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Abstract
Non-Markovmodels of stochastic biochemical kinetics often incorporate explicit time delays to effectively
model large numbers of intermediate biochemical processes. Analysis and simulation of these models,
as well as the inference of their parameters from data, are fraught with difficulties because the dynamics
depends on the system’s history. Here we use an artificial neural network to approximate the time-
dependent distributions of non-Markov models by the solutions of much simpler time-inhomogeneous
Markov models; the approximation does not increase the dimensionality of the model and simultane-
ously leads to inference of the kinetic parameters. The training of the neural network uses a relatively
small set of noisy measurements generated by experimental data or stochastic simulations of the non-
Markovmodel. We showusing a variety ofmodels, where the delays stem from transcriptional processes
and feedback control, that theMarkovmodels learnt by the neural network accurately reflect the stochas-
tic dynamics across parameter space.
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Introduction
Over the past two decades, stochastic modelling has provided insight into how cellular dynamics is influ-
enced by noise in gene expression [1,2]. The complexity of cellular biochemistry prevents a full stochas-
tic description of all reaction events and rather these models are effective, in the sense that each reaction
provides an effective description of a group of processes. A major assumption behind the majority of
stochastic models of biochemical kinetics and gene expression is the memoryless hypothesis, i.e., the
stochastic dynamics of the reactants is only influenced by the current state of the system, which implies
that the waiting times for reaction events obey exponential distributions. While this Markovian assump-
tion considerably simplifies model analysis [3], it is dubious for modelling certain non-elementary re-
action events that encapsulate multiple intermediate reaction steps. For example consider a model of
transcription that predicts the distribution of RNA polymerase numbers attached to the gene but which
does not explicitly model the microscopic processes behind elongation [4]. In this case, given that RNA
synthesis proceeds with approximately constant elongation speed, the reaction modelling termination
should occur a fixed time after the reaction modelling initiation, which implies the system has memory
and is not Markovian. Of course in this instance, the model could be made Markovian by extending it
so that it includes the explicit microscopic description of the movement of the RNA polymerase along
the gene [5] but this implies a large increase in the effective number of species which makes explicit
solution of the Markovian model impossible. Hence in many cases, a low dimensional stochastic model
can be only achieved by a suitable non-Markovian description. Given their practical importance, these
systems have been the subject of increased research interest, leading to an exact analytical solution for
a few simple cases and the development of exact Monte Carlo algorithms for the study of those with
complex dynamics [6–11].

Nevertheless, presently the understanding of non-Markovianmodels lagsmuchbehind that ofMarko-
vian models where a wide range of approximation methods are available. Hence there is ample scope
for the development of methods to tackle the difficulties inherent in stochastic systems possessing mem-
ory. Given the success of artificial neural networks (ANNs) in solving scientific problems where tradi-
tional methods have made little progress, it is of interest to consider whether such an approach could
be useful for solving the aforementioned stochastic problems. Neural networks being universal function
approximators have recently been used to solve partial differential equations commonly used in physics,
biology and chemistry. In particular these techniques have been used to approximately solve Burgers
equation [12–14], the Schrodinger equation [13, 15] and partial differential equations describing collec-
tive cell migration in scratch assays [16]; the ANN based methods behind the solution of these problems
are a subclass of the universal differential equation framework that has recently been proposed [17].

Inspired by the success of ANNs in other fields, in this articlewe develop a novel ANNbasedmethod-
ology based to study non-Markov models of gene expression and transcriptional feedback. We propose
to use an ANN to approximate non-Markov models by much simpler stochastic models. Specifically the
key idea is to approximate the chemical master equation (CME) of non-Markov models (which we refer
to as the delay CME) that is in terms of the two-time probability distribution by a CME whose terms
are only a function of the current time, i.e. by a time-inhomogeneous Markov process (see Fig. 1a for
an illustration). Notably this mapping is achieved without increasing the number of fluctuating species.
We refer to the learnt CME describing the time-inhomogeneous Markov process as the neural-network
chemical master equation (NN-CME). The latter, because of its simplified form, can then either be stud-
ied analytically using standard methods or else straightforwardly simulated using the finite state pro-
jection (FSP) method. In what follows, we introduce the ANN based approximation method by means
of a simple example and then verify its accuracy in predicting time-dependent molecule number distri-
butions of various realistic models of gene expression and its superior computational efficiency when
compared to direct stochastic simulation. We finish by showing the orthogonal use of the method to
infer the parameters of bursty gene expression from synthetic data.
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Results

