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Summary

Networked and Event-Triggered Control Systems

In this thesis, control algorithms are studied that are tailored for platforms
with limited computation and communication resources. The interest in such
control algorithms is motivated by the fact that nowadays control algorithms
are implemented on small and inexpensive embedded microprocessors and that
the sensors, actuators and controllers are connected through multipurpose com-
munication networks. To handle the fact that computation power is no longer
abundant and that communication networks do not have infinite bandwidth,
the control algorithms need to be either robust for the deficiencies induced by
these constraints, or they need to optimally utilise the available computation
and communication resources. In this thesis, methodologies for the design and
analysis of control algorithms with such properties are developed.

Networked Control Systems: In the first part of the thesis, so-called net-
worked control systems (NCSs) are studied. The control algorithms studied
in this part of the thesis can be seen as conventional sampled-data controllers
that need to be robust against the artefacts introduced by using a finite band-
width communication channel. The network-induced phenomena that are con-
sidered in this thesis are time-varying transmission intervals, time-varying de-
lays, packet dropouts and communication constraints. The latter phenomenon
causes that not all sensor and actuator data can be transmitted simultane-
ously and, therefore, a scheduling protocol is needed to orchestrate when to
transmit what data over the network. To analyse the stability of the NCSs, a
discrete-time modelling framework is presented and, in particular, two cases are
considered: in the first case, the transmission intervals and delays are assumed
to be upper and lower bounded, and in the second case, they are described
by a sequence of continuous random variables. Both cases are relevant. The
former case requires a less detailed description of the network behaviour than
the latter case, while the latter results in a less conservative stability analysis
than the former. This allows to make a tradeoff between modelling accuracy
(of network-induced effects) and conservatism in the stability analysis. In both
cases, linear plants and controllers are considered and the NCS is modelled as a
discrete-time switched linear parameter-varying system. To assess the stability
of this system, novel polytopic overapproximations are developed, which allows
the stability of the NCS to be studied using a finite number of linear matrix
inequalities. It will be shown that this approach reduces conservatism signifi-
cantly with respect to existing results in the literature and allows for studying
larger classes of controllers, including discrete-time dynamical output-based
controllers. Hence, the main contribution of this part of the thesis is the de-
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velopment of a new and general framework to analyse the stability of NCSs
subject to four network-induced phenomena in a hardly conservative manner.

Event-Triggered Control Systems: In the second part of the thesis, so-
called event-triggered control (ETC) systems are studied. ETC is a control
strategy in which the control task is executed after the occurrence of an external
event, rather than the elapse of a certain period of time as in conventional
periodic sampled-data control. In this way, ETC can be designed to only
provide control updates when needed and, thereby, to optimally utilise the
available computation and communication resources. This part of the thesis
consists of three main contributions in this appealing area of research.

The first contribution is the extension of the existing results on ETC to-
wards dynamical output-based feedback controllers, instead of state-feedback
control, as is common in the majority of the literature on ETC. Furthermore,
extensions towards decentralised event triggering are presented. These exten-
sions are important for practical implementations of ETC, as in many control
applications full state measurements are not available for feedback, and sen-
sors and actuators are often physically distributed, which prohibits the use of
centralised event-triggering conditions. To study the stability and the L,o-
performance of this ETC system, a modelling framework based on impulsive
systems is developed. Furthermore, for the novel output-based decentralised
event-triggering conditions that are proposed, it is shown how nonzero lower
bounds on the minimum inter-event times can be guaranteed and how they can
be computed.

The second contribution is the proposition of the new class of periodic
event-triggered control (PETC) algorithms, where the objective is to combine
the benefits that, on the one hand, periodic sampled-data control and, on the
other hand, ETC offer. In PETC, the event-triggering condition is monitored
periodically and at each sampling instant it is decided whether or not to trans-
mit the data and to use computation resources for the control task. Such an
event-triggering condition has several benefits, including the inherent existence
of a minimum inter-event time, which can be tuned directly. Furthermore, the
fact that the event-triggering condition is only verified at the periodic sampling
times, instead of continuously, makes it possible to implement this strategy in
standard time-sliced embedded software architectures. To analyse the stabil-
ity and the Lo-performance for these PETC systems, methodologies based on
piecewise-linear systems models and impulsive system models will be provided,
leading to an effective analysis framework for PETC.

Finally, a novel approach to solving the codesign problem of both the feed-
back control algorithm and the event-triggering condition is presented. In par-
ticular, a novel way to solve the minimum attention and anytime attention
control problems is proposed. In minimum attention control, the ‘attention’
that a control task requires is minimised, and in anytime attention control, the
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performance under the ‘attention’ given by a scheduler is maximised. In this
context, ‘attention’ is interpreted as the inverse of the time elapsed between two
consecutive executions of a control task. The two control problems are solved
by formulating them as linear programs, which can be solved efficiently in an
online fashion. This offers a new and elegant way to solve both the minimum
attention control problem and the anytime attention control problem in one
unifying framework.

The contributions presented in this thesis can form a basis for future research
explorations that can eventually lead to mature system theories for both NCSs
and ETC systems, which are indispensable for the deployment of NCSs and
ETC systems in a large variety of practical control applications.
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Introduction

1.1 Networked and Event-Triggered Control Systems
1.2  Objectives and Contributions

1.3 Outline of the Thesis

1.4 Publications

1.1 Networked and Event-Triggered Control
Systems

A current trend in control engineering is to no longer implement control algo-
rithms on dedicated computation platforms having dedicated communication
channels. Instead, control algorithms are nowadays implemented on embedded
microprocessors [91], which communicate with the sensors and actuators using
(shared) communication networks. This results in larger flexibility and main-
tainability of the control system, as modifying control algorithms and adding
control loops becomes easier. These advantages form some of the reasons why
this control architecture is applied in conventional passenger cars, in which
more and more data is transmitted over a controller area network (CAN) [84].
Furthermore, besides the enhanced flexibility and maintainability, the embed-
ded and networked control architecture allows the control system to have less
wiring, with the extremum of being completely wireless. This is especially bene-
ficial for large-scale systems, e.g., mines [141], manufacturing/production lines
[97], chemical plants [123], water distribution networks [25] and distributed
power generation systems [18]. In some cases even, wiring the control systems
is impossible, e.g., in cooperative control of unmanned aerial vehicles (UAVs)
[110], vehicle platoons on motorways [48, 106], or in tele-operated haptic sys-
tems [70, 93]. Hence, control systems that use embedded microprocessors and
communication networks can already be found in a large variety of practical
applications and the deployment of these control systems is believed to even
grow in the near future. In fact, the development of control strategies that are
tailored for embedded microprocessors and communication networks is con-
sidered as one of the important challenges in control theory [98], as this will
further reinforce this trend.
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Despite the aforementioned advantages, using embedded microprocessors
and (shared) communication networks causes the closed-loop system to exhibit
behaviour that it would not exhibit when employing dedicated computation
platforms and dedicated communication channels. This is caused by the fact
that the computation power is not abundant on embedded microprocessors,
and communication networks do not have infinite bandwidth. Furthermore, the
control task has to share computation and communication resources with other
tasks, which makes the availability of these resources time varying and possibly
uncertain. Still, control algorithms are typically designed under the assumption
that sufficient computation and/or communication resources are available, as
this allows control algorithms to be designed and analysed using well-developed
‘classical’ techniques, see, e.g., [8, 27, 118, 148]. This leads, however, to over-
utilisation of the available resources and requires over-provisioned hardware,
which is not desirable in a competitive market where the overall cost price of
a system should often be as low as possible.

Therefore, control algorithms are needed that are designed to ensure a de-
sired control performance, while taking the restrictions of the implementation
explicitly into account. There are, in principle, two ways of doing this: (i) de-
signing control algorithm with a traditional structure that are robust against
the consequences induced by the imperfect implementation environment (to a
certain extent), or (ii) designing control algorithms that reduce the computa-
tion and communication resources needed to execute the control task. In the
literature, the former approach is studied in the field of networked control sys-
tems (NCSs), and the latter is studied in the field of event-triggered control
systems (ETCSs). Both these approaches are studied in this thesis. The mo-
tivation for studying both these approaches in a single thesis comes from the
fact that they both take scarcity of the resources available for control explicitly
into account.

1.1.1 Networked Control Systems

NCSs are systems in which the control loops are closed over a real-time com-
munication network. The fact that controllers, sensors, and actuators are con-
nected through a multipurpose network introduces new challenges, caused by
the packet-based data exchange between different parts of the network. Com-
pared to a traditional control system, see Figure 1.1a, the fact that the com-
munication network has only a finite bandwidth causes the outputs of the con-
troller v and the outputs of the plant y not to be exactly equal to the inputs
of the plant @ and the inputs of the controller g, respectively, see Figure 1.1b.
Therefore, the control algorithm has to be robust against the artefacts intro-
duced by the communication network that cause u # 4 and y # y. Generally
speaking, these artefacts can be categorised into the following five types.



1.1. Networked and Event-Triggered Control Systems 3

(a) Traditional Control System (b) Networked Control System
with y # ¢ and u # @

Figure 1.1: A Traditional versus a Networked Control System Schematic.

Quantisation of the transmitted signals: Quantisation occurs because
the transmitted data is sent in packets that only have a finite word length.

Packet dropouts: Transmissions may fail, due to collisions of packets with
others or because the data gets corrupted in the physical layer of the network,
causing a message to never arrive or to become unreadable.

Varying sampling/transmisson intervals (jitter): In NCSs, each net-
work node has only a limited processing power and the local clocks typically
have a low accuracy. Therefore, the time instants at which the data is sampled
and transmitted is inaccurate, which causes the transmission/sampling interval
to be uncertain and time varying.

Varying transmission delays (latencies): Sampling and transmitting
data, and executing the control algorithm take a certain (nonzero) amount
of time. Besides the fact that these operations cannot be performed infinitely
fast, the network and the computation resources can also be partially occupied
by other tasks and the data can be routed differently at every transmission.
This introduces nonzero and time-varying transmission delays.

Communication constraints: When several sensors and actuators have to
communicate over a shared network, it is generally impossible to transmit all
sensor and actuator signals simultaneously. This introduces the need for a
scheduling protocol that orchestrates when a node is given access to the net-
work and is allowed to transmit its data.

It is generally known that any of these phenomena can degrade closed-loop
performance or, even worse, can harm closed-loop stability of the control sys-
tem, see, e.g., [31]. It is therefore important to know how these effects influence
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stability and performance in a quantitative way. Extensive overviews of the ex-
isting literature that studies these phenomena are given in Chapters 2 and 3.
A general observation obtained from these literature surveys is that most of
the results in the literature only consider a few of the aforementioned phenom-
ena, while ignoring the others. As in reality all these phenomena are present
simultaneously, it is important to have a single framework for the modelling,
the stability analysis and the controller synthesis for NCSs in which the joint
presence of all the aforementioned phenomena can be studied.

1.1.2 Event-Triggered Control Systems

Event-triggered control (ETC), see [6, 9, 59, 64], is a control strategy in which
the control task is executed after the occurrence of an external event, rather
than after the elapse of a fixed period of time as in conventional periodic control.
As such, the ETC algorithm consists of two parts: the feedback controller that
computes the plant inputs based on sampled and transmitted plant outputs,
and the event-triggering mechanism (ETM) that determines when, and which,
outputs of the plant and the controller have to be transmitted, see Figure 1.2.
A typical ETM invokes transmissions of (some of) the outputs of the plant and
the controller when a certain event-triggering condition is violated and, when
properly designed, it is such that these transmissions only take place when
needed from a stability and performance point of view, thereby reducing the
utilisation of the available computation and communication resources.

Closely related to ETC is self-triggered control [130]. In self-triggered con-
trol, the ETM is such that the time instant that the violation of the event-
triggering condition is pre-computed using previously sampled and transmit-
ted data and knowledge on the plant dynamics. This has the advantage that
there is no need for (continuously) monitoring violations of the event-triggering
condition and the ETM as depicted in Figure 1.2 can be considered to be em-
ulated in software. The name ‘self-triggered’ comes from the fact that it is not
really an ‘external event’, but rather the controller itself that determines the
next time instant to transmit. Self-triggered control uses similar techniques to
analyse stability and performance, and can be considered as a special case of
ETC.

Although the advantages of ETC are well-motivated and practical appli-
cations show its potential, relatively few theoretical results exist that study
ETCS in a mathematically rigourous way. An overview of the few existing re-
sults on ETC will be given in Chapter 4. The main reason for the absence of a
comprehensive theory is the fact that the system behaviour of ETCSs is intrin-
sically hybrid, i.e., it has both continuous as well as discrete behaviour, which
makes their analysis difficult. Still, the recent developments in hybrid system
theory, see, e.g., [50, 55], offer opportunities for maturing the event-triggered
system theory, so that it can support the deployment of ETC in practice. Be-
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Figure 1.2: An Event-Triggered Control System Schematic.

sides the absence of a mature system theory for ETC, also the ETC strategies
that currently exist in the literature have limitations that hamper their wide
application in practice.

A first limitation is that most of the existing results on ET'C consider state-
feedback controllers, which is an unrealistic assumption as in many control
applications full state measurements are not available for feedback. Further-
more, in most works in ETC, a centralised ETM is used, meaning that the
ETM has an event-triggering condition, which invokes, when violated, simul-
taneous transmissions of all the outputs of the plant and controller. Typically,
such a centralised ETM requires access to all the sensor and actuator data to
decide when to transmit data, which might be prohibitive as actuators, sensors
and controllers can be physically distributed. Therefore, the existing results
on ETC have to be extended so that dynamical output-based controllers and
decentralised ETMs can be studied. In such a decentralised ETM, only parts of
the inputs and outputs are transmitted when a local event-triggering condition,
which uses only locally available sensor or actuator data, is violated. Note that
there exist some preliminary results on ETC that use dynamical output-based
feedback controllers, however an analysis of the minimum time between two
subsequent events, the so-called minimum inter-event time, is not available for
these works. Having such a (nonzero) minimum inter-event time is important,
as this allows us to guarantee an upper bound on the number of events within
a certain time interval. Being able to bound the number of events within a cer-
tain time interval is important as our primary reason to make control systems
event-triggered is to save computation and communication resources.

The second limitation is that the implementation of event-triggered con-
trollers on digital platforms requires continuous monitoring of all the outputs.
As often proposed in the literature, this can be done using dedicated analogue
hardware. However, if instead ETC could be implemented without the need for
dedicated hardware and it could work on more traditional time-sliced architec-
ture of the embedded software, deploying ETC in practice becomes a lot easier.
In other words, an ETC algorithm is needed that can be implemented using
more traditional time-sliced software architectures, while still preserving the
benefits of reduced utilisation of computation and communication resources.
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A final limitation of the existing results on ETC is that all these results use
an ‘emulation-based approach’, by which we mean that the feedback controller
is designed assuming an ideal (non-event-triggered) implementation, while, sub-
sequently, the ETM is designed (based on the feedback controller resulting from
the first step of the design procedure). As a consequence, during the design
of the feedback controller, no knowledge of the ETM is incorporated at all.
Clearly, simultaneously designing both could leads to more optimal ETCSs
than the ones obtained using a sequential design approach.

Overcoming the limitations discussed above, together with a corresponding
systematic analysis and design framework, greatly enhances the dissemination
of ETC in control engineering practice significantly.

1.2 Objectives and Contributions

From the discussion above, we can conclude that both fields of NCSs and ETCSs
have several major open problems and the theories for NCSs and ETCSs are far
from being comprehensive. We will, therefore, address these aforementioned
open problems in this thesis, thereby making a significant step towards such
comprehensive theories.

1.2.1 Networked Control Systems

As discussed in Section 1.1.1, there is currently a strong need for a unifying
framework that allows the stability and the performance of NCSs to be stud-
ied when it is simultaneously subject to all the mentioned network-induced
phenomena. Some results exist that are able to study the joint presence of
several network-induced phenomena. In particular, time-varying transmission
intervals, time-varying delays and communication constraints are studied in
[26, 62]. However, these results use a continuous-time controller, which can
of course be discretised, but it is of high practical relevance to directly study
discrete-time controllers. In addition, the results presented in [26, 62] have
a certain level of conservatism and cannot exploit specific structure, such as
linearity, being present in the control problem at hand.

In this thesis, we will, therefore, develop a framework for stability analysis
of NCSs that are subject to time-varying transmission intervals, time-varying
delays and communication constraints. The occurrence of packet dropouts can
be included by (implicitly) modelling them as prolongations of the transmis-
sion intervals, see, e.g. [113]. The framework is sufficiently rich to allow for
extensions in the direction of the inclusion of, for instance, quantisation and
analysis of the closed-loop performance, but these are left for future research
(even though some preliminary work regarding the inclusion of quantisation
is reported in [89]). The framework we will present is based on discrete-time
switched and parameter-varying models for NCSs, where the switching is due
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to the scheduling protocol, which is needed because of the communication con-
straints, and the varying parameters are due to the unknown and time-varying
transmission intervals and delays. The fact that we use a discrete-time mod-
elling framework allows the considered dynamical output-based controller to be
given in continuous time, as is commonly done in the existing NCS literature, as
well as in discrete time, which is more useful in the practical implementation of
NCSs, as already argued above. We will focus on linear plants and controllers
and consider two cases. In the first case, the transmission intervals and delays
are assumed to be within certain (given) bounds and, in the second case, they
are described by a sequence of random continuous variables, satisfying a (given)
probability distribution. Note that the former case requires less information of
the network behaviour than the latter case (for instance, the probability den-
sity function does not have to be known exactly, but only its support), while
the latter results in a less conservative stability analysis than the former as it
can incorporate more detailed knowledge. This makes both cases relevant. We
will provide techniques for assessing the stability of the NCS using polytopic
overapproximations and linear matrix inequalities (LMIs) [19]. Moreover, we
will show that this approach reduces conservatism significantly with respect to
existing results in the literature, meaning that we can now guarantee stability
for NCSs for which such guarantees could not be given before.

1.2.2 Event-Triggered Control Systems

In Section 1.1.2, we observed that the theory on ETC is far from being com-
prehensive and that, in striving for such a comprehensive theory, several con-
tributions are needed. We will make some of those contributions in this thesis.

The first contribution is the development of dynamical output-based event-
triggered controllers. As mentioned in Section 1.1.2, the fact that the controller
is based on output feedback instead of state feedback requires nontrivial exten-
sions of existing ETMs in order to guarantee a nonzero minimum time between
two subsequent events. Furthermore, since sensors and actuators, which can
be grouped into nodes, can be physically distributed, centralised ETMs are
often prohibitive and, therefore, there is a need for decentralised ETMs. We
will propose a novel output-based decentralised ETC strategy that has nonzero
minimum inter-event times and we will study the closed-loop stability and the
Loo-performance of the resulting ETCS. We provide a computational proce-
dure to compute a lower bound on the minimum inter-event time of each node.
Furthermore, we will model the event-triggered control system as an impul-
sive system, thereby explicitly describing the behaviour of the event-triggered
control system, which leads to improved stability guarantees, compared to the
existing results in the ETC literature.

The second contribution in the area of ETC is the proposition of an ETC
strategy that alleviates the need for dedicated hardware for its implementation.
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We will do this by striking a balance between periodic sampled-data control
and event-triggered control, which will lead to so-called periodic event-triggered
control (PETC) algorithms that preserve the advantages of reduced resource
usage on the one hand, while the event-triggering conditions have a periodic
character on the other hand. The most important benefit of the strategy is that
it can be implemented using a more traditional time-sliced software architec-
ture. To analyse the stability and the Lo-performance of the proposed PETC
algorithm, we will propose novel methodologies. These methodologies will be
based on discrete-time piecewise-linear system models, on discrete-time per-
turbed system models and on impulsive system models, leading to an effective
analysis framework for PETC.

Finally, we will make a first step towards solving the codesign problem for
ETC, i.e., the joint design of the feedback controller and the ETM. In partic-
ular, we aim at designing a control algorithm that yields both the controller
output and the next sampling and transmission instant, given a sampled mea-
surement. Hence, the resulting control algorithm can be perceived as a self-
triggered control algorithm [130], but the method also has strong relations to
another existing approach in the literature, see [3, 21], being ‘minimum atten-
tion control’, where ‘attention’ is interpreted as the inverse of the time elapsed
between two consecutive transmissions of the controller outputs. In minimum
attention control, the ‘attention’ that a control task requires is minimised given
certain performance requirements. A related problem is that of ‘anytime at-
tention control’ [3], where the control objective is to maximise the performance
under the ‘attention’ given by a scheduler. Hence, anytime attention control
aims at finding a control value that optimises a certain performance criterion,
given a sampled measurement and a given next sampling and transmission in-
stant. We will show that the problem formulation of minimum attention control
is similar to that of anytime attention control and, therefore, we will provide
a unifying framework leading to the same solution strategy for both problems.
Both resulting control algorithms will be in the form of a linear program that
can be solved efficiently online.

1.3 Outline of the Thesis

This thesis consists of two parts, which in turn, consist of two and three chap-
ters, respectively. Each of these chapters is based entirely on a research paper
and is therefore self contained. As a consequence, each individual chapter can
be read independently.

Part I: Networked Control Systems

Chapter 2: In this chapter, we present the discrete-time modelling approach
to analyse stability of NCSs subject to time-varying transmission intervals,



1.4. Publications 9

time-varying delays, communication constraints, and assume that the trans-
mission intervals and delays are upper and lower bounded. This chapter is
based on [40], of which a preliminary version appeared as [41].

Chapter 3: This chapter extends the framework presented in Chapter 2 to
study stability of NCSs, in which now the transmission intervals and delays
are modelled as a sequence continuous random variables, and the occurrence
of packet dropouts is modelled as a Markov chain. This chapter is based on
[39], of which a preliminary version appeared as [38].

Part II: Event-Triggered Control Systems

Chapter 4: The contribution of this chapter is to extend the existing results
in the literature on state-feedback controllers to dynamical output-based con-
trollers and providing an analysis framework based on impulsive systems. This
chapter is based on [37], of which a preliminary version appeared as [36].

Chapter 5: The new class of periodic event-triggered controllers is intro-
duced in this chapter. This chapter is based on [57], of which a preliminary
version appeared as [58].

Chapter 6: In Chapter 6, we present a novel approach to design minimum
attention and anytime attention control algorithms for linear systems. This
chapter is based on [42].

Finally, we reflect on the work presented in this thesis by drawing conclusions
and giving recommendations for future research in Chapter 7.

Besides the topics covered in this thesis, the research presented in to this
thesis also led to a framework to analyse and design stochastic model pre-
dictive controllers [17], a methodology to synthesise decentralised observer-
based controllers [13, 14], a comparison of several modelling approaches for
packet dropouts [113], a comparison of several convex overapproximation tech-
niques [63], and first results on the inclusion of quantisation in the discrete-time
modelling framework for NCSs [89].

1.4 Publications

The research leading to this thesis, also lead to the following publications.
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Abstract — In this chapter, we study the stability of networked control
systems (NCSs) that are subject to time-varying transmission intervals, time-
varying transmission delays, packet dropouts and communication constraints.
Communication constraints impose that, per transmission, only one node can
access the network and send its information. The order in which nodes send
their information is orchestrated by a network protocol, such as, the round-
robin (RR) and the try-once-discard (TOD) protocol. In this chapter, we
generalise the mentioned protocols to novel classes of so-called ‘periodic’ and
‘quadratic’ protocols. By focussing on linear plants and controllers, we present
a modelling framework for NCSs based on discrete-time switched linear un-
certain systems. This framework allows the controller to be given in discrete
time as well as in continuous time. To analyse stability of such systems for a
range of possible transmission intervals and delays, we propose a new proce-
dure to obtain a convex overapproximation in the form of a polytopic system
with norm-bounded additive uncertainty. We show that this approximation
can be made arbitrarily tight in an appropriate sense. Based on this overap-
proximation, we derive stability results in terms of linear matrix inequalities
(LMIs). We illustrate our stability analysis on the benchmark example of a
batch reactor and show how this leads to tradeoffs between different protocols,
allowable ranges of transmission intervals and delays.

I This chapter is based on [40].
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2.1 Introduction

Networked control systems (NCSs) are systems in which control loops are closed
over a real-time communication network. The fact that controllers, sensors, and
actuators are not connected through point-to-point connections, but through
a multipurpose network offers advantages, such as increased system flexibility,
ease of installation and maintenance, and decreased wiring and cost. However,
networking the control system also introduces new challenges, caused by the
packet-based data exchange between different parts of the network. Therefore,
control algorithms are needed that can handle the communication imperfec-
tions and constraints caused by the packet-based communication. The control
community is widely aware of this fact, as is evidenced by the broad attention
NCSs have received recently, see, e.g., the overview papers [67, 128, 144, 147].

In general, network-induced communication imperfections and constraints
can be categorised into five types:

(i) Quantisation errors in the transmitted signals, due to the finite word
length of the transmitted packets.

(ii) Packet dropouts, due to unreliable transmissions.
(iii) Variable sampling/transmission intervals.

(iv) Variable transmission delays.
)

(v) Communication constraints, i.e., not all sensor and actuator signals can
be transmitted at the same time.

It is generally known that any of these phenomena can degrade closed-loop
performance or, even worse, can harm closed-loop stability of the control sys-
tem. It is therefore important to know how these effects influence the stability
properties.

Systematic approaches to analyse stability of NCSs subject to only one of
these network-induced imperfections are well developed. For instance, the ef-
fects of quantisation are studied in [22, 35, 61, 86, 101], of packet dropouts
in [88, 117, 119], of time-varying transmission intervals and delays in [12, 45,
69, 96, 122], and [31, 43, 49, 68, 76, 100, 146], respectively, and of communi-
cation constraints in [20, 34, 72, 109]. However, since in NCSs typically all
the aforementioned limitations and constraints are present simultaneously, it
is relevant to study the consequences of all these phenomena in a common
framework. Unfortunately, fewer results are available that study combinations
of these imperfections. References that simultaneously consider two types of
network-induced imperfections are given in Table 2.1. Furthermore, [102] con-
siders imperfections of type (i), (iii), (v) and [29] studies type (ii), (iii) and (iv)
simultaneously. In this chapter, we will focus on the stability of NCSs with
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Table 2.1: References that study two network-induced imperfections simulta-
neously.

& H (iv) (v)
(i) (87]

(ii) || [30, 145]
(iii) || [09, 142 [24, 41, 103, 132, 134]

time-varying transmission intervals and delays and the presence of communi-
cation constraints, i.e., type (iii), (iv) and (v) phenomena.

Stability of NCSs subject to communication constraints, time-varying trans-
mission intervals and transmission delays has already been considered in [26,
62]. The communication constraints impose that, per transmission, only one
node can access the network and send its information and, hence, a protocol
is needed to orchestrate when a certain communication node is given access
to the network. Given a protocol, such as the round-robin (RR) and the
try-once-discard (T'OD) protocol, the mentioned papers provide criteria for
computing the so-called maximum allowable transmission interval (MATI) and
the maximum allowable delay (MAD). Stability is guaranteed as long as the
actual transmission intervals and delays are always smaller than the MATI
and MAD, respectively. The difference between the work in [62] and [26], is
that in the latter a delay compensation scheme is proposed. This delay com-
pensation requires time stamping of the messages and sending future control
signals in larger packets, which is not needed in the more basic emulation
based approach, as in [62] and the earlier work without transmission delays
in [24, 41, 102, 103, 125, 132, 134]. Furthermore, the results in [26] have the
drawback that they are not applicable to the commonly used Round-Robin
protocol, while [62] is.

The work presented in [26, 62] both apply to general nonlinear plants and
controllers and are based on a continuous-time modelling paradigm related to
impulsive systems as in [50]. However, neither [26], nor [62] include the possibil-
ity that the controller is formulated in discrete time. The case of discrete-time
controllers has been considered in [34], however, assuming that the transmis-
sion interval is constant and that delays are absent. Another feature of [26, 62]
is that, in these works, zero lower bounds on the transmission intervals h; and
delays 1y, are considered (i.e., hy € (0, hAnaTi), T € [0, 7vaD]). The ability to
handle discrete-time controllers and nonzero lower bounds on the transmission
intervals and delays is highly relevant from a practical point of view, because
controllers are typically implemented in a digital and, thus, discrete-time form.
Furthermore, finite communication bandwidth always introduce nonzero lower
bounds on the transmission intervals and transmission delays. This motivates
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the need for studying these situations as well, preferably in a nonconservative
manner. Although the work presented in [26, 62] is very general and can ac-
commodate for many nonlinear NCSs, their results cannot reduce conservatism
when a certain structure is present in the NCS, such as linearity of the controller
and plant.

In this chapter, we focus on linear plants and linear controllers and study
the stability of the corresponding NCS in the presence of communication con-
straints, time-varying transmission intervals and time-varying delays, where
the latter two possibly have a nonzero lower bound. We will also comment
on how to accommodate for packet dropouts. Moreover, we allow for both a
continuous-time as well as a discrete-time controller, which requires a different
modelling paradigm than in [26, 62], and in the work without transmission
delays, [24, 41, 103, 132, 134]. In particular, we provide techniques for assess-
ing stability of the NCS with time-varying transmission intervals hy € [h, h]
and time-varying transmission delays 7 € [1,7] for two well-known protocols,
namely, the round-robin (RR) protocol and the try-once-discard (TOD) pro-
tocol, and their generalisations. These generalisations consist of the classes of
‘periodic’ and ‘quadratic’ protocols, which are formally introduced here. In
contrast with [26, 62], we apply a discrete-time modelling framework that leads
to a switched linear system model with exponential uncertainty. To properly
handle this exponential uncertainty, we provide a polytopic overapproximation
for this system. This overapproximation is obtained using a novel procedure
that combines ideas from gridding [45, 122] and norm bounding [12, 43, 69].
Unlike other methodologies for obtaining a convex overapproximation, see, e.g.,
[12, 31, 43, 45, 49, 69, 122] and the overview paper [63], we provide a proof
that the newly proposed procedure can be made arbitrarily tight in an ap-
propriate sense. Using this overapproximated system, we can assess stability
using newly developed conditions based on linear matrix inequalities (LMIs).
We will show the effectiveness of the presented approach on the benchmark
example of a batch reactor as used in [24, 34, 41, 62, 103, 125, 134], as well.
Moreover, we will show that the linearity of plant and controller can indeed be
exploited, which leads to a significant reduction of conservatism with respect
to the existing approaches.

The remainder of this chapter is organised as follows. After introducing the
necessary notational conventions used in this chapter, we introduce the model
of the NCS in Section 2.2 and propose a method to write it as a discrete-time
switched linear uncertain system. We also state a precise problem formulation.
Subsequently, in Section 2.3, we provide a procedure to overapproximate the
NCS model by a polytopic system with norm-bounded uncertainty. In Section
2.4, we provide conditions for stability of the NCS in terms of LMIs and reflect
in Section 2.5 on the conservatism this approach introduces. Finally, we illus-
trate the stability results using a numerical benchmark example in Section 2.6
and draw conclusions in Section 2.7. Appendix A.l contains the proofs of the
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more technical lemmas and theorems.

2.1.1 Nomenclature

The following notational conventions will be used. R denotes the set of non-
negative real numbers. diag(4y,...,A,) denotes a block-diagonal matrix with
the entries A, ..., A, on the diagonal and AT € R™*" denotes the transposed
of matrix A € R"*™. For a vector z € R", we denote by z’ the i-th and by
lz|| := V& Tz its Euclidean norm. We denote by [|A|| := \/Amax(ATA) the
spectral norm of the matrix A € R™*™, which is the square-root of the maxi-
mum eigenvalue of the matrix AT A. For brevity, we sometimes write symmetric

matrices of the form |:BAT g], as [‘f g} Finally, by lim,|; and limgy:, we de-
note the limit as s approaches ¢ from above and below, respectively, and the

convex hull and interior of a set A are denoted by coA and int.A, respectively.

2.2 NCS Model and Problem Statement

In this section, we present the model describing the networked control systems
(NCSs), subject to communication constraints, time-varying transmission in-
tervals and delays. We will later comment on how this model can accommodate
for packet dropouts. Let us consider the linear time-invariant (LTI) continuous-
time plant given by

LaP(t) = APaP(t) 4+ BPa(t) 2.1)

y(t) = CPa”(b), '
where 2P € R" denotes the state of the plant, & € R™ the most recently
received control variable, y € R™ the (measured) output of the plant and
t € Ry the time. The controller, also an LTI system, is assumed to be given in
either continuous time by

d ,.c c,.c ca
Lxf(t)=A t) + By(t
dtm ( ) x ( )+ . ) (2234)
u(t) = Cx°(t) + DY),
or in discrete time by
xy = Awy + B (2.20)
u(ty) = Cezf, + DG(ty). '

In these descriptions, z¢ € R™ denotes the state of the controller, § € R™
the most recently received output of the plant and u € R™ denotes the con-
troller output. At transmission instant tx,k € N, (parts of) the outputs of
the plant y(tx) and controller u(t;) are sampled and are transmitted over the
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Figure 2.1: Illustration of a typical evolution of y and g.

network. We assume that they arrive at instant rg, called the arrival instant.
The situation described above is illustrated in Fig. 2.1. In the case we have
a discrete-time controller (2.2b), the states of the controller xf_ , are updated
using gy := limy,, §(t), i.e., as in [34], directly after ¢ is updated. Note that in
this case, the update of xf_ ; in (2.2b) has to be performed in the time interval
(k) ths1]-

Let us now explain in more detail the functioning of the network and de-
fine these ‘most recently received’ § and 4 exactly, see also [24, 34, 41, 62,
103, 132, 134]. The plant is equipped with sensors and actuators that are
grouped into N nodes. At each transmission instant t;, k € N, one node,
denoted by o € {1,..., N}, obtains access to the network and transmits its
corresponding values. These transmitted values are received and implemented
on the controller or the plant at arrival instant 7. As in [62], a transmission
only occurs after the previous transmission has arrived, i.e., tx41 > . > g,
for all £ € N. In other words, we consider the sampling interval to be lower
bounded and the delays to be smaller than the transmission interval. After
each transmission and reception, the values in ¢ and @ are updated with the
newly received values, while the other values in § and @ remain the same, as no
additional information is received. This leads to the constrained data exchange
expressed as

{ g(t) =TY y(te) + (I —TY )i(tz) (2.3)

at) =Ty ulty) + (I —Tg,)a(tx)

for all t € (rk,rr41]. The matrix T';, := diag(I'},,T'¥ ) is a diagonal matrix,
given by

Fi = diag(*ym, . ,’yimy_i_nu). (24)
when o, = i. In (2.4), the elements ~; ;, with ¢ € {1,...,N} and j €
{1,...,ny}, are equal to one, if plant output y? is in node %, elements Vi,j+nys

with i € {1,...,N} and j € {1,...,n,}, are equal to one, if controller output
u/ is in node 4, and are zero elsewhere.

The value of o, € {1,..., N} in (2.3) indicates which node is given access
to the network at transmission instant tx, ¥ € N. Indeed, (2.3) reflects that
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the values in @ and g corresponding to node oy are updated just after rj, with
the corresponding transmitted values at time ¢, while the others remain the
same. A scheduling protocol determines the sequence (0¢, 01, ...) and particu-
lar protocols will be made explicit later.

The transmission instants t;, as well as the arrival instants r;, kK € N are
not necessarily distributed equidistantly in time. Hence, both the transmission
intervals hy := tp4+1 — t;, and the transmission delays 74 := 7 — t§ are varying
in time, as is also illustrated in Fig. 2.1. We assume that the variations in
the transmission interval and delays are bounded and are contained in the sets
[k, h] and [z, 7], respectively, with A > h > 0 and 7 > 7 > 0. Since we assumed
that each transmission delay 7 is smaller than the corresponding transmission
interval hy, we have that (hg, ) € ©, for all kK € N, where

© = {(h,7) €R?* | h € [h, k], € [z, min{h, T})}. (2.5)

Remark 2.2.1. In the above reasoning, we implicitly assumed that packet loss
does not occur, similar to, e.g., [24, 34, 132, 134]. However, we could accommo-
date for packet dropouts by modelling them as prolongations of the transmission
interval, as done in [62, 103]. This means that if we assume that there is a
bound § € N on the mazimum number of successive dropouts, and we have sta-
bility of the NCS for (hi, ) € O, for all k € N, in the case without dropouts,
then the NCS with dropouts is still guaranteed to be stable for (hy, 1) € ©’, for
all k € N, where

6 = {(h,7) €B? | h e [0, 7,7 € [z, min{h,7})} (2.6)

) N
in which h = 41

2.2.1 The NCS as a Switched Uncertain System

To analyse stability of the NCS described above, we transform it into a discrete-
time model. In this framework, we need a discrete-time equivalent of (2.1) and
also of (2.2a) in case a continuous-time controller is used. To arrive at this
description, let us first define the network-induced error as

e’(t) == g(t) — y(t)
{ e (t) :== a(t) — u(t). 27)

The discrete-time switched uncertain system can now be obtained by describing
the evolution of the states between t; and tx+1 = tx + hg. In order to do so, we
define ¥ := aP(t), ug := u(ty), G := limg|,, @(t) and e} := e"(tx). Since @,
as in (2.3), is a piecewise-constant left-continuous signal, i.e., limgy; 4(s) = 4(t),
we can write @y_1 = limy),,_, 4(¢) = (ry) = @(tx). This allows us to write
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the exact discretisation of (2.1) as follows:

R
ab =Ml + / eA"(he=3) BPi (1 + s)ds
0

Tk R
= eAThigh 4 / e =) qs BP iy, + / A" =) s BPy,.  (2.8)
0

Tk

As (2.3) and (2.7) yield @p—1 = up + eff and U1 — up = I'y, e}, (2.8) can be
rewritten as

hy

hk—‘rk
P P ~ P A
x’éﬂ =4 h"mll; —|—/ A" dsBP iy, +/ eA"5dsBP iy,
h 0

hg hy—Tk
P P ~ p A~ ~
=4 h’“xﬁ —|—/ e dsBP iy, +/ e *dsBP (g — Ug—1)
0 0

k—Tk

he hi—Tk »
= AMhal 4 / e ds B (uy, + ef) - / ¥ ds BTG il (2.9)
0 0

A discretised equivalent of (2.2a) is obtained in a similar fashion by defining
xf = a%(ty), yr = y(tx), €} = e¥(tx), Yr := limy|,, (t), and observing

Ok—1 = 9(tx), and is given by
. hi . hy—mp
af g = et et +/ N dsBe(yy + ¢f) — / e *dsBTY ef. (2.10)
0 0

We now present three different models, each describing a particular NCS.
The first and the second model cover the situation where both the plant and the
controller outputs are transmitted over the network, differing by the fact that
the controller is given by (2.2a) and (2.2b), respectively. In the third model,
it is assumed that the controller is given by (2.2a) and that only the plant
outputs y are transmitted over the network and w are sent continuously via an
ideal nonnetworked connection. We include this particular case, because it is
often used in examples in the NCS literature (see, e.g., the benchmark example
in [24, 34, 41, 62, 103, 134]) and it allows us to compare our methodology to
the existing ones.

A) The NCS model with controller (2.2a): For an NCS having controller
(2.2a), the complete NCS model is obtained by combining (2.3), (2.7), (2.9),
and (2.10) and defining

.
A A Al (2.11)



2.2. NCS Model and Problem Statement 23

This results in the discrete-time model given by

. Ap, + Ep, BDC Ep,BD — Ey, _;, BTq, z
k+1 = C(I — Ay, — Ep,BDC) I— D~ ‘T4, + C(Ep, 7, Blo, — Ey, BD)| "k

=A

Tk TR
(2.12)
in which A, p, -, € R™" with n =n, +n.+n, +n,, and
A0 0 B? cr o0

A, = [ 0 e B = B ol C:= 0 cel (2.13a)

I 0 P eA%sds 0

— . 0 )
D= [Dc I:| s Ep = |: 0 fop 6A05d8:| , pE R. (2.13b)

B) The NCS model with controller (2.2b): For an NCS having controller
(2.2b), the complete NCS model is obtained by combining (2.2b), (2.3), (2.7),
and (2.9), also resulting in (2.12), in which now

eA'r 0 0 Br cr o0
A, = [ 0 AC] , B:= {BC 0 ] , C = {0 CC] : (2.14a)
I 0 PeA%sds 0
R N 0
D:= [DC 1] ., E,:= { 0 1] , peR. (2.14b)

C) The NCS model if only y is transmitted over the network: In
this case we assume that only the outputs of the plant are transmitted over the
network and the controller communicates its values continuously and without
delay. We therefore have that u(t) = a(t), for all t € R, which allows us to
combine (2.1) and (2.2a), yielding

[ng;] - ﬁ)p legc} {ﬁpgﬂ + [B;?C] 3(t). (2.15)

Since § is still updated according to (2.3), we can describe the evolution of the
states between ¢y and tg41 = tg + hy in a similar fashion as in (2.9). In this
case, (2.11) reduces to

.
T o= a2 2fT V], (2.16)
resulting in (2.12), in which

S,

A, ::e({o ac - ] C:=[cr 0], (2.17a)

P P poc
D:=1, E, ::/ qu‘) BACC]S)ds, p ER. (2.17b)
0
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2.2.2 Protocols as a Switching Function

Based on the previous modelling steps, the NCS is formulated as a discrete-time
switched uncertain system (2.12). In this framework, protocols are considered
as the switching function determining oj. We consider two commonly used
protocols, see [24, 41, 62, 103, 125, 132, 134], namely the try-once-discard
(TOD) and the round-robin (RR) protocol and generalise these into two novel
classes of protocols, named ‘quadratic’ and ‘periodic’ protocols.

A) Quadratic Protocols: A quadratic protocol is a protocol, for which the
switching function can be written as

. Ty =
O = ar min &, BTy, 2.18
k gie{l,...,N} LTk ( )
where P;, i € {1,..., N}, are certain given matrices. In case two nodes have the

same minimal values, one of them can be chosen arbitrarily. In fact, the well-
known TOD protocol, sometimes also called the maximum-error-first (MEF)
protocol, belongs to this class of protocols. In this protocol, the node that has
the largest network-induced error, i.e., the difference between the most recently
transmitted values and its current values of the signals corresponding to the
node, is granted access to the network. We can arrive at the TOD protocol by
adopting the following structure in the P; matrices:

P, = P — diag(0,Ty), (2.19)
in which I';, i € {1,..., N}, is given by (2.4). Furthermore, if we define €} :=
Tier, where e, :=[e/,e¥T]T, (2.18) becomes

o, = argmin {—e, Tiep, ..., —ef Dyer} = argmax {||ég|[,..., [lex ||}, (2.20)

which is the TOD protocol.

B) Periodic Protocols: Another class of protocols that is considered in
this chapter is the class of so-called periodic protocols. A periodic protocol is
a protocol that satisfies for some N € N

O’k+NZO'k (221)

for all k € N. N is then called the period of the protocol. Actually, the
well-known RR protocol belongs to this class and is defined by

{o1,...,on} ={1,..., N}, (2.22)

and period N = N, ie, during each period of the protocol every node has
access to the network exactly once.
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The above modelling approach now provides a description of the NCS sys-
tem in the form of a discrete-time switched linear uncertain system given by
(2.12) and one of the protocols, characterised by (2.18) or (2.21). The sys-
tem switches between N linear uncertain systems and the switching is due to
the fact that only one node accesses the network at each transmission instant.
The uncertainty is caused by the fact that the transmission intervals and the
transmission delays (hy, ;) € © are varying over time.

2.2.3 Stability of the NCS

The problem studied in this chapter is to determine the stability of the continu-
ous-time NCS, given by (2.1), (2.2a) or (2.2b), (2.3), and (2.7), with proto-
cols satisfying (2.18) or (2.21) given the bounds [k, h] and [r,7], or to find
bounds that guarantee stability. Let us now formally define stability for this
continuous-time NCS.

Definition 2.2.2. The continuous-time NCS given by (2.1), (2.2a) or (2.2b),
(2.3), and (2.7), with protocols satisfying (2.18) or (2.21), having states Z(t) :=
[aPT(t) a°T(t) ev'(t) e“T(t)}T € R", is said to be uniformly globally ex-
ponentially stable (UGES) if there exist c.,3. > 0, such that for any initial
condition Z(0), any sequence of transmission intervals (hg, h1,...), and any se-
quence of transmission delays (19, 71,...), with (hg, ) € O, for all k € N, it
holds that

2] < el @O)[le™", V¢ € Ry (2.23)

Stability of the continuous-time NCS can be analysed by assessing stability
of the discrete-time uncertain switched linear system (2.12) with switching
functions satisfying (2.18) or (2.21), as we will show. Let us now formally
define stability of this discrete-time system.

Definition 2.2.3. System (2.12) with switching sequences satisfying (2.18) or
(2.21) is said to be uniformly globally exponentially stable (UGES) if there
exist cq,Bq > 0, such that for any initial condition Ty € R™, any sequence
of transmission intervals (hg, h1,...), and any sequence of transmission delays
(10,71, --.), with (hg, ) € O, for all k € N, it holds that

1Z4]l < callZolle P#*, V ke N. (2.24)

Since the discrete-time switched uncertain linear system (2.12) with switch-
ing sequences satisfying (2.18) or (2.21) is formulated in discrete time, we can
only assess stability at the transmission instants. However, states of the plant
(2.1) and controller (2.2a) actually evolve in continuous time. In the next
lemma, we state that UGES of the discrete-time NCS model implies UGES of
the continuous-time NCS.
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Lemma 2.2.4. The discrete-time system (2.12) with switching sequences sat-
isfying (2.18) or (2.21) is UGES, if and only if the continuous-time NCS given
by (2.1), (2.2a) or (2.2b), (2.3), and (2.7), with protocols satisfying (2.18) or
(2.21) is UGES.

