputs to be quantum
systems. In Chapter [8 we will refine the model further by taking into account certain

aspects of quantum optics.

4.1.1 Review of classical results

The multiple access channel is one of the first multiuser communications problems
ever considered [Sha61]. Tt is also one of the rare problems in network information
theory where a full capacity result is known, i.e., the best known achievable rate region

matches a proven outer bound. The multiple access channel plays an important role
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as a building block for other network communication scenarios.

The capacity region of the classical discrete memoryless multiple access channel
(DM-MAC) was established by Ahlswede [AhI71l [Ahl74a] and Liao [Lia72]. Con-
sider the classical multiple access channel with two senders described by N' = (X} x

X, Dy|x,x,,Y). The capacity region for this channel is given by

Rl S I(Xl,Y’XQ)
CuacN) = | (R Ry) €RY R, < I(XaY|X)) v,
PXpPXs Rl + RQ S I(XlXQ, Y)

where px, € P(X1), px, € P(&2) and the mutual information quantities are taken

with respect to the joint input-output distribution

Px:xv (21, T2, y) = px, (21)Px, (02) Py, x. (|71, 72). (4.1)

Note that the input distribution is chosen to be a product distribution px,px,, which
reflects the assumption that the two senders are spatially separated and act indepen-
dently. We can calculate the exact capacity region of any multiple access channel by
evaluating the mutual information expressions for all possible input distributions and

taking the union.

Example 4.1 (continued). The capacity region for the multiple access channel N;
described in Example [£.1]is given by:

R <1
Crac(N1) = < (R1, Ry) € R Ry, < 1 : (4.2)
Ri+Ry, < 15

To see how the rate pair (1,0.5) can be achieved consider an encoding strategy where
each sender generates codebooks according to the uniform probability distribution and
the receiver decodes the messages from Sender 2 first, followed by the messages from
Sender 1. The effective channel from Sender 2 to the receiver when the input of
Sender 1 is unknown corresponds to a symmetric binary erasure channel with erasure

Wy 14

probability % This is because when the receiver’s output is or “—" there is no
ambiguity about what was sent. The output “-” could arise in two different ways,

so we treat it as an erasure. The capacity of this channel is 0.5 bits per channel use
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[CT91, Example 14.3.3]. Assuming the receiver correctly decodes the codewords from
Sender 2, the resulting channel from Sender 1 to the receiver is a binary noiseless
channel which has capacity one. To achieve the rate pair (0.5,1) we must generate
codebooks at the appropriate rates and use the opposite decoding order. The capacity

region is illustrated in the following figure.

b=

u[—- |

Figure 4.3: The capacity region of the adder channel.

The above example illustrates the key aspect of the multiple access channel prob-

lem: the trade off between the communication rates of the senders.

4.1.2 Quantum multiple access channels

The communication model used to evaluate the capacity in Example is classical.
We modelled the detection of light intensity in a classical way and ignored details of

the quantum measurement process.

The capacity result of Ahlswede and Liao is therefore a result which depends on
the classical model which we used. Better communication rates might be possible if
we choose to model the quantum degrees of freedom in the communication channel.
In Example 3.1, we saw how the quantum analysis of the detection aspects of the
communication protocol can lead to improved communication rates for point-to-point
channels. In this chapter, we pursue the study of quantum decoding strategies in the

multiple access setting.
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A classical-quantum multiple access channel is defined

. . . Tx1 |Z1 5
as the most general map with two classical inputs and one

quantum output: Rx

(Xl X XQ,NX1X2_>B<.I'1, To) = pfhm, ’HB), Tx2 |T2 5

Figure 4.4: A quan-
tum multiple access chan-
nel with two senders. The
Our intent is to quantify the communication rates that output of the channel are
conditional quantum states

are possible for classical communication from each of the = 5
NP (x1,22) = py) -

two senders to the receiver. The main difference with the
classical case is that the decoding operation we will use is a
quantum measurement (POVM). We have to find the rate

region for pairs (R, Rs) such that the following interconversion can be achieved:
n- NXiXeoB 159 nRy-[c' = + nRy-[c® — ¢ (4.3)

The above expression states that n instances of the channel can be used to carry nR;
classical bits from Sender 1 to the receiver (denoted [¢! — ¢]) and nRy bits from
Sender 2 to the receiver (denoted [¢* — ¢]|). The communication protocol succeeds

with probability (1 — €) for any € > 0 and sufficiently large n.

The problem of classical communication over a classical-quantum multiple-access
channel was solved by Winter [WinO1]. He provided single-letter formulas for the
capacity region, which can be computed as an optimization over the choice of input

distributions for the senders. We will discuss Winter’s result and proof techniques in

Section [4.2

Note that there exist other quantum multiple access communication scenarios that
can be considered. The bosonic multiple access channel was studied in [Yen05b]. The
transmission of quantum information over a quantum multiple access channel was
considered in [YDHO05, Yar05, YHDOS|. The quantum multiple access problem has
also been considered in the entanglement-assisted setting [HDWOS, XWT1]. In this
chapter, as in the rest of the thesis, we restrict our attention to the problem of classical

communication over classical-quantum channels.
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4.1 Introduction

4.1.3 Information processing task

To show that a certain rate pair (R;, Ry) is achievable we must construct an end-to-
end coding scheme that the two senders and the receiver can employ to communicate
with each other. In this section we specify precisely the different steps involved in the

transmission process.

Sender 1 will send a message m; chosen from the message set M; = {1,2,...,|M;|}
where |M;| = 2"%1. Sender 2 similarly chooses a message my from a message set
My ={1,2,...|My|} where |My| = 2", Senders 1 and 2 encode their messages as

codewords z7(mq) € AT and z%(ms) € X3!, which are then input to the channel.
The output of the channel is an n-fold tensor product state of the form:

n

N (@ (ma), 23 (ma)) = oy € D(H™"). (4.4)

m1),xh (mz2)

In order to recover the messages m; and msy, the receiver performs a positive
operator valued measure (POVM) {Avn; ms b ety mae s

B™. We denote the measurement outputs as M{ and MJ. An error occurs whenever the

on the output of the channel

receiver measurement outcomes differ from the messages that were sent. The overall

probability of error for message pair (mq,ms) is

pe(my,my) = Pr{(M{, My) # (my,ms)}
= Tr (I_Amlme)p.f;(ml)xg’(mQ) )

where the measurement operator (I — A, m,) represents the complement of the correct
decoding outcome.

Definition 4.1. An (n, Ry, Ry, €) code for the multiple access channel consists of two
codebooks {x7(m1) }myem, and {z5(m2) bmyers,, and a decoding POVM { A, m, },m €
Mi,my € My, such that the average probability of error p, is bounded from above
by e:

1

Pe = ——— e(mq, <e 4.5
De |M1||M2|Zp(m1 ms) < € (4.5)

my,ma2

A rate pair (R, Rs) is achievable if there exists an (n, Ry — d, Ry — §, €) quantum

multiple access channel code for all €, > 0 and sufficiently large n. The capacity region
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Chapter 4: Multiple access channels

Cumac(N) is the closure of the set of all achievable rates.

4.1.4 Chapter overview

Suppose we have a two-sender classical-quantum multiple access channel and the two
messages m; and my were sent. This chapter studies the different decoding strategies

that can be used by the receiver in order to decode the messages.

The technique used by Winter to prove the achievability of the rates in the ca-
pacity region of the quantum multiple access channel is called successive decoding. In
this approach, the receiver can achieve one of the corner points of the rate region by
decoding the messages in the order “m; — mg|my”. In doing so, the best possible
rate Ry is achieved, because the receiver will have the side information of m;, and by
extensions x}(m; ), when decoding the message ms. This approach is also referred to as
successive cancellation for channels with continuous variable inputs and additive white
Gaussian noise (Gaussian channels) where the first decoded signal can be subtracted
from the received signal. The other corner point can be achieved by decoding in the
opposite order “mg — my|my”. These codes can be combined with time-sharing and
resource wasting to achieve all other points in the rate region. We will discuss this
strategy in further detail in Section below.

Another approach is to use simultaneous decoding which requires no time-sharing.
We denote the simultaneous decoding of the messages m; and my as “(mq,ms)”. As
far as the QMAC problem is concerned the two approaches yield equivalent achievable
rate regions. However, if the QMAC code is to be used as part of a larger protocol
(like a code for the interference channel for example) then the simultaneous decoding

approach is much more powerful.

The main contribution in this chapter is Theorem [£.2] in Section 4.3}, which shows
that simultaneous decoding for the classical-quantum multiple access channel with two
senders is possible. This result and the techniques developed for its proof will form the
key building blocks for the subsequent chapters in this thesis. We will also comment
on the difficulties in extending the simultaneous decoding approach to more than two
senders (Conjecture . In Section , we will briefly discuss a third coding strategy
for the QMAC called rate-splitting.
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4.2 Successive decoding
4.2 Successive decoding

Winter found a single-letter formula for the capacity of the classical-quantum multiple

access channel with M senders [Win01]. We state the result here for two senders.

Theorem 4.1 (Theorem 10 in [Win01]). The capacity region for the classical-quantum

multiple access channel (X X X, pflm, HP) is given by

Cuac= |J{(R1, Ro) € RZ| Eqns. @E7)-E9) } (4.6)

PXPXo
R, < I(Xy; B|Xs)s, (4.7)
R2 S [(XQ,B’X1>9, (48)
R1+R2 S I<X1X2;B)9, (49)

where the information quantities are taken with respect to the classical-quantum state:

0528 = N " px, (1) pxy (@2) o Xaa ¥ @ |ma)wal ™ @ pf . (4.10)
1,22

as- | O\O{p

\\

~
3. .
\\
N
25 \\
\\

2 - \\

Figure 4.5: The rates achievable by successive decoding correspond to the dominant vertices
of the rate region oy, and 3,. Rates in between these points can be achieved by time-sharing
between the strategies for the two corners.

For a given choice of input probability distribution p = px,,px,, the achiev-

able rate region, R(N,p), has the form of a pentagon bounded by the three in-
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Chapter 4: Multiple access channels

equalities in equations — and two rate positivity conditions. The two domi-
nant vertices of this rate region have coordinates o, = (I(X1; B)g, I(X2; B|X1)s) and
By = (I(X1; Bl Xa)e, I(X2; B)g) and correspond to two alternate successive decoding
strategies. The portion of the line Ry + Ry = I(X;X5; B)s which lies in between the

points a,, and 3, will be referred to as the dominant facet.

In order to show achievability of the entire rate region, Winter proved that each
of the corner points of the region is achievable. By the use of time-sharing we can
achieve any point on the dominant facet of the region, and we can use resource wasting
to achieve all the points on the interior of the region. It follows that the entire rate

region is achievable. We show some of the details of Winter’s proof below.

Proof sketch. We will use a random coding approach for the codebook construction and

point-to-point decoding measurements based on the conditionally typical projectors.

Fix the input distribution p = px, (z1)px,(72) and choose the rates so that they

correspond to the rate point ay,:

Ri=I1(X;;B)g—06,  Ry=I(Xs;B|X1)o—6. (4.11)

Codebook construction: Randomly and independently generate 2" sequences

2% (mq), my € [1:2"F1], according to [] px,(z1;). Similarly generate randomly and

i=1

independently the codebook {a%(ms)}, ma € [1: 2] according to [] px, (z2:).

=1

Decoding: When the message pair (m;, mz) is sent, the output of the channel will be

Pap(ma) 2 (ma)- Let 117 ) 08 () be the conditionally typical projector for that state.
zi (my),xz5 (mg)>

In order to define the other typical projectors necessary for the decoding, we define the
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4.2 Successive decoding

following expectations of the output state:

,Oxl (m1) ZPX" :L‘Q pxl (m1) = ® (Z sz th (m1) ,u)

= ;(E; {pazmi)xy } s

e prﬂxﬁpxg(x@pxm=®(ZPX1 ™) P, (p Wu)

n n
1’1 ,:1:2

The state pgr(m,) corresponds to the receiver’s output if he treats the codewords of
Sender 2 as noise to be averaged over. The state p*™ corresponds to the average output
state for a random code constructed according to px,px,. Let II7 pompy 6 = ,]337;( 5
ml 7 (131 m1 I
be the conditionally typical projector for pn(m,) and let II7 = Hﬁm’ s be the typical

projector for the state p®™.

To achieve the rates of «,, the receiver will decode the messages in the order
“my; — may|lmy” using a successive decoding procedure. The first step is to use a

quantum instrument {TS1 1} which acts as follows on any state defined on B™:

m

AT B Ra\ P
T Pt — Z lmy Ymy |M ® ( Y ml) ) (4.12)

Tr [A%“wB"}

The POVM operators {A% 1} are constructed using the typical projector sandwich

n n n
and normalized using the square root measurement approach in order to satisfy Ay >
0, Zml Ay, = I. The purpose of the quantum instrument is to extract the message
my and store it in the register M7, but also leave behind a system in B which can be

processed further.

An error analysis similar to that of the HSW theorem shows that the quantum
instrument {T‘fn 1} will correctly decode the message m; with high probability. This is
because we chose the rate for the m; codebook to be Ry = I(X;; B)g— 6. Furthermore,
it can be shown using the gentle operator lemma for ensembles (Lemma , that the

state which remains in the system B is negligibly disturbed in the process.
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Chapter 4: Multiple access channels

The receiver will then perform a second measurement to recover the message ms.
The second measurement is a POVM {Aﬁwlml} constructed from the projectors
n n n
Hﬁx'f‘(ml)vé pr?(ml),x'g(my Hﬁx?('ml)»a’ (414)
and appropriately normalized. Note that this measurement is chosen conditionally on
the codeword X7'(m;) that Sender 1 input to the channel. This is because, when the
correct message m; is decoded in the first step, the receiver can infer the codeword

which Sender 1 input to the channel. Thus, after the first step, the effective channel

from Sender 2 to the receiver is

where X7 is a random variable distributed according to []i_, px,. This is a setting
in which the quantum packing lemma can be applied. By substituting U" = X7
and X" = X7 into Lemma [B.I| we conclude that if we choose the rate to be Ry =
I(Xy; B|X1)g— 0, then the message my will be decoded correctly with high probability.

The rate point 3, corresponds to the alternate decode ordering where the receiver
decodes the message mq first and m; second. All other rate pairs in the region can
be obtained from the corner points «, and (3, by using time-sharing and resource

wasting. O

Note that one of the key ingredients in the proof was the use of Lemma[3.2] which
guarantees that the act of decoding m; does not disturb the state too much. This step
of our quantum decoding procedure may be counterintuitive at a first glance, since
quantum mechanical measurements are usually described as processes in which the
quantum system is disturbed. Any retrieval of data from a quantum system inevitably
disturbs the state of the system, so the second measurement, which the receiver per-
forms on the system B’™, may fail if the first measurement has disturbed the state too
much. The gentle measurement lemma guarantees that very little information distur-
bance to the state occurs when there is one measurement outcome that is very likely.
When the state of the receiver is pf;@g, we can be almost certain that the outcome of
the quantum instrument {7, } is going to be m;. Therefore, this process leaves the
state in B only slightly disturbed.
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4.8 Simultaneous decoding

The proof technique in Theorem generalizes to the case of the M-sender MAC,
which has M! dominant vertices. Each vertex corresponds to one permutation of the

decode ordering.

4.3 Simultaneous decoding

Another approach for achieving the capacity of the multiple access channel, which does
not use time-sharing, is simultaneous decoding. In the classical version of this decoding
strategy, the receiver will report (mq, ms2) if he finds a unique pair of codewords X7 (m;)

and X3 (my) which are jointly typical with the output of the channel Y
(XT(my), X2(my),Y™) € TM(X,, X,,Y). (4.16)

Assuming the messages m; and msy are sent, we categorize the different kinds of wrong

message decode errors that may occur.

error Ml MQ

(B1) | = | me (4.17)
(E2) | my | =

(E12) | = *

The * in the above table denotes any message other than the one which was sent. The
analysis of the classical simultaneous decoder uses the properties of the jointly typical
sequences and the randomness in the codebooks. Recall that a multi-variable sequence
is jointly typical if and only if all the sequences in the subsets of the variables are
jointly typical. Thus, the condition (X7 (mq), XZ¥(ms),Y™) € ﬁ(n)(Xl,Xg,Y) implies
that:

(X7 (m1),Y") € TM(X3,Y), (4.18)
(X3 (ms),Y") € T (X,,Y), (4.19)
Y™ e 7). (4.20)

Starting from these conditions, it is straightforward to bound the probability of the

different decoding error events using the properties of the jointly typical sequences
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Chapter 4: Multiple access channels
[EGKI0].

In the quantum case, we can similarly identify three different error terms, the prob-
abilities of which can be bounded by using the properties of the conditionally typical
projectors. If we can construct a quantum measurement operator that “contains” all
the typical projectors so that we can obtain the appropriate averages of the output
state in the error analysis, then we would have a proof that simultaneous decoding is

possible.

If only things were so simple! The construction of a simultaneous decoding POVM
turns out to be a difficult problem. Despite being built out of the same typical projec-
tors, the operator constructed according to

Apymy o< TI% . TI"  I7 n. I (4.21)

Pzl (mg)” Pal(mq)” Pzl (my)af(mg) Paf(my)” Pal(ms)’

is different from the operator

A x M7, 7, I n. I (4.22)

mi,mz Pzl (my) " Pall(mg) ™ Pzl (my),zf(mg) Pal(mg)” Pai(my)’

because the different typical projectors do not commute in general. In fact, there is
very little we can say about the relationship between the subspaces spanned by the

two averaged typical projectors: 117 v o) and 117 By’ This is a problem because, for
[Ll ml 12 7712
one of the error terms in the analysis, we would like to have IT7 ")

as in (4.21]) so that we can use Property of typical projectors to obtain a factor
2nH(BIX2) - For another error term, we want 17 , to be on the outside as in (4.22)

pz?('ml

on the “outside”

in order to be able to do the averaging in the alternate order to obtain a term of the

2nH(BIX1) - Thus it would seem, and originally it seemed so to my colleagues and

form
me, that the construction of a simultaneous decoding POVM for which we can bound

the probability of all error events might be a difficult task.

Quantum simultaneous decoding actually is possible, and this is what we will
show in this section for the case of the multiple access channel with two senders. Our
proof techniques do not generalize readily to quantum multiple access channels with
more than two independent senders. At the end of this section we will formulate Con-
jecture regarding the existence of a simultaneous decoder for three-sender multiple

access channels, which will be required for the proof of Theorem in the next chapter.

53



4.8 Simultaneous decoding

Figure 4.6: Simultaneous decoding strategy. Simultaneous decoding of the two messages is
more powerful than successive decoding, because it allows us to achieve any rate pair (R1, R2)
of the capacity region without the need for time-sharing.

Theorem 4.2 (Two-sender quantum simultaneous decoding). Let (Xy x Xo, p2 . HP)
be a quantum multiple access channel with two senders and a single receiver, and let
P = px,Px, be a choice for the input code distribution. Let {XT7(m1)}mieq,.. My
and {X3(ma2)}meeqt,. Moy be Tandom codebooks generated according to the prod-
uct distributions pxp and pxp.  There erists a simultaneous decoding POVM
{ A ms by ey mpertys With expected average probability of error bounded from above

by € for all €,0 > 0 and sufficiently large n, provided the rates Ry, Ry satisfy the in-

equalities
Rl S I(XI,B|X2>9, (423)
Ry < I(Xs;B|X1)s, (4.24)
R1+R2 S ](XlXQ;B)g, (425)

where the state 0X1%28 s defined in (4.10]).

The main difference between the coding strategy employed by Winter in the proof
of Theorem and Theorem above is that the latter does not require the use of
time-sharing. Using the simultaneous decoding approach we can achieve any of the
rates in the QMAC capacity region using a single codebook, whereas time-sharing

requires us to switch between the two codebooks for the vertices. This distinction
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Chapter 4: Multiple access channels

is minor in the context of the multiple access channel problem, but it will become
important in situations where there are multiple receivers as in the compound multiple
access channel and the interference channel. Note that Sen gave an alternate proof of
Theorem [4.2| using a different approach [Senl2al.

Proof of Theorem[{.4 The proof proceeds by random coding arguments using the
properties of projectors onto the typical subspaces of the output states and the square

root measurement.
Consider some choice p = px, (z1)px,(x2) for the input distributions.

Codebook construction: Randomly and independently generate 2% sequences

2t (my), my € [1:2"1] according to [] px, (z1;). Similarly, generate randomly and
i=1

independently the codebook {z%(ms)}, ms € [1: 2"%2], according to ] px, ().
i=1

POVM construction: In order to lighten the notation, the channel output will be

denoted with the shorthand py,, m, = Pa (m1) 2 (ma) when the inputs to the channel

are z(my) and z5(mg). Let 11} = I} o) 8 be the conditionally typical
’ z7 (my),z5 (mg)>

projector for that state. Consider the following averaged output states:

ﬁm = ZpXZ (.1'2) Px1,x25 (4'26)
ﬁxQ = Zle (1'1) P12, (427)
Tl
p= Z Px, (ml)p)@ (mQ) Py, (428)
X1,2T2

Let II;; =117 s be the conditionally typical projector for the tensor product state

Pa’t (my)

Pmy = Pan(my) defined by (4.26) for n uses of the channel. Let II}, = TI7 5 be the

prg’(’mQ

conditionally typical projector for the tensor product state pm, = Pup(m,) defined by
(4.27) and finally let I17 ; be the typical projector for the state p*" defined by (4.28).

The detection POVM {A,;, m,} has the following form:

A/\ml,mgE E ‘Pm’l,m/2 Pml,mg E ‘Pmll,m/2 )

/ / / !
mi,msy mi,msy

[SIES
[
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4.8 Simultaneous decoding

where

Py my = 155 1 TID I, 1175, (4.29)

mi,m2

is a positive operator which consists of three typical projectors “sandwiched” together.
Observe that the layers of the sandwich go from the more general ones on the outside
to the more specific ones on the inside. Observe also that the conditionally typical

projector I} is not included.

The average error probability of the code is given by:

1
D= S T [(1 = Apymy) Py - 4.30
o= i 2o I~ M) o] (4.30)

mi,m2

The first step in our error analysis is to make a substitution of the output state

Pmy.ms With a smoothed version:

Py ma = Hnmgpml,m2H:LnQ' (4'31)

We do this to ensure that we will have the operator I} —inside the trace when we
perform the averaging. The term smoothing refers to the fact that we are now coding
for a different channel which has all of the II}, -atypical subspace removed, i.e., we

remove the “spikes” (the large eigenvalues).

We can use the inequality
TY[Ap] < Tr[Aa] + |0 — o], (4:32)

from Lemma [2.1] which holds for all operators such that 0 < p,o, A < I, in order to

bound the smoothing penalty which we incur as a result of the substitution.

After the substitution step (4.30) and the use of (4.32)), we obtain the following
bound on the probability of error:

_ 1 _ _
Pe Sm Z Tr[(] - Amhmz)pmth] + Hpmhmz - pml,mznl . (4.33)

mi,m2
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Chapter 4: Multiple access channels

The next step is to use the Hayashi-Nagaoka operator inequality [HNO3] (Lemma:

S

[—(S+T) 7S(S+T)7 <2(I—S)+A4T.

Choosing S = Pyyim,, 1T = Z(m,vm,z)#(mhm) Py my, we apply the above operator
inequality to bound the average error probability of the first term in (4.33)) as:

_ 1 .
Pe SW D 2T = Poryms) s s (4.34)

mi,ma2

+4 Z Tr[PmavaQﬁmlerQ} + ||ﬁm17m2_pm1,m2||l .

(m/l mb ) #(m1,mz2)

The three terms in the summation have an intuitive interpretation. The first term
corresponds to the case when the output state is non-typical, the second term describes
the probability of a wrong message being decoded, and the third term accounts for the
smoothing penalty which we have to pay for using a code designed for the channel

Pmy.my ON the channel p,, m,.

We apply a random coding argument to bound the expectation of the average error
probability in (4.34)). We compute the expected value of the error terms with respect to
the random choice of codebook: {X7(m1)}, {X3(m2)}. Recall that in our shorthand

notation, the codewords are not indicated. Thus when we say [E X7.X7 Pmymys We really

mean Exp xp PX7(m1), X5 (ma)-
A bound on the first term in (4.34)) follows from the following argument:

£ Tr[thmz/;mhmz] =

Xp, X3
_ n n n n n n n
a Xn[EXn Tr[ p:0 Hml Hml,mz Hml P8 HM2pm1’m2Hm2]
1%2
> Tr |17
- Xf[l::X; [ mhmzpmlvm?]

— 1" e, — |
X{”[FXQH p,épml,mz 0,0 Pmi,mo 1

n n
LA |
1%2
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4.8 Simultaneous decoding

> ETe[I, 0 Pmems) — 6V/€

>1—¢€—6y/e (4.35)

The first inequality follows from (4.32) (Lemma applied three times. The second
inequality follows from Lemma and the properties of the conditionally typical pro-
jectors: (B.40), (B.41)) and (B.42)) given in Appendix [B.1] The last inequality follows
from equation (B.39)).

The same reasoning is used to obtain a bound the expectation of the smoothing-

penalty (the third term in (4.34)).

[EXIL7X§L|’ﬁm1,m2 - pm17m2”1 = [EX{L7X§LHH%2pm1,m2H:Ln2 - pml,mzul

< 2v/e (4.36)

The main part of the error analysis consists of obtaining a bound on the second
term in (4.34). This term corresponds to the probability that a wrong message pair
is decoded by the receiver. We split this term into three parts, each representing a

different type of decoding error:

Z Tr [Pm&,méﬁml,mg} =

(m’l,mg);é(ml,mg)

= Z TI' [Pm/17m2ﬁm1,m2:| (El)
my#my
+ Z Tr [Pml,m'gﬁmunw} (EQ)
mh7#ma
+ Z Tx [Pt it Do ms ) - (E12)

myF#Emy,my#ms

We will bound each of these terms in turn.

Bound on (E1) : The expectation over the random choice of codebook for the error
term (E1)) is as follows:
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Chapter 4: Multiple access channels

[E {.} = X X"{ Z T [Py m Py ma)] |
XXy -

LS {1 [ (Pt} E G}
=> )an{Tr E { Porjma } E {HmemthHZw}}}

= E {Tr _)g{ng,mQ} H"mg)g{pml,mz}ﬂfw}}

"y X2
mj#my
3 B AT [Prpona T T )
1 2
m’ﬂéml
n[H (B|X2)—9] / n
<9 2 ; an;{Tr [Py ma 1T5,] }
mi#mi

Equation @ follows because the codewords for m/ and m; are independent. Equality @
comes from the definition of the averaged code state p,, = pyp(m,)- The inequality ®

follows from the bound

n = n —n[H(B|X2)—d]TTn
T2 P, 1T, < 2 [H(B|X2) ]ng-

We focus our attention on the expression inside the trace:

Tt [Py, 103, ] = Tr 102, 1O, T, T, IT H’,jw]

mi,mg “Tm{ p,6

T |y T T, IO Ty T0 |
®
<Tr Hgl mz] .

In the first step we substituted the definition of P,,, ,,, from equation (4.29)). Equality

@ follows from the cyclicity of trace. Inequality ® follows from

Iy, IO IO, 02 ST, < IO, 02 10, <TI0, <1 (4.37)
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4.8 Simultaneous decoding

Next, we obtain the following bound on the expected probability of the term (E1)):

R IR

< 9- n[H(B|X2)— Z on [H(B|X1X2)+4]
ml;éml

S ‘Mll 27n[I(X1;B\X2)725]. (438)
Inequality ® follows from the bound

Te{II" ) < oniH(BIX1X2)+d]

mi,msa

on the rank of a conditionally typical projector.

Bound on (E2) : We employ a different argument to bound the probability of the
second error term ([E2) based on the following fact

11K 2n[H(B|X1X2)+5]Hn B n

m1,ma mi,mo pml ma=Tmy,m2
n[H(B|X1X2)+6] / n /
=9 [H(B|X1X2)+9] p??ll,TﬂQHml,"’nQ pﬁlmm
< 2n[H(B|X1X2)+6]pﬁhm7 (4.39)

which we refer to as the projector trick [GLMI12]. The first inequality is the standard
lower bound on the eigenvalues of pﬁhm expressed as an operator upper bound on

the projector II" The equality follows because the state and its typical projector

mi,ma"

commute. The last inequality follows from 0 < II” <.

mi,m2

We now proceed to bound the expectation of the error term (E2]).

XXz XXz mh#ma
"y X1 X3
mhHF#Ema
) )%{Tr L@(E{ ns 0, IO, T HZ,a})g{ﬁml,mz}H
mhF#ma
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= Z a {Tr {Hg,é [E{H:u Hﬁn,mé HZH }Hgﬁ)gb{ﬁml’m? }]}

We focus our attention on the first expectation inside the trace:

®
n n n n[H(B|X1X2)+d n B n
[{Hmln ,QHW} & ol (B, ””)@{Hmmml,mgﬂml}
2

mi,m.
n
X3

_ 2n[H(B\X1X2)+6]H%I )le{pﬁlzmlg} "
2

mi

:2n[H(B\X1X2)+5]Hn D 1I-In
mil”m mi

2 onlH(BIX) X2)+8)9—n[H(BIX1)~3|[pn
-~ mi

— 27n[I(X2;B\X1)725] K
mi1°

In inequality ® we used the projector trick from (4.39). Inequality @ follows from the
properties of the conditionally typical projector II7, .

Substituting back into the expression for the error bound, we obtain:

Xn[EXn{ ‘) < 27TL[I(X2;B|X1)*25} ZTY [Hg,gn?nlnggﬁml,mZ]

15X
’ mhFEma

= BRI Sy D[ T T 5T s 1T,

my#Ema

_ o—nll(X2;B|X1)~23] Z Tr[I1,, 112 417 112 STT Doy s |

mhFEma

2 2—n[I(X2;B|X1)_26] Z TI"[Pml m2]

mh#ma
S 2—TL[I(X2;B|X1)—25}|M2|‘ (440)

Inequality ® follows from an argument analogous to (4.37]).