Illustration of ANN-aided stochastic model approximation using a simple model of
transcription
We consider a simple non-Markovian system where molecules are produced at a rate ρ and are removed
from the system (degraded) after a fixed time delay τ:

∅
ρ
−→ N, N =⇒

τ
∅. (1)

In other words, each molecule has an internal clock that starts ticking when it is “born”, and when this
clock registers a time τ, the molecule “dies”. Note that as a convention in this paper, we use an arrow
to denote a reaction in which the products are formed after an exponentially distributed time and an
arrow with 2 horizontal lines to denote a reaction which occurs after a fixed elapsed time. The above
model, which we denote Model I, describes the fluctuations of nascent RNA (N) numbers due to con-
stitutive expression. Specifically the production reaction models the process of initiation whereby an
RNAP (RNA polymerase) molecule binds the promoter; the delayed degradation reaction models, in a
combined manner, the processes of elongation and termination whereby an RNAP molecule travels at a
constant velocity along the gene and finally detaches from the gene, respectively. Note that the number
of RNAPs bound to the gene is equal to the number of nascent RNA since each RNAP molecule has at-
tached to it a nascent RNA tail (for an illustration see Fig. 2a Model I). It can be shown (see SI Note 1)
from first principles that the delay CME describing the stochastic dynamics of this process is given by:

dP(n, t)

dt
= ρ[P(n − 1, t)− P(n, t)] + ρ[P(n, t|0, t − τ)− P(n − 1, t|0, t − τ)], (2)

where P(n, t) is the probability that at time t there are n nascent RNA molecules bound to the gene.
Similarly P(n, t|n′, t′) is the conditional probability distribution that at time t there are n molecules given
that at a previous time t′ < t, there were n′ molecules. The right hand side of the master equation is
a function of the present time t as well as of the previous time t − τ. Master equations of this type are
typically much more difficult to solve, analytically or numerically, than conventional master equations
where the right hand side is only a function of the present time t. Hence the key idea of our method is
to map the master equation (1) to the new master equation Eq. (2):

d
dt

P(n, t) = ρ[P(n − 1, t)− P(n, t)] +NNθ(n + 1, t)P(n + 1, t)−NNθ(n, t)P(n, t), (3)

where the functionNNθ(n, t) is an effective time-dependent propensity describing the removal of nascent
RNA molecules which is to be learnt by the ANN. This is the NN-CME for reaction scheme (1). Note
that this master equation with NNθ(n, t) = kn is the conventional chemical master equation describing
the birth-death process ∅ ρ

−→ N, N
k
−→ ∅ where k is the degradation rate. Given the physical intuition

that P(n, t) ≈ 0 for a large enough n, we truncate the probability vector by letting P(N + 1, t) = 0 for
some N, which is indeed the main idea behind the finite state projection algorithm (FSP) [18]. By doing
so, Eq. (3) can be compactly written in the form

d
dt

P(t) = Aθ(t)P(t), (4)
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with P(t) = [P(0, t), · · · , P(N, t)]⊤. The transition matrix is defined as Aθ = D + Nθ(t), where the two
components are given by

D =















−ρ 0 · · · 0 0

ρ −ρ · · · 0 0
... ... . . . ... ...
0 0 · · · −ρ 0

0 0 · · · ρ 0















,

and

Nθ(t) =















0 NNθ(1, t) · · · 0 0

0 −NNθ(1, t) · · · 0 0
... ... . . . ... ...
0 0 · · · −NNθ(N − 1, t) NNθ(N, t)
0 0 · · · 0 −NNθ(N, t)















.