Proof. The proof is given in Appendix A.1. O

This lemma states that it suffices to consider the discrete-time model (2.12)
with switching sequences satisfying (2.18) or (2.21) to assess UGES of the
continuous-time NCS system.

2.3 Obtaining a Convex Overapproximation

In the previous section, we obtained an NCS model in the form of a switched
uncertain system. However, the form as in (2.12) is not really convenient to de-
velop efficient techniques for stability analysis due to the nonlinear dependence
of Ay, n,.r, On the uncertain parameters hy, and 75,. Therefore, we will provide
a procedure that overapproximates system (2.12) by a polytopic system with
a norm-bounded additive uncertainty of the form

L
Thy1 = (Z O‘écﬁok,l + BAkéak)ika (225)
=1

where A,; € R"™" B € R™™ (C, € R™*" for 0 € {1,...,N} and | €
{1,...,L}, with L the number of vertices of the polytope. Furthermore, o, =

[af ... ak]T € A, k € N, denotes an unknown time-varying vector with
L
A:{aeRL‘Zal:Lal>O7ZG{1,...,L}} (2.26)
1=1

and Ap € A, k € N, where A is a norm-bounded set of matrices in R"*™
that describes the additive uncertainty. This additive uncertainty can have
some specific structure, as we will see below. The model (2.25) should be an
overapproximation of (2.12) in the sense that for all o € {1,..., N}, it holds
that

L
{Agpr|(h,7) €O} C { Y ald,y +BAC, |ac A A€ A}. (2.27)
=1

In this chapter, we use the gridding idea of [45, 122] to obtain, for a fixed
o, /L,J by evaluating fl,,y;m of (2.12) at a collection of selected pairs of trans-
mission intervals and transmission delays (]~7,l77~'l) €0,le{l,...,L}. Hence,
we take A,y := A_; _ in (2.25), with [ € {1,...,L}. However, contrary to

o,hi, 71
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[45, 122], we choose to allow for convex combinations of the vertices, whereas
in [45, 122] the system switches between the vertices only. Moreover, we con-
struct a norm-bounded additive uncertainty A € A to capture the remaining
approximation error, as done in, e.g., [12, 43, 69]. By comparing flg,hﬁ with
the convex combinations of the vertices instead of with the vertices alone, we
obtain smaller bounds on the additive uncertainty than in [12, 43, 45, 122].

By specifying (ﬁl, 7), 1€ {1,...,L}, and thereby determining A, ;, it only
remains to show how to choose BAC, in (2.25) and A in order to satisfy (2.27).
This additive uncertainty is used to capture the approximation error between
the original system (2.12) and the polytopic system

L
Tyl = Za%cf_lgk,li‘k. (2.28)
=1

In order for (2.27) to hold, for each triple (o, h,7), with 0 € {1,..., N} and
(h,7) € ©, there should exist some o € A and A € A, such that

L
Agpr— Z a!Ad,, = BAC,. (2.29)

Hence, we should determine the worst-case distance between the real system
(2.12) and the polytopic system (2.28), leading to an upper bound on the
approximation error. To obtain such an upper bound, we partition © into M
triangles Si,...,Sun, see Fig. 2.2, and we compare flg,hm for (h,7) € S,
with {37 a7 A, m | 30 a7 =1, & > 0,5 € {1,2,3}}, where (hym, 7im),
J = {1,2,3}, denote the vertices (with vertex index IJ* € {1,...,L}, j €
{1,2,3} and m € {1,..., M}) of triangle S,,. This allows us to construct the
right-hand side of (2.29) by computing the worst-case distance. Note that it is
always possible to partition © into triangles, as © is a convex polytope. We will,
however, also provide a systematic procedure to obtain a suitable partitioning.

A specific feature of the overapproximation presented in this chapter is that,
contrary to [12, 31, 43, 45, 49, 69, 122], it can be made arbitrarily tight, i.e.,
besides that (2.27) holds, it also holds that

L
{Ya'do.+ BAC,
=1

aeA,AeA}

C cofAgpr|(h,7) €O +{A||A] <c}, (2:30)

for each o € {1,..., N}, in which € > 0 can be chosen arbitrarily small. This
can be achieved by increasing the number of pairs (iLl, 7)e0,led{l,..., L}
in a well-distributed fashion. The fact that (2.30) can be ensured to hold for an
arbitrarily small € > 0 is important, as it allows us to show that the existence of
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Figure 2.2: The partitioning of © into triangles S,,.

a Lyapunov function of a particular type for (2.12) is equivalent to the existence
of a Lyapunov function of the same type for (2.25). Since we will indeed show
that (2.30) can be guaranteed for any choice of € > 0, we can let the introduced
conservatism in the overapproximation vanish. We will formalise this result in
Section 2.5.

We now formalise the procedure to obtain a convex overapproximation as
outlined above. The procedure results in a tight overapproximation, by adding
pairs (le, 7;) € © until € < g, is achieved for an user-specified threshold ¢, > 0,
such that (2.30) holds with € < &,,.

Procedure 2.3.1.

Step 1 Choose a desired €, > 0. Furthermore, select distinct pairs (i~u, 7)) €O,
I €{1,...,L}, such that co G = O, where G = UF_ {(h,7)}. Now
partition © into M triangles Sy, m € {1,..., M}, such that, for each
Sm € H, where H = {S1,...,Sm}, it holds that

Sm = co{ (hupr, 7y ), (e, Fup ), (g, ) }, (2.31)

where IJ* € {1,...,L}, j € {1,2,3}. Hence, (ﬁl;n,ﬁ;n) €4, je
{1,2,3} are the vertices of the triangle S,,. Moreover, for all m,p €
{1,...,M} and p # m, intS, N intS,, = 0, UM_,S,, = O, and
intS,, # 0, i.e., the triangles form a (nonoverlapping) partitioning of
© and have nonempty interiors.

Step 2 Define

Apii=A, 5 5 (2.32)

forallo e {1,...,N} and (h;,7) € G, 1 € {1,...,L}.

Step 3 To bound the approzimation error, first construct the matriz A, that,
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depending on the NCS model defined in Section 2.2.1, is given by
diag(AP, A°), if (2.12) is as in Section 2.2.1.A,

diag(AP,0), if (2.12) is as in Section 2.2.1.B,
[AP BPCC]

=1
Il

(2.33)

0 A if (2.12) is as in Section 2.2.1.C.

Decompose the matriz A into its real Jordan form [71], ie., A =
TAT—', where T is an invertible matriz and

A :diag(Al,...,AK) (234)
with A; € R">*"i € {1,..., K}, the i-th real Jordan block of A.
Step 4 Compute for each real Jordan block A;, i € {1,..., K}, the worst-case

approzimation error of all triangles Sy, € H, m € {1,..., M}, i.e.,
04 = max max oA 2.35a
Y ome{l M} YR ai=taiz0 Y ( )
6P = ax max obn 2.35b
) mE{l,.A.,M} Z?=15¢j:1a6¢j20 1,m,Q? ( )
E_ o
5, " T = max max oz (2.35¢)
me{l,....,M} Zi?:l&j:l,&j)o .
in which & = [&' & &%)" and
A A3 & hym L Aihym
0 = |l =T =y " ade | (2.36a)
j=1
B 71 & hl;n A
5 &= Zoﬂ /h isds||, (2.36b)
lm
~B 71(1 (hlm Tlm) A
Sin = Zoﬂ/ isds||. (2.36¢)
hl”", ’T'lrn.

For a detailed explanation of the origin of the approximation error
bounds, see the proof of Theorem 2.3.2.

Step 5 Define

71 0
O, .= |T-'BDC  T-'BD (2.37)
0 _7-1BT,
and
B=| L T T | qiagiL,... 6806, 6P T, .

-CT -CT -CT
5IE(hIK,61E}L77117...,6IE<hiTIK) (238)
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with I; the identity matriz of size n;, complying with the i-th real Jor-
dan Block, and compute

e=|B max C, Y. 2.39
1B _max{ICol} (2:39)
Step 6 In case that € > €, meaning that the user-specified tightness of the

overapproximation in the sense of (2.30) is not achieved we add a pair
(hp+1,70+1) € © to G. In order to determine the specific pair to be
added, compute the point (h,T) € S, where the mazimum approzima-
tion error is achieved by solving

~ K

(m*,&*) € arg o max Ol m.a (2.40)
E?:lajzl,&j>0

in which _

(*,57) € arg  _max 0, (2.41)
JELAE By, )
and add this new pair (hp41,7r41) = 25:1 d*j(illj Ty ) to the set
G, i.e., update G according to

G =G U{(hrt1,7r41)}, (2.42)

and redefine L := L + 1. Furthermore, subdivide the corresponding
triangle Sy« into smaller triangles and replace S,,» by the smaller
triangles in the set H, i.e.,

H = (H\Sm*) U CO{(;LLJrl, 7~'L+1), (;Llin,ﬁ;n), (illén,ﬁ?)}
Uco{(hrt1, Fri), (hip, Fip), (hup, T )}

Uco{(hr41, Tr41), (ill;nﬂ:ng), (;ngnﬁg”)}, (2.43)

redefine> M := M + 2, and repeat the procedure from Step 2.

Step 7 In case € < &, the user-specified tightness of the overapproximation is

achieved and the resulting uncertainty set A C R3(mptne)x3(nptne) g
given by
A = {diag(A', ..., A3) | ATHL ¢ Rroxmi | AT 1,

ief{l,... K},je{0,1,2}}. (244)

2In case one of the smaller triangles satisfies int co{(ﬁL+1, TL4+1)s (illm ,Tm ), (illm ,Tm )} =
k2 k2 J J

(0 for some 7, j € {1, 2,3}, meaning that (EL+1, 7r,+1) lies on one of the edges of Sy, *, then this
triangle is not added to the set H, and the number of triangles in the partitioning increases
according M := M + 1.
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Theorem 2.3.2. Consider the NCS given by (2.12) where (hy, ;) € O, k €
N, with © as in (2.5). If system (2.25) is obtained by following Procedure
2.8.1 for some user-specified €, > 0, then (2.27) holds and thus (2.25) is an
overapprozimation of (2.12). Furthermore, the overapproximation is e-tight,
in the sense that (2.30) holds, with € given by (2.39) and € < g,,.

Proof. The proof is given in Appendix A.1. O

Remark 2.3.3. In the special case that h = h or that T = 7, Procedure 2.3.1
has to be modified slightly. This is because we proposed to form triangles Sy,
m € {1,..., M}, having the property that intS,, # 0, which is not possible when
h =h or T = 7. Instead, in this case, we partition © into M line-segments
S1,...,Su, such that, for each Sy, m € {1,..., M}, it holds that

S = co{ (hup, 71 ), (huge, 7 )}, (2.45)

where (iNLl;n,ﬁ;n), Jj € {1,2}, now denote the vertices of the line segment S, .
All other properties of Sy, m € {1,..., M}, still hold and the remainder of the
procedure can be applied mutatis mutandis.

UGES of the NCS system given by (2.1), (2.2a) or (2.2b), (2.3), and (2.7),
with protocols satisfying (2.18) or (2.21), with (hy, ) € O, k € N, can now
be guaranteed by proving UGES of (2.25), with switching sequences satisfying
(2.18) or (2.21), ay, € A, and Ay, € A, k € N, using the result of Lemma 2.2.4
and the fact that (2.25) is a (tight) overapproximation of (2.12).

2.4 Stability of Switched Systems with Para-
metric Uncertainty

In the previous sections, we discussed the NCS model and introduced a way
to overapproximate it by a switched polytopic system with norm-bounded un-
certainty. Given this switched uncertain system, we can analyse whether a
switching sequence, as induced by a protocol, renders the switched system
UGES.

We will start with so-called quadratic protocols that include the well-known
TOD protocol as a particular case. The analysis is based on extensions of the
ideas in [47], in which only switched linear systems without any form of uncer-
tainty are considered. Hence, generalisations are needed to include switched
polytopic systems with norm-bounded uncertainties as in (2.25). After the sta-
bility analysis for the quadratic protocols and the TOD protocol as a special
case, we will also show how we can analyse stability for periodic protocols,
having the RR protocol as a special case.
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2.4.1 Quadratic Protocols

In this section, we assume that the switching function is given by (2.18). To
analyse the stability of (2.25) having this switching function, we introduce the
non-quadratic Lyapunov function

N
V T = 1 7TPZ-7 = inzy iPi7 s 246
(@) = uin,, @ Piox = migal 3 wPian, (240
where
N
N::{VEIR{N‘ZVZ-:LVZ->OJG{L...,N}}. (2.47)
i=1

Furthermore, we introduce the class M of so-called Metzler matrices IT = {m;; }
given by

N
M = {H c RNXN‘ Zﬂ-ji = laﬂ-ji 2 O7i7j S {177N}}3 (248)

=1
and the set of matrices

R = {diag(rlll, I ,TKIK,TKJrlIl, e ,’I“QKIK,
roxc1ln, . e i) € R3MwFnelx8nptne) | 0}, (2.49)

where I; is an identity matrix of size n;.
The main result of this section is presented in the following theorem.

Theorem 2.4.1. Assume that there exist a matriz Il = {m;;} € M, positive
definite matrices P;, and matrices R;; € R, i€ {l,...,N} andl € {1,...,L},
satisfying

Pi 0 AII ]'V=1 ﬁjipj CVZ-TRZ"[

* Ri,l BT Zj:l 7Tj7;Pj 0

* * Zjvzl Wjin 0

* * * R,

for alli € {1,...,N} and !l € {1,...,L}. Then, the switching law (2.18)
renders the system (2.25) UGES. Consequently, the NCS given by (2.1), (2.2a)

or (2.2b), (2.3), and (2.7) is also UGES if the switching law (2.18) is employed
as the protocol.

=0, (2.50)

Proof. The proof is given in Appendix A.1. O

Remark 2.4.2. The results of Theorem 2.4.1 can be exploited in two ways:
(i) For the design of a stabilising protocol. Then the conditions in (2.50) are
not LMIs, but bilinear matrix inequalities (BMIs) due to the presence of the
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product of wj; and P;. Although literature on solving BMIs is available, see, e.g.,
[51, 56, 78], solving BMIs is considered to be of a high numerical complexity.
(i) Stability analysis for a given protocol. In the situation that the matrices
P, ie{l,...,N}, are completely given for a particular quadratic protocol, the

conditions (2.50) are LMIs inIl € M and R;; € R, for alli € {1,...,N} and
le{l,...,L}.

2.4.2 The TOD Protocol

In Section 2.2.2, we showed that by suitable choice of P;, i € {1,..., N}, as in
(2.19), the TOD protocol is a specific quadratic protocol. We can therefore use
the result of Theorem 2.4.1 to determine the allowable range of transmission
intervals and transmission delays of the NCS using the TOD protocol. This
result is formalised in the following corollary, in which

{dlag Zwﬂ e R™*"

Zwﬂ = 1,7 >0,i,j € {1,...,N}}.
(2.51)

Corollary 2.4.3. Assume that there exist matrices Il; € M, i € {1,...,N},
a matriz P, matrices R;; € R, i€ {l,...,N} andl € {1,..., L}, satisfying

P —diag(0,T;) 0 Al (P-T1L) C]R;,

* R, B'(P-1L) 0
N N PoL U (2.52)
* * * R;;

forallie{l,...,N} andl € {1,...,L}, withT;, as in (2.4). Then, the system
(2.25) with (2.20) is UGES. Consequently, the NCS, given by (2.1), (2.2a) or
(2.2b), (2.3), and (2.7), with the TOD protocol (2.20) is also UGES.

Proof. The proof follows directly from Theorem 2.4.1 and the fact that P; is
structured as in (2.19). Therefore, it holds that Z;V:I 7 Pj =: P —1I,. O

2.4.3 Periodic protocols and the RR Protocol

We will now analyse another class of communication protocols, namely the
periodic protocols, with the RR protocol as a special case. Hence, we need
to analyse stability of the system (2.25) with a switching sequence induced by
(2.21) or (2.22). This system is essentially a N-periodic uncertain system. For

this system, we introduce positive definite matrices P;, i € {1,..., N}, and a
time-dependent periodic Lyapunov function given by
Vk(fk) = {f;Pkffk” and Vk-l—]\h/(j"k-&-N) = Vk(fk) (253)

We can now present the main result of this section.
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Theorem 2.4.4. Assume that there exist positive definite matrices Py, i €
{1,...,N}, and matrices R;; € R,i € {1,...,N} andl € {1,..., L}, satisfying

P 0 A; Pi1 CJ Ry
* Ry BTJPi-H 0

* ok Py 0

* % * R,

-0, (2.54)

where Pg_ | := P1, for alli € {1,... ,N} andl € {1,...,L}. Then, the system
(2.25) with (2.22) is UGES and consequently, the NCS as given by (2.1), (2.2a)
or (2.2b), (2.3), and (2.7) with a periodic protocol (2.21) is UGES.

Proof. The proof follows the same lines of reasoning as the proof of Theo-
rem 2.4.1. O

2.5 Nonconservativeness of the Overapproxi-
mation

Given the results of the previous sections, it is now natural to ask if and how
conservative the presented methodology is. The answer is given by the following
result, showing that if the original system (2.12) (without any overapproxima-
tion), with protocol (2.18) or (2.21), is UGES in the sense that a Lyapunov
function of a particular type exists, given by (2.46) or (2.53), respectively, the
presented procedure based on the overapproximation will guarantee stability
and will find a respective Lyapunov function, given that the overapproxima-
tion of (2.12) is sufficiently tight, i.e., (2.30) holds for a sufficiently small € > 0.
Therefore, making a convex overapproximation, according to Procedure 2.3.1,
introduces no conservatism in the stability analysis as presented in the previous
section.

In the following theorem, we will show the result for the NCS model (2.12)
with protocol (2.18). A similar result holds for the NCS model (2.12) with
protocol (2.21).

Theorem 2.5.1. Suppose system (2.12), with protocol (2.18), has a Lyapunov
function of the form (2.46), i.e., there exist a matriz II = {n;;} € M and
positive definite matrices P;, i € {1,..., N}, such that

N
AiT,h,r Zﬂjipjfli,h,r - P = =91, (2.55)
j=1
forallie {1,...,N} and (h,7) € ©, and some v > 0. Then, there exists an &g,

such that for any e-tight overapproxzimation satisfying (2.30), with 0 < € < &y,
the conditions of Theorem 2.4.1 hold.
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Proof. The proof is given in Appendix A.1. O

This result states that the convex overapproximation does not introduce
conservatism when analysing UGES using mode-dependent quadratic Lyapunov
functions.

2.6 Illustrative Example

In this section, we illustrate the presented theory using a well-known benchmark
example in the NCS literature, see, e.g., [24, 34, 62, 103, 134], consisting of a
model of a batch reactor. The linearised batch reactor is given by (2.1), with

1.380 —0.208 6.715 —5.676 0 0
—0.581 —4.290 0 0.675|5.679 0
AP|BP| | 1.067 4.273 —6.654 5.893|1.136 —3.146 9
CP | 0048 4273 1.343 —2.104|1.136 0| (2.56)
1 0 1 -1
0 1 0 0‘

The continuous-time controller considered in [24, 34, 62, 103, 134] is given by

(2.2a), with
A ‘ B 0 0‘ 0 1
¢ ¢ 0 0|1 o0
(AN R o
0 8‘ 5 0

First, we will analyse the continuous-time NCS as also used in [24, 62,
103, 134]. As done in these references, we consider the TOD and RR protocol
and assume that the controller is directly connected to the actuator, i.e., only
the two outputs are transmitted via the network. Since communication delays
are only considered in [62], and gives in absence of delays (i.e., 7 = 7 =
0) the same results as in [24], we compare our results with [62]. This will
show that our results provide significantly less conservative bounds on the
uncertain transmission intervals and transmission delays than earlier results in
the literature. Secondly, we illustrate that our framework can equally well deal
with discrete-time controllers, a larger number of nodes than used in previous
examples in the literature, and a nonzero lower bound on the transmission
interval.

2.6.1 Continuous-Time Controller

In order to assess the bounds on the allowable transmission intervals and de-
lays, we first define our NCS model as in Section 2.2.1.C. This model appropri-
ately describes the situation as discussed in this example, where only the plant
outputs y are transmitted over the network and u are sent continuously via
a nonnetworked connection. Then, we derive the uncertain polytopic system
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Figure 2.3: Tradeoff curves between allowable transmission intervals and trans-
mission delays for two different protocols.

(2.25) that overapproximates the NCS model (2.12), using Procedure 2.3.1. As
in [62], we try to obtain combinations of h and 7 for which the NCS is stable,
and we assume that 7 = 0, and we take h = 1073, We cannot make A too
small, because, by doing so, ‘/Zio'kyhkﬂ'k’ as in (2.12), approaches the identity
matrix and LMI solvers run into numerical problems, as the system becomes
close to unstable. Note that [24, 62, 103, 134] also use nonzero lower bound
on the transmission intervals to prevent Zeno behaviour, although, this lower
bound can be taken arbitrarily small. Using Procedure 2.3.1, we obtain a con-
vex overapproximation, in which we choose €, = 2 as decreasing ¢, does not
change the results in this example. Using the obtained overapproximation, we
can check for which combinations of h and 7, the LMIs in Corollary 2.4.3 and
Theorem 2.4.4 are feasible. This results for each 7 in the maximum achievable
h (or vice versa) for which the LMIs in Corollary 2.4.3 and Theorem 2.4.4 are
satisfied. This results in tradeoff curves, as shown in Figure 2.3. These trade-
off curves can be used to impose or select a suitable network with a certain
communication delay and a certain allowable transmission interval.

Moreover, in Figure 2.3, also the tradeoff curves as obtained in [62] are
given. We conclude that our proposed methodology is less conservative than
the one in [62]. More interestingly, in case there is no delay, i.e., 7 =7 = 0,
the maximum allowable transmission interval h obtained in [24], which pro-
vide the least conservative results known in literature so far, was h = 0.0108,
while we obtain h = 0.0665. In [134], h was estimated (using simulations) to
be approximately 0.08 for the TOD protocol. Furthermore, for the RR proto-
col, [24] provides the bound h = 0.009 in the delay-free case, while we obtain
h = 0.0645. Also in [134], for a constant transmission interval, i.e. h = h, the
bound 0.0657 was obtained for the RR protocol. The case where the trans-
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Figure 2.4: Tradeoff curves between allowable transmission intervals and trans-
mission delays.

mission interval is constant, provides an upper bound on the true maximum
allowable transmission interval (MATI). We can therefore conclude that for
this example, our methodology reduces conservatism significantly in compari-
son to existing methodologies and even approximates known estimates of the
true MATT closely.

2.6.2 Discrete-Time Controller

Next, we compute h, h, 7, and 7 for the NCS with a discrete-time controller as in
(2.2b). Contrary to the example presented above, and all examples considered
in [24, 62, 103, 134], we now designate a node to each single sensor and actuator,
resulting in an NCS with four nodes. By doing so, we try to point out that
our methodology is also suitable to study more complex problems. In this
example, the controller is given by an exact discretisation of the continuous-
time controller (2.2a) with matrices (2.57) using a zero-order hold and assuming
a nominal transmission interval h,o;,m = 0.01 and a bounded variation Ayar
around this nominal transmission interval. We assume that 7 = 0 and A # 0,
i.e., transmissions can be infinitely fast, but do not occur infinitely often. In
this example, we select A = hnom — Avar and ko = Anom + hvar, Where 2hyay > 0
determines the range of allowable transmission intervals and we only consider
the RR protocol.

After obtaining a convex overapproximation using Procedure 2.3.1, in which
we have taken ¢, = 0.02, and assessing stability using the results of Theorem
2.4.4, we can now plot for each 7, the largest range, determined by h = hyom —
hyar and h = Anom + Avar, for which UGES is guaranteed. In this example, we
take hpom = 0.01, which results in the tradeoff curve as shown in Figure 2.4.
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2.7 Conclusions

In this chapter, we studied the stability of networked control systems (NCSs)
that are subject to communication constraints, time-varying transmission inter-
vals and time-varying delays, and packet dropouts. We analysed the stability
of the NCS when the communication sequence is determined by one of the
protocols in the newly introduced classes of quadratic protocols or periodic
protocols, having the well-known try-once-discard (T'OD) and the round-robin
(RR) as special cases. This analysis was based on a discrete-time switched
linear uncertain system to model the NCS. A new and efficient convex over-
approximation was proposed that allows us to analyse stability using a finite
number of linear matrix inequalities. We presented an automated procedure to
obtain the overapproximation and we formally showed that the convex overap-
proximation can be made arbitrarily tight and does not introduce conservatism.
On a benchmark example, we illustrated the advantages and the effectiveness
of the developed theory. In particular, we showed that stability can be guaran-
teed for a much larger maximum allowable transmission interval and maximum
allowable transmission delay, when compared to the existing results in the lit-
erature. In addition, our results can be applied for stability analysis of NCS
with discrete-time controllers and nonzero lower bounds on the transmission
intervals and delays, which could not be analysed before even though they are
highly relevant for practical implementations of networked controllers.

Future work focusses on studying the case where delays are not restricted
to be smaller than the transmission interval, on the inclusion of quantisation
effects of the sensor and actuator signals on the closed-loop stability and per-
formance, and on co-design methods of the controller and the protocol.
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Abstract — In this chapter, we study the stability of networked control systems
(NCSs) that are subject to time-varying transmission intervals, time-varying
transmission delays, packet dropouts and communication constraints. Commu-
nication constraints impose that, per transmission, only one sensor or actuator
node can access the network and send its information. Which node is given ac-
cess to the network at a transmission time is orchestrated by a so-called network
protocol. The transmission intervals and transmission delays are described by
a sequence of continuous random variables, which is in contrast with many
existing stochastic approaches that only allow a finite or countable number
of transmission intervals and/or delays. The complexity that the continuous
character of the probability distribution introduces, is overcome using a novel
convex overapproximation technique that preserves the available probabilistic
information. By focussing on linear plants and controllers and quadratic, pe-
riodic and stochastic protocols, we present a modelling framework for NCSs
based on discrete-time linear switched and parameter-varying systems. Stabil-
ity (in the mean-square) of these systems is analysed using a new stochastic
computational technique and a finite number of linear matrix inequalities. On
a benchmark example of a batch reactor, we illustrate the developed theory.

I This chapter is based on [39].
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3.1 Introduction

Modelling, analysis, and controller design of networked control systems (NCSs)
have recently received considerable attention in the literature, as is evidenced
by the overview papers, e.g., [4, 67, 144, 147], and the book [16]. The main
reason for this attention is the many advantages that NCSs offer, such as re-
duced system wiring and increased flexibility. A drawback of networking the
control system is, however, that it becomes subject to time-varying delays,
time-varying transmission intervals, packet dropouts, and that communication
is constrained, (i.e., it is no longer possible to transmit all sensor and actuator
signals at every transmission instant). Most of the literature studies the effects
of only some of the phenomena, while ignoring the others. Clearly, it is impor-
tant to consider the combined presence of time-varying delays and time-varying
transmission intervals, packet dropouts and communication constraints, as in
any practical NCS they will be present simultaneously.

Despite the importance of studying the combined presence of the mentioned
network-induced phenomena, only few results exist that provide a framework
that allows studying these phenomena simultaneously. For instance, time-
varying transmission intervals and communication constraints (and, less explic-
itly, packet dropouts) has been considered in [103, 134] and time-varying trans-
mission intervals, time-varying delays, (again less explicitly, packet dropouts)
and communication constraints in [26, 40, 62]. The mentioned papers provide
methods for computing the so-called maximum allowable transmission inter-
val (MATI) and maximum allowable delays (MAD), given a certain network
protocol that determines which sensor and/or actuator information is sent at
a transmission instant. Stability is guaranteed as long as the actual trans-
mission intervals and delays are always smaller than the MATI and MAD,
respectively. Three other network induced phenomena, namely time-varying
transmission intervals, time-varying delays and packet dropouts, are consid-
ered in [29, 99, 142], in which stability is analysed for the case that the number
of consecutive dropouts are upper bounded, and bounds on the transmission
intervals and delays are available.

A common feature of the aforecited references is that conditions for sta-
bility are derived, given bounds on the various network phenomena. In many
situations, however, transmission intervals, delays and packet dropouts can
be described as random phenomena, modelled using probability distributions.
Unfortunately, fewer stability results are available in this context. A com-
mon approach found in literature, see, e.g., [96, 114, 115, 138, 143, 146], is to
take a finite or countable set of possible transmission intervals and delays and
attribute probabilities to each element of the set. In this way, a discrete prob-
ability distribution is obtained and the NCS can be effectively modelled as a
Markov jump system [32]. It is, however, not possible to make any statements
about stability when a continuous probability distribution is given and, con-
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sequently, the number of elements in the set is not finite or countable. Other
approaches are taken in [105], in which a delay-dependent controller is pro-
posed, and in [95], which discusses so-called ‘model-based control’. We will,
as in [5, 124], focus on the more basic ‘emulation-based’ approach, i.e., we as-
sume the controller to be designed to stabilise the plant without considering
the network and we study how this controller behaves in the presence of the
stochastic network.

In this chapter, we focus on linear plants and linear controllers and study the
stability (in the mean-square) of NCSs in the presence of communication con-
straints, time-varying transmission intervals, time-varying delays and dropouts,
which the latter three are described by an independent and identically dis-
tributed sequence of random variables and in which the delays are assumed to
be smaller than the transmission intervals. Contrary to [96, 114, 115, 138, 143,
146], we allow for continuous probability distributions with possibly infinite
supports, as in [5, 124]. In particular, the techniques we provide are applicable
to any distribution whose tail is exponentially bounded and, thereby, includes
the exponential distribution that was studied in [124] as a special case. Fur-
thermore, we consider three classes of protocols, namely: the class of quadratic
network protocols, of which the well-known try-once-discard (TOD) protocol
is a special case, the class of periodic protocols, which includes the round-
robin (RR) protocol and was also studied in [5], and the stochastic protocol,
which was introduced in [124]. Next to treating a more general setup than in
[5, 124], the essential difference between [5, 124] and the work presented in this
chapter is that [5, 124] use a continuous-time modelling paradigm, while we
apply a discrete-time modelling framework that leads to a switched linear sys-
tem model that is stochastically parameter varying. We propose novel convex
overapproximation techniques, which are used to handle continuous probability
distributions, and newly developed linear matrix inequalities (LMIs) to guar-
antee stability (in the mean-square) of NCSs with the transmission intervals
and delays satisfying a continuous probability distribution. Note that in this
chapter, we consider the simultaneous presence of all the aforementioned net-
work effects, whereas in [5, 96, 114, 115, 124, 138, 143, 146] only some of them
are considered. We will show the effectiveness of the presented approach on
the benchmark example of a batch reactor as also used in [5, 40, 62, 124].

The remainder of this chapter is organised as follows. After introducing the
necessary notational conventions used in this chapter, we introduce the model
of the NCS in Section 3.2 and propose a method to write it as a discrete-time
switched linear parameter-varying system. We also state a precise problem
formulation. In Section 3.3, we provide a procedure to obtain a convex over-
approximation of NCS systems with time-varying transmission intervals and
time-varying transmission delays, which preserves the probabilistic informa-
tion present in the probability distribution. This result will be used in the
conditions for stability of NCS that we present in Section 3.4. In Section 3.5,
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we will formally proof the fact that employing the convex overapproximation
technique presented in this chapter does not introduce any conservatism. Fi-
nally, we illustrate the stability results using a numerical benchmark example
in Section 3.6 and draw conclusions in Section 3.7. Appendix A.2 contains the
proofs of the lemmas and theorems.

3.1.1 Nomenclature

The following notational conventions will be used. diag(A4;, ..., Ay) denotes a
block-diagonal matrix with the entries A, ..., Ay on the diagonal, AT € R™*"
denotes the transposed of the matrix A € R™"*™, and Apax(A4) and Apin(A)
denote the maximum and minimum eigenvalue of a symmetric matrix A €
R™*™, respectively. For a vector x € R”, we denote by z° the i-th component
and by ||z|| := VT its Euclidean norm. For a matrix A € R"*™  we denote

by ||A]] :== v/ Amax(ATA) its spectral norm. For brevity, we sometimes write

symmetric matrices of the form |:é4T g], as [f g] By lim,); and limgqs,

we denote the limit as s approaches ¢ from above or below, respectively. The
convex hull and interior of a set A4 are denoted by coA and int.A, respectively,
and the indicator function of a set A C R" is the function 14 : R™ — {0, 1} that
satisfies 14(z) =1 if x € A, and 14(z) =0 if = ¢ A. A polytope is the convex
hull of finitely many points. The probability distribution of a random variable
x, taking values in R™, is given in terms of the probability measure p, which
satisfies ©(R™) = 1. We assume that the measure u can be decomposed into a
continuous component te and a discrete component pg, i.e., 4 = p+ g, where
pe(A) = [ 4 Pe(w)dw for some Lebesgue-integrable probablhty density function
(pdf) pe : R" — Ry and where pa(A) = > ic(;|a, e} Pd.i» for some finite or
countable set of isolated atom points {a; |i € Z} and a corresponding set of
weights {pq.|i € Z}, where Z C N. This probability measure p defines the
probability that the event x € A occurs, denoted by Pr(z € A) := pu(A),
and deﬁnes the expected value of f(x), for a mapping f : R" — R™, as

f]R” dw + Zz 1 f(az)pd i

3.2 NCS Model and Problem Statement

In this section, we present the model describing networked control systems
(NCSs) subject to communication constraints, time-varying transmission in-
tervals and delays. We will later comment on how this model can accom-
modate for packet dropouts. Let us consider the linear time-invariant (LTT)
continuous-time plant given by

{iﬂw—ﬂﬂo+mmw

y(t) = CPab (), (3.1)
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Figure 3.1: Tllustration of a typical evolution of y and .

where zP € R™ denotes the state of the plant, 4 € R™ the most recently
received control variable, y € R™ the (measured) output of the plant and
t € R the time. The controller, also an LTT system, is assumed to be given in
either continuous time by

daet) = A°xC(t) + Bey(t
(1) = Aa“(1) + B(0) 20
u(t) = C°2°(t) + DyY(t),
or in discrete time by
Ty = A%} + By (3.2b)
u(ty) = Cxy, + DG(tr).

In these descriptions, ¢ € R™ denotes the state of the controller, § € R™ the
most recently received output of the plant and u € R™ denotes the controller
output. At transmission instant ¢, k € N, (parts of) the outputs of the plant
y(tx) and the controller u(ty) are sampled and are transmitted over the network.
We assume that they arrive after a delay 74 at instant ry := t; + 7%, called
the arrival instant, see Fig. 3.1. In the case we have a discrete-time controller
(3.2b), the states of the controller xf_ , are updated using g, := limy,, 9(t),
i.e., as in [34, 40], directly after § is updated. Note that in this case, the update
of 7, , in (3.2b) has to be performed in the time interval (1, tg41].

Let us now explain in more detail the functioning of the network and define
these ‘most recently received’ § and @ exactly. The plant is equipped with
sensors and actuators that are grouped into N nodes. At each transmission
instant tg, k¥ € N, one node, denoted by o, € {1,..., N}, gets access to the
network and transmits its corresponding values. These transmitted values are
received and implemented on the controller and/or the plant at arrival instant
r,. As in [62], a transmission only occurs after the previous transmission has
arrived, i.e., tg41 > 1 = t, for all £ € N, where ¢ty = 0. In other words, we
consider the delays to be smaller than the transmission interval. After each
transmission and reception, the values in § and @ are updated with the newly
received information, while the other values in § and @ remain the same, as no
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additional information is received. This leads to the constrained data exchange
expressed as

9t) =TY y(te) + (I =T )i(te) (3.3)
a(t) =Ty u(ty) + (I =Ty, )a(ty)
for all t € (r,rr41]. The matrix T';, := diag(I'y, , 'y, ) is a diagonal matrix,
given by
r; = diag(%}l’ e 77i,ny+nu)7 (3.4)
when o, = 4. In (3.4), the elements v, ;, with ¢ € {1,...,N} and j €
{1,... ,ny}, are equal to one, if plant output %7 is in node 4, elements Vi ity

with ¢ € {1,...,N} and j € {1,...,n,}, are equal to one, if controller output
u? is in node 4, and are zero elsewhere.

The value of o1, € {1,..., N} in (3.3) indicates which node is given access
to the network at transmission instant ¢y, & € N. Indeed, (3.3) reflects that
the values in @ and g corresponding to node oy, are updated just after rj, with
the corresponding transmitted values at time tj, while the others remain the
same. A scheduling protocol determines the sequence (g, o1, ...) and particu-
lar protocols will be made explicit below.

In this chapter, we consider the case that both the transmission intervals
hy = tpr1 —tx > 0, k£ € N, and the transmission delays 7, := rp — tx = 0,
k € N, are varying in time. Since we assumed that ¢t > 7y, for all £ € N, we
have that 7, < hy. Furthermore, we assume that the transmission intervals and
transmission delays are described by an independent and identically distributed
(iid) sequence of (possibly) continuous random variables. These assumptions
are made explicit below.

Assumption 3.2.1. For each k € N, the transmission interval hy and the
transmission delay Ty are continuous random variables, characterised by a prob-
ability distribution that satisfies Pr((h,7) € ©) = 1, where

©C{(h,7)ER*|h>0, 0< T <h}. (3.5)

Furthermore, the sequence of transmission intervals and delays {(hk, k) ke
1s iid.

3.2.1 Incorporating Packet Dropouts

In the model presented above, we only considered communication constraints,
time-varying transmission intervals and delays. It can, however, easily be
adapted to accommodate for packet dropouts as well. To do so, we divide
the transmissions into successful and failed ones, and model the sequence of
transmissions by a two-state Markov process, as was also done in [2, 74, 140].
This model, which is depicted in Fig. 3.2, is also known as the Gilbert-Elliot
model and has two states, namely, the ‘packet received’ state (dr = 1) and
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Figure 3.2: The Gilbert-Elliot model of packet dropouts.

the ‘packet dropped’ state (dy = 0). The conditional probability that a packet
is received or dropped dj € {0,1} at time tj, given that the previous one is
dropped or received di_1 € {0,1}, is given by

Pr(dy = ildp—1 = j) = i (3.6)

for all k& € N\{0}, where 1 ; + 11, = 1 for all j € {0,1}, and it is assumed
that do =1.

In this Gilbert-Elliot model, the probability that exactly ¢ successive pack-
ets are dropped before one is received equals 1/J1,01/)3I)17/10,1 for & > 0 and the
probability that two subsequent packets arrive equals 11 ;. Now by only con-
sidering the successful transmissions and redefining the transmission interval
as the time between two subsequent successful transmissions, as also done in
[62, 103], packet dropouts can be incorporated in the NCS model. As a result,
the probability that the interval between two subsequent successful transmis-
sion and the transmission delay satisfy (h,7) € Q, for some Q C R?, becomes

o) 5-+1
Pr((h,7) € Q) = ¢11Pr((h1,7) € Q) + > vh1.0v o Yo Pr(D_hi7) € Q).
6=1 1=1

(3.7)

In the remainder of the chapter, we will assume that the given probability
distribution incorporates the information on the packet-dropout probability as
outlined above.

3.2.2 The NCS as a Time-Varying Switched System

To analyse the stability of the NCS described above, we transform it into a
discrete-time model. In this framework, we need a discrete-time equivalent of
(3.1). To arrive at this description, let us first define the network-induced error
as

e’(t) = 9(t) — y(t)

e“(t) :=a(t) — u(t).
The stochastically parameter-varying discrete-time switched system can now be
obtained by describing the evolution of the states between t;, and t5 11 = ti+hy.

(3.8)
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In order to do so, we define z} := 2P (tx), ug = u(ty), Uy := limg),, 4(t) and
e} := e"(tx). Since 4, as in (3.3), is a left-continuous piecewise constant signal,
ie. limgp 4(s) = a(t), we can write dp—1 = limg),, , 4(t) = a(rg) = a(tx).
Now using the fact that (3.3) and (3.8) yield @x—1 = up + €} and Gp_1 — U =
Iy e}, we can write the exact discretisation of (3.1) as follows:

hg hg—Tk

Ty = e AT gk +/ eA"3dsBP (uy + €lf) — / eAdesB’Tgke}g. (3.9)
0 0

A discretised equivalent of (3.2a) is obtained in a similar fashion. By defining

z§ = z(tg), yk = y(tx), e} := e¥(tx), Jp := limy|,, J(t), and observing that

Jk—1 = §(tx), it holds that

hg hr—Tk
Th = eA e +/ e dsB(yy, + €Y) —/ e *dsBTY ej. (3.10)
0 0

We now present three different models each describing a particular setup
for the NCS. The first and the second model cover the situation where both
the plant and the controller outputs are transmitted over the network, differing
by the fact that the controller is given by (3.2a) and (3.2b), respectively. In
the third model, it is assumed that the controller is given by (3.2a) and that
only the plant outputs y are transmitted over the network and w are sent
continuously via an ideal nonnetworked connection. We include this particular
case, because it is often used in examples in the NCS literature, (see, e.g., the
benchmark example in [5, 34, 40, 41, 62, 103, 124, 134]).

A) The NCS model with controller (3.2a): For an NCS having controller
(3.2a), the complete NCS model is obtained by combining (3.3), (3.8), (3.9),
and (3.10) and defining

= [zPT 2T el e“T]T. (3.11)

This results in the discrete-time model

Tt — Ay, + Ep, BDC Ey, BD — Ey, ., BTq, -
k+1 = o — Ay, — B, BDC) I —D~'Ty, + C(Ep, s, Blo, — Ey,BD)| "k

=A

O hp T

i (3.12)
with Ty = Z(ty), in which A, p, -, € R™™", with n = n, +n, +ny, + n,, and

A0 0 B cr o0
A, = [ 0 e B = B ol C:= 0 ce (3.13a)

I 0 P eA%sds 0
— = 0 c . .

D: [DC I}’ E,: [ 0 fopeA sds]’ pER (3.13b)
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B) The NCS model with controller (3.2b): The complete NCS model
is obtained by combining (3.2b), (3.3), (3.8), and (3.9), and defining z :=
[zPT 2¢T e¥T euT]T. This also results in the discrete-time model (3.12), in
which now

eA’r 0 0 B cro0
PO 4 TS g FRCI A B RPN
_[r o _ [Jgetsds 0
D:= [DC I], Ep._{ 0 1| PER (3.14b)

C) The NCS model if only y is transmitted over the network: In
this case we assume that only the outputs of the plant are transmitted over the
network and the controller communicates its values continuously and without
delay. We therefore have that u(t) = a(t), for all ¢t € R, which allows us to
combine (3.1) and (3.2a), yielding

[ng;] B ﬁ)p le?c} {ﬁpgﬂ + [B;?C] 9(t)- (3.15)

Since § is still updated according to (3.3), we can describe the evolution of the
states between ty and tgp41 = tp + hy in a similar fashion as in (3.9). In this
case, (3.11) reduces to

z:=[zPT 2°T eyT}T, (3.16)

also resulting in (3.12), in which now

AP BPS‘C BpDc
A, = e([ oA }p), = [ Be ] , C:=[CP 0], (3.17a)
14 P BPCC
D:=1, E, ;:/ e([AO A€ ]S)ds, p€R. (3.17b)
0

3.2.3 Protocols as a Switching Function

Based on the previous modelling steps, the NCS is formulated as a stochas-
tically parameter-varying discrete-time switched linear system (3.12). In this
framework, protocols are considered as the switching function determining oy,
k € N. We consider three classes of protocols, namely quadratic and periodic
protocols, as introduced in [40], and stochastic protocols, as introduced in [124].

A) Quadratic Protocols: A quadratic protocol is a protocol, for which the
switching function can be written as

o) = arg min a’c,;rPZ-a’ck, (3.18)

i=1,...,
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where P;, i € {1,...,N}, are certain given matrices. In case two or more
nodes have the same minimal values, one of them can be chosen arbitrarily. As
was shown in [40], the well-known try-once-discard (TOD) protocol, see, e.g.,
[62, 134], belongs to this class of protocols. In the TOD protocol, the node that
has the largest network-induced error, i.e., the largest difference between the
latest transmitted values and the current values of the signals corresponding to
the node, is granted access to the network. The TOD protocol can be modelled
as in (3.18) by adopting the following structure in the P; matrices:

P, = P — diag(0,T;), (3.19)

in which I';, i € {1,..., N}, is given by (3.4) and P is some arbitrary ma-
trix. Indeed, if we define é}; := I';ex, being the error corresponding to node i
(extended with zeros on the entries that do not correspond to node i), where
er = [V, erT]T, (3.18) becomes

o = argmin {—e] Tiey, ..., —ef Dyey} = argmax {||&4|],...,[|Ex [}, (3.20)
which is the TOD protocol.
B) Periodic Protocols: Another class of protocols that is considered in

this chapter is the class of so-called periodic protocols. A periodic protocol is
a protocol that satisfies for some N € N

Opiy = Ok, forallkeN. (3.21)

N is then called the period of the protocol. The well-known round-robin (RR)
protocol belongs to this class of protocols and is defined by

{o1,...,on} = {1,...,N}, (3.22)

and period N = N, ie., during each period of the protocol every node has
access to the network exactly once.

C) Stochastic Protocols: The third class of protocols that is considered in
this chapter is the class of stochastic protocols. Contrary to the quadratic and
periodic protocol, in which the resulting switching function is deterministic, the
stochastic protocol determines o, € {1,..., N} through a Markov chain. The
conditional probability that node i, ¢ € {1,..., N}, gets access to the network
at time ¢, given the value of o1 € {1,..., N}, is given by

Pr(oy =ilok—1 =j) =my; for all k € N\{0}, (3.23)

where Zfil mi; =1 forall j € {1,...,N}, and ¢ € {1,..., N} is assumed to
be given.
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For each of the three classes of protocols, the above modelling approach now
provides a description of the NCS in the form of a stochastically parameter-
varying discrete-time switched linear system given by (3.12) and one of the
protocols, characterised by (3.18), (3.21) or (3.23).