Bound on (E12) : We use a slightly different argument in order to bound the
probability of the third error term:

e {ED}- S TP

n n n n
X71,X3 X1,X3
miF#m1,mb#ma
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4.8 Simultaneous decoding

e
™
Kalm

Tr )QEIL {Prsms } ;(EF { Py mo }} }

' {Pags} ool |

T | E Ao} ﬁmz} }
- T vt g ]

miF#my,mh#ma

- Y m L;&jpma ) p®n]

il ma mhyms

. n n n n n —Xn
= > XJEXin[ 5.6 Wi ot g Wy 155 ]}

mﬁémhmﬁém
ey { [ ¢ o g, Tl Z-l,a”

m] m/ #ma ,mQ;émg

®
< 2—n[H(B)—(5] {T |:Hn :| }
< 2 T Mo,

mhma mlyms

lle
ZiF

— f_? —
—

A&
]
Kal

g o—nlH(B)—0] gnH(B| X1 X2) +4] Z 1
m)F#my,mb#ma

< (M| | M| 27X X2:B)=23] (4.41)

Equality @ follows from the independence of the codewords. To obtain equality @ we
take the X7 expectation over the state. Inequality ® follows from II};  pp,, I, =
VPms 1,/ Pmy < Pmy- Inequality @ is obtained by using the cyclicity of trace to sur-
round the state p®™ by its typical projectors and then using the property I 5ﬁ®”Hg, s <
o—nlH (B)";]Hg,(g of the average output-typical projector. Inequality ® follows from
an,l 17 an/l < H”m,1 < I. Finally, inequality ® follows from the bound on the rank
of the conditionally typical projector.

Combining the bounds from equations (4.35)), (4.38]), (4.40)), (4.41]) and the smooth-

ing penalty from (4.36]), we get the following bound on the expectation of the average

62



Chapter 4: Multiple access channels

error probability:

E {n}<2(c+06ve) +2ve

Xin Xt
+4 [|M1| 9l (X1iBIX2)=20] | Aq,| 9l (X2 Bl X0)=20]

+ My || M 9—nll(X1X2;B8)-26] |

Thus, we can choose the message sets sizes to be |M;| = 2n[R1—35]7 and [ My| = Qn[szst]’

the expectation of the average error probability vanishes whenever the rates R; and

Ry obey the inequalities:

Rl —) < ](Xl,BlXQ),
Rg -0 < I(Xg,Ble),
Rl +R2 — 40 < I(XlXQ,B)

If the probability of error of a random code vanishes, then there must exist a particular
code with vanishing average error probability, and given that 6 > 0 is an arbitrarily

small number, the bounds in the statement of the theorem follow. ]

We now state a corollary regarding the “coded time-sharing” approach to the
MAC problem [HKS8I, [EGK10]. The main idea is to introduce an auxiliary ran-
dom variable @) distributed according to pg(g) and use the probability distribution
P0(0)px,10(71|q)px, @ (w2) for the codebook construction. First we generate a ran-
dom sequence ¢" ~ [ po(g;), and then pick the codeword sequences z and z% ac-
cording to the distributions pxnjon(27]¢") = [T px,j0(21ile:) and pxpion(25]¢") =
HZLI pX2|Q(x2i|Qi)-
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4.8 Simultaneous decoding

Corollary 4.1 (Coded time-sharing for QMAC). Suppose that the rates Ry and Rs

satisfy the following inequalities:

Ry < I (Xy;B|X2Q),, (4.42)
Ry < I (X2; BIX1Q),, (4.43)
Rl == R2 S I (X1X2, B|Q)9, (444)

QX1X2B

where the entropies are with respect to a state 0 of the following form:

> po(@)pxijo(@1le) pxae(@ale) laXal @l fa ¥ ®lza)zal 2 ®p7, 4, (4.45)

x1,T2,9

Then there exists a corresponding simultaneous decoding POVM {An,, m,} such that
the expectation of the average probability of error is bounded above by € for all € > 0

and sufficiently large n.

The proof of Corollary proceeds exactly as the proof of Theorem 4.2 but all
the typical projectors are chosen conditionally on ", and we take the expectation
over Q" in the error analysis. The statement of the QMAC capacity rates using coded
time-sharing will be important for the results in Chapter 5

4.3.1 Conjecture for three-sender simultaneous decoding

We now state our conjecture regarding the existence of a quantum simultaneous decoder
for a classical-quantum multiple access channel with three senders. We focus on the
case of three senders, because this is the form that will be required in Section for
the achievability proof of the quantum Han-Kobayashi achievable rate region [HK81,
Senl2al.

Conjecture 4.1 (Three-sender quantum simultaneous decoder).

Let (X) x Xy X X3, Puy 245 HB) be a classical-quantum multiple access channel with
three senders. Let px,,px, and px, be distributions on the inputs. Define the fol-
lowing random code: let {X7(m1)}m e, \myy be an independent random codebook
distributed according to the product distribution pxr and similarly and independently
let { X3 (m2) bmgeqn,.. Moy and { X5 (M3) bmgeqr,... Moy be independent random codebooks

distributed according to product distributions pxp and pxyp. Suppose that the rates of
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Chapter 4: Multiple access channels

the codebooks obey the following inequalities:

where the Holevo information quantities are with respect to the following classical-

quantum state:

leXngB = Z pX1($1)pX2('T2)pX3($3) X (446)
Z1,22,T3
|21 )| ® o)™ © )™ © PP gy ey
Then there exists a simultaneous decoding POVM { A, myms such that the

mi,m2,ms3

expectation of the average probability of error is bounded above by € for all € > 0 and

sufficiently large n:

[E{w e 2 - mm,mg)pmml)x;(w),x;(ms)}}se,

mi,mz2,ms3

where the expectation is with respect to X7', X3, and X7.

The importance of this conjecture stems from the fact that it might be broadly use-
ful for “quantizing” other results from classical multiuser information theory [FHST12].
Indeed, many coding theorems in classical network information theory exploit a simul-
taneous decoding approach (sometimes known as jointly typical decoding) [EGKI10)].
Also, Dutil and Hayden have recently put forward a related conjecture known as the
“multiparty typicality” conjecture [Dutlla], and it is likely that a proof of Conjec-
ture could aid in producing a proof of the multiparty typicality conjecture or vice
versa. The notion of a multiparty quantum typicality also appears in the problem of
universal state merging [BBJ11]. Recent progress towards the proof of this conjecture
can be found in [Sen12b].
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4.4 Rate-splitting

The conjecture naturally extends to M-senders, but we have described the three-
sender case because this is the form that will be required for the Han-Kobayashi strat-
egy discussed in Section [5.3]

4.4 Rate-splitting

Rate-splitting is another approach for achieving the rates of the classical multiple access
channel capacity region [GRUWOQI1] which generalizes readily to the quantum setting

using the successive decoding approach in [Win0O1].

Lemma 4.1 (Quantum rate-splitting). For a given p = px,,px,, any rate pair (Ry, Rs)
that lies in between the two corner points of the MAC rate region o, and [3, can be
achieved if Sender 2 splits her message msy into two parts ms, and mso, and encodes
them with a split codebook and a mizing function ({u™(may)}ma., {0™(M20) gy, f)-
The receiver decodes the messages in the order mo, — mq|ma, — Mmay|mime, using

successive decoding. The total rate for Sender 2 is the sum Ry = Ro, + Ro,.

The rate-split codebook consists of two random codebooks generated from py and
pv and a mixing function such that f(U,V) = X, [GRUWOI][] The rate splitting cod-
ing strategy for the two sender quantum multiple access channel consists of a successive

decoding strategy for the following three channels:

(Una Vn7 X{l7 X;L) — p)B};:l,XEH (447)
(Un7Vn7XIL’X5L) - (Un’p)B}?,Xg)v (448)

The codebooks are constructed with the following rates:

R, = I(U; B) — 6, (4.50)
Ry = I(Xy; B|U) — 6, (4.51)
Roy = I(V; BIUX;) — 6. (4.52)

1 Alternately, the mixing can be performed using a switch random variable, S, which is a shared
randomness resource (denoted [cc]) between Sender 2 and the receiver [Rim01].
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Chapter 4: Multiple access channels

Observe that the resulting rate pair (Ry, Ry) = (R1, Ry + Ra,) is close to the dominant
facet of the rate region, which is defined as Ry + Ry = I(X;X5|B), since:

=I(U;B)—-d+1(X;BlU) =6+ I(V;BlUX;) = ¢

By varying the choice of the distributions py and py and choosing the rates rates of
the split-codebooks appropriately, we can achieve all the rates of the dominant facet,

and therefore all the rates of the region.

The choice of rate split Ry, <> Rs, depends on the properties of the channel for
which we are coding. This dependence limits the usefulness of the rate-splitting strat-
egy in situations where there are multiple receivers. In general, we cannot choose the
rates of the split codebooks such that they will be optimal for two receivers. Receiver
o1 ., would want the rates of the codebooks to be set at
(Rou, Ray) = (I(U; By), I(V; B1|UX1)), whereas Receiver 2, with outputs p22, would

want to set (Ray, Roy) = (I(U; Ba), I(V; Bo|JUX1)). We will comment on this further

in the next chapter.

1 whose output is the system p

4.5 Example of a quantum multiple access channel

We now show an example of a simple quantum multiple access channel for which we

can compute the capacity region.

Example 4.2. Consider the channel that takes two binary variables x; and x5 as
inputs and outputs one of the four “BB84” states. The following table shows the

channel outputs for the different possible inputs.

T = 0 xr1 = 1
v =0 | 0)7  |4)"

rp=1]1=-)" [1)°
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4.6 Example of a quantum multiple access channel

The classical-quantum state on which we evaluate information quantities is

1
PN = N py (1) pay () o) (2] @ |wa) (2ol @02,

z1,22=0

where 2 _is one of [0X0|, |[1X1], |+)+| or |=}—| depending on the choice of the

1,22

input bits z; and z5. The conditional entropy H (B|X;X5) , vanishes for this state
because the state is pure when conditioned on the classical registers X; and X,. We
choose px,(z1) and px,(z2) to be the uniform distribution. This gives the following
state on X7, X,, and B:

pRiXeB H!OOXOOI@!OXO! + [01X01| @[ =) —| + [10)10]@ [+ }+] + \11><11|®|1><1\}-

From this state we can calculate the reduced density matrix p*2? = Try, [p*1*2P] by

taking the partial trace over the X; system:
1
Pl =3 [IOXOIXQ@ SUOXOL + [+)(+D)7 + 1112 @ (=X~ + |1><1|)B} ,

from which we can determine that the conditional entropy H (B|X>), takes its maxi-

mum value of Hy(cos? (7/8)) when py, (1) and px, (z2) are uniform.

Taking the partial trace over X5 we obtain the state
1
™17 = 5 | I0)01™ @ 3(|0)0] + [=X=D7 + XL @ S0+ + 1) |

from which we can observe that H(B|X;) = Hy(cos? (7/8)).

Thus, the capacity region for this channel is:

Ry < Hs(cos*(m/8)) ~ 0.6009,
Ry < Hj(cos®(m/8)) ~ 0.6009,
Ri+ Ry < 1.
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0.6}

05}

0.4+

02r

01r

Figure 4.7: The capacity region for the multiple access channel in Example

4.6 Discussion

This concludes our exposition on the quantum multiple access channel. The techniques
used in the proof of Theorem are the tools that will be used throughout the re-
mainder of this thesis. We review them here for the convenience of the reader and in
order to highlight them in isolation from the technicalities in the proof of Theorem

The first idea is the POVM construction with layered typical projectors:

s Wy 00 T 15 5. (4.53)
We call this a projector sandwich. Observe that the more specific projectors are on the
inside. Each of the projectors seems to be necessary in some part of the proof, and

this layering of the projectors ensures that the averaging can be performed.

The second idea that makes the quantum simultaneous decoder possible is the
state smoothing trick, which is to perform the error analysis with the unnormalized

state:
Pmymy = HZQ Pmi,mo qu,y (4'54)

which is close to the original state, but has the X3 (my) non-typical parts of it trimmed
off.
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4.6 Discussion

The third idea is to use equation (B.29)) in order to obtain the bound

" < 9nlH(BIX1X2)+d] \B (4.55)

mi,m2 — pml,mz'

We will call this the projector trick [GLM12, [Senl2al [FHST12).

Because of the ah hoc nature of the proof of the two-sender simultaneous decoder,
the ideas from the two-sender case cannot be applied to show that simultaneous de-
coding of three or more messages is possible. The techniques used in the proof are
sufficiently general for the analysis of many problems of quantum network informa-
tion theory: quantum interference channels (Chapter [5)), quantum broadcast channels

(Chapter [6]), and quantum relay channels (Chapter [7)).
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Chapter 5
Interference channels

In an ideal world, when a sender and a receiver wish to communicate, the only obstacle
they face is the presence of the background noise. Real-world communication scenarios,
however, often involve multiple senders and multiple receivers sending information at
the same time and in a shared communication medium. The receivers have to contend
not only with the background noise but also with the interference caused by the other
transmissions. The interference channel (IC) is a model for the effects of this crosstalk,

which occurs whenever a communication channel is shared.

5.1 Introduction

Interference is a big problem for all modern multiuser communication systems. In order
to avoid interference, techniques such as frequency division multiple access (FDMA)
and time division multiple access (TDMA) can be used to ensure that the senders
never transmit at the same time and in the same frequency band. Another approach is
to use code division multiple access (CDMA) and allow users to transmit at the same
time, but their signal power is randomly spread over large sections of the spectrum so

as to make it look like white noise.

Rather than treating the interference as noise, a receiver could instead decode the
interfering signal and then “subtract” it from the received signal in order to reduce
(or even remove) the interference. We call this approach interference cancellation, and

such strategies are the main theme of this chapter.
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5.1 Introduction

Note that the interference channel problem differs from the multiple access channel
problem since in this case the multiple access communication is not intended. A receiver
in the interference channel problem is not required to decode the interfering messages,
but he will be able to achieve better communication rates if he does so. All the decoding
strategies discussed in this chapter use some form of interference cancellation as part

of the decoding strategy.

5.1.1 Applications

The interference channel is an excellent model for many practical communication sce-
narios where medium contention is an issue.

Example 5.1 (Next-generation WiFi routers). Consider two neighbours who want to
connect to their respective WiFi routers. Suppose that the communication happens in
the same frequency band (radio channel). Suppose further that the neighbours’ laptops
are located such that they are close to their neighbour’s WiFi router and far from their
own. In such a situation, the interference signal will be stronger than their own signal.
Because the interference signal is “masking” the intended signal, it would be possible
for the neighbours to decode it, and then cancel its effects. Thus, we see that it can be
to a neighbour’s advantage to decode wireless packets which are not intended for him.
Decoding messages not intended for us can increase the communication rate from the
intended sender. Note that to implement such a strategy in practice would require a

re-engineering of the physical layer of transmission protocols.

Interference also plays an important role in digital subscriber line (DSL) internet
connections. The twisted pair copper wires of the telephone system were not origi-
nally designed to carry high frequency and high bandwidth signals, and so there is a
significant amount of crosstalk on the wires en route to the phone company premises.
Cross-channel interference is in fact the current limiting factor which imposes speed
limits on the order of 30Mb/s. The next generation VDSL technology includes the
G.vector standard, which is essentially an interference cancellation scheme for a vec-
tor additive white Gaussian channel [GC02, (OSCT10]. The use of the new G.vector
VDSL standard for interference mitigation will allow speeds of up to 100Mb/s to the

home.

Interestingly, Shannon’s first paper on multiuser communication channels was on

“T'wo-way communication channels”, which can model the simultaneous transmission
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Chapter 5: Interference channels

of information in both directions over a phone line [Sha61]. Shannon anticipated the
importance of NEXT (near-end crosstalk) and FEXT (far-end crosstalk) to communi-

cation systems fifty years in advance. Clearly, he was a man ahead of his times!

5.1.2 Review of classical results

The seminal papers by Carleial [Car78] and Sato [Sat77] defined the interference chan-
nel problem in its present form and established many of the fundamental results. Find-
ing the capacity region of the general discrete memoryless interference channel (DMIC)
is still an open problem, but there are certain special cases where the capacity can be
calculated. For channels with “strong” [Sat81] and “very strong” [Car75| interference,
the full capacity region can be calculated. The capacity-achieving decoding strate-
gies for both of the above special cases require the receivers to completely decode the

interfering messages.

For an arbitrary interference channel, it may only be possible to partially decode
the interfering signal. The Han-Kobayashi rate region Ryk, which is achieved by using
partial interference cancellation, is the best known achievable rate region for the general
discrete memoryless interference channel [HK81]. Recently, Chong, Motani and Garg
used a different encoding scheme to obtain an achievable rate region, Rcmag, which
contains the Han-Kobayashi rate region [CMGO06]. Soon afterwards Kramer proposed
a compact description of the Han-Kobayashi rate region, Rfj, which involved fewer
constraints [Kra06]. Han and Kobayashi published a comment regarding the Fourier-
Motzkin elimination procedure used to derive the bounds [HKO07|, but the question
remained whether the above rate regions are all equivalent or whether one is strictly
larger than the others. The matter was finally settled by Chong, Motani, Garg and

Hesham El Gamal, who showed that all three rate regions are in fact equivalent:
Ruk = Reve = Ry, (5.1)
when the union is taken over all possible input distributions [CMGEGOS].

There has been comparatively less work on proving outer bounds on the capacity

region for general discrete memoryless interference channels [Sat77, [Car83].

73



5.1 Introduction
5.1.3 Quantum interference channels

In this chapter, we apply and extend insights from classical information theory to the
study of the quantum interference channel (QIC):

(Xl % XQ, NX1X2_>BIB2(I'1,$2> B1 By HBl ®HB2), (52)

= p$1,$27

which is a model for a general communication network with two classical inputs and

B1 B>

oize as output. The classical-quantum interference channel can

a quantum state p

model physical systems such as fibre-optic cables and free space optical communication
channels [GSWTI].

We fully specify a cc-qq interference channel by the set

of output states it produces {pfllfg }xle Xy 29y for each pos- 4
sible combination of inputs. Since Receiver 1 does not have Txl b Rl

access to the By part of the state p2 %2, we model his state
as p51 = Trp,[pfi %] where Trp, denotes the partial trace Tx2 b 4 Rx2
. ; o
OV.el" Rec'elvejr 2’s syst;m. Slmllarly],g t;le output state for Re Figure 5.1: The quan-
ceiver 2 is given by Pas s = Tl"Bl[/)xll,zs } tum interference channel
pB1B>
x1,r2 "

A classical interference channel with transition probabil-
ity function p(yi, yo|z1, x2) is a special case of the cc-gq chan-
nel where the output states are of the form pB152 = thyQ p(y1, y2l 1, 22) |y X [P @

Z1,22

|yo)1y2| P2 where {|y;)} and {|y2)} are orthonormal bases of H5' and HP2.

5.1.4 Information processing task

The task of communication over an interference channel can be described as follows.
Using n independent uses of the channel, the objective is for Sender 1 to communicate
with Receiver 1 at a rate R; and for Sender 2 to communicate with Receiver 2 at a
rate R,.

If there exists an (n, Ry, Ra, €)-code for the classical-quantum interference channel,

then the following conversion is possible:
n. NXiXeoBiBy (79 nRy-[c! = '] + nRy- [ — 7).

74



Chapter 5: Interference channels

X! BY :
! A=
B 7|—M’2

Figure 5.2: Diagram showing the parts of a classical-quantum interference channel code for
n copies of the channel. Sender 1 selects a message m; to transmit (modeled by a random
variable M), and Sender 2 selects a message ms to transmit (modeled by Ms). Each sender
encodes their message as an n-symbol codeword suitable for transmission over the channel.
The receivers each perform a quantum measurement in order to decode the messages that
their partner sender transmitted.

Note that we are only interested in the communication rates from the sender to the
intended receiver, and we ignore the communication capacity of the crosslinks: [¢! — ¢?]

and [c* — c!].

More specifically, Sender 1 chooses a message m; from a message set M; =
{1,2,...,|My|} where |M;| = 2" and Sender 2 similarly chooses a message ms
from a message set My = {1,2,...,|Ma|} where [My| = 2", Senders 1 and 2 en-
code their messages as codewords x7(m;) € X" and 23 (ms) € X3 respectively, which
are then input to the channel. The output of the channel is an n-fold tensor product
state of the form:

NN (my), 25 (ma)) = p2i e D(HPIPS). (5.3)

xh (ma),zh (m2)

To decode the message m; intended for him, Receiver 1 performs a positive operator-
valued measure (POVM) {An, },, e,

we denote Mj. For all my, A, is a positive semidefinite operator and ) A, = I.

LMy o the system BJ, the output of which

Receiver 2 similarly performs a POVM {T,,,} M|y O the system By, and the

mo€{1,..
random variable associated with this outcome is denoted M.

An error occurs whenever Receiver 1’s measurement outcome is different from the
message sent by Sender 1 (M] # mq) or Receiver 2’s measurement outcome is different

from the message sent by Sender 2 (M) # my). The overall probability of error for
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message pair (mq,ms) is

pe(mlam2> = PI‘{(M{,M;) % (mlva)}
_ Tr{(] — A, @ Ty, i B8 } ,

xf (m1)xh (m2)

where the measurement operator (I — A,,, ® I';,,,) represents the complement of the
correct decoding outcome.
Definition 5.1. An (n, Ry, R, €) code for the interference channel consists of two code-
books {7 (m1) }myer; and {25(ma2) bmyem,, and two decoding POVMs {Ar, },, <y,
and {FmQ}m2 cMm,> Such that the average probability of error p, is bounded from above
by e:

_ 1

peE—|M1HM2| Z Pe(my,my) < e (5.4)

mi,ma2

A rate pair (R, Ry) is achievable if there exists an (n, Ry — 0, Ry — 0, €) quantum
interference channel code for all €, § > 0 and sufficiently large n. The channel’s capacity

region is the closure of the set of all achievable rates.

Interference channel as two disinterested M AC sub-channels

The quantum interference channel described by () x X, p2122 HP' @ HP2) induces
two quantum multiple access (QMAC) sub-channels. More specifically QMAC; is the
channel to Receiver 1 given by (X, x X, pBi = Trp{pZi B2} HP) and QMAC, is
the channel to Receiver 2 defined by (X} x As, pffm,HB?). Thus, one possible coding
strategy for the interference channel is to build a codebook for each multiple access
channel that is decodable for both receivers. For this reason, the coding theorems which
we developed for quantum multiple access channels in Chapter [4] will play an important

role in this chapter.

Note however that the IC problem specification does not require that Receiver 1
be able to decode msy correctly nor does it specify that Receiver 2 needs to be able
to decode the message sent by Sender 1 correctly, though most interesting coding
strategies involve at least partial decoding of the crosstalk messages. If we take the
logical and of the two MAC subtasks, i.e., we require both receivers to be able to

decode the messages from both senders, then this communication task is known as the
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compound multiple access channel problem [AhIT4Db].

5.1.5 Chapter overview

In this chapter, we use the theorems from Chapter [4] for quantum multiple access

channels to prove coding theorems for quantum interference channels.

In Section [5.2} we prove capacity theorems for two special cases of the interference
channel. In Theorem we calculate the capacity region of the quantum interference
channel with “very strong” interference (see Definition using the successive decod-
ing strategy from Theorem [4.1] In Theorem [5.2] we prove the capacity of the channels
with “strong” interference (see Definition using the simultaneous decoding strategy
derived in Theorem [4.2

In Section [5.3| we discuss the quantum Han-Kobayashi coding strategy, where the
messages of the senders are split into two parts so that the receivers can perform
partial interference cancelation [HK81]. The quantum Han-Kobayashi coding strategy
(Theorem requires the use of quantum simultaneous decoding for multiple access

channels with three senders which we described in Conjecture [4.1

The main contribution of this chapter is to show that the rates of the Han-
Kobayashi rate region can be achieved without the need for Conjecture [£.1 We
will show this in Section [5.4] where we present an achievability proof for the quan-
tum Chong-Motani-Garg rate region which only uses the two-message simultaneous
decoding technique from Theorem [4.2] Recall that the Chong-Motani-Garg region is

equivalent to the Han-Kobayashi region.

Note that the achievability of the quantum Chong-Motani-Garg rate region was
first proved by Sen in [Senl2a] using a different error analysis technique based on an
intersection projector and a careful analysis of the geometric properties of the CMG
rate region. The alternate proof given in Section uses the simultaneous decoding
techniques developed in Section and an interesting geometric argument by Eren
Sasoglu [Sas0§].

The arguments in Section [5.4] show that we can reduce the decoding requirements
from three-message simultaneous decoding to two-message simultaneous decoding and

still achieve all the rates in the Han-Kobayashi rate region. Perhaps, it might be
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possible to remove the need for a simultaneous decoder altogether. Can the Han-
Kobayashi rate region be achieved using only successive decoding? In Section [5.6] we
discuss the difference between interference channel codes (both classical and quantum)
based on successive decoding and those based on simultaneous decoding. In particular,
we show that rate-splitting strategies based on successive decoding are not a good
choice for interference channel codes, contrary to what has been claimed elsewhere
[Sas08|, YP11].

Finally, we obtain Theorem [5.8, which is a quantum analogue of Sato’s outer bound

for the interference channel.

5.2 Capacity results for special cases

In this section, we consider decoding strategies where the receivers decode the messages
from both senders. We show that this decoding strategy is optimal for the special cases

of the interference channel with “very strong” and “strong” interference.

5.2.1 Very strong interference case

If we use a successive decoding strategy at both receivers, and calculate the best possi-
ble rates that are compatible with both receivers’ ability to decode, we obtain an achiev-
able rate region. Consider the decoding strategy where Receiver 1 decodes in the decode
order mg — my|my and Receiver 2 decodes in the order m; — mgy|my. In this case,
we know that the messages are decodable for Receiver 1 provided Ry < I(Xy; B|X5)
and Ry < I(Xs; B1). Receiver 2 will be able to decode provided R; < I(Xy; Bs)
and Ry < I(Xy;B3|X;). Thus, the rate pair Ry < min{l(Xy; B1|X32), [(X1; B2)},
Ry < min{(Xs; By), I(Xs; B2|X1)} is achievable for the interference channel.

On the other hand, the rate Ry < I(Xj; B;|X3) is the optimal rate Receiver 1
could possibly achieve, since this rate corresponds the message m being decoded sec-
ond [Win01]. Similarly the rate Ry < I(Xy; B2|X;) is an upper bound on the rates

achievable between Sender 2 and Receiver 2.

We now define a special class of interference channels, where the achievable rate

region obtained using the above successive decoding strategy matches the outer bound.
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Chapter 5: Interference channels

Definition 5.2 (Very strong interference). An interference channel with very strong

interference [Car75], is such that for all input distributions py, and px,,

[(XlaBllXQ) S
I(XQ,BQ’Xl) S

(X1; B2) (5.5)

I
1(Xs; By). (5.6)

The information inequalities in (5.5)-(5.6])) imply that the interference is so strong,
that it is possible for each receiver to decode the other sender’s message before decod-
ing the message intended for him. These conditions are a generalization of Carleial’s

conditions for a classical Gaussian interference channel [Car75, [EGK10].

Thus, we can calculate the exact capacity region for the special case of the classical-

quantum interference channel with very strong interference.

IC capacity inthe very srong interference case

O OMac?
; =0 Civis
25-

|
| |
| |
05 - | | T
| |
| |

Figure 5.3: The capacity region for a cc-gq quantum interference channel which satisfies
the “very strong” interference conditions and . The figure also shows the capacity
regions for the multiple access channel problems associated with each receiver: QMAC; and
QMAC,. The capacity region for the IC corresponds to their intersection.
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Theorem 5.1 (Channels with very strong interference). The channel’s capacity region

15 given by:

(5.7)

U {(Rl,RQ) e R

PQ:Px1|1Q:PX9|Q

Ry < I(Xy;B11X2Q),,
< 1 (Xy; Bo| X1Q), ’

where the mutual information quantities are calculated with respect to a state QX1 %28
of the form:

> _pa(@pxije(1le) Pxaio(z2la) la)al® @ le )N @ Jea)aal @ o7, 4 (5.8)

Z1,22,9

An intuitive interpretation of this result is the seemingly counterintuitive statement
that, for channels with very strong interference, the capacity is the same as if there

were no interference [Car75].

Proof. We require the receivers to decode the messages for both senders. The average

probability of error for the interference channel code is given by:

1
Pe= T a1 De(ma, m
|M1’|M2|m1ZmQ ( 1 2)

©)
= pe(mh m2)

= Tr|(1 - AZE,, @5

n n
) BT Bj
mi,meo mi,mo

xf (m1)xh (me) |

(5.9)

where equality @ comes from the symmetry of the codebook construction: it is sufficient

to perform the error analysis for a fixed message pair (mq,ms).

Next, we use the following lemma, which is a kind of operator union bound [ADHW09).
Lemma 5.1. For any operators 0 < P4, QP < I, we have:
(I*8 — PARQP) < (I*—PHRI® + ' (I — QP). (5.10)

Proof of Lemma[5.1 Starting from P4 < I and QP < I, we obtain 0 < (I — P4) and
0 < (I — QP) which can be combined to obtain:

0<(I-PHe(I-Q")
:[AB—PA®[B—IA®QB+PA®QB.
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Chapter 5: Interference channels

The inequality (5.10)) follows by moving the term P# ® Q® to the left hand side and
adding a term /4% to both sides. O

When applied to the current problem, the inequality (5.10) gives:

(IPiBS _ ABL DB

miy,m2 mi,m2

) < (I = AGE,) 1% + I e (1% =Tk ),
which in turn allows us to split expression ([5.9) into two terms:

]—)6: TrB{LBg |:([ _ AB? ® FB; BY'B%

mi,ms2 m17m2) pmg(ml)w'g(mg)} )
< Trpppy [(I — Amll,mg) pm§(7r121)mg(m2)] + Trpppp [([ — szlme) po1 B }

B BN Bn B B
- TrB{L [(I B Amll,m2) pxﬁ(ml)m‘g(mz)} + Tng [(I B Fm217m2) pxﬁ(ml)xg(mg)] :

xh (m1)xh (m2)

Each of the above error terms is associated with the probability of error for one of
the receivers. The decoding problem for each receiver corresponds to a multiple access
channel (MAC) problem. We can use the successive decoding techniques from Theo-
rem to show that the decoding at the rates Ry < I(Xy; B1|X3), Ry < I(Xy; B X1)

will succeed.

Receiver 1 will decode in the order ms — mq|msy. During the first decoding step
Receiver 1 decodes the interfering message ms and we know that this is possible because
the rate Ry < I(Xs; By), which is guaranteed by . In the second step, Receiver 1
now decodes the message from Sender 1 given full knowledge of the transmission of
Sender 2, which is possible any rate R; < I(Xy; B1]|Xs). Receiver 2 decodes in the
order my; — mg|m; in order to use full interference cancellation and achieve the rate
Ry < I(Xo; Bo| Xy).