The output NNθ(0, t) is set to 0 to reflect the fact that nascent RNA cannot be further removed when
there is none attached to the gene.

Next we describe howwe train the ANN to infer the effective transition matrix Aθ(t). We use a multi-
layer perceptron with a single hidden layer; this is a simple feedforward ANN consisting of three layers
– an input layer with N + 1 inputs, a hidden layer with an arbitrary number of neurons and an output
layer with N outputs. The simplicity of the ANN here used is motivated by the universal approximation
theorem which states that a single hidden-layer feedforward ANN is able to approximate a wide class
of functions on compact subsets [19, 20]. The activation functions used in the hidden layer and output
layer are tanh and relu for all examples. In the output layer, we impose an increasing set of fixed biases
which we specify later. For more details of the ANN, including the choice of hyperparameters, please
see SI Table 1. The training procedure consists of three main steps:

1. Given the probability vector P(t) at some time t, the N + 1 elements of the vector constitute the
inputs to the ANN. Given some set of weights and biases θ, the ANN’s N outputs are then taken
as the elements of the matrix Nθ(t), i.e. the nth output of the ANN is NNθ(n, t). By a numerical
discretization of Eq. (4), given the inputs and the outputs of theANN,we obtain P(t+∆t)where∆t
is the finite time step. Hence it follows that given the initial conditions specified by P(0), by means
of the ANN, for a given set of weights and biases, we can recursively predict the time-evolution of
the probability vector P(t) over the time points t ∈ [t1, t2, ..., tNshots

] where Nshots is the total number
of snapshots.

2. Nextwegenerate approximate probability distributions at the same timepoints bymeans of stochas-
tic simulations of the birth delayed-degradation reaction (1). Note that by stochastic simulations in
this paper we always mean an exact stochastic simulation algorithm (SSA)modified to incorporate
delays (specifically Algorithm 2 in [6]; for proof of its exactness see [7]). Let these distributions be
denoted as H(t). Following this we calculate a distance between the latter and P(t) calculated in
the previous step.

3. If the distance is larger than a threshold then update the set of weights and biases bymeans of back
propagation and gradient descent, and repeat steps (1) and (2). If the distance is smaller than the
threshold then the procedure ends and the transition matrix Aθ(t) has been learnt.

Note that since the output of the ANN are the propensities NNθ(n, t), these must be positive. We
choose the set of biases in the output layer (rn in Fig. 1a for n = 1, · · · , N) to be given by rn = n

τ . This
form is inspired by the fact that for the conventional CMEwith first-order degradation, NNθ(n, t) is pro-
portional to n where the proportionality constant is the effective rate of decay which has units of inverse
time. Hence intuitively, the effective removal propensity of the NN-CME is equal to the propensity as-
suming first-order degradation plus a correctionwhich is what the ANN effectively learns. This choice of
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biases is also similar to that of well-known residual network (ResNet) [21, 22] which helps to accelerate
the convergence of training and reduce computational cost.

Note also that the objective function is chosen as J(θ) = ∑
Nshot
j=1

∥H(tj)− P(tj)∥
2
2. While there are more

accurate distance measures (such as the Wasserstein distance) we use the mean-squared-error form for
two reasons: (i) it is commonly used in neural network training, and (ii) its simple form allows efficient
calculation of derivatives through the chain rule (the back propagation method). Steps (1) and (2) are
illustrated in Fig. 1b and the whole training procedure is summarized in Fig. 1c. Note that while the
gradient descent in Fig. 1c is illustrated using an Euler method, for our training we used the standard
adaptive moment estimation algorithm (ADAM).

Once the matrix Aθ(t) is learnt, Eq. (4) can be integrated numerically to obtain the time-dependent
probability vector at all times in the future. In Fig. 2b (first row), we show that the solution of the
learnt NN-CME is practically indistinguishable from distributions estimated from stochastic simulations
of Model I (1) – hence this implies that the ANN training protocol is effective as a means to map amaster
equation with terms having a non-local temporal dependence to a master equation with terms having a
purely local temporal dependence.