3.2.4 Stability of the NCS

The problem studied in this chapter is to analyse stability of the stochastically
parameter-varying discrete-time switched linear system (3.12) with protocols
(3.18), (3.21) or (3.23) and the transmission intervals and transmission delays
satisfying Assumption 3.2.1. Let us now formally define stability for the NCS.

Definition 3.2.2. The continuous-time NCS given by (3.1), (3.2b), (3.3), and
(3.8), with protocols satisfying (3.18), (3.21) or (3.23), is said to be uniformly
globally mean-square exponentially stable (UGMSES) if there exist c., 5. > 0,
such that for any initial condition z(0), for a sequence of random variables
{(hg, k) }ren, and for all t € Ry it holds that

E (Ilz(1)]1%) < ecllz(0)|?e™ 7. (3.24)

Stability of the continuous-time NCS can be analysed by assessing stability
of the discrete-time uncertain switched linear system (3.12) with switching
functions satisfying (3.18), (3.21) or (3.23), as we will show below. Before
doing so, let us formally define stability of this discrete-time system.

Definition 3.2.3. System (3.12) with switching sequences satisfying (3.18),
(3.21) or (3.23) is said to be uniformly globally mean-square exponentially
stable (UGMSES) if there exist cq, B4 > 0, such that for any initial condition
To € R", for a sequence of random variables {(hy, i) tren, and for all k € N,
it holds that

E ([Zx]?) < call@ol|?e~". (3.25)

Since the switched uncertain linear system (3.12) with switching sequences
satisfying (3.18), (3.21) or (3.23) is formulated in discrete time, we can only
assess stability at the transmission instants. However, we will show that UGM-
SES of the discrete-time model implies UGMSES of the continuous-time NCS
in the sense of Definition 3.2.2 under an assumption on the probability distri-
bution. To prove this, we first need a technical lemma.

Lemma 3.2.4. The continuous-time system, given by (3.1), (3.2a) or (3.2b),
(3.3) and (3.8) with protocols satisfying (3.18), (3.21) or (3.23) is UGMSES,
if the discrete-time system (3.12) with switching sequences satisfying (3.18),
(3.21) or (3.23) is UGMSES, Assumption 3.2.1 is satisfied, the probability dis-
tribution for (h,T) satisfies E(e*) < cp,, for some A > 0 and some c;, > 0, and
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there exists a function v : Ry — Ry, satisfying E(y(h)) < ¢, for some ¢y > 0,
such that the solutions of (3.1), (3.2a) or (3.2b), (3.3) and (3.8) satisfy

(8 + DI < y(ho)llz ()12, (3.26)
for allt € (0,hy], k € N.
Proof. The proof is given in Appendix A.2. [

In order to prove the main result of this section, we make the following
assumption on the probability distribution for (h, 7).

j_kssumption 3.2.5. There exists a constant \, such that X > max{0, )\max(j_XT—i—
A)}, with

diag(AP, A°), if (3.12) is as in Section 3.2.2.A,
diag(AP,0), if (3.12) is as in Section 3.2.2.B,

AP BPC¢
0 AC ’

=1
I

(3.27)
if (3.12) is as in Section 3.2.2.C,

such that the probability distribution of (h,T) satisfies E(eS‘h) < ¢p, for some
cp > 0.

Assumption 3.2.5 excludes all probability distributions whose tails are not
exponentially bounded, so-called heavy-tailed probability distributions, see,
e.g., [7]. However, when the random variable (h,7) has an exponentially
bounded probability distribution, such as the Uniform, the Normal, and the
Gamma distribution, stability can be analysed using the results presented in
this chapter. This makes the results presented in this chapter more general
than the results of [124], in which only exponential distributions are discussed.
In the next theorem, we state that UGMSES of the discrete-time NCS model
implies UGMSES of the continuous-time NCS, given that Assumptions 3.2.1
and 3.2.5 are satisfied.

Theorem 3.2.6. Assume the discrete-time system (3.12) with switching se-
quences satisfying (3.18), (3.21) or (3.23) is UGMSES and Assumptions 3.2.1
and 8.2.5 are satisfied. Then, the corresponding continuous-time NCS given by
(3.1), (3.2b), (3.3), and (3.8), with protocols satisfying (3.18), (3.21) or (3.23)
is also UGMSES.

Proof. The proof can be found in Appendix A.2. O

This theorem states that it suffices to consider the discrete-time model
(3.12) with switching sequences satisfying (3.18), (3.21) or (3.23) to assess
UGMSES of the continuous-time NCS system.
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3.3 Obtaining a Convex Overapproximation

In the previous section, we obtained an NCS model in the form of a stochasti-
cally parameter-varying discrete-time switched linear system. In the stability
conditions developed in the next section, we will employ techniques originally
developed for the situation in which the time-varying transmission intervals
and delays are contained in some bounded set O, i.e., (hg, ) € © for all k € N
without any probability information, as discussed in Chapter 2. As in Chapter
2, the matrix flghhkﬁk depends nonlinearly on the uncertain parameters hy
and 7k, which is not convenient for stability analysis. To make the system
amenable for analysis, in Chapter 2 a procedure was given to overapproximate
flok,hkﬂ by a polytopic system with norm-bounded additive uncertainty, i.e.,

Tht1 = (Zlel Oéécz‘_lg,ml + BAkC’gk)i‘k, (3.28)
where A,; € R"*" B € R4 (C, € R¥" for o € {1,...,N} and | €
{1,...,L}, with L the number of vertices of the polytope. The vector oy, =
[af ... ak]T € A, k € N, is time varying with

A:{QGRL|Zf:1al:1, al>ovz€{1,...,L}} (3.29)
and A, € A, k € N, where

A= {diag(AR ..., AQ) e R74

Al e R%¥% AT <1V i€ {L...,Q}}.
(3.30)

The system (3.28) is constructed to be an overapproximation of (3.12), in the
sense that for all o € {1,..., N}, it holds that

{A(,M | (h,7) € @} c { S ald, +BAC, |ae A A € A}. (3.31)

The approach presented in Chapter 2, based on (3.31), is not suitable in the
context here, as this would remove all information present in the probability
distribution of (h,7). We therefore propose a new procedure that also pre-
serves the probabilistic information contained in the probability distribution.
Therefore, we propose to partition © into triangles S,,, m € {1,..., M}, and
make overapproximations of Ay, n, -, for each individual triangle S,,. This
allows us to assign a probability p, = PI‘((h,T) € Sm) to each triangle and
adopt this information in the subsequent stability analysis. Roughly speak-
ing, the (possibly) continuous probability distribution is approximated by a
discrete probability distribution that assigns probabilities to (h, 7) to each tri-
angle S, in the partitioning of ©. Since it is in general not possible to achieve
a partitioning satisfying UM_,S,, = O, (as we use a finite number of bounded
triangles S,,, m € {1,..., M}, and © may be an unbounded set), we introduce
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a parameter h* and partition only the set {(h,7) € ©|h < h*} into triangles
S, ie, UM_.S,, == {(h,7) € ©|h < h*}. This will result in a ‘tail’ of the
probability distribution Q := ©\ UM_, S,,, that is not partitioned into trian-
gles. We will, however, propose a stability analysis method that incorporates
this tail @, by exploiting that this parameter h* can be chosen a sufficiently
large. Now inside each triangle S,,, the matrix set {Ay ., | (h,7) € S} is
overapproximated, according to the procedure presented in [40], in the sense
that for each S,,, m € {1,..., M}, and for all 0 € {1,..., N} it holds that

{flg,h,r | (h,T) € Sm} - {Efﬂ A Ag i+ BnAC, | € A A € A}, (3.32)

where now Ag’m,l e R" " B, € R"x4.

A specific feature of the approach presented in this chapter is that, similar to
[40], the approximation can be made arbitrarily tight, by selecting a sufficiently
large h* > 0, and by making every triangle S,,, sufficiently small. To properly
explain what we mean by triangles that are ‘sufficiently small’, let us introduce
the notion of diameter of a set S C R? as

diamS := sup [jv —w||. (3.33)

V,WES

By choosing h* > 0 sufficiently large, and by choosing the diameter of the
triangles S,,,, m € {1,..., M}, smaller than ¢, i.e., by choosing diamS,, <
g, for some sufficiently (small) ¢ > 0, we can show that the existence of a
Lyapunov function of a particular type for (3.12) is equivalent to the existence
of a Lyapunov function of the same type for (3.28) for all o € {1,..., N} and
all m € {1,..., M}. Therefore, we can let the introduced conservatism in the
overapproximation vanish by making the partitioning sufficiently refined. We
will formalise this result in Section 3.5.

Let us now formalise the procedure to obtain the convex overapproximation
as outlined above. For a formal proof that the following procedure indeed
results in an overapproximation, in the sense that (3.32) holds, the reader is
referred to Chapter 3.

Procedure 3.3.1.

e Given constants h* > 0 and € > 0, choose M triangles S,, C ©, m €
{1,..., M}, satisfying

Sm = CO{(Em,l 77-m,1)a (ﬁm,Qv 7~-711,2);(}~Lm,37 7-m,3)}a (334)

where (hm.,1,Tm1), | € {1,2,3} denote the vertices of the triangle Sp,,
such that

1. Pr ((h77') € (SpﬂSm)) =0, forallm,pe{l,...,M} and p # m,
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2. diamS,, <e¢, forallm e {1,..., M},
3. UM_\S, ={(h,7)€O|hL }

e Compute py, = Pr((h,7) € Sp) for allm € {1,..., M}.

e Define

A"’m’l = Amhm,zﬁm,z’ (3'35)

forallo € {1,...,N} and (B 1, Fmy), m € {1,..., M}, 1 € {1,2,3}.

o To bound the approzimation error, decompose the matriz A, as in (3.27),
into its real Jordan form [71], i.e., A := TAT ', where T is an invertible
matriz and

A = diag(Aq, ..., Ak) (3.36)

with A; € R>" 4 € {1,... K}, the i-th real Jordan block of A. Now
compute for each real Jordan block A;, i € {1,..., K}, the worst case
approximation error, i.e.

A YS l1h
of = max | e iy @t E alzelifmiy (3.37a)
’ €
“ li—1
3 al2h i
12 1 m,ly
§in, = max Z / eMisds|), (3.37b)
acA 1 P,y
3 S im1 @2 (B 1y —Fm 1)
E_. lp=1 m,la = Tm,ly )
§; n=7 = max E [ eA”SdSH. (3.37¢)
acA 1=1 hm ll_;m,ll

For a detailed explanation of the origin of the approximation error bounds,
the reader is referred to Chapter 2.

o Finally, define

71 0
C,:= |T"'BDC T 'BD (3.38)
0 —-T-1BT,
and
_ T T T :
Bu=_cr _oT —CT < diag(07,, 11 - 03¢ 1,

S Iy O3 Tre, Oy I 63 Ie), (3.39)

with I; the identity matriz of size n;, complying with the i-th real Jor-

dan block. The additive uncertainty set A C R3(Mptne)x3(nptne) 45 poy

given by

A = {diag(A', ..., A¥) | ATHE g R AT <
Vie{l,...,K},j€{0,1,2}}. (3.40)
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Remark 3.3.2. In the special case that there exists an hpom 0T G Thom Such that
p(h,7) =0, either for all h # hpom or for all T # Tpom, i-e., the transmission
interval or delay is constant, Procedure 3.3.1 can be modified slightly. This is
because we proposed to form triangles S, €O C R%2, m € {1,..., M}, whereas
O can be considered a line segment in this case. Instead of triangles, we propose
to form line-segments S,, C O, m € {1,..., M}, in this case such that for each
Sm, m€{1,..., M}, it holds that

Sm - CO{(ﬁm717 7:'m,,l); (ﬁm,% 7:771,2)}7 (341)
where (?Lm,l,%m’[), 1 € {1,2}, now denote the vertices of the line segment Sy, .
All other properties of Sy, m € {1,..., M} still hold and the remainder of the
procedure can be applied mutatis mutandis.

In this chapter, we will adopt the procedure to obtain an overapproxima-
tion of the NCS model from Chapter 2, resulting in the procedure presented
above. All the theory presented in the next section also applies if the overap-
proximation is obtained by other techniques, see, e.g., [63] for an overview and
a thorough comparison of all the existing overapproximation techniques. How-
ever, in Chapter 2, it was proven that the overapproximation adopted here can
be made arbitrarily tight and, therefore, does not introduce any conservatism.

3.4 Stability of NCSs with Stochastic Uncer-
tainty

In Section 3.2, we discussed the NCS model and, in Section 3.3, we proposed a
technique to overapproximate it by a switched polytopic system with a norm-
bounded uncertainty. In this section, we will use the overapproximation derived
in the previous section to develop conditions to verify UGMSES of the NCS
model (3.12) with switching sequences satisfying (3.18), (3.21) or (3.23) and the
transmission intervals and delays are given by an sequence of random variables
satisfying Assumption 3.2.1 and 3.2.5.

We will start with so-called quadratic protocols and analyse stability us-
ing the ideas in [47], in which only switched linear systems without any form
of uncertainty are considered. Then, we will also show how we can analyse
stability for periodic protocols. Finally, the stability analysis for the stochas-
tic protocols is presented using ideas from [32], in which stability analysis for
discrete-time Markov jump linear systems is analysed, again without any form
of uncertainty. In all cases, we need two intermediate results.

Lemma 3.4.1. Let Assumption 3.2.1 hold. The system (3.12) with switch-
ing functions satisfying (3.18), (3.21) or (3.23) is UGMSES if there exist a
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Lyapunov function V : R™ x N — R, and scalars by, by, by > 0 satisfying®

bi||Z]]? < V(z, k) < bo 2|2 (3.42a)
EV(Ag, hpr@: k+1)] = V(Z, k) < —bs]|Z]> (3.42b)

for allz € R™ and all k € N.
Proof. The proof is given in Appendix A.2. O

Lemma 3.4.2. Let Assumptions 3.2.1 and 3.2.5 hold, and let a symmetric
matriz P and a set Q C O be given. It holds for each i € {1,..., N} that

E(Azh,rpAi,h,r]Q(h’T)) = )\max(p)UiE(P(h)lQ(h,T))L (3.43)
in which
vi = (| A0l + IBIl I1Cil))? (3.44)
with A; -, as defined in (3.12),

I 0

B = [_IC _IO _IC} C;==|BDC BD|, (3.45)
0 BT;
and
Dy 84800 , 32 (" AT+A
p(h) = max{1, (e2 mex (B HDR 4 1)% / rmax (A HN)s g} (3.46)
0
Proof. The proof is given in Appendix A.2. O

3.4.1 Quadratic Protocols

In this section, we analyse the class of quadratic protocols given by (3.18) of
which the TOD protocol is a special case. To analyse the stability of (3.12)
having this switching function, we introduce the non-quadratic Lyapunov func-
tion

N
Viay) = min o) Py = min a] ; vi Py, (3.47)
where
N
N::{yeRN‘szLW>OVie{1,...,N}}. (3.48)
i=1

2Note that for quadratic and periodic protocols, the expected value is taken with respect
to hy and 7. For stochastic protocols, however, the expected value is taken with respect to
hi, T, and ogy1, as the Lyapunov function V' on time k 4 1, depends on o041, which is a
random variable, see (3.23).
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Furthermore, we introduce the class M of so-called Metzler matrices I = {7;;},
i,j €{1,...,N}, given by

N
M::{HGRNXN’Zﬁﬂzl‘ViE{1,...,N},7Tj,;>0Vi,j€{1,...,]\7}},

j=1
(3.49)
and the set of matrices given by
ReR= {diag(rlll, . ,TKIK,TK+111, - ,TQK[K,
roxc1lis ... 3 lyc) € R Hnel3nptne) 15 0l (3.50)

where I; is an identity matrix of size n;.

The main result of this section is presented in the following theorem, in
which conditions for UGMSES for the NCS system with a quadratic protocol
are given.

Theorem 3.4.3. Let Assumptions 3.2.1 and 3.2.5 hold and let the system
(3.12) with a switching function satisfying (3.18), a probability distribution for
(h,7) and positive definite matrices P; as in (3.18) be given. Suppose there
exist a convexr overapproximation obtained by Procedure 3.3.1, a matriz II =
{mji} € M, positive scalars p; satisfying Z;\Ll 5P = i, matrices Uy, and
matrices Rim; € R, fori e {1,...,N}, me {1,....M}, andl € {1,...,L},
satisfying the LMIs

Um 0 DAl Y 7P CF Ry

* Bimi VBB X mil 0 1vo (3.51)
* * ZJ 175 b 0
* * * Ri,m,l

for all i € {1,...,N}, m € {1,...,M}, I € {1,...,L}, in which p, =
Pr((h,7) € Sn), and satisfying

M
P — Z Uz m — HiUi ( (h)lQ(th))I =0, (3'52)

m=1

for all i € {1,...,N}, in which Q := O\(UM_,S,.) , and v; and p(h) are
defined as in (3.44) and (3.46), respectively. Then, the switching law (3.18)
renders the system (3.12) UGMSES. Consequently, the continuous-time NCS
given by (3.1), (3.2b), (3.3), and (3.8) is also UGMSES if the switching law
(3.18) is employed as the protocol.

Proof. The proof is given in Appendix A.2. O
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We will briefly comment on Theorem 3.4.3. Firstly, the stability of (3.12)
is guaranteed for hy and 75, k € N, satisfying a continuous probability dis-
tribution, because the probability distribution is ‘approximated’ by assigning
D 1= Pr((h, T)E Sm) to each polytope S,,, m € {1,..., M}. Secondly, in case
the h* can be chosen such that Pr ((h,7) € Q) = 0, where Q := ©\(UM_,S,,),
the conditions in (3.52) simplify since E(p(h)1g(h,7)) = 0. This is possible,
if there exists an upper-bound on the transmission intervals. Finally, for the
TOD protocol the matrices P; still contain a free variable P. This freedom P
in modelling the TOD protocol can be exploited as the conditions in (3.51) are
still LMIs in P as well. This can be shown by applying the ideas of Corollary
2.4.3 of Chapter 2.

3.4.2 Periodic protocols

We will now analyse another class of network protocols, namely the periodic
protocols, with the RR protocol as a special case. Hence, we need to anal-
yse stability of the system (3.28) with a switching sequence satisfying (3.21).
This system is essentially a N-periodic uncertain system. For this system, we
introduce positive definite matrices P;, ¢ € {1,..., N}, and a time-dependent
periodic Lyapunov function given by

V(‘/Z.]W k) = ‘/Z.;—Pkmodﬁ ‘i‘k’ (353)

where kmod N denotes k modulo N , which is the remainder of the division of
k by N.

Theorem 3.4.4. Let Assumptions 3.2.1 and 3.2.5 hold and let the system
(3.12) with a switching function satisfying (3.21) and a probability distribution
for (h,T) be given. Suppose there exist a convex overapproximation obtained by
Procedure 3.3.1, positive definite matrices P;, positive scalar p;, satisfying P; <
wil, matrices U; 1, and matrices R; . € R, i € {1, .. LN}, me{l,..., M},
and l € {1,..., L}, satisfying the LMIs

Uim 0 \/ﬁmA;_mJPiH C;Ri,m,l

%  Rimi  bmByPi 0
. . Py 0 =0, (3.54)
* * * Ry

for alli € {1,...,]\7}, me{l,...,M}, le{l,...,L}, where Py, := P and
Ppm = Pr((h,7) € S), and satisfying

M
Pi= Y Uim — piy10E(p(h) 1 (h, 7)1 = 0, (3.55)

m=1
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for alli € {1,...,N}, in which Q := O\(UM_,S,n), ping1 = 1, and v; and
p(h) are defined as in (3.44) and (3.46), respectively. Then, the switching law
(3.21) renders the system (3.12) UGMSES. Consequently, the continuous-time
NCS given by (3.1), (3.2b), (3.3), and (3.8) is also UGMSES if the switching
law satisfying (3.21) is employed as the protocol.

Proof. The proof follows the same lines of reasoning as the proof of Theo-
rem 3.4.3 and is therefore omitted. O

3.4.3 Stochastic Protocols

Finally, we will analyse stability for the stochastic protocol. Hence, we need
to analyse stability of the system (3.28) with a switching sequence satisfying
(3.23), which can be done by introducing positive definite matrices P;, i €
{1,..., N}, and a node-dependent Lyapunov function of the form

V(Zk, k) = 2} Py, . (3.56)

Theorem 3.4.5. Let Assumptions 3.2.1 and 3.2.5 hold and let the system
(3.12) with a switching function satisfying (3.23) and a probability distribution
for (h,T) be given. Suppose there exist a convex overapprozimation obtained
by Procedure 3.3.1, positive definite matrices P;, positive scalars p; satisfying
Zj.vzl ;i P; = pil, matrices U, ,,,, and matrices R;m; € R, 1 € {1,...,N},
me{l,...,.M}, and l € {1,...,L}, satisfying (3.51), for alli € {1,...,N},
me{l,...,M},1€{l,...,L}, in which p,, = Pr((h,T) € Sm), and satisfying
(3.52), for alli € {1,..., N}, in which Q@ := O\(UM_,S,,), and v; and p(h) are
defined as in (3.44) and (3.46), respectively. Then, the switching law (3.23)
renders the system (3.12) UGMSES. Consequently, the NCS given by (3.1),
(3.2b), (3.3), and (3.8) is also UGMSES if the switching law (3.23) is employed
as the protocol.

Proof. The proof follows the same lines of reasoning as the proof of Theo-
rem 3.4.3 and is therefore omitted. O

As was also observed in [47] for switched linear systems, the conditions of
Theorem 3.4.3 and Theorem 3.4.5 are similar, with the only difference that
in Theorem 3.4.5 the scalars m;;, 4,5 € {1,..., N} are given by the stochastic
protocol, see (3.23), whereas in Theorem 3.4.3 the matrices P;, i € {1,...,N},
are given by the quadratic protocol.

3.5 Nonconservatism of the Stability Analysis

Given the results of the previous sections, it is now natural to ask if and how
conservative the presented methodology is. The answer is given by the fol-
lowing result, showing that if the original system (3.12) (without any overap-
proximation), with protocol satisfying (3.18), (3.21) or (3.23), is mean-square
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stable in the sense that a Lyapunov function exists, given by (3.47), (3.53), or
(3.56), respectively, the presented procedure based on the overapproximation
will guarantee mean-square stability and will find a respective Lyapunov func-
tion, given a sufficiently large h* > 0, and a sufficiently small £ > 0. Therefore,
making a convex overapproximation, according to Procedure 3.3.1, introduces
no conservatism in the stability analysis (given a certain class of Lyapunov
functions) presented in the previous section.

In the following theorem, we will show the result for the NCS model (3.12)
with protocol (3.18). Similar results hold for the NCS model (3.12) with pro-
tocol (3.21) and protocol (3.23).

Theorem 3.5.1. Suppose system (3.12), with protocol (3.18), has a Lyapunov
function of the form of (3.47), i.e., there exist a matriz Il = {m;;} € M and
positive definite matrices P;, i € {1,..., N}, such that

E(AiT,h,T ZF;‘iP;‘fi@hJ) - P ==, (3.57)

for all i € {1,...,N}, and some v > 0. Then, there exists an h§ > 0 such
that for any h* > h§ there is an e (depending on h{) such that for any con-
vex overapproximation obtained using Procedure 3.3.1 with constants h* and €,
where 0 < & < gg, the conditions of Theorem 3.4.3 hold.

Proof. The proof is given in Appendix A.2. O

This result states that the convex overapproximation does not introduce
conservatism when analysing stability using mode-dependent quadratic Lya-
punov functions, provided that h* (capturing the tail of the probability distri-
bution) is sufficiently large, and the triangles S,,, m € {1,..., M}, are suffi-
ciently small.

3.6 Illustrative Example

In this section, we illustrate the presented theory using a well-known benchmark
example in the NCS literature [5, 40, 62, 124, 134], consisting of a linearised
model of a batch reactor. The details of the linearised model of the batch
reactor model and the controller can be found in the aforementioned references.

In [5, 40, 62, 124, 134], it was assumed that the controller is given in contin-
uous time and it is directly connected to the actuator, i.e., only the two outputs
are transmitted via the network. We will consider here the TOD protocol and
assume, for simplicity, that delays are absent, i.e., Pr ((h, T) E @) = 1, where
© = {(h,7) € R*|h > 0,7 = 0}. Furthermore, we let Pr((h,7) € §) =
Jsp(h)dh, for some S C ©, where S = {h € R|(h,0) € S} and p(h) denotes
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a marginal probability density function (mpdf). In this example, we consider
two different mpdf for the transmission intervals, namely the uniform mpdf

L fore; <h<e
p(h) = { ’ 0 ' elsewhere (3.58)
with ¢; = 107° and ¢ = 0.11 and the Gamma mpdf
1 pesleTm forh >0
p(h) = { EDe)= (3.59)
0 elsewhere

with ¢3 = 10 and ¢4 = 0.006. The resulting mpdfs are shown in Fig. 3.3.

In order to assess stability, we first define our NCS model as in Section
3.2.2.C. This model appropriately describes the situation as discussed in this
example, where only the plant outputs y are transmitted over the network
and the controller outputs u are sent continuously via a nonnetworked con-
nection. We then derive the uncertain polytopic system (3.28) and p,,, us-
ing Procedure 3.3.1. For the uniform distribution, we choose h* = 0.11 and
€ = %, yielding S,,, = [(%(m - 1),0),(%771,0)], m € {1,...,80}, and
for the Gamma distribution, we choose h* = 0.25 and ¢ = %, yielding
Sm = [(%2(m —1),0),(%2m,0)], m € {1,...,30}. The values for the pa-
rameters h* and e are chosen such that, increasing h* and decreasing £ does
not significantly change the results in this example. We can now derive the
uncertain polytopic system (3.28), satisfying (3.32). To obtain A; ; m, Bm, and
C;, we use the overapproximation technique presented in [40], in which we use
two grid points for each S,,,. In Fig. 3.3, we also illustrate for the Gamma dis-
tribution the partitioning of h in polytopes S, and the resulting (scaled) pi,.
We now check the matrix inequalities of Theorem 3.4.3, using the structure of
the P;-matrices as in (3.19). Using this procedure we obtain a feasible solution
of LMIs of Theorem 3.4.3, on the basis of which we conclude that the TOD
protocol stabilises the NCS when the transmission intervals are given by an
iid sequence of random variables satisfying the aforementioned probability dis-
tributions. The computation time required to compute the overapproximation
and to find feasible solutions to the LMIs on a standard desktop computer®
is 180 seconds for the uniform distribution and 36 seconds for the Gamma
distribution.

Chapter 2, we obtained a ‘robust’ range of allowable transmission intervals,
i.e., hy € [1073,0.066], k& € N, which includes all probability distributions for
which it holds that Pr((h,7) € ©) = 1 where © := {(h,7) € R?*[107 <
h < 0.066, 7 = 0}. Therefore, we can conclude that incorporating probabilistic

3The authors have used a Windows PC running at 3GHz with 4GB RAM, and MATLAB
2007B and SEDUMI 1.3 for this numerical example. The number of LMIs that need to be
verified is 2 X 2 X 80 + 2+ 2 = 324 for the Uniform distrubution, and 2 x 2 x 30+2+2 = 124
for the Gamma distribution.



3.7. Conclusions 61

——— Uniform mpdf p(h) with ¢; = 0 and ¢; = 0.11
— = - Gamma mpdf p(h) with ¢z = 10 and ¢4 = 0.006
Probability p,, for the Gamma Distribution
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Figure 3.3: Illustration of the considered mpdfs, and the approximation of the
Gamma distribution.

information on the distribution of the transmission intervals is very useful as
it can be used to prove stability for situations not contained in the case that
was studied in Chapter 2.

3.7 Conclusions

In this chapter, we studied networked control systems (NCSs) that are subject
to communication constraints, time-varying transmission intervals and time-
varying delays, and packet dropouts. In particular, we analysed the stability of
the NCS when the transmission intervals and transmission delays are described
by an independent and identically distributed sequence of continuous random
variables, and the communication sequence is determined by a quadratic, pe-
riodic, or stochastic protocol. This analysis was based on a stochastically
parameter-varying discrete-time switched linear system model of the NCS. We
derived conditions for stability (in the mean-square sense) by adopting tech-
niques for convex overapproximation, which are now used as a way to handle
continuous probability distributions. This convex overapproximation technique
was extended such that the probabilistic information as present in the probabil-
ity distribution is preserved, and yields LMI-based conditions for stability. On
a benchmark example, we showed that by incorporating probabilistic informa-
tion on the transmission intervals and delays and packet dropouts, stability can
now be guaranteed for situations not covered by earlier results in the literature.

Future work will focuss on studying the case where delays are not restricted
to be smaller than the transmission interval, on the inclusion of quantisation
effects of the sensor and actuator signals, and on co-design methods of the
controller and the protocol.
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Abstract — Most event-triggered controllers available nowadays are based

on static state-feedback controllers. As in many control applications full state
measurements are not available for feedback, it is the objective of this chapter
to propose event-triggered dynamical output-based controllers. The fact that
the controller is based on output feedback instead of state feedback does not
allow for straightforward extensions of existing event-triggering mechanisms if
a minimum time between two subsequent events has to be guaranteed. Further-
more, since sensor and actuator nodes can be physically distributed, centralised
event-triggering mechanisms are often prohibitive and, therefore, we will pro-
pose a decentralised event-triggering mechanism. This event-triggering mecha-
nism invokes transmission of the outputs in a node when the difference between
the current values of the outputs in the node and their previously transmitted
values becomes ‘large’ compared to the current values and an additional thresh-
old. For such event-triggering mechanisms, we will study closed-loop stability
and L,-performance and provide bounds on the minimum time between two
subsequent events generated by each node, the so-called inter-event time of a
node. This enables us to make tradeoffs between closed-loop performance on
the one hand and communication load on the other hand, or even between
the communication load of individual nodes. In addition, we will model the
event-triggered control system using an impulsive system.As a result, we will

I This chapter is based on [37].
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be able to guarantee stability and performance for improved event-triggered
controllers with larger minimum inter-event times than existing results in the
literature. We illustrate the developed theory using three numerical examples.

4.1 Introduction

In many control applications nowadays, the controller is implemented on a dig-
ital platform. In such an implementation, the control task consists of sampling
the outputs of the plant and computing and implementing new actuator sig-
nals. Typically, the control task is executed periodically, since this allows the
closed-loop system to be analysed and the controller to be designed using the
well-developed theory on sampled-data systems, see, e.g., [8, 27]. Although
periodic sampling is preferred from an analysis and design point of view, it is
sometimes less preferable from a resource allocation point of view. Namely,
executing the control task at times when no disturbances are acting on the
system and the system is operating desirably is clearly a waste of computation
resources. Moreover, in case the measured outputs and/or the actuator signals
have to be transmitted over a shared (and possibly wireless) network, unnec-
essary utilisation of the network (or power consumption of the wireless radios)
is introduced. To mitigate the unnecessary waste of communication and com-
putation resources, an alternative to periodic control, namely, event-triggered
control has been proposed, see [6, 9, 59, 64]. Event-triggered control is a control
strategy in which the control task is executed after the occurrence of an exter-
nal event, generated by some well-designed event-triggering mechanism, rather
than the elapse of a certain period of time as in conventional periodic control.
As experimental results show, see, e.g., [6, 9, 59, 64, 65, 83, 85, 111, 127], event-
triggered control is capable of reducing the number of control task executions,
while retaining a satisfactory closed-loop performance.

Although the advantages of ETC are well-motivated and practical appli-
cations show its potential, relatively few theoretical results exist that study
ETC systems, see, e.g., [10, 44, 46, 60, 66, 81, 90, 94, 107, 126, 136]. In these
references, several different event-triggering mechanisms and control strategies
are proposed. For instance, in [10, 66], an impulsive control action is applied to
the system that resets the state to the origin every time the state of the plant
exceeds a certain threshold. The analysis is performed for first-order stochastic
systems, as analysis of larger-dimensional systems is difficult, and it is shown
that the variance of the state is smaller when compared to a sampled-data con-
troller, while having approximately the same number of control updates. An-
other interesting approach to event-triggered control is presented in [44, 46, 90],
in which the system is controlled in open loop, using an ‘input generator’ that
uses a prediction of the plant states to produce a control signal. These predicted
states are only corrected in case the true plant state deviates too much from
its predicted value. Such a deviation can be caused by disturbances, [46, 90],



4.1. Introduction 67

or by the fact that the plant model is incorrect [44].

A more basic ‘emulation-based approach’ is taken in [60, 81, 107, 126, 136].
By emulation-based, we mean that the controller is designed without consid-
ering the event-triggered nature of the control system, and, subsequently, an
event-triggering mechanism is designed to ensure that the event-triggered con-
trol system is stable, has some guaranteed lower bound on the performance and
some guaranteed upper bound on the number of events within a certain time in-
terval. The differences between the work discussed in [60, 81, 107, 126, 136] lies
in the fact that in [60, 136] the influence of unknown disturbances are studied,
whereas in [81, 107, 126] only stabilisation is considered. Another difference is
the condition that generates the events. In [60], events are generated in case
the state of the plant is a larger than a certain threshold, in [126, 136] when the
relative difference between the state of the plant and the previously sampled
state violates a certain threshold, and in [81, 107] when the absolute differ-
ence between the state of the plant and the previously sampled state violates
a certain threshold.

An important observation to be made about the aforecited works is that
most of them consider state-feedback controllers, which assumes that all the
plant states can be measured. To the best of the authors’ knowledge, the
only theoretical result on event-triggered control using dynamical output-based
controllers is presented in [81]. However, an analysis of the minimum time be-
tween two subsequent events, the so-called inter-event time, is not available
for [81] and, thereby, guarantees on the upper bound on the number of events
cannot be made. Furthermore, extending the event-triggering mechanisms in
[126, 136] to output-based controllers is not straightforward, since for these
event-triggering mechanisms, no minimum inter-event time can be shown to
exist, even though they have a guaranteed minimum inter-event time for state-
feedback controllers. For any event-triggered control system to be useful, we
need such a lower bound on the inter-event time, as our primary reason to
make control systems event-triggered is to save computation and communica-
tion resources.

In this chapter, we analyse stability and Lo -performance of event-triggered
control systems for given dynamical output-based controllers. We consider the
case where the sensors and actuators, which can be grouped into nodes, and
controllers can be physically distributed. This causes a centralised event-
triggering mechanism to be prohibitive. Namely, a centralised event-triggering
mechanism determines when to transmit data based on (current) information
from all the outputs of the plant and controller, which requires this information
to be available for this centralised event-triggering mechanism at all times and
without any delays. This means that node data has to be transmitted to this
centralised event-triggering mechanism continuously, which is undesirable when
the objective is to reduce utilisation of communication resources. To resolve
this issue, we will propose a decentralised event-triggering mechanism, in which
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events are triggered on the basis of local information only, and sharing of node
data between different (physically distributed) parts of the control system is
not needed. Inspired by [126], we propose an event-triggering mechanism that
invokes transmission of the controller or the plant outputs of a node when the
difference between the current values in the node and its previously transmitted
values becomes ‘large’ compared to the current values and an additional thresh-
old. This additional threshold ensures that each node has a nonzero minimum
inter-event time, which allows us to guarantee a bound on the total number
of transmissions. Interestingly, the event-triggering mechanism presented in
this chapter can be seen as a unification of the event-triggering mechanisms
proposed in [126, 136] and [81, 94, 107].

As a second contribution of this chapter, we propose to model the event-
triggered control system as an impulsive system, see, e.g., [50, 55].Furthermore,
we extend the framework presented in [126] towards output-feedback controllers
and Ly-performance, and we formally show that the impulsive systems frame-
work provides stability guarantees for event-triggering mechanisms that result
in larger minimum inter-event times than the extended results of [126]. These
stability conditions will be based on linear matrix inequalities (LMIs), so that
efficient verification is possible. We will provide three numerical examples to
demonstrate various aspects of the developed theory. In particular, we will
illustrate that the guaranteed lower bounds on the minimum inter-event times
are indeed improved with respect to existing results in literature and that the
inclusion of a nonzero threshold in the event-triggering mechanism is necessary
to guarantee a positive minimum inter-event time for each node.

The remainder of this chapter is organised as follows. After introducing the
necessary notational conventions, we introduce the model of the decentralised
output-based event-triggered control system in Section 4.2. We analyse its sta-
bility and its £..,-gain properties in Section 4.3, and in Section 4.4 we provide
a way to compute the lower bound on the minimum inter-event time of each
node. In Section 4.5, we extend the work of [126] towards output-based dy-
namical controllers and L..-performance, and present a theorem that states
that the impulsive system formulation of the event-triggered control problem
allows us to guarantee stability and performance for event-triggered controllers
with at least the same minimum inter-event times as the results based on the
reasoning of [126]. Finally, the presented theory is illustrated by numerical
examples in Section 4.6 and we draw conclusions in Section 4.7. Appendix A.3
contains the proofs of the more technical lemmas and theorems.

4.1.1 Nomenclature

For a vector z € R", we denote by |z| := VaTx its 2-norm, and by z s the
subvector formed by all components of x in the index set J C {1,...,n}.
For a symmetric matrix A € R™ " Apax(A) and Apin(A) denote the max-
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imum and minimum eigenvalue of A, respectively. For a matrix A € R"*™,
we denote by AT € R™*" the transposed of A, and by ||A]| := \/Amax (AT A)
its induced 2-norm. Furthermore, by A7, and A7, we denote the subma-
trices formed by taking all the rows of A in the index set J C {1,...,n},
and by taking all the columns of A in the index set J C {1,...,m}, respec-
tively. By diag(A1,..., An), we denote a block-diagonal matrix with the entries
Aj,..., Ay on the diagonal, and for brevity we write symmetric matrices of
the form [AT B} as [AT *]
BT C BT C©

For a signal w : Ry — R"™, where R} denotes the set of nonnegative real
numbers, we denote by |lw|z, = (J;° w(t)|[Pdt)/P its L,-norm for p € N,
provided that the integral is finite, and by [|wllz, = esssup,cg, [[w(t)]| its
Loo-norm. Furthermore, we define the set of signals with a finite £,-norm
as L, == {w : Ry — R" | [Jw|z, < oo} for p € NU {oc}. Finally, for
a signal w : Ry — R™ we denote the limit from above at time t € Ry by
w™ (t) = lim, ¢ w(s), provided that it exists.

4.2 Event-Triggered Control

In this section, we present the event-triggered control problem and model the
event-triggered control system as an impulsive system.

4.2.1 Problem Formulation

Let us consider a linear time-invariant (LTI) plant given by
L2, = Apz, + Byii+ Byw, (4.1)
y = Cpxp,

where x,, € R"» denotes the state of the plant, 4 € R™* the input applied to
the plant, w € R™ an unknown disturbance and y € R™v the output of the
plant. The plant is controlled using a continuous-time LTT controller given by

4.2
u = Ce.x,, (42)

{ %xc = Acmc + Bc:&:
where x. € R" denotes the state of the controller, § € R™v the input of
the controller, and u € R™ the output of the controller. We assume that the
controller is designed to render (4.1) and (4.2) with y(¢) = §(¢) and u(t) = a(¢),
for all t € Ry, asymptotically stable, i.e., an ‘emulation-based’ approach is
taken.

In this chapter, however, we consider the case where the controller is imple-
mented in a sampled-data fashion, which causes y(t) # ¢(t) and u(¢t) # a(t) for
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almost all ¢ € R;. In particular, we study decentralised event-triggered control
which means that the outputs of the plant and controller are grouped into N
nodes and the outputs of node i € {1,..., N} are only sent at the transmission
instants ¢ , k; € N. Hence, at transmission instant t}_, node 4 transmits its
respective entries in y and u, and the corresponding entries in § and 4 are
updated accordingly, while the other entries in ¢ and % remain the same. Such
constrained data exchange can be expressed as

0" (t,) = Tov(ty,) + (I = Ty)o(ty,), (4.3)

in whichv=[yT "], o=[9" 4"]", and
r; = diag(y}, ..., %" ™), (4.4)
for all i € {1,..., N}. In between transmissions, we use a zero-order hold, i.e.,
Lo(t) =0, forall teR\(UiL, {th |k € N}). (4.5)

In (4.4), the elements 7, with i € {1,...,N} and j € {1,...,n,}, are equal
to 1 if plant output y; is in node 7 and are 0 elsewhere, the elements 'yf +ny,
with i€ {1,...,N} and j € {1,...,n,}, are equal to 1 if controller output w;
is in node ¢ and are 0 elsewhere. We assume that for each j € {1,...,n,+n,},
it holds that Zf\]:l 'yf > 0, i.e., we assume that each sensor and actuator is at
least in one node?. Furthermore, we assume that at time ¢ = 0, it holds that
0(0) = v(0). This can be accomplished by transmitting all sensor and actuator
data at the time the system is deployed®. In the case that t}c = t?ﬁj for some
ki, k; € N and some 4,j € {1,..., N}, we assume that the updates as in (4.3)
take place simultaneously or directly after one another in a negligible amount
of time. Obviously, the order of updating is irrelevant as can be seen from
(4.3). Moreover, note that performing multiple successive transmissions at one
time instant has exactly the same effect as doing these updates simultaneously.

In a conventional sampled-data implementation, the transmission times are
distributed equidistantly in time and are the same for each node, meaning
that ¢} , = tj +h, for all k; € N and all ¢ € {1,...,N}, and for some
constant transmission interval A > 0, and that ¢} = ti, for all £ € N and
all 4,5 € {1,...,N}. In event-triggered control, however, these transmissions
are orchestrated by a decentralised event-triggering mechanism, as is shown
in Figure 4.1. We consider a decentralised event-triggering mechanism that
invokes transmissions of node data when the difference between the current

2In case a sensor or actuator is not in any node, meaning that this sensor or actuator is,
effectively, not part of the control loop, we simply remove the corresponding input or output
from the plant and controller model.

3This assumption could be removed, but it would introduce additional technicalities later.
For reasons of readability, we opted to work under this rather mild and natural assumption.
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Figure 4.1: Event-triggered Control Schematic, indicating the event-triggering
mechanisms (ETM).

values of outputs and their previously transmitted values becomes too large in
an appropriate sense. In particular, the event-triggering mechanism proposed
in this chapter, results in transmitting the outputs of the plant or the controller
innode i € {1,..., N} at times t}w satisfying

tfﬁ+1 = inf{t > t}€1| ||e.7i (t)HQZ 0i||in (t)||2 + Ei}? (46)

and t) = 0, for some 0;,e; > 0. In these expressions, ez, and vy, denote the
subvectors formed by taking the elements of the signals e and v, respectively,
that are in the set J; = {j € {1,...,ny, + n,} |7} =1}, and

e(t) = (t) — v(t) (4.7)

denotes the error induced by the event-triggered implementation of the con-
troller at time ¢ € Ry. Hence, the event-triggering mechanism (4.6), which is
based on local information available at each node, is such that when for some
i€ {1,...,N}, it holds that |lez, (t)||*> = oillvs (t)||* + &, i.e., the norm of the
error induced by the event-triggered implementation of the signals in node
becomes ‘too large’ for the first time, node ¢ transmits its corresponding signal
in v(t) and, thus, the signal 9(¢) is updated according to (4.3). This implies
that et (t}, ) = (I — I';)e(t},) and thus e}i (ti,) = 0. Using this update law,
and the aforementioned assumption that ¢(0) = v(0), yielding e(0) = 0, we can
observe that the error induced by the event-triggered control scheme satisfies

leg, ®)II* < oillvg, (O + e, (4.8)

for all t € RT and all i € {1,...,N}.

The main objective of this chapter is to determine o; and ¢; for all ¢ €
{1,..., N}, such that the closed-loop event-triggered system is stable in an
appropriate sense and a certain level of disturbance attenuation is guaranteed,
while the number of transmissions of the outputs of the plant and the controller
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is minimised. Note that for ¢; =0, ¢ € {1,..., N}, the event-triggering condi-
tions in (4.6) can be seen as an extension of the event-triggering mechanism of
[126] for output-based controllers, and for o; = 0, ¢ € {1,..., N}, it is equiv-
alent to the event-triggering mechanism of [81, 94, 107]. As such, the event-
triggering mechanism in (4.6) unifies two earlier proposals, while additionally,
output-based controllers and decentralised event triggering are considered.

Remark 4.2.1. In this chapter, we assume that the controller is given in con-
tinuous time as in (4.2). To implement this controller on a digital platform,
the following options can be considered: (i) the controller output is obtained by
numerical integration, or (ii) the controller output is obtained using a discrete-
time equivalent of the continuous-time controller, based on a sampling interval
that is (sufficiently) smaller than the smallest inter-event time (see Theorem
4.4.1 below). This, however, means that the event-triggered control strategy pre-
sented in this chapter is particularly useful when the objective is to save commu-
nication resources and/or battery power of wireless radios, which is important
for many (wireless) networked control systems, see, e.q., [4, 16, 67, 147], and
is less useful for saving computation resources.