The outer bound follows from the converse part of Theorem[4.1] since the individual
rates are optimal in the two MAC sub-channels [Car75]. O

Example 5.2. We now consider an example of a cc-gq quantum interference channel

with two classical inputs and two quantum outputs and calculate its capacity region
using Theorem [FHST12]. The “9-SWAP” channel A : {0,1}* — C* is described
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0.2
0.15

R1 0.1

0.05

Figure 5.4: The capacity region of the “0-SWAP” interference channel for various values
of @ such that the channel exhibits “very strong” interference. The capacity region is largest
when 6 gets closer to 2.18, and it vanishes when 6 = 7/2 because the channel becomes a full
SWAP (at this point, Receiver ¢ gets no information from Sender i, where i € {1,2}).

00 — |00)P2 | (5.11)
01 — cos (6) [01)7% 4 sin (9) [10) 7172, (5.12)
10 — —sin () [01)”*7* + cos (6) [10)77 | (5.13)
11— [11)%72 (5.14)

We would like to determine an interval for the parameter 6 for which the channel
exhibits “very strong” interference. In order to do so, we need to consider classical-

quantum states of the following form:

1
pX1X2BlBQ = Z Dx, (1'1>ng (Ig) |$1><I'1|X1 X |IL‘2><ZL‘2|X2 ® szll,szv (515)

z1,22=0

where 2172 is one of the pure output states in (5.11)-(5.14). We should then check

1,22

whether the conditions in ([5.5)-(5.6)) hold for all distributions px,(z1) and px,(z2).

We can equivalently express these conditions in terms of von Neumann entropies as
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Chapter 5: Interference channels

follows:

H(B1|Xs), — H(Bi|X,X2), < H(B,), — H(Ba|X1),,
H(Bs|X1), — H(Bao| X1 X2), < H(By), — H(Bi|Xz),,

and thus, it suffices to calculate six entropies for states of the form in (5.15). After

some straightforward calculations, we find that:

H(B1|X1X,) = H(By| X1X3), = (px,(0) pxo(1) + pxy(1) px(0)) Ha (cos(8)),
H(By), = Hy(px,(0) + (px, (1) px,(0) = px, (0) px, (1)) si
H(Bz), = Hy(px,(0) + (px, (0) px,(1) — pxl( ) Px,(0)) sin®

H(By|X1), = px, (0) Ha(px, (1) cos® (6)) + px, (1) Ha
H(B1|Xs), = px,(0 ) Ha (px, (1) cos® (6)) + px, (1) Ha(px,

Px,

(0)
(0)

where Hy(p) is the binary entropy function. We numerically checked for particular
values of § whether the conditions (5.5)-(5.6) hold for all distributions py, (1) and
px,(x2), and we found that they hold when 6 € [0.96,2.18] U [4.10,5.32] (the latter
interval in the union is approximately a shift of the first interval by 7). The interval
[0.96, 2.18] contains # = 7/2, the value of 6 for which the capacity should vanish because
the transformation is equivalent to a full SWAP (the channel at this point has “too
strong” interference). We compute the capacity region given in Theorem for several
values of 6 in the interval 6 € [r/2,2.18] (it is redundant to evaluate for other intervals
because the capacity region is symmetric about /2 and it is also equivalent for the two
m-shifted intervals [0.96,2.18] and [4.1,5.32]). Figure plots these capacity regions

for several values of 6 in the interval [7/2,2.18].

5.2.2 Strong interference case

The simultaneous decoder from Theorem allows us to calculate the capacity region
for the following special case of the quantum interference channel.

Definition 5.3 (Strong interference). A quantum interference channel with strong
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5.2 Capacity results for special cases

interference [Sat81) [CEGS8T] is one for which the following conditions hold:

I (Xy; B1|Xs) < I(Xy;B2|Xs), (5.16)
I (Xy; Bo|Xy) < I(Xy;B4|X7), (5.17)

for all input distributions px, and py,.

1C capacity inthe strong interference case

2- e .
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Figure 5.5: The capacity region for a cc-qq¢ quantum interference channel which satisfies
the “strong” interference conditions and . The figure also shows the capacity
regions for the multiple access channel problems associated with each receiver: QMAC; and
QMAC;. The capacity region corresponds to the intersection.

Theorem 5.2 (Channels with strong interference). The channel’s capacity region is:

Ri < I(Xy;B11X2Q),,
R, < I(X5: BolX
U (B R) eRE 2 = 1(X Bl 1@9’ : (5.18)
PQPX,|Q R ‘I‘R < [(X1X27B1’Q)9
PX5[Q 1 2 = n
I(X1X5; B>|Q),

where the mutual information quantities are calculated with respect to a state QX1 %28
of the form:

Y po(@)pxiia(1la) Pxaie(w2le) la)Xal? ® o )a ¥ @ |eo)zal ™ ® pp) 4, (5.19)

Z1,22,9

The capacity region is the intersection of the MAC rate regions for the two receivers

which corresponds to the condition that we choose the rates such that each receiver
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Chapter 5: Interference channels

can decode both m; and my. See Figure [5.5]

Proof. The first part of the proof is analogous to the proof of Theorem for the
interference channel with very strong interference. We use Lemma/5.1] to split the error
analysis for the interference channel decoding task into two multiple access channel

decoding tasks, one for each receiver.

The key difference with Theorem is that for the strong interference case, we
require the decoders to use the simultaneous decoding approach from Theorem and
coded time-sharing codebooks as described in Corollary The rate pairs described
by the inequalities in are decodable by both receivers. Therefore, these rates are

achievable for the interference channel problem.

The proof of the outer bound for Theorem follows from the outer bound in
Theorem and an argument similar to the one used in the classical case [CEGST]
(see also [EGK10, page 6-13]). O

5.3 The quantum Han-Kobayashi rate region

For general interference channels, the Han-Kobayashi coding strategy gives the best
known achievable rate region [HK81] and involves partial decoding of the interfering
signal. Instead of using a standard codebook to encode her message m;, Sender 1
splits her message into two parts: a personal message m;, and a common message
my.. Assuming that Receiver 1 is able to decode both of these messages, the net
rate from Sender 1 to Receiver 1 will be the sum of the rates of the split codebooks:
Ry = Ry, + Ri.. The benefit of using a split codebookﬂ, is that Receiver 2 can decode
Sender 1’s common message my. and achieve a better communication rate by using
interference cancellation. Because only part of the interfering message is used, we call
this partial interference cancellation. Sender 2 will also split her message ms into two

parts: mg, and mag..

Codebook construction: Consider the auxiliary random variables @), Uy, Wy, Uy, W5

and the class of Han-Kobayashi probability distributions, Pgg, which factorize as

! Note that the Han-Kobayashi strategy is also referred to as a rate-splitting in the literature.
In this document we reserve this term rate-splitting for the use of a split codebook and successive
decoding as in [GRUWO0I] and [Rim01].
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5.3 The quantum Han-Kobayashi rate region

PrK (g, ut, wi, 1, ug, W, x2) = p(q)p(urlq) pwi|g)p(z1|ur, wi)p(uz|q)p(wa|q)p(za|us, wo),
where p(z1|u1, w;) and p(xe|ug, wy) are degenerate probability distributions that corre-
spond to deterministic functions f; and fo, f;: U; x W; — AX;, which are used to combine

the values of U and W to produce a symbol X suitable as input to the channel.

We generate the random codebooks in the following manner:

n
e Randomly and independently generate a sequence g™ according to [[ po(g).
i=1

e Randomly and independently generate 2"%1¢ sequences w?(my..), my. € [1 ; Q"Rlc}

conditionally on the sequence ¢" according to [] pw,jo(wiilg;).

i=1
e Randomly and independently generate 2% sequences uf (my,), my, € [1 : Q”Rlp}

n
conditionally on the sequence ¢" according to [[ pu,jo(uiilg:).
i=1

e Apply the function f; symbol-wise to the codewords wf(my.) and uf}(ms,) to

obtain the codeword x7(my., my,).

e We generate the common and personal codebooks for Sender 2 in a similar fashion

and combine them using fy to obtain x%(ma., may).

Decoding: When the split codebooks are used for the interference channel, we are
effectively coding for an interference network with four inputs and two outputs. We
can think of the decoding performed by each of the receivers as two multiple access
channel (MAC) decoding subproblems. We will denote the achievable rate regions for
the MAC sub-problems as RE’KI ) and RE’KQ ). The task for Receiver 1 is to decode the
messages (mip, My, Ma.), and thus the sub-task REJKI) corresponds to a three-sender
multiple access channel, the rate region for which is described by seven inequalities on
the rate triples (Rip, Ric, R2c). The decoding task for Receiver 2, Rgl’?), is similarly

described by seven inequalities on the rates (Ry., Rac, Rap).

We perform Fourier-Motzkin elimination on the inequalities of the MAC rate re-
gions for the two receivers in order to eliminate the variables Ri,, Ri., Rap, and R,

and replacing them with the sum variables
R1 == Rlp + Rlc, R2 = RQP + RQC. (520)

At each step in the Fourier-Motzkin elimination process, we use the information the-
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oretic properties in order to eliminate redundant inequalities. The result is the Han-

Kobayashi rate region.

Theorem 5.3 (Quantum Han-Kobayashi rate region). Consider the region:

RuxWN)= | J {(Bi, Ry) € R’| Equs. (HK1) - (HK9) }

PHKEPHK
f1.f2

Ry < I(UWh; By|W50Q) (HK1)
Ry < I(Uy; Bi[WAiWLQ) + I(Wh; B |UsWaQ) (HK2)
Ry < I(Uy;Wy; Bo|W1Q) (HK3)
Ra < I(Wa; By |UWAQ) + I(Us; B[ WiWaQ) (HKA4)
Ry + Ry < I(Us Wi Wa; B1|Q) + I(Us: Bo| Wi W) (HK5)
Ry + Ry < I(U; By [WaWhQ) + I(Us W Wi Bo|Q) (HK6)
Ry + Ry < I(UsWa; B [WAQ) + I(UsWi; Bo| W) (HK?7)
R, + Ry < I(Uh; B[WAWHQ) + I(UsWi; Bo[WHQ)
+I(U: W1 Wa; B1|Q) (HKS)
Ry 4+ 2Ry < I(UyWa; Bi|WhQ) + 1(Us; Bo|WoW1Q)
+ LU WoWh; Bs|Q) (HK9)

where the information theoretic quantities are taken with respect to a state

GULU2WaiW2B1B2 of the form:

> pa(@) Puii(u119) Prajg(ualg) pw o (wilq) pwaiq(w2lq) lgXq%®

@yl @5
w1y, wo

® g Yua | ® uz)ua| 2 @ wi Yws | @ [waXwa | @7 52

f1(u1,w1), f2(u2,w2)
1s an achievable rate region provided Conjecture holds.

Each of the inequalities (HK1)-(HK9) describes some limit imposed on the personal
or common rates of the two senders. For example, (HK1) corresponds to the maximum
rate at which my, and m;. can be decoded by Receiver 1 given that he has already
decoded mo.. Other inequalities correspond to mixed bounds, in which one of the terms
comes from a constraint on Receiver 1 and the other from a constraint on Receiver 2.
An example of this is (HK2) which comes from the bound on Receiver 1’s ability to

decode my, (given my, and my.) and a bound from Receiver 2’s ability to decode my,
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U1 — X] Bl —Ul
Wl_ fl f’« _WI
p— |/\/.

B1B 2

pm11,$22 _UZ

Uz — X2 Bz fﬂ —Wz
W2_ f2 _Wl

Figure 5.6: The random variables used in the Han-Kobayashi coding strategy. Sender 1
selects codewords according to a “personal” random variable U; and a “common” random
variable W7. She then acts on U; and W7 with some deterministic function f; that outputs
a variable X7 which serves as a classical input to the interference channel. Sender 2 uses a
similar encoding. Receiver 1 performs a measurement to decode both variables of Sender 1
and the common random variable Wo of Sender 2. Receiver 2 acts similarly. The advantage
of this coding strategy is that it makes use of interference in the channel by having each
receiver partially decode what the other sender is transmitting. Theorem gives the rates
that are achievable assuming that Conjecture holds.

(given my,. and mgp)ﬂ.

Note that the original description of the rate region given by Han and Kobayashi
in [HK81] and later in [HKO7] contained two extra inequalities. Chong et al. showed
that these extra inequalities are redundant, and so the best description of Ryk involves

only nine inequalities as above [CMGEGOS].

Proof. The proof is in the same spirit as the original result of Han and Kobayashi
[HKS8I]. The first step is to use the Lemma [5.1] to obtain:

( [BIBE _ \B? &5 )

Mmip,Mic,M2c Mmic,M2c,M2p
By B By | BT By By
S (I b Amllpvmlcvm2c>®[ ? +I ! ®<I - Fm21cam207m2p> ?
which allows us to bound the error analysis for the interference channel task in terms
of the error analysis for two MAC sub-channels. Our result is conditional on Con-
jecture for the construction of the decoding POVMs for each MAC sub-channel:

{Ammmlc’m%} for Receiver 1, and {lec’m%m%} for Receiver 2. O

2 Receiver 2 is not required to decode the common message of Sender 1, but the Han-Kobayashi
strategy does require this condition despite the fact there could be no interference cancellation benefits
for doing so, given that Receiver 2 has already decoded the messages ma. and ms,. This should serve
as a hint that the Han-Kobayashi decoding requirements can be relaxed. We will discuss this further
in the next section.
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At the very least, observe that Theorem depends on Conjecture for its
proof. While we do not doubt that the conjecture will ultimately turn out to be true,
the fact remains that our result is conditional on an unproven conjecture, which is

somewhat unsatisfactory.

In order to remedy this shortcoming, we searched for other approaches which
could be used to prove that the rates of the quantum Han-Kobayashi rate region are
achievable. First, we proved that the quantum Han-Kobayashi rate region is achievable
for a special class of interference channels where the output states commute. We also
derived an achievable rate region described in terms of min-entropies [Ren05), [Tom12],
which is in general smaller than the Han-Kobayashi rate region. These results are
well documented in [FHST12]. Another approach which we studied is the use of a
rate-splitting and successive decoding approach in order to achieve the rates of the
Han-Kobayashi rate region. We attempted to adapt the results of Sagoglu in [Sas0§],
which claimed, erroneously, that the rate-splitting strategy can be used in order to
achieve the Chong-Motani-Garg (CMG) rate region. Recall that the Chong-Motani-
Garg rate region is equivalent to the Han-Kobayashi rate region [CMGEGOS]. In fact,
as we will see shortly, the Chong-Motani-Garg approach is simply a specific coding

strategy to carry out the Han-Kobayashi partial interference cancellation idea.

The analysis in [Sas08] is in two parts. The first part is a geometric argument,
henceforth referred to as the Sasoglu argument, which shows that there is a many-to-one
mapping between the rates of the split codebooks (R, Ric, Rac, Rap), and the resulting
rates (R, Ry) for the interference channel task. In the second part of the analysis,
Sagoglu describes a strategy for the use of rate-splitting and successive decoding for
the common message. The common-message codebook for one sender is split so as to
accommodate one of the receivers assuming the common-message codebook of the other
sender is not split. However, if both users split their common-message codebooks, the
rates cannot be chosen, in general, so as to achieve all the rates of the Chong-Motani-

Garg rate region. We will comment on this further in Section [5.6|

While rate-splitting and successive decoding turned out to be a dead end in our
quest for the quantum Hon-Kobayashi region, the Sasoglu argument and the use of two-
sender simultaneous decoding turns out to be sufficient in order to show the achiev-
ability of the quantum Chong-Motani-Garg rate region. This will be the subject of
Section [5.5] below.
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5.4 The quantum Chong-Motani-Garg rate region

The achievability of the quantum Chong-Motani-Garg (CMG) rate region was recently
proved by Sen using novel geometric ideas for the “intersection subspace” of projectors
and a “sequential decoding” technique [Senl2al. In this section we will describe the
CMG coding strategy and state Sen’s result in Theorem 5.4 In Section [5.4] we will
provide an alternate proof of this result based on the Sagoglu argument [SasO8] and

the two-sender simultaneous decoding techniques from Theorem [4.2]

The differences between the Chong-Motani-Garg coding strategy and the Han-
Kobayashi coding strategy are: (1) the different way the senders’ codebooks are con-
structed and (2) the relaxed decoding requirements for the two receivers. We discuss

these next.

Codebook construction: The codebooks are constructed using the superposition
coding technique, which was originally developed by Cover in the context of the classical
broadcast channel [Cov72|]. The idea behind this encoding strategy is to first generate a
set of cloud centers for each common message and then choose the satellite codewords

for the personal messages relative to the cloud centers.

Let @, W7, W5 be auxiliary random variables and let Paovg be the class of probabil-
ity density functions which factorize as pcma(q, w1, 1, wa, x2) = p(q) p(wi|q) p(x1|wy, q)
p(we|q) p(xa]ws,q). To construct the codebook we proceed as follows:
e First randomly and independently generate a sequence g™ according to [[ po(q:)-
i=1
e Randomly and independently generate 2"1c sequences w?(my.), mi. € [1 : 2"315}

conditionally on the sequence ¢" according to [] pw,jo(wiilg;).

=1
e Next, for each message my., we randomly and independently generate 2% con-

ditional codewords x7 (mqp,|mic), my, € [1 : 2”R1P}, mi. € [2"%¢] according to the

product conditional probability distribution [] px,jw,q(@1i|wii(mic), @)
=1

e We generate the common and personal codebooks for Sender 2 in a similar fash-
ion. First generate {w}(ma.)}, mae € [2"%¢] according to [[” pw,j@ and then
generate {z%(may|mac)}, map € [27720], my. € [2"Y¢] conditionally on w¥(ma.)

according to [[" px,jw»o-
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Decoding for the M AC subproblems: The decoding task for each of the receivers
is associated with a multiple access channel subproblem. We will denote the achievable
rate regions for the MAC sub-problems for a fixed input distribution pcve € Poma as

Rénic WV, pova) and Reye (N, peme)-

Consider the decoding task for Receiver 1. The messages to be decoded are
(map, Mic, Mo ), while the effects of the message my, superimposed on top of the code-
word for msy,. are considered as noise to be averaged over. The desired achievable rate

region Ry (N, pemc) is defined as follows:

Rene WV peme) £ | {(Rip, Ric, Rae) € RY| Eqns (al)-(d1) below}

p(x1|wy,q)p(wyla)
p(z2|wa,q)p(walq)p(q)

I (Xq; Bi|[WiW2Q) £ I(ay), (al)

R1P+Rlc < 1<X By |W1Q) = 1(b), (b1)

Rip + Roe < I (XaWo; Bi|W1Q) 2 I(c), (c1)

Rip + Ric + Roe < 1T (X1 Wy B1|Q) = I(dy). (d1)

The mutual information quantities are calculated with respect to the following state:

> p(@) plunlq) p(x1|wy, q) p(walq) X (5.21)

q,wq,
Tq],w9

1g)(q|? @ Jwi w1 [ @ |z )z [ @ Jwa)wo|"* @ p2

where
pr11,w2 = Z p($2|w2) TrBQ [pfllfj} (522)

€2
is the effective code state for Receiver 1. It is the average over the random variable
X, (since we treat mg, as noise) and the partial trace over the degrees of freedom

associated with Receiver 2.

The rate region for Receiver 2 is similarly described by:

RénmeWV.penc) 2 | {(Bap, Rae, Rie) € RY| Eqns (a2)-(d2) below} (5.23)

p(z1|wy,q)p(wylq)
p(zo|wa,a)p(wala)p(a)
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5.4 The quantum Chong-Motani-Garg rate region

I (Xy; Bo| Wi W5Q) £ I(as), (a2)

Ry + RQC < I (Xa; Bo|W1Q) 2 1(by), (b2)

Rop + Rie < I (XoWh; Bo|WhQ) 2 I(ca), (c2)

Ry + Rye + Ry < 1 (XoWi; Bo|Q) £ I(dy), (d2)

with respect to a code state in which the variable X, is treated as noise and a partial

trace over the system B is performed.

Observe that the above MAC rate regions are described only by four inequalities,
rather than by seven inequalities like the multiple access channel with three senders
(cf. Conjecture. Two of the rate constraints do not appear because we are using the
superposition encoding technique and always decode m;. before my,. A third inequality
can be dropped if we recognize that Receiver 1 is not really interested in decoding ma,;
he is only decoding ms. to serve as side information which will help him decode the
messages mi. and my, intended for him. This is called relazed decoding, and allows
us to drop the constraint associated the decoding of ms,. after m,. and my, [CMGO6].
The relaxed decoding approach cannot be applied directly to the quantum case, and so
a different decoding strategy is required [Senl2a]. We postpone the discussion about

the decoding strategies of the receivers until the end of this section.

We are now in a position to describe the Chong-Motani-Garg rate region Roma,
which is obtained by combining the constraints from Ry and RZy. Recall that,
for the interference channel problem, we are interested in the total rates achievable
between each sender and the corresponding receiver. For Receiver 1, we have a net
rate of Ry = Ri. + Ry, and similarly for Receiver 2 we have Ry = Ry, + Ry,. Consider
the projection IT which takes the 4-tuple of rates (Rip, Ric, Rac, R2p) to the space of
net rates (Ry, Rs):

Ry,
R Ry, + Ry, :[1 10 0] R | (524
Ry Rap + Ry 001 1]|]| Ry
T | B

The Chong-Motani-Garg rate region for the interference channel is obtained by taking

the union over all input distributions of the intersection between the two MAC rate
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regions, followed by the projection II to obtain:

Reme(V) = H( U  RémcWipome) N RQCMG(N7PCMG)> : (5.25)

pcMc €PeMa

Equivalently, it is possible to compute the intersection of the two MAC rate regions
by performing Fourier-Motzkin elimination on the inequalities from equations (al)-(d1)
and (a2)-(d2). By taking all possible combinations of the inequalities in the two MAC
subproblems, we obtain the equivalent set of inequalities in the two dimensional space

(R1, R2). The resulting achievable rate region has the following form:

Theorem 5.4 (Quantum Chong-Motani-Garg rate region [Senl2al). The following

rate region is achievable for the quantum interference channel:

RemeN) 2 | {(Ri Ro) € R3] Egns. (CMG1)-(CMG9) hold. '} (5.26)

p(z1|wy,q)p(wy|q)
p(xg|wg,q)p(wala)p(a)

Ry < I(Xy; B1[W2Q) (CMG1)

Ry < I(Xy; Bi|WAiWLQ) + I(XoWy; Bo|WaQ) (CMG2)

Ry < I(X5; Bo|[WhQ) (CMG3)

Ry < I(XaWa; Bi[WhQ) + I(Xa; Bo|[W1WaQ) (CMG4)

Ry + Ry < I(X1Wo; B1Q) + I(Xa; Bo| WiW2Q) (CMG5)
R+ Ry < I(Xy: Bi[WiWa0Q) + I(XWy: BoQ) (CMG6)
Ry + Ry < I(XqWo; B1{WAQ) + I(XoWe; Bo|[WaQ) (CMGT)
2Ry + Ry < [(X1Wa; B1|Q) + I(Xv; Bi[WiWsQ) + I(XoWa; Bo|WaQ)  (CMG8)
R + 2Ry < I(Xy; Bo|[WiWLQ) + I(XoWh; Bo|Q) + [( X Wa; B |[WhQ) (CMG9)

where the information theoretic quantities are taken with respect to a state of the form
PRW1 X1W2X2B1B2 —

> pa(q) pwiio(wilg) Pwaio(w2lq) Px,iwrg (1]wi, ) Pxowag (w2]w2, @)
q,w1,w2,
T]1,T2

19){(q|° @ |wi) (w1 | @ |wa) (wa| V2 @ 1) (1 |* ®|9€2><$2|X2®Pff,f§-

The classical CMG rate region is known to be equivalent to the Han-Kobayashi
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5.4 The quantum Chong-Motani-Garg rate region

rate region [CMGEGOS8]. Thus, Sen’s achievability proof for the rates of the Chong-

Motani-Garg rate region is also a proof of the quantum Han-Kobayashi rate region.

Quantum relaxed decoding

Let us consider more closely the relaxed decoding approach that is employed by Re-
ceiver 1 in the classical case. The decoding strategy for Receiver 1 is to use jointly
typical decoding and search the codebooks {w] (mi.)}, {7 (miy|mic)} and {wh(me.)}

for messages (my., M1y, Ma.) such that
(1 0ma, 2my ). e, 7)€ (00, X0 W2, o),

If such messages are found, the decoder will output m; = (my., my,). This decoding
is relaxed because the above condition can be satisfied for some 1y, which is not

necessarily the correct mo. transmitted by Sender 2.

The use of the relaxed decoding strategy allows us to drop the following constraint:
RQC S I(WQ; Bl|W1X1), (527)

which corresponds to the message mo. being decoded last, given the side information

of my. and my,.

The relaxed decoding strategy does not generalize readily to the case where a quan-
tum decoding is to be performed [Senl2a]. For each message triple (my., mi,, ma.), we
could define the measurement { A, m, m.. }, Put how does one combine the measure-
ment operators { A, mi, o b» M2e € [2772¢] to form a “relaxed measurement”? Indeed,
the usual quantum measurements we use are ones that “ask specific questions” and
for which one outcome is more likely than the others. This allows us to use the gen-
tle operator lemma which tells us that the our measurement disturbs the system only

marginally.

Sen sidestepped the difficulty of asking a “vague” question by using two different
decoding strategies depending on which rates we want to achieve. Receiver 1 will

either decode my. or ignore it altogether. The set of achievable rates for Receiver 1
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(Rip, Ric, Roc) € IRZJ’r obtained by Sen is described as follows:

Ry < I(Wy; Bi| X)),
Ry, < I(Xy; Bi|[WiWs), Rye > I(Wsy; Bi|Xq),
Ri.+ Ry, < I(Xy; Bi|Wa), OR Ry, < I(X;:Bi|Wy),
Roc + Ry, < I(XqWa; By|[Wh), Ri.+ Ry, < I(Xy;B).
Ric+ Roc + Ry, < I(XaWo; By),

Note that the region is not convex. To achieve the rates on the left hand side, Sen
developed a novel three-sender simultaneous decoding measurement. The rates on the
right hand side correspond to a disinterested MAC problem, in which the message mso,
will not be decoded. After taking the intersection of the achievable rate regions for
Receiver 1 and Receiver 2 and applying the projection as in (5.25]), Sen obtained a

region which is equivalent to the quantum CMG rate region [Senl2al.

In the next section we will describe another route to prove the achievability of the
quantum CMG rate region. We will show that the use of three-sender simultaneous
decoding is not necessary. Each of the receivers will use one of three different decoding
strategies that only require two-sender simultaneous decoding and, in combination,

these decoding strategies achieve all the rates (Ry, Ra) € Roma (N, poma)-

5.5 Quantum CMG rate region via two-sender si-

multaneous decoding

In the original Han-Kobayashi paper [HK81] and the subsequent Chong-Motani-Garg
papers [CMGO06, (CMGEGO0S], the decoding strategy is to use the three-sender simulta-
neous decoder. This strategy allows for all possible interference cancellation scenarios.
An example of a specific decoding strategy would be to decode the interference mes-
sage My, simultaneously with m;. and then decode m,, last using the side information
from both common messages. We denote this (my., ma.) — myy|micma.. Another
example would be to decode m,, and my. simultaneously after having decoded m,
first: my. — (map|mie, maclmy.). Simultanecous decoding is a catchall strategy that
subsumes all of the above specific strategies. However, as we saw in Chapter [ the

existence of a simultaneous decoder for a general three-sender QMAC is still an open
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problem (Conjecture . It would therefore be desirable to find some specific quan-
tum decoding strategy (or a set of strategies like in [Senl2al]), which can be used to

achieve all the rates of the quantum CMG rate region.

In this section, we will extend the geometrical argument presented in [Sas08], to
do away with the need for the simultaneous decoding of three messages. We will show
that the quantum two-sender simultaneous decoder from Theorem is sufficient to

achieve the quantum Han-Kobayashi rate region.

Observe that in equation only the sum rate Ry, + Ry, is of importance for
Receiver 1. The relative values of R;. and R;, are not important — only their sum
(provided that all the inequalities (al)-(ad4) are satisfied). This fact implies that we
are allowed a certain freedom in the way we choose the rates of the codebooks for the

interference channel. We define this freedom more formally as follows:

Definition 5.4 (Rate moving operation). Let poya be the probability distribution
used to construct CMG codebooks. Let C and C’' be two codebooks with rates

C: (Rlp, R107 RQC, Rgp) (528)
C/ . (R1p+(51,Rlc - 51,RQC — (52,R2p+52), (529)

such that the rates of both codebooks satisfy all the inequalities (al)-(d1) and (a2)-(d2),
then they achieve the same rate pair (R, R2) € Reme(N, peve). Such a transforma-

tion of rate tuples is called a rate moving operation.

In words, we say that to achieve the rate pair (Ry, Ry) for the interference channel,
we are free to move the rate points so as to decrease the common rates and increase
the personal rates. Intuitively, such a transformation is interesting because decreasing
the common rates will make the decoding task easier overall, since both receivers have
to decode the common messages whereas only a single receiver needs to decode the

personal part. The idea for this rate moving operation is due to Eren Sasoglu [Sas08].

To show the achievability of the Chong-Motani-Garg rate region, Reng(N), it is
sufficient to show that we can achieve points on the boundary of the region, which
we will denote as ORcmg(N). In fact, it is sufficient to achieve points on the non-
vertical, non-horizontal boundary of the rate region which we will denote &' Rcma(N) C
ORcma(N). This region is illustrated in Figure (b). We refer to the facets that
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make up the O Renme(N) as the dominant facets of the CMG rate region in analogy

with the dominant facet of the multiple access channel capacity region.

We now state the main theorem of this section:

Theorem 5.5 (The dominant facets of the QCMG are achievable). Any rate
pair (R1,Ry) € O RemeN,pcuc) of the mnon-horizontal, non-vertical facets
of the CMG rate region is achievable for the quantum interference channel

(Xl X Xg : N(Jfl,l‘g) B1B2 HBl (024) HBQ).

= pasl,atg ?

As a corollary of the above theorem, we can say that the quantum Chong-Motani-
Garg rate region is achievable. Any point in the interior of the CMG rate region
Reme (N, peva), is dominated by some point on the non-vertical, non-horizontal dom-
inant facets of the boundary &"Reoma (N, pomc). Therefore, we can achieve all other

points of the rate region by resource wasting.