Testing the accuracy and computational efficiency of ANN-aided stochastic model
approximation on more complex models of transcription
To verify that the accurate mapping characteristics are not specific toModel I, we next consider the appli-
cation of the procedure to learn the NN-CME of two more complex transcription models incorporating
delay (see Fig. 2a). We consider Model II which is the same asModel I except that the binding of RNAPs
to the promoter occurs in bursts whose size i are distributed according to the geometric distribution
bi/(1 + b)i+1; this can be described by the reaction scheme:

∅

αbi

(1+b)i+1

−−−−→ iN, i = 0, 1, 2, ...

N =⇒
τ

∅, (5)

where α stands for the burst frequency and b is the mean burst size. This is a minimal delay model to
describe the phenomenon of transcriptional bursting [23]. The delay CME describing the nascent RNA
dynamics is given by (see SI Note 2):

∂tP(n, t) =
∞

∑
m=1

αbm

(1 + b)m+1
[P(n − m, t)− P(n, t)]

+
∞

∑
m=1

αbm

(1 + b)m+1 ∑
n′

P(n′, t)
[

P(n + m, t|n′ + m, t − τ)− P(n, t|n′ + m, t − τ)
]

.

(6)

We also considerModel III wherein the promoter switches between an active and inactive state, RNAP
binding occurs only in the active state which is followed by delayed degradation modelling the RNAP
movement along the gene and its detachment; this can be described by the reaction scheme:

G
ρ
−→ G + N, G

σoff−⇀↽−
σon

G⋆, N =⇒
τ

∅, (7)

where G and G⋆ stand for the active and inactive gene state respectively, and σon and σoff are the activation
and inactivation rates, respectively. It can be shown that in the limit of large σoff (compared to σon),Model
III reduces to Model II, whereas in the opposite limit of small σoff it reduces to Model I. Hence Model III
can describe both constitutive and bursty transcription, as well as regimes in between. The delay CME

5

.CC-BY-NC-ND 4.0 International licenseperpetuity. It is made available under a
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in 

The copyright holder for thisthis version posted December 15, 2020. ; https://doi.org/10.1101/2020.12.15.422883doi: bioRxiv preprint 

https://doi.org/10.1101/2020.12.15.422883
http://creativecommons.org/licenses/by-nc-nd/4.0/