Remark 4.2.2. The event-triggering mechanism as discussed above works sat-
isfactory in case the controller is given as in (4.2). However, some issues can
arise in case that the controller is given by

d o ~
{ axc - ACIC + ch7 (49)

u=Cex.+ D.7,

with D, # 0. Namely, suppose that node i contains sensors and node j con-
tains actuators, and that it holds that t};z_ = tfcj, for some k;, k; € N, meaning
that sensor and actuator data is transmitted simultaneously and thus both y
and 4 are updated. Now since §j directly affects u, according to (4.9), we could
have that the event-triggering condition of (actuator) node j is again satisfied
immediately, resulting in another transmission of actuator node j. Hence, in
this case we would have that node j transmits twice at one time instant, which
might not be desirable. In [36], this issue is resolved by introducing a trans-
mission protocol that dictates that when one local event-triggering condition is
violated, all nodes transmit their data in a synchronised way, in which it is
assumed that sensor data is transmitted and implemented, just before the ac-
tuator data is transmitted. Although this prevents u to be transmitted twice,
this requires that transmissions of all nodes are synchronised, which might be
difficult to achieve.
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4.2.2 An Impulsive System Formulation

In this section, we reformulate the event-triggered control system as an impul-
sive system, see, e.g., [50, 55], of the form

d Az + Buw, when z € C (4.10a)
ii’, WheniEDi, 1€ {1,...,N}, (410b)

x
+

ST
I
Q

where T € X C R"= denotes the state of the system and w € R™ an external
disturbance. The flow and the jump sets are denoted by C C R"* and D; C R"=,
i €{1,..., N}, respectively, and X = CU(UiV=1 D;). Note that the transmission
times ?; , k; € N, as in (4.6), are now related to the event times at which the
jumps of Z, according to (4.10b) for ¢ € {1,..., N}, take place.

To arrive at a system description of the event-triggered control system (4.1),
(4.2), (4.3), (4.5), and (4.6) of the form (4.10), we combine (4.1), (4.2), (4.3),

(4.5) and (4.7), and define  := [z7 eT]T € R™, where z = [z) /] and
Ng 1= Ny + Ne + Ny + Ny, yielding the flow dynamics of the system
_ A+ BC B |_ E
i = [C(A +BC) CB} T [CE] w, (4.11)
——
—A =:B
in which
|4, 0 10 B, ¢y 0 _ |Bw
A_[O AJ’ B_{Bc 0], C_[O ol E=] @12

The system ‘flows’ as long as the event-triggering conditions are not met, i.e.,
as long as (4.8) holds for all ¢ € {1,..., N}, which can be reformulated as Z € C,
with

C={zeR™|z' QT <eVic{l,...,N}}, (4.13)
and

7T,
o;C'TI';,C 0], (4.14)

e I
because 7' Q;7 < ¢; is equivalent to ||T;e(t)||? < o:||Tiv(t)]|? + &, as in (4.8).
As mentioned before, when node ¢ transmits its data, a reset according to
et = (I —T;)e occurs, while z remains the same, i.e., 27 = z, see (4.3). This
can be expressed by

_ I 0 _
zt = {O I Fi] z, (4.15)
\qc_/
=:G;
for all z € D;, i € {1,..., N}, in which
D; ={z € R"™ |z QT = &;}, (4.16)

according to (4.6). Combining (4.11), (4.13), (4.15) and (4.16) yields an im-
pulsive system of the form (4.10).
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4.2.3 Special Cases: State Feedback and Centralised
Event Triggering

In the existing literature, the event-triggered control problem has mostly been
considered for state-feedback controlled systems, see, e.g., [126, 136]. In this
case, the controller is given by

u= Kz, (4.17)

where £, € R" denotes the most recently sampled state of the plant and is
defined in a similar fashion as . We can regard this as a special case of the
setup presented above. Namely, to formulate the event-triggered control system
with controller (4.17) as an impulsive system, we combine (4.1), (4.3), (4.5),
(4.6) and (4.17), where we take Cj, = I in (4.1), as all states are measurable,
and take v :=y = x,, ¥ = § = 2, in (4.3), (4.5) and (4.6). In this case,
the resulting impulsive model is given by (4.10), with (4.11), (4.13), (4.15) and
(4.16), in which z := [z, ¢']" and

A=A, B=B,K, C=1I E=B,. (4.18)

To arrive at the event-triggering mechanism that was studied [126], we take
N =1and Ty =1 (i.e., a centralised event-triggering mechanism), and ¢; = 0.

Remark 4.2.3. Although we study event-triggering conditions of the form
(4.6), which is an extension of the one presented in [126], we can in principle
study every event-triggering mechanism with conditions that can be written in
the form T ' Q;T = ;, such as the ones presented in [135].

4.3 Stability and L..-gain

In this section, we will study stability of the event-triggered control system
in the sense of Lyapunov and its L.-gain. We will first review some basic
stability and L.o-gain results for impulsive systems of the form (4.10).

4.3.1 Stability and L..-gain of Impulsive Systems

Let us define the notions of stability and of Lyapunov function candidate that
can be used to analyse impulsive systems of the form (4.10).

Definition 4.3.1./50] Consider the impulsive system, giwen by (4.10) with
w =0 and a compact set A C X.

o The set A is said to be stable for the impulsive system (4.10) with w = 0,
if for each € > 0 there exists § > 0, such that ming.c 4 ||Z(0) — 2*|| <
implies ming. e |Z(t) —2*(t)|| < €, for all solutions T to the impulsive
system (4.10) with w = 0 and all t for which the solution T is defined.
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o The set A is said to be globally attractive if each solution T to the impul-
sive system (4.10), with w = 0, satisfies mings e |Z(t) —2*(t)|| — 0 as
t — oo.

o The set A is globally asymptotically stable for (4.10), with w = 0, if it
is stable and globally attractive.

Definition 4.3.2./50] Consider the impulsive system, given by (4.10) with
w = 0, and a compact set A C X. The function W : X — R is a Lyapunov
function candidate for the system (4.10) and the set A if the function W

(i) is continuous and nonnegative on (C U UZ]\LI D;)\AC X,
(i) is locally Lipschitz on an open set O satisfying C\A C O C X,

i) sati I - J
(i) satisfies iﬂv}l{IilEXW(l,) 0, an

(iv) the sublevel sets of W on X are compact, i.e., the sets {T € X |W(Z) <
ew } are compact for all ey > 0.

To prove global asymptotic stability of the set A of the system (4.10), we
will make use of the following lemma.

Lemma 4.3.3. Consider the impulsive system (4.10) with w = 0 and a compact
set A C X satisfying G;z € A for allz € D;NA, i € {1,...,N}. Assume that
for w =0 and for all T € X, a minimum inter-event time h,, > 0 exists for
eachi € {1,...,N}, i.e, tj . —t, > hiy for allk; € N, and assume there
exists a Lyapunov function candidate W for the impulsive system (4.10) with
w =0 and the set A C X, such that

dvgf)flf <0, for almost all T € C\A, (4.19a)
W(G:z) —W(z) <0, forallz € D\A,ic{l,...,N}. (4.19b)

Then, A is a globally asymptotically stable set for the system (4.10) with w = 0.
Proof. The proof is given in Appendix A.3. O

Let us now define the notion of the £,,-gain of a system, which was studied
for LTI systems in, e.g., [1], for which we introduce a performance variable
z € R™ given by

z = Cz + Duw, (4.20)

for some matrices C' and D of appropriate dimensions.

Definition 4.3.4. The L-gain from w to z of the system (4.10), with (4.20),
is defined as

k=inf{k € Ry |35 : X — Ry, such that ||z]c.. < &l|lw|z., + 6(2(0)),
for all z(0) € X,w € L}, (4.21)
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in which Z is a solution to (4.10) with initial condition T(0) € X, and distur-
bance w € L.

4.3.2 Stability and L..-gain of the Event-Triggered
Control System

Using the results presented above for impulsive systems of the form (4.10),
we now present the main result of this section. The main result consists of
conditions for stability of a set A, and an explicit expression of this set A, and
an upper bound on the £,,-gain for the event-triggered control system (4.10),
with (4.11), (4.13), (4.14), (4.15) and (4.16), and (4.20). We will also present
conditions that guarantee that A is a globally asymptotically stable set for this
event-triggered control system, for the case where disturbances are absent (i.e.,
for w = 0).

Theorem 4.3.5. Consider the -event-triggered control system (4.10),
with (4.11), (4.13), (4.14), (4.15) and (4.16), and (4.20). Moreover, assume

that for all £(0) € X and allw € L, a minimum inter-event time h® ;> 0 ez-
ists for eachi € {1,...,N}, i.e., t};i_i_l *ﬁci > ki, forall k; € N. Now suppose
there exist a positive definite matriz P € R(etne)x(nptne) g positive semidef-
inite matrix U € R"=*" gealars o, B,k > 0, and p;,v; > 0,1 € {1,...,N},
satisfying
Zf\;lin—flTP—Pﬁ—aP * | 4
{ fo bl = o (4.22a)
aP-CTC *
[ D¢ (R2—pB)— DTD:| =0, (4.22b)
P -G PG; —vQ; = 0, (4.22c)
for alli € {1,..., N}, in which P := diag(P,0) +U. Then,
A={zeCuU(UL, D)z Pz < XL, ) (4.23)

is a globally asymptotically stable set for (4.10) with w = 0. Moreover, the
Loo-gain of (4.10), with (4.20), is smaller than or equal to k and 6(Z(0)) in
(4.21) can be taken as 6(%(0)) = (az '(0)PZ(0) + Zfil wici)t/? for z(0) € X.

Proof. The proof is given in Appendix A.3. O

Let us now comment on the results presented in Theorem 4.3.5. The first
comment is that the assumption in the hypotheses of Theorem 4.3.5 on the
existence of a strictly positive minimum inter-event time for each ¢ € {1,..., N}
is automatically guaranteed, if ¢; > 0 for all ¢ € {1,..., N} and the LMIs in
(4.22) are feasible. This will be shown in Theorem 4.4.1 below. In case that
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g; = 0 for some i € {1,..., N}, the assumption on the existence of a strictly
positive minimum inter-event time for each ¢ € {1,..., N} can be violated
and the inter-event time ¢} ., — ¢} can converge to zero. In this case, an
infinite number of events can occur in a finite-length time interval (i.e., the
impulsive system (4.10) exhibits Zeno behaviour). This can happen at times ¢
when ||vz, (t)|| = 0 and Z(¢) # 0, as we will show in Example 2 in Section 4.6.
Therefore, we should generally take ¢; > 0 for all i € {1,..., N} to guarantee
minimum inter-event times greater than zero.

Another comment regarding Theorem 4.3.5 is that feasibility of (4.22) is
only determined by the choice of suitable «, 3, k, and 0;, i € {1,..., N}, as Q;
depends on ¢;, and feasibility is not affected by the choice of ¢;, 7 € {1,...,N}.
Hence, once (4.22) is feasible, practical stability (for w = 0) and the upper
bound & on the L-gain are guaranteed. The ‘size’ of the set A as in (4.23),
(when w = 0), is affected by «, x and o;, through the resulting P, as well
as €;. Hence, after choosing «, k and o; that render the set A of the event-
triggered control system globally asymptotically stable and that guarantee the
desired upper bound x on the L£..-gain, the parameters ¢; can be freely chosen
to adjust the size of the set A. As we can see from (4.8), this will affect the
number of events, enabling us to make trade-offs between the size of the set
A (related to the ultimate bound x reaches as ¢ — oo for w = 0) and the
number of transmissions in each channel. Indeed, larger ¢;, i € {1,...,N},
result in fewer events, and thus fewer transmissions, but in a larger set A,
(i.e., a larger ultimate bound) when w = 0. In fact if g;, ¢ € {1,..., N}, all
approach zero (from above) we have that A — {0}. Hence, the set A can be
made arbitrary small (at the cost of more transmissions). The naive choice to
take g; = 0, for all 4 € {1,..., N}, seems appealing as it would yield A = {0}.
However, as argued already above, this might result in zero minimum inter-
event times. In some cases, such as the case of a state-feedback controlled
system with centralised event triggering as discussed in Section 4.2.3, a strictly
positive minimum inter-event times can guaranteed even for e; = 0, and we
have that A = {0} is globally asymptotically stable. We will further discuss
the minimum inter-event times below. Finally, note that the function ¢ is also
affected by ¢;, also expressing that larger e; will result in a larger ultimate
bound (even for w # 0).

In case disturbances are absent (w = 0), we can arrive at simpler condi-
tions to guarantee that A is a globally asymptotically stable set for the event-
triggered control system (4.10), with (4.11), (4.13), (4.14), (4.15) and (4.16).

Corollary 4.3.6. Consider the event-triggered control system (4.10), with
(4.11), (4.13), (4.14), (4.15) and (4.16), and w = 0. Moreover, assume that
for all z(0) € X, a minimum inter-event time h' . > 0 erists for each i €

{1,...,N}, dee, .y — 1), = hyyy, for all ki € N Now suppose there exist a

positive definite matriz P € R tne)x(wtne) o positive semidefinite matriz
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U e R"*" scalars o > 0, and p;,v; = 0,4 € {1,..., N}, satisfying

N
Z 1iQ; —ATP—PA—aP >0, (4.24a)
i=1

aP — diag(1,0) = 0 (4.24D)

and (4.22¢) for all i € {1,...,N}, where P := diag(P,0) + U and I denotes
the identity matriz of size (n, + ne) X (n, +ne). Then, the set A as in (4.23)
is a globally asymptotically stable set for (4.10) with w = 0. Furthermore,

. N
limsup, o [lz(0)]] < (i1, piei) /2.

Proof. The proof follows the same lines of reasoning as the proof of Theorem
4.3.5. The fact that ||z(¢)| — (Zivzl pici)'/? as t — oo follows from (A.87),
with w = 0, and the fact that (4.24b), implies that ||z(¢)]|? < oV (Z(t)) for all
teRy. O

Remark 4.3.7. In this chapter, we particularly study the Loo-gain from w to
z of the system (4.10), with (4.20), instead of the Ly-gain from w to z, for
some p € N, defined as

k=inf{k € Ry |36 : X — Ry, such that ||z||z, < Elw||z, + 0(2(0)),
for allz(0) € X, w e L,}, (4.25)

in which T is a solution to (4.10) for initial condition T(0) € X, and input
w € L,. The reason for focussing on Lo-gains is that we are generally inter-
estedine; > 0,1 € {1,..., N}, as this guarantees nonzero minimum inter-event
times (see Theorem 4.4.1 below). In this case, A D {0}, and thus Z(t) will not
converge asymptotically to the origin for w = 0, and therefore z(t) will typi-
cally not converge to zero when t — oo. Hence, ||z||z, = oo for all p # oo.
Consequently, a finite L,-gain for p € N cannot be guaranteed in case ¢; > 0,
i€ {l,...,N}. Since the Loo-gain does not require z(t) — 0 when t — oo, but
merely that z(t) is bounded for all t € Ry, we can arrive at a finite Loo-gain
for the event-triggered control system discussed in this chapter. Note that in
case ¢; = 0, i € {1,...,N}, for which in some circumstances it is possible
to guarantee that hi . > 0, (e.g., the case of a state-feedback controlled sys-
tem with centralised event triggering as discussed in Section 4.2.3), the L,-gain
might be finite since in this case A = {0}. In particular, the Lo-gain is guaran-
teed to be smaller than k for the system (4.10), with (4.20) and ¢; = 0 for all
i €{1,..., N}, if there exist a positive definite matriz P € R(t»Fne)x(nptne) g
positive semidefinite matric U € R™>"  such that P := diag(P,0)+U, scalars
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a>0, and p;,v; 20,4 € {1,..., N}, satisfying

SN Q- ATP—PA—aP x

BTP k2l x| =0, (4.26a)
C D I
P -G PG; —v;Q; =0, (4.26b)

foralli € {1,...,N}. Of course, this result only holds if all the minimum inter-
event times hfnin, i € {1,...,N}, are strictly positive, as was also required in

Theorem 4.3.5.

4.4 A Lower Bound on the Inter-Event Times

In this section, we will show that for each node ¢ € {1,..., N}, the inter-event
times t}C 11— t?w k; € N, of the event-triggered control system are bounded
from below by a strictly positive constant. The existence of a lower bound
on the inter-event times for every node means that the total number of trans-
missions in a finite time interval is bounded from above, which guarantees a
certain maximum utilisation of the communication resources. We will show
that, although the stability and L..-gain properties of the system hold glob-
ally, the guaranteed lower bound on the inter-event times is a local property,
in the sense that it depends on the magnitude of the initial condition and the
disturbance.

The analysis is based on studying the solutions of (4.10), with (4.11), (4.13),
(4.14), (4.15) and (4.16), from ¢}, to t} ;. To do so, we study the solutions of
the auxiliary system

x 1 0] 51 0][ = I ol(xfo0 >
B e e o R O e B
with e}i(t};i) = 0, from ¢} to tj ,,, for each i € {1,...,N}. In (4.27),
the submatrices I'; := Iz, and I'{ := I,zc, i € {1,..., N}, are formed by

taking the columns of the identity matrix I that are in the set J; = {j €
{1,...,ny + nyu} |7 = 1}, and in the set J¢ = {1,...,ny + n, }\Ji, re-
spectively, and are used to select the signals in e that correspond to node
i€{l,...,N},ie, ez =I]e, and that do not correspond to this node, i.e.,
ege = (I'§)"e, respectively. The auxiliary system (4.27), i € {1,..., N}, is ob-
tained from (4.11), by considering ez as external inputs. Hence, the fact that
the dynamics of e 7c depend on z and ey, is ignored in (4.27), yielding that the
solutions to (4.10), with (4.11), (4.13), (4.14), (4.15) and (4.16), from ¢} to
ti, 41 are included in the solutions of (4.27) and e¥ (t; ) = 0 from ¢}, to ¢}, ,,,
for each i € {1,...,N}. This fact, and the fact that esc in (4.27) satisfies
(4.8), will be exploited to derive the lower bound on the minimum inter-event
time.
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We now present the main result of this section.

Theorem 4.4.1. Consider the event-triggered control system given by (4.10),
with (4.11), (4.13), (4.14), (4.15) and (4.16), withe; > 0 for alli € {1,...,N}.
For every 6, > 0 and every §,, > 0, there exists a strictly positive lower bound
on the minimum inter-event times h' ; (8:,0.,) for each node i € {1,...,N},
B, ty —ti > hl, forallk; € N, for every solution to (4.10) with || Z(0)]| <
8z, and ||w||z.. < 0w. An explicit expression for a lower bound hl .. is given

by min
min{h >0 ‘ Amax([éfe[{’ w ATl R H)EE (4.28)
in which e
G0 = e — Qv P + ), (4.29)
with

h B B 2
pi(h) = h / e”*ds (|| Bl0u + | A| 2] \/S ez oiITCIP +¢; ) (4.30)

and 7 = 2esPIOEIARIL MG g = pn(Af} 2]+ (3 £]TAT), and T, o=
{1, NI}

Proof. The proof is given in Appendix A.3. O

The minimum in (4.28) in Theorem 4.4.1 can be solved by computing the
maximum eigenvalue of the h-dependent matrix in the condition in (4.28) for
increasing h > 0 and check when the inequality is satisfied for the first time.
This determines for node i € {1,..., N} the lower bound on the inter-event
times h! . , as in (4.28). Even though a minimum inter-event times is guaran-
teed for each node, no guarantees can be made about the time between two
events in different nodes. Still, the lower bound on the inter-event times for
all nodes allows guarantee to be made about the total number of events within
a certain time interval. The obtained lower bounds decrease as 4, (related to
|Z(0)]|) increases or as d,, (related to ||w]|z_.) increases, implying that the con-
trol task has to be executed more often if the system’s initial state is further
away from the origin and in case the norm of the disturbance is larger. We
will illustrate this observation in Example 3 of Section 4.6. In the special case
that C}, and C. are invertible and the event triggering is centralised, i.e., the
number of nodes N = 1 and I'y = I, (implying that @7 has full rank), and
no disturbances are present, (implying that §,, = 0), the minimum inter-event
time hl; > 0 even for ; = 0. Furthermore, we have that p(h) = 0, (due to
0w = 0 and Z; = 0) and thus that (;(h) = 0, for all h € R, meaning that
the obtained bound is independent of ¢, (and thus independent of z(0) € X).
If additionally the controller is given by a state-feedback controller (4.17), the
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resulting condition recovers the one presented in Theorem 5.1 in [92]. In this
case, the bounds are tight in the sense that for some k1 € N, we have that
boyar — th, = Py

1 min*

4.5 Improved Event-Triggering Conditions

In the previous sections, we modelled the event-triggered control system as an
impulsive system and presented conditions to guarantee its stability and an up-
per bound on the £,-gain. The reason to take an impulsive system approach is
that it explicitly describes the behaviour of the event-triggered control system.
This has the favourable consequence that it yields less conservative conditions
than the (direct extensions of the) existing results in the literature, such as
[126, 136]. To formally demonstrate this statement, we first extend the rea-
soning of [126] towards dynamical output-based controllers and by including
Lo-performance, and secondly, we show that the obtained stability conditions
can be seen as a special case of the conditions in Theorem 4.3.5 (i.e., using the
impulsive system description of the event-triggered control system).

To extend the work of [126], let us consider the following auxiliary system:

42— (A+BC)z+[B E| [ }

El= )=l Bl ]

which is obtained from (4.11) and (4.20) by considering the error e as an exter-
nal input, instead of as a state variable as in (4.10), and by assuming that the
performance output, as in (4.20), is given by z = C,2 + Dw, implying that C
n (4.20) has the form C = [C, 0]. As important observatlon is that in (4.31),
the dynamics of e, given by %e = (ftv = —C(A + BC)xz — CBe, is ignored
n (4.31), while it is captured explicitly in the impulsive system (4.10), with
(4.11), (4.13), (4.14), (4.15) and (4.16).

System (4.31), with e = 0 and w = 0, is a globally asymptotically stable
LTT system, because of the assumption made in Section 4.2 that the controller
stabilises the plant when o(t) = [§'(¢) 4'(t)]T = [y'(t) u'(t)]T = v(t) for all
t € R4, meaning that A + BC' is Hurwitz, i.e., it has all the eigenvalues in
the left-half complex plane. This ensures that there exist a positive definite
storage function of the form V(z) = 2T Pz, see, e.g., [139], a (sufficiently small)
positive scalar a, (sufficiently large) positive scalars 3, k, satisfying 8 > x2,
and (sufficiently small) positive scalars o;, ¢ € {1,..., N}, that satisfy the

dissipation inequality

(4.31)

§#V(@(®) < —aV(z(t)) + Bllw(t H2+Z O = vz OI7)  (4.32)
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and the inequality
201 + (B = £*)[w(®)]|? < aV(x(t)). (4.33)
Now since (4.8) holds, for all ¢ € {1,..., N} and all ¢t € R, we have that
N

i=1

lg, I + 2 = Zlleg, (W)I7) >0, (4.34)

g

and all ¢ € Ry. Combining this expression with (4.32) yields that
N
FV (@) < —aV(z(t) + Blw®)) + ) =, (4.35)
i=1

which allows us to show that for w = 0 and for V(z(t)) > Y.~ , <=, it holds

i=1 o;a°

that £V (z(t)) < 0, which means that the state = of (4.31), with (4.8), con-
verges asymptotically to the set A = {z € R™¥7 |V (z) < SO | £}, Fur-

=1 o;«x
thermore, using (4.33) and ideas from [1], we can show that the system (4.31),
with (4.8), has a finite L.-gain from disturbance w to performance output z.

We will formalise this idea in the following theorem.

Theorem 4.5.1. Assume that there exist scalars o, 8, k,0; > 0,1 € {1,..., N},
and a positive definite matriz P € RUwtne)x(notne) - satisfying

~Z—aP -y, CTI,C * *
BTP SNAD, «| =0, (4.36a)
ETP 0o Bl
aP-ClC, *
DTC, (k2 — )] — DD = 0. (4.36b)
with Z := (A+ BC)" P + P(A+ BC). Then, the set
A={zeRm |gTPe <YL, £2} (4.37)

is a globally asymptotically stable set of the system (4.31) with (4.8) and for
w = 0. Furthermore, the Loo-gain from w to z is smaller than or equal to k
and & in (4.21) can be taken as 5(x(0)) = (az "(0)Px(0) + sz\; %)1/2 for all
x € RMetne,

Proof. The proof follows directly from the discussion above and the fact that
(4.36a) and (4.36b) imply (4.32) and (4.33), respectively. It also follows directly
from Theorem 4.5.2 that we will present below. O



4.5. Improved Event-Triggering Conditions 83

In case the system is controlled by a state-feedback controller (as discussed
in Section 4.2.3), the event triggering mechanism is centralised (i.e., N = 1 and
I'y = I), and when disturbances are absent (£ = 0 and D = 0), the conditions
presented in Theorem 4.5.1 provide LMI-based stability conditions that can
be used to analyse the stability of the event-triggered control system studied
in [126]. Even though the results in [126] are valid for nonlinear systems as
well, while we focus in this chapter on linear systems, Theorem 4.5.1 provides a
computational procedure that allows us to obtain large values for ¢; and, thus,
large values for the inter-event times, whereas [126] only presents existence
results and does not provide a constructive (optimisation-based) way to obtain
suitable choices for ;. Note that obtaining a LMI-based stability analysis
for the case studied in [126] is not the main result of this section. Namely,
the main result of this section is presented below. This main result states
that if Theorem 4.5.1 guarantees global asymptotic stability of the set A, as
in (4.37), and guarantees an upper bound k on the L..-gain for the system
(4.31) with (4.8), for some scalars o; and the scalars ¢;, ¢ € {1,..., N}, then,
global asymptotic stability of the same set A and the same upper-bound «
on the L-gain can also be guaranteed for the impulsive system (4.10) using
Theorem 4.3.5.

Theorem 4.5.2. Consider the model of the event-triggered control system
(4.31), with (4.8), and the impulsive system formulation of the event-triggered
control system (4.10), with (4.11), (4.13), (4.14), (4.15) and (4.16), and (4.20)
with C = [C, 0]. If there exists a positive definite matriz P, and scalars
a,B,k,0; > 0,1 € {1,...,N}, satisfying the conditions of Theorem 4.5.1, then
P :=diag(P,0), U =0, u; = UL and v; =0, for alli € {1,..., N}, satisfy the
conditions of Theorem 4.3.5 fo;ﬂ the same «, (3, and k.

Proof. The proof is given in Appendix A.3. O

Theorem 4.5.2 formally shows that the conditions based on impulsive system
(4.10) are never more conservative than the ones based on system (4.31), as the
matrix P in Theorem 4.3.5 can have a more general form than P := diag(P,0),
(which was used in the hypothesis of Theorem 4.5.2). Hence, this creates
the opportunity to guarantee stability for event-triggering conditions with a
larger inter-event time or a smaller upper-bound on the £.-gain. Furthermore,
Theorem 4.5.2 also guarantees that the conditions in Theorem 4.3.5 can always
be satisfied if all o;, ¢ € {1,..., N}, are chosen sufficiently small. Namely,
for the auxiliary system (4.31) the existence of storage function of the form
V(x) = 2" Pz satisfying (4.32) for some positive o, 3 and o4, i € {1,..., N},
is guaranteed. Hence, the hypothesis of Theorem 4.5.1 can always be satisfied
for some sufficiently small a and oy, 7 € {1,..., N}, and some sufficiently large
0 and k, which, in turn, implies feasibility of the conditions in Theorem 4.3.5.
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4.6 Illustrative Examples

In this section, we illustrate the presented theory using three numerical ex-
amples. The first example is taken from [126], in which an unstable plant
is stabilised using an event-triggered implementation of a state-feedback con-
troller and a centralised event-triggering mechanism. We will show that by
formulating the event-triggered control system as an impulsive system and em-
ploying the theory as developed in this chapter, we can guarantee stability
for event-triggered control systems with larger minimum inter-event times. In
the second example, we stabilise an unstable plant using a dynamical output-
based controller and a decentralised event-triggering mechanism to illustrate
that indeed output-based controllers and decentralised event triggering can be
designed that perform well. In the last example, we consider a stable plant
that is subject to disturbances and show that outputs of the plant and the
controller are only transmitted when disturbances are acting on the system or
during transients, while no transmissions occur when disturbances are absent
and the system is in steady state. This is a favourable property that traditional
digital control systems with periodic transmissions do not have.

Example 1: Let us consider the numerical example taken from [126]. The
plant (4.1) is given by

0 1 0
Lz, = [_2 3] Tp + L] u, (4.38)

the state-feedback controller is given by (4.17), with K = [1 —4], and the
event triggering is centralised, i.e., we have that N =1 and I'y = I. In [126],
global asymptotic stability of the origin is guaranteed for ¢ < 0.055 for the
event-triggering condition |e|]| = &||z|| and was obtained using an alternative
approach. This yields o1 = 0.0552 = 0.0030 and &; = 0 if the event-triggering
mechanism is formulated as in (4.6). For this event-triggering mechanism,
Theorem 4.4.1, or its counterpart Theorem 5.1 in [92], yields a lower bound on
the inter-event times* of 0.0318. We now compare this result with the event-
triggering mechanism obtained using the results from Section 4.5, i.e., obtained
by maximising o7 in the conditions of Theorem 4.5.1. Taking this approach
allows us to guarantee stability up to o; = 0.0273, resulting, for e1 = 0, in a
lower bound on the inter-event times of 0.0840. Therefore, we can conclude that
taking the approach as in Section 4.5 already increases the allowable minimum
inter-event time with respect to [126]. However, if we analyse stability using the
result of Theorem 4.3.5, which is based on the impulsive system formulation, we
can guarantee stability of this event-triggered control system up to o1 = 0.0588,

4Note that for this example, the obtained lower-bound on the minimum inter-event times
is tight, as also was observed in Section 4.4.
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which yields, for e; = 0, a lower bound on the inter-event times of 0.1136. The
increase of inter-event times is expected due to the formal result established in
Theorem 4.5.2.

We therefore conclude that by modelling the event-triggered control sys-
tem using an impulsive model, stability can be guaranteed for event-triggering
mechanisms that yield larger minimum inter-event times.

Example 2: Let us now consider the plant (4.1) given by

4. [0 1 0] .
awtr = {—2 3) 0 1) " (4.39)
y=[-1 4]z,

and the controller (4.2) given by

. 0 1 0] .
dt‘rc— |:0 -5 x6+ 1 Yy (440)

u = [1 —4] Te.

We assume that no disturbances act on the plant, i.e., B,, = 0, and, therefore,
we simply take C' = 0 and D = 0. Furthermore, we assume that the system is
equipped with an event-triggering mechanisms at both the sensor-to-controller
channel and the controller-to-actuator channel, which means that we define
I'y = diag(1,0) and I's = diag(0,1). Hence, we have two nodes. Practical
stability of the event-triggered control system (4 1), (4.2), with event-triggering
mechanism (4.6), with o1 = 02 = 1073, can be guaranteed using the impulsive
system formulation (4.10) and the results of Corollary 4.3.6.

If we take €1 = e5 = 0, the inter-event times will become zero when
lvz, ()|l = 0, at some time ¢ € RT and for some i € {1,2}, as was dis-
cussed in Section 4.3 and Section 4.4. By simulating the response of the
system to the initial condition Z(0) = [%, =22, =22,%,0,0]", we can ob-
serve that indeed the inter-event times converge to zero, see Figure 4.2b, as

lvg, (O = |lu(t)|| — 0, see Figure 4.2a. Hence, this illustrates that ; > 0 is
needed for all i € {1,..., N} to guarantee minimum inter-event times larger
than zero.

If we now take e; = g5 = 1072, Corollary 4.3.6 yields that the states x(t)
satisfy limsup,_, . [|z(¢)|| < 6.4. Using the result of Theorem 4.4.1, we obtain
that if the initial conditions satisty, e.g., ||Z(0)|| < 25, a lower bound on the
inter-event times hl, =h2., =6.5-107? is guaranteed for both nodes. When
we compare these results with a simulation of the response of the system to the
initial condition z(0) = [22, =22, =25 22 0, 0], see Figure 4.3, we observe that
the states of the plant and the controller indeed converge asymptotically to a
vicinity of the origin and that the outputs of the plants and controllers have
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Inserted in (a): A close-up of

the evolution of the states of the plant and the controller at time

t € [17.5,30].

to be transmitted less often when the state approaches the origin. However,
x(t) even satisfies limsup,_, ., ||z(¢)|| < 0.12, which is significantly smaller than
the predicted upper bound of approximately 6.4. In addition, the observed
minimum inter-event time is hl. =~ hZ. =~ 107%, which is larger than the
predicted value of 6.5 - 1072, This seems to hold for many initial conditions
satisfying ||Z(0)|] < 25. This shows that, although we can formally prove
the existence of a globally asymptotically stable compact set and a nonzero
lower bound on the minimal inter-event times, the obtained bounds can still

be improved. Improving these bounds is a topic of future research.
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Example 3: Let us now consider the (stable) plant (4.1) given by

drTp = {—02 —13] oot m at m v (4.41)

a, _[-2 1], 2],
ate =113 -3/ |-5]Y (4.42)
u= [5 2] Te.

Furthermore, we take C' = [1 0 0 0] and D = 0 for the performance output z
in (4.20), and assume that the system is equipped with event-triggering mech-
anisms at both the sensor-to-controller channel and the controller-to-actuator
channel. This means that we, again, define I'y = diag(1,0) and I'y = diag(0, 1).
Asymptotic stability of the compact set A and an upper bound of the £,,-gain
of the event-triggered control system (4.1), (4.2), with event-triggering mecha-
nism (4.6), with oy = 01 = 1072, can be guaranteed using the impulsive system
formulation (4.10) and the results of Theorem 4.3.5. This leads to the smallest
upper bound on the L.-gain, given by x = 0.46.

When we simulate the response of the system to the initial condition Z(0) =
0 and a disturbance satisfying ||w(t)|| < 1 for time ¢ € [0, 10] and |[w(t)|| < § for
time ¢ € [20, 30], as shown in Figure 4.4, we obtain the trajectories of z as also
shown in Figure 4.4. In this figure, we can observe that the performance output
z, as in (4.20), satisfies ||z(t)|] < 0.3 for time ¢ € [0,10] and ||z(¢)]] < 0.09 for
time ¢ € [20, 30], which satisfies ||z||z., < &||w||z., +(0) = 0.46]|w] ., +0.17,
which is an upper bound of the L..-gain of Definition 4.3.4. Furthermore,
we can also observe that the inter-event times are larger than 0.022 for t €
[0,10] and larger than 0.044 for ¢ € [20,30]. This observation concurs with
the result of Section 4.4, which stated that transmissions occur less often if
the magnitude of the disturbance is smaller. Finally, since the system (4.41)
is stable, it seems that the outputs of the plant and controller only have to be
transmitted when disturbances are acting on the system or during transients
(i.e., approximately for ¢ < 10 and ¢t > 20), and no transmissions occur when
no disturbances are acting on the system and the systems is close to its steady
state. One could say that event-triggered control only acts when it is necessary
from a stability or performance point of view, which is a favourable property
that makes event-triggered control of high interest. Traditional digital control
systems with periodic transmissions do not have this appealing property.
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Figure 4.4: Example 3.

4.7 Conclusions

In this chapter, we studied stability and L-performance of event-triggered
control systems for dynamical output-based controllers having decentralised
event-triggering mechanisms. The proposed event-triggering mechanism unifies
earlier proposals for event-triggering mechanisms, which were mainly applied to
state-feedback controllers. Via an example (Example 2), we showed that direct
extensions of existing event-triggering mechanisms for output-based controllers
and decentralised event triggering are not applicable, as they result in inter-
event times that converge to zero. Such Zeno behaviour is obviously undesirable
in practical implementations and, therefore, extensions as proposed in this
chapter are necessary.

To analyse the resulting event-triggered control system, we modelled the
event-triggered control system as an impulsive system.The stability and Loo-
performance are then analysed using linear matrix inequalities. In addition,
we provided expressions for lower bounds on the minimum inter-event times
and we formally proved that by using an impulsive systems approach, stability
and Ly-performance can be guaranteed for event-triggered controllers with
larger inter-event times than existing results in literature. These larger inter-
event times ensure less usage of the communication resources. Using three
numerical examples, we illustrated the main features of the presented theory.
These examples show that indeed larger inter-event times can be obtained,
that for unstable systems the outputs of the plants and controllers have to be
transmitted less often when the state approaches the origin, and that for stable
systems the outputs of the plant and controller only seem to be transmitted
when disturbances are acting on the system. Especially, the latter example
demonstrates the relevance of event-triggered control: The outputs of the plant
and controller are only transmitted when needed from a performance point of



4.7. Conclusions 89

view. This provides significant benefits with respect to traditional sampled-
data control systems, in which outputs of the plant and the controller are
transmitted periodically.

Future work will focus on obtaining tighter upper bound on the magni-
tude of the ultimate bound and tighter lower bounds on the inter-event times,
on creating codesign methods for the controller and event-triggering mecha-
nism, on including transmission delays, packet dropouts and communication
constraints, as are typically studied in the area of networked control systems,
as well as making the implementation of the event-triggered control system
self-triggered, as was done for state-feedback controllers and centralised event-
triggering mechanisms in, e.g., [92, 130, 135].
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Abstract — Event-triggered control (ETC) is a control strategy that is espe-
cially suited for applications where computation and communication resources
are scarce. By updating and communicating sensor and actuator data only
when needed for stability or performance purposes, ETC is capable of reduc-
ing the amount of computations and communications, while still retaining a
satisfactory closed-loop performance. In this chapter, a novel ETC strategy is
proposed by striking a balance between periodic control and ETC. This leads
to so-called periodic event-triggered control (PETC), in which the advantage
of reduced resource utilisation is preserved on the one hand, while, on the other
hand, the conditions that trigger the events still have a periodic character. The
latter aspect has the advantage that the event-triggering condition has to be
verified only at the periodic sampling instants, instead of continuously, as in
conventional ETC. This offers clear implementation benefits for PETC. Fur-
thermore, it also guarantees a minimum inter-event time of (at least) the sam-
pling interval of the event-triggering condition. The PETC strategies developed
in this chapter apply to both static state-feedback and dynamical output-based
controllers, as well as for both centralised and decentralised (periodic) event-
triggering conditions. To analyse the stability and the L£o-gain properties of the
resulting PETC systems, three different approaches will be presented based on
(i) piecewise linear systems (ii) discrete-time perturbed linear systems, and (iii)
impulsive systems, respectively. Moreover, the advantages and disadvantages

I This chapter is based on [57].
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of each of the three methods will be highlighted. The developed theory will be
illustrated using two numerical examples.

5.1 Introduction

In many control applications nowadays, the controller is implemented on a
digital platform. In such a digital implementation, the control task consists of
sampling the outputs of the plant and computing and implementing new actua-
tor signals. Typically, the control task is executed periodically, since this allows
the closed-loop system to be analysed and the controller to be designed using
the well-developed theory on sampled-data systems, see, e.g., [8, 27]. Although
periodic sampling is preferred from an analysis and design point of view, it is
sometimes less preferable from a resource utilisation point of view. Namely,
executing the control task at times when no disturbances are acting on the
system and the system is operating desirably is clearly a waste of computation
resources. Moreover, in case the measured outputs and/or the actuator signals
have to be transmitted over a shared (and possibly wireless) network, unnec-
essary utilisation of the network (or power consumption of the wireless radios)
is introduced. To mitigate the unnecessary waste of computation and commu-
nication resources as in periodic sampled-data control, an alternative control
paradigm, namely event-triggered control (ETC), has been proposed at the end
of the nineties [6, 9, 59, 64]. ETC is a control strategy in which the control task
is executed after the occurrence of an event, generated by some well-designed
event-triggering condition, rather than the elapse of a certain fixed period of
time, as in conventional periodic sampled-data control. In this way, ETC is
capable of significantly reducing the number of control task executions, while
retaining stability and a satisfactory closed-loop performance, as simulation
and experimental results show in, e.g., [6, 9, 59, 64, 65, 83, 85, 111, 127].
Although the advantages of ETC are well-motivated and practical appli-
cations show its potential, relatively few theoretical results exist that study
ETC systems, see, e.g., [10, 36, 46, 60, 66, 81, 90, 94, 107, 126, 136], in which
several different ETC strategies are proposed. The main difference between
the aforecited papers and the ETC strategy that will be proposed in this chap-
ter is that in the former the event-triggering condition has to be monitored
continuously, while in the latter the event-triggering condition is verified only
periodically, and every sampling time it is decided whether or not to transmit
new measurements and control signals. Only when necessary from a stability
or performance point of view, the communication or computation resources are
used. As a consequence, this control strategy aims at striking a balance be-
tween periodic sampled-data and event-triggered control and therefore we will
propose to use the term periodic event-triggered control (PETC) for this class
of ETC, while we will use the term continuous event-triggered control (CETC)
to indicate the existing approaches [10, 36, 46, 66, 81, 90, 94, 107, 126, 136].
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By mixing ideas from ETC and periodic sampled-data control, the benefits of
reduced resource utilisation are preserved in PETC as transmissions and con-
troller computations are not performed periodically, while the event-triggering
conditions still have a periodic character. The latter aspect leads to several
benefits, including a guaranteed minimum inter-event time of (at least) the
sampling interval of the event-triggering condition. Furthermore, as already
mentioned, the event-triggering condition has to be verified only at periodic
sampling times, making PETC better suited for practical implementations as
it can be implemented in more standard time-sliced embedded software ar-
chitectures, while CETC requires dedicated analogue hardware to detect the
events. Another advantage of PETC is that it can be transformed more eas-
ily into a self-triggered control variant [92, 130, 135] (at least in the case that
the controller is a state-feedback controller), as we will also show in this chap-
ter. Initial attempts towards what we refer here to as PETC were taken in
[6, 60, 66], however only for restricted classes of systems and/or controllers
(PID, static state feedback, or simple impulse controllers), and for particular
event-triggering conditions without providing a general analysis framework.

We will therefore provide a general framework for the introduced class of
PETC systems that allows to carry out stability and performance analyses. In
fact, we will provide three different analysis approaches, namely: (i) a discrete-
time piecewise linear (PWL) system approach, (ii) a discrete-time perturbed
linear system approach, and (iii) an impulsive system approach. The first
approach adopts PWL models [75, 120] and piecewise quadratic (PWQ) Lya-
punov functions, which lead to LMI-based stability conditions for the PETC
system. The second method, the one based on perturbed linear systems, can be
seen as a discrete-time counterpart of the work in [126], which studied CETC.
The essence of this approach is that the difference between the control signal
obtained by a standard periodic controller and its event-triggered counterpart
can be modelled as a disturbance, resulting in a perturbed linear system. This
insight will be used to derive a sufficient condition for stability of the PETC
system based on the Ho,-norm of the perturbed linear system. This leads to
a simple stability test, which is, however, more conservative than the stabil-
ity conditions based on the first approach. The third approach uses impulsive
systems [50, 55], which explicitly include the intersample behaviour. Based on
this modelling paradigm, we are able to provide guarantees on performance in
terms of Ls-gains from disturbance inputs to performance outputs. Besides de-
veloping these three analysis methods for PETC, we will also establish formal
connections between the methods and highlight their advantages and disadvan-
tages. Finally, we also present methods to compute guaranteed lower bounds
on the inter-event times for PETC systems and we show how to convert PETC
into self-triggered control [130].

In the first part of the chapter, we will present the three mentioned analysis
approaches for the basic setup of state-feedback control system. However, as in
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many practical situations not all the states can be measured directly, it is of in-
terest to study output-based dynamic controllers as well, which we will do in the
second part of the chapter. Another important issue is related to the question
of handling the fact that sensors, actuators and controllers can be physically
distributed over a wide area. In fact, a centralised event-triggering mechanism
can be prohibitive in this case, as the conditions that generate events would
need access to all the plant and controller outputs at every sampling time, which
can be an unrealistic assumption in large-scale systems. To resolve this issue,
in the second part of the chapter we will also propose decentralised periodic
event-triggered conditions for output-based dynamic controllers. We consider
both the case that multiple sensors and actuator nodes can transmit their data
at the same transmission time, which is possible in case there is no interference
during communication of different nodes, as well as the case where a shared
communication medium is used and communication constraints prohibit that
multiple nodes transmit simultaneously and, hence, the transmissions need to
be scheduled by a scheduling protocol.

The remainder of this chapter is organised as follows. After introducing
the necessary notational conventions at the end of this section, we introduce
PETC and give the problem formulation in Section 5.2. In Section 5.3, the
discrete-time PWL system approach, the discrete-time perturbed linear system
approach and the impulsive system approach are presented. In Section 5.4, we
discuss the advantages and disadvantages of the three different approaches.
In Section 5.5, we discuss the minimum inter-event times and the transfor-
mation of PETC to self-triggered control, and, in Section 5.6, we will extend
the ideas presented in the first part of this chapter towards output-based dy-
namic controllers and decentralised periodic event-triggered conditions with
both unshared and shared communication channels (where in the latter case a
scheduling protocol is needed). Before providing the conclusions in Section 5.8,
we will provide numerical examples in Section 5.7 illustrating the main devel-
opments in this chapter. Appendix A.4 contains the proofs of the lemmas and
theorems.

5.1.1 Nomenclature

For a vector x € R"™, we denote by ||z| := Va Tz its 2-norm and by z s the
subvector formed by all components of z in the index set J C {1,...,n}.

For a symmetric matrix A € R™ ™, A\ ax(A4) and Apin(A) denote the maxi-
mum and minimum eigenvalue of A, respectively. For a matrix A € R"*™ we
denote by AT € R™*" its transposed and by ||A|| := v/ Amax (AT A) its induced
2-norm. Furthermore, by A7, and A, 7, we denote the submatrices formed by
taking all the rows of A in the index set J C {1,...,n}, and by all the columns
of A in the index set J C {1,...,m}, respectively. By diag(Ai,...,An), we
denote a block-diagonal matrix with the entries A1,..., Ay on the diagonal,
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and for the sake of brevity we sometimes write symmetric matrices of the form

|:BAT g} as [f g} or |:BAT é} We call a matrix P € R"*™ positive definite

and write P > 0, if P is symmetric and " Pz > 0 for all z # 0. Similarly, we
use P = 0, P <0 and P < to denote that P is positive semidefinite, negative
definite and negative semidefinite, respectively.