The Cheng-Motani-Garg rate region R .y The Chong-Motani-Carg rate region B oy

09 03
1K} 08
[ 0.7
06 0.6
0s 05
04 04
03 0.3
0.z 0.2

o1 01

o1 b L L ' ' ' L 0.1 b L L L L L L
-0.2 1} 02 04 0.6 08 1 -02 1} nz 04 06 [ik:} 1

Ry R

(a) The CMG achievable rate region. (b) The non-horizontal, non-vertical dominant
facets of the CMG rate region, 8’ Rcmg, which
are achievable by two-sender simultaneous de-
coding, are shown in bold.

Figure 5.7: The CMG achievable rate region for a given input distribution
p(q)p(wr, z1|q)p(ws, x2|q) in general has the shape of a heptagon. The region is bounded
by the two rate positivity conditions and each of the other facets corresponds to one of the
inequalities (CMG1)-(CMGY).

The proof of Theorem is somewhat long, so we have broken it up into several
lemmas. Below we give a brief sketch of the steps involved:

e In Section we will discuss the geometry of the achievable rate regions
Rinc WV, poric) and Ry (N, pone) for the two receivers. We state Lemmal5.2]
which identifies the relative placement of the inequalities (al)-(d1) by using the

97



5.5 Quantum CMG rate region via two-sender simultaneous decoding

properties of mutual information quantities I(ay) through I(d;).

e In Section [5.5.2] we will show that any rate pair (R, Rs) € 0Rcme can be
achieved using codebooks with rates that lie either on the (a) or (c) planes of
the MAC rate regions. To show this statement, we will prove Lemma [5.3| which
describes a procedure in which we use rate moving to transfer any rate point on

the (b) or (d) planes to an equivalent rate point on the (a) or (c) planes.

e In Section [5.5.3, we prove that the receivers can use two-sender quantum simul-
taneous decoding to achieve any rate on the planes (a) and (c). More precisely,
there are three possible decode orderings that may be used. Lemma shows
that the following three decoding strategies (shown for Receiver 1) are sufficient

to achieve the rates in the CMG rate region:
Case a: (mlc, m26> — mlp\mlcm%,
Case c: my. — (Mip|Mic, Maclmac),

Case ¢’: my. — myy|mye.

5.5.1 Geometry of the CMG rate region

For a general input distribution pcya, the CMG rate region Rema (N, pomc) and the
two MAC subproblem rate regions could take on different shapes depending on the
relative values of the mutual information quantities (ay), 1(b1), I(c1), I(dy), I(asg),
I(by), I(co) and I(ds).

In his paper [Sas08], Sasoglu develops a powerful intuition for dealing with the
polyhedra that describe their boundaries ORcna (N, pomc), ORevaNV, peve) and
RN, pomc). Define the two-dimensional facets ay, by, 1, d; which make up the
region boundary. Each facet is a subset of the plane in R? associated with the equality
condition of inequalities (al), (b1l), (c1) and (d1), which correspond to the rate con-
straints of Receiver 1. The boundary of the region Riya (N, pemc) can be written as
OREMe N, pome) = a1 U by U ey U dy.

We can visualize the three dimensional rate region Ry (N, penva) as in Figure

5.8 below.

This shape of the rate region is governed by the information-theoretic quantities
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Figure 5.8: The achievable rate region RchG (N, pcme) and its bounding facets aq, by, ¢,
and d;. Each surface is associated with the equality condition in one of the equations (al),

(b1), (c1) and (d1) from page
on the right hand side of equations (al) through (d1). The following relations establish
the geometry of the rate-region Ry (N, pema) which hold for any input distribution.

Lemma 5.2 (Geometry of Réye(N,pova)). The information-theoretic quantities
from equations (al), (b1), (c1) and (d1) satisfy the following inequalities:

Ha) < 1) <I(dy), (5.30)
I(a1) £ (1) < 1(dv), (5.31)
I(ay) + I(dy) < I(by) + I(cy). (5.32)

Geometrically I(a;) < I(by) indicates that the plane containing b; intersects the
plane containing a; in the positive octant. Similarly I(b;) < I(d;) indicates that
the plane containing d; intersects the plane containing by inside R3. Equation
dictates that the plane containing c; intersects the plane containing a; and that the
plane containing d; intersects the plane of ¢;. Finally, equation states that
I(ay) +1(dy) < I(by)+ I(c1), which means that the rate constraint on the sum 2R, +
Ri.+ Ry obtained by adding (al) and (d1) is tighter than the rate constraint obtained
by adding (b1) and (c1). If we define the sets A = {1p, 1¢} and B = {1p, 2¢} and p(X)
to be the information-theoretic quantities of the right hand side, then equation
has a super-modular polymatriod structure p(AN B) 4+ p(AU B) < p(A) + p(B). The
proof of Lemma [5.2] is given in Appendix [C.1]
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5.5.2 Sasoglu argument

Let the rate pair (Ry, Ry) € 0Roma (N, pema) be part of the non-horizontal, non-
vertical boundary of the two dimensional rate region Rema(N,pomg).  This rate
pair is associated (non-uniquely) to a pair of points P, = (Ry,, Ric, Ra.) and Py =

(Rap, Rac, Ri.) on the boundaries of the respective regions Riya (N, pema) and Réya (N, pema)-

Claim 5.6. If the two-dimensional rate pair (Ry, Rs) € & Rcoma (N, peme) is the pro-
jection of the points Py = (Ry,, Ric, Rac) and Py = (Ry,, Rac, Ri.) via the mapping in

Suppose that this were not the case — that is, we assume that at least one of
the points, P; is not on the boundary of its region Ry (N, pemc). Suppose, for a
contradiction, that P is in the interior of Réyo (N, pomc), then there must exist a ball
of achievable rates of size § around P;. This means that we would be able to increase
the private rate to R}, = Ry, + ¢ for some § > 0. The resulting point P} will be still
be achievable so long as we stay within the region Riyq(N, pemc). However, such a &
displacement leads to an increase the sum rate R; = Rj + R}, = Ry, +0+ Ric = R; + 9.
This contradicts our initial assumption that (R, Rs) € @ Roma (N, pomc). Therefore,
Claim must be true, and this means that it is sufficient to show how to achieve all
the rates on the boundary of the rate regions 8RiCMG(N, pomc) = a; Ub; Uc; U d;.

A priori, we have to consider all possible starting combinations of the points P; €
a; Ub;Uc;Ud;. However, using the rate moving operation (Definition [5.4]), we can move
any point in b; Ud; \ a; U¢; to an equivalent point in a; U ¢; as illustrated in Figure .

Lemma 5.3 (Moving points [Sas08|). Any point P; that lies on one of the planes
b;Ud; \ a;Uc; can be converted to a different point P! on one of the planes a;Uc;, while
leaving the sum rate (Ry, Ry) unchanged.

In order to be precise, we have to study the effects of the rate moving operation
on both points P, and P, simultaneously. This is because the same rates Ri. and Ro.
appear in the common coordinates of both P; and P,. The reasoning behind the proof

of Lemma [5.3]is reminiscent of the argument used to prove Claim [5.6] The details are
given in Appendix [C.2]

Lemma [5.3] is important because in the next section we will show how to achieve

the rates in the facets a; and ¢; using two-sender quantum simultaneous decoding.
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ch A

Figure 5.9: Moving points on the b; and d; facets to equivalent points on a; and c¢;.

This means that we can construct a decoder that achieves all the rates for the quan-
tum Chong-Motani-Garg rate region without the need for a three sender simultaneous

decoder from Conjecture 4.1}

5.5.3 Two-message simultaneous decoding is sufficient for the

rates of the facets ¢; and ¢;

In this section we show how to achieve the rates on the a; and ¢; facets using only

two-sender simultaneous decoding.

Lemma 5.4 (Two-simultaneous decoding for a and ¢ planes). Fiz an input distri-
bution peya € Peome and let the rate pair (Ri, Ry) € ORcuaN,peue) come from
the rate triples Pi = (Rip, Ric, Rac) € OREma N peme) and Py = (Rap, Rae, Ri.) €
OREmc N, pome) such that

(Pl,PQ) €ayUc X agUcs. (533)

Then the rate (Ry, Rs) is achievable for the QIC using two-sender quantum simultane-

ous decoding.

Proof. Our analysis is similar to [Sas08], but we are not going to use a rate-splitting

strategy.
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5.5 Quantum CMG rate region via two-sender simultaneous decoding

Achieving points in a: Consider a point P; € a;, which implies

(X1 Bi[WiWLQ) (5.34)

Ry, + Rlc < I(Xy; Bi|WhQ), (5.35)

Rip + Roe < 1(X,Wa; Bi|W1Q), (5.36)
Rip+ Ric + Roe < I (X1Wo; B1|Q) . (5.37)

We can subtract equation ([5.34) from the inequalities below it to obtain a new set

of inequalities

Ry, =1 (Xy; B1|W1W5Q) ( )
Rie < T (Wy; BiWaQ) = I (Xy; Bi[WaQ) — I (Xy; Bi[WiWQ), ( )

Roe < I (Wy; Bi[WhQ) = I (XaWa; Bi[WiQ) — I (Xy; Bi[W1iW2Q),  (5.40)
Riec + Roe < T (WiWy; Bi|Q) = I (X1 Wo; B1|Q) — I (X1; Bi[WiWLQ) . ( )

Looking at equations (5.39)-(5.41]) we see that the rates (Rj., Ra.) have the form
of a MAC rate region with inputs W7 ~ p(ws|q), Wa ~ p(ws|q) and output B;. We will
perform the decoding in the following order at Receiver 1: (W5, Wy) — X |W;Wa.

Consider the quantum channel
Wi, Wa = P s (5.42)

where pB1 ! w, 18 defined as the average output state assuming superposition encoding of

the random variables x; and x5 will be performed:

Pty = D> plar|wy)p(walws)pl . (5.43)

1 T2

The decoding strategy for Receiver 1 when the rates are on the facet a; correspond
to the use of the two-message simultaneous decoder (Theorem [4.2) on the channel
shown in ([5.42)).

After the common parts have been decoded, Receiver 1 will use a conditional HSW

decoder to decode the message encoded in X;.
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Achieving points in c: Consider a point P, € c¢;, which implies that the con-

straint on the R, + Ry, inequality is tight.

[(X1: BiWAWHQ), (5.44)

Ry, + Rlc < [ (X0 Bi[WsQ), (5.45)

Rup + R = I (X2 Wa: Bi|WAQ), (5.46)

Rip + Ric + Roe < 1 (XaWo; B1]Q) . (5.47)

If we subtract ((5.46)) from ([5.47)) we obtain the following equivalent set of inequalities.

I(Xy; Bi[WiWQ), (5.48)
Ry, + Rlc < I (Xy; B1|[W,2Q) , (5.49)
R1p+ch—](X1W2;B1|W1Q>> (5.50)
T (Wi Bi|Q) = I (XaWa; Bi|Q) — I (XaWa; Bi{WAQ)  (5.51)

The constraint on the sum rate Ry, + R, imposed by equation is less tight
than the sum rate constraint obtained by adding equations ((5.48)) and (| - therefore
we will drop equation - 5.49)) from the remainder of the argument. The accuracy of this

statement can be verified starting from I(Wy; Ws5|By) > 0 and rearranging the terms.
See Appendix for the details.

The decoding strategy depends on the position of the point P; lying within the ¢;

plane. We will treat two cases separately.

Case c: Suppose Ry, is such that:

If we subtract this lower bound on R;, from equation (5.50) we can obtain an
upper bound on Ry.. We also have an upper bound on Ry, from (5.48)) and a
bound on the sum rate R;, + Ry, from ([5.50). This gives us the following rate
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constraints:

I (X1; B [(WiWQ), (2-48)

RQC < 1<W2; B X,Q) = - (52, (5.53)

Ry, + Roe = 1 (X Wa; B1|WAQ) . (15.50))
I (W15 B1|Q) (5.54)

Sasoglu recognizes the rate constraints on (Ry,, Re.) in equations ,
and to correspond to the dominant facet of a MAC rate region for a channel
with inputs X7 ~ p(z1|wy, q), Wa ~ p(ws|q) and output (Wi, By). In other words
we have a special channel where W is available as side information for Sender 1
and Receiver 1. The decode order is given by: Wy — (X3 |W;, Wa|Wy).

To achieve rates on the plane ¢y, Receiver 1 will first use a standard HSW decoder
to decode the message mi. encoded in W; and then apply the simultaneous

decoding as stated in the following lemma:
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Lemma 5.5 (Conditional simultaneous decoding). Let {w{ (¢1)}s,eprria) be a codebook

generated according to [[" pw,, and let {x(mq|w? (1))} be a condi-

ma€[2"F18] 4 €[2nF1a]
tional codebook generated according to [1" px,jw,. Similarly for Sender 2, we define
codebooks {wy(l2)}r,epanraa) and another {xy(ma|wy (€2))},,, oo pyepnria]

according to [[" pw, and []" px,jw,. Suppose these codebooks are used on n copies of

generated

the quantum multiple access channel py, ,, resulting in the map:
(W1, XT, W3, X3) — powp xpwp- (5.55)

Consider the case where W' is known to the receiver, and X3 is considered as noise

(averaged over). This situation corresponds to the following map:

e — V(3 y .
where we defined Pxoiwpwp = Exp Pnwp xpiwyps O i terms of the channel outputs:

P};\W{I,W; = ® (ZszlVVz (x2|W2i)pX1i@2‘> . (5.57)

i=1 x9

An achievable rate region for the pair (Rig, Ras) is described by:

Ris < I(Xy; B]W)Ws), (5.58)
Roo < I(Wy; B X 1Wh) = I(Ws; Bl X4), (5.59)
Rllg + Rga S I<X1WQ; B|W1), (560)

where the mutual information quantities are with respect to the state:

6MINWEE = "p(wr, 1)p(wa) YoM © |21 o | © wwnlF @ o, (5.61)

w1,T1,W2

Proof. The proof is similar to the two-sender MAC simultaneous decoding from The-
orem [4.2] n

Case ¢’: Now suppose that Ry, < I(X7; B1|[W1Q), then the trivial successive decoding
strategy is sufficient. Receiver 1 will decode in the order W; — Xj.

The decoding for is done sequentially using HSW decoding. Receiver 1 decodes

the message m. first, followed by m,,. The decoding in this case is similar to
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5.6 Successive decoding strategies for interference channels

the successive decoding used in Theorem The interfering messages msy, and

Moy, are treated as noise.

]

Thus we see that the combination of Lemmal[5.2 Lemmal5.3] and Lemmal5.4] shows
that the quantum Chong-Motani-Garg rate region is achievable using only two-sender

simultaneous decoding.

5.6 Successive decoding strategies for interference

channels

We report on some results concerning achievable rate regions for the interference chan-

nel that use the successive decoding approach.

5.6.1 Time-sharing strategies

In Section[4.2]on the multiple access channel, we saw that a successive decoding strategy
can be used to achieve all the rates on the dominant vertices of the rate region. Recall
that for a fixed choice of encoding distribution p = px, (z1)px,(22), the two-sender
QMAC capacity region has the shape of a pentagon with two extreme points o, =
(I(X1; B),1(X2; B|X4)) and 8, = (I(X1; B|X2), I(Xs; B)), which correspond to the
rates achievable by successive decoding in two different orders. To achieve the rates
in the convex hull of these points, we can use time-sharing between different codes

achieving these rates.

Definition 5.5 (Time-sharing). Given two codebooks C; and C, with rates corre-
sponding to rate points «, and [, and a desired rate point P € conv(ay,, £,), we will
have

P =ta,+(1—1)B,. (5.62)

for some t € R, which we call the time-sharing parameter. We can achieve the rates of a
point P* &~ P if we use the rational time-sharing parameter t* ~ t, t* = % € Q and the
following strategy: during each N block-uses of the channel, use codebook C; during

M of them and during the remaining N — M uses of the channel, use codebook Cs.
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Chapter 5: Interference channels

The time-sharing strategy is not well-adapted for the interference channel. This
is because the rates of the corner points of the achievable rate regions for the two
receivers are not necessarily the same. The time-sharing strategy that works for one

of the receivers might not work for the other one.

It is however possible to use successive decoding strategies for an interference chan-
nel in the following way. We start by considering a strategy where both receivers are
asked to decode both messages, i.e., we are dealing with the compound multiple access
channel. Such a strategy defines an achievable rate region known as the “successive

decoding inner bound” for the interference channel (cf. page 6-7 of Ref. [EGK10]).

Consider all possible decode orderings that could be used by the two receivers:

1 Mo — My|ma, o : My,

1 : My — mq|ma, To : My — Ma|my, (5.63)
T - My, 7T2:m1—>m2|m1, .

T - My, T . Ma.

Using each of these, we can achieve rates arbitrarily close to the following points:

Py = (I1(Xy; B1|X2), min{I(Xs; By), 1(X2; Ba)}), (5.64)
Py = (min{I(Xy; B1|X5), [(X1; Bs)},

min{/(Xs; By), [(X2; B2| X1)}), (5.65)
Py = (min{I(X1; B1), 1(X1; Bs)}, I(Xo; B X1)), (5.66)
Py = (I(Xy; B1), I(Xa; By)). (5.67)

We can use time-sharing between these different codes for the interference channel to
obtain all other rates in conv(P;, P, P3, Py). This achievable rate region is illustrated
in the RHS of Figure [5.10]

5.6.2 Split codebook strategies

We can improve the successive decoding region described in Section if we use split
codebooks. Inspired by the Han-Kobayashi strategy we make the senders split their
messages into two parts: the messages of Sender 1 will be my, and m,., and the

messages of Sender 2 will be mg, and mgy.. As in the Han-Kobayashi strategy, the use
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R, & R, & |
rec. 1 rec. 1 |
|
rec. 2 :
|
. _
Ry
Simultaneous decoding Successive decoding

Figure 5.10: These plots show achievable rates regions for the interference channel for si-
multaneous decoding and successive decoding strategies with fixed input distributions. Using
a simultaneous decoding strategy, it is possible to achieve the intersection of the two regions
of the corresponding multiple access channels. Using a successive decoding strategy, we ob-
tain four achievable rate points that correspond to the possible decoding orders for the two
multiple access channels. The solid red and blue lines outline the different multiple access
channel achievable rate regions, and the shaded gray areas outline the achievable rate regions
for the two different decoding strategies.

of the split codebooks induces two three-sender multiple access channels. Receiver 1
is required to decode the set of messages m;,, mi. and mq. using successive decoding,

and there are six different decode orderings he can use.

Let the decoding ordering of Receiver 1 be represented by a permutation m; on the
set three elements {1p, 1c,2c}. For example, the successive decoding of the messages

in the order mo. — myc|mao. — My micma. will be denoted as the permutation m =
(2¢, 1c, 1p).

We can naturally use all 6 x 6 pairs of decoding orders to obtain a set of achievable
rate pairs.
Proposition 5.7. Consider the rate point P associated with the decode ordering

for Receiver 1 and 7y for Receiver 2:
P = (R win{ R, B2, min A, R} + R2)
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where the rate constraints for Receiver j satisfy

R < 1(Xn0): By), (5.68)

RYlo) < 1(Xny(23 Byl Xmy), (5.69)

RV, < { T(Xry 303 Bil Xy X)) 3 75(3) = je or m5(3) = jp (5.70)
! o0, otherwise

The rate pair P is achievable for the quantum interference channel, for all permutations

w1 of the set of indices (1p, 1¢, 2¢) and for all permutations 7o of the set (2p, 2¢, 1¢).

1.4 : : : : : : 4.5
— - - SD+Rs 4 7.7 SD#RS
1.2¢ R MACT 1 N\, Lo MACT
........ T . TiMAc2 3.5 : rm. = IMAC2
i — /
3
0.8 25
oN o
oc o
0.6 2
N 1.5
0.4 .. L L PP RP PP PPS
N 1
0.2 : 0.5
0 S 0 .
0 02 04 06 08 1 12 1.4 0 1 2 3 4 5
R R

Figure 5.11: These two figures plot rate pairs that the senders and receivers in a clas-
sical Gaussian interference channel can achieve using successive decoding and rate-splitting
(SD+RS). The figures compare these rates with those achievable by the Han-Kobayashi (HK)
coding strategy, while also plotting the regions corresponding to the two induced multiple
access channels to each receiver (MAC1 and MAC2). The LHS figure demonstrates that, for
a particular choice of signal to noise (SNR) and interference to noise (INR)[ETWO07] parame-
ters (SNR1 = 1.7, SNR2 = 2, INR1 = 3.4, INR2 = 4), successive decoding with rate-splitting
does not perform as well as the Han-Kobayashi strategy. The RHS figure demonstrates that,
for a different choice of parameters (SNR1 = 343, SNR2 = 296, INR1 = 5, INR2 = 5), the
two strategies perform equally well.

The rate region described by the convex hull of the points P is generally smaller
than the Han-Kobayashi region as illustrated in Figure [5.11} Note that the split-
codebook and successive decoding strategy works pretty well in the low interference
regime. An interesting open problem is whether we can achieve all rates of the Han-
Kobayashi region by splitting each sender’s message into more than two parts and

using only successive decoding.
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In particular, we want to know whether the capacity of the interference channel
with strong interference can be achieved using only successive decoding. Alternately,
it would be interesting to prove that successive decoding is not sufficient in order to
achieve all the capacity in the strong interference regime for any number of splits and

any possible decode order.

We know that the time-sharing, rate-splitting [Sas08] and generalized time-sharing
[YP11] strategies do not work for the interference channel, but is it possible to show a
negative result for all successive decoding strategies? This question is explored further
in [FS12].

5.7 Outer bound

We will close this chapter by giving a simple outer bound for the capacity of general

quantum interference channels analogous to the classical result by Sato [Sat77].

Theorem 5.8 (Quantum Sato outer bound[Sav10]). Consider the Sato region defined

as follows:

RsaoN) 2 | {(Ri, Ro) € R| Eqns (5.72)-(74) below },  (5.71)

pQ(@)p1(z1]9)p2(z2|q)

Ry < I(X1; B1|X2Q)s, (5.72)
Ry < I(Xy; By | X1Q)o, (5.73)
R1 +R2 S I(X1X2,31B2|Q)9 (574)

The entropic quantities are with respect to the state §2X1X2B1B2 =

> pe(@pi(@1|g)pa(w2lg) la)(a|? ® o) (@™ ® [wo) (22| ® i, (5.75)

4,1,22
Then the region Rsato(N) is an outer bound on the capacity region of the quantum
interference channel.

This proof follows from the observation that any code for the quantum interference
channel also gives codes for three quantum multiple access channel subproblems: one

for Receiver 1, another for Receiver 2, and a third for the two receivers considered
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together. We obtain the outer bound in Theorem [5.§| by using the outer bound on the

quantum multiple access channel rates from Theorem for each of these channels.

5.8 Discussion

In this chapter we saw how the coding techniques and theorems which we obtained
in Chapter |4 can be applied to prove coding theorems for the quantum interference

channel.

The key takeaway is that interference is not noise, and that it can be advan-
tageous to the receivers to decode messages in which they are not interested. For
Receiver 1, knowing the other user’s transmissions allows him to increase the rate at
which he can decodel going from I(X;; By) = H(B1) — H(B1|X;) to the improved rate
of I(Xy; B1|Xs) = H(B:|X2) — H(B1| X1X2).

Because some of our results concerned special cases of the interference channel
problem, it is worthwhile to review our overall progress towards the characterization of
the capacity region of the general quantum interference channel Cic(N). For general

interference channels we have:

Rsucc(N) Q Rmm(N) ,C‘_ R;IK (N> = RCMG (N) g CIC (N) g RSato(N)-

In the special case of the interference channel with very strong interference, the
rate region achievable by successive decoding achieves the capacity Ryuec(N) = Cio(N).
In the special case of strong interference, the rate region achievable by simultaneous
decoding is optimal Rgm(N) = Cic(N).

An interesting research question would be to investigate whether splitting the
messages into more than two parts, that is, turning the two-user IC into a multiple-
input multiple-output (MIMO) IC, can improve on the rates that are achievable using

the Han-Kobayashi strategy.

In this chapter, we used the superposition coding technique to construct the code-
books for the CMG coding strategy. We will use this technique again in the next

chapter in the context of the quantum broadcast channel.
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Chapter 6

Broadcast channels

How can a broadcast station communicate separate messages to two receivers using a
single antenna? The two message streams must somehow be “mixed” during the encod-
ing process so that the transmitted codewords will contain the information intended
for both receivers. In this chapter we apply two codebook construction ideas from
the chapter on interference channels to build codebooks for the quantum broadcast

channel.

The Chong-Motani-Garg construction used superposition encoding to encode a
“personal” message (satellite codeword) on top of a “common” message (cloud center).
In Section we will use the superposition coding technique to encode a “personal”
message for one of the receivers on top of a “common” message for both receivers. Such
a choice of encoding is well suited for broadcast channels where one of the receivers’
signals is stronger than the other. We can pick the rate of the common message so as to
be decodable by the receiver with the weaker reception, and use the left-over capacity
to the better receiver to transmit a personal message for him. The superposition coding

technique was originally developed in this context [Cov72].

Another approach to constructing the mixing of the information streams is to use
two separate codebooks and an arbitrary mixing function that combines them as in the
Han-Kobayashi coding strategy. The Marton coding scheme presented in Section

uses this approach.
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6.1 Introduction

The general broadcast communication scenario with two receivers involves the trans-
mission of up to three separate information streams. To illustrate the communication
problem, consider the situation described in Figure [6.1] where the television station

wants to transmit multiple streams of television programming to two separate receivers.

Figure 6.1: The broadcast channel. The sender wishes to transmit three separate informa-
tion streams: an English language TV station for Receiver 1, a French language TV station
for Receiver 2 and a weather TV station which is of interest to both receivers.

Suppose that in each block, the antenna has to transmit a common message m €
[1 : 2"%] intended for both receivers and personal messages m; € [1 : 2] and my €
[1:272] each intended for one of the receivers. The task is therefore described by the

following resource transformation:
1—e
. NXovYe 059 nRi-lc—c'l + nR-[c— ' + nRy-[c— ).
What are the achievable rate triples (Ry, R, Ry) for this communication task?

Note that the everyday usage of the word broadcast presumes that only a common
message is to be transmitted to all receivers. If only a common message is to be
transmitted, that is, we are looking for rates of the form (0, R, 0), the broadcast channel
problem reduces to the compound point-to-point channel problem and the capacity is
given by the minimum of the rates achievable for the receivers. In order to make the
problem interesting from the information theory perspective, we have to consider the

case where at least one personal message is to be transmitted.
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6.1.1 Previous work

A wide body of research exists in classical information theory on the study of broadcast
channels. An excellent review of this research is presented in [Cov98]. The broadcast
channel is also covered in textbooks [CT91, [EGKTI, [EGKIQ]. In the classical case, two
of the best known strategies for transmitting information over broadcast channels are
superposition coding [Cov72, Ber73, [KMT77] and Marton over-binning using correlated
auxiliary random variables [Mar79]. Sections and of this chapter are dedicated

to the generalization of these coding strategies to classical-quantum broadcast channels.

6.1.2 Quantum broadcast channels

Previous work on quantum broadcast channels includes [YHDI11l IGSE07, [DHLI0].
In [YHDI1], the authors consider both classical and quantum communication over
quantum broadcast channels and prove a superposition coding inner bound similar to
our Theorem [6.1I] There has also been research on quantum broadcast channels in two
other settings: quantum-quantum channels [DHL10] and bosonic broadcast channels
[GSEQ7]. The Marton rate region for the quantum-quantum broadcast channel was
developed in [DHLI0]. The authors use decoupling techniques [ADHWQ9, [AHSOS],
Dupl0] in order to show the Marton achievable rate region with no common message

for quantum communication(|

We define a classical-quantum-quantum broadcast chan-

nel as the triple:
' 4 Rl

(X, N (z) = pt 72, 72, (6.1) 1y

where z is a classical letter in an alphabet X and pP152 is : Rx2

a density operator on the tensor product Hilbert space for .
Figure 6.2: A quantum

B1 By

systems By and By. The model is such that when the sender ... dcast channel P

inputs a classical letter z, Receiver 1 obtains system B;, and

Receiver 2 obtains system Bs. Since Receiver 1 does not have access to the By part

B1 B> B1 B>

of the state pP152 we model his state as p51 = TrBQ[px }, where Trp, denotes the

! Note that the well known no cloning theorem of quantum information precludes the possibility of
a quantum common message: [¢ — ¢*¢%], where the quantum information of some system controlled
by the sender is faithfully transferred to two receivers. See [YHDII] for more comments on this issue.
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partial trace over Receiver 2’s system.

6.1.3 Information processing task

The task of communication over a broadcast channel is to use n independent instances
of the channel in order to communicate classical information to Receiver 1 at a rate Ry,
to Receiver 2 at a rate Ry, and to both receivers at a rate R. More specifically, the
sender chooses a triple of messages (mi,m,ms) € [1 : 2M4] x [1 : 27%] x [1 : 2nf%],
and encodes these messages into an n-symbol codeword x"(my, m, my) € X" suitable

as input for the n channel uses.

The output of the channel is a quantum state of the form:

N (@ (my,m,ma)) = poi 22 € D(HPIPE), (6.2)

™ (m1,m,mz)

n

BB
where ppi 2 = pPiuba @ ... @ pHinBen To decode the common message m and the

message m; intended specifically for him, Receiver 1 performs a POVM {A,,,, n}, m1 €

[1,...,|My]], m € [1,...,|M]], on the system B}, the output of which we denote
(M7, M’"). Receiver 2 similarly performs a POVM {I';,, ., }, m2 € {1,...,|[Ma]}, m €
[1,...,|M]|] on the system BY, and his outcome is denoted (M", MY).

An error occurs whenever either of the receivers decodes one of the messages in-
correctly. The probability of error for a particular message triple (my, m,ms) is

Pe(mi,m,my) = Tr{([ — Ay @ Doy pB{lBg } ’

™ (m1,m,mz)

where the measurement operator (I — Ay, m ® T, ) represents the complement of
the correct decoding outcome.

Definition 6.1. An (n, Ry, R, R, €) classical-quantum broadcast channel code consists
of a codebook {z"(my,m,mo)}, my € My, m € M, my € My and two decoding
POVMs {Amlvm}m1€/\/l1,m€

of error p, is bounded from above as

v A {T s b g maepn, SUCh that the average probability

1
De = e y 1L, <e 6.3
De |M1||M||M2| Z p<m1 mm?) € ( )

mi,m,ma

We say that a rate pair (R, R, Ry) is achievable if there exists an (n, Ry — 0, R — 0, Ry — 0, €)
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quantum broadcast channel code for all €, > 0 and sufficiently large n.