( )
<latexit sha1_base64="0uV+MFXO5umww4jx0Jf/f6N6Teg="></latexit>

P( )
<latexit sha1_base64="GyG7RkMWiu+mt/TdSjzTbjIJgeU="></latexit>

A ( )
<latexit sha1_base64="geuwdzTkn/6IOJemOz4oOrlA7e8="></latexit>

A ( )
<latexit sha1_base64="gfTcx/Z4VL0/XhKdwc5nnx0OilA="></latexit>

A ( )
<latexit sha1_base64="oMUm6bUlbViBX0VcWk/QWLMkpF4="></latexit>

A ( − )
<latexit sha1_base64="zukgYGf37qzeD+V5omR55BtB6UA="></latexit>

P( − )
<latexit sha1_base64="pRKTOUEGlbVjBgtw3HQvjDmXiZM="></latexit>

P( )
<latexit sha1_base64="bnfL9EFSBnw7Anh6ITyjeBLKAmU="></latexit>

P( )
<latexit sha1_base64="74gIJXhr3hTBnpNJjFWtLzj1zCA="></latexit>

P( )
<latexit sha1_base64="fHDo1XZ/KRoe7ZP8tUtnb6m9MN0="></latexit>

…
……

…

…
…

…
…

Transition

matrix

Probability

vector

Objective

function

a

b

c

Train

Small sample 

data

> ?
<latexit sha1_base64="dVYTj7Jii49pX+QoXhYU/UFxdpo="></latexit>

← +
<latexit sha1_base64="TJZmhi/mtUcMsrWrjhB0c5BunFw="></latexit>

P( ), H( )
<latexit sha1_base64="4xk6gp9CZv9qVeGy1DR9diW2q2Y="></latexit>

( )
<latexit sha1_base64="EtzsYI7xPeHhYo+Kpg9aaITL1lA="></latexit>

+A ( )P( )
<latexit sha1_base64="m+tfYWDcaEO1sWCfAC9yvIPNxT4="></latexit>

P( + ) ← P( )
<latexit sha1_base64="Z7gQ+9WW3gV6nZ/iBahfAhrNt5o="></latexit>

← +
<latexit sha1_base64="wWkcEB1vNpbC/Iv8+inBTldvFLo="></latexit>

No

Yes

No

Yes

r
<latexit sha1_base64="nG0TsgdqJRNL+MELDZ5y0mX0tvY="></latexit>

+  � `r
<latexit sha1_base64="q79c4+YG5a38A6O1Uub3zew6gKg="></latexit>

<latexit sha1_base64="9ChA6Qm/+Rxyv91i5IPWwxdTB2Q="></latexit>

P( )
<latexit sha1_base64="L962mdciSdE1YJqidYKYnR6Vkqs="></latexit>

Euler

method

Back

propagation

Gradient

descent

t
P (n, t) = ρ(E−1

− 1)P (n, t) + (E− 1) θ(n, t)P (n, t)
<latexit sha1_base64="A5o/9Q4z07+65M24kh1KubBximU="></latexit>

Delay CME (two-time probability)

Neural-network CME (one-time probability)

Time

M
o

le
c
u

le
 #

Input 

layer

Hidden 

layer

Output 

layer

Neural network
r1

<latexit sha1_base64="eUGzR6GMaX25e+uChl24wSJbIWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LC2Cp5JUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ28Qbnq1twFyDrxclKFHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGTm3ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zbus1e+vqo1KHkcRzqACF+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP/orjX4=</latexit>

r2
<latexit sha1_base64="HuUJsSDlOfDIUstvJPVq6uHJQC8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LC2Cp5JUQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3pQH5Srbs1dgKwTLydVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUbOrTIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mndZq99fVRuVPI4inEEFLsCDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD7r41/</latexit>

rN
<latexit sha1_base64="R6q7sf30M2yOGaGQPSXp9hu3GdA=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwVJIq6LHgxZNUtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVI04S7kd0qEQoGEUrPej+Xb9UcavuHGSVeDmpQI5Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVb2Lau3+slIv53EU4BTKcA4eXEEdbqEBTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wcmLo2b</latexit>

… …

A ( )
<latexit sha1_base64="8Kmz7iscyc3xsDLW3pNVVA8iYKc="></latexit>

∂ P( ) = A ( )P( )
<latexit sha1_base64="BFY/YelzRwzO1V5CrcLNroq9fLc="></latexit>

<latexit sha1_base64="a31jKpWZ8T9AjVPp+eoS8F4Bcxg="></latexit>

A ( ) P( )
<latexit sha1_base64="zbf2IP3ncd94aHle0tzGUdkiAeM="></latexit>

<latexit sha1_base64="eB+qXdxaU+HagQbonspG+LH55p4="></latexit>

…
…

H( )
<latexit sha1_base64="qOBpWS1D3iFoZ2QRea9d8ukl18k="></latexit>

H( )
<latexit sha1_base64="MlfLisWzAs7k22dOCq8kZZqSwv0="></latexit>

H( )
<latexit sha1_base64="xXi2E3bs5zjE/kRhryc+wMk2EXE="></latexit>

Data

histogram

< ?
<latexit sha1_base64="yxgIEF+RF+Se5Oi+Jl3DnRHQZCI="></latexit>

Preset
biases

t
P (n, t) = ρ(E−1

− 1)P (n, t) + (E− 1)ρP (n− 1, t|0, t− τ)
<latexit sha1_base64="VcNBtdUbJXLOow64DWUPqWmbang="></latexit>