For a locally integrable signal w : Ry — R”", where R, denotes the set
of nonnegative real numbers, we denote by ||z[|z, = (fy [|z(t)[|2dt)*/? its Lo-
norm, provided the integral is finite. Furthermore, we define the set of all locally
integrable signals with a finite £o-norm as L£5. For a signal w : Ry — R”, we
denote the limit from above at time ¢t € Ry by w™(t) = lim; w(s), provided
that it exists.

5.2 Periodic Event-Triggered Control

In this section, we introduce periodic event-triggered control (PETC) and give
a precise formulation of the stability and performance analysis problems we
aim to solve in this chapter.

5.2.1 The Periodic Event-Triggered Control System

To introduce PETC, let us consider a linear time-invariant (LTT) plant, given
by

%x = APz 4+ BPu + B%w, (5.1)
where z € R™ denotes the state of the plant, 4 € R™ is the input applied
to the plant, and w € R™» is an unknown disturbance. In a conventional
sampled-data state-feedback setting, the plant is controlled using a controller

a(t) = Ka(ty), for t € (tp,tesil, (5.2)

where tg, k € N, are the sampling times, which are periodic in the sense that
ty = kh, k € N, for some properly chosen sampling interval h > 0.

Instead of using conventional periodic sampled-data control, we propose
here to use PETC, meaning that at each sampling time t; = kh, k € N, state
measurements are transmitted over a communication network and the control
values are updated only when necessary from a stability or performance point
of view. This modifies the controller from (5.2) to

a(t) = Kz(t), for te Ry, (5.3)
where 2 is a left-continuous signal?, given for ¢t € (tx,tr41], k € N, by

o) = {l’@k% when C(z(ty), #(t)) > 0

#(ty), when C(x(ty),2(t)) <0 (5.4)

2A signal z : Ry — R™ is called left-continuous, if for all ¢ > 0, limsy, z(s) = z(2).
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Controller (5.3)

Figure 5.1: Event-triggered control schematic.

and some initial value for (0). Hence, considering the configuration in Fig-
ure 5.1, the value &(¢) can be interpreted as the most recently transmitted
measurement of the state x to the controller at time ¢. Whether or not new
state measurements are transmitted to the controller is determined by the
event-triggering condition C : R"¢ — R with n¢ := 2n,. In particular, if at
time ty it holds that C(xz(tg),Z(tx)) > 0, the state x(tx) is transmitted over
the network to the controller and Z and the control value 4 are updated ac-
cordingly at time . In case C(z(tx),Z(tx)) < 0, no new state information is
sent to the controller, in which case the input « is not updated and kept the
same for (at least) another sampling interval, implying that no control compu-
tations are needed and no new state measurements and control values have to
be transmitted.

5.2.2 Quadratic Event-Triggering Conditions

In this chapter, we focus on quadratic event-triggering conditions, i.e., C, as in
(5.4), is given by
C(&(tk)) = € (1) Q5 () > 0, (5.5)

where £ .= [z #T]T € R for some symmetric matrix Q € R"¢*"¢. To show
that these event-triggering conditions form a relevant class, we will review some
existing event-triggering conditions that have been applied in the context of
continuous event-triggered control (CETC), and show how they can be written
as quadratic event-triggering conditions for PETC as in (5.5).

A) Event-Triggering Conditions Based on the State Error: An im-
portant class of event-triggering conditions, which has been applied to CETC
in [126, 136], are given by

12 (k) — ()]l > ollz ()], (5.6)

for k € N, where o > 0. Clearly, (5.6) is of the form (5.5) with

o= 2P0 | (5.7)



5.2. Periodic Event-Triggered Control 97

B) Event-Triggering Conditions Based on the Input Error: In [36],
where the objective was to develop output-based CETC, an event-triggering
condition was proposed that would translate for state-feedback-based PETC
systems to

|Kit) — Kat)ll > ollKa (b, (5.8)

where o > 0. Condition (5.8) is equivalent to ||G(tx) — u(ty)| > ollu(ty)|| in
which u(ty) = Kz(tg) is the control value determined on the basis of xz(t) as
in standard periodic state-feedback (see (5.2)). The event-triggering condition
(5.8) is equivalent to (5.5), in which

N T T
o= |1 _‘;(%[I(( K ;(T[f . (5.9)
This scheme could be implemented at the sensor-to-controller channel (us-
ing (5.8)), but it is more natural to implement this particular event-triggering
condition in the controller-to-actuator channel to determine whether, at time
L, it is necessary to transmit the newly computed control value u(ty) = Kxz(tx)
to the actuators, or that the latest sent value 4(t) is still adequate.

C) Event-Triggering Conditions as in [135]: A PETC interpretation of
the condition used in [135] is

la(te) = ulto)lI* > (1= B2 a(t)l* + lat)]?, (5.10)

where 0 < 8 < 1 and, again, u(ty) = Kuz(tx), which results in an event-
triggering condition (5.5) with

2_DWI+K'K —-K'K
Q= 8 _I)<TK R (5.11)
as ﬁ(tk) = Ki’(tk), k e N.

D) Event-Triggering Conditions Based on Lyapunov Functions: In
[131, 137], in the context of CETC, and in [92], in the context of self-triggered
control [130], Lyapunov-based event-triggering conditions have been proposed.
For PETC, a Lyapunov-based event-triggering condition can be derived using
the discretisation of (5.1), with w = 0, given by

x(t;Hl) = Al‘(tk) + By, (5.12)

in which A := 4™ B = foh eA"s BPds, and 1y, := limy |4, 4(t) taken as Kxz(ty),
k € N, as in (5.2). In case K is designed such that (5.12) in closed loop
with (5.2) is exponentially stable, which is equivalent to requiring that the
matrix A+ BK has all its eigenvalues inside the open unit circle, there exists a
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quadratic Lyapunov function of the form V(z) = 2" Pz, x € R" with P = 0
and
(A+ BK)"P(A+ BK) < \P, (5.13)

for some 0 < A < 1. This implies the decrease of the Lyapunov function in the
sense that V(z(tg+1)) < AV (z(tg)) for all k € N along the solutions of (5.12)
and (5.2). In [92, 131, 137], an event-triggering condition has been proposed
(in the context of CETC) based on the existence of V' by selecting A < 5 < 1
and only updating & at time ¢y to x(tx) when

(Az(ty) + BK#(ty)) T P(Az(ty) + BKi(ty)) > 8z (tp)Px(ty).  (5.14)

Hence, only when the current input @(tx) = K&(¢r) no longer guarantees a
decrease of the Lyapunov function V' with a factor 3, the signals & and 4 are
updated. Obviously, (5.14) can be written as in (5.5) by taking

_[ATPA-pBP ATPBK
@=1(BK)TPA (BK) PBK|" (5.15)
The interest in [92, 131, 137] for this event-triggering condition is motivated
by the fact that for any choice of 3, satisfying A < 8 < 1, V is a Lyapunov
function for the PETC system (5.1), with w = 0, (5.3) and (5.4) with event-
triggering condition (5.14), and thus stability of the resulting PETC system is
inherently guaranteed. Note that even though this event-triggering condition
was originally proposed for the case where w = 0, it is certainly of interest to
analyse this event-triggering condition in the new setting of PETC and in the
presence of disturbances (w # 0). Namely, using the techniques developed in
this chapter, closed-loop performance guarantees in terms of disturbance sup-
pression can be made for this event-triggering condition.

The four mentioned examples show the relevance of the class of quadratic event-
triggering conditions (5.5), as their CETC counterparts have been considered
in the literature extensively.

Remark 5.2.1. Besides on the parameter o in (5.6) or (5.8), or on the param-
eter 8 in (5.10) or (5.14), the occurrence of events in PETC and the overall
closed-loop behaviour also depends on the choice of the sampling interval h, as
events can only occur at instants ty, = kh, k € N, see (5.4). Hence, given the
plant (5.1) and the controller (5.3) with a given matriz K, also the sampling
interval h should be chosen such that the PETC system is stable and has a cer-
tain closed-loop performance. As these properties can be guaranteed by using
the techniques developed in this chapter, a framework will be offered to properly
select h (and o and ). Obviously, the sampling interval h determines directly
a lower bound on the minimum inter-event time, as events can only occur at the
sampling instants of the event-triggering condition, which is directly determined
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by the choice of h. However, even though h directly provides a guarantee on the
minimum inter-event time, by changing the sampling interval h of the event-
triggering condition, the behaviour (in terms of solutions) of the PETC system,
given by (5.1), (5.3), (5.4) and (5.5), is changed and, thereby, also the sampling
times ty, k € N, at which the event-triggering condition holds true, generally
change. How the sampling interval h influences the (average) number of events
within a certain time interval is currently an unsolved problem that requires
future attention. Still, a significant benefit of PETC, compared to CETC, is
that the guaranteed minimum inter-event time can be directly tuned by choosing
a certain h, while choosing the event-triggering condition for CETC, such that
a certain minimum inter-event time is guaranteed, is much more difficult.

5.2.3 Problem Formulation

To obtain a complete model of the PETC system, we combine (5.1), (5.3), (5.4)
and (5.5), and define ¢ := [z7 27]T and

- AP BPK = Bv] 10 10
PO R g R P T

to arrive at an impulsive system [50, 55] given by

;t[ﬂ - [‘45 B Bw: . when 7 € [0,h], (5.17a)
Ji§

e when €TQ¢ >0, T=h

FT = (5.17b)
T+ - lsz] . - .
, when £' Q€ <0, 7T=h

0
z = C¢+ Duw, (5.17¢)

where z € R™ is a performance output with C' and D appropriately chosen
matrices, and the state 7 keeps track of the time elapsed since the last sampling
time.

Besides the introduction of PETC, the main objective of this chapter is to
analyse and design event-triggering conditions of the form (5.5) such that the
corresponding closed-loop system (5.1), (5.3), (5.4) and (5.5) is stable and has
a certain closed-loop performance, both defined in an appropriate sense, while
the number of transmissions between the plant and the controller is minimised.
To make precise what we mean by stability and performance, let us define
the notion of global exponential stability and Lo-performance, where the latter
definition is adopted from [129].

Definition 5.2.2. The PETC system (5.1), (5.3) (5.4) and (5.5) is said to be
globally exponentially stable (GES), if there exist ¢ > 0 and p > 0 such that



100 Periodic Event-Triggered Control

for all solutions to the impulsive system (5.17) with T(0) € [0,h] and w = 0,
it holds that ||£(t)|| < ce PH|€(0)|| for all t € Ry. In this case, we call p an
(upper bound on the) decay rate.

Definition 5.2.3. The PETC system (5.1), (5.3) (5.4) and (5.5), with (5.17c),
is said to have an Lo-gain from w to z smaller than or equal to -y, if there
is a function B : R™ — Ry such that for any w € Lo, any initial state
£(0) =& € R™ and 7(0) € [0, h], the corresponding solution satisfies

120, < B(&0) +7llwlle, (5.18)

In fact, as will be demonstrated below, we can take §(s) = ¢||s||, s € R",
for some ¢ > 0.

5.3 Stability and L,-Gain Analysis of the
PETC System

In this section, we analyse stability and performance of the PETC system given
by (5.1), (5.3), (5.4), (5.5) and (5.17¢c) using three different approaches, namely:
(i) a discrete-time piecewise linear (PWL) system approach, (ii) a discrete-time
perturbed linear system approach, and (iii) an impulsive system approach. In
particular, in the first two approaches we will focus on GES only and, thus,
take w = 0, while in the third approach we also analyse the Lo-gain of the
PETC system.

5.3.1 A Piecewise Linear System Approach

To obtain a discrete-time PWL model, see, e.g., [75, 120], we discretise the
impulsive system (5.17), with 7(0) = h and w = 0, at the sampling times
trx = kh, k € N. By defining the state variable & := £(tx) (and assuming ¢ to
be left-continuous), we obtain the bimodal PWL model

A&, hen & >0,
Ehpr = 1€k w. f/_gerk (5.19)
A2§k7 when gk ng < 07
where
A A+BK 0 A A BK
Ay =g, = [ / 0} , Ay = e ]y = [0 I ] ; (5.20)

in which 4 := eA"" and B := foh eA"s BPds.
Using the PWL model (5.19) and a piecewise quadratic (PWQ) Lyapunov

function of the form

Vie) = {ﬁpls, when £7Q¢ > 0, (5.20)

§TP¢,  when £7QE <0,
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we can guarantee GES of the PETC system given by (5.1), (5.3) (5.4) and (5.5).

Theorem 5.3.1. The PETC system given by (5.1), (5.3) (5.4) and (5.5)
is GES with convergence rate p, if there exist matrices Py, Py and scalars
aijaﬁija"{i 2 0; ’La.] S {172}) SGtZSf:l/an

e hp — AT P A + (1) ai;Q + (—1) 81 Al QA; = 0, (5.22)
for alli,j € {1,2}, and 4
P+ (—=1)';Q = 0, (5.23)
for all i € {1,2}.
Proof. The proof is given in Appendix A.4. O

Remark 5.3.2. The conditions in Theorem 5.3.1 guarantee not only GES
for the discrete-time PWL model (5.19) and the impulsive system (5.17) with
w = 0, but also for the regularisation of (5.19) as in [78], which has &x41 €
{A1€k, Asér} when & Q& = 0, and the Krasovskii regularisation [112] of
(5.17) with w = 0, which uses £ € {J1€, Jo&} when €TQE = 0 (and T = h).
Due to GES of these regqularisation, we have robust stability properties for (5.17)
and (5.19), see [23, 78].

Remark 5.3.3. Instead of the Lyapunov function (5.21), which is based on
two regions defined by the sign of £ QE, a more versatile piecewise quadratic
Lyapunov function

V(€) =€TPE when €€y, (5.24)

where Q; C R™, can be used. For instance,

Qi 1= {ee R piallEl® < €7Q¢ < pillel?}, (5.25)

fori e {1,2,...,L}, can be used, where —co0 =: pg < p1 < p2 < ... < pp 1=
0< pry1 < ... < pr—1 < pr = oo are fized for the analysis. This can lead
to less conservative LMI-based stability conditions that can be obtained in the
similar fashion as the LMIs in Theorem 5.3.1.

5.3.2 A Perturbed Linear System Approach

An alternative approach to analyse GES of the PETC system or to design an
event-triggering condition that guarantees GES is based on ¢s-gain techniques.
This approach can be seen as the PETC counterpart of the CETC approach
taken in [126] using input-to-state stability (ISS) for nonlinear plants and state-
feedback controllers, which was specialized in [36] using L£5-gain analysis in the
context of linear plants and output-based controllers. Transforming the ideas
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presented in [36, 126] to PETC with event-triggering condition (5.6) results in
studying the ¢s-gain of the perturbed discrete-time linear system

2g+1 = (A+ BK)xy + BKey, (5.26)

where zj, = z(ty), T = limy)y, @(t) (recall that the signal & is piecewise con-
stant and left-continuous, cf. (5.4)), ex := &x —a, k € N, A = A" and
B = foh eA"*BPds. The system (5.26) is obtained by discretising (5.1), with
w = 0, and combining it with (5.3). The system expresses how the plant (5.1)
with the event-triggered controller (5.3) is perturbed when compared to the
original periodic sampled-data control system given by (5.1) and (5.2).

The following stability result, which could be seen as the PETC variant of
the result in [126], relies on the concepts of dissipativity, storage functions and
supply rates, see, e.g., [19, 139]. Note that the result we present below uses
the event-triggering condition that has been used in [126], i.e., it uses (5.6). A
similar result can be obtained for event-triggering condition (5.8) by modifying
(5.26) into 241 = (A+ BK)x + Bey and then ey, := Gy —uy, k € N. Although
we will not formally establish a stability result for the event-triggering condition
(5.8), we will reflect on it in Remark 5.3.5.

Theorem 5.3.4. Suppose that the perturbed linear system (5.26) admits a
storage function V(z) = x T Pz with P a symmetric positive definite matriz for
supply rated —02||x||? + ||e]|?, i.e., the dissipation inequality

V(zps1) — Vizg) < —02||xi]]® + |lex]?, k€N (5.27)

is satisfied for any disturbance sequence {ey }ren and all corresponding solutions
{zk}ren. Then the PETC system given by (5.1), (5.3) (5.4), with (5.6) is GES
forany 0 <o < 0.

Proof. Tt is possible to give a direct proof on the basis of (5.27) along the lines
of [126]. For reasons of brevity, we will not give a direct proof, but point out
that the proof follows from Theorem 5.4.1 below together with Theorem 5.3.1
above. O

Observe that the existence of a storage function V satisfying the dissipation
inequality (5.27) proves that (5.26) has an f2-gain smaller than or equal to 1/6
from e to x. To obtain the largest (minimum) inter-event times, it follows from
(5.6) that o should be as large as possible and thus that 6 should be maximised,
while satisfying (5.27). This corresponds to determining the true ¢o-gain 1/6*
of (5.26) from e to x, which is equal to the Hoo-norm of the system (5.26), with

3We scaled the constant in front of ||e||? to 1. Note that this is without loss of generality
as P and 6 can be scaled as well.
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output zx, given by sup,ep . [[(e’“1 — A — BK)"'BK)||. Alternatively, the
Hoo-norm can be computed by maximising 62 subject to P = 0 and

P— (A+BK)'P(A+BK) — 021 "

—(BK)'P(A + BK) 1-(BK)'PBK| ™" (5.28)

see, e.g., [19]. The supremal 6* satisfying (5.28) gives rise to the £5-gain of 1/6*
and guarantees stability of the PETC system (5.1), (5.3), (5.4), with (5.6) for
any 0 < o < 6" =1/(sup,e(o,n (eI — A— BK)"!BK]||). Hence, a standard
‘Hso-norm calculation for a linear system provides stability bounds in terms of
o for the event-triggering condition (5.6) (or (5.8)). It is beneficial that the
stability bounds can be obtained with simple H,,-norm calculations. However,
in Section 5.4, we will formally show that the PWL system approach, although
computationally somewhat more complex, yields larger bounds on o for which
GES can be guaranteed.

Remark 5.3.5. If A+ BK has all its eigenvalues inside the unit circle, then
the PETC system (5.1), (5.3), (5.4), with event-triggering condition (5.6) or
(5.8) is GES for sufficiently small values of o (and thus a high number of
transmissions and control updates). Indeed, if A + BK has all its eigen-
values inside the unit circle, it is well known that the Hoo-norms given by
1/0* = sup,ejoq (€] — A — BK)"'BK| in case of (5.6), and 1/0* =
Sup,e(o,q] 1K (7T — A — BK) ™' B|| in case of (5.8) are finite and hence, for
any 0 < o < 0* GES of the corresponding PETC systems is guaranteed.

5.3.3 An Impulsive System Approach

In this section, we will apply stability and performance analysis techniques
to the impulsive system (5.17) directly. Since the impulsive model explicitly
includes the behaviour of the system in between the sampling times, it allows
us to analyse the performance in terms of the £,-gain from a disturbance w to
a performance output z.

The analysis is based on a Lyapunov/storage function of the form

V(e ) =€ P(T)E, (5.29)

for ¢ € R™ and 7 € [0,h], where P : [0,h] — R"¢*"¢ with P(r) > 0, for
T € [0,h]. The choice of Lyapunov function is inspired by the developments
in [33, 50]. The function P : [0,h] — R™*"¢ will be chosen such that it
becomes a candidate storage function for the system (5.17) with the supply
rate Y227z — w'w. In particular, we will select the matrix function P to
satisfy the Riccati differential equation (where we omitted 7 for compactness

of notation)
Ap=-ATP-PA-20P—y2C'C
—(PB+~2C"™D)M(B'P+~72D'C), (5.30)
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provided the solution exists on [0, h] for a desired convergence rate p > 0, in
which M := (I —~y72DTD)! is assumed to exist and to be positive defi-
nite, which means that v2 > Apa (DT D). As we will show in the proof of
Theorem 5.3.7, this choice for the matrix function P yields the inequality

Ay <20V =7 22Tz 4wl w, (5.31)

during the flow (5.17a) along the solutions of the impulsive system (5.17).
Combining inequality (5.31) with the conditions

V(J1£,0) < V(€ h), for all € with €7 Q€ > 0, (5.32a)
V(J2£,0) < V(€ h), for all € with €7Q¢ <0, (5.32b)

which imply that the storage function does not increase during the jumps
(5.17b) of the impulsive system (5.17), we can guarantee that the L£o-gain from
w to z is smaller than or equal to v, see, e.g., [62]. The result that we present
below, is based on verifying the satisfaction of (5.32) by relating Py := P(0) to
Py, := P(h). To do so, we introduce the Hamiltonian matrix

H:

[A+pl+~2BMDTC BMBT } (5.33)

_CTLC (A4 pI+4-2BMDTO)T

with L := (y*I — DDT")~', which is positive definite again if +* >
Amax(D T D) = Apax(DDT), and the matrix exponential

F(r):=e 7 = [?;123 ?;zgzﬂ , (5.34)

allowing us to provide the explicit solution to the Riccati differential equation
(5.30), yielding

Py = (Far(h) + Faa(h)Py) (Puy(h) + Fia(h)Py) ", (5.35)

provided that the solution (5.35) is well defined on [0,h]. To guarantee this,
we will use the following assumption.

Assumption 5.3.6. Fy1(7) is invertible for all T € [0, h].

Before presenting the main result, observe that Assumption 5.3.6 is always
satisfied for sufficiently small h. Namely, F(7) = e #7 is a continuous function
and we have that F;;(0) = I. Let us also introduce the notation 1 := Fy;(h),
Flg = Flg(h)7 Fgl = le(h) and FQQ = Fbg(h)7 and a matrix 5 that satisfies
SST .= —F[;'Fi2. A matrix S exists under Assumption 5.3.6, because this
assumption will guarantee that the matrix —F’ﬂlF’lg is positive semidefinite,
as we will show in the proof of the theorem presented below.
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Theorem 5.3.7. Consider the impulsive system (5.17) and let p > 0, v >

VAmaz(DT D), and Assumption 5.3.6 hold. Suppose that there exist a matriz
Py, > 0, and scalars p; > 0, i € {1,2}, such that

Po+ (1)@ JTFL PSS JT(FL PP 4 PP
* I1-S"p,S 0 =0, (5.36)
* * F"P,FL' + Fo F;!
for i € {1,2}. Then, the PETC system given by (5.1), (5.3) (5.4), (5.5) and

(5.17c) is GES with convergence rate p (when w = 0) and has an La-gain from
w to z smaller than or equal to 7.

Proof. The proof is given in Appendix A.4. O

The results of Theorem 5.3.7 guarantee both GES (for w = 0) and an
upper bound on the Ls-gain. In case disturbances are absent (i.e., w = 0),
the conditions of Theorem 5.3.7 simplify and GES can be guaranteed using the
following corollary.

Corollary 5.3.8. Consider the impulsive system (5.17) and let p > 0 be given.
Assume there exist a matriz Py, > 0 and scalars p; > 0, 1 € {1,2}, such that
ef2phph + (*]—)Z,LLzQ JTeAThPh

¢ 0 37
. P, =0, (5.37)

for all i € {1,2}. Then, the PETC system given by (5.1), (5.3) (5.4) and (5.5)
is GES (for w = 0) with convergence rate p.

Proof. The proof is given in Appendix A.4. O

5.4 Comparison of the Modelling Approaches

So far, we have developed three approaches for the analysis of the PETC sys-
tem, namely (i) a discrete-time PWL system approach, (ii) a discrete-time per-
turbed linear system approach and (iii) an impulsive system approach. When
comparing the different analysis approaches, several observations can be made.

The first observation to be made is that the perturbed linear system ap-
proach allows the PETC system to be analysed using a simple Ho,-norm com-
putation (in case of event-triggering conditions (5.6) and (5.8)), which is of
lower computational complexity than the other two approaches. The second
observation is that the impulsive system approach is the only approach of the
three that allows the Ls-gain from w to z to be studied at this point, which
makes this approach important for PETC. Note that the Lo-gain from w to
z could also be studied using a PWL approach by analysing the intersample
behaviour in a way that has been done for networked control systems in [142].
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However, this indirect analysis typically leads to conservative upper bounds
on the Lo-gain, as evidenced in [142]. Finally, the PWL system approach is
relevant since, when comparing it to the perturbed linear system and the im-
pulsive system approach, we can show that for stability analysis (when w = 0),
and using Corollary 5.3.8 for the impulsive system approach, the latter two
approaches can never prove GES, if the PWL system approach does not result
in a GES guarantee. Hence, the PWL system approach never yields more con-
servative results than the other two approaches when stability is analysed. We
will make this result precise in the two theorems we present below.

Based on the discussion above and the two technical results we present be-
low, we can conclude that each of the three presented modelling approaches are
of independent interest. Namely, the PWL system approach provides the least
conservative LMI-based results to perform the stability analysis, the perturbed
linear system approach has the lowest computational complexity (however its
usage is restricted to two types of quadratic event-triggering conditions), while
the impulsive system approach is the only method able to perform a direct
Lo-gain analysis.

5.4.1 Comparison between the PWL System Approach
and the Perturbed Linear System Approaches

We will now formally show that for the particular event-triggering condition
(5.6) (or (5.8)), the perturbed linear system approach of Section 5.3.2 can never
do better, in terms of the range of o for which GES of the PETC system can
be proven, than the PWL system approach presented in Section 5.3.1.

Theorem 5.4.1. In case the perturbed linear system approach in Section 5.3.2
guarantees GES of the PETC system, given by (5.1), (5.3), (5.4), and (5.6) (or
(5.8)) for some o > 0, using Theorem 5.5.4, then the PWL system approach
of Section 5.8.1, using Theorem 5.8.1, proves GES of the PETC system for
the same o > 0. In other words, satisfaction of (5.28) for some P = 0 and
0 > o, implies satisfaction of (5.22) and (5.23), for some Py, Py and scalars
a5, Bij, ki 2 0, 4,5 € {1,2} and with Q as in (5.7) with the same o.

Proof. The proof is given in Appendix A.4. O

In fact, the proof of this theorem establishes that the perturbed linear sys-
tem approach results in a quadratic Lyapunov function (cf. (A.124)) for the
PWL model and therefore does not exploit the flexibility of PWQ Lyapunov
functions (5.21), as offered by the PWL system approach. Besides this, an-
other source of conservatism in the perturbed linear system approach is that it
does not truly model the PETC system as the solutions of & are not modelled
explicitly (but only account for the difference between = and & through the
perturbation e in (5.26)), while the PWL model does.
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5.4.2 Comparison between the PWL System Approach
and the Impulsive System Approach

We will now show that the impulsive system approach of Section 5.3.3 can never
outperform the PWL system approach in stability analysis of Section 5.3.1 in
terms of stability guarantees. In other words, if GES of the PETC system
cannot be proven using the PWL system approach, it cannot be proven using
the impulsive system approach. To formally prove this statement, we substitute
(5.20) into (5.37), and apply a Schur complement to (5.37), yielding that

e 2Ph Py 4 (=1)'1,Q — A PLA; - 0, (5.38)

for all ¢ € {1,2}, P, > 0 and p; > 0, i € {1,2}. As these conditions are
equivalent to the LMIs (5.22), with P, = P, = Pj, a;; = p; and §;; = 0,
i,7 € {1, 2}, this shows that if the LMIs (5.37) are feasible, then the LMIs (5.22)
are feasible. In addition, since Py > 0 the LMIs (5.23) hold with k; = kg = 0.
Hence, we have proven the following result.

Theorem 5.4.2. In case the impulsive system approach in Section 5.3.3 guar-
antees GES with convergence rate p of the PETC system, given by (5.1), (5.3),
(5.4) and (5.5), using Corollary 5.3.8, then the PWL system approach of Sec-
tion 5.3.1, using Theorem 5.3.1, proves GES with convergence rate p of the
PETC system as well. In other words, for given p > 0 satisfaction of (5.37)
for some Py, = 0, u; >0, i € {1,2}, implies satisfaction of (5.22) and (5.23),
for some Py, Py and scalars ouj, Bij, ki 2 0, 4,5 € {1,2}.

5.5 Minimum Inter-Event Times and Self-
Triggered Implementations

Besides the fact that PETC is easier to implement in practice than CETC,
PETC has two major additional advantages over CETC at a more technical
level. The first advantage is the existence of a strictly positive minimum inter-
event time, i.e., the time between two successive updates of the control signal
is strictly positive, and the second is the fact that PETC can be transformed
directly into self-triggered control, (at least, for the state-feedback controller
(5.3)). We will elaborate on the former result in Section 5.5.1, and on the latter
in Section 5.5.2.

5.5.1 Minimum Inter-Event Times

Due to the periodic sampled-data nature of PETC, the sampling interval h is
always a lower bound on the time difference between two consecutive updates
of the control signal in the PETC system (5.1), (5.3), (5.4) and (5.5). This
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is one of the main advantages of PETC over CETC, for which such a lower
bound is not always guaranteed (cf. Chapter 4). The largest lower bound
on the time differences between two consecutive control updates is called the
minimum inter-event time, which might actually be larger than h. Below we
will outline how the exact minimum inter-event time can be computed, where,
for ease of exposition, we restrict ourselves to the case w = 0. Using bounds on
the disturbances, one can also obtain lower bounds on the minimum inter-event
time for the case with disturbances, i.e., w # 0, by applying similar reasoning
as in [36], although the bounds will not be tight, unlike in the disturbance-free
case.

An expression for the minimum inter-event time can be obtained as follows.
First, let us consider the PWL model (5.19). Now given that the current state
&§;, = & and the assumption that, at time ¢z, £ € N, an update of the control
signal has occurred, the next control update time is given by t; + ht(), where

t(¢) == inf {1 € N\{0} | €T (45" 41)TQAL " A:¢ > 0}. (5.39)

The expression in (5.39) follows from the facts that the control signal is updated
when fl:;_lQ{}Hl > 0, and as long as there is no update of the control signal

$iy = Al2_1A1§,~€. Based on (5.39), it is now immediate that the minimum inter-
event time for the PETC system (5.1), (5.3) and (5.4) with event-triggering

condition (5.5) is given by ¢, , = hty;, ;, = h, with
tin g, += I0f{E(E) [ € € R™} (5.40)

and h is the sampling interval of the event-triggering condition. Interestingly,
tmin,», Can equivalently be characterised by the computationally friendly expres-
sion

trimn = nf{l € N\{0} [ Amax (451 A1) TQAL " A1) > 0} (5.41)

5.5.2 Self-Triggered Implementations

The idea of self-triggered control was put forward in [130]. Like in event-
triggered control, a self-triggered control algorithm for plant (5.1) essentially
consist of two parts, namely: the mechanism that determines the next update
times #; of the control signals given for [ € N by

t =t + T(x(h)), (5.42)
and the feedback controller
a(t) = G(x(y)), for t € (t,t141], (5.43)

specifying the control signal in the next time interval (£, f;41], where T : R —
R4 and G : R" — R™ are appropriately selected mappings. Hence, based
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on the results on the existence of a minimum inter-event time above, which
focussed on the case that w = 0, we readily obtain that

G(z) =Kz and T(x) = ht(x) (5.44)

for all x € R™ with ¢ : R"™ — N as in (5.39), leads to a self-triggered im-
plementation as in (5.42) and (5.43) of the PETC algorithm, given by (5.3),
(5.4) and (5.5). Note that the PETC system behaves exactly the same as its
self-triggered counterpart. The advantage of the self-triggered control is, how-
ever, that the event-triggering condition (5.5) does not have to be monitored at
every sampling time 5, k € N, but that the next update time 7, is computed
a priori at each update time 7;. As a consequence, in between two update
times the self-triggered controller does not need to monitor, communicate or
compute anything, and the control algorithm can idle.

Conclusively, the transition from PETC to self-triggered control is rather
straightforward in the case of state-feedback, as was just shown, while for
CETC, this transition is more complicated [92, 135].

5.6 Output-Based Decentralised PETC

In this section, we will extend the previous results in two directions, namely
towards dynamical output-based controllers and towards decentralised event-
triggering conditions. To do so, let us consider the linear time-invariant (LTT)
plant given by

dt (5.45)

dap — APzP + BP( 4+ BYw,
y=Crar,

where 2P € R™ denotes the state? of the plant, & € R™ the input applied to
the plant, w € R™ an unknown disturbance, and y € R™ the output of the
plant. The plant is controlled using a discrete-time LTI controller

Tha = At B (5.46)
U(tk) = Uur = CC{ZZE + ch(tk),

where x¢ € R™ denotes the state of the controller, § € R™ the input of
the controller, and © € R" the output of the controller. As before, at the
sampling times tg, k € N, the outputs of the plant y(¢;) and controller wu(tx)
are sampled, but which values in y and u are transmitted, thereby updating the
corresponding values in ¢ and 4, will be determined based on a decentralised
event-triggering condition. Note that the states of the controller zj,, are
updated based on g, := limy ¢, §(t), i.e., directly after § is updated as was also

4We added superscript p here to denote the state of the plant (cf. (5.1)), as now we have
to distinguish between the plant state P and the controller state x€.
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done in the context of networked control systems in [34] and in Chapters 2 and
3 of this thesis. To implement the discrete-time controller (5.46) in practice,
the update of the state zj, to 2, should occur somewhere in the time interval
(tk,tr+1], k € N. Note that u(tx) at time ¢y is computed on the basis of §(t),
i.e., the most recently received output of the plant at time ¢;, which will be
Jx—1 as we define for t € (¢, tp41]

g(t) = :Ijk and ﬁ(t) = ﬁk. (547)

Hence, @ and ¢ as continuous-time signals are left-continuous. To convert the
controller states 2%, k € N, into a (left-continuous) continuous-time signal, we
will adopt the convention that for ¢ € (¢, tx+1], k € N, it holds that

x(t) = af . = A2} + By (5.48)

indicating that the updates of ¢ take place just after t;, & € N. In this way,
u(tk) = chc(tk) + ch(tk), k € N.

Just as & was the most recently received version of x in the state-feedback
case in Section 5.2, @ and §j are now the most recently received versions of u and
vy, respectively, see Figure 5.2. We choose again a sampled-data implementation
corresponding to the sampling times ¢ = kh, k € N, for the sampling interval
h > 0. However, we will now use decentralised event-triggering conditions to
determine which signals will be transmitted at tj, see also Figure 5.2. To
formalise this, we define v = [y’ v']T € R™ and ¢ = [§" 4']" € R™ with
Ny = Ny + Ny, and assume that the outputs of the plant and controller, i.e.,
the entries in v and v, are grouped into N nodes. The entries in v and v
corresponding to node j € {1,..., N} are denoted by v/ and 9/, respectively.
To introduce the adopted decentralised PET conditions, we focus on (5.6),
although alternative PET conditions as given in Section 5.2.2 can be used as
well, see also Remark 5.6.1 below. By focussing on (5.6), the decentralised
version of the event-triggering condition and the decentralised update of the
signals © can be described as

() = { (), 07 (8) = 97 (80)]] > o llo7 (t0)
0 (1), i o7 () = 09 (8] < olle? (8],

for t € (tk,tp41], k € N, in which o; > 0, j € {1,..., N}, are given con-
stants. Hence, (5.49) expresses that at a sampling time ¢, k € N, each node j
samples the respective outputs of plant and controller and verifies if the differ-
ence v7 (t),) — 97 (t) is too large with respect to v7(t;) (determined by o;). In
case the difference is too large, node j will transmit its corresponding signals
v (ty), and 9/ is updated just after ;. Note that each node has its own local
event-triggering condition, which invokes transmission of v7 if

(5.49)

[v? (t) = 7 (t) | > ojllv (£ (5.50)
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Controller

Figure 5.2: Decentralised event-triggered control schematic.

Interestingly, each of the local event-triggering conditions in (5.50) can be
reformulated as the quadratic event-triggering condition

ET(th)Qs€(tr) > 0 (5.51)
in terms of & = [zPT 2¢T 97]T = [2PT 2¢T §T 4"]" by proper choice of
Qj, 5 € {1,...,N}. To show how this can be accomplished, we introduce
some notational conventions. For an index set J C {1,..., N}, we define the
diagonal matrices Iy € R X"

Ty = diag(vy,...,.7v5" ™), (5.52)
where the elements 'yf7, with [ € {1,...,ny}, are equal to 1 if plant output
y; belongs to a node | € J, elements ’y?ny, with [ € {1,...,n,}, are equal

to 1 if controller output u; belongs to a node j € J. The element ’yfy is 0
otherwise. We will also sometimes use the diagonal submatrices F% € R >y
and T'Yy € R™*" of I' ;7 that satisfy I'; = diag(I'/;,T'%). Furthermore, we use
the notation I'; = T'y;;, T'Y =T7., and T} = I, for j € {1,..., N},

J {7}
cr 0 0 0
C = [ 0 CC} , D := [DC 0] , (5.53)

to obtain for k € N that

lv? (t)l = IT5(C Dlg(to)ll, (5.54a)
[07 (tx) = 07 (t) ]| = IT5[C° D = T]E(), (5.54b)
which allow us to rewrite (5.50) as (5.51) with
Q‘ L (1 - O'j)CTFjC (1 - O'j)OTFjD - C’TFJ‘ (5 55)
o (1—0'j)DTFjC—FjC (D—I)Tr‘j(D—I)—UjDTFjD ’ )
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Moreover, using the introduced notational conventions, we can now compactly
write the updates of v just after time t; as

ot (tr) = Tgu(ty) + (I — T )o(ty)
= [FJ}CC FJkD +1- ij] g(tk) (556)

where for £ € R™

JE):={je{l,....,N}|£'Q;¢ >0} (5.57)

Remark 5.6.1. Although we focus on event-triggering conditions as in (5.50)
and show how they can be converted into event-triggering conditions as in
(5.51), any decentralised event-triggering conditions that can be written in the
form (5.51), e.g., the decentralised equivalents of (5.10) or (5.14), can be anal-
ysed with the tools presented below as well.

To obtain an impulsive system model of the decentralised PETC system,
given by (5.45) (5.46), (5.47), (5.48), and (5.50), we observe that due to the
definition of J (&) in (5.57) we have for k € N that J(£(¢x)) = J if and only if

E(tr) T Q &(ty) >0, j € J and &(ty) ' Q;€(t) <0, j € TC, (5.58)

where we denote for any arbitrary set J C {1,..., N} its complement by J¢ :=
{1,..., N}\J. Based on the above, we can obtain the impulsive model

% [ﬂ - [Af i Bw} ,when 7 € [0, k] (5.592)
Eq = [Jgf] ,  whent=h, £'Q;6>0, j€J, (5.59b)
and €7 Q;6<0, j € JC, (5.59¢)

z=C¢+ Duw. (5.59d)

where z € R" is a performance output, similar to (5.17c). The matrices Q;,
je{l,..., N}, are given as in (5.55), and

AP 0 0 BP Bv
;o 00 o = |0
A= 0o 00 o0l B= E (5.60a)
0 00 0 0
I 0 0 0
BTYy.Cc*  A° BY(I-T%) 0
— J J
7 = ry.cr 0 (I-T%) 0 (5.60D)

0  T%Cce  TYD°  I-T%
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In the above output-based decentralised PETC system, we allow multiple
nodes to transmit simultaneously at tg, (i.e, Jr may consist of more than one
element). In some cases, e.g., in case the nodes transmit their data over a
shared communication medium, it might not always be realistic to assume that
multiple nodes can transmit simultaneously. Therefore, we will indicate how the
setup presented above can be extended in Section 5.6.3 in case communication
constraints are present, i.e., in case only one node is allowed to transmit its
data at a each sampling time t; and a protocol is needed to schedule the
transmissions.

5.6.1 A Piecewise Linear Systems Approach

To arrive at a discrete-time PWL model (for the case w = 0), we discretise
the impulsive system (5.59), with 7(0) = h and w = 0, at the sampling times
ty = kh, k € N, as before. Following now the same rationale used to derive
the PWL system (5.19), we again define the state & := &(tx), and obtain the
model

k1= Agés,  when § Q6 >0, 1€ J and §[ Q;6, <0, L€ J°, (5.61)

where
A Bl'”f7CC BI’f‘7Dc B(I - F%)
i BeTY Cr A€ B(I -TY) 0
_ Ah — J J
Aj—e JJ— F?Cp 0 I—ij 0 s (562)
0 F‘fyCC rYyDe I-1%

in which A = e4”" and B = foh eA"s BPds.
In a similar fashion as we derived Theorem 5.3.1 for the state-feedback
case, we can obtain the following result using the piecewise quadratic Lyapunov

function
V(€)= €TPs¢, when€'Q6>0, jeJand € Q6 <0, j€ T (5.63)

Theorem 5.6.2. The PETC system given by (5.45), (5.46) and (5.49) is
GES with convergence rate p > 0, if there exist symmetric matrices Py, J C
{1,..., N}, and scalars az7; 20,877 20and kg >0, J.JC {1,...,N},
je{l,...,N}, such that

T —2ph
AgP;A7 —e *"Pg + Z ag7;Q5 — Z az7;Q;
jeg jege

+A}( Z Bg7;Q5 — Z IBJijj)AJ <0, (5.64)

jeT jeJe



114 Periodic Event-Triggered Control

for all 7,J C {1,..., N}, and
P;— Z k7iQj + Z k7iQ; > 0. (5.65)
JjET MSVA
forall 7 C{1,...,N}

5.6.2 An Impulsive System Approach

In a similar fashion as the developments in Section 5.3.3, we can obtain the
following result.

Theorem 5.6.3. Let p > 0, v > /Anax (DT D) and Assumption 5.5.6 hold,
and suppose that there is a matriz P, > 0 and scalars pz; >0, J € {1,...,N},
j€{l,..., N}, such that
Py =Y ngiQi + > ngiQ; JYFLTPS  JL(FLT PO PR+ P FrY)
JjET JjETC
* I1-S'p,S 0
* * F"P,F;' + Fn F;!

=0,

(5.66)
for all 7 C {1,...,N}, where F;; = F;;(h), i,7 € {1,2} as in (5.34) with H
in (5.33) for A, B as in (5.60a), and a matriz S satisfying SST = —F ' Fia.
Then, the PETC system given by (5.45), (5.46), (5.49) and (5.59d) is GES
with convergence rate p (when w = 0) and has an Lo-gain from w to z smaller
than or equal to v,

5.6.3 Extensions for Communication Constraints

We will now briefly indicate how the output-based decentralised PETC system
presented above can be extended in case it is not possible that more than one
node transmits its data at a sampling time ¢;. In principle, this communication
constraint requires one element j* € Ji to be selected at time ¢ from the index
set Ji in (5.57) whenever Jj contains more than one element. Selecting one
element from the set J; requires a scheduling protocol, on top of the local
event-triggering conditions, to determine which of the nodes j* € Jj is allowed
to transmit. The problem of scheduling transmissions has been studied for
networked control systems in, e.g., [40, 62, 103, 133].

To show how scheduling protocols can be included in the framework of
output-based decentralised PETC, let us consider the class of quadratic proto-
cols, which have been introduced in the context of networked control systems
in [40]. We can show that for quadratic protocols, the framework presented
above applies directly. Namely, a quadratic protocol invokes transmission of
the data in node j* at sample time tg, if

jr= argquré%ffT(tk)Rjﬁ(tk) (5.67)
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where R;, j € {1,...,N} are given symmetric matrices. In fact, the Try-
Once-Discard (TOD) protocol, sometimes also called the Maximum-Error-First
(MEF) protocol, that has been studied in, e.g., [40, 62, 103, 133], is a quadratic
protocol. In the TOD protocol, the node with the largest difference between
v (tr) and 97 (tz) is allowed to transmit its data. To be more precise, at time
tx, node j* € Jj is allowed to transmit if

j* = arg max |07 (t) — 9 (1) (5.68)
JETk

This expression can be written in the form (5.67), by taking

[ 1,0 CTry(D - 1)
Ry = (D-N'T;¢ (D-I)'TiD-1)|’ (5-69)
for all j € {1,...,N}. Since (5.67) involves quadratic conditions in selecting

the node that is allowed to transmit, it can be modelled and analysed in the
framework presented in this chapter.

In particular, to obtain an impulsive model of the output-based decen-
tralised PETC system including the quadratic protocols (5.67), we have to
observe that (5.59¢) has to be modified to indicate which node j* € Jj, is se-
lected to transmit its data, resulting in an impulsive system of the form (5.59),
where (5.59¢) is replaced by

Jpé
0

], when 7 =h, £7Q;€ <0, forall j € {1,...,N},

J ¥ *
[ {jo}ﬂ , when 7 = h, and there exists a set J with j* € J

such that £7Q;€>0, j€ J, £Q;6<0, jeJ*
and T (Rj« — Rj))E>0, j€ J.
(5.70)
The PWL model (5.61) will be modified in a similar fashion with A 7 becoming
Ayj+y and the regional conditions in (5.61) becoming the ones in the right-hand
side of (5.70). Since the basic structure of both the impulsive model and the
PWL model is not changed, i.e., it still has linear dynamics and quadratic re-
gional conditions, the analysis in Section 5.6.1 and Section 5.6.2 can be applied
mutatis mutandis.

Other protocols could also be included in the presented PETC system
framework, such as the Round-Robin protocol [40, 62, 103, 133]. In this case,
time-dependent priorities can be assigned to each node, which are updated at
each sampling interval t; based on which node j* transmits its data. In par-
ticular, the node j* that transmits at time ¢; might be assigned the lowest
priority for the next transmission. To model this situation, the PETC system
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model (5.59) has to be extended by including a list of time-dependent priori-
ties. Although this and the inclusion of other protocols require future research,
the above considerations already show the versatility and relevance of the pre-
sented framework, also in case the PETC system is subject to communication
constraints.