A broadcast channel code with no common message is a special case of the above
communication task where the rate of the common message is set to zero: (n, Ry, 0, Ry, €).
Alternately, we could choose not to send a personal message for Receiver 2 and ob-
tain codes of the form (n, Ry, R, 0, ¢€), which is known as the broadcast channel with a
degraded message set [KMT7].

6.1.4 Chapter overview

In this chapter, we derive two achievable rate regions for classical-quantum broad-
cast channels by exploiting the error analysis techniques developed in the context

of quantum multiple access channels (Chapter {4]) and quantum interference channels

(Chapter [5)).

In Section we establish the achievability of the rates in the superposition
coding rate region (Theorem . We use a quantum simultaneous decoder at one
of the receivers. Yard et al. independently proved the quantum superposition coding
inner bound [YHDI11], but our proof is arguably simpler and more in the spirit of its

classical analogue [EGKI10].

In Section we prove that the quantum Marton rate region with no common
message is achievable (Theorem . The Marton coding scheme is based on the
idea of over-binning and using correlated auxiliary random variables [Mar79]. The
sub-channels to each receiver are essentially point-to-point, but it turns out that the
projector trick technique seems to be necessary in our proof. The Marton coding
scheme gives the best known achievable rate region for the classical-quantum broadcast

channel.

6.2 Superposition coding inner bound

One possible strategy for the broadcast channel is to send a message at a rate that is
low enough that both receivers are able to decode. Furthermore, if we assume that
Receiver 1 has a better reception signal, then the sender can encode a further message

superimposed on top of the common message that Receiver 1 will be able to decode
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given the common message. The sender encodes the common message at rate R using a
codebook generated from a probability distribution py (w) and the additional message
for Receiver 1 at rate R; using a conditional codebook with distribution pxw (x|w).

This is known as the superposition coding strategy [Cov72l Ber73].

Theorem 6.1 (Superposition coding inner bound). Let W be an auziliary ran-
dom wariable, let p = pxyw(z|w)pw(w) be an arbitrary code distribution and let
(X, pBrB2 HB1B2) be g classical-quantum broadcast channel. The superposition coding

rate region Rsc(N,p) consists of all rate pairs (Ry, R) such that:

Ry < I(X; B1|W ), (6.4)
R < I(W; By)e, (6.5)
Ri+R< [(X;Bl)g, (6.6)

is achievable for the quantum broadcast channel. The information quantities are with

respect to a state 0 XB1B2 of the form:
pr w)pxyw (@|w) [w)w]" @ lzXz|¥ ® py*P2. (6.7)

The superposition coding strategy allows us to construct codes for the broadcast
channel of the form (n, Ry, R, 0, €), which have no personal message for Receiver 2. The

task is therefore described as follows:
n-NX-BB 159 o p [c =] + nR-[c— ', (6.8)

where [c — c!'¢?] denotes the noiseless transmission of one bit to both receivers.

Proof. The new idea in the proof is to exploit superposition coding and a quantum
simultaneous decoder for the decoding of the first receiver [Cov72l, Ber73] instead of
the quantum successive decoding used in [YHDI11]. We use a standard HSW decoder
for the second receiver [Hol98| ISWIT].

Codebook generation. We randomly and independently generate 2% sequences

w™(m) according to the product distribution [] pw(w;). For each sequence w"(m),
i=1

we then randomly and conditionally independently generate 2" sequences z™(m;, m)

according to the product distribution: [] pxjw (zs|w;(m)).
i=1
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POVM Construction for Receiver 1. We now describe the POVM that Receiver 1
employs in order to decode the transmitted messages. First consider the state we

obtain from (6.7) by tracing over the B system:
PV =N pw(w) pxgw (wlw) [w)(w]” @ [z) (x| @ p.

Consider the following two averaged states:
w" BT _ N\ B —[F BY
Ot = prnwn ) ot = Q) | D pxqw (@lwi) pP | = Excnpun { pxh |
=1 T
7“L n BY B»
= 3 oo 1) 28 = @ S twnteto ) = ().

Wn, ,&™

We now introduce the following shorthand notation to denote the conditionally typical

projectors with respect to the output state pii( and the two averaged states

mi,m)

defined above:

BY
pX"(ml,m)767

HXn(mlvm) = O’Wn(m>7(57

Receiver 1 will decode using a POVM {A,,, ., } defined as the square root measurement:

m1 m = (Z Pkl, )
k1,k

based on the following positive operators:

m\»—‘
I\D\»—‘

P m (Z Py, & ) : (6.9)

kl?

thm = H HWn(m) HX"(ml,m) HWn(m) H (610)

Note the projector sandwich structure with the more specific projectors on the
inside. We have seen this previously in the construction of the simultaneous decoder

POVM for the quantum multiple access channel.

POVM Construction for Receiver 2. Consider now the state in equation (6.7)

from the point of view of Receiver 2. If we trace over the X and B systems, we obtain
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the following state:

B =3y () ) (] @ 02,
where 022 = 3" pxw (z|w) p52. Define also the state

p_ZpW w)pxw(z|w) pP2. (6.11)

The second receiver uses a standard square root measurement:

w= ()

based on the following positive operators:

NI
NI

P, (z pk) , (6.12)

PmBg = HBz 1532 & (6.13)

TWn(m),0 ~ P06

where the above projectors are typical projectors defined with respect to the states

aﬁi (my and pem.

Error analysis for Receiver 1. We now analyze the expectation of the average error

probability for the first receiver with the POVM defined in :

1 n )
X”FEV" {M1M2 Z Ir { (I Fil m) pf}”(ml’m)}}

| 1

mi,m

Due to the above exchange between the expectation and the average and the symmetry
of the code construction (each codeword is selected randomly and independently), it
suffices to analyze the expectation of the average error probability for the first message
pair (m; = 1,m = 1), i.e., the last line above is equal to [ ynyn {Tr { <[ — Ff{f) ,Of;l(l,l)}} :
Using the Hayashi-Nagaoka operator inequality (Lemma on page , we obtain
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the following upper bound on this term:

BY B B
e {o[(1-13) o] } < 2 L. {0 {7 - PR}

+4 3 E{T{ P PRn)) (614)

(m1 m)#(l 1)

We begin by bounding the term in the first line above. Consider the following
chain of inequalities:

Xn[wn{Tr R} ) = E {0 {1 T oy Tonery %20}

X[wn

> {Tr {Hxn(u) pf?n(l,l)}}

Xwr

_ {prnn Han(llnHl}
- Edlx

21_6_4\/E7

J

B
— Iywna1y e 1y Himq)

where the first inequality follows from the inequality
Tr{Ap} <Tr{Ac} +p -0, (6.15)

which holds for all p, o, and A such that 0 < p, 0, A < I. The second inequality follows
from the gentle operator lemma for ensembles (see Lemma and the properties of
typical projectors for sufficiently large n.

We now focus on bounding the second term of ((6.14)). We can expand this term
as follows:

B1
> AT {Pumelion b}

(m1,m)#(11)

B1
=Y E AT P R} (ED)
mi1#1
+ZXan {Tr{ A an(1 1)}}. (E2)

We will now compute the expectation of the first the term, (E1), with respect to
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the code randomness:

EAED) =30 £ TP R}

mi1#£1

= Z Xn[%[/n Tr {H HW"(I) HX"(ml,l) HW”(l) 1I pil’l(hl)}
mi#l
< 2n[H(Bl|WX)+5} Z E

XU
mi1#£1

= 2n[H(Bl|WX)+5] Z VQI,-«:n {TI‘[HWn(l) XH[E{/" {pX"(le)} HWn(l)

mi1#£1
I E {pf}h(m)}ﬂ]}

XMW

{Tr [H Ly pxcn ma 1) Him() 1 p?"(lvl)]}

— on[H(B1|WX)+3] Zv[vEn{Tr {H Hyynryown 1y Hyny 11 UW"(I)}}
my#1

S 2n[H(Bl|WX)+§} 27n[H(Bl|W)75] Z [E{Tl" {H HW”(I) H UW”(I)}}
Wn
my#1

< onlH(B1|WX)+3] 9—n[H(B1|W)—] .
< > E{Tr{ow-)}}
mi1#1
S 2—n[I(X;Bl|W)—25] |M1|7
The first inequality is due to the projector trick inequality which states that:
HX”(ml,l) < gnlH(B1|W X)+4] piln(ml,l)’ (616)
The second inequality follows from the properties of typical projectors:

Ty o (1) Ty < 27 B0 (6.17)

We now consider the expectation of the second term (E2) with respect to the

random choice of codebook.

Xnu‘;m {(E2)} = ; an‘Ew{Tr {thm p?"(l,l)}}

= E {Tr [HHW"(m)HX"(ml,m)HW"(m)H pf}”(l,l)] }
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= Z Tr { {HW”(m) HX"(ml,m) HW"(m)}
m;él
I { o }H
XEW Pxn(1,1) }

<2—n[H(Bl)_5] T 1] an n(m mH (m 1T
< ;YW%WHXU)W“}
m#1
n[H(B1)—6
— 9—n[H(B1)- ]ZXanTr HXn(m1 m)HWn(m)HHWn( )}
m;ﬁl

< o nlH(B1)-4] Z an‘Ew{Tr{HX”(mhm)}}

m#1, my

< 9—n[H(B1)=6] on[H(B1|[WX)+4] |M1||M2|
= 9 (WXB)=23] | A g 1| M|
— 9—nlI(X;B1)—2d] | M || M.

The equality [(WX; By) = [(X; B;) follows from the way the codebook is constructed
(the quantum Markov chain W — X — B). This completes the error analysis for the

first receiver.

Error analysis for Receiver 2. The proof for the second receiver is analogous to
the point-to-point HSW theorem. The following bound holds for the expectation of

the average error probability for the second receiver if n is sufficiently large:

s {maT e )]
:VQ'}%{|/\112| ZTr{(J—Agé‘)Xn[%W {pf}i(mhm)}}}
{IMIZTY{] M) o <m>}}

<2 (e 4+ 2/6) + 4 [2mIOVBD-2] | g,

Putting everything together, the joint POVM performed by both receivers is of
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6.3 Marton coding scheme

the form: ng,m ® Ai?, and the expectation of the average error probability for both

receivers is bounded from above as

1 n n BnrBn
oo 2 (=T e AR PR
o T 2 U Fl @ 808 2

1,m

1 o
< o 2o T = TE L) o )
N Xn[gvn { | My |[M;] 7;7” ' ( ’”1””) Pxn(ma,m) }

| ;B
e S0 )

1,m

<de+12y/e+4 [27HIVRIZ2L Ay ]
4 [27rHEGBIW=23] | Ag, | 4 g =nlT(XSB)=201 | \q | M|

where the first inequality uses the operator union bound from Lemma [5.1}

[PEPE B @ ADE < (IP1PE —TD @ IP8) + (1P — [P @ ADY) .
Thus, as long as the sender chooses the message sizes |M;| and | M| such that |[M;| <
(X5 BLW)=30] | M, | < 2nlI(W3B2)=33] " and | M || M| < 27 X5BU=3] " then there exists
a particular code with asymptotically vanishing average error probability in the large

n limit. OJ

Taking the union over all possible choices of input distribution py x (w, z) gives us

the superposition coding inner bound: Rsc(N) = U, Rsc(NV, pwx).

6.3 Marton coding scheme

We now prove that the Marton inner bound is achievable for quantum broadcast chan-
nels. The Marton scheme depends on auxiliary random variables U; and Us, binning,

and the properties of stronglyE] typical sequences and projectors.

2 The notion of strong typicality or frequency typicality differs from the entropy typicality we have
used until now. See [Willll Section 14.2.3].
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Chapter 6: Broadcast channels

Theorem 6.2 (Marton inner bound). Let {pP152} be a classical-quantum broadcast
channel and let x = f(uy,us) be a deterministic function. The following rate region is

achievable:

IA

Rl [(Ul; Bl)g,
R2 ~ [(Ug, Bg)g, (618)
Ri+ Ry < I(Uy;Bi)g+ I(Uz; Bo)o — I(Uy; Ua)g,

A\

where the information quantities are with respect to the state:

gLt — ZP(Uh w) g ua |t @ Jug)uo|™? @ Pf(ffug)-
uy,u2
The coding scheme in Theorem is a broadcast channel code with no common

message: (n, Ry,0, Ry, €). The information processing task is described by:
- NXoBB: 129 nRy-[c—c'l + nRy-[c— . (6.19)

Proof. Consider the classical-quantum broadcast channel {N(x) = pZ152} and a de-
terministic mixing function: f :U; xUs — X. Using the mixing function as a pre-coder
to the broadcast channel N, we obtain a channel N defined as:

N (ur, ug) = P]]?(lu%w) = Pfff;- (6.20)

Codebook construction. Define two auxiliary indices ¢, € [1 : Ly], Ly = 2r(U1:51)=d]
and fy € [1: Ly), Ly = 2"1I(U2:B2)=9] " For each ¢, generate an i.i.d. random sequence
uf (1) according to pys(uy). Similarly we choose L, random i.i.d. sequences uy({s)
according to pyz(uj). Partition the sequences u}(f1) into 2" different bins B, .

Similarly, partition the sequences uf(fy) into 2"%2 bins C,,,. For each message pair

n

DU U 57 such

(m1,ms), the sender selects a sequence (uf(¢1),us(¢)) € (Bm, X Crny)
that each sequence is taken from the appropriate bin and the sender demands that they
are strongly jointly typical and otherwise declares failure. The codebook z"(m;, ms)
is deterministically constructed from (u?(ﬁl),ug(fg)) by applying the function z; =

f(uu, U2i)-

Transmission. Let (¢1, {5) denote the pair of indices of the joint sequence (uf(¢1), u(ls))

which was chosen as the codeword for message (mj, ms). Expressed in terms of these
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6.3 Marton coding scheme

indices the output of the channel is

BIBY BB
Puy (41 ug (£2) Qb'of(luu2 01)uzi (b)) = Plite (6.21)

i€[n]

Define the following average states for Receiver 1:

= ZpU2|U1 (UQ‘ul)pfll,ugv p= Zp(ul)wuBll' (622>

u2

Decoding. The detection POVM for Receiver 1, {A¢}, ¢y 1, 18 constructed by
using the square-root measurement as in (3.12]) based on the following combination of

strongly typical projectors:

21 = Hgﬁ Huab(gl) HCL (623)

p,o°
The outcome of the measurement will be denoted Lj. The projectors Il () and I17 5
are defined with respect to the states wyr () and p®" given in (6.22)). Note that we use
strongly typical projectors in this case as defined in [Willll Section 14.2.3]. Knowing
{1 and the binning scheme, Receiver 1 can deduce the message m; from the bin index.

Receiver 2 uses a similar decoding strategy to obtain ¢ and infer ms.
Error analysis. An error occurs if one (or more) of the following events occurs.

(E0): An encoding error occurs whenever there is no jointly typical sequence in B,,, X

Chn, for some message pair (mq, ms).
(E1): A decoding error occurs at Receiver 1 if L] # ¢;.
(E2): A decoding error occurs at Receiver 2 if L, # (5.

The probability of an encoding error (E0) is bounded like in the classical Mar-
ton scheme [Mar79, [EGK10, [Cov98]. To see this, we use Cover’s counting argument
[Cov98]. The probability that two random sequences uf, uj chosen according to

27nI(U1;U2)

the marginals are jointly typical is and since there are 2"/UBU-F1] anq

onll(U2:B2)=Fa] sequences in each bin, the expected number of jointly typical sequences

that can be constructed from each combination of bins is

2n[I(U1;B1)—R1]2n[I(U2;B2)—R2]2—nI(U1;U2) ) (624)
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Chapter 6: Broadcast channels

Thus, if we choose Ry + Ry + 0 < I(Uy; By) + 1(Us; By) — I(Uy; Us), then the expected

number of strongly jointly typical sequences in B,,, x C,,, is much larger than one.

To bound the probability of error event (E1), we use the Hayashi-Nagaoka operator
inequality (Lemma [3.1)):

1
Pl“(El) = L_l E Tr [(I - Afl)pfl,fz]
£y

1
< L. Z (Q?T[(] — I s L o) I ) pes

1 g

! (T1)

4y T[T 5T o) 112 50, 0] )
f’ﬁéfl

(T2)

Consider the following lemma [Willll Property 14.2.7].

Lemma 6.1. When u}(¢1) and ub(ly) are strongly jointly typical, the state pe, s, is
well supported by both the averaged and conditionally typical projector in the sense
that: Tr[Hg#; pghb} >1—¢, Vl,0l, and Tr[l_[u?(gl) pgl’gz} >1—¢, Vi,

To bound the first term (T1), we use the following argument:

1— (T1) = Tr [} sMyn oy 112 5 pey e, ]

Tr [Hu?(ﬁl) Hg,(ipﬁhbng,(ﬂ

Tr [Hu?(fl) pf1,€2} - HHg,(SpﬁthHg,é - pf1,€2”1
(1

—€) — 24/€, (6.25)

vl

v

where the inequalities follow from (6.15) and Lemma [6.1] This use of Lemma
demonstrates why the Marton coding scheme selects the sequences u}(¢1) and uf(¢3)

such that they are strongly jointly typical.

To bound the second term, we begin by applying a variant of the projector trick
from (6.16]). For what follows, note that the expectation Ey, y, over the random code
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is with respect to the product distribution pyr (u})puy (us):

EA{(T2)} = E D T[I0TuneIs o)

U1,U2 U1,U2 0,

U1,U2
0 #0
We continue the proof using averaging over the choice of codebook and the properties

of typical projectors:

— onlH(B:1|U1)+] E E Ty {HZ(S [E{Wé’l} Hgé [E{:Oﬁ,fz}}
U2 (2 Uy Uy
1

__ on[H(B1|U1)+6 n = 1IN
— on[H(B1i|U1 ][% Z Tr {Hﬁ’é p 1175 [E{Ph,éz}]

¢ 7
< 2n[H(B1|U1)+6]2—n[H(B1)—6] Tr 117
- U1H::U2 Z r|: PO pf1,£2}
< Uy B 3

Ut i

S ‘£1| 2—n[I(U1;B1)—25}'

Therefore, if we choose 2% = | £, < 2nI(U1:B1)=3] " the probability of error will go to
zero in the asymptotic limit of many channel uses. The analysis of the event (E2) is

similar. O

6.4 Discussion

We established two achievable rate regions for the classical-quantum broadcast channel.

In each case a fundamentally different coding strategy was used.

The superposition coding strategy is a very powerful coding technique for encod-
ing two “layers” of messages in the same codeword. Recall that the codebooks in
the Chong-Motani-Garg coding strategy were also constructed using the superposition
coding technique. In the next chapter, we will use this technique to build codes for the

relay channel.
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Chapter 6: Broadcast channels

The binning strategy used in the Marton scheme is also applicable more widely.
It can be used every time two uncorrelated messages must be encoded into a single
codeword. From the point of view of Receiver 1, the messages intended for Receiver 2
are seen as random noise. By using the correlated variables (Uy, Us) ~ p(uy, us) to con-
struct the codebooks we can obtain better rates than would be possible if independent
codebooks were used. This is because the “noise” codewords are now correlated with

the messages for Receiver 1 and thus helping him with the communication task.

Note that the above two techniques can be combined to give the quantum Marton

coding scheme with a common message [Tak12].
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Chapter 7

Relay channels

Suppose that a source wishes to communicate with a remote destination and that a
relay station is available which can decode the messages transmitted by the source
during one time slot and forward them to the destination during the next time slot.
With the relay’s help, the source and the destination can improve communication rates
because the destination can decode the intended messages in parallel from the channel
outputs during two consecutive time slots. In this way, useful information is received

both from the source and the relay.

The discrete memoryless relay channel is a probabilistic

model for a communication scenario with a source, a destina- R
tion and a cooperative relay station. The channel is modelled @b
as a two-input two-output conditional probability distribution 4 g

7.
p(yl,y|x,x1), ( 1) S é @D

where z is the input of the source, y; and x; are the received Figure 7.1: The classi-
symbol and transmitted symbol of the relay, and y is the out- ¢al relay channel.

put at the destination. This relay channel model is very gen-

eral and contains many of the other ideas presented in this thesis. The transmission
of the source towards the relay and the destination is a kind of broadcast channel,
whereas the decoding at the destination is an instance of the multiple access channel.
These correspondences can inform our choice of coding strategies, but in order to take
full advantage of the communication network we must build a relay channel code which

alms to achieve the best overall rate from the source to the destination.
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7.1 Introduction

In this chapter, we will review some of the coding strategies for the classical relay
channel and then show that the partial decode-and-forward strategy can be applied
to the classical-quantum relay channel. Note that we depart from the usual naming
conventions for senders and receivers. We do so because both the source and the relay

act as senders in our scenario, so more specific identifiers are necessary.

7.1 Introduction

Consider two villages located in a valley that wish to establish a communication link
between them using a direct link and also with the help of a radio tower on a nearby
mountain peak. We can setup a relay station on the tower, which decodes the messages
from the source village and retransmits them towards the destination village. Assuming
the villagers only have access to point-to-point communication technologies, they now
have two obvious options. Either they send information on the direct transmission
link, or they use full relaying, where all their communication happens via the tower.
In the first case, the tower is not used at all and in the second case the direct link is

not used at all.

It is worthwhile to examine the exact timing associated with the information flow
in the latter scenario, since it is the first appearance of a multi-hop communication
protocol. Let us assume that the source wants to send the string “constitution” to
the destination. Assume that we use codewords of size n, and that each character is

encoded in a separate codeword. The source and the relay have transmit codebooks

{(X¢(a)}, {X(a)}, a € ASCIT.

The direct transmission strategy will make 12n uses of the channel. The trans-
missions of the source will be [X(c), X”(0), X"(n),..., X"(n)] in each block. The
relay will transmit a fixed codeword during this time. The destination will simply
use a point-to-point decoder to extract the messages. The rate achievable using this
strategy is given by:

R < sup I(X;Y|X; =x1). (7.2)
p(z),z1

The full relaying strategy will use the channel 13n times, where the need for an
extra block of transmission is introduced by the decoding delay at the relay. During the
13 blocks, the transmissions of the source will be [X?(c), X”(0), X™(n),..., X™(n), 0],
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Chapter 7: Relay channels

whereas the transmissions of the relay are one block behind: [0, X(c), X" (o), ...,
X" (0), X(n)]. The source simply has no more messages to send during block 13,
whereas the relay has no information to forward during the first block, so both parties
will stay silent during these different times. The rates that are achievable by this
approach are:

R< sup min{l(X;Y), [(X;Y1]X1)}. (7.3)

p(z),p(z1)
This corresponds to the minimum of the point-to-point capacities of the two legs of
the transmission. Note that the second mutual information term is conditional on X7,

since the relay knows its own transmit signal.

Surely a better strategy must exist than the ones described above. How can we

use both the direct link and the relayed link at the same time?

7.1.1 Classical relay channel coding strategies

Two important families of coding strategies exist for relay channels: compress and
forward and decode and forward |[CEGT79, EGKI10].

In compress-and-forward strategies, the relay does not try to decode the message
from his received signal Y;", but simply searches for a close sequence 371” chosen from
a predetermined compression codebook. To continue the example from the previous
section, suppose that the relay’s decoding simply tries to determine whether the trans-
mitted message is a vowel or a consonant. This partial information about the message
is then forwarded to the destination during the next block, encoded into a codeword
x}(s), s € {consonant,vowel} to serve as side-information for the decoding at the

destination.

Compress and forward strategies are appropriate in situations where the direct link
between the source and the destination is stronger than the link from the source to
the relay. In such a situation it would be disadvantageous to require that the messages
from the source be fully decoded by the relay. Still, if the relay decodes something
and forwards this information to the destination, better rates are achievable than if we

simply chose to not use the relay as in the direct coding approach [EGK10].

In a decode-and-forward strategy, each of the transmitted messages is decoded by

the relay and retransmitted during the next block. Using this strategy, the destination
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can decode useful information both from the source and the relay. In this way we could

achieve the maximum possible throughput to the destination I(X, X1;Y).

There are at least three decoding strategies that can be used by the destination:
backwards decoding, sequential decoding with binning at the relay, or collective decod-
ing of consecutive output blocks of the channel (joint decoding). All three decoding

techniques for the decode-and-forward strategy achieve the same rate:

R < max min{ I(X, X;;Y),

p(z,z1)

I(X; Y3 X)) (7.4)

We will focus on the collective decoding strategy.

To illustrate the collective decoding strategy let us consider again the situation in
which the source village is transmitting the string “constitution” to the destination
village. The transmission will take 13 block-uses of the channel. Figure illustrates
the flow of information for the character n which happens during the third and fourth
block-uses of the channel. During the third and the fourth transmission blocks, the
destination has collected the output variables (Y(g), Y(Z)) and will perform a decoding
operation on both outputs collectively. The rate I(X, X;;Y) is obtained from the
decomposition (X, X1;Y) = I[(X;Y]|Xy) + [(X;;Y), where the second term will come
from the probability of making a mistake when decoding z7,, (n) from Y}y and the first

terms comes from the probability of wrongly decoding () (n) from Y.

(3) (o) 1‘1(4) (n)

n (o) S \

S (3 (xlo) YE b S {y(s[n) D

(a) During block 3, the relay will transmit its
codeword “o”, which we assume was received
in the prev1ous block. The source transmits
a codeword z™(n|o) which is chosen from a
coherent codebook.

7

(b) During block 4, the relay will transmit
its codeword for “n”, which we assume was
received in the previous block. The source

transmits a codeword z"(s|n).

Figure 7.2: Information flow in the relay network during the third and fourth transmission
blocks of the string “constitution”.
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Observe that the optimization in is taken over all joint input distributions
Pxx, (x,21), which would seem to contradict the assumption that the source and the
relay are different parties and cannot synchronize their encoding. Recall that in the
multiple access channel problem, the assumption that the senders act independently

translated to the optimization over all product distributions px,(x1)px,(z2) in (4.6)).

The change from py(x)px,(z1) to pxx,(z,x1) is allowed because the source uses
a coherent codebook. The codewords for the relay are chosen according to px, (z1),
whereas the codewords for the sender are chosen according to px|x, (x|x;) conditional
on the codeword of the relay. But how could the source possibly know what the relay
will be transmitting during each time instant? No telepathic abilities are necessary —
only optimism. The source knows what the relay will be transmitting because, if the

protocol is working, it should be the codeword from the previous block.

The partial decode-and-forward strategy differs from the decode-and-forward strat-
egy in that it requires the relay to decode only part of the message from the source
[CEGT9]. The idea is similar to the partial interference cancellation strategy used by

Han and Kobayashi for the interference channel [HK8I], which is its contemporary.

7.1.2 Quantum relay channels

A classical-quantum relay channel A is a map with two

classical inputs =z and x; and two output quantum sys- Re
tems B; and B. For each pair of possible input symbols @p
(x,z1) € X x Aj, the channel prepares a density operator 5 7

pﬁf defined on the tensor-product Hilbert space HP' @ HP:
Tx Rx
s

Figure 7.3: The quan-

tum relay channel pﬁf :

pfif = /\/'XXl_}BlB(x, x1), (7.5)

where B is the relay output and B is the destination output.

7.1.3 Chapter overview

In this chapter we develop the partial decode-and-forward strategy for classical-quantum

relay channels [SWV12]. This partial decoding at the relay is a more general strategy
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than the full decode-and-forward strategy in the same way that the partial interfer-
ence cancellation strategy for the interference channel (the Han-Kobayashi strategy)

was more general than a full interference cancellation strategy.

Our results are the first extension of the quantum simultaneous decoding tech-
niques used in [FHST12, [Senl2a] to multi-hop networks. The decoding is based on
a novel “sliding-window” quantum measurement (see [Car82, XK05]) which involves
a collective measurement on two consecutive blocks of the output in order to extract

information from both the Sender and the relay.

The next section will describe the coding strategy in more detail and state our

results. The proof is given in Section [7.3]

7.2 Partial decode-and-forward strategy

The idea for the code construction is to use a split codebook strategy where the source
decomposes the message set into the Cartesian product of two different sets £ and M.
We can think of the set £ consisting of common messages that both the relay and
the destination decode, while the set M consists of personal messages that only the

destination decodes.

In the context of our coding strategy, we analyze the average probability of error

at the relay:
it = |£| ZTY{O r, 1<y>> 1(3)}

and the average probability of error at the destination:

PP = BinBG+n\ B Bh+y
|M||L’| ZTYKI A ) o, (7.6)

my

The operators (I — ng) and (I — Am, 733,) correspond to the complements of the correct
decoding outcomes.

Definition 7.1. An (n, R, €) partial decode-and-forward code for the quantum relay
channel consists of two codebooks {x" (1, £;) }m;em;ec and {27 (¢;)}e,e and decoding

POVMs {I'y, }ejec (for the relay) and {Ay,, , }mjeM,ejeL (for the destination), such that
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the average probability of error is bounded from above as p, = pf + pP <'e.

A rate R is achievable if there exists an (n, R — 0, €) quantum relay channel code

for all €,0 > 0 and sufficiently large n.

The theorem below captures the main result of this chapter.

Theorem 7.1 (Partial decode-and-forward inner bound). Let {p, ., } be a cc-qq relay
channel as in ((7.5). Then a rate R is achievable, provided that the following inequality

holds:
I(XX;B
R < max min (XX1; B),y : (7.7)

where the information quantities are with respect to the classical-quantum state

QNBE = S plu,z,2) il © fa)el @ e [ © 07, (7.9
o u,m1

Our code construction employs codebooks {x}}, {u™}, and {#™} generated accord-

ing to the distribution p(x1)p(u|zi)p(x|u, z1). We split the message for each block into
two parts (m, {) € M x L such that we have R = R,,, + R;. The relay fully decodes the
message ¢ and re-encodes it directly (without using binning) in the next block. The
destination exploits a “sliding-window” decoding strategy [Car82, [XK05] by perform-
ing a collective measurement on two consecutive blocks. In this approach, the message
pair (m;,¢;) sent during block j is decoded from the outputs of blocks j and j + 1,

using an “AND-measurement.”

7.3 Achievability proof

We divide the channel uses into many blocks and build codes in a randomized, block-
Markov manner within each block. The channel is used for b blocks, each indexed by

j€{1,...,b}. Our error analysis shows that:
e The relay can decode the message ¢; during block j.

e The destination can simultaneously decode (mj;,¢;) from a collective measure-

ment on the output systems of blocks 57 and j + 1.