Figure 1: The ANN-aided stochastic model approximation. (a) Illustration of the key idea behind the method,
namely the ANN-aided mapping of a delay master equation that is in terms of the two-time probability distribution
by the simplerNeural-NetworkChemicalMaster Equation (NN-CME)whose terms are only a function of the current
time. (b) Illustration of the procedure behind the calculation of the transition matrix and the objective function. For
a given set of weights and biases of the ANN (denoted by θ), taking as input P(t), the ANN’s output gives the
transition matrix elements Aθ(t)which then by means of the Euler method (or more advanced differential equation
solvers) is used to predict the distribution at the next time step P(t + ∆t). Note that magenta arrows show the ANN
computation while the black dashed arrows show the use of the Euler method. Stochastic simulations that sample
the solution of the delay master equation are used to produce histograms at several time points H(t); finally the
distance J(θ) is calculated between the latter and P(t) (evaluated at the same time points). (c) Flowchart illustrating
all the steps in ANN training. If the objective function calculated as shown in (b) is above a threshold then the
weights and biases of the ANN are updated using back propagation followed by gradient descent; this is repeated
until the objective function is below a threshold.
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describing nascent RNA dynamics is given by (see SI Note 3):

dP0(n, t)

dt
=− σonP0(n, t) + σoffP1(n, t) + ∑

n′

ρP1(n
′, t − τ)

[

P01(n, t|0, t − τ)− P01(n − 1, t|0, t − τ)
]

,

dP1(n, t)

dt
=σonP0(n, t)− σoffP1(n, t) + ρ[P1(n − 1, t)− P1(n, t)] + ∑

n′

ρP1(n
′, t − τ)

[

P11(n, t|0, t − τ)− P11(n − 1, t|0, t − τ)
]

,

(8)

where Pi(n, t) is the probability that the gene is in state i at time t and the number of nascent RNA is n;
note that i = 0, 1 where 0 is the inactive state and 1 is the active state. Similarly Pij(n, t|n′, t′) denotes the
conditional probability distribution that at time t the gene is in state i and the number of molecules is n,
given that at a previous time t′ the gene was in state j and the number of molecules was n′.

Note that as for the delay CME describing Model I, the delay CMEs describing Models II and III
also have terms on the right hand side which are a function of the two-time probability distribution.
These terms which stem from delayed degradation, make analytical and numerical solution of the delay
master equations non-trivial. However the ANN-aided procedure to solve Models II and III is as easy
to implement as for Model I. By replacing the two-time probability distribution terms on the left hand
sides of Eqs. (6) and (8) by terms of the type NNθ(n, t) (see SI Note 4 for details), one can map the delay
master equations into the form d

dt P(t) = Aθ(t)P(t), where the transition matrix Aθ(t) is learnt by the
same training procedure as before.

In Fig. 2b rows 2, 3 and 4we show the comparison between the time-dependent distribution of nascent
RNA predicted by the NN-CME and stochastic simulations of the reaction schemes corresponding to
Models II and III. The agreement is excellent at all times and for all models, independent of the modality
and skewness of the distribution. This reinforces the result that the ANN-aided procedure enables an
accurate mapping of master equations with terms having a non-local temporal dependence (via the two-
time probability distribution) tomaster equationswith terms having a purely local temporal dependence.