5.7 Illustrative Examples

In this section, we illustrate the presented theory using two numerical examples.
The first example is taken from [126] and uses state-feedback control. For this
example, we will apply all the three developed approaches for stability analysis
for both the event-triggering condition (5.6), as well as for (5.8). Furthermore,
we will analyse the Lo-gain for the case (5.8). In the second example, we
consider a well-known benchmark example in the networked control system
literature [133], consisting of a model of a batch reactor, see, e.g., [40, 62, 103,
133], to illustrate output-based decentralised PETC.

Example 1 Let us consider the example taken from [126] with plant (5.1)

given by
da._ 10 1 0 1
ST = [_2 gl H [[lut || w (5.71)

and state-feedback controller (5.3), where we take K = [1 — 4] and t;, = kh,
k € N, with sampling interval A = 0.05. In this example, we first consider the
situation where the event-triggering condition is given by (5.6) and, later, by
(5.8). For this PETC system, we will apply all the three developed approaches
for stability analysis (for w = 0), and the impulsive system approach for per-
formance analysis. For all methods, we aim at constructing the largest value of
o in (5.6) and (5.8) such that GES or a certain L£o-gain can be guaranteed. The
reason for striving for large values of o is that then large (minimum) inter-event
times are obtained, due to the forms of (5.6) and (5.8).

For the case that the event-triggering condition is given by (5.6), the per-
turbed linear systems approach of Section 5.3.2 yields the maximum value of o,
while still guaranteeing GES, equal to oy, := 0.1728, as the Hoo-norm of (5.26)
from e to z is equal to 1/0.1728. The discrete-time PWL system approach us-
ing Theorem 5.3.1 yields a maximum value of ¢ = opwr, := 0.2425. Finally,
using the impulsive system approach (Corollary 5.3.8) we obtain o1g = 0.2425.
Note that the facts o, < opwr and o1s < opwr (note that the latter in-
equality holds with equality in this case) are in accordance with Theorem 5.4.1
and Theorem 5.4.2, respectively. Obviously, for all these values of o a lower
bound on the minimum inter-event time of h = 0.05 is guaranteed. However,
in absence of disturbances we can use the expression in (5.41) to obtain the
exact minimum inter-event times for all these three cases, which result for
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o = opwr = ois = 0.2425 in a minimum inter-event time of 3h = 0.15 and for
0 = 0j}jp In a minimum inter-event time of 2h = 0.10.

Let us now consider the event-triggering condition given by (5.8). In this
case, the PWL system approach (using Theorem 5.3.1) yields a maximum value
for o of opwr, = 0.2550, while still guaranteeing stability of the PETC system.
The perturbed linear system approach gives a maximum value of oy;, = 0.2506,
while the impulsive system approach results in the maximum ojg = 0.2532 in
this case. Hence, as expected, we again see that oy, < opwr, and 015 < opwr,
although the values are rather close. In fact, the minimum inter-event time
according to (5.41) is equal to h = 0.05 for all values opwr, ors and oy, in
the event-triggering condition (5.8). When analysing the Ls-gain from the
disturbance w to the output variable z as in (5.17c) where z = [0 1 0 0]¢, we
obtain Figure 5.3a, in which the smallest upper bound on the Ls-gain that
can be guaranteed on the basis of Theorem 5.3.7 is given as function of o.
This figure clearly demonstrates that better control performance (i.e., smaller
), necessitates more updates (i.e., smaller o), allowing us to make tradeoffs
between these two competing objectives. Note that for v — oo (meaning no
performance requirements), the value of o approaches the value obtained using
Corollary 5.3.8 equal to o1g = 0.2532. On the other hand, for ¢ — 0, we recover
an upper bound on the L,-gain for the periodic sampled-data system, given
by (5.1) of the controller (5.2) with sampling interval h = 0.05 and t, = kh,
ke N.

Figure 5.3b shows the response of the performance output z of the PETC
system with ¢ = 0.2 subject to a disturbance w, which is also depicted in
Figure 5.3b. For the same situation, Figure 5.3c shows the evolution of the
inter-event times. We see inter-event times ranging from h = 0.05, up to 0.85
(17 times the sampling interval h). Hence, this figure illustrates that using
PETC instead of periodic sampled-data control, a significant reduction in the
number of transmissions/controller computations can be achieved.

Example 2 Let us now consider the model of a linearised batch reactor. The
details of the linearised model of the batch reactor model and a continuous-time
controller can be found in [40, 62, 103, 133]. The controller considered in this
example will be obtained from this continuous-time controller by discretising
it using a zero-order-hold for the sampling interval h = 0.05, resulting in a
controller of the form (5.46) with

e L o] . [0 005] o [-2 0] . [0 —2
A _{0 1]’ B _[0.05 0]’ ¢ _[0 8}’ b _{5 0} (5:72)

For this plant and controller, we will illustrate the decentralised event-
triggering condition (5.49), in which we assume that each individual plant input
and output is in a different node. Hence, this decentralised PETC system has 4
nodes. Using the result of Theorem 5.3.1, in which we take 01 = 09 = 03 = 04
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Figure 5.3: Example 1, with o = 0.2.

for simplicity, we obtain that the PETC system (5.59) is GES for 01 = 09 =
o3 = 04 < 0.5. This is illustrated also in Figure 5.4a, in which the simulated
response of the PETC system (5.59) is given for the initial condition £(0) =
1 —1 —-11000000]", for 0y = 09 = 03 = 04 = 0.5. The corresponding
event times at which the individual nodes transmit their data are provided in
Figure 5.4b. In fact, the outputs y1, y2, uy and ug are transmitted 45, 27,
22 and 44 times, respectively, during the first 5 units of time. This makes the
total number of transmissions equal to 138. If a standard periodic sampled-data
implementation would have been used, 400 transmissions would have occurred
during the first 5 units of time (h = 0.05 results in 100 transmissions for
each of the 4 channels in a time span of 5 units of time). Hence, the PETC
implementation leads to a reduction in the number of transmissions of more
than 65%, while still resulting in a closed-loop system that is GES. This clearly
shows the relevance of the PETC algorithms proposed in this chapter.
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Figure 5.4: Example 2, with 01 = 09 = 03 = 04 = 0.5.

5.8 Conclusions

In this chapter, we proposed a novel event-triggered control (ETC) strategy,
which aims at combining the benefits that periodic sampled-data control and
ETC offer. In particular, the ETC strategy is based on the idea of having an
event-triggering condition that is verified only periodically, and at every time
it is decided whether or not to transmit new measurements and control signals.
Only when necessary from a stability or performance point of view, the com-
munication or computation resources are used. This control strategy, for which
we propose to use the term periodic event-triggered control (PETC), preserves
the benefits of reduced resource utilisation as transmissions and controller com-
putations are not performed periodically, while the event-triggering conditions
still have a periodic character. The latter aspect leads to several benefits as
the event-triggering condition has to be verified only at the periodic sampling
times, instead of continuously, which makes it suitable for implementation in
standard time-sliced embedded system architectures. Moreover, the strategy
has an inherently guaranteed minimum inter-event time of (at least) one sam-
pling interval of the event-triggering condition, and can easily be converted into
self-triggered implementations [130], at least in the case of state feedback.

In this chapter, PETC was developed for both static state-feedback con-
trollers, and dynamical output-based controllers considering also decentralised
event-triggering conditions. To analyse the stability and Lo-gain properties of
the PETC systems, we used three approaches: (i) a discrete-time piecewise
linear (PWL) system approach, (ii) a discrete-time perturbed linear system
approach, and (iii) an impulsive system approach. We discussed the advan-
tages and disadvantages of all the three approaches, showing that each of the
three presented modelling approaches is of independent interest. Namely, the
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PWL system approach provides the least conservative LMI-based results in
case of stability analysis only, the perturbed linear system approach has the
lowest computational complexity, while the impulsive system approach pro-
vides Lo-gain analyses. Besides presenting the three analysis methodologies,
we also provided techniques to compute (tight) lower bounds on the minimum
inter-event times. We illustrated the theory using two numerical examples
and showed that PETC is able to reduce the utilisation of communication and
computation resources significantly.
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On the Minimum Attention and the
Anytime Attention Control Problem
for Linear Systems: A Linear
Programming Approach'

6.1 Introduction

6.2 Problem Formulation

6.3 Formulating the Control Problems using CLF's
6.4 Obtaining Well-Defined Solutions

6.5 Making the Solutions Computationally Tractable
6.6 Illustrative Examples

6.7 Conclusion

Abstract — In this chapter, we present two control laws that are tailored for
control applications in which computational and/or communication resources
are scarce. Namely, we consider minimum attention control, where the ‘at-
tention’ that a control task requires is minimised given certain performance
requirements, and anytime attention control, where the performance under the
‘attention’ given by a scheduler is maximised. Here, we interpret ‘attention’ as
the inverse of the time elapsed between two consecutive executions of a control
task. Instrumental for the solution will be a novel extension of the notion of
a control Lyapunov function. By focussing on linear plants, by allowing for
only a finite number of possible intervals between two subsequent executions of
the control task and by taking the extended control Lyapunov function to be
oo-norm based, we can formulate the aforementioned control problems as lin-
ear programs, which can be solved efficiently online. Furthermore, we provide
techniques to construct suitable co-norm-based (extended) control Lyapunov
functions for our purposes. Finally, we illustrate the theory using two numerical
examples. In particular, we show that minimum attention control outperforms
an alternative implementation-aware control law available in the literature.

I This chapter is based on [42].
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6.1 Introduction

A current trend in control engineering is to no longer implement controllers
on dedicated platforms having dedicated communication channels, but in em-
bedded microprocessors and using (shared) communication networks. Since in
such an environment the control task has to share computational and commu-
nication resources with other tasks, the availability of these resources is limited
and might even be time-varying. Despite the fact that resources are scarce,
controllers are typically still implemented in a time-triggered fashion, in which
the control task is executed periodically. This design choice is motivated by
the fact that it enables the use of the well-developed theory on sampled-data
systems, e.g., [8, 27], to design controllers and analyse the resulting closed-loop
systems. This design choice, however, leads to over-utilisation of the available
resources and requires over-provisioned hardware, as it might not be necessary
to execute the control task every period. For this reason, several alternative
control strategies have been developed to reduce the required computation and
communication resources needed to execute the control task.

Two of such approaches are event-triggered control, see, e.g., [60, 66, 90,
126], and self-triggered control, see, e.g., [92, 130, 135]. In event-triggered con-
trol and self-triggered control, the control law consists of two elements: namely,
a feedback controller that computes the control input, and a triggering mecha-
nism that determines when the control task should be executed. The difference
between event-triggered control and self-triggered control is that in the former
the triggering mechanism uses current measurements, while in the latter it uses
predictions using previously sampled and transmitted data and knowledge on
the plant dynamics, meaning that it is the controller itself that triggers the ex-
ecution of the control task. Current design methods for event-triggered control
and self-triggered control are emulation-based approaches, by which we mean
that the feedback controller is designed for an ideal implementation, while sub-
sequently the triggering mechanism is designed (based on the given controller).
Since the feedback controller is designed before the triggering mechanism, it
is difficult, if not impossible, to obtain an optimal design of the combined
feedback controller and triggering mechanism in the sense that the minimum
number of controller executions is achieved while guaranteeing stability and a
certain level of closed-loop performance. Hence, no solution to the codesign
problem currently exists.

An alternative way to handle limited computation and communication re-
sources is by using so-called anytime control methods, see, e.g., [52, 53, 54].
These are control laws that are able to compute a control input, given a cer-
tain minimum amount of computation resources allotted by a scheduler, while
providing a ‘better’ control input whenever more computation resources are
available. What is meant by ‘better’, varies from computing more control in-
puts [53], computing more future control inputs [54], or computing the control
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input using a higher-order dynamical controller [52].

In this chapter, we consider two methodologies that are able to handle
scarcity in computation and communication resources. The first methodology
adopts minimum attention control (MAC), see [21], in which the objective is
to minimise the attention the control loop requires, i.e., MAC maximises the
next execution instant, while guaranteeing a certain level of closed-loop per-
formance. Note that this control strategy is similar to self-triggered control,
where also the objective is to have as few control task executions as possi-
ble, given a certain closed-loop performance requirement. However, contrary
to self-triggered control, MAC is typically not designed using emulation-based
approaches in the sense that it does not require a separate feedback controller
to be available before the triggering mechanism can be designed. Clearly, this
joint design procedure is more likely to yield a (close to) optimal design than a
sequential design procedure would. The second methodology proposed in this
chapter is more in line with anytime control, as discussed above. Namely, by
assuming that after each execution of the control task, the control input can-
not be recomputed for a certain amount of time that is specified by a sched-
uler, anytime attention control (AAC) finds a control input that maximises the
performance of the closed-loop system, given this time-varying computation
constraint. This setting is realistic in many embedded and networked systems,
where a real-time scheduler distributes the available resources among all tasks,
and hence, determines online, the execution instants of the control task.

The control problems studied in this chapter are similar to the ones studied
in [3]. However, by focussing on linear systems, we will propose an alternative
approach to solve the control problems at hand. As was already observed in
[3], the MAC and the AAC problem are related and the same solution strat-
egy can be used to solve both problems. We will also use the same solution
strategy, yet a different one than used in [3], to solve the both problems in
this chapter. In the solution strategy we propose, we focus on linear plants, as
already mentioned, and consider only a finite number of possible interexecu-
tion times. Furthermore, we will employ control Lyapunov functions (CLFs)
that can be seen as an extension of the CLF's for sampled-data systems, which
will enable us to guarantee a certain level of performance. These extended
CLFs will first be formulated for general sampled-data systems and will later
be particularised to co-norm-based functions, see, e.g., [80, 108]. Namely, by
using co-norm-based extended CLFs, we can formulate both the MAC and the
AAC problem as linear programs (LPs), which can be efficiently solved online,
thereby alleviating the computational burden as experienced in [3]. Further-
more, we provide techniques to construct suitable co-norm-based (extended)
control Lyapunov functions for the control objectives under consideration. We
will illustrate the theory using two numerical examples. In particular, we will
show that MAC outperforms the self-triggered control strategy of [92].

The remainder of this chapter is organised as follows. After introducing the
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necessary notational conventions used in this chapter, we formulate the MAC
and the AAC problem in Section 6.2. In Section 6.3, we show how the control
problems can be solved using extended CLFs, in Section 6.4, we show how
to guarantee well-defined solutions, and, in Section 6.5, we present computa-
tionally tractable algorithms to solve the control problems efficiently. Finally,
the presented theory is illustrated using numerical examples in Section 6.6 and
we draw conclusions in Section 6.7. Appendix A.5 contains the proofs of the
lemmas and theorems.

6.1.1 Nomenclature

The following notational conventions will be used. For a vector x € R", we
denote by [z]; its i-th element and by ||z||, := {/> i |2;[P its p-norm, p € N,

and by ||z|lee = max;—g1, . N} |z, its co-norm. For a matrix A € R™*™,
we denote by [A];; its i, j-th element, by AT € R™*" its transposed and by
|All, == maxgzo Hlj\?llllp’ its induced p-norm, p € N U {oo}. In particular,
[Alloo := maxieq1,..ny >jey [[Alij|. We denote the set of nonnegative real

numbers by R := [0, 00), and for a function f : Ry — R", we denote the limit
from above for time ¢ € Ry by lim,| f(s), provided that it exists. Finally,
to denote a set-valued function F' from R" to R™, we write F' : R" — R™,
meaning that F(z) C R™ for each x € R™.

6.2 Problem Formulation

In this section, we formulate the minimum attention and the anytime attention
control problem. To do so, let us consider a linear time-invariant (LTI) plant
given by

L2 = Az + Bu, (6.1)

where x € R™ denotes the state of the plant and u € R™* the input applied to
the plant. The plant is controlled in a sampled-data fashion, using a zero-order
hold (ZOH), which leads to

u(t) = tg, forall t € [tg,trt1), (6.2)

where the discrete-time control inputs 4y, k € N, and the strictly increasing
sequence of execution instants {t; }ren are given by either one of the solutions
to the following two control problems:

e The minimum attention control (MAC) Problem: Find a set-valued func-
tion Fyac : R™ <— R™ and a function h : R™ — R4, such that

{ tyy € Faac(z(te))

ter1 =t + h(z(ty)), (6.3)
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for all k € N, renders the plant (6.1) with ZOH (6.2) stable and guaran-
tees a certain level of performance, both defined in an appropriate sense,
while, for each x € R™ | h(x) is as large as possible.

e The anytime attention control (AAC) Problem: Find a set-valued func-
tion Faac : R™ X Ry — R™ such that

{ Uy, € Faac(@(tr), hr)

(6.4)
thit1 =ti + hy,

for all k € N, renders the plant (6.1) with ZOH (6.2) stable and maz-
imises performance in an appropriate sense, assuming that hy, k € N, is
given at time ti by the real-time scheduler.

Note that the mappings Fyiac and Faac in the problems above are set-
valued functions, i.e., Fyac(xz) C R™, for all € R™, and Faac(x,h) C R™,
for all x € R™ and h € R;. This means that 4, k € N, can be chosen from
a subset Fyac(x(tx)) or Faac(z(tg), hi) of R™, while still guaranteeing the
required properties of the MAC and the AAC problem.

To make the preceding problems well defined we need to give a precise
meaning to the terms stability and performance qualifying the solutions of the
closed-loop system given by (6.1), (6.2), with (6.3) or (6.4).

Definition 6.2.1. The system (6.1), (6.2), with (6.3) or (6.4), is said to be
globally exponentially stable (GES) with a convergence rate o > 0 and a gain
¢ > 0, if for any initial condition x(0), the corresponding solutions satisfy

lz(@®)]] < ce™*[|l=(0)]], (6.5)
forallt e Ry.

The notion of performance used in this chapter is explicitly expressed in
terms of the convergence rate o as well as the gain c¢. Only requiring a de-
sired convergence rate « (in the MAC problem), or maximising it (in the AAC
problem), could yield a very large gain ¢ and, thus, could yield unacceptable
closed-loop behaviour. As we will show below (see Lemma 6.3.2), the guar-
anteed gain c typically becomes large when the time between two controller
executions, i.e., tgy1 — tg, is large. Therefore, special measures have to be
taken to prevent the gain ¢ from becoming unacceptably large.

6.3 Formulating the Control Problems using
Control Lyapunov Functions

In this section, we will propose a solution to the two considered control problems
by formulating them as optimisation problems. In these optimisation problems,
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we will use an extension to the notion of a control Lyapunov function (CLF).
Before doing so, we will briefly revisit some existing results on CLFs, see,
e.g., [77, 121], and show how they can be used to design control laws that
render the plant (6.1) with ZOH (6.2) GES with a certain convergence rate
a > 0 and a certain gain ¢ > 0.

6.3.1 Preliminary Results on CLF's

Let us now introduce the notion of a CLF, which has been applied to discrete-
time systems in [77] and will now be applied to periodic sampled-data systems,
given by the plant (6.1) with ZOH (6.2), in which tx11 = tx + h, k € N, for
some fixed h > 0.

Definition 6.3.1. Consider the plant (6.1) with ZOH (6.2). The function
V : R*™ — R is said to be a control Lyapunov function (CLF) for (6.1)
and (6.2), a convergence rate o« > 0, a control gain bound 8 > 0 and an
interexecution time h > 0, if there exist constants a,a € Ry and q € N, such
that for all x € R™

allel” < V(@) <alle], (6.6)

and, for allx € R™= | there exists a control input & € R™ | satisfying ||a|| < Bz|]
and
V(eMs JrfoheASdsBﬁ) < e 2y (). (6.7)

Based on a CLF for a convergence rate o > 0, a control gain bound 8 > 0
and an interexecution time h > 0, as in Definition 6.3.1, the control law

i € F(z) == {u€ R™| f(z,u,h,a) <0 and [[ul| < Bz}, (6.8)
terr =t + Ry '
in which
f(z,u, h,a) = V(ets +f0heAsBds u) — e~V (2), (6.9)

renders the plant (6.1) with ZOH (6.2) GES with a convergence rate oo > 0 and
a certain gain ¢ > 0, as we will show in the following lemma.

Lemma 6.3.2. Assume there exists a CLF for (6.1) with (6.2), a convergence
rate a > 0, a control gain bound 3 > 0 and an interexecution time h > 0, in the
sense of Definition 6.3.1. Then, the control law (6.8) renders the plant (6.1)
with ZOH (6.2) GES with the convergence rate o and the gain ¢ = &(a, 5, h),
where

h
&(a, B, h) = g/%(e”f‘”hw/ e”A”SdsHBH)eO‘h. (6.10)
- 0

Proof. This lemma is a special case of Lemma 6.3.4 that we will present and
prove below. O]
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Lemma 6.3.2 illustrates why it is important to express the notion of per-
formance both in terms of the convergence rate a as well as the gain ¢, as was
mentioned at the end of Section 6.2. Namely, even though a CLF could guar-
antee GES with a certain convergence rate «, for some control gain bound
and for any arbitrarily large h, by using a corresponding CLF in the control law
(6.8), the consequence is that the guaranteed gain ¢ becomes extremely large,
see Lemma 6.3.2. In particular, ¢ grows exponentially as h becomes larger,
which (potentially) yields undesirably large responses for large interexecution
times h = tx11 — tg, kK € N. To avoid having such unacceptable behaviour,
we propose a control design methodology that is able to guarantee a desired
convergence rate «, as well as a desired gain ¢, even for large interexecution
times h. This requires an extension of the CLF defined above.

6.3.2 Extended Control Lyapunov Functions

The observation that the interexecution time h influences the gain c is impor-
tant to allow the MAC and the AAC problem to be formalised using CLFs.
Namely, in order to achieve sufficiently high performance (meaning a sufficiently
large v and a sufficiently small ¢), Lemma 6.3.2 indicates that the interexecu-
tion time h has to be selected sufficiently small. This, however, contradicts the
MAC and the AAC problem, where in the former the interexecution time is to
be maximised and in the latter it is time varying and specified by a scheduler.
We therefore propose an extended control Lyapunov function (eCLF), which
we will subsequently use to solve the MAC and the AAC problem. Roughly
speaking, the eCLF is such that it does not only decrease from tj to tyy1, but
also from ¢, to intermediate time instants ¢ + 7, for some (well-chosen) i; > 0
satisfying txy1 —ty > Hy, k € N, 1 € {1,...,L — 1}. The existence of such
an eCLF guarantees high performance, even though the interexecution time
hr = tp+1 — tg, k € N, can be large, as we will show after giving the formal
definition of the eCLF.

Definition 6.3.3. Consider the plant (6.1) with ZOH (6.2). The function
V :R"™ — R is said to be an extended control Lyapunov function (eCLF) for
(6.1) and (6.2), a convergence rate o > 0, a control gain bound 5 > 0, and a set
H :={hy,..., i}, L € N, satisfying b1 > by >0 for alll € {1,...,L — 1},
if there exist constants a,a € Ry and q € N, such that for all x € R™=

allzl|* < V(z) <@z (6.11)

and, for allx € R™=, there exists a control input i € R™, satisfying ||4]| < Bzl
and
V(eAhlac—l—thleAsdsBﬁ) e 2y (x) (6.12)

foralll € {1,...,L}.
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As before, based on an eCLF for a convergence rate o > 0, a control gain
bound 3 > 0 and a set H as in Definition 6.3.3, the control law

Gy € F(z):={uc R™| f(z,u,hj,0) <OVI€{l,...,L} and [Ju]| < Bl|z[},
tya1 =t + hr,

(6.13)

with f(x,u, fi;,«) as defined in (6.9), renders the plant (6.1) with ZOH (6.2)

GES with a convergence rate a > 0 and a certain gain ¢ > 0 that is typically

smaller than the gain obtained using an ordinary CLF, as we will show in the
following lemma.

Lemma 6.3.4. Assume there exists an eCLF for (6.1) with (6.2), a conver-
gence rate « > 0, a control gain bound B > 0 and a set H := {hy,..., A},
L e N, satisfying hyp1 > hy >0 for alll € {1,...,L — 1}, in the sense of Def-
inition 6.3.3. Then, the control law (6.13) renders the plant (6.1) with ZOH
(6.2) GES with the convergence rate  and the gain ¢ = ¢(«, 3, Ap, hy), where

Ap
&(a, B, Ap, hr) = \q/g(e”f‘”ﬁh —|—ﬂe"(h“A“)/ e”A”Sds||BH>eaA’L7 (6.14)
- 0

with Ap = maxjeqq,. 1y (i — ly—1), in which hy := 0.
Proof. The proof can be found in Appendix A.5. O

The existence of an eCLF for a well-chosen set H (i.e., realising a sufficiently
small Ap) guarantees high performance in terms of the convergence rate o and
the gain ¢, while still allowing for large interexecution times Ay = tx41 — tg,
k € N. Indeed, by using the intermediate time instants t; + h;, the gain ¢
in Lemma 6.3.4 is generally much smaller than the gain ¢ in Lemma 6.3.2.
However, making Ay too small might lead to infeasibility of the control law,
as decreasing Ay, for a fixed interexecution time ¢;4+1 — tx means taking more
intermediate times A; and, thus, that more inequality constraints are added to
the set-valued function F' in (6.13), which, besides resulting in a much more
complicated control law, might cause F(z) = () for some z € R™. Hence, a
tradeoff can be made between the magnitude of the gain ¢ and the number of
constraints in F(z) and we will exactly exploit this fact in the solution to the
MAC and the AAC problem, as we will show below.

6.3.3 Solving the MAC Problem using eCLFs

We will now propose a solution to the MAC problem. As a starting point,
we consider the control law (6.13), which is based on an eCLF. Indeed, the
existence of an eCLF for a convergence rate a > 0, a control gain bound g > 0
and a set H implies GES with convergence rate a and gain ¢ of the plant (6.1)
with ZOH (6.2) and the control law (6.13), according to Lemma 6.3.4. However,
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given the function V', a convergence rate «, a control gain bound [ and a set
H, it might not always be possible to ensure that F(z) # 0 for all z € R"=.
To resolve this issue, we take subsets of H of the form Hy := {f1,..., Az}, for
L € {1,...,L}, such that H; C Ho C ... C Hy = H, and propose MAC, in
which the objective is to maximise L € {1,...,L} for each given x € R". In
other words, for each given x € R™, L is maximised such that F () # 0, in
which

Fr(z) = {ue R™| f(z,u,h,0) <OV I€{l,...,L} and |lul| < B||z|/}, (6.15)
with f(z,u, ki, ) as defined in (6.9). We maximise L to make the interexe-

cution times hf = tx41 — tx maximal, yielding that the control law requires
minimum attention. Hence, this MAC law is given by (6.3), in which we take

{ Frvac(w) = Fra g (z) (6.16)
h(ﬂ]‘) = hi*(m)
and
L*(x) :=max{l € {1,...,L}| Fy(z) # 0}. (6.17)

Indeed, the control law (6.3) with (6.16) and (6.17) is a solution to the MAC
problem, as every control input 4y is chosen such that the interexecution time
tht1—tk = Rpe (g1, is the largest one in the set H for which Fr. (4, ) (2(tk)) #
(). Note that this control law is well defined if Fyac(x) # 0, for all x € R™=.
This condition is equivalent to requiring that Fi(z) # 0 for all x € R"=.
Namely, for each € R"= it holds that Fy(z) 2 Fy(z) 2 ... 2 Fr(x), which
gives that, for each € R™, Fyjac(x) # 0 implies that Fy(z) # 0, while the
fact that Fi(z) # 0 implies that Fyac(z) # 0 follows directly from (6.16)
and (6.17). Hence, (6.16) is well defined if Fy(z) # @ for all x € R™, which
is guaranteed if the function V is an ordinary CLF for (6.1) with (6.2), a
convergence rate « > 0, a control gain bound 3 > 0 and an interexecution time
k1, in the sense of Definition 6.3.2.

We will now formally show that the proposed MAC law renders the plant
(6.1) with ZOH (6.2) GES with convergence rate o and a certain gain c.

Theorem 6.3.5. Assume there exist a set H := {h1,...,hr}, L € N, satisfying
higr > By > 0 for alll € {1,...,L — 1}, and an ordinary CLF for (6.1)
with (6.2), a convergence rate a > 0, a control gain bound [ > 0 and the
interexecution time ki, in the sense of Definition 6.3.1. Then, the MAC law
(6.3), with (6.9), (6.15), (6.16) and (6.17), renders the plant (6.1) with ZOH
(6.2) GES with the convergence rate o and the gain ¢ = &(w, B, An, hir) as
in (6.14).

Proof. The proof can be found in Appendix A.5. O
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6.3.4 Solving the AAC Problem using eCLFs

We will now propose a solution to the AAC problem, in which the objective is
to ‘maximise performance’ for an interexecution time hy given by the real-time
scheduler at time ¢, & € N. The solution is again based on allowing only a
finite number of possible interexecution times, i.e., hy € H = {hy,..., A},
L € N. Moreover, we consider only a finite number of possible convergence
rates, i.e., ar € A = {ai,...,as}, k € N, where each a;;1 > a; > 0,
jed{l,...,J =1}, J € N. A consequence of these choices is that the notion
of ‘maximising performance’ is actually relaxed to (approximately) maximising
the local convergence rate aj € A of the solutions of the closed-loop system
(6.1), (6.2) with (6.4), in the sense that V (z(try1)) < e~V (x(ty)), for all
k € N. In the proposed solution to the AAC problem, the local convergence
rate oy, k € N is maximised, by maximising J € {1,...,J}, (so that aj € A is
maximised), while guaranteeing a certain gain ¢ (cf. Theorem 6.3.6), for each
given € R™= and for each given h € H. In other words, for each given x € R"=»
and each given h € H, J is maximised such that Ff, 7(x) # 0, in which

Fi’j(l') ={u € R™ | f(z,u,hy,a5) <OVIe{l,...,L} and ||u < B|z|},
(6.18)

with f(z,u, by, @) as defined in (6.9) and where L(h) is a function that, for all
h € H, satisfies L(h) = L if h = hi. Hence, this AAC law is given by (6.4), for
a given value of h € H by the scheduler, where we take

Faac(@, h):= Frg, 7 (o0 (T), (6.19)

with
J*(x,h) = max{j € {1,..., J} | Fr ;(x) # 0}. (6.20)

The control law (6.4), with (6.19) and (6.20) is an AAC law, as for a given
interexecution time, tx4+1 — tx = hx € H, a control control input 4y is chosen
such that the local convergence rate oy is maximal and a bound on the gain
¢ is guaranteed. Note that, similar to the solution to the MAC problem, this
control law is well defined if Faac(z,h) # 0 for all z € R™ and all h € H,
which is equivalent to requiring that Fr i(z) # 0 for all x € R"=. This is
due to the fact that for each z € R™=, for all I;,lo € {1,...,L} and for all
J1,J2 € {1,...,J}, it holds that Fll’jl(w) D FlQ’j2($)7 if 1 > Iy and 71 < Jo,
which means that, for each x € R"*, Faac(z) # 0 implies that Fp 1(z) # 0,
while the fact that Fp q(z) # 0 implies that Fyac(z) # 0 follows from that
the fact that F7 1(z) # (0 implies that Fj (x) # 0 for all € {1,...,L} and
from (6.19) and (6.20). Hence, (6.19) is well defined if Fp 1(xz) # 0 for all
x € R which is guaranteed if the function V is an eCLF for (6.1) with (6.2),
a convergence rate o« = &1, a control gain bound 3 and the set H.
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We will now formally show that the proposed AAC law renders the plant
(6.1) with ZOH (6.2) GES with at least convergence rate o = &y, and possibly
a better convergence rate, and a certain gain c.

Theorem 6.3.6. Assume there exist a set A := {a1,...,a;}, J € N, satisfying
ajp1>a; >0 forallje{l,...,J—1}, and an eCLF for (6.1) with (6.2), the
convergence rate a = &1, a control gain bound 8 and a set H := {hy,...,hr},
L € N, satisfying b1 > Ry > 0 for alll € {1,...,L —1}. Then, the AAC
law (6.4), with (6.9), (6.18), (6.19) and (6.20), renders the plant (6.1) with
ZOH (6.2) GES with (at least) the convergence rate o = ay and the gain
c=¢c(ar, B, Ap,hL), as in (6.14).

Proof. The proof can be found in Appendix A.5. O

6.4 Obtaining Well-Defined Solutions

In this section, we will address the issue of how to guarantee that the solutions
to the MAC and the AAC problem are well defined, i.e., that Fyjac(z) # 0 for
all z € R™ and that Faac(z,h) # 0 for all x € R" and all h € H. As was
observed in the previous section, the existence of a CLF or an eCLF for (6.1)
with (6.2), a convergence rate «, a control gain bound g and, for the CLF, an
interexecution time h, and, for the eCLF, a set H, ensures that the MAC law
and the AAC law, respectively, are well defined. To obtain such a CLF or an
eCLF, and to guarantee that the two control problems can be solved efficiently
(as we will show in the next section), we focus in this section on co-norm-based
(e)CLFs of the form

V(@) = | Pouc, (6.21)

with P € R™*"e satisfying rank(P) = n,. Note that (6.21) is a suitable
candidate (e)CLF, in the sense of Definition 6.3.3, with ¢ = 1, since (6.6) and
(6.11) are satisfied with

@ =||Pllo, and a=max{a>0]|a|x| <[Pz forallz € R"}. (6.22)

In fact, rank(P) = n, ensures that g > 0.
We will now provide a two-step procedure to obtain a suitable (e)CLF. The
first step is to consider an auxiliary control law of the form

u(t) = Kz(t) (6.23)

that renders the plant (6.1) GES. To avoid any misunderstanding, (6.23) is not
the control law being used; it is just an auxiliary control law that is useful to
construct a candidate (e)CLF. The actual MAC law will be given by (6.3), with
(6.16) and (6.17), and the AAC law will be given by (6.4), (6.19) and (6.20)
based on (6.21), and neither one of these uses a matrix K.
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Using the auxiliary control law, we can find a Lyapunov function for the
plant (6.1) with control law (6.23) (without ZOH (6.2)) by employing the fol-
lowing intermediate result. This intermediate result can be seen as a slight
extension of the results presented in [80, 108] to allow GES to be guaranteed,
instead of only global asymptotic stability.

Lemma 6.4.1. Assume that there exist a matriz P € R™*"=  with rank(P) =

Ng, a matrizc Q € R™*™ and a scalar & > 0 satisfying
P(A+BK)—-QP=0 (6.24a)
Qi+ Y. Q] <-4, (6.24b)

Je{1,....mI\{i}

for all i € {1,...,m}. Then, control law (6.23) renders the plant (6.1) GES
with convergence rate & and gain ¢ = a/a, with @ and a as in (6.22).

Proof. The proof can be found in Appendix A.5. O

Note that it is always possible, given stabilisability of the pair (A, B), to
find a matrix P satisfying the hypotheses of Lemma 6.4.1, and constructive
methods to obtain a matrix P are given in [80, 108]. The second step in the
procedure is to show that a matrix P satisfying the conditions of Lemma 6.4.1,
renders the plant (6.1) with ZOH (6.2) GES in case the auxiliary control law
is given, for all k € N, by

(6.25)
k41 =t +h

{ ﬁk = K:E(tk)

provided that h > 0 is well chosen.

Lemma 6.4.2. Suppose the conditions of Lemma 6.4.1 are satisfied. Then,
for each o > 0 satisfying o < &, the system given by (6.1), (6.2) and (6.25)
is GES with convergence rate a and gain ¢ = ¢(«, || K||, h) as in (6.10), for all
h < hmax(a) with

hanax(@) = min{h > 0[[|P(eA" + ["eA*ds BK)(PTP) "1 PT |0 > e~ ). (6.26)
Proof. The proof can be found in Appendix A.5. O

Using the matrix P and the function hAyax(a) obtained from Lemmas 6.4.1
and 6.4.2, we can now formally state the conditions under which the proposed
solutions to the MAC and the AAC problem are well defined and how to achieve
a desired convergence rate a and a desired gain c.

Theorem 6.4.3. Assume there exist matrices P € R™*"= K € RMuXnN=
and a scalar & > 0 satisfying the conditions of Lemma 6.4.1, and let 0 <
a < & and ¢ > ¢é. If the control gain bound [ satisfies f > || K|l and the
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set H := {h1,...,hp}, L € N, is such that hy < hmax(a) as in (6.26), and
¢ = éla, B, Ap, hr) as in (6.14), then the MAC law (6.3), with (6.9), (6.15),
(6.16), (6.17) and (6.21), is well defined and renders the plant (6.1) with ZOH
(6.2) GES with the convergence rate o and the gain c.

Proof. The proof can be found in Appendix A.5. O

Theorem 6.4.4. Assume there exist matrices P € R™*"= K € R™*"=  qgnd
a scalar & > 0 satisfying the conditions of Lemma 6.4.1, and let 0 < a < &
and ¢ > ¢ be given. If the control gain bound (3, satisfies 8 > | K| oo, the set
A:={a,...,as}, J €N, is such that « < &1 < &, the set H :={hy,..., AL},
L €N, is such that by, < hmax(@1) as in (6.26), and ¢ > ¢(aq, B, Ap, hr) as in
(6.14), then the AAC law (6.4), with (6.9), (6.18), (6.19), (6.20) and (6.21),
is well defined and renders the plant (6.1) with ZOH (6.2) GES with at least
convergence rate o = @y, and possibly a better convergence rate, and a certain
gain c.

Proof. The proof can be found in Appendix A.5. O

These theorems formally show how to choose the scalar 3, and the sets A
and H to make each of the proposed solutions to the two control problems well
defined and to achieve a desired convergence rate a and a desired gain c.

6.5 Making the Solutions to the MAC and the
AAC Problem Computationally Tractable

As a final step in providing a complete solution to the MAC and the AAC
problem, we will now propose computationally efficient algorithms to compute
the control inputs generated by the MAC and AAC laws using online optimi-
sation. To do so, note that the co-norm-based (e)CLF's as in (6.21) allow us to
rewrite (6.9) as

flz,u h,a) = ||Pe?tz + thPeASBds ul| L — e " P . (6.27)

We can now observe that the constraint f(z,u,h,a) < 0, which appears in
(6.16) and (6.19), is equivalent to

|[[Petfa + foh'PeAsBds ul;| — e M| Pzl < 0, (6.28)

for all i € {1,...,m}, which is equivalent to f(x,u,h,a) < 0, where

1
—e M| Pz || (6.29)

1

f(il? u, h, @) := PeAly + PfohheAsdsBu
s Uy 10y _PeAhx_PfO EASdSBu
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and the inequality is assumed to be taken elementwise, which results in 2m
linear scalar constraints for w.

Equation (6.29) reveals that oo-norm-based (¢)CLFs convert the two con-
sidered problems into feasibility problems with linear constraints, allowing us
to propose an algorithmic solution to the MAC and the AAC problem. The
algorithms are based on solving the maximisation that appears in (6.17) and
(6.20) by incrementally increasing L and .J, respectively.

Algorithm 6.5.1 (Minimum Attention Control). Let the matriz P € R™*"=,
the scalars a,, 3 > 0 and the set H, satisfying the conditions of Theorem 6.4.3,
be given. At each ty, k € N, given state x(tx):

1. Setl:=0 and define UMAC := {u € R™ | [f‘u} — Bllx(tr)] oo [1 < O}

1

2. While UMAC £ 0, and | < L

o UM =UMACN {u e R™ | f(x(tr), u, i1, ) <O}
o [ =[+1

3. Ifl =L and UMAC £ 0, take Gy € UMAC, and tr 1 =t + hr
4. Or else, ifUlMAC =0, take Uy, € Z/Il]‘f‘fc, and tgy1 =t + hy—1.

Algorithm 6.5.2 (Anytime Attention Control). Let the matriz P € R™*"=,
the scalar 8 > 0, and the sets A and H, satisfying the conditions of Theorem
6.4.4, be given. At each t, k € N, given state x(tyx) and given hy € H, let

Le{1,...,L} be such that hy = hy, and:
1
2] — Bl H <of

1

1. Set j:=0 and define U$4C = {u € R"

2. While UC £, and j < J,
. Uﬁ:}c = UMM {u € R | f(o(ty),u, by, aj11) <OVI€{l,...,L}}
° ] = ] +1

8. If j = J and UPAC #£ 0, take 1y, € UFAC

4. Or else, if M]AAC =0, take 0y € UJ‘-“_AlC.

Remark 6.5.3. Since verifying that UMAC # (0, for some | € {1,...,L}, is
a feasibility test for linear constraints, the algorithm can be efficiently imple-
mented online using existing solvers for linear programs.
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6.6 Illustrative Examples

In this section, we illustrate the presented theory using a well-known example
in the NCS literature, see, e.g., [40, 62, 103, 133], consisting of a linearised
model of a batch reactor. For this example, we solve both the MAC and the
AAC problem. The linearised batch reactor is given by (6.1) with

1.380 —0.208 6.715 —5.676 0 0
—0.581 —4.290 0 0.675|5.679 0

[A‘B]_ 1.067 4.273 —6.654 5.893|1.136 —3.146 | (6.30)
0.048 4.273 1.343 —2.104|1.136 0

In order to solve the two control problems discussed in this chapter, we need
a suitable (¢)CLF. To obtain such a (e¢)CLF, we use the results from Section
6.4, and use an auxiliary control law (6.23), with

_10.0360 —0.5373 —0.3344 —0.0147

K= 1.6301 0.5716  0.8285 —0.2821

(6.31)

yielding that the eigenvalues A + BK are all real valued, distinct, and smaller
than or equal to —2. This allows us to find a Lyapunov function of the form
(6.21) using Lemma 6.4.1, with P being the inverse of the matrix consisting
of the eigenvectors of A + BK, @) being a diagonal matrix consisting of the
eigenvalues of A+ BK, & = 2 and ¢ ~ 23.9. This Lyapunov function will serve
as an eCLF in the two control problems.

6.6.1 The Minimum Attention Control Problem

Given this eCLF, we can solve the MAC problem using Algorithm 6.5.1. Before
doing so, we use the result of Theorem 6.4.3 to guarantee that the MAC law is
well defined and renders the closed-loop system GES with desired convergence
rate a = 0.98& = 1.96 and desired gain ¢ = 4¢ = 95.7. According to Theorem
6.4.3, this convergence rate o and this gain ¢ can be achieved by taking 5 =
1K ||oo =~ 3.1 and

H= {hfl, ey th} = {%7 %» %7 %7 %» %7 %» %a %7 %}7 (632)
because it holds that A1 < hmax(@) and that ¢(a, 8, Ap, i) < ¢. To implement
Algorithm 6.5.1 in MATLAB, we use the routine polytope of the MPT-toolbox
[82], to create the sets UMAC | to remove redundant constraints and to check if
the set UMAC, [ € {1,...,10}, is nonempty.

When we simulate the response of the plant with the resulting MAC law
for the initial condition 2(0) = [1 0 1 0]", we can observe that the closed-loop
system is indeed GES, see Figure 6.1a, and satisfies the required convergence
rate «, see Figure 6.1c. To show the effectiveness of the theory, we compare
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Figure 6.1: Minimum Attention Control.

our results with the self-triggered control strategy in the spirit of [92], however
tailored to work with oo-norm-based Lyapunov functions, resulting (by using
the notation used in this chapter) in a control law (6.2) with 4, = Kz (t), and
tk+1 = i + BE(p(¢,)), Where

L(x(t)) = max{L € {1,..., L} | f(x(ty), Kz(ty), hy,a) <OV 1€ {1,...,L}}.
(6.33)

To illustrate that also this control strategy renders the plant (6.1) GES, we
show the response of the plant to the initial condition (0) = [1 0 1 0]" in
Figure 6.1b, and the decay of the Lyapunov function in Figure 6.1c. Note that
the decay of the Lyapunov function for MAC is comparable to the decay of
the Lyapunov function for self-triggered control. However, when we compare
the resulting interexecution times as depicted in Figure 6.1d, we can observe
that the MAC yields much larger interexecution times. Hence, from a resource
utilisation point of view, the proposed MAC outperforms the self-triggered
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Figure 6.2: Anytime Attention Control.

control law.

6.6.2 The Anytime Attention Control Problem

Let us now illustrate the AAC problem, which can be solved using Algo-
rithm 6.5.2. In this case, Theorem 6.4.4 provides conditions under which the
AAC law is well defined and renders the closed-loop system GES with guaran-
teed convergence rate a = 0.5 and gain ¢ = 1.05¢ = 25. According to Theorem
6.4.4, this desired convergence rate o and this desired gain ¢ can be achieved by
taking 3 = 1.4||K||oc &~ 4.6, A = {@1,...,a12}, witha; = £ forj € {1,...,12},
and H = {h1,...,he} = {0.011,0.021,0.031,0.041,0.051,0.061}, because it
holds that fig < hmax(@1) and that é(@y, 8, A, hr) < c.

When we simulate the response of the plant with the AAC law to the
initial condition 2(0) = [1 0 1 0]", and we take h; € H, where hg, k € N,
is given by an independent and identically distributed sequence of discrete
random variables having a uniform probability distribution, we can observe
that the closed-loop system is indeed GES, see Figure 6.2a. We also depict
the corresponding realisation of hy for the interval ¢ € [0,4] in Figure 6.2b.
We conclude that AAC is able to yield high performance, even though the
execution times are time-varying and given by a scheduler.