The error analysis at the relay is similar to that of the Holevo-Schumacher-Westmoreland
theorem [Hol98, SW97]. The message ¢; can be decoded reliably if the rate R, obeys
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the following inequality:
Ry <1 (U;B1]Xy),. (7.9)

The decoding at the destination is a variant of the quantum simultaneous decoder
from Theorem . To decode the message (m;, ¢;), the destination performs a “sliding-
window” decoder, implemented as an “AND-measurement” on the outputs of blocks j
and 7 + 1. This coding technique does not require binning at the relay or backwards
decoding at the destination [Car82l XK05].

In this section, we give the details of the coding strategy and analyze the probability

of error for the destination and the relay.

Codebook construction. Fix a code distribution p(u, z, z1) = p(x1)p(u|zy)p(z|x1, ©)

and independently generate a different codebook for each block j as follows:

e Randomly and independently generate 2"%¢ sequences z7(¢;_1), {;_1 € [1 : Z"Rf],

n
according to [ p(x1s).
i=1

e For each z7(¢;_;), randomly and independently generate 2" sequences u"(¢;, ¢;_1),
l; € [1: 2] according to [T p (wilz1i(¢;-1)).
i=1
e For each z7(¢;_;) and each corresponding u"(¢;,¢;_;), randomly and indepen-
dently generate 2"%m sequences z"(m;,{;, l;—1), m; € [1 : 2”Rm}, according to

the distribution: H p(xi|xli(£j—l> ,Ui(fj, gj—l) )
=1

Transmission. The transmission of (m;,¢;) to the destination happens during
blocks j and j + 1 as illustrated in Figure[7.4l At the beginning of block j, we assume
that the relay has correctly decoded the message ¢;_;. During block j, the source inputs
the new messages m; and ¢;, and the relay forwards the old message ¢;_;. That is,
their inputs to the channel for block j are the codewords ™ (m;, ¢;,¢;_1) and z7(¢;_1),
leading to the following state at the channel outputs:

() _ Biy)BG
pmj,éj,ﬁj_l - px"(mj,ﬂj,ﬁj_l),xil(fj_l)'
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During block j +1, the source transmits (m;iq,£,41) given ¢;, whereas the relay

sends ¢}, leading to the state:

(j+1) _ Big+n By
Prjiaiin ity = Pan(mgi by 0.0)) 27 (65)

Our shorthand notation is such that the states are identified by the messages that they

encode, and the codewords are implicit.

1(2)11(2) o) 1(3)551(3)

s)

S Z(y(n,s,0) Yo D S a(y(t,i,8)
(a) During block 2, the relay will (b) During block 3, the re-
transmit its codeword z7 5 (0). We lay will transmit its codeword
assume “o” was correctly decoded x?(g)( s), which encodes the mes-
by the relay during the previous sage fo =%“s” transmitted by the
block. The source transmits a source during block 2. The
codeword ) (n,s,0). source transmits the codeword

(s (t,1,8).

Figure 7.4: Information flow in the relay network during the second and third trans-
mission blocks of the string “co ns ti tu ti on” when using the partial decode-and-
forward strategy. The messages for each block (two characters) are encoded by the
Sender using a codebook z"(mj,¢;,¢;—1) during block j. The messages pairs (mj,¢;)
for the seven uses of the channel are: {(c,o),(n,s),(t,1),(t,u),(t,1), (o,n),(d,0)} The
source codebook depends on the current message pair (mj,¢;) as well as the mes-
sage f;_1 of the previous block, so the transmitted codewords during the seven blocks
are: {2(1)(c,0,0), 20y (n,5,0), 205 (¢, 1,8), 27y (t, 0, 1), 5 (€, 1, 0), 25 (0, n, 1), 27 (0,0,n)} and
{x?(n ), :U?(g) (o), 37?(3) (s), x?(4)(i), x?@) (w), 53711(6) (1), 53?(7) (n)}.

7.3.1 Decoding at the destination

We now determine a decoding POVM that the destination can perform on the output
systems spanning blocks j and j + 1. The destination is trying to recover messages /;

and m; given knowledge of £;_;.
First let us consider forming decoding operators for block 5+ 1. Consider the state
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7.8 Achievability proof

obtained by tracing over the systems X, U, and Bj in ([7.8)):

0¥ = " p(ay) o X | @ 72,

x1

B B —

where 7,7 = Zux (2|21, u) p(ulzy) pZ,,. Also, let 75 denote the following state: 7
Zml p(xl) .. Corresponding to the above states are conditionally typical projectors

of the followmg form:

Tu+H = Bt H(j‘f‘l) — HBZ;'H)
uz - Tz;’f(ej)»é’ T — 1t Feng o

which we combine to form the positive operator:

pgj(]+1) = Uty Hgﬂ) vy (7.10)

J

that acts on the output systems Bl of block j + 1.

Let us now form decoding operators for block j. Define the conditional typical
€)

projector for the state pm 4ty BS
: B
() — ()
Hpm o ‘g] 1 - Hpac"(m]-,lj,lj_l),:c?(l]-_l),é' (711>

The state obtained from ([7.8) by tracing over X and B is

gUX1B _ Zp ulzy) play) |u)u ’U & |CE1><CL’1|X1 ® ,55,2:17

u,T]

where pﬁm = p(z|z,u) pgml. We can trace out over U as well to obtain the doubly
averaged state pr, = Y, . p(w]ey, u) plulz,) pﬁxl.

The following conditionally typical projectors will be used in the decoding;:

6) B @ — Po
Hﬁljlfj_ Hpun(z L) ()0 Hﬁu P sz"u 0
We can then form a positive operator “sandwich”:
B — 17 () () ) ()
ijfé [¢j 1 HEV_; sz [ Hpm le_ HPZ 1€ 11_[;)‘@] 1 (7'12)

Finally, we combine the positive operators from ([7.10]) and ((7.12)) to form the “sliding-
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window” positive operator:

B™ B™ B B
P @H7G+) P (4) ®P€j(]+l)’ (713>

m, 51651 m;,L5165—1

B™ B™
from which we can build the destination’s measurement Am<7 fo?
3317 —

normalization. This measurement is what we call the “AND-measurement.”

using the square-root

Error analysis at the destination. In this section, we prove that the desti-
nation can correctly decode the message pair (m;, ¢;) by employing the measurement
BB i i1 . . .
{Am<]77)£j \(Z:l)} on the output state pgz 050, pfﬁbﬂl%jﬂ ,, spanning blocks j and j + 1. The
average probability of error for the destination is given in ((7.6). For now, we consider

the error analysis for a single message pair (m;, ¢;):

D BBlsn\ () G+1)
p, =T [(I _Amj],éj\éjj—1> pmjgjﬁj%@pmﬂlzﬁl@] .

B B , ,
TG+ (4) (+1)
=21 { (I B ijj»fjwj'—l ) pmjéjﬂj_@pmjﬂgjﬂ@} (I)
B B™ . ,
@G+ () (+1)
+4 Z Tr {Pm;ze;qu Prni;05 PP byt }, (11)

(£5:m5)#(5m3)

where we used the Hayashi-Nagaoka inequality (Lemma [3.1)) to decompose the error
J— AB@)B @H)
m;j -1

operator ( ) into two components: (I) a term related to the probability that

B™ B
the correct detector does not “click”: (I — Pm(_”Z| b +1)), and (IT) another term related to
VEAVE R

- et B B"
the probability that a wrong detector “clicks”: Z(%’m;) Pméféﬂzi), (6;-, m;) £ (L;,m;).
These two errors are analogous to the classical error events in which an output sequence
y" is either not jointly typical with the transmitted codeword or happens to be jointly

typical with another codeword.

We will bound the expectation of the average probability of error [EUanX{z{ pP } by

bounding the expectation of the average probability for the two error terms: Eynxnxr{ (1)}
and [EU”X"X{L{ (II) } .

The first term (I) is bounded by using the properties of typical projectors and the

operator union bound from Lemma [5.1} which allows us to analyze the errors for the

B, B
two blocks separately. Because 0 < ij(_]éj‘ 0y <Tand 0< ng Ut < we have:
) G+1) ) G+1)
([ B ij],fj|€j—1®Pfj " ) < (I o P’”’Ljf@j‘fj—l) + (I - PEJ- " ) : (7.14)
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7.8 Achievability proof

Br. BP
We use the definition of P_“) *Y from (7.13)) and the inequality (7.14)) to obtain:

my 51851

B’n. B”’L_ . .
HBG+Y ) (G+1)
TFKI - ijj,ejwj-,l > pmjgjgﬁl@ijHeM@}

B® B : -
_ €) G+ ) () (J+1)
o Tr[([ N ijffjlej—fg)ng ’ ) ijgjzj_@/)mj+1zj+1@]

/

By , .
©) () (G+1)
sTr [(I B iji@l%&) ij,zj,zj,l] Tr [pmﬁh@jﬂfj] *

e 1
() Bty (+1)
D L [ ) PP
e 3

where we defined the error terms a and [ associated with block j and block (5 + 1).

We proceed to bound the term [ as follows:

_ B\ G+
b= Tr[([ — Pej at > pmﬁl,eﬁl,éj}
B DG+ TG+ G4
=Tr [([ — Iz H% )HF ) pmj+1,fj+1,fj}

—1—Tr [ng+1)H(j+1)H£j+l) (§+1) ]

Tt Prijp1 1.8

B (G+1) (+1)
S 1 Tr |:Hq—]ej pmj+1yéj+1veji|
G+ _ G+

(G+1) (3+1)
+ HH* P 112 P 1,6;41,65

mjt+1,85+1,45 ’

1

where the inequality follows from Lemma We will analyze the terms labeled «
and (3 separately.

By taking the expectation over the code randomness, we obtain the upper bound:

. j+1

Unxnxp i Unxn|X7p
i+1) (5+1) (J+1) (3+1)
1Y oty
T Un)g-;nX’ln T Pyt mj+1:€5+1,45 ||

<1—(1—¢€)+2ve

The inequality follows from Epmxn| X?{ p%;ﬂ,ﬁjﬂ,ﬁj} = 7, the properties of typical

projectors: Fxr Tr[H%jl) ;] > 1 —¢, Tr[H(;jH) 7] > 1 — € and Lemma .

The error term « is bounded in a similar fashion.
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We can split the sum in the second error term (II) as follows:

B™ Bn . .
2: @H2G+y () (3+1)

Ir [ng- 51851 P mjfjfj—l(g) Prmjitint
(£m} ) #(t5m;)

— } : »76+y () (U+1)
- Ir [Pm;,fj\fjfl Prmi 3052 Prmjia Lyt
m;;ém]

(. J
v~

(4)
n ZTI[PB&)B&H) P9 ,UtD) ]

w1 Pt Pt

7

g

(B)

We now analyze the two terms (A) and (B) separately.

Matching /;, wrong m;. Assuming ¢; is decoded correctly, we show that the mes-

sage m; will be decoded correctly provided R,, < I(X;B|UX;) = H(B|UX;) —
H(B|UXX;) — . We will use the following properties of typical projectors:

(4) n[H(B|UXX1)+6] (5)
Hpmg,zjle,,-_1§2 1 pm;,ej,ej_lv (7.15)

(4) ~(4) (4) —n[H(B|UX1)—68]17()
Hﬁzjujfl ej,ej—l]:[ﬁéj|£j71§2 [ v ]Hﬁzjwj,l‘ (7'16)

Consider the first term:

(A) = ZTr[pB@)B@H) p(j) ® (j+1) ]

w1 Pmgte 1 Pmsn b

m;;ém]
_ () G+ ) (G+1)
- Z Ir _(Pm}fj%;l@Pfj ) Pring 5,051 EPrng 1 40,05
méyﬁm]
r_Bn n ; ;
() By ,00) U+1)
< Z Tr _Pmﬂjlfj—l@] T Pty ® Pty
mé;ém]
- pn ‘
— ©) ()
B Z Ir _Pm;wejwjfl pmjvfjvej—l]
ml#m;
J ®
——
_ § : () () (4) () () ()
- < Tr Hﬁ\éj,1HpejMj—ll—-[pmg.,ﬁj\Zj_l]-—‘[pej‘ej—ll—[ﬁwj,lpmj’zj“ej*l
mi#Em; ~ ~~ -

@
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7.8 Achievability proof

We now upper bound expression @ using ([7.15]) and take the conditional expectation

with respect to X™:

(J’) _ 50
which is independentlof the state pg’gj’gjil since m; # m;. The resulting expression
in @ has the state ﬁg )fj_l sandwiched between its typical projector on both sides, and

so we can use ([7.16]). After these steps, we obtain the upper bound:
A)} S 2n[H(B|XUX1)+5} 2—n[H(B|UX1)_5]X

G W () @)
ZTI[HW Pesle; Hﬁw Prn; 5.6 1]

Jj—1
/

E

Xn|unxy

Xn|UnX"

< 2n[H(B|XUX1)+6}27n[H(B|UX1)76} Z Tr|: pg)? e] KJ 1 :|

/
mﬂémj

< |M| 2—n[I(X;B|UX1)—26}' (717)

The second inequality follows because each operator inside the trace is positive semidef-

inite and less than or equal to the identity.

Wrong /; (and thus wrong m;). We obtain the requirement R = Ry + R, <
I(XX,;B) =1(Xy; B)+ 1(UX; B|X;) from the “AND-measurement” and the following

inequalities:
F Tr[IU+Y]) < oA (BIX1)+9] (7.18)
Unxnx7 o0 T ’
ity 7 Ut < g-nlH@B)-dl Ut (7.19)
(7) n[H(BIUX X1)+4]

UnX[ELX? Tr[Hpm s 1] 2 , (7.20)

0 =) () —n[H(B|X1)—8]17()
Hme] Py, Hpu] 1 <2 ! Hﬁ\erl' (7.21)
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Consider the following term:

BTL' B’!L. . :
o (HG+1) (4) (G+1)
(B) = g Tr [Pm;],e;\ejfl ijgjgj,@mesz!g]

et m,
B% B% - .
_ § : ) G+ ) (G+1)
- Tr [(Pm;,egléj-@Pf; ) Prmt;0 2Pyl
A R
J7 I
Bn , B ,
_ () (4) G+1) (3+1)
= ). [P m;,e;-wjflpmjxj,ej_l] Tr [P ¢ Pt ]
f’- #Z -,m’- ~ ~\~ - ~\~ -
3T (B1) (B2)

We want to calculate the expectation of the term (B) with respect to the code ran-
domness Eynxnxp. The random variables in different blocks are independent, and so

we can analyze the expectations of the factors (B1) and (B2) separately.

Consider first the calculation in block j, which leads to the following bound on the

expectation of the factor (B1):

BTL. .
E {BO}= T {Tf[Pm§f2;|ejflp%xj7éﬂ}}

Unxnxm UrnXnxy
UnxnXp ngjfl Pgi il H%J\Zj,l
- UnX[EX{l{HgZ@j—IHg’)%%%1H%]‘;z'éf—1}x
=ET ngj,l Unmx?{ P st } %J\Zj,l
L é 1
U”X[EX{L{HE’Z‘J'IH;QQ’ZHJ'—Ing‘Zjl}X
g,
] @

< 9—nlH(B|X1)-d] [ETI‘|:HU) H(j) H(j) H(j) ]
1

0 VAT 0 5
Unxnxn | P11 Pl th1e; i Pele;_yPle;_
1

< 9 nHBIXD)=] £ oy (T70)
- UnxXnxn Pl 51651

- Unxnxp
_ 2—n[I(UX;B|X1)—26] )
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The result of the expectation in ® is 5|(£j)_17 and we can bound the expression in @

using ((7.21]). The first inequality follows because all the other terms in the trace are

positive semidefinite operators less than or equal to the identity. The final inequality

follows from ([7.20)).

Now we consider the expectation of the second term:

E {B2)}= E {TF[PS&H) p(j+1) ]}

UnxXnxT UnxXnxT mi+1ki+1,

B ;
+1)
— Ty E {P (]+1)} E { (4 }
Unxnxn Z; Unxnxm pmj+17£j+17£j

:Tr[ E {Pf@”} %®”]

Unxnxp i

= E_Tr {H“*”HUH) oty 7"®”]

Unxnxn T To!.
1 J

L Tr{ﬂ(j“) H(j“)f@”n(m)]

UnxXnxn A

< o-nlH(B)=8 oy |G+ ng+1)
— U"X"X'l” TZ; T

< 9—n[H(B)=0]gn[H(B|X1)+6] _ o—n[l(X1;B)-20]

Combining the upper bounds on (B1) and (B2) gives our final upper bound:
B)}= E B1) x (B2
ECIEN D SECIRS
37
< Z 2—n[I(UX;B\X1)—25] > 2—n[I(X1;B)—25}
OFEl, m

S |£||M| 2—77,[[(X1;B)+I(UX;B|X1)—4(S}' (722)

By choosing the size of message sets to satisfy equations ((7.17) and (7.22)), the expec-
tation of the average probability of error at the destination becomes arbitrarily small

for n sufficiently large.
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7.3.2 Decoding at the relay

In this section we give the details of the POVM construction and the error analysis for

the decoding at the relay.

POVM Construction. During block j, the relay wants to decode the message /;
encoded in u™(¢;,¢;_1), given the knowledge of the message ¢;_; from the previous
block. Consider the state obtained by tracing over the systems X and B in ([7.8)):

9UX131 — Zp(u|x1)p(x1> |u><u|U ® |[L’1><LE1|X1 & 05;17

u,r1

where 021 =3 p(x|z1,w) Trp[pZLP]. Further tracing over the system U leads to the

U,

state
0P = " p(an) | Yo |V @ L,
1

B

wiy - Corresponding to the above conditional states are con-

where 7, = p(ulzi) o

ditionally typical projectors of the following form

— 2o I — i)
Tejlej_1 g“"(?i"j—l)v”’f(%—l)’ Olej1 — Jm?(ej_1)'

The relay constructs a square-root measurement {I'y,,,_, } using the following positive

operators:
Bi)
P, =11 = .
£l Oley_1 %151 L5

(7.23)

Error analysis. In this section we show that during block j the relay will be able
B
Iié’%j’ljlj_l)’x{b(lj_l), provided the rate R, <
I(U; B1|X1) = H(B1|Xy) — H(B1|UX;) — 6. The bound follows from the following

properties of typical projectors:

to decode the message ¢; from the state p

Tr[II | < QnlHBUX)+], (7.24)

G151

I, &I, <o rHBIX)=e (7.25)

Ole;_q Tle5_1 Ole;
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Recall that the average probability of error at the relay is given by:

i = Bi) Bi)
- ’/;| ZTr{ (I Ff 1€ 1) pmjfjafj—l} ’

We consider the probability of error for a single message ¢; and begin by applying
the Hayashi-Nagaoka operator inequality (Lemma to split the error into two terms:

BT .
—R _ 1( ) 1(4)
pe = Tr|:(] Ff wj 1) pmj7]€j’gj_li|

B . )
1<J) 1(4) 1(3) 1(4)
ngr[(I P ) i, ] +4ZT1~[ o m],!j,gj_l].
~ ~~ é’;éé
@ v
(1)

We will bound the expectation of the average probability of error by bounding the

individual terms. We bound the first term as follows:

W= [(1-E) o ]

BT .
= —11- _ 1(9)
N Tr[<] HU‘[j—lno—ejwj—lnawj—l) pmjzej’£j71:|

B™ .
11— Tr [H_ I il 1) ]

U\ej—l U'e-\[-_ U|éj_1 mj’éjlj*l
BN B™ BT
— 1) 1(5) —p 1O
S 1 Tr |:H0_ijj_ pm],f i 1:| + Hna"ej_ pm],f L H5'|gj_1 pmJ7£ L~

1 7
where the inequality follows from Lemma [2.20]

By taking the expectation over the code randomness we obtain the bound

E ()=1- E Tr|I £ )
Orjle;_ n pmjvejvéjfl

UanX{L U’nX’ln j 1X'n,|UnX1
B"
1(5) . 1(])
+UnX|EnX1n pm]7£]7£j 1 EMJ'— pm],fj,fj 1 1
=1- Tr |11 0. 0.
Ur[gql o515y obimt
BT,
1(5) H7 _ 1(])
+UnXﬂ-;LX{L pm] Lili—1 Tle;_q pm],f N 1
<1- [ Tr[HU Oul}+2\/
Unxy 1t — J

<1—(1—€)+2Ve=¢€+2e
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The first inequality follows from Lemma [3.2] and the property

E Tr [HE 5} >1—« (7.26)
Unxy 15—
The second inequality follows from:
[ Tr [ngjlej_lagjvéj_l] >1-—e (7.27)

Unxy

To bound the second term we proceed as follows:

1(]) 1(]’)
£ {aD} > T|P, % o]
U"X"Xiﬂ{< U’anXTL E |€ m],fj,f],1

A
1) ( Bi) }
:[EETI‘ [E{PJ}[E P,
X g, LUMXTIAY Gl Jymagn e b b1
745
YT { E {PBH) 5
= Ir a\p. .
AT, 1} €51
Xn n J
ori UnXn|X]

The expectation can be broken up because £; # (; and thus the U" codewords are

independent. We have also used

B{LJ _
|2 {pmJ(,E) 6-,1} - U\fj—r (728)

Unxn|xp

We continue by expanding the operator P, /| Z(” as follows:

Tr|IL, 1II In. &y,
UanX'ln Z 0'|Zj_1 O'Z;_Mj71 J‘[j—l |€‘7_1
vy -

Tr IT I,  op._ I
U”XnX”Z Uz;_\gj_lef\ej,l 1€ -1 U\tzj,b

L ~~
L ®
—n[H(B1|X1)—0]
<U”X”X” ZTr [ oele; 2 H”gm}
L
< n[H(B1|X1
2 Uanxn Z T Ul’ |Z

A
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§2*n[H(Bl|X1)*5] E Zzn[H(BﬂUXl)JrS}
UTLXTLXIL%#Z]-

< ‘ﬁ‘ 9—n[I(U;B1]X1)—268]

The first inequality follows from using ([7.25|) on the expression ®. The second inequality

follows from the fact that Héu is a positive semidefinite operator less than or equal
-1

to the identity. More precisely we have

Tr [H II. ] =Tr|II
0—59\[]'_1 O—Mj—l

o Oy o
e;,wj_l [£j—1 e;.ej_l]

< Tr|II

— Oyl 1p. I Tyl 1p.
L []-MJ—I Zjeg—l‘|

=Tr |1, ] .
i A

The penultimate inequality follows from (|7.24]).

Thus if we choose Ry < I(U; B1|X;) — 30, we can make the expectation of the

average probability of error at the relay vanish in the limit of many uses of the channel.

Proof conclusion. Note that the gentle operator lemma for ensembles is used
several times in the proof. First, it is used to guarantee that the effect of acting with
one of the projectors from the “measurement sandwich” does not disturb the state
too much. Furthermore, because each of the output blocks is operated on twice: we
depend on the gentle operator lemma to guarantee that the disturbance to the state
during the first decoding stage is asymptotically negligible if the correct messages are
decoded.

7.4 Discussion

In this chapter, we established the achievability of the rates given by the partial decode-
and-forward strategy, thus extending the study of classical-quantum channels to multi-

hop scenarios.

The new techniques from this chapter are the use of the coherent codebooks and the
AND-measurement, which collectively decodes messages from two blocks of the output

of the channel.
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We obtain the decoding-and-forward inner bound as a corollary of Theorem [7.1]

Corollary 7.1 (Decode-and-forward strategy for quantum relay channel). The rates
R satisfying
R < max min{ I(X, Xy; B)g, 1[(X; B1|X1)e} (7.29)

p(z,z1)

where the mutual information quantities are taken with respect to the state

OB =% " pyix, (alz1)px, (@) [e)al* © |z X [¥ @ pps? (7.30)

T,r1

Px,xq

are achievable for quantum relay channels by setting X = U in Theorem [7.1]
Note also that setting the x; to a fixed input in Theorem would give us a

quantum direct coding inner bound similar to the one from equation ([7.2]).

An interesting open question is to determine a compress-and-forward strategy for
the quantum setting. This could possibly involve combining results from quantum

source coding and quantum channel coding [DHWT1], WS12].

Another avenue for research would be to consider quantum communication and en-
tanglement distillation scenarios on a quantum relay network. Further research in this

area would have applications for the design of quantum repeaters [CGDRO5] [Dut11b].

151



152



Chapter 8
Bosonic interference channels

Optical communication links form the backbone of the information superhighway which
is the Internet. A single optical fiber can carry hundreds of gigabits of data per sec-
ond over long distances thanks to the excellent light-transmission properties of glass
materials. Free-space optical communication is also possible at rates of hundreds of
megabits per second [TNO02].

An optical communication system consists of a modulated source of photons, the
optical channel (or more generally the bosonic channel, since photons are bosons), and
an optical detector. Figure on page [42] illustrates an example of such a communi-

cation system.

As information theorists, we are interested in determining the ultimate limits on
the rates for communication over such channels. For each possible combination of the
optical encoding and optical decoding strategies, we obtain a different communication
model for which we can calculate the capacity. More generally, we are interested in
the ultimate capacity of the bosonic channel as permitted by the laws of physics. For
this purpose we must optimize over all possible encoding and decoding strategies, both

practical and theoretical.

In this chapter we present a quantum treatment of a free-space optical interfer-
ence channel. We consider the performance of laser-light encoding (coherent light) in
conjunction with three detection strategies: (1) homodyne, (2) heterodyne, and (3)
joint detection. In Section [8.1] we will introduce some basic notions of quantum optics

which are required for the remainder of the chapter. In Section we will discuss
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previous results on bosonic quantum channels and describe the known capacity formu-
las for point-to-point free-space bosonic channels for the three detection strategies. In
Section [8.3| we define the bosonic interference channel model and calculate the capacity
region for the special cases of “strong” and “very strong” interference for each detection
strategy. We also establish the Han-Kobayashi achievable rate regions for homodyne,

heterodyne and joint detection.

8.1 Preliminaries

8.1.1 Gaussian channels

We begin by introducing some notation. Define the real-valued Gaussian probability

density function with mean ;i and variance o2 as follows:

e 22 € P(R). (8.1)

Define also the circularly symmetric complex-valued Gaussian distribution

1 —lz—pl2 1 —(z—Re{up? 1] —(y=TIm{u})?
e 5t = e 202 e T € 'P(G:)7 (82)

2102 V2mo? V2mo?

where we identify z = x + iy and assume that the variance parameter is real-valued

0? € R. Note also that in the complex-valued case, the quantity o?

Ne(z;p,0%) =

represents the
variance per real dimension; a variable Z ~ Ng(u,0?) will have variance Var{Z} =
Bz (12 = pl*) = 20*.

The additive white Gaussian noise (AWGN) channel is a communication model
where the input and output are continuous random variables and the noise is Gaussian.
Let X be the random variable associated with the input of the channel. Then the
output variable Y will be:

Y=X+12, (8.3)

where Z ~ Ng(0, N) is a Gaussian random variable with zero-mean and variance N.
As in the discrete memoryless case, we can use a codebook {x™(m)}, m € [1 : 2"f],
with codewords generated randomly and independently according to a probability den-

sity function [[" px(z). Furthermore we impose an average power constraint on the
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codebook:

1 n
=) X2V < P 8.4
RDOWIE (54

The channel capacity is calculated using the differential entropy, h: P(R) — R,
which plays the role of the Shannon entropy for continuous random variables. We know
from Shannon’s channel capacity theorem (Theorem that a rate R is achievable
provided it is less than the mutual information of the joint probability distribution
induced by the input distribution and the channel: (X,Y) ~ pxpy|x. For any choice

of input distribution px, the following rate is achievable:

R<I(X;Y) =h(Y) — h(Y|X)
= h(Y) = h(X + Z|X)
= h(Y) — h(Z|X)
= h(Y) — h(2). (8.5)

The last equality follows because the noise Z is assumed to be independent of the input
X. It can be shown that a Gaussian distribution with variance P is the optimal choice
of input distribution [CT91]. Furthermore, when we choose X ~ Ng(0, P) it is possible

to compute the above expression exactly and obtain the capacity:

C= %log2 <1 + %) [bits/use]. (8.6)

We will refer to the ratio P/N as the signal to noise ratio. We sometimes abbreviate
this expression as: 7(SNR) = 1 log, (1 + SNR). The above formula is one of the great

successes of classical information theory.

The Gaussian multiple access channel is defined as:

Y = VaX,++/BX,+ Z, (8.7)

where «, 8 € R are the gain coefficients and Z ~ Ng(0, N) is an additive Gaussian noise

term with average power N. When input power constraints [Exp {% Yoo X 121} < P
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and Exp {1, X3} < P, are imposed, the capacity region is given by:

Ry < I(X1;Y|X2)=3log, (1 + %)
Cuac=1 (R, Ro) € R Ry < I(Xy;Y[X1)=4log, (1 + %)

Ri+ Ry < I(X1Xy;Y) =1log, (1 + 2t8)

Each of the constraints on the capacity region has an intuitive interpretation in terms

of signal to noise ratios. In this context, we also have the expression I(X;;Y) =

N+BP,
treated as contributing to the noise.

%log2 (1 + 2h ), in which the unknown codewords of the second transmitter are

8.1.2 Introduction to quantum optics

Photons are excitations of the electromagnetic field. We say that photons are bosons
because they obey Bose-Einstein statistics: they are indistinguishable particles that
are symmetric under exchangd] Multiple bosons with the same energy can occupy the
same quantum state. This is in contrast with fermions which obey Pauli’s exclusion
principle. Bosonic channels are channels in which the inputs and the outputs are

bosons.

In this section, we will introduce some background material on quantum optics
which is needed for the rest of the presentation in this chapter. Recall that the states
of quantum systems are described by density operators o,p € D(H), where H is a
Hilbert space. Unitary quantum operations act by conjugation, so that by applying U
to o we obtain p = UocUT as output. The expectation value of some operator A when
the system is in the state p is denoted (A) = Tr[Ap].

Let po = |0)0| be the vacuum state of one mode of the electromagnetic field. We
define a' to be the creation operator for that mode. Applying a' to the vacuum state

we obtain the first excited state:
|1)(1] = a'|0)0]a, (8.8)

and this process can be iterated to create further excitations in the field. The Hermi-

tian conjugate of the creation operator is the annihilation operator which takes away

! The wave function describing two photons p; and py is even under exchange of the two particles:
Y(p1,p2) = ¥ (P2, p1)-
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excitations from the field. More generally, we have

aln) = v/n In 1), (8.9)
a'ln)y =vn+1|n+1). (8.10)

The state space [0)X0], |[1X1],[2)X2[, |3)3],... is known as Fock space and it is infinite
dimensional. The creation and annihilation operators obey the commutation relation
[a,af] = 1.