6.7 Conclusion

In this chapter, we proposed a novel way to solve the minimum attention and
the anytime attention control problem. Instrumental for the solutions is a
novel extension to the notion of a control Lyapunov function. We solved the
two control problems by focussing on linear plants, by considering only a finite
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number of possible intervals between two subsequent executions of the control
task and by choosing the extended control Lyapunov function (eCLF) to be oo-
norm-based, which allowed the two control problems to be formulated as linear
programs. We provided a technique to obtain suitable eCLFs that render the
solution to the minimum attention control problem feasible with a guaranteed
upper bound on the attention (i.e., an lower bound on the inter-execution
times), while guaranteeing an a priori selected performance level, and that
renders solution to the anytime attention control problem feasible with a lower
bound on the performance (in terms of a lower bound on the convergence rates),
while guaranteeing a minimum level of performance. We illustrated the theory
using two numerical examples. In particular, the first example showed that
the proposed methodology outperforms a self-triggered control strategy that is
available in the literature.
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Conclusions, Recommendations and

Final Thoughts

7.1 Concluding Remarks
7.2 Recommendations for Future Research
7.3 Final Thoughts

7.1

Concluding Remarks

In this thesis, control strategies have been studied that are tailored for platforms
where only limited computation and/or communication resources are available
for control. These considered control strategies contribute to the fields of net-
worked control systems (NCSs) and event-triggered control systems (ETCSs).
The main contributions of this thesis are summarised below.

A modelling and analysis framework has been developed that allows the
study of stability of NCSs that simultaneously subject to time-varying
transmission intervals, time-varying delays, and communication
constraints. Packet dropouts can be accommodated for, as well, by mod-
elling them as a prolongations of the transmission intervals. The frame-
work focusses on linear plants and controllers and is based on discrete-
time switched linear parameter-varying models for NCSs. Two cases have
been considered for the modelling of time-varying transmission intervals
and delays; namely, the case where the transmission intervals and delays
are simply assumed to be upper and lower bounded (Chapter 2), and the
case where they are described by a sequence of continuous random vari-
ables (Chapter 3). The former case requires a less detailed description of
the network behaviour than the latter case, while the latter case results in
a less conservative stability analysis than the former, as has been shown
in Chapter 3. For both cases, techniques have been provided for assessing
the stability of the NCS using polytopic overapproximations and using
linear matrix inequalities (LMIs). The presented framework reduces con-
servatism significantly with respect to existing results in the literature, as
has been shown on the benchmark example of a chemical batch reactor in
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Chapter 2, in the sense that stability can now be guaranteed for consid-
erably larger ranges of transmission intervals and delays. Furthermore,
the presented framework allows to study discrete-time dynamical output-
based controllers, which could not be done before. Hence, the presented
framework is an important and practically relevant contribution to the
field of NCSs.

e Several contributions to the theory on event-triggered control (ETC) have
been made. The first contribution (Chapter 4) has been the proposal of
an ETC strategy that uses dynamical output-based controllers, instead
of static state-feedback controllers, as is commonly done in the literature
on ETC. Furthermore, decentralised event triggering has been considered
to be able to handle large-scale systems, in which sensors, actuators and
controllers can be physically distributed. A modelling framework has
been provided based on impulsive systems to study the closed-loop sta-
bility and the L. .-gain from disturbance inputs to performance outputs.
Furthermore, guarantees on the minimum time between two subsequent
events in each node, the so-called minimum inter-event time of a node,
have been provided. The second contribution (Chapter 5) has been the
proposition of the new class of periodic event-triggered control (PETC)
algorithms, which aims at combining the benefits that, on the one hand,
periodic control and, on the other hand, ETC offer. In PETC, the event-
triggering condition is monitored periodically and at each sampling in-
stant it is decided whether or not to transmit the sensor and/or actuator
data and to use computation resources for the control task. Methodolo-
gies have been provided to analyse the stability and the Ls-gain from
disturbance inputs to performance outputs of this class of PETC algo-
rithms. Finally, a preliminary contribution has been made in solving the
codesign problem for ETC (Chapter 6). In particular, a novel way to
solve the minimum attention and anytime attention control problem in
one unifying framework has been proposed. The two control problems
have been solved by formulating them as linear programs, which can be
solved efficiently in an online fashion. With these three contributions, a
significant step towards a comprehensive theory on ETC has been made.

These contributions are discussed in more detail below.

7.1.1 (Robust) Stability Analysis of NCSs

Chapter 2 discussed the stability analysis of NCSs that are subject to communi-
cation constraints, time-varying transmission intervals and time-varying delays,
and (although more implicitly) packet dropouts. The stability of the NCS has
been analysed for communication sequences that are determined by protocols
in the newly introduced classes of quadratic protocols or periodic protocols,
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having the well-known try-once-discard (TOD) and the round-robin (RR) as
special cases. The analysis has been based on a discrete-time switched linear
uncertain model of the NCS. A new and efficient convex overapproximation has
been proposed that allows to analyse stability using a finite number of linear
matrix inequalities (LMIs). On a benchmark example, the advantages and the
effectiveness of the developed theory have been illustrated. In particular, it has
been shown that stability can be guaranteed for a much larger maximum al-
lowable transmission interval and maximum allowable transmission delay, when
compared to the existing results in the literature. In addition, the results of
Chapter 2 can be applied for stability analysis of NCSs with discrete-time dy-
namic output-based controllers and nonzero lower bounds on the transmission
intervals and delays, which could not be analysed before even though they are
highly relevant for practical implementations of networked controllers.

7.1.2 Stability Analysis of Stochastic NCSs

Chapter 3 also discussed stability analysis of NCSs that are subject to com-
munication constraints, time-varying transmission intervals and time-varying
delays, and packet dropouts. Contrary to Chapter 2, the stability of the NCS
is analysed for the case where the transmission intervals and the transmission
delays are described by a sequence of continuous random variables and the oc-
currence of packet dropouts is described by a Markov chain. Besides quadratic
and periodic protocols, as studied in Chapter 2, also stochastic protocols are
considered. The analysis has been based on a discrete-time switched linear
stochastically parameter-varying model of the NCS. Conditions for stability
(in the mean-square sense) have been derived by extending the convex overap-
proximation techniques of Chapter 2, such that the probabilistic information
as present in the continuous probability distribution is preserved. This has
also led to LMI-based conditions for stability. On a benchmark example, it has
been shown that by incorporating probabilistic information on the transmis-
sion intervals and delays, stability can now be guaranteed for situations neither
covered by existing results in the literature, nor by the results in Chapter 2.

7.1.3 Output-Based Decentralised ETC

Chapter 4 studied the stability and the £,-performance of ETC for dynamical
output-based controllers having decentralised event triggering. The proposed
event-triggering mechanism (ETM) unifies earlier proposals for ETMs, which
have been mainly applied to state-feedback controllers. To analyse the resulting
closed-loop system, it has been modelled as an impulsive system. This allows
the stability and the L, -gains to be analysed using LMIs. Explicit expres-
sions for lower bounds on the inter-event times have been provided and it has
been formally proved that by using an impulsive systems approach, stability
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and performance can be guaranteed for ETC algorithms with larger inter-event
times than for existing results in literature, and, thus, using fewer communica-
tion resources. Using three numerical examples, the presented theory has been
illustrated. These examples have shown that larger inter-event times can be
obtained compared to existing results in the literature, that for unstable sys-
tems the outputs of the plants and controllers have to be transmitted less often
when the state approaches the origin, and that for stable systems the outputs
of the plant and controller only seem to be transmitted when disturbances are
acting on the system and during transients.

7.1.4 Periodic Event-Triggered Control

In Chapter 5, a novel ETC strategy has been proposed, which aims at combin-
ing the benefits that periodic sampled-data control and ETC offer. In particu-
lar, the ET'C strategy is based on the idea of having an event-triggering condi-
tion that is verified only periodically, and at each time it is decided whether or
not to transmit new measurements and control signals. This control strategy,
for which the term periodic event-triggered control (PETC) has been proposed,
preserves the benefits of reduced resource utilisation as transmissions and con-
troller computations are not performed periodically, while the event-triggering
conditions still have a periodic character. The fact that the event-triggering
condition only has to be verified at the periodic sampling times, instead of con-
tinuously, has the favourable property that this strategy can be implemented
using standard time-sliced embedded software architectures. In addition, this
strategy has the appealing feature of an inherent guaranteed minimum inter-
event time of (at least) one sampling interval of the event-triggering condi-
tion, which can be tuned as desired during the design process. To analyse the
stability and Lo-gain properties of the PETC system, three approaches have
been used: (i) a discrete-time piecewise linear (PWL) system approach, (ii) a
discrete-time perturbed linear system approach, and (iii) an impulsive system
approach. A comparison between all the three approaches has been provided,
showing that each of the three presented modelling approaches have their own
benefits and are therefore of independent interest. The theory has been illus-
trated using two numerical examples, showing that PETC is able to reduce the
utilisation of communication and computation resources significantly.

7.1.5 Minimum Attention & Anytime Attention Control

Chapter 6 discussed a novel way to solve the minimum attention and anytime
attention control problems. Instrumental for the solutions is a novel extension
to the notion of a control Lyapunov function. The two control problems have
been solved by focussing on linear plants, by considering only a finite number
of possible inter-event times (and in the case of anytime attention control also
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a finite number of performance levels), and by choosing the extended control
Lyapunov function (eCLF) to be co-norm-based, which allowed the two control
problems to be reformulated as linear programs. A technique has been provided
to obtain suitable eCLFs that renders the solution to the minimum attention
control problem feasible with a guaranteed upper bound on the attention (i.e.,
an lower bound on the inter-execution times), while guaranteeing an a priori
selected performance level, and renders solution to the anytime attention con-
trol problem feasible with a lower bound on the performance (in terms of a
lower bound on the convergence rates), while guaranteeing a minimum level of
performance. In the case of anytime attention control algorithm receives more
attention, higher levels of performance are automatically selected by the control
algorithm. The theory has been illustrated using numerical examples. In par-
ticular, the first example showed that the proposed methodology outperforms
an existing self-triggered control strategy.

7.2 Recommendations for Future Research

In the introduction, it has been acknowledged that both fields of NCSs and
ETCSs have major open problems and that the system theory on NCSs and
ETCSs is far from being comprehensive. Although several contributions to
the system theory on NCSs and ETCS have been made in this thesis, several
important questions remain that need to be addressed in future research. This
section comments on some of these open problems for NCSs and ETCSs.

7.2.1 Networked Control Systems

Even though the NCS model presented in Chapter 2 and Chapter 3 is already
general in the sense that it is one of the first that allows stability of NCSs to
be studied in the joint presence of time-varying transmission intervals, time-
varying transmission delays and communication constraints, while the occur-
rence of packet-dropouts can be including by modelling them (implicitly) as
prolongations of the transmission intervals, the modelling framework is still
not complete. In fact, it would be of interest to extend the framework in the
following directions.

Including the effects of quantisation: Since the presented framework
considers the four network-induced phenomena, the first natural extension of
the framework could be the inclusion of the remaining network-induced phe-
nomenon, namely, quantisation. Since quantisation effectively results in a dis-
crepancy between the actual output of the plant or controller and the trans-
mitted output, it can be modelled as a disturbance. Hence, the modelling
framework presented in this thesis can be extended by modelling quantisation
as a disturbance having certain properties and by exploiting ideas from, e.g.,
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input-to-state stability analysis or £,-gain analysis, p € N, [79] to the analyse
of the resulting model. Initial ideas in this direction are reported in [89).

Allowing the delays to be larger than the transmission interval: The
framework presented in this thesis assumes that the delays are smaller than the
transmission intervals, implying that the previous packet arrived before the
new one is transmitted. In this way, packets do not arrive out of order. Since
this cannot always be guaranteed in practice, it is of interest to extend the
modelling framework to accommodate for the case that delays are larger than
the transmission interval. This situation is sometimes referred to as the ‘large
delay’-case. Even though some results on large delays exist, e.g., see [29, 31],
they have never been studied in combination with communication constraints
and network protocols. Furthermore, the existing results on large delays use
state-feedback controllers, whereas the framework presented in this thesis uses
general dynamical output-based controllers. The fact that dynamical output-
based controllers are used and communication constraints are present compli-
cates the analysis significantly. For instance, it is not straightforward how the
states of the controller should be updated in case a packet arrives before an
earlier transmitted packet, i.e., when one packet ‘overtakes’ the other. Never-
theless, since in practical NCSs large delays might occur, the extension of the
current framework to include large delays constitutes an interesting topic for
future research.

Analysing closed-loop performance: The framework presented in the
first part of the thesis focusses on stability analysis of NCSs. Even though
stability is one of the most important and basic properties a control system
should have, a control system also has to satisfy certain closed-loop perfor-
mance requirements. Since it is well known that the insertion of a communi-
cation network deteriorates the closed-loop performance of the control system,
it would be beneficial to have performance analysis tools for NCSs as well.
Hence, it is of interest to generalise the analysis framework presented in the
first part of this thesis towards the analysis of the £,-gain, for some p € N,
from disturbance inputs to performance outputs of the NCS. To achieve this,
efficient methods to include intersample behaviour in the discrete-time frame-
work presented in this thesis are needed in order to arrive at nonconservative
tools for closed-loop performance analysis.

Allowing for more detailed network models: In this thesis, the delays
and transmission intervals are either assumed to be upper and lower bounded,
or assumed to be given by an independent and identically distributed (iid) se-
quence of random variables. Even though the latter is already a more detailed
description of the network behaviour than the former, it is still a simplified
description of reality. For instance, the communication channels can exhibit a



7.2. Recommendations for Future Research 145

time-varying reliability, which means that the sequence of random variables de-
scribing the transmission intervals and the transmission delays can no longer be
assumed to be iid. In particular, there might exist a correlation between trans-
mission delays at two successive transmission intervals. Hence, it is of interest
to extend the modelling and analysis framework to include the consequences
of this time-varying reliability.

Furthermore, it has been assumed in this thesis that the bounds on, or the
probability distribution of, the transmission intervals, the transmission inter-
vals delays and packet dropouts are given, while in fact they are a consequence
of, e.g., the underlying communication technology, the network topology, and
the fact that other (i.e., not control-related) tasks make use of the network.
Even though these bounds, or this joint probability distribution, only pro-
vide an abstract description of the network, it has been shown that they are
extremely valuable for the analysis of the closed-loop system for different net-
work protocols. However, in some occasions, these network models might be
too abstract and more detailed models of the underlying network are needed.
This is an other important topic of research as it might allow the consequences
of choosing a certain network topology and communication technology to be
analysed more directly.

Controller and protocol codesign: The work presented in this thesis al-
lows stability to be studied given a controller and a scheduling protocol, while
the controller /protocol codesign problem is not studied. The controller synthe-
sis problem for NCSs without communication constraints and for state-feedback
control laws is solved in [29], and the (decentralised) controller synthesis prob-
lem for NCSs with a given periodic protocol for dynamical output-based con-
trollers is studied in [13, 14]. The cited papers assume that the transmission
interval and delays can be upper and lower bounded and either do not consider
communication constraints at all or assume a particular, and given, scheduling
protocol. Furthermore, the controller and (quadratic) protocol synthesis prob-
lem for NCSs without time-varying transmission intervals and delays is studied
in [34]. Hence, the important problem of controller /protocol codesign for gen-
eral classes of protocols is not solved yet and, therefore, forms an important
topic for future research.

7.2.2 Event-Triggered Control Systems

Although various relevant contributions to the field of ETCSs are made in this
thesis, a comprehensive system theory for ETC is currently not yet available.
Therefore, several recommendations for future research are given below that
will contribute to a comprehensive system theory for ETC that will support
the deployment of ETC in a large variety of control applications.
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Reducing conservatism in the analysis: The illustrative examples in
Chapter 4 have shown that the upper bound on the magnitude of the ulti-
mate bounds and the £.,-gain, based on the theory, were larger than what was
expected from the simulations, and the lower bounds on the inter-event times,
again based on the theory, were smaller than the inter-event times observed
in the simulations. Furthermore, the theoretical upper bounds on the Ls-gain
in the illustrative examples in Chapter 6 were larger than what could be con-
cluded from the simulations. Therefore, future work on (P)ETC should focus
on improving the upper bound on the magnitude of the ultimate bound, the up-
per bound on the L,,-gain or Ls-gain, and the lower bound on the inter-event
times to become closer to the true value of the ultimate bound, the £, -gain,
the Lo-gain and the minimum inter-event times, respectively.

Including network-induced artifacts: The fact that ETC aims at saving
communication resources, makes it a very useful control strategy to be imple-
mented over a multipurpose communication network. Hence, ETC provides
an alternative to the conventional sampled-data controller used in the NCS
literature. However, in the case that ETC is used in the context of NCSs,
the control system again becomes subject to time-varying transmission delays,
packet dropouts and perhaps even communication constraints, and the robust-
ness of the ETC algorithm against these phenomena has to be quantified. In the
case of PETC, the control system might also become subject to time-varying
transmission intervals, as the local clocks might not be synchronised exactly,
and the the robustness of the PETC algorithm against time-varying transmis-
sion intervals has to be quantified as well. Therefore, future work could focus
on extending the framework presented in Chapter 4 and Chapter 5 to include
the case where the ETC system is subject to the network-induced phenomena
studied in the first part of this thesis. In fact, the theory developed in the first
part of the thesis can provide a good starting point to achieve this. Once this
task is accomplished successfully, ETC might be the natural control strategy
for many NCS applications.

Solving the controller and ETM codesign problem: Even though Chap-
ter 6 presented an approach to solve the minimum attention and the anytime
attention control problems, and the former can be seen as a solution to the
controller and ETM codesign problem, the general codesign problem is largely
unexplored. Namely, the minimum attention control problem solved in Chap-
ter 6 focusses on state-feedback controllers and yields a self-triggered control
algorithm, thereby providing only a solution to very particular codesign prob-
lem in ETC. Furthermore, the solution of the control problem has the form
of an online optimisation problem. Even though these linear programs can be
solved efficiently using existing solvers, the computations are numerically more
demanding than, for instance, a conventional state-feedback control algorithm,
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which might not be desirable from an implementation point of view. If instead
the optimisation problem can be solved explicitly, e.g., using multiparamet-
ric linear programming as has been done in explicit model predictive control
(MPC) in [15], this computational burden might be alleviated. Therefore,
future research on minimum attention control and anytime attention control
could focus on obtaining explicit solutions to the optimisation problem and
on formulating the problem for the case in which not all the states can be
measured directly.

7.3 Final Thoughts

The contributions of this thesis can form a basis for future research explo-
rations, possibly along the lines of the recommendations given above. These
contributions and future explorations can lead to a mature system theory for
both NCSs and ETCSs, thereby supporting their deployment in a large variety
of practical control applications, such as chemical plants, water distribution
networks, distributed power generation systems, unmanned aerial vehicles, ve-
hicle platoons on motorways, tele-operated haptic systems, and so on. In par-
ticular, ETC can have an enormous potential to revolutionise the control field
as it advocates the abandonment of the conventional periodic time-triggered
feedback control paradigm. The benefits of ETC being that it naturally results
in less communication and, thereby, in less delay and fewer packet dropouts
makes this control strategy very well suited for NCSs. If the ideas put forward
in Part II of this thesis are combined with the results on NCSs in Part I of
this thesis leading to ETCSs that are able to deal with the network-induced
imperfections, ETC can become an important component in the design of the
NCSs of the future.
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A.1 Chapter 2

Proof of Lemma 2.2.4. In Theorem 4 of [104], it was shown that a sampled-
data system is UGES if and only if its corresponding discretised model is UGES
and the intersample behaviour is so-called linearly uniformly globally bounded
over T (LUGBT), where T is the sampling interval. This means, roughly
speaking, that the intersample behaviour can be bounded by a linear function
of the state of the system at the transmission instants. To show that the
sampled-data model is indeed LUGBT, let us introduce an additional variable
ti=t—ty, for all t € (tg,tr+1]. Solving the differential equation (2.1) on the
interval ¢ € (0, 74] yields

~ t ~
2Pty +1) = e P (1)) + / eA" =) ds BPa(ty,) (A1)
0

and on the interval £ € (4, hy]

. Th o o
2Pty +1) = eA”txp(tk) Jr/ 6AP(t78)dSB;D,&(tk) Jr/ AT (t=5) 15 BP l}mﬂ(t)
0 T, Tk

(A.2)

k

Or equivalently, when expressed in states at the sample instants, for ¢ € (0, 74],

. i
aP(ty, + 1) = el + /o A" dsBP(DCCPal + C°af + D% +ef)  (A.3)



150 Proofs of Theorems and Lemmas

and for € (71, hi],

i 7
aP(ty, + 1) = el + / eA"*dsBP(DCCPa? + C°xf + el + DY)
0

t—7p
- /0 eAdesBpI‘gk er. (A4)

Using (A.3) and (A.4), we can bound the intersample behaviour on the interval
t € (0, hg] by

- {77’1‘,
n AP AP
o+ DI < el + | [ er*sasprr, e

t
+H/ A" dsBP
0

(ICelll=sll + ID°C =l + 1 D°[llek ]l + llex]l)- (A.5)

Similar inequalities can be derived that bound the intersample behaviour for
the state evolution x¢(t) of (2.2a) and for the network-induced error given by
(2.7). Therefore, by using the bounds on hj and 7, the continuous-time NCS
(2.1), (2.2a) or (2.2b), (2.3), and (2.7) is LUGBT. Consequently, Theorem 4
of [104] guarantees that the continuous-time NCS is UGES if and only if the
discrete-time model (2.12). O

Proof of Theorem 2.3.2. The proof is based on showing that Procedure 2.3.1
yields that system (2.25) is an overapproximation of (2.12) in the sense that
(2.27) holds, and that this overapproximation is tight in the sense that (2.30)
holds for a € > 0, satisfying ¢ < ¢, for some ¢,.

In order for (2.27) to hold, considering a fixed o € {1,..., N}, we should
have that for all (h,7) € O, there exist an a € A and a A € A, such that
(2.29) holds, i.e.,

L
Apnr=Y a'Ay; + BAC,. (A.6)
1=1
Therefore, given L distinct pairs (?Ll,ﬁ) €0,le{l,...,L}, and A, as in

(2.32), we can write the approximation error between A, . of (2.12) and
SF alA,; of (2.28) as

) L T T -1 0
Appr =Y oAy =|T" —(CT)"| Aup, |T7'BDC T7'BD |
=1 TT —(CT)" 0 —~T~1BT,
:JB ::éa

(A7)
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where

Aq s = diag (T—1 (4n - i ol 43, )T, T7 (En - i o'E;, )T
=1
(Eh T Za E;, TL)T), (A.8)

in which Ay, En, E,_, are defined as in Section 2.2.1.A, 2.2.1.B or 2.2.1.C.
Using the real Jordan form of (2.33), we can observe that

L L
Tt (Ah — Z alA;”)T =M Z aleth (A.9a)
=1 =1
L L h
7! (Eh -3 o/E;“>T =y alf eMods, (A.9D)
hy

L —r
71! (Eh,T — Z alE;Ll_ﬁ>T = Z o /h e ds (A.9¢c)
— h

hold for all « € A if Ay, Ep, and Ej_, are defined as in Section 2.2.1.A and
2.2.1.C. Since E}, and Ej,_ -, when defined as in Section 2.2.1.B, contain identity
matrices in the lower-right part, the left-hand side of (A.9b) and (A.9¢c) contain
zero blocks. Therefore, in case of Ej, and Ej,_, being defined as in Section 2.2.1,
equality in (A.9b) and (A.9c) do not automatically hold and we have to impose
additional requirements on o € A to ensure that the appropriate Jordan blocks
of the right-hand side of (A.9b) and (A.9c¢) also equal zero. These additional
requirements are that

L
Zalﬁl =h, and Zal(ﬁl —T)=h-—r, (A.10)

since substituting (A.10) into (A.9) indeed results in zero-blocks at the appro-
priate places in the left-hand side of (A.9). Now, combining (A.8) and (A.9)
yields

~ h h—T
Agpr= Za diag(e eAhH/FL eAsds,/E eMds), (A.11)

l =71

provided that (A.10) holds.

As an intermediate step in the proof, we aim at finding a set A of matrices,
such that for all (h,7) € © there is an o € A such that Aa hor € A. Slnce
0 = UM_.S,,, we wil perform the construction of A per triangle S,,, m €
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{1...,M}, and combine them later. Hence, for each m € {1,..., M}, we
now aim at constructing A™ such that for all (h,7) € Sp, m € {1,..., M},
there is an a € A such that A, ;. € A™. In particular, for (h,7) € S,
m € {1,...,M}, with S,, as in (2.31), take a'i' = a7, j = {1,2,3}, and
al =0, ¢ {Iy, 15,15}, where Yo7, 67 (R, 7) = (h,7), Y;_; &7 = 1, and
&l >0, 75 € {1,2,3}. Let us now bound the norm of (A.11) for triangle S,,,
m € {1,..., M}, and per Jordan block A;, i € {1,..., K} using this particular

choice @ for a. Hence, for all (h,7) € S, Ag.phr € A™ with

A {ding(Af . AR AP AP AP LA

A A TA AE TE
1A < pgla Oim,ar 1A < pelax O &
&izo &j >0
X Ey_ TE, .
AP < max G5z e (Lo K L (A2)
j=1%"=b

aJ >0

form € {1,..., M} in which Sfm’&, Sﬁ’;ld, and &Eﬁfé are given by (2.36). This

upper bound on the approximation errors allows us to write
{Ao,h,‘r | (th) € Sm} -
3 o 3 ) )
{Z &’ Agym + BA™C, ‘ Y al=1,6">0,j€{1,2,3},A"¢ Am}. (A.13)
j=1 j=1

To obtain A independent of m, as in (2.44), let us now introduce the scaling
matrix

U :=diag(6{fh, ..., 60, 650 I, 650 Ik 67" "I, ... 600" I)  (A.14)

in which I; is an identity matrix of size n;, complying with the size of the A,
and observe that A™ C UA, with A as in (2.44). Now due to (2.35) and
(2.38), B= B - U, and this allows us to rewrite (A.13) as

{Aohr | (hyT) €S}

3 3
Q{Z&ma,l;n +BAC,| Y a=1,a >0,j€{1,2,3},A € A}
j=1 j=1
L
c {Z oA, + BAC,| a € A A€ A} , (A.15)
=1

with A as in (2.26) and A as in (2.44), which is . By taking the convex hull over
allm € {1,..., M} in the left-hand-side and observing that the right-hand-side
is independent of m, we obtain (2.27).
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To show that (2.30) holds for £ as in (2.39), we consider a fixed o €
{1,..., N} and show that for all & € Aand A € A, there exist a pair (h,7) € ©
and a A, satisfying ||A|| < e, such that

L
> !y + BAC, € cof Agpr | (h,7) € O} +{A[[|A] <} (A.16)
=1

Since by definition it holds that
L L
Zal/_lml = Zo‘l‘zlaﬁz,ﬁ € co{Ayp.r|(h,T) € O}, (A.17)

this inclusion is satisfied if HBAC’ H e, which holds for € < ¢, as in (2.39),
due to the fact that Procedure 2.3.1 terminates not until € < g,. O

Proof of Theorem 2.4.1. The proof is based on showing that V as in (2.46) is
a Lyapunov function for the switched uncertain system (2.25) with switching
law (2.18). Note that V(Zy) = &} P&k, with i = o, due to (2.18). Now, we
obtain using (2.46) and (2.25) that

N
V(ZTra1 = minZz,. E Vi P;Tgiq
( +) veN k+1, - Jt vkt
i=

T
l
1=

Z v; P ( Z oz?jAak 1, + BAkCak)

lo=1

( Z al'4; ) + BALC ) Zwﬂ ( i al A, + BAkC‘i)m,
e - (A.18)

where {mj;} € M, with M as in (2.48). To obtain UGES, it is sufficient to
require that the Lyapunov function is strictly decreasing in the sense that (due
o (A.18))

L N L
( Z 04561141‘,11 + BACZ)T Zﬂ'jipj< Z 0422/_1“2 + BACZ> — P; <0. (A19)
li=1 j=1 lo=1

forall « € A, A € A, and ¢ € {1,...,N}. By taking a Schur complement,
realising that Zjvzl m;;P; > 0, and using that oy, € A, we obtain that (A.19)
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is equivalent to

Pi (/L‘J + BAC,)T Zj\,:l Wjipj

L
l
N 1,4 BAC N =0, (A.20)
1:21 > iy miPj(Aig + BACS) ijl i P

Jj=1

Gia

foralao € A, A€ Ajand i € {1,...,N}. A necessary and sufficient condition
for positive definiteness of (A.20), for all ay, € A, is that G;; > 0 for all
i€{l,...,N}andl € {1,...,L}. Now observe that for all A € A, it holds that

G (Riy—ATR;jA)C; = 0, forall Ry € R, i €{1,...,N}and L € {1,...,L}.
Hence, G;,; > 0 if
- S = N
N PZ; o (Ai7l+BAgi)T Zj:lﬁjin
S o1 i P (A + BAC) > =175 b
AT(p. . AT PR. o
o Ci (Rz,l A Rz,lA)Cz 0 , (A.21)
0 0
or equivalently if
I o] [P 0 Al %1 miP; Cf Rig I 0
= o pBT P o
AC; 0| |x Ry BT mP; 0 AC 01 o (A22)
0 I x % N P 0 0 I
3 Z]:l Tjity A
-C; 0 * % * Ri; -G 0

which is implied by the satisfaction of (2.50) for all ¢ € {1,...,N} and [ €
- T
{1,..., L}, because the matrix [(I) (A%")T 9 *gj
Since (2.50) holds by the hypothesis of the theorem, we can conclude that
V' is strictly decreasing in spite of the presence of the uncertainty. Standard
Lyapunov-based stability arguments now prove that (2.25) with (2.18) is UGES.
Using that (2.25) is an overapproximation of (2.12) as proven in Theorem 2.3.2
and subsequently, using the result of Lemma 2.2.4, it follows that the NCS
system given by (2.1), (2.2a) or (2.2b), (2.3), and (2.7) is UGES. O

has full column rank.

Proof of Theorem 2.5.1: Since (2.55) holds for all pairs (h,7) € © and, there-
fore, for all (h;,7;) € ©,1 € {1,..., L}, we have that

Al ;\;1 7iPjAi — Pi+~I 0

<0, (A.23)
0 0

forallie {1,...,N}andl € {1,..., L}. Note that (A.23) holds irrespective of
the choice of (h;,7;) € ©,1 € {1,...,L}. Now suppose that we would establish
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that there exist matrices R;; € R, ¢ € {1,...,N}and ! € {1,..., L}, such that
N — — — —
Cl R Ci — 41 Al,pP;B

: 17Tji [ BTPAy  BTPB- Ry " (424
= ;
for all 4 € {1,...,N} and [ € {1,...,L}. Then, combining this expression
with (A.23) yields, after taking a Schur complement, the conditions of Theo-
rem 2.4.1. Hence, if the fact that (2.30) holds for a sufficiently small ¢, implies
that (A.24) holds for some R;; € R, we completed the proof.

Therefore, it remains to show that there exists an ey, such that for any
0 < e < e, (A.24) is satisfied for some R;; € R. Note that (A.24) holds if

C/ Ri,Ci + Al,P;B(Riy — BTP;B) ' BT PjA;; <1, (A.25)

and B'P;B < R;;, for some R;; € R, and for all 4,5 € {1,...,N} and
le{l,...,L}. By choosing R;; =rI, forallie{1,...,N}andl € {1,...,L}
with r > 0, we can observe that (A.25) is implied by
P; A |I?11B1? ~
e <7 -G, (A.26)
where A\pin gBTPi B) dellotes the minimum eigenvalue of BTPjB . Since it holds
that Amin (BT P;B) < ||B||?||P; ||, (A.26) is implied by

1P Aid*1BIP < (v = rlICill*) (r = | BIPIIP; ), (A.27)

Furthermore, B' P;B < R;, is implied by || B||?||P;| < r, for some r > 0 and
alli,7 € {1,...,N}and [ € {1,...,L}. Now choosing r = 2HC:'Y7'H2’ multiplying
the left-hand and the right-hand side of (A.27) by [|Cy]|?, and realising that
IBIIIIC;|| < € yields that (A.27), and thereby (A.25), is satisfied if

1P Al < 17° = 39 IIPi (A.28)

and that BT P;B < R, is satisfied if £2[|P;| < 37, which can be satisfied by
choosing ¢ sufficiently small.

Therefore, if (2.46) is a Lyapunov function for system (2.12), with proto-
col (2.20), then there exists an 9 > 0, such that for any overapproximation
satisfying (2.30) with 0 < £ < €¢, the conditions of Theorem 2.4.1 hold, which
completes the proof. O

A.2 Chapter 3

Proof of Lemma 3.2.4. As a first step in the proof, let us define the renewal
process
s(t) = sup{k e N| Y5 hy < t, (A.29)
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which allows us to write

E(12()1*) = Xren E(IZO)II7 [s(t) = k)Pr(s(t) = k), (A.30)
where E([|Z(t)]|? |s(t) = k) denotes the conditional expectation of ||Z(t)||?
that s(t) = k. Furthermore, we have that

E(lzt)|? |s(t) = k) < E(y(hi)2(t)]|* [s(t) = k)
=E(v(h)l12(t)[1%) < e E (|2 (1)) (A.31)

due to the fact that (3.26) holds, the fact that hy and t5 are independent of s(¢),
the fact that y(hy) and ||Z(t)||* are mutually independent, and E(vy(hi)) < ¢y,
for some ¢, > 0. Now using (A.31), (A.30) becomes

E(1Z(0)11*) < Xpen - E(IZ(t0)[1?)Pr(s(t) = k)
= e GE(IZ()[1?)Pr(s(t) = k)
+ Yper E(IZ(t)17)Pr(s(t) = k), (A.32)
in which £ = {k e N|k > t(ﬁ — e)}, for some e, satisfying ﬁ >e> 0.

The first term of the right-hand side of the last line of (A.32) can be bounded
as follows:

ke E(IZ(E)1%) Pr(s(t) = k)

given

remk Cveallz(0)[*Pr(s(t) = k)
Seal#O)|*Pr(s(t) < gy — o))
< cyeal|2(0)|Pese™, (A.33)

NN
o

for some c5 > 0, because of (3.25) and the exponential rate of convergence in
the law of large numbers under the existence of exponential moments, see [28]
or [116, §4.5]. Furthermore, the second term in the right-hand side of (A.32)
can be bounded as follows:

S ke Bl P)PE(S() = K) < Ty crcall20)%eH4<Pe(s(t) = b
< Dker cycall (0 )||2e—PBak
<

cvcd||i‘(0)H21_61,Bde_5dt(ﬁ_€)7 (A.34)

since (3.25) holds, Pr(s(t) = k) < 1 for all t € Ry and k € N, and the fact
that the summation of the exponential function forms a geometric series. Now
substituting (A.33) and (A.34) into (A.32) yields

_ 1.
E(2(1)]2) < ereall(0)]2 (exe™ + pmige™ (et —)

—5415(%—6)}

< 26y04]|7(0)||? max{ey, L } max{e ™

< 2eyca F(0)]|? max{es, Lo fe~ MmO =M (A 35)
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since l_e%ﬁd > 1, for all 84 > 0. Now observe that (A.35) has the form of
(3.24), with ¢, = 2¢,¢4]|Z(0)||* max{c;, H%Bd} and (. = min{j\,ﬁd(ﬁ— €)},
O

for some € > 0 and c5 > 0. This completes the proof.

Proof of Theorem 3.2.6. The proof is based on showing that the conditions of
Lemma 3.2.4 are satisfied. Because of Assumption 3.2.5, it holds that E(e*) <
¢y, for some ¢, > 0. Therefore, it remains to show that there exists a function
v : Ry — Ry satisfying (3.26) and E(y(h)) < ¢, for some ¢, > 0. To do so, let
us introduce an auxiliary variable  := t — ty, for all t € (tg,x11]. Now solving
the differential equation resulting from combining (3.1), (3.2a) or (3.2b), (3.3),
and (3.8), on the interval ¢ € (0, 73] yields

_ N Ag + EEBDC EEBD _
Btk 1) = {C(I —A; — E;BDC) - C’E{BD} z(t) (A.36)

where Az, B, C, D, and E;, t € R, , are defined according to (3.13), (3.14) or
(3.17), depending on the chosen setup for the NCS. Equation (A.36) can be
rewritten as

f(tk + t) = (/igk’o_’o —+ Bdlag(Ag — 1407 E{ — Eo, 0)égk>f(tk), (A37)

in which A, j, ; is defined in (3.12) and B and C, as in (3.45). Similarly, solving
(3.1), (3.2a) or (3.2b), (3.3), and (3.8) on the interval € (73, hy] yields

7tk +1) = (Ao + Bhg,, Co, )7(t), (A.38)
in which
A, = diag(A; — Ao, E; — Eo, E;_, — Eq). (A.39)

Using (A.37) and (A.38), we can bound the intersample behaviour on the in-
terval £ € (0, hy] by

_ . 5 S A 5 2=
lz(ts +DI* <, max - ([|Aso0ll + [BIIIAGNICo )" 1)

t€(0,hy], 7 €(0,hy],

oe{l,...,N}
< y(h)lz ()2 (A.40)
in which
bt S 2
hy) = A, B .
1) = _max (1 Ao0oll + IBIIC)
max max {1’ ||‘4t~ - AOHQ’ HEf - E0H2a HEff‘rk - E0||2}

tc(0,hy], 7 €(0,hg]
(A.41)



158 Proofs of Theorems and Lemmas

To prove that E(y(h)) < ¢, for some ¢, > 0, we use that

1 T, *\F 1 _ _
147 — Ag||? < (2 mmx(WHDT L 1)2 ¢ (eadmaxBTHDA )2 (A 42q)
IB; — Bol|? < [fy edmex @ 40sds < fI edmax(BT D)5 (A.42b)

||Ef—7 _ EO||2 < fof—T eA"’aX(ATJrA)SdS < foh eA"‘ax(AT+A)SdS, (A42C)

1 — —
due to Wazewski’s inequality, i.e., [le**]| < 2 max(A+A)s Therefore, due to
Assumption 3.2.5, it holds that E(v(h)) < ¢, for some ¢, > 0, and consequently
the conditions of Lemma 3.2.4 hold. This completes the proof. O

Proof of Lemma 3.4.1. The proof is based on showing that for system (3.12),
the inequalities (3.42a) and (3.42b) imply (3.25). First observe that because of
(3.42a) and (3.42b), it holds that

DLE([| Aoy, ZI*) SEV (Agy 2, b+ D] < (b2 — bs)l|z]% (A.43)

and because the left-hand side of the expression is nonnegative, we have that
by > bs. Now using that by > bs and (3.42a), we can rewrite (3.42b) as

EV(Agn -2 k+1)] < (1 - 8)V(Z,k), (A.44)

which implies that
E[V (Zx, k)] < (1= )"V (20,0), (A.45)
for all k£ € N. Finally, using the bounds (3.42a), we obtain (3.25) with ¢4 =
% >0 and §; > In(5%2) > 0. O

Proof of Lemma 3.4.2. First, observe that for each ¢ € {1,..., N}, the left-
hand side of (3.43) satisfies

E(Azh771514~1i,;L7719(h,7)) = Amax(P)E([| i n,r 1P Lo (h, 7). (A.46)
We can now upper bound the right-hand side of (A.46) using
2 X 2
G < vi(max{|An o]l 1)% (A7)

14inr 17 < (I 4s00ll + I B A,

where A;, » is given in (3.12), B and C in (3.45) and A, , in (A.39). Using
the bounds derived in (A.42), we have that

max{||An,- [ 1} = max{[|[An = Ao[|*, || En — Eoll?, [|En-r — Eol*,1} < p(h).
(A.48)

Now substituting (A.47), with (A.48) into (A.46), we obtain (3.43), which
completes the proof. O
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Proof of Theorem 3.4.3. The proof is based on showing that (3.47) is a Lya-
punov function for system (3.12) with switching law (3.18), see Lemma 3.4.1.
Note that V(Zy) = &} P;#, with i = oy, due to (3.18). Now using (3.47) and
(3.12), we have that
N
E[V<Ai,hk,rkj>] = E[mln .i‘TAT VijAi,hk,Tki']

veN ‘ 0,0, Th
j=1

N
< E[ETAIhka Z’ITJZPJAZ»hkuTkE]?
j=1
M N
<D EETAL, o Y P n® 1, (e, )]

m=1 j=1

N
+EET AL, o Y P A 2 lo(hi, )], (A49)

j=1
for all i € {1,..., N} and Z € R™. Since we have the following inequality

N
Bz Al 2 > miPiAiny 2@ 1s,, (he, 75)]
j=1
M N
< Z Dm (hkr‘lrlg)és 'fTAzThk,'rk Z ﬂjinAi,thki‘ (A50)

m=1 Jj=1

forall i € {1,...,N}, m € {1,...,M}, and Z € R, UGMSES can now be
shown using Lemma 3.4.1. Because of (3.47), condition (3.42a) is satisfied
and, using (A.49), condition (3.42b) is implied by

M N N
Z pmAz—'l,—Bm,,‘T'm Z FjinAi,I_zm,fm—"_ E(A;I’—h’,r Z ﬂjinAi’hJ-lQ(h7 T)) - P, <0,
m=1 j=1 j=1

(A.51)

for all (A, Tm) € S, m € {1,..., M}, and all i € {1,..., N}. This condition
is satisfied if there exist matrices U; m, ¢ € {1,...,N}, m € {1,..., M}, such
that

N
Al > miP A s = Uim <0 (A.52)
=1

forallie {1,...,N} and all (hy,,7Tm) € S, m € {1,..., M}, and

N M
E(A], . Z 7iP;Ainr1o(h, 7)) — P + Z Uim=0, (A.53)

j=1 m=1
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for all i € {1,..., N}. Hence, if we can now show that (3.51) and (3.52) imply
(A.52) and (A.53), the proof is complete.

Equation (A.52) still yields an infinite number of LMIs (due to the fact that
(R, Tm) can take an infinite number of values in S,,). This can be resolved by
employing the hypothesis of the theorem, implying that (3.32) holds. Indeed,
(A.52) is satisfied, if

L N L
ﬁm(z Oéllfiiym’ll + BmAC'l)T Z Wjin(Z Cklzzzliym’b + BmACZ) — Ui,m <0,
=1 j=1 la=1

(A.54)

forall o € A, A € A i e {l,...,.N}, and m € {1,...,M}. By taking a
Schur complement, realising that Z;v:l m;:P; > 0, and using that oy, € A,
we obtain that (A.54) is equivalent to stating that Zlel G 1 = 0, where
= = =T
Uim  DPm (Aimy + BIAC;) Zjvzl ;i Pj
N )
* > =1 ik
forala e A, Ae A, ie{l,...,.N}, me {l,...,M},and I € {1,...,L}.
A necessary and sufficient condition for positive definiteness of ZzL:1 alGi,myl,
for all @ € A, is that G, > 0 for all ¢ € {1,...,N}, m € {1,..., M} and
1 e{l,...,L}. Using again a Schur complement, we can rewrite the condition
Gim, = 0 as follows:

Gima = (A.55)

N
Usin — B (Aisma + BnAC) TS 5P (Aimg + BuACi) = 0. (A.56)
j=1

Now observe that for all A € A, it holds that C;' (R; ,n1 — AT Ri 1 A)C; = 0,
forall Ry ;s € R,i€{l,...,N},me{l,...,M} and ] € {1,...,L}. Hence,
(A.56) is satisfied if

N
Ui,m — Pm (Aim, + BmA@)T Z 75 Pj (Aimy + B AC;) >
j=1

Cl (Riyma — AT Ry A)Cy,  (A5T)

or equivalently that [I (AC;)TGima[I (AC)T]T = 0, for all A € A, i €
{1,...,N},me{l,..., M} and l € {1,..., L}, in which

Gi,m,l =
Ui — pm AL SN 7P A CIRimiCi pmA], SN 7 P;B
iym = PmA; g Zj:l Tjid5Aim,l — Uy Llim1Ci PmAy g1 2 5=1 Tjid i Pm
LN _
* Rima — B 32— mjiPj B

(A.58)
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which is implied by the requirement that G;,,; = 0, for all i € {1,..., N},
m € {1,...,M} and all | € {1,...,L}, which is equivalent to (3.51) after a
Schur complement.

It remains to show that (3.52) implies (A.53). To do so, we use the re-
sult of Lemma 3.4.2 with P = Ejvzl 7;i P, thus Apax(P) < i, and Q :=
O\(UM_,S,,). Therefore, using inequality (3.43), we have that (A.53) is satis-
fied if (3.52) satisfied. O

Proof of Theorem 3.5.1. The fact that (3.57) holds implies that there exist
matrices U; m, 1 € {1,...,N}, m € {1,..., M}, such that

N
Uim = AmI = B(A], . miPiAip s, (h,7)) = 0, (A.59)

j=1

forallie {1,...,N} and m € {1,..., M}, and

M N
P — Z Ui;rn - ’S/QI - E(A;,rhﬁ Zﬂ-ﬁPjA@h;T]‘Q(th)) =0, (A60)

m=1 7j=1

for all ¢ € {1,...,N}, with ¥, := % for all m € {1,..., M} satisfying
Pm # 0 and 3, := 537 for all m € {1,..., M} satisfying p,, = 0, and 7¢ = 3,
since (U%:l Sm) U Q = © by definition of Q. Note that (A.59) and (A.60)
hold independent of the particular choice of the partitioning {Si,...,Sn, Q}.
Now suppose that we would establish the existence of matrices R; 1 € R,
ie{l,...,N},me{l,...,M}, and | € {1,2,3}, such that

N Fm 1 +E(AI;L,PJ'AML,TLS,,,L(hﬂ')) 0 \/ﬁmAIZ@ILle ClRim.1

. * Rim, VPmB,, Pj 0
g i : v A o =0, (A.61)
Jj=1 * * * Rim,1

forallie {1,...,N}, me {1,...,M}, 1 € {1,2,3}, and

N
E(Al,, > miPiAin-1o(h, 7)) + ol — piviE(p(h)1g(h, 7)1 = 0, (A.62)

Jj=1

for all ¢ € {1,...,N}. Then, combining these expressions with (A.59) and
(A.60), respectively, yields the conditions of Theorem 3.4.3.

Therefore, if we can show that there exists an hj > 0, such that for any
h* > h} there is an €g such that for any 0 < e < €g, it holds that (A.61) and
(A.62) are satisfied for some R;; € R, the proof is complete. Before doing
S0, we present two intermediate steps. The first step is to show that for all
i,je{l,...,N}, 1 €{1,2,3}, for all (h,7) € S, m € {1,..., M} and for any
h* > 0, there exists a continuous function xp« : Ry — Ry with xx+(0) = 0,
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satisfying for all ¢ € {1,...,N}, 1 € {1,2,3}, (h,7) € Sy and m € {1,..., M},
that

AL i PiAimy — Al - PiAi 7|l < xas (€). (A.63)

i,m,l

Observe that we can write A4; p, ; as

Ainr=Aimi+ BAh,Tﬁm.zim Ci (A.64)
with B and C; as in (3.45), and
A [N = diag(Ah o AFLm,L’Eh o Eflm,l » En—r — EilrrrL,l—?r,,L,z)' (A'65)

We can bound Ah,r,ﬁ s forall (h,7) € Sy, using

m,lyTm,

14 — Af, || < IMIEmt2)| K e, (A.66a)
1B, — B;, Il < U‘;m l e\lf\\lsds‘ < el M mate) o (A.66D)
A B (A.66c)

with A as in (3.27). Equation (A.66) are all continuous and equal to zero
at ¢ = 0. Furthermore, as UM_,S,, := {(h,7) € ©|h < h*}, it holds that
el Mlthmite) || Alje < ellM+e)||Ale, for all (h,T) € Sy, m € {1,...,M}. This
inequality allows us to bound the left-hand side of (A.66) by a continuous
function that is zero at ¢ = 0 for any A* > 0, which allows us to bound
Ah,r,ﬁm.zimz by a continuous function that is zero at ¢ = 0 for any hA* >
0, and thefefore, there exists a continuous function yp« : Ry — Ry with
Xr=(0) = 0 satisfying (A.63). The second intermediate step is to show that
there exists a continuous function pp+ : Ry — Ry with ¢p«(0) = 0, satisfying
max,e(1,. M} || Bmll? < ¢ns (), with By, as in (3.39), and ¢y« (0) = 0 for any
h* > 0, since we have that, similarly to (A.66), that the terms in (3.37) can be
bounded for all i € {1,...,N} and all m e {1,..., M} as

< e MO e < MR e, (AT

’ €1,2,
51E;;l < l I{I}a’gxg} el Aill (R i +e) o < e‘lAi‘l(h*+€)|‘Ai||€’ (A.67b)

. (1.2,
6iE:;L_T < l Iﬁaéxg}el‘Aill(Em,,l+€)€ < eHAiH(h*JFE)HAng’ (A.67c)

, (1.2,

which are all continuous functions and equal to zero at € = 0 for any h* > 0,
and thereby || By, ||?, with B,, as in (3.39), is bounded by a continuous function
onp+ satisfying g (0) = 0.



A.2. Chapter 3 163

We can now show that for any h* > 0, there exists an g9 > 0, such that for
any 0 < ¢ < g9, (A.61) is satisfied. First observe that (A.61) is implied by

Yl +E(A], PiAip-1s, (h,7) 0 VPmAl, Pi CTRim

N Ront VERBLE 00| (A.68)
* * P; 0 ’
* * * Ri7m,l

for all 4,5 € {1,...,N}, 1 € {1,2,3}, and m € {1,...,M}. After taking a
Schur complement, we can observe that (A.68) is equivalent to requiring that

AmI +E(A], PjAip 15, (b, 7)) — BmA] L (PiAsmi— Cf RimiCi —pmA[ ,P B
* Rim,i — Pm By, P;Bm
(A.69)

is positive semidefinite. Now taking another Schur complement yields that
(A.68) is implied by

77m[+E(AZh’TPin,h,TISm<h7T)) pmA lP Az m,l — C_YiTRi,m,lC_’i

=D A 1 1 Pi B (Rim —meijBm) "B} P;A; 1y =0, (A.70)
and Ry — PpmBL,PiBm = 0, for all i,j € {1,...,N}, I € {1,2,3}, and
m € {1,...,M}. Now for all m € {1,..., M} for which p,, = 0, the in-

equality (A.70) can be satisfied by choosing R; ., sufficiently small. For all
m € {1,..., M} for which p,, # 0, we have that (A.70) is implied by

]E((%”I + Al h TP'Ai,hﬂ' — A;,rm,liji,m,l — %C;Ri,m,lci
Al m, l (%Ri,m,l — B;,LPij)ilg;LPin’mvl)]‘gm (h, T)) PO, (A?l)

which is, due to continuity of the argument of the expected value and compact-
ness of S,,, implied by

%I + A;-ljh77_P414i h T AiTm,leAi,m,l - ic_(iTRi,m,lC_(i
Az ml (iRi,m,l - BILPij)ilé;leAi’m,l >—0, (A72)

for all (h,7) € S,,. By choosing R; ., =rlforallie {1,...,N},1€{1,2,3},
and m € {1,..., M}, with r > 0, we can observe that (A.72) is implied by

i i HAlm Bl21Bm I Y
AT 1 Pj i = Al - P A |+ 2= 1Cill* + . BLP B
(A.73)

which is, using and the intermediate steps given above and the fact that
Amax (B P Brm) < | Bl Pl < one (€)1 P, implied by

1AL m 1 PillPone (e) < (F2 = 2= NCill* = xue (€)) (35 — I Byllon- (). (A.74)
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multiplying the left-hand and the right-hand sides by
ICHP AL i Pl Pone () < (& = xne(€)) (& = ICilIP I Psllon-(£)),  (A.T5)

which can be satisfied for any v > 0 by making xp+(€) and ¢« (&) sufficiently
small, which can be achieved by making the triangles S,, sufficiently small,
ie., diamS,, < e, m € {1,..., M}, for a sufficiently small €. Furthermore, by
the same choice of R; ;. m, the condition R; ., — Pm B, PjBm = 0 is implied by
on+(e)||Ci||?[|P;]l < &7, which can be satisfied by making ¢y« (¢) sufficiently
small by making ¢ sufficiently small. Therefore, these expressions imply satis-
faction of (A.61), € is chosen sufficiently small.

It now only remains to show that there exists an hj > 0 such that for any
h* > h¥, (A.62) is satisfied. First, note that (A.62) is satisfied if

Yo — niviE(p(h)1g(h, 7)) = 0. (A.76)

Now since p(h) > 0, for all h > 0, and because E(p(h)) is finite, we can make
E(p(h)1g(h, 7)) arbitrary small by choosing h* sufficiently large. Hence, (A.76),
and thereby (A.62), can be satisfied if h* is chosen sufficiently large.
Therefore, if (3.47) is a Lyapunov function for system (3.12), with protocol
(3.20), then there exists an hj, such that for all A* > hf there is an €9 > 0, such
that for an overapproximation according to Procedure 3.3.1, with 0 < € < ¢,
the conditions of Theorem 3.4.3 hold. This completes the proof. O

: — _m
By choosing r = SITeAER

|C;i||?, and substituting 7, : (A.74) can be rewritten as

A.3 Chapter 4

Proof of Lemma 4.3.3. The proof follows directly from Theorem 20 of [50],
adopted for linear flow and jump dynamics as in (4.10). Since we have that
zt =Gz for all z € D;, i € {1,..., N}, the condition W(g) — W(z) < 0 for
all Z € D\A and all g € {G;Z|Z € D;} in Theorem 20 of [50] is implied by
requiring that

W(G:z) — W (x) <0, forall z€D\A, ic{l,...,N}. (A.77)

Furthermore, since t};ﬁl - t}ﬁ > hi. >0 for all k; € N, it holds that the set
of event times {t; | k € N} = UL {t} | k; € N}, chosen such that tg1 > t,
k € N, does not contain accumulation points, i.e., there is an 7 > 0 such that
(ty — 7otk +7) N {tr | kK € N} = {¢x} for all k& € N, (therefore Zeno behaviour
is excluded). In fact we have that |, cy(tx,tx+1] = Ry. The observation that
{tx | & € N} does not have accumulation points and the fact that at each event
time ¢, k € N, at most N jumps take place yields that we can relax (A.77)
to (4.19b) as the Lyapunov function candidate W is strictly decreasing along
solutions as long as the set .4 has not been reached. O
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Proof of Theorem 4.3.5. The proof is based on showing that the hypotheses
of Theorem 4.3.5 lead to a particular Lyapunov function candidate satisfying
the conditions of Lemma 4.3.3 thereby establishing global asymptotic stability.
Subsequently, we will show that the hypotheses of Theorem 4.3.5 also lead to
an upper bound on the L ,-gain as defined in Definition 4.3.4. To do so, let us
define V(z) = " Pz, for € R"=, and observe that (4.22a) is equivalent to

N
W) (A7 + Bw) < —aV (@) + Bllwl* + Y mz ' Qiz, (A.78)

i=1

for all z € R™ and w € R™» which can be rewritten as

N N
T (Az + Bw) < —aV (@) + Bllw|” + Y m(@ Qi — &) + Y mics,
1=1 =1

(A.79)

for all Z € R™ and w € R™. Furthermore, since (z'Q;T — ¢;) < 0, for all
zeCand p; 20,i€{l,..., N}, we have that

N

V) (A7 + Bw) < —aV (@) + Bllwl* + Y mies, (A.80)
i=1

for all z € C. Similarly, using the definition of V(Z), we have that (4.22c)

implies that -
V(Giz) — V(Z) < —14(Z T QiT — ;) — v, (A.81)

for all i € {1,...,N}. Since for all z € D;, it holds that ' Q;Z — &; = 0 and
v; 20,i€{l,...,N}, (A.81) implies that

V(Giz) - V(7) <0, (A.82)

forallz € D;, i € {1,...,N}.
We will now show global asymptotic stability of the set A, as in (4.23), for
(4.10) with w = 0, using

N
W(Z) = max{V(z) — Bgi 0} (A.83)

a !
i=1

as the Lyapunov function candidate. It can be verified that (A.83) defines a
proper Lyapunov function candidate. Indeed, the function W satisfies (i) of
Definition 4.3.2, since for all z € (CUUZ-A;1 D;)\ A4, it holds that W (z) = 2" Pz—
Zﬁil B > 0, due to (4.23). In addition, W is continuous and nonnegative
on (CUUN, D;)\A. Furthermore, (i) of Definition 4.3.2 is satisfied since W is
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locally Lipschitz and (iii) is satisfied as W is continuous and W (z) = 0 for all
Z € A. To show that (iv) of Definition 4.3.2 is satisfied, i.e., to show that all
the sublevel sets of W are compact, let us suppose that W(z) < ¢y, for some
cw = 0, which implies that V(z) = 2" Pz +2"UZ < cw + Zf\il F% and thus
that ||z]|? < ¢z, with ¢, := m(cw—&—zij\;l Hi2) (dueto P = 0and U > 0).
Now since (4.8) holds for all ¢t € R, we have that [lez,||? < O'ZH’UJ %+ 61 <
0| Cl*ca + €, and thus that [|Z]]* = ||=[* + [le]|* < [|=[* + ZZ llea|?
(since |le]|? < Zi\il e, |I?, due to the assumption that Zl 17! >0forall je
{1,...,ny+ny}), with ¢z := cp + 1 (04]|C||2c, + ;). Hence, as W (z) < ew
implies that ||Z|| < \/cz, we have that all the sublevel sets of W are compact on
X. Now that we concluded that (A.83) is a proper Lyapunov function candidate
for the event-triggered control system, global asymptotic stability of the set A,
as in (4.23), can be proven by observing that for all Z € (C U Uivzl Di)\A, it
holds that 7 Pz > ZN EZiand, thus, W(z) = V() —Zfil £iZi Therefore,
(4.19a) is implied by (A 80) with w = 0, while (4.19b) is implied by (A.82).
Furthermore, the fact that G;z € A holds for all # € D; N A, i € {1,..., N},
is implied by (4.19b), (which followed from (A.82).) Hence, all conditions of
Lemma 4.3.3 are satisfied and the set A is a globally asymptotically stable set
for the system (4.10) with w = 0.

To show that the L..-gain of the system is equal to or smaller than k, we
use the hypothesis that, for all Z(0) € X and all w € L, a minimum inter-
event time h’, > 0 exists for each i € {1,..., N}. Namely, as in the proof of
Lemma 4.3.3, due to the fact that h’; > 0, the set of event times {tx | k €
N} = UYL {t;. | ki € N}, chosen such that ;41 > tx, k € N, does not contain
accumulatlon points and it holds that | J,cy(tk, tk+1] = Ry. Furthermore, at
each event time t;, kK € N, at most N jumps take place according to (4.10b)
take place, which are all known to satisfy (4.19b). Now by observing that
(A.80) is equivalent to

< €z,

N
4V (@) < —aV (@) + Bllw®)|® + D wei, (A.84)

i=1
for all t € (tg,tr41], k¥ € N. Using the Comparison Lemma, see, e.g., Lemma
3.4 in [79], we can observe that (A.84) implies that

t N
V(z(t) < e UMVt (t) + / e U= (Bllw(s)[* + > piei)ds, (A.85)

e i=1

for all t € (tg,tk+1], k € N. Using (A.82) and (A.85) repeatedly, and the fact
that {¢; | ¥ € N} does not have accumulation points, we obtain that

V(@) < eV (#(0)) + / e~ (Bllu(s) HMZM, (A.86)
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for all t € Ry, and thus
N
V(@(t) < e *V(2(0) + Y e+ SllwlZ,, (A.87)
i=1

for all t € R;. Now observe that (4.22b) implies that
2] < aV(2(t) + (5 = B)|w(®)[|?, (A.88)

for all t € R, and that k2 > (3. Based on ideas presented in [1], we substitute
(A.87) into (A.88) and observe that ||w(t)| < ||w]z.,, for all ¢ € Ry, yielding

N
12(1)1° < ae™ ™ V(Z(0) + Y piei + K7 wllZ_, (A.89)

i=1

for all t € R;. Taking now the supremum of the left-hand and the right-hand
side of (A.89) over all time ¢ € Ry, we have that

120Z.. < (8(@(0))* + £2[lwllZ., < (3(2(0)) + llwlle.,)?, (A.90)

with 6(Z(0)) as defined in the hypothesis of the theorem. Taking the square-
root of the left-hand and right-hand side shows that the £,,-gain as defined in
(4.21) is smaller than k. This completes the proof. O

Proof of Theorem 4.4.1. Let 6, > 0 and J,, > 0 be given and take Z(0) € X
such that [|Z(0)|] < 0, and take w € L, such that ||w|z. < dy. Since the
existence of solutions for each z(0) € A and each w € L for all t € Ry is
not proven yet, suppose that [0,7") is the supremal interval on which solutions
to (4.10) are defined. Note that, for linear flow and jump dynamics, global
existence problems (i.e., T < c0) can only be caused by an accumulation point
in the set of the event times {¢; | k € N} = vazl{t}c | k; € N}, with tg41 > tg,
k € N. Since ||w||z,, is bounded, &; > 0 for all ¢ € {1,..., N}, and ¢(0) = 0,
it is clear on the basis of (4.8) that the first transmission occurs at a (strictly)
positive time and, thus, that 7' > 0. Following the reasoning in the proof of
Theorem 4.3.5, the bound (A.87) holds for all ¢ € [0,T), which implies that

N
V(Z(t) < Amax(P)|ZO)]* + Y 25 + 2wz, (A.91)

i=1
for all Z(t) € X, t € [0,T). Therefore, it holds that

le@I? < 5=ty (T Pa(t) + 2 (OUZ(H) = 5ty V@) <n, (A92)

for all t € [0,T), with n as defined in the hypothesis of the theorem. We now
consider two event-times t; ,,t;. € [0,7) and show that we can guarantee
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that tj ., >t} +hiy,, for all k; € N and some hl;, > 0,7 € {1,...,N}. After

establishing this result, we will prove that T = oo, meaning that all solutions
are defined for all ¢t € Ry.

To compute a guaranteed hl; > 0, we compute the event time ¢}, of
node i given by (4.6), or equivalently,

S0l dlal Al =a) s

We will use the fact that the solution of the event-triggered control system
satisfies (4.27). Since T;T] = T';, and therefore

(Al ) &= &)@l &) (A.94)

for all £ € N, it holds for any s € R that

ot = inf{t >t

Lo oAl 2)s) [I 0} _ [(I) fﬂe(ﬁ[é v ls) (A.95)

i

Solving the differential equation (4.27) from tj to t > t; and using (A.95),
the fact that T/ I'; = I and €7, (¢} ) = 0, yield

T = 0 8] (A e p ][

+/f Ale ]9 (fl[foc} ege(s) —i—Bw(s))ds), (A.96)

ki
with [[w||z,, < d, and ege(t) satisfying (4.8) for all ¢ € [0, 7). Given (A.93), we

can conclude that, given x(t}c), no events are triggered by node i € {1,..., N}
as long as t > t}€1 satisfies

) [o] el PTGl R [y )

t I 0] 4T
+/ (A [1—%] ege(s) + Bw(s))Te{O Fi]A (t=)qs Q;
¢
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Now observe that

I, 1 A8 e + Bute) sl

t'i
ki

t—th, t
g/ ﬂsds/ 1ds sup HA[I—?C} ege(s) + Bw(s)||>,  (A.98)
0 t ‘

s sE(t],, 1]

due to Holder’s inequality (applied twice) and Wazewski’s inequality. It also
holds that

sup 4[|z () + Bus)|?

se(t;'ci,t]
< (IA[%]I S lear G+ 1B
< (2], \/ suwp 37 UL + 1B1ow)
se(t ]EI
< (1A[]1 [ ol Cln o+ 1B18,) . (A99)
JEL;

with Z; as in the hypothesis of the theorem, due to the fact that the network
induced error satisfies (4.8) and we have the bound (A.92). Therefore, the
left-hand side of (A.98) can be upper bounded by p;(t — ¢} ), as in (4.30).
Hence,

IT(tzi){é]Te[é 19]A7(t t )Q [ gl](t—tzl)[é]x(til) <<i(t7t§ci) (AlOO)

for some x(t, ) € R™*" and t > ¢} , implies satisfaction of (A.97). Hence,

given E(t}ql) € &, no events are trlggered in node ¢ € {1,...,N} as long as
t > t;, satisfies (A.100). Now the solution to (4.28) is the smallest value
R =t — t}w7 such that
TI/[r o Ty I 0 i _
T H elo 0] A hn gy (Ao ] Finsn mx _ Slblal” (A.101)

for some x € R "¢ satisfying (A.92), in which we have used that ||z||? < ||z||?.
Hence, we have that (A.100) is guaranteed to be satisfied for all z € R™»*"e
as long as t < t};i + h? .. and thus no events are triggered by node i under
these conditions. This provides a lower bound on the inter-event time. Now
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observe that for h = 0, the left-hand side of the condition in (4.28) reduces to
Amax(—0;CTT;C) (which is smaller than or equal to zero) and the right-hand
side to g; (which is strictly greater than zero) and, hence, the inequality in
the condition in (4.28) is not (yet) satisfied for h = 0. Besides the fact that
this shows that (A.100) can always be satisfied for some z(t}, ) € R"*" and
t > t};i, it also allows us to prove that the minimum in (4.28) always exists.
Indeed, due to continuity of the matrix exponential, and the fact that for h = 0
the inequality in (4.28) is not (yet) satisfied, the minimum in (4.28) exists and
is strictly positive.

It now only remains to show that T" = oo and, thus, that the computed
minimal inter-event times hold on the time interval [0, c0), thereby completing
the proof. We proceed by contradiction and, therefore, suppose that T' < co.
If T < oo, we have that the sequence {tx}ren has an accumulation point at
T, implying that there must be a node ¢ € {1,..., N}, for which the sequence
{tk; } k;en has an accumulation point at time T, as well. Hence, node 4 transmits
infinitely often in the time interval [T — 7,T) for any 7 € (0,7]. Hence, there
exist a 7 and a 7, satisfying 0 < 7 < 7 < T and 7 — 7 < h';,, such that on the
interval (7,7) at least two transmissions of node i take place, i.e., t};i,tﬁw 41 €
(1,7) for some k; € N. However, tj ,, —t; <7 —7 < hiy,
contradict the minimal inter-event time of h¢; on [0,7) that we computed
above. Hence, T = oo and Z(t) is defined for all ¢ € Ry, which completes the
proof. [

which would

Proof of Theorem 4.5.2. The proof is based on showing that the positive defi-
nite matrix P, the scalars «, 3,k > 0, and the scalars o; > 0,4 € {1,...,N},
satisfying (4.36), also leads to a solution of the LMIs in Theorem 4.3.5, as

formulated in Theorem 4.5.2. To do so, we take P in Theorem 4.3.5 as
P := diag(P,0), (i.e., take U = 0). Now, because of the particular structure of

P, the left-hand side of (4.22a) becomes

~Z—aP-CTYN polC % *
BTP Zi\il Niri * | (A102)
ETP 0 Bl

where Z := (A + BC)" P + P(A + BC). Note that (A.102) should be positive
semidefinite. Now by selecting p1; = -, for all i € {1,..., N}, (A.102) is equal
to (4.36a), which is positive semidefinite by assumption. Therefore, (A.102)
is also positive semidefinite and (4.22a) is satisfied. Then, by choosing v; =
0, for all i € {1,...,N}, and using the particular structure in P and Gj,
results in zero-matrices on the left-hand side of (4.22¢) for all ¢ € {1,..., N},
which satisfies the inequality. Finally, using the particular structure of P and
C = [C, 0], we can conclude that (4.36b) is equal to (4.22b), and that the
obtained set A of (4.37) is equal to (4.23), since we have taken p; = - for all
ie{l,...,N}. o
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Proof of Theorem 5.5.1. From (5.23), it follows that P; = —(—1)%;Q for i €
{1,2}. Since this implies that £ " (P; — £1Q)¢ = Amin(P1 — £1Q)]|€]|? and that
ET(P24£2Q)E 2 Amin(Po+r2Q)[[€]1%, with Amin(Pr—#1Q), Amin (Pa—#2Q) > 0,
we have that V(€) = €TPi& = Anin(Pr — £1Q)||€]17 + k1€ T QE > Apin(P1 —
k1Q)[|€]|? for all ¢ satisfying €T Q¢ > 0 and that V(€) = €T Pof = Apin(Po +
RaQNIEN? = k26TQE > Awin(Pe + k2Q)[I€]1? for all € satisfying € Q€ < 0.
This proves that for the candidate Lyapunov function (5.21), there exists a
¢1 = min{Apin(P1 — K1Q), Amin (P2 + £2@Q)} > 0 and some ¢z > ¢; such that
€l < V() < sl for all € € RYe.
Furthermore, note that if V(¢) = ¢T P,¢, it holds that

(—1)’¢TQ¢ <0, (A.103)
and if V(A;€) = (4;€)T P;(A;€), then
(1774 QA€ <0, (A.104)
for 4,5 € {1,2}. Hence, using this and (5.22)

V(A:i6) = €TA PjAE
< e NET Pe 4 (1) e TQE + (1) 8,6 T AT QA
<eHETRE = MMV (g), (A.105)

where in the latter inequality we used that (A.103) and (A.104) hold and that
o5, B3i; = 0. By standard Lyapunov arguments this proves GES of the discrete-
time PWL system (5.19) with decay factor e?". Now, by including the inter-
sample behaviour in a straightforward fashion, as was done in, e.g., [40], this
also implies GES with decay rate p of the (continuous-time) PETC system,
given by (5.1), (5.3), (5.4), and (5.5). O

Proof of Theorem 5.3.7. The proof is based on showing that (5.30) guarantees
that (5.31) holds, and that the hypotheses of the theorem guarantee that the
conditions in (5.32) hold and that (5.29) is a well-defined storage function
candidate. This would complete the proof as, provided that (5.29) is a well-
defined storage function candidate, (5.31) and (5.32) prove GES and an upper
bound on the £o-gain of v, see, e.g., [62]. Proving that (5.30) guarantees that
(5.31) holds for the function (5.29) will be the first step in the proof. To prove
that the hypotheses of the theorem guarantee that the conditions in (5.32) hold,
we need to relate Py := P(0) to P, := P(h) and doing so will be the second
step of the proof. The final step in the proof is to show how this relation can
be used to show that the conditions in the theorem guarantee that (5.32) hold
and that (5.29) is indeed a well-defined storage function candidate.
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To show that (5.30) yields that the derivative of (5.29) along the flow part
(5.17a) of the impulsive system (5.17) satisfies (5.31), we observe that

AV =w ' BTP¢+¢TPBw — €T (2pP +~472C T O)¢
~¢"(PB+~2C"D)M(B'P +~72D'C)¢.  (A.106)

Now using the fact that (G¢ — M~'w)" M(G¢ — M~tw) > 0, with G :=
B'P+4+~472D'C, we have that —¢TGTMGE < —€6GTw —w'GE+w M~ 1w,
and, therefore, it holds that

Ay < T (2pP+72CTC) -7y 2" CDw—~y*w ' D'CE+w M,
(A.107)
or, equivalently,

TrA AT —2 =~ =
LV < €T 2PE + Lﬂ [g 119] [ ! ﬂ [g 113] m ~(A108)
By using (5.17c), we have that (A.108) shows that (5.31) is satisfied. This
completes the first step in the proof.
We will now relate Py := P(0) to Py, := P(h). To do so, we first reverse the
time in the Riccati differential equation (5.30) by introducing P(7) := P(h—7),
7 € [0, h]. This results in

AP =(A+p)TP+P(A+pl)+~2CTC
+(PB4+~+"2C"D)M(B'P +~72D'C),  (A.109)
or equivalently,
AP =(A+pIl+y2BMD'C)"P+ P(A+pl +7y2BMD'C)
+7y72C (I +~472DMD")C + PBMB'P, (A.110)

in which we have exploited the fact that M is symmetric. Note that I +
Y 2DMD" =I1+~y72D(I-~"2D"D)"'DT =I+~2DDT(I—~"2DDT)~,
because for any matrix Z it holds that (I + Z'2)"'Z" = ZT(I +zZ ")~ L.
Furthermore, because for any matrix Z for which I—Z7 is invertible, it holds that
I+Z(I—-2)"t=(I—-2Z)"' we have that I + v 2DD"(I — 4y 2DD")~! =
L, where L := (I — v 2DD")~! as was also used in the definition of the
Hamiltonian matrix (5.33). Furthermore, observe that P(0) := Py = P, and
P(h) = P, = P,. To link P, to ]E’h, and thereby P, to Py, we use the
Hamiltonian matrix (5.33), which allows us to find explicitly the solution to
the Riccati differential equation (A.110). Indeed by using (5.34), we can express
the solution to (A.110) as

P(7) = (F1(7) 4 Faa (1) Po) (F11(7) 4+ Fia(7)Py) L, (A.111)
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which requires that Fi1(7) + Flg(T)Po is invertible. This fact can be easily
verified, see, e.g., [11, Lemma 8.2]. Since (A.111) relates Py to Py (by taking
T = h), provided that (A.111) is well defined for all 7 € [0, k], and thereby
relates Py, to Py, this completes the second step of the proof.

It now only remains to show how the expression (A.111) and the hypotheses
can be used to show that the candidate storage function is well defined on [0, A]
and satisfies (5.32). To do so, we will use the fact that F(7) is simplectic, i.e.,
FT(1)QF(1) = Q for all 7 € [0, h], where

Q- {_OI é] , (A.112)

and thus O~ = —Q. This fact follows from observing that F'T (0)QF(0) =
holds and & LFT(T)QF (1) = 0 for all 7 € R, by exploiting the structure in the

Hamlltonlan (5.33) giving H' Q+QH = 0. From FT(7)QF(7) = Q, we obtain
that

0=F\Fy — FFp; (A.113a)
0= FyhFig — F\LFa (A.113b)
I = F|Foy — Fy| Fia, (A.113c)

where we have again omitted the argument 7 for compactness of notation.
We will use these relations to rewrite (A.111). In particular, under Assump-
tion 5.3.6, we have for all 7 for which Fy;(7) + F12(T)1f’0 = F11(7) + Fi2(7) Py
is invertible,

(A1)

P(h—1)=P(7) (Fo1 + Foa Py)(Fyy + Fi2Py) ™t

Fo1 + FouPy)(I + Fyy' FioPy) ' Fry

(A.1130)

A. 113a _
AU gy 4 P By + By F FioPy) (I + F3 FiaPy) Py

Fo (I + F'FiaPy) + Fiy ' Py) (I + Fiy' FiaPy) ' Fyt
= FaFy'+ F P+ Fi' FioPy) 7 P
= FnF'+ F ' (Py— Po(I+ F'FioPy) 7 Fy FioPy ) Fry ' (AL114)

) =
(
(For + Fpy " (I + Fy Fio) Pa) (I + Fi ' FraP) 7 R
(

where the fact that X! = X~ 'Y~V = (XY)7'X for X = Fj; and Y =
Fi1 + F12P, was used in the third equality and the fact that (I — Z)_1 =
I+(I—2)"'Z for Z = —FﬁlFlgph was used in the last equality. Now since
Lemma A.4.1 below states that —F1_11F12 is positive semidefinite, there exists
a (7-dependent) matrix S that satisfies —F;;' Fio = SST. This leads to

P(h—71)=FuF5' + F;' (P + P.S(I—STP,S)7'STP)F;',  (A.115)
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for all 7 for which P(h — 7) is defined, as (I + SSTP,)"1SST = S(I +
STPhS)_lsT.

Now (A.115) will be used to show that the candidate Lyapunov/storage
function is well defined for all 7 € [0,h] and that the conditions in (5.32)
hold, if the hypotheses in the theorem are satisfied. Namely, (A.115) shows
that having P(h — 7) defined for all 7 € [0, h] is equivalent to the existence of
(I —ST(7)P,S(7))~! for all 7 € [0, h]. Now observe that the existence of the
inverse of I—ST ()P, S(7) for all T € [0, h] is guaranteed if I—ST ()P, S(7) = 0
for all 7 € [0, h], or, equivalently (by applying a Schur complement twice and
using that P, = 0), if Pt — S(7)ST(r) = 0 for all 7 € [0,h]. The fact
that Lemma A.4.1 guarantees that U(7) = —F};"(7)Fi2(7) is nondecreasing,
ie., S(1)ST(r) < S(h)ST(h) for all T < h, gives that P, ' — S(h)ST(h) = 0
implies that P, ' — S(7)ST(7) = 0, for all 7 € [0,h]. Furthermore, using the
reasoning in the proof of Proposition 8.1 of [11], we can show that P(7) > 0 for
7 € [0, h] under Assumption 5.3.6. Now since by the hypotheses of the theorem
(in particular, (5.36)), P, = 0 and I — ST (h)P,S(h) = 0, the function (5.29)
satisfies ToS

alEl? <V(r,8) < ealléll?, (A.116)

for some 0 < ¢ < ¢g, for all £ € R™ and for all 7 € [0, h], and is therefore a
well-defined storage function candidate.

It now only remains to show that the conditions in the theorem guarantee
that the conditions (5.32) hold. To do so, we choose 7 = h in (A.115) to obtain

Py =Fo F' + F; ' (Py+ PS(I - STP,S)7'ST R, Fyy', (A.117)

where F}; := Fy;(h) for i,5 € {1,2}, and S := S(h). Substituting (A.117) into
(5.32a), and using an S-procedure to encode that £ T Q¢ > 0, yield that (5.32a)
with ¢ = 1 holds if

Py —nQ — J) (P Fi' + F T (P + PS(I - STP,S) ST Py) Fiit)
(A.118)

is positive semidefinite for some p1 > 0, which is implied by (5.36) for ¢ = 1.
Using a similar reasoning, satisfaction of (5.32b) is implied by (5.36) with ¢ = 2
as e > 0. This completes the proof. O

Lemma A.4.1. Consider F(7) as in (5.34). Under Assumption 5.3.6, it holds
that U(7) == —F' (1) Fi2(7) and R(7) := Foy (1) F;* () are positive semidefi-
nite and nondecreasing for all T € [0, ], i.e., U(m1) X U(12) and R(11) <X R(72),
when 0 < 71 <1 < h.

Proof of Lemma A.4.1. Note that R(7) is the solution to (A.110) for P(0) =
R(0) = 0 according to (A.111). In particular,

AR=ATR+RA+C'LC (A.119)
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where A = A+ pI+~+2BMDTC + %BMBTR, which depends on 7. Applying
now Proposition 8.1 of [11] yields that R(7) > 0, 7 € [0, h]. Since R(7) satisfies
(A.119), L R(7) satisfies

deR= AT+ AR A RE
=(A+pl +y*BMD'C+iBMB'R)"4E + (:BMBT4E)TR
+48(A+pl +~y2BMD'C + iBMB'R) + R(:BMB'4E)
=(A+pI + BMD'C + BMB'R)"4&
+948(A+ pI + BMD'C + BMB'R). (A.120)
(A119) : .
Since sLR(0) "= CTLC = 0, applying Proposition 8.1 of [11] once more
shows that <L R(7) = 0 for 7 € [0, h]. This shows that R is nondecreasing.
A similar reasoning applies to U(7) for a somewhat modified Riccati dif-

ferential equation corresponding to the Hamiltonian H=V'HTV with V =
diag(I, —I). Defining

Fm;emgﬁggg} (A.121)

and using that F/(7) = V=1F(7) TV, we can show that R(7) := Fy (1) F;' (1) =
—FH (1) Fi2(1) = U(7) (exploiting symmetry of solutions to Riccati differen-
tial equations of the type (A.110) for symmetric initial conditions). Applying
the same reasoning to R(7) as for R(7) using the Riccati differential equation

corresponding to the Hamiltonian H, the facts that U(7) > 0 and U(7) is
nondecreasing follow.

Proof of Corollary 5.53.8. The proof follows from a slight modification of the
reasoning in Section 5.3.3 and the proof of Theorem 5.3.7. Namely, instead of
the dissipation inequality (5.31), we require £V = —2pV along the solutions of
(5.17a) with w = 0. Using the same Lyapunov function candidate as in (5.29),
this is satisfied if the matrix differential equation &P = —(AT +pI)P— P(A+
pI) holds, which has the solution P(7) = e2p(h=7) AT (h=7) p, cA(h=7) and thus
P(0) = e2heATh Py eAh Substituting this in the jump conditions (5.32) yields

€2ph§TJ1T€AThPh6AhJ1§ < fTPh& (A122)
when ¢TQ¢ > 0, and
erhé'TJ;eAThPheAhJ2£ < nghfy (A123)

when ¢TQ¢ < 0. These conditions are guaranteed by the hypotheses of the
theorem. ]
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Proof of Theorem 5.4.1. We will only give the proof for the triggering condition
(5.6), as the proof is similar for (5.8). The proof will be based on showing that
if the LMIs (5.28) are feasible for P > 0 for some o < 6, then

P1:P2=PZ:|:P O:|

0 s (A.124)

is a solution to the LMIs (5.22) and (5.23), with the matrix @ as in (5.7), for
some scalars a;j, Bij, ki > 0, i,j € {1,2}, for some (sufficiently small) § > 0.
To do so, we first observe that (5.23) is satisfied for all 6 > 0 with k1 = k3 = 0.
Focussing on (5.22) with ¢ = 1, we observe that for a;; = a1e = 11 = B12 =0,
(5.22) with 4 = 1 and P; as in (A.124) is equivalent to

e~2°hPp _ (A+BK) P(A+BK) -6 0

—2ph T _
e P P—AIPAl— 0 e—2ph5[

=0,
(A.125)

where A; is given as in (5.20). Clearly, due to (5.28), for sufficiently small
§ > 0 and p > 0, we have that e"?"P — (A + BK)"P(A + BK) — 6I and
e=2Ph§T are positive semidefinite matrices. Hence, the matrix inequality in
(A.125) is satisfied and thus (5.22) with ¢ = 1 is satisfied for P as in (A.124)
for a;1 = a2 = (11 = P12 = 0 and a sufficiently small value of 6 > 0.
Focussing now on (5.22) with ¢ = 2, we observe that by taking ag; = age =1
and (891 = B2 = 0, we obtain

e PP+ Q — AJ PA,
_Je#"P+(1—-0*)I—-ATPA —I-ATPBK 0
B —I1 - (BK)"PA I+ (e72h —1)6I — (BK)"PBK| =
(A.126)

where A; is given as in (5.20) and @ is given as in (5.6). This expression is
equivalent to

I -1 I 0 (1—e=2/M)P 0
[0 I } R(o) {—1 1} = { 0 (162ph)51] =0,  (A.127)
with
_ [P—0¢%T - (A+ BK)TP(A + BK) *

To guarantee now that (A.127) is satisfied for some (arbitrary small) p > 0,
we have to show that R(o) = 0 for the given o. Since o < 6, (5.28) implies
that R(o) > 0 and, hence, that the matrix inequality in (A.127) is satisfied and
thus (5.22) with ¢ = 2 is satisfied for P as in (A.124) for ag; = ags = 1 and
B21 = P22 = 0. This completes the proof. O
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Proof of Lemma 6.3.4. Since (6.12) holds, and since the solutions to (6.1) with
(6.2) satisfy

x(ty + ) = eAh’x(tk)—i-thleAsBds Uk, (A.129)

we have that
V(x(ty + Ip)) < ety (2(0)). (A.130)

foralll € {0,...,L — 1} and for all tx, k € N, with Aip = 0. Now using (6.11),
we have that (A.130) implies

[t + )| < ﬁe—a“ﬁhﬂnwww, (A.131)

for alll € {0,...,L — 1} and for all ¢4, k € N, with iy = 0. Moreover, because
it holds that |G| < B]|lz(tx)||, the solutions to (6.1) with (6.2) also satisfy

@) < [le =R oty + hy)| + ff,cm A=) ||ds || B || |
< elABn 1zt +1) || + 5]0“ elAlsds || B [J=(t)], (A.132)

for all t € [ty + hyyti + iga1), K €N, 1 €{0,...,L — 1}, with A as defined in
the hypothesis of the lemma. Substituting (A.131) into this expression (twice)
yields

(@) < 2 (elA1an ezttt 4 g (S0 elAlsds | Blle=) || (0)], (A.133)

for all ¢t € [ty + Py, tp + Hyy1), Kk € N, L € {0,...,L — 1}. Now realising
that for all t € [ty + hy,tp + Ayy1), k € N, 1 € {0,...,L — 1}, it holds that
e~otrth) < emattaldn and that e~ < e~ we have (6.5) with ¢ as
given in the hypothesis of the Lemma 6.3.4. O

Proof of Theorem 6.3.5. Using the arguments given in Section 6.3.3, we have
that the hypotheses of the theorem guarantee that Fyac(z) # 0 for all z € R™=.
By following a similar reasoning as done in the proof of Lemma 6.3.4, we can
show that the MAC law guarantees that (A.133) holds for all ¢ € [t + hy, tx +
Fui1), k€ N, 1 €{0,...,L*(z(ty)) — 1}, with g = 0, and all z € R"=. Again
realising that for all t € [ty + Ayt + Byip1), k € N, 1€ {0,...,L*(x(ty)) —
1}, it holds that e~(txth) < g=at+adn and that e~ ot < e treRL @)
e~ttahL vields (6.5) with gain ¢ = &(a, 3, Ap, hz) as in (6.14). O

Proof of Theorem 6.3.6. Using the arguments given in Section 6.3.4, we have
that the hypotheses of the theorem guarantee that Faac(z,h) # 0 for all
x € R™ and all h € H. Moreover, as also argued in Section 6.3.4, the proposed
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AAC law guarantees that the solutions of the system (6.1), (6.2) with (6.4)
satisfy

V(a(ts + h)) < e % @emo iy (2(t)) < e~ MY (2(ty)  (A134)

for all I € {0,...,L(hy) — 1}, k € N. Now using the reasoning of the proof of
Lemma 6.3.4, we can show that this implies that (A.133) holds for all ¢ € [ty +
Buste 4+ Rig1), L€ {0,..., L(hg)) — 1}, with hg = 0, k € N, and for all z € R"=.
Again realising that for all t € [tk+h,te+hg1), 1€{0,...,L(hg)—1}, k €N,
it holds that e~®1(tsth) < e=@1t+@14n and that e“’“t’c < e-rttarhioy
e~d1ttaihe vields (6.5) with gain ¢ = é(ay, 8, Ap, hr) as in (6.14). O

Proof of Lemma 6.4.1. The proof follows the same line of reasoning as in [80,
108]. GES of (6.1) with (6.23) with convergence rate & and gain ¢é = @/a is
implied by the existence of a positive definite function, satisfying (6.11) and

hf{} L(V(z(t+s) = V(z(t)) < —aV(xz(t)), (A.135)

for all t € Ry, which follows from the Comparison Lemma, see, e.g., [79]. Now
using the fact that the solutions to (6.1) with (6.23) satisfy Sz = (A+ BK)z,
and using (6.21), we obtain that (A.135) is implied by

hm SUIPI +s(A+ BK))x(t)]loo = [|1Pz(t)]lc) < —a[|Pz(t)[loo,  (A.136)

for all t € R;. Using (6.24a), we have that, for all ¢ € Ry, (A.136) implied by

hm ST+ 5Q) oo = DIIPz(t) oo < —a]|P(t)]|oo, (A.137)

which is, due to positivity of || Pz||« for all z # 0, equivalent to lim, o 2(||(1 +
5Q)|loc — 1) < —&, which is implied by (6.24b). This completes the proof. [

Proof of Lemma 6.4.2. The proof is based on showing that the Lyapunov func-
tion obtained using Lemma 6.4.1 also guarantees (6.1) and (6.2), with (6.25)
and tx41 = tx + h, £k € N, to be GES with convergence rate o and gain
¢:=¢é(a, B, h), where ¢(a, 8, h) as in (6.10), for all h < hpax (@) as in (6.26). To
do so, observe that the solutions of (6.1) and (6.2), with (6.25) and tj41 = tx+h,
k € N, satisfy

o(t) = (eAt—t) 4 fot_tk e BKds)z(ty), (A.138)

for all t € [tx, tx + h), k € N, which can be bounded as
h S
lz(@)] < (A1 [ el4l=ds || B | K] [l(t)], (A.139)

for all t € [ty,tx + h), k € N. Now by following the ideas used in the proof of
Lemma 6.3.4, and the candidate Lyapunov function of the form (6.21), we have
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that GES with convergence rate o and gain ¢ of (6.1) and (6.2), with (6.25)
and ti41 = tx + h, k € N, is implied by requiring that

1Pt + W)lloo — e[ Pa(te) e <0, (A.140)

for all ty, k € N, and some well-chosen h > 0. Substituting (A.138) and defining
& := Pz, yielding z = (PT P)"'PT%, yields that that (A.140) is implied by

(1P + [*e4s B ds) (PTP) " P |log — e=M)[la(ti)lloo <0, (A.141)

for all £(t;) € R™, which holds for all h > 0, satisfying h < hmax(), as given
in the hypothesis of the lemma, meaning that (A.140) holds for all Z(t;) € R™
and for all h > 0, satisfying h < hpax(c). This completes the proof. O

Proof of Theorem 6.4.3. As a result of Lemma 6.4.2, we have that the control
input given by (6.25) renders the plant (6.1) with ZOH (6.2) GES with conver-
gence rate « and gain ¢ := ¢(a, | K|, i) as in (6.10), for any interexecution
time A < Amax(a) as in (6.26). To obtain a well-defined control law, we need
that Fyac(z) # 0, for all z € R™= | which is guaranteed if and only if (6.15) sat-
isfies F(x) # 0 for all z € R™* | as argued in Section 6.3.3. This can be achieved
by choosing 8 > ||K||s and choosing the set H := {hi,...,hr}, L € N, such
that by < hpmax(a), as this yields that Fy(z) D {Kz} # 0, if V is chosen as
in (6.21). GES with the convergence rate o and the gain ¢ > ¢(a, 8, A, fir)
of (6.1) with ZOH (6.2) and (6.3), with (6.9), (6.15), (6.16), (6.17) and (6.21),
follows directly from Theorem 6.3.5. This completes the proof. O

Proof of Theorem 6.4.4. As a result of Lemma 6.4.2, we have that the control
input given by (6.25), renders the plant (6.1) with ZOH (6.2) GES with a
convergence rate «, a gain ¢ := é(a, || K||eo, k) as in (6.10), for any execution
interval smaller than hpyax(a), as in (6.26). To obtain a well-defined control
law, we need that Faac(z) # 0, for all z € R which is guaranteed if and only
if (6.18) satisfies Fy, 1(z) # 0 for all x € R™=, as argued in Section 6.3.4. This
can be achieved by choosing o < @& < &, the control gain bound 8 > || K|«
and choosing the set H := {f1,..., A}, L € N, such that A < hmax(@), as
this yields that Fr 1(x) 2 {Kz} # (), if V is chosen as in (6.21). GES with the
convergence rate « and the gain ¢ > é(ay, 8, Ap, hr) of (6.1) with ZOH (6.2)
and (6.4), with (6.9), (6.18), (6.19), (6.20) and (6.21), follows directly from
Theorem 6.3.6. This completes the proof. O
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