The real part and the imaginary part of the operator a are defined as the x quadra-

ture and the p quadrature:

Q>
_I_
Q>
pifll
Q>
|
Q>
pifll

(8.12)

~

and we have [X, P] = i.

If we want to measure how many excitations are in the field, we use the number
operator N = a'a. If the field is in excitation level n, the expected number of excitations
will be:

(N) =Tr [a'a|n)(n|] = n. (8.13)

The Hamiltonian that describes one non-interacting mode of the electromagnetic
field is given by:
- 1
H = hw (a*a + 5) : (8.14)
The Hamiltonian is important because it gives the time evolution operator U(t) = ¢!
and the energy of the system: E, = (H) = Tr[Hp]. Observe that the system has

energy even when it is in the vacuum state:

Eo = Tr[H|0X0[] = (0|H]0) = huw(0] (a*a + %) 10) = % (8.15)

This is known as the zero-point energy or vacuum energy.
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8.2 Bosonic channels
8.1.3 Coherent states

A composite system exhibits coherence if all its components somehow coincide with
each other. This could be either coincidence in time, space coherence, phase coherence
or quantum coherence. An example of the latter is the process of stimulated emission
of photons which occurs inside a laser. All new photons are created exactly “in phase”
with the other photons inside the laser. Over time the number of photons in the laser

will grow, but they will all have the same frequency, phase and polarization.

The coherent state |«) describes an oscillation of the electromagnetic field. In
general a € C and we have a = |ale’, where |a] is the amplitude of the oscillation

and ¢ is the initial phase. In the Fock basis, the coherent state |«) is written as:

o — "
a)=¢e 2 n 8.16
ah = e Y =i (5.16)
laf? af?

|a)? . . .
—e 2 [|0) + |ale?|l) + —=e¥?|2) + —=eP?3) 4 .- . 8.17
o) + lalen) + ke o Loy (8.17)
The output of a laser is coherent light: the excitations at all energy levels will have

the same phase. Coherent states remain coherent over time: |a(t)) = U(t)|a) =
eiwt/Q ‘ ‘Oz‘ei(‘j’_‘Ut)).

A coherent state can also be defined in terms of the unitary displacement operator
which acts as:
la) = D(a)[0) = exp (ad' —a*a) |0). (8.18)

Note that in some respect D(a) is similar to the creation operator a', since it creates

excited states from the vacuum state.

8.2 Bosonic channels

Point-to-point optical communication using laser-light modulation in conjunction with
direct-detection and coherent-detection receivers has been studied in detail using the
semiclassical theory of photodetection [GK95]. This approach treats light as a classical
electromagnetic field, and the fundamental noise encountered in photodetection is the

shot noise associated with the discreteness of the electron charge.
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These semiclassical treatments for systems that exploit classical-light modulation
and conventional receivers (direct, homodyne, or heterodyne) have had some success,
but we should recall that electromagnetic waves are quantized, and the correct assess-
ment of systems that use non-classical light sources and/or general optical measure-
ments requires a full quantum-mechanical framework [Sha(9]. There are several recent
theoretical studies on the point-to-point [GGLT04, [Guhll], broadcast [GSEQ7] and
multiple-access [Yen05a] bosonic channels. These studies have shown that quantum
communication rates (Holevo rates) surpass what can be obtained with conventional
receivers. For the general quantum channel, attaining Holevo information rates may
require collective measurements (a joint detection) across all the output systems of the

channel.

Before stating our results on the bosonic interference channel, we will briefly review

some results on point-to-point bosonic channels in the next subsection.

8.2.1 Channel model

The free-space optical communication channel is a physically realistic model for the
propagation of photons from transmitter to receiver. We assume that a transmitter
aperture of size A; is placed at a distance L from a receiver aperture of size A,, and

that we are using A-wavelength laser light for the transmission.

Figure 8.1: The free-space optical communication channel. Two apertures of area A; and
A, are placed L distance apart. The channel decomposes into different modes of propagation.
We model the channel as a transformation from an annihilation operator on the transmit side
to an annihilation operator at the receiver side.
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8.2 Bosonic channels

To analyze the communication capacity of the bosonic channel, we can decompose
the problem into finding the capacity for each of the spatial modes of propagation,
which will in general have different transmissivity coefficients 7. In the far-field prop-
agation regime, which is when we have 4;A,/(AL)?> < 1, only two orthogonal spatial
modes (one for each polarization degree of freedom) will have significant power trans-

missivity. We will analyze the channel for a single mode (one choice of polarization).

The channel input is an electromagnetic field mode with annihilation operator a,
and the channel output is another mode with annihilation operator b. The channel

map is described by:
b= na+ J1—17p, (8.19)

in which 7 is associated with the noise of the environment and the parameter n, 0 <

17 < 1, models the channel transmissivity.

We say that a channel is pure-loss if the environmental noise 7 is in the vacuum

state |0)(0|. A channel has thermal noise if the mode 7 is in the thermal state:

p= [a OB oy (5.20)

which is Gaussian mixture of coherent states with average photon number Np > 0.

One can also write the thermal state in the number basis as follows:

o0

= 2 (o) il (s.21)

n=0

8.2.2 Encoding

We will use coherent state encoding of the information at the transmitter. The code-
book consists of tensor products of vacuum states displaced randomly and indepen-

dently by an amount drawn from a distribution p,:

o~ Hpa = Jarag - -ay) = D(a1)]0) @ D(ap)|0) @ - -+ @ D(a,)|0).

This encoding strategy is chosen because it is simple to implement in practice, and
also because it is known that it suffices to achieve the ultimate capacity of the bosonic
channel |[GGLT04].
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When homodyne detection will be used at the receiver, we will encode the infor-

mation using only the z quadrature. The displacements are chosen according to:
a ~ Ng (0, Ng). (8.22)

The distribution is chosen so that it satisfies the constraint on the average number
of input photons (Ja|?) < Ng, which is the quantum analogue of the input power
constraint for the AWGN channel.

For heterodyne and joint detection, we will use both quadratures and choose the
displacements according to a circularly-symmetric complex-valued Gaussian distribu-
tion:

a ~ N (0, Ng/2) . (8.23)

8.2.3 Homodyne detection

Homodyne detection consists of combining on a beamsplitter the incoming light and
a local oscillator signal and measuring the resulting difference of the intensities. By
tuning the relative phase between the incoming signal and the local oscillator it is

possible to measure the incoming photons in any quadrature.

When coherent state encoding is used with displacement values chosen as in (8.22)

and homodyne detection is used, the resulting channel is Gaussian:

Y = \/ﬁa + Zh0m7

where Zpom ~ Nk (0, (2(1 —n)Np + 1) /4). The “4+1” term in the noise variance arises

physically from the zero-point fluctuations of the vacuum.

We can now use the general formula for the capacity of the AWGN channel from
to obtain the capacity with homodyne detection:

1 4’/7NS .
Chom = = log [ 1 bits /use. 8.24
h 20g( +2(1_77)NB+1> its/use (8.24)
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8.2 Bosonic channels
8.2.4 Heterodyne detection

The heterodyne detection strategy attempts to measure the incoming light in both
quadratures. The sender inputs a coherent state |a) with o € C. Heterodyne detection
of the channel output results in a classical complex Gaussian channel, where the receiver

output is a complex random variable Y described by:
Y = /na+ Ze, (8.25)

where Zyey ~ Ne (0, ((1 —n)Np +1)/2). The capacity formula for this choice of detec-
tion strategy is given by:

nNg
(1-n)Np+1

Chet = log (1 + ) bits/use. (8.26)

The factor of 1/2 in the noise variances is due to the attempt to measure both quadra-
tures of the field simultaneously [Sha09].

8.2.5 Joint detection

The capacity of the single-mode lossy bosonic channel with thermal background noise

is thought to be equal to the channel’s Holevo information:
X = g(nNs+ (L =n)Np) —g((1 —n) Np)  bits/use, (8.27)

where Ng and Np are the mean photon numbers per mode for the input signal and the
thermal noise, and g(N) = (N + 1) log (N + 1) — Nlog (N) is the entropy of a thermal
state with mean photon number N. The latter formula is easily obtained from (8.21)):

h(p:) = —Tr[p;log py]
) : ( E )n ( : < E )n)
-y og
nZONJrl N+1 N+1\N+1

=1 N \"
= —nlog N 1)log(N + 1
§N+1<N+1) { nlog N + (n+ 1) log( —i—)}

=(N+1)log(N +1)— NlogN = g(N).
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Chapter 8: Bosonic interference channels

This capacity formula from equation (8.27]) assumes a long-standing conjecture regard-
ing the minimum-output entropy of the thermal noise channel |[GGL™04, (GHLMI10].

It is known that joint-detection (collective) measurements over long codeword
blocks are necessary to achieve the rates in equation for both the pure-loss
and the thermal-noise lossy bosonic channel [Guh1l, WGTLI2]. Note, however, that
quantum states of light are not necessary to achieve the rate y; coherent-state encoding

is sufficient.

10

10" |

R [bits / use]
al

— — — Homodyne detection
—  — Heterodyne detection
Joint detection (Holevo rate)

107 107 10° 10' 10
N s [average photon number]

Figure 8.2: The achievable rates for the different decoding strategies: homodyne, hetero-
dyne and joint detection in the low photon number regime 0.01 < (|a|?) = Ng < 100. The
channel has n = 0.9 and Ng = 1. The joint detection strategy outperforms the classical
strategies in which the outputs of the channel are measured individually, cf. Figure

The rates achievable by the three different detection strategies are illustrate in Fig-
ure 8.2, and on this we conclude our review of point-to-point bosonic communication.
In the next section, we consider the bosonic interference channel with thermal-noise,

particularly in the context of free-space terrestrial optical communications.

8.3 Free-space optical interference channels

Consider now a scenario similar to the one described in Figure but now assume
that there are two senders and two receivers. Sender 1 modulates her information on
the first spatial mode of the transmitter-pupil, and Receiver 1 separates and demod-

ulates information from the corresponding receiver-pupil spatial mode. With perfect
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8.3 Free-space optical interference channels

spatial-mode control at the transmitter and perfect mode separation at the receiver, the
orthogonal spatial modes can be thought of as independent parallel channels with no
crosstalk. However, imperfect (slightly non-orthogonal) mode generation or imperfect

mode separation can result in crosstalk (interference) between the different channels.

We will model the bosonic interference channel as a passive linear mixing of the
input modes along with a thermal environment adding zero-mean, isotropic Gaussian

noise. The channel model is given by:

by = VI + /ma1as + /i, (8.28)
82 = /201 — /12202 + V2, (8.29)

where 711, M2, 921, M22, M1, 2 € Ry, /Muithz = /M2at2, T = 1 — mip — 121, and 7p =
1 — n12 — m92. The following conditions ensure that the network is passive:

mi+tme <1, mu+na <1, mNot+nn <1, no+n2 <1

We constrain the mean photon number of the transmitters a; and as to be Ng, and Ng,
photons per mode, respectively. The environment modes 7, and 7, are in statistically
independent zero-mean thermal states with respective mean photon numbers Np, and
Np, per mode [Sha09).

8.3.1 Detection strategies

For a coherent state encoding and CoherentE| detection at both receivers, the above
model is a special case of the Gaussian interference channel, and we can study its

capacity regions in various settings by applying the known classical results from [Car75],
Sat81] and [HKSI].

If the senders prepare their inputs in coherent states |ay) and |ay), with ag, an € R,
and both receivers perform z-quadrature homodyne detection on their respective modes,

the result is a classical Gaussian interference channel [Sha09], where Receivers 1 and

2We refer to both homodyne and heterodyne strategies as coherent strategies.
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2 obtain respective conditional Gaussian random variables Y; and Y, distributed as

Y1 ~ Nr (Vo + /ma1az, (2 Ng, + 1) /4),
Yo ~ Nr (V2a2 + /az2a1, (272Np, + 1) /4),

where the “+1” term in the noise variances arises physically from the zero-point fluctu-
ations of the vacuum. Suppose that the senders again encode their signals as coherent
states |y ) and |as), but this time with oy, as € C, and that the receivers both perform
heterodyne detection. This results in a classical complex Gaussian interference chan-
nel [Sha09], where Receivers 1 and 2 detect respective conditional complex Gaussian

random variables Z; and Zs, whose real parts are distributed as
Re {Zm} ~ N[R (:umv (ﬁmNBm + 1)/2) ) (830)

where m € {1, 2}, H1 = /M1 Re {061}4-\/7721 Re {012}, Mo = /112 Re {@1}4-«/7722 Re {042},

and the imaginary parts of Z; and Z, are distributed with the same variance as
their real parts, and their respective means are ,/mi;Im{ai} + /m21 Im {as} and
Ve Im {1} + /Mo Im {as}. The factor of 1/2 in the noise variances is due to the

attempt to measure both quadratures of the field simultaneously [Sha09].

8.4 Very strong interference case

Recall the setting of the interference channel which we discussed in Section where
the crosstalk between the communication links is so strong that the receivers can fully
decode the interfering signal and “subtract” it from the received signal to completely
cancel its effects. The conditions in (5.5 and translate to the following ones for

the case of coherent-state encoding and coherent detection:

@ > 47:7711N51 + ZiﬁlNBl —+ 1

N2 — 2iyNp, +1 ’
M2 4'neaNg, + 22 Np, + 1
mi 2 Np, +1 ’
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and the capacity region becomes

1 4i7711N51
Ri<—log(1+-——Rts ) 8.31
1= 0008 ( 2 Np, + 1 (8:31)
1 4'1y2 N
Ry < —log (14 ——l22tse 8.32
] (5.32)

where ¢ = 1 for homodyne detection and ¢ = 0 for heterodyne detection.

Low Power High Power
0.08 25
0.06 2
77777 —\
1.5 |
o 004 T T T ‘ o2 ‘
! ! ! Hom.
0.02 \ 05 \ - = He_t.
[ [ Joint
0 0 |
0 0.02 0.04 0.06 0.08 0 1 2 3
Ri Ri

Figure 8.3: Capacity regions for coherent-state encodings and coherent detection, and
achievable rate regions for coherent-state encodings and joint detection receivers—both with
M1 = 122 = 1/16 and 12 = 121 = 1/2 (“very strong” interference for coherent detection). The
LHS displays these regions in a low-power regime with Ng, = Ng, = 1 and Np, = Np, =
1, and the RHS displays these regions in a high-power regime where Ng, = Ng, = 100.
Homodyne detection outperforms heterodyne detection in the low-power regime because it
has a reduced detection noise, while heterodyne detection outperforms homodyne detection
in the high-power regime because its has an increased bandwidth.

We can also consider the case when the senders employ coherent-state encodings
and the receivers employ a joint detection strategy on all of their respective channel
outputs. The conditions in (5.5) and readily translate to this quantum setting
where we now consider By and By to be quantum systems, and the information quan-

tities in ([5.5)) and ([5.6) become Holevo informations. The conditions in (5.5)) and (5.6))

when restricted to coherent-state encodings translate to:

9(naNg, + 12Np,) — 9(12Np,) < g(na1Ns, +m1Ns, + 1 Np,) — g(m1Ns, + 1 Ng,),
g(miNs, + i Np,) — g(mNp,) < g(maNs, +122Ns, + 72Np,) — g(122Ns, + 72Np,) -

where g(N) = (N +1)log (N + 1) — Nlog (N) is the entropy of a thermal state with
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mean photon number N.

An achievable rate region is then

Rl < 9(7711]\751 +7—71N31) - g(ﬁlNBl)7
Ry < 9(7722N52 + 7_72NB2) - g(ﬁQNBz)‘

These rates are achievable using a coherent-state encoding, but are not necessarily
optimal (though they would be optimal if the minimum-output entropy conjecture
from Refs. [GGLT04, [GHLMI(] were true). Nevertheless, these rates always beat the
rates from homodyne and heterodyne detection. Figure |8.3] shows examples of the
achievable rate regions for a bosonic interference channel with very strong interference.
Both the low-power and high-power regimes are considered. Observe that the relative
superiority of homodyne and heterodyne detection depend on power constraint and

that the joint detection strategy always outperforms them.

8.5 Strong interference case

Sato [Sat81] determined the capacity of the classical Gaussian interference channel
under “strong” interference. Theorem from Chapter [5| gives us the capacity region
for quantum interference channels with strong interference. We will now apply these

results in the context of the bosonic interference channel.

The conditions for a channel to exhibit “strong” interference are given in equations

(5.16]) and (5.17), and they translate to the following ones for coherent-state encoding

and coherent detection:

@ > 2i7_]1N31 + 1 @ > QiﬁgNBQ +1
Moz — 2'aNp, +1’ mi1 2 Np, + 17
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and the capacity region becomes:

1 4in11N5
R <=1 14+ ——1 8.33
1—2z°g<+2szBl+1 ’ (8.33)
1 4" Ng
Ry < =1 14+ ——2 8.34
2 9i 0g< +2177]2NBQ+1 ) ( )
1o (1 +4in1112}7:q1+n21N52)’
Ri+ Ry < %min ° T (8.35)
IOg (1 + 4 2117—]22]\[32_;’_1 ! )

where again ¢ = 1 for homodyne detection and ¢ = 0 for heterodyne detection.

Strong interference

1Joint
I Het.
I Hom.

Figure 8.4: The figure depicts the “strong” interference capacity regions in the high-power
regime for homodyne and heterodyne detection, and joint detection. The channel in the
figure is in the high-power regime: Np, = N, = 1, 711 = m22 = 0.3, 721 = 112 = 0.6, and
Ng, = Ng, = 100. Heterodyne detection outperforms homodyne detection in this case.

We can also compute the achievable rate region using the joint detection strategy.
Figure displays the different capacity and achievable rate regions when a free-space

interference channel exhibits “strong” interference.

8.6 Han-Kobayashi rate regions

The Han-Kobayashi rate region is the largest known achievable rate region for the
classical interference channel [HK81]. The region was described in Theorem and
in Section [5.5] we established the achievability of the Chong-Motani-Garg, which is

equivalent to the Han-Kobayashi rate region.
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The Han-Kobayashi coding strategy readily translates into a strategy for coherent-
state encoding and coherent detection. Sender m shares the total photon number Ng,
between her personal message and her common message. Let A, be the fraction of
signal power that Sender m devotes to her personal message, and let \,, = (1 — \,;,)
denote the remaining fraction of the signal power that Sender m devotes to her common

message.

When Receiver 1 uses homodyne detection to decode the messages, we can identify

the following components that are part of his received signal:

A1ni1Ns, = power of own personal message, (8.36)
M Ng, = power of own common message, (8.37)
m1Ng, = total own signal power, (8.38)
n91Ng, = total interference power, (8.39)
Moo Ng, = useful part of interference (other’s common), (8.40)
Aano1 Ng, = non-useful interference (other’s personal), (8.41)
Ny = 1 (21 Np, + 1) = noise power, (8.42)

Similar expressions exist for Receiver 2.

Consider now the inequalities (HK1)-(HK9) which define the Han-Kobayashi rate
region (see page . When we evaluate each of the mutual informations for the signal
and noise quantities (8.36]) - (8.42]), we obtain the Han-Kobayashi achievable rate region

for the bosonic interference channel:

Mmi1Ns,

1 < BHK1
N <>\27721ng + N1> ( )
A N A\ N
< 'y< 1m1Ns, > +7< 1m2Ns, > (BHK2)
A2n21Ng, + Nq Aim2Ns, + No
122N, >
5 < BHK3
N ’y<>\17712N81 + N ( )
A N 2\ N
< 7< 2m22Ns, > +7< 9m21 Ng, > (BHKA)
Am2Ng, + No A2n21Ns, + Ny
Ryt Ry < (711le1 + )\27721ng) N < A2m22Ng, > (BHKS)
A2m21Ng, + Ny A1m2Ng, + No
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7n2A%2+-Xﬂh2A%1) <__§£EL§EL__> (BHKG)

R+ Ry <
' 2= 7( A1mia2Ns, + No A2n21Ng, + Np

Ri+ Ry <

AniNs, + 5\27721st> . (A27722N52 + 5\17712]\751>
Aam21Ns, + Ny Ainia2Ng, + No

7( (BHK?Y)
7(7711]\751 + >\27721ng> ( A1 Ng, ) n ()\27722]\752 + )\17712N51>
(.

2R + Ry <
P Ao7a1 Ns, + Np Xo721 Ns, + Ny MmaNs, + No

(BHKS)

n22Ns, + 5\17712]\781) < A2n22Ns, ) <)\17711Nsl + 5\27721]\752)

Ri+ 2Ry <
! ? A1m2Ng, + Na

A1m2Ns, + N X221 Ns, + Ny

(BHK9)

Note the shorthand notation used v(z) = 3 logy(1 + ).

Han—Kobayashi rate region for different detectors

[ 1Joint
[ I Heterodyne
I Homodyne

Figure 8.5: The figure depicts the achievable rate regions by employing a Han-Kobayashi
coding strategy for homodyne and heterodyne detection. The channel parameters are Ng, =
Ng, =100, Np, = N, =1, 11 = n22 = 0.8, and 121 = m12 = 0.1. All of these regions are
with respect to a 10%-personal, 90%-common Han-Kobayashi power split.

We can also calculate the shape of the Han-Kobayashi achievable rate region if the
senders employ coherent-state encodings and the receivers exploit heterodyne or joint
detection receivers. A statement of the inequalities for the other detection strategies
has been omitted, because they are similar to (BHK1)-(BHK9). Figure [8.5| shows the
relative sizes of the Han-Kobayashi rate regions achievable with coherent detection and

joint detector for a particular choice of input power split: A, = 0.1, \,,, = 0.9.
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8.7 Discussion

The semiclassical models for free-space optical communication are not sufficient to
understand the ultimate limits on reliable communication rates, for both point-to-
point and multiuser bosonic channels. We presented a quantum-mechanical model
for the free-space optical interference channel and determined achievable rate regions
using three different decoding strategies for the receivers. We also determined the

Han-Kobayashi inner bound for homodyne, heterodyne and joint detection.

Several open problems remain for this line of inquiry. We do not know if a coherent-
state encoding is in fact optimal for the free-space interference channel—it might
be that squeezed state transmitters could achieve higher communication rates as in
[Yen05a]. One could also evaluate the ergodic and outage capacity regions based on
the statistics of 7;;, which could be derived from the spatial coherence functions of the

stochastic mode patterns under atmospheric turbulence.
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Chapter 9
Conclusion

The time has come to conclude our inquiry into the problems of quantum network
information theory. We will use this last chapter to summarize our results and highlight
the specific contribution of this thesis. We will also discuss open problems and avenues

for future research.

9.1 Summary

The present work demonstrates clearly that many of the problems of classical network
information theory can be extended to the study of classical-quantum channels. Orig-
inally, we set out to investigate the network information theory problems discussed in
[EGCS80]. It is fair to say that we have been successful on that front, since we man-
aged to develop coding strategies for multiple access channels (Chapter [4)), interference
channels (Chapter , broadcast channels (Chapter @ and relay channels (Chapter [7)),

in the classical-quantum setting.

Our proof techniques are a mix of classical and quantum ideas. On the classical side
we have the standard tools of information theory like averaging, conditional averaging
and the use of the properties of typical sets. On the quantum side we saw how to build
a projector sandwich, which contains many layers of conditionally typical projectors,
how to incorporate state smoothing, which cuts out non-typical eigenvalues of a state,
and the winning combination of the square root measurement and the Hayashi-Nagaoka

operator inequality.
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Above all, it is the quantum conditionally typical projectors that played the biggest
role in all our results. Conditionally typical projectors are truly amazing constructs,
since they not only give us a basis in terms of which to analyze the quantum outputs,
but also tell us exactly in which subspace we are likely to find the output states on

average.

9.2 New results

Some of the results presented in this thesis have previously appeared in publications
and some are original to this thesis. We will use this section to highlight the new

results.

The first contribution is the establishment of the classical /quantum packing lem-
mas using conditionally typical sets/projectors. While these packing lemmas are not
new in themselves, the proofs presented highlight the correspondences between the
indicator functions for the classical conditionally typical sets and, their quantum coun-
terparts, the conditionally typical projectors. The quantum packing lemma is an effort
to abstract away the details of the quantum decoding strategy into a reusable compo-
nent as is done in [EGK10].

It is the author’s hope that the classical and quantum packing lemmas presented
in this work, along with their proofs, can serve as a bridge for classical information
theorists to cross over to the quantum side. Alternately, we can say that there is only
one side and interpret the move from classical Shannon theory to quantum Shannon
theory as a type of system upgrade. Indeed, the change from indicator functions for the
conditionally typical sets to conditionally typical projectors can be seen in terms of the
OSI layered model for network architectures: quantum coding techniques are a change
in physical layer (Layer 1) protocols while the random coding approach of the data
link layer (Layer 2) stays the same. Note that this analogy only works for the classical
communication problem, and that quantum communication and entanglement-assisted
communication are completely new problems in quantum Shannon theory, which have

no direct classical analogues.

The main original contribution of this thesis is the achievability proof for the
quantum Chong-Motani-Garg rate region, which requires only two-sender simultane-
ous decoding. By the equivalence Rk (N) = Reoma(N), we have established the
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achievability of the quantum Han-Kobayashi rate region. We can therefore close the
book on the original research question which prompted our investigation more than

two years ago.

An interesting open problem is to prove Conjecture 4.1 on the simultaneous de-
coding for the three-sender quantum multiple access channels. This result would be a

powerful building block for multiuser quantum Shannon theory.
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Appendix A

Classical channel coding

This appendix contains the proof of the classical packing lemma (Section [A.2) and a

brief review on some of the properties of typical sets.

A.1 Classical typicality

In Section [2.2] we presented a number of properties of typical sequences and typical
sets that were used in the proof of the classical coding theorem. The reader is invited
to consult [CT91] and [Willl] for the proofs.

In this section, we review the properties of conditionally typical sets in a more
general setting where an additional random variable U" is present. This is the setting

of the classical packing lemma, which will be stated and proved in Section [A.2]

Consider the probability distribution py(u)pxw(z|u) € P(U,X) and the chan-
nel N' = (U x X, pyixv(ylz,u), V). Let (U",X") be distributed according to the
product distribution [[;_; pu(w)pxju(z:|w;). Let Y™ denote the random variable that

corresponds to the output of the channel when the inputs are (U™, X™).
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un

Hn by

X {>

c X" ey

Figure A.1: An illustration of the conditional dependence between the random variables
Um, X" ym).

Conditionally typical sets

The input random variables (U", X") ~ [[; pv(w)pxju(z;|w;) and the channel N

induce the following joint distribution:

n

(Un7 X", Yn) ~ HpU<Ui>pX|U<xi|Ui>pY\XU(yi|xi, Uz) (A~1)

i=1

This corresponds to the assumption that the channel is memoryless, that is, the noise

in the n uses of the channel is independent pyn|xngm = I PY|XU-

For any 0 > 0, define two sets of entropy conditionally typical sequences:

log pynjxnge (y"[a” u") H
n
1 n n n n
o8 pyrix (y"|u") — H(
n

7:5(n)(Y|x"7 u")= {y" ey

Y|X, U)'g 5}, (A.2)

T |u) = {y” ey ’ Y|U)‘ < 5} , (A.3)

where H(Y'|U) = =, pu(u)pyv(y|u) log pyw(y|u) is the conditional entropy of the
distribution py|u(ylu) = >_, pxju(@|u)py|xv(ylz, u).

By the definition of these typical sets, we have that the following bounds on the

probability of the sequences within these sets:
2—n[H(Y\X,U)+6] < pY"|Xn7U”(yn|l'n, un) < 2—n[H(Y|X,U)—6] Vy” c 7}(N)(y|xn’ un)7
9—nlHYU)+3] < Pynjon (Y7 |u") < 9-nHYIU)=8]  yyn 7;(n)<y‘un)7 (A.4)

for any sequences u" and z".

The channel outputs are likely to be conditionally typical sequences. More pre-
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cisely, we have that for any €, > 0, and sufficiently large n the expectations under U"
and X"|U™ obey the bounds:

(EEn Xn[|EUn Z pyannUn(yn’Xn, Un) Z 1— €, (A5)
yreT My XU

yn 67:5(”)(1/|U")

Furthermore, we have the following bounds on the size of these conditionally typical

sets:

T XU < O, (A7)

Conditionally typical sets

Equations (A.4) and (A.7) will play a key role in the proof of the classical packing
lemma in the next section. We restate these equations here in the language of indicator

functions for the single and double conditionally typical sets:

nl, n —n[H(Y|U)—4]
pY”|U"(y |7,L ) ]‘{ynef-[-e(n)(y'Un)} < 2 1{yne7’6<n)(y‘Un)}7 (M)

and

Z 1{@/"672(”’(Y|zn,un)} < QuHIIXU)+] &)

yneyn

A.2 Classical packing lemma

The packing lemma is a powerful tool for proving capacity theorems [EGK10]. We
give a proof of a packing lemma which, instead of the usual jointly typical sequences
argument, uses the properties of conditionally typical sets. This non-standard form of
the packing lemmas is preferred because it highlights the similarities with its quantum

analogue, the quantum conditional packing lemma stated in Appendix [B.2]

179



A.2 Classical packing lemma

Lemma A.1 (Classical conditional packing lemma). Let py(u)pxv(z|u) € PU,X)
be an arbitrary code distribution, and let N = (U x X, py|xv(y|z,u), V) be a channel.
Let (U™, X", X™) be distributed according to []7_, pv (wi)px v (i) pxw(&i|u;). Let Y™
denote the random wvariable that corresponds to the output of the channel when the
inputs are (U",X”). Define & to be the event that the output Y™ will be part of the
conditionally typical set 7L (Y|X™,U™), given that it is part of the output-typical set
Yr e (Y |U™). We have that

E Pr {&)=
U"i Yn‘Xn
xn xn

- £ £ E Pt {{yr e 7O ixm o} n{vm e 7O (o}

Un X" fn Yn|Xn

< 9 nlI(XY|U)=5(e)], (A.8)

Consider the random codebook {X™(m)}, m € [1 : 2"E| generated randomly and
independently according to [[;_, pxju(xi|u;). There exists 6(€) — 0 as € — 0 such that
the probability that the conditionally typical decoding will misinterpreting the channel

output for X™(m) incorrectly as produced by X™(m') for some m’ # m, that is,
Y™(m) = NMU™, X™(m)), Y"(m)e T (Y|X"(m'),U") and Y™(m) € T (Y |U™),

vanishes as n — oo, if R < I(X;Y|U) — d(¢), where the mutual information is

calculated on the induced joint probability distribution (U, X,Y) ~ puxy(u,x,y) =
py|xu (ylz, wpxw(@|w)py (u).

The description of the error event in the conditional packing lemma contains four
sources of randomness. First we have U™ ~ [[" py, then there are two independent
draws from [[" px|u to produce X™ and X" Finally, the channel-randomness produces
Yn=N"U", X ™). The fact that X" and X™ are conditionally independent given U™
implies that Y™ and X™ are also conditionally independent given U™. The situation is

illustrated in Figure

Proof. We give an argument based on the properties of the output-typical sequences
and a cardinality bound on the conditionally typical sets. Assume that the output
sequence Y™ = N™(U", X™) is output-typical (€ 7™ (Y|U™)), and happens to also
fall in the conditionally typical set for some other codeword T (Y|X"U™). This is
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1{7;(7L)(Y‘X",U“’)}

l{ﬁ(")(Y\U")} A AND 1{52}

ey

Figure A.2: The classical packing lemma. Two random codewords X™ and X" are drawn
randomly and independently conditional on a third random variable U". Assume that the
random variable U" is also available at the receiver. What is the chance that the output
of the channel which corresponds to X and U™ will falsely be recognized to be in the set of
outputs which are likely to come from inputs: X™ and U™? The receiver performs two tests

on the output sequence Y": (1) test membership in 7dm (Y|U™) and (2) test membership in
7 (Y|X™, U"™). If both these are successful, the outcome will be a misidentification error ;.

described by the following event:

& = {Y/" c 7;<">(Y|X"U")} N {f/n e 7;<">(Y|U")} . (A.9)

Now consider the expectation of the probability of the event & under the code

randomness:

EE EPri&&}=
Un Xn xn r{ 2}

-FE E E _ Pr {{f/“ e 7;<">(Y|X"U“)} n {Yf” e 7;<”>(Y1U”)}}

Un Xn|Un anU” Y”‘X”U"

=F LE E E
un Xn|U” Xn|Un ?n‘XnUn

:U"X”‘Un ZZPX" |U pY"‘X"U"(y |a7 ur ) { nefTe(”)(lenUn)}1{gne7—6(”)(len)}

1{?ne7;<”)(Y|XnUn)}' 1{?ne7;<”) (Y|Un)}

H@

I Xn|UanY"‘U” y ’U ) { nE'TE(n)(Y‘X"Un)} : 1{@”67’5(”)(Y‘U")}

IN®

n[H(Y|U)—6(€)] .
Bk 2% {rermixnum})” Hameroion)

—n[H(Y|U)=6'(e)]
2 [BI::” Xnﬂ-‘:Un Zn: 1{gn€7—e(”)(y‘XnUn)}

= ot HY =3Ol § (w2 Z (e (vamum) )

um™,xm

IN®
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A.2 Classical packing lemma

2 gnlH(YI0)=5 ()] 2n[H(Y|XU)+6”(e)]

o—nlI(X;Y|U)=d(e)]
The equality @ follows from the definition of the conditional output distribution:

PYn|Un g"|u") ZPX”\U" "™ pY"\X"U"(y |z, u™). (A.10)

Inequality @ follows from the fact that sequence Y™ is conditionally output-typical,
which means that p(y"|u”) < 27"HII)=]  Tnequality ® is the consequence of drop-

ping an indicator, since in this way we could only be enlarging the set. Inequality @
follows from (A.4)).

The second statement in the packing lemma follows from the independence of
the codewords and the union bound. Let the random codebook {X"(m)}, m € [1 :

2"%] be generated randomly and independently according to [}, pxju(2:|U;). Define

N™U™, X™(m)) happens to fall in the conditionally typical set for some other codeword

]
{&(m/|m)} to be the event that the channel output when message m is sent, Y™ (m) =
(
T (V| X™(m'), U™) and is also output-typical (€ 7™ (Y |U™)).

'Tm) ={{Y"(m) € (Y |X"(m), UM }n{Y"(m) € (YU} (A.11)

If we define (E2) to be the total probability of misidentifications of this kind, we
get:

Pr{(EZ)}:Pr{ U 52(m'\m)}

m/'eM,m/#m

INe

ST Pr{&m|m)

m/eM,m’#m
Z Pr{Sg}
m/eM,m'#m
< Z 9—n[I(X;Y|U)=6(e)]
m/eM,m’#m

| M |27 GYIU)=6()]

e

IN
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_ 9 nll(X;Y|U)~R=6(e)]

Inequality ® uses the union bound. Inequality ® is true because the all the codewords

of the codebook are picked independently.

Thus if we choose R < I(X;Y) — d(¢), the probability of error will tend to zero as
n — 00. [

The reader is now invited to review the Notation page in the beginning of
the thesis. This table can be used as a bridge from classical information theory to
the quantum information theory. In Appendix we will discuss the properties of
conditionally typical projectors and prove a quantum packing lemma which follows

ezxactly the same reasoning as in the classical packing lemma.
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Appendix B

Quantum channel coding

The first part of this appendix defines the quantum typical subspaces and conditionally
typical projectors associated with a quantum multiple access channel problem. The
second part of the appendix is the statement of the quantum packing lemma which is

a direct analogue of the classical packing lemma presented in Appendix [A.2]

B.1 Quantum typicality

The concepts of entropy, and entropy-typical sets generalize to the quantum setting
by virtue of the spectral theorem. Let H? be a dg dimensional Hilbert space and let
pP € D(HP) be the density matrix associated with a quantum state. The spectral
decomposition of p? is denoted p? = UAUT where A is a diagonal matrix of positive
real eigenvalues that sum to one. We identify the eigenvalues of p” with the probability

distribution py (y) = A,, and write the spectral decomposition as:

Zpy e psy) (€py|” (B.1)

where |e,.,) is the eigenvector of p? corresponding to eigenvalue py (y). The von Neu-

mann entropy of the density matrix p?

H(B), = —Tr{p"log p®} = H(py). (B.2)
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Define the set of d-typical eigenvalues according to the eigenvalue distribution py

T s= {y” ey

_logpyn(y") _ H(y)‘ < 5} . (B.3)

n

For a given string 4" = y1y2...¥; . . .y, we define the corresponding eigenvector as

|€piyn) = |€psys) @ lpye) ® -+ @ [€p3y,), (B.4)
where for each symbol where y; = b € {1,2,...,dg} we select the b'" eigenvector |e, ;).

The typical subspace associated with the density matrix p? is defined as

A5 = span{|e,,n): y" € 7;’;75}. (B.5)

The typical projector is defined as

ZB,JZ Z |€payn K epyn |- (B.6)

y €T,

Note that the typical projector is linked twofold to the spectral decomposition of (B.1)):
the sequences y" are selected according to py and the set of typical vectors are build

from tensor products of orthogonal eigenvectors |e,.,).

Properties analogous to (2.3) — (2.5) hold. For any €,d > 0, and all sufficiently

large n we have

Tr{p®nﬂz,6} 2 1—c¢ (B.7)
DT < ey < 27 (B3
1 — 20 < {1} < 2 HE] (B.9)

The interpretation of (B.8)) is that the eigenvalues of the state p®" are bounded between

2~ nlH(B)p=0] and 2-nH(B)r+l on the typical subspace Ans.

Signal states Consider now a set of quantum states {p,, }, z, € X. We perform the

spectral decomposition of each p,, to obtain

dp
Pfa = ZPY|X(y|xa)|6pwa;y><6pza;y|Bv (B.10)

y=1
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where py|x(y|z,) is the y** eigenvalue of pZ and |e,,_ ) is the corresponding eigenvec-

tor.

We can think of {p,,} as a classical-quantum (c-¢) channel where the input is
some z, € X and the output is the corresponding quantum state p,,. If the channel is
memoryless, then for each input sequence x™ = x1x5 - - - x,, we have the corresponding

tensor product output state:
px" _pxl ®p32® Bn _®px1 (Bll)

To avoid confusion with the indices, we use ¢ € [n] to denote the index of a symbol x in

the sequence 2™ and a € [1,...,|X]|] to denote the different symbols in the alphabet X'

Conditionally typical projector Consider the ensemble {px(z,), p., }. The choice

of distributions induces the following classical-quantum state:

= px(xa) [ra)wd @ pk . (B.12)

We can now define the conditional entropy of this state as

H(B|X)P = Z pX(Ia>H<pza>7 (B13>

TaEX

or equivalently, expressed in terms of the eigenvalues of the signal states, the conditional

entropy becomes

H(B|X)P Y|X ZPX xa Y|xa) (B14)

where H(Y|z,) = —_, pyix(y|7a)log py|x (y|za) is the entropy of the eigenvalue dis-
tribution shown in (B.10)).

We define the z"-conditionally typical projector as follows:

ZxBn:(S = Z |€pz”§yn ><epzn;y" |’ (B15)

pfﬁl,é

where the set of conditionally typical eigenvalues ’T” consists of all sequences y"

pE 6
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which satisfy:

_1ngyn|Xn(y"|x”) _ H(Y|X)' < 5} , (B.16)

n

0 _ n.
pf»,?ﬁ - {y ’

with pynjx«(y"[2") = [Ti2) pyix (yil2s).

The states |e,_,.,n) are built from tensor products of eigenvectors for the individual

signal states:
|€pzn;y”> = |epzl;y1> ® |ep12;y2> K& |6pzn;yn>a

where the string y"” = y1vys ... i . . . Y, varies over different choices of bases for HZ. For
each symbol y; = b € {1,2,...,dg} we select |e,, ): the b™ eigenvector from the

eigenbasis of p,, corresponding to the letter x; = x, € X.

Analogous to the three properties (B.7)), (B-8) and (B.9), the conditionally typical
projector obeys:

Exn Tr [pfgn m, 5] >1—¢ (B.17)
xn»
2—n[H(B\X)p+6]HZ§n76 < Han,é pE, an,(; < 2—n[H(B|X)p—6]HZ$Bn’57 (B.18)
[ — 2rlHBIX)=8 < o Ty [H;B 5} < gnlH(BIX),+8] (B.19)
XN

MAC code Consider now a quantum multiple access channel (X} x X, pixQ,HB )
and two input distributions px, and px,. Define the random codebooks { X7 (m1) }m, e,
and {X3(m2)}myem, generated from the product distributions pyyp and pxp respec-

tively. The choice of distributions induces the following classical-quantum state p*1X25

S i (2a) pxa () |za)wd ¥ as) a2 @02, (B.20)

Ta,Th

and the averaged output states:

ﬁl‘a = ZpXQ ('Tb> pma,zba <B21)
Tp
ﬁzb = Zle (xa) Pxq,xys (B.22)
p= Z Px, (xa) Px, (mb) Pxq,zy- (B23)
Ta,Th
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The conditional quantum entropy H(B|X;X>), is:

H(B|X1X2), = Y px,(2a)px, (€0) H(pr, ), (B.24)

Tq€EX1,2,EX

and using the average states we define:

H<B’X1>P = Z le(xa>H<ﬁxa>7 (B25>
H(B|X2), = > pxo() H(pa,), (B.26)
H(B), = H(7). (B.27)

Similarly to equation (B.15) and for each message pair (m;, my) we define the
conditionally typical projector for the encoded state pf?(ml)xg (mg) O be HZB 5
2T (my)zy (mg)’

From this point on, we will not indicate the messages my, my explicitly, because the

codewords are constructed identically for each message.

Analogous to (2.46)), the following upper bound applies:

Expxy Tr{ITp 5} < gnlH (BIX1X2)p+0] (B.28)

n n
X3

and we can also bound from below the eigenvalues of the state pf?xg as follows:

Z_n[H<B\X1X2)p+6]anW76 <1 pr?xgﬂgf%m 5 < Q—H[H(BIXlxz)p—élnnf%m s (B.29)
172 172 172 172
We define conditionally typical projectors for each of the averaged states:
Pz, = 15 5, (B.30)
z7 ’
Pes = 105 s, (B.31)
Ty ’
p— 15 5. (B.32)

These projectors obey the standard eigenvalue upper bounds when acting on the states

189



B.1 Quantum typicality

with respect to which they are defined:

2~ n[H(B|X1), +5]Hn n,é < < II» B 5pm"H B 5 <27 ”[H(B|X1)p*5]]:[z m

9~ nlH(B|X2),+l n 5 < " o, (sz"H o » <92 n[H(B|X2)p—0lTn_
op 0

—n[H(B),+8 11N —nlH(B),=dl
o—nlH(B),+ 1H5375gnﬁ376p H5375§2 L (B)o =, |

Py n75

(B.33)
(B.34)

(B.35)

We have the following bounds on the rank of the conditionally typical projectors:

Tr{Hggmé } < onlHBIX), o]
Tr{Hn } < 2n[H(B|X2)p+5]
X"’ - ’

Tr{HpBﬁ } < onlH(B)p+4]

(B.36)
(B.37)

(B.38)

The encoded state pﬁ? xp 18 well supported by all the typical projectors on average:

Expxp {TY{H s Ppxpt| =16

pXTlX")

l]':ann |:TT{H 37“6 anXn} 2 1— €,

B
Expxyp [TT{HZ)B(?(s Pxpxpt| = 1—¢€

[EX{LXS |:TI'{H;B75 p)B}{lXén}_ Z 1—ce¢
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B.2 Quantum packing lemma

Lemma B.1. Let py(u)pxu(x|u) € P(U,X) be an arbitrary code distribution, and let
N = UXX, puy, HP) be a classical-quantum channel. Let (U™, X™, X™) be distributed
according to [\, pu(w)pxju(zi|u;)pxjv(Z:|w;). Consider the channel N' defined by the

following map:

N/ : (un7lﬂ) — (un7€511,m1 ® pfgz,mz Q- ® pf:@"g)’ (B43)
pf:?,xn

where u™ is available as side information to the receiver and the sender. Define the
state pyn = Exnjyn N’ (0, X™) and the conditionally typical projectors H%T; for the state
P and IIP" - for the state p ..

We want to measure the expectation of the overlap between Pg: 5n and the operator
2" 8" M5 associated with some (U™, X™). We define this quantity to be:

pyn = pyn xn = pyun

&="Te|IZ 5 T2 pg:;jn] . (B.44)

Then &, can be bounded as follows:

E E E 5 < g oiesEm=ael (B.45)

un Xn|un Xnjyn B
Let the random codebook {X™(m)}, m € [1 : 2"%] be generated randomly and in-
dependently according to T[]}, pxju(x:|U;). Then there exists 6(¢) — 0 as € — 0 such
that the expectation of the total overlap between conditionally typical output spaces can

be bounded from above as follows:

E2) = E E E Tr[nf?” 2" mE" pBr .
) m/eA;m;e%” Xn(m)|[Un Xn(m)jun L PUT T PUR XS TTRUT Pun,xn(m)
< | M2V IO)-5(6)] (B.46)

Thus if we choose R < I(X; B|U)—0(¢), the quantity (E2) will tend to zero as n — 0.

To bound the expectation of the second term, define X (m) and X™(m/) to be the

two random codewords assigned to messages m and m’ respectively.
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Hpyn Hpun,xn Hpyn > &

c HBn,

Figure B.1: The quantum packing lemma. Two random codewords X" and X" are drawn
randomly and independently conditional on a third random variable U". Assume that the
random variable U™ is also available at the receiver. What is the chance that the output
of the channel which corresponds to X and U™ will falsely be recognized to be in the set of
outputs which are likely to come from inputs X" and U"?

B B" B™ B"
E E E 82 =Lk E E Tr [HPU"HPU" xn H,OU’ﬂ pU" X":|
Un Xn|Un X”|U” un Xn‘Un X”|U”

EE TG T E {pﬁi,ﬁn}]

Un Xn[Un pun = Tpyn, xn=pyn

lle

E E Tr HB;”HB" HB"npUn]

Un Xn|Un pun, xn=TpU

BTL
(9; Xn|}\:Un Ir HPU” xn Hpunp

2 9 nHBI- £ £ Ty [HB 8" }

Un xn[pn pun,xn “pyn
®
<o mHBI- F F oy [HB ]
- Un xn|un pum, X
2 o—nlH(BIU) 3] gn[H(BIU.X)+3]

— 9—nlI(X5Y[U)=(e)]

Equation @ is true by the definition Egnm{pp, .} = pun. The inequality @ uses
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the eigenvalue bound as in (B.18]). The inequality ® follows from

I&ﬁﬂ” H?"}::IYEF” 8" 18" }

pyn,xn “Tpyn pyn,xn “Tpyn TTpyn xn

<Te|mB” 1B ]

pun, xn pun, xn

~ Tr|TIB" }

pun xn

The inequality @ follows from bound on the expected rank of the conditionally typical
projector like in (B.19)).

Applications
Holevo-Schumacher-Westmoreland (HSW) Theorem

Given a channel (X, p,, H), if we set:
o U=10
o pu(upxw(zlu) = px(z)
® Pungn = Pan
o 510 10 = Ul 115,

then the quantum packing lemma tells us how many conditionally typical subspaces

we can pack inside the output-typical subspace before they start to overlap too much.

Successive decoding for the quantum multiple access channel

Given a quantum multiple access channel (X} X X, pg, 4., H), We set:
o U=2X;
o pu(Wpxiv(zlu) = px, (z1)px, (22)
® Pyngn = Pgi xn
. H?n mne" 18" = HﬁI?H il

u T Pum Pun pz?,zQ pz'il ?

to obtain the bound on the rate Ry when using the successive decoding m; — ma|m;.
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B.2 Quantum packing lemma
Superposition coding

Consider the situation in which superposition encoding is used to encode two messages

¢ and m in a codebook suitable for the channel (X, p,, H):

{W (O} ~ pwn (W), {X"(l;m)} ~ prw(l’ilwz’(é)) :

Consider the following substitutions:

e U=W

pu(w)px(|w) = pw(w)pxw(z|w)

Pur gn = Pgn
° Hgn " Hg; =1, .11, .11

u ™ Pumn m Pwn *

The packing lemma gives us a bound on the error associated with decoding a wrong

message m (the satellite message) given that we correctly decoded ¢ (the cloud center).
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Appendix C

Miscellaneous proofs

This appendix contains a series of proofs which were omitted from the text in Sec-

tion 5.4l in order to make it more readable.

C.1 Geometry of Chong-Motani-Garg rate region

We will now prove the inequalities from Lemma on the geometry of Riyq (N, poma),
the multiple access channel for Receiver 1 in the Chong-Motani-Garg coding strategy.
This inequality structure is important for the geometrical observations of the Sagoglu

argument.

Proof of Lemma[5.3. 1f we expand the shorthand notation of equations ([5.30]) through

(5.32) we obtain the following inequalities.

I(X1; B1{WiW2Q) < I(X1; B1[W2Q) < I(X1Wa; B1|Q), (C.1)
I(X1; Bi|WiWaQ) < I(X1Wa; B1|WhQ) < I(X1Wa; B1|Q), (C.2)
I(X1; B1|WiWaQ) + 1(X1Wo; B1|Q) < I(X1; B1|WaQ) + I(X1Wa; B1[W1Q). (C.3)

Observe that Ws is independent from W; and X; thus

H(X\Wa) = H(X,) + HWa), HWWa) = HW) + H(Wa). (C.4)
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C.1 Geometry of Chong-Motani-Garg rate region

Also, since X7 is obtained from W7, we have H(X;) = H(X;W;) and we can add or

subtract the random variable W; next to X; as needed without changing the entropy.

The get the first part of the inequality (5.30]), we observe

](X1§ Bl|W1W2) = I(Xl; 31W2|W1)
= H(X,W,) 4+ H(B,W,W,) — H(X,ByW,Wy) — H(W)
— H(W W) + H(W,Wy)
= H(X)) + [H(ByWoW,) — HW,Wy)] — H(X,B,W,Wh)
— H(Wh) + H(W,) + H(Ws)
< H(X,) + [H(BWsy) — H(W,)] — H(X,ByW,Wy) + H(Wy)
= [H(X1) + HW)] + H(B.Wy) — H(X1BiWoWy) — H(Ws)
= I(Xy; B|[Ws),

where inequality follows from H(B;|W;W3) < H(B;|W3) (conditioning cannot increase
entropy).

The second part of inequality ([5.30)), follows from a similar observation using
H(B|Ws) < H(By).

I(X1; B|Wa) = H(X,\Wa) + H(BiWa) — H(X,B1Ws) — H(Ws)
H(X\Wa) + [H(BiWs) — H(Ws)] — H(X, B, Wa)
< H(X:Ws) + [H(By)] — H(X,B, W)

= [(X1W2, Bl)

For the first part of (5.31)) we repeat the above argument but with extra condi-
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tioning on the W; system.

I(X1; B Wi Ws) =
= H(X WhiWy) + H(ByWiW,) — H( X ByWiW,) — H(WiWa)
H(XAWiWs) + [H(BiW W) — H(WiWs)| — H(X BiWiWa)
H(X,Wa) + [H(B[Wh)] — H(X,BiW, W)
H(X\Ws) + H(BWy) — H(X,ByWW,) — H(W)
= H(X W)/ Wy) + H(BWy) — H(X,ByWWs,) — H(W)
= [(X1Wy; B1|Wh).

For the second part of ((5.31)) we have

[(X1Wa; Bi|W1) = H(X,WiW,) + H(ByW,) — H(X,ByW W) — H(W,)
H(X\Wa) + [H(BWy) — HW,)| — H(X, B, W)

< H(X\W) + H(By) — H(X,B,W>)

= I[(X,Wy; By).

Finally for inequality (5.32]) we need to use the strong subadditivity relation
H(BiW W) + H(By) < H(ByWy) + H(BWs). (C.5)
The steps are

I(Xy1; B1|[WiWa) + I(X,1Ws; By) =

— H(XOWAWa) + H(BiWAWa) — H(X1BIWAWa) — H(W1 W)
Y HXO W) + H(By) — H(X,BiWa)

— [H(BIW\Wa) + H(B)] + H(X,WiWa) — H(X1BiWiWa) — H(W)) — H(Ws)
+ H(X1W3) — H(X1B1W»)

< [H(BiW)) + H(BiWa)] + H(X\WiWa) — H(X1BiWi W) — H(Wy) — H(Wa)
+ H(X1W3) — H(X1B1Ws)

= H(X\W1Wy) + H(B1Wh) — H(X1BiW1Wy) — H(Wq)
+ H(X 1 Wy) + H(B1Ws) — H(X1B1Ws) — H(W3)

= I(X1Wo; B1|Wh) + I(X1; B1|Wa).
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C.2 Detailed explanation concerning moving points

This completes the proof of Lemma [5.2] n

C.2 Detailed explanation concerning moving points

In Section we used Lemma [5.3] to show that we can move any point on the (b) or

(d) planes to an equivalent point on the (a) or (c¢) planes. We now give the proof.

Proof. We have to show how to move any point in b; Ud; \ a; U¢; to an equivalent point

in a; U ¢;. Because the rates R;. and Rs. appear in the coordinates of both P, and P,

we cannot move each point independently. Indeed Sasoglu points out that the points

P, and P, are coupled by the common rates.

A priori, we have to consider all possible starting combinations the points However,

using the following observations we can restrict the number of possibilities significantly.

1. IfPlebl\al,thenPQGaQUbg.

198

The fact that P, € by \ a; implies that equation (bl) is tight
Rip + Ry, = 1(by), (C.6)

and (al) is loose
Rlp < ](al). (C?)

Then there exists § > 0 such that the point P| = (Ry,+9, R1.—9, Ra.) € Réna(p)-
Suppose for a contradiction that P, was originally in (ca U dz) \ (a1 U by). The
decrease in R;. associated with the move from P, to P/, will have allowed us
to increase the one of the rates for Receiver 2 which is a contradiction since
we assumed the Ry = Ry + Ry was optimal. More specifically, if P € ¢, or
Py € dy, then we would be allowed to increase Rs, by 0, to obtain Pj = (Rg, +
9, Rye, Ri. — §), resulting in the operating point (R;, Ry + §) which contradicts
the assumption that the initial rate pair (R;, Ry) was on the boundary of Reyg.
Thus, if P; € by \ a1, then P, must be in ay U bs.

. IfP1Edl\(alublLJcl)thenPgGag.

Again consider moving the rates to obtain P| = (Ry,+0, R1.— 0, Ra.) € di \ (a1 U
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by Ucy), then if then if P, was originally in ¢y or dy, then the decrease in R;, would
allow us to move the point P, to a new rate triple Py = (Rs, + d, Rac, Ric — 0),
resulting in the operating point (R, Ry+9), which again leads to a contradiction.
Therefore P, can only be in as or by. But if P, were in by, then by observation 1
(with a change of roles between P; and P,) we would have P; € (a; U b;) which
contradicts our assumption that P, € dy \ (a3 U by Uc;). Thus we see that if
P ed\ (ag UbUcy), then Py € as.

By the above reasoning we have restricted the possible combinations where the
points (P;, P») could lie initially. To prove Theorem , we have to show that we can

deal with the following combinations: by X ag, a; X by, by X by, di X a; and ay X ds.

We now show that we can move any point P; € by Ud; (on one of the bad planes)

to an equivalent point lying in a; U ¢y,

e Case (P, P,) € by X as:
In this case, equations (bl) and (a2) are tight which means that the rate pairs

are of the form

Pl = (Rlp, le RQC), such that Rlp + Rlc = I(bl),
P, = (R2p7 Ry, R1c) = (I(G2), Ry, Rlc)-

If we apply a Ry — R;, rate moving operation to P; we can obtain a new point
P with

Pl = (R,

1p>

Rllc, R20> = (I(al), [(b1> — I(al), RQC) € ay N bl.
As a result of the moving the point P, will be moved to
P2/ = (R2p7 R207 Rllc) = (I(CL?)v R267 I(b1> - I<a’1))7

which continues to lie in the as plane. Observe that during this rate moving
operation the sum rates remain unchanged (R, + Ric, Rop + Roc) = (R1, R2) =
(Ry, + Ry Ry, + Re).

The case when (Py, P») € a; X by is analogous.

e Case (Phpg) € b1 X bQ:
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C.2 Detailed explanation concerning moving points
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Our starting points are

P1 = (Rlp, Rlc; RQC), such that Rlp -+ Rlc = I(bl),
P2 = (Rgp, RQC, Rlc); such that Rgp + RQC = I(bg)

We will first do a Ry, — Rj, rate moving operation until we get to the plane a;.

The points we obtain are

Pl = (Ry,, R\, Rs)=(I(a1),1(b) — I(a1), Rac) € a1 Ny,

1p»

P, = (Rgp, Rac, R).) = (Ryp, Rac, I(by1) — I(ay)) € bo.

We then perform second rate moving operation Ry, — Rj, in order to move to

the plane a,.

Plll = ( /1p7 /107 /2/6) = (I(al)’ [(bl) - I(a1)7[(b2) o I(ag)) €arn bl’
FY = (RYRL.RL) = (Ias), I(b) — I(az), I(by) — I(ar)) € ay N b,

Thus we have managed to move the points (P, P5) € by X by to equivalent points

(P}, Py) € a; X ay while leaving the sum rate (R, Ry) unchanged.

Case (Pl,PQ) S d1 X Q9.
If P, € dq, it means that the triple sum inequality (d1) is tight. The starting

rates are

P1 = (R1p7 le RQC)7 SUCh that Rlp + Rlc —|— RQC = I(dl),
Py, = (I(a2), Rac, Ric) € as.

To move P, away from the interior of the d; plane we will once again use a rate
moving operation ;. — Rj,. This operation will increase the rate R, at the
expense of the rate R;.. We cannot increase the rate R;, indefinitely — sooner or

later one of the two other rate constraints on R;, will saturate.

The other constraints on R;, come from equations (al) and (cl), so by rate

moving we will eventually reach either the a; or the ¢; planes.
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If the first case the resulting points will be

Pll = (R/lp, Rllc, RQC) = (I(al), Rllc, Rgc) € a; Ndy,

P2/ = (I(CL?)’ RQC) Rllc) € a,
where R), = I(dy) — I(a1) — Ra. because by rate moving we stayed in the d;

plane.

In the latter case where moving the rates of P, € d; puts us on the ¢; plane the

resulting points will be

Pll = (Rllp, Rllc, RQC) € C N dl, s.t. Rllp -+ RQC = [(Cl>

P2/ = ([(CLQ),RQC,R/M)ECLQ.

Once again, the sum rate (R;, R2) remains unchanged by the rate moving, but

the moved points (P], Pj) are now either in a; X as or ¢; X ag as claimed.
The case when (Py, P») € a; X dy is analogous.

Therefore, given an arbitrary point (Ry, Ry) € 0Rcmc (N, pema), there always
exists a choice of common /private rates such that (P, P) € a; U ¢y X as U ¢ with
(Rip + Ric, Rop + Rae) = (Ry, Ra).

C.3 Redundant inequality

In Section [5.5.3] we claimed that the inequality (5.49) is less tight than the sum rate
constraint obtained by adding equations (5.48|) and ([5.51)).

To that this is true, consider the following argument starting from the positivity
of the mutual information I(W7y; W5|By) > 0:

H(WiWoBy) + H(By) < H(W1By) + H(W,By). (C.8)
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We now add H (X;W;W;) and subtract —H (X, W;W3By) on both sides of the equation:

H(W1WQBl) + H(Bl) + H<X1W1W2) H(WlBl) + H(WQBl) + H<X1W1W2)
—H (X W1W)2By) —H (X, W W)By).

We now use the fact that W5 is independent from Wy, so H(W;)—H (W Wy) = —H (W)
to obtain:

H(W1W231) + H(Bl) + H(X1W1W2) < H(WlBl) + H(WgBl) + H(X1W1W2)
—H(X1W1W231) + H(Wl) — H(W1W2) - —H(X1W1W231) - H(Wg)

We move the term H(W;B;) to the other side and rearrange the terms the final

expression:

H(X\WhWy) + HW WaBy) —H(X\W1WaB1) — H(W1Wa)
—I—H(Wl) + H(Bl) — H(WlBl)

H(X1W1W2) + H(WQBl)
_H(X.\WAW2B1) — H(Ws)

I(a1) = I(X1; Bi|[WiWa) + IWh; B1) < I(Xy;Bi|Wa) = I(b),

which shows that we can drop the constraint from equation (}5.49)).
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