Next we test the computational efficiency of the ANN-aided procedure compared to stochastic sim-
ulations. Fig. 3a shows the Hellinger distance between the probability distribution of nascent RNA
numbers according to the NN-CME and the exact analytical solution of Model I (see SI Note 1) as a
function of the number of snapshots Nshots and of the number of stochastic simulations used to train the
ANN. As expected, increasing the number of snapshots and the number of stochastic simulations in the
ANN’s training enhances the accuracy of the NN-CME’s distribution (manifested as a reduction in the
Hellinger distance). More interestingly, we found that the NN-CME obtained from training the ANN
with just a thousand stochastic simulations outputs a distribution that has the same Hellinger distance
from the exact distribution as the one obtained from a histogram generated using 30, 000 stochastic sim-
ulations (direct simulation). Moreover in this case, the time to acquire samples plus the time for ANN
training takes 1/6 of the computation time if we only use simulations. Another way of distinguishing our
method and stochastic simulations is to compare the distributions predicted by both methods, given the
same number of stochastic simulations; as shown in Fig. 3b, while at short times the two are compara-
ble, at long times the NN-CME’s prediction is far more accurate than that of the SSA. Note that training
can also be done in steady-state, i.e. solving the algebraic equations Aθ(t)P(t) = 0; the precision and
efficiency of this alternative mode of training the ANN is illustrated and discussed in SI Fig. S2.

Rapid exploration of parameter space and the prediction of a novel type of zero-
inflation phenomenon
Given the computational efficiency of the ANN-aided model approximation, one would expect it to be
useful as ameans to rapidly explore the phases of a system’s behaviour across large swathes of parameter
space. This endeavour is only possible if the NN-CME’s predictions are accurate across parameter space
which is yet to be seen since we have only shown its accuracy for few parameter sets in Figs. 2 and 3. In
what follows, we explicitly verify that the NN-CME can correctly capture all the phases of Model III’s
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Figure 2: ANN-aided stochastic model approximation of various models of transcription. (a) Illustration of three
models of transcription. The models describe initiation, elongation and termination and specifically predict the
numbers of nascent RNAs (equivalently the number of RNAP polymerases, Pol IIs) at the gene locus. In all models,
a nascent RNA molecule detaches after a constant time has elapsed from its binding to the promoter. The models
differ in how they model Pol II binding: in Model I, the binding is modeled as a Poisson process, hence one at a
time; in Model II, binding occurs in bursts, whose size conforms to a geometric distribution; in Model III, the gene
switches between active and inactive states, and only the active state permits Pol II binding. (b) For all models, the
FSP solution of the NN-CME derived by the ANN-aided procedure is in excellent agreement with the SSA of the
delay CME. The accuracy is independent of the modality and skewness of the distribution. The rate constants and
other parameters related to the ANN’s training are specified in SI Table 1.
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Figure 3: (a) Precision and computational efficiency of the ANN-aidedmodel approximation as a function of sample
size and number of snapshots. The method is benchmarked on Model I since the time-dependent solution of the
delay CME is exactly known (see SI Note 1) and hence the accuracy of our method can be precisely quantified. A
measure of the accuracy is the average Hellinger Distance (HD) between the NN-CME and exact distributions at
four different time points. The computation time is equal to the time to acquire samples plus time for training. Each
data point in the graphs is averaged on 3 independent trainings. Note that the NN-CME obtained from training
with 103 samples produces a distribution that is as precise as that from 3 × 104 samples using the SSA of the delay
CME (shown as a black dashed line); in this case the computation time of the NN-CME is also just 1/6 of the SSA.
(b) Comparison of the NN-CME distributions, exact analytical distributions and histograms from stochastic SSA
simulations of the delay CME at two different time points; the sampling for both training and the SSA is 103. Note
that the NN-CME leads to much more accurate distributions than the SSA for the same number of samples. The rate
constants and other parameters related to the ANN’s training are specified in SI Table 1.

behaviour.
We consider the case when the gene spends most of its time in the OFF state (the bursty regime of

gene expression). In this case, Model III is well approximated by Model II (see SI Note 3), and by means
of the exact analytical solution of the latter we identify four regions (I-IV; see Fig 4a) according to the
type of steady-state distribution (see Fig. 4b and its caption for their description). Specifically phase IV
is the only region of space where bimodal distributions (peak at zero and at a non-zero value) are found.
Theory shows that the conditions (see SI Note 2) that need to be satisfied for this bimodality to manifest
are:

2 + 2
b

α
< τ <

b + 1
b + 2

α
, b > 1. (9)

By using theNN-CME to randomly sample points in parameter space, we find the same as the theoretical
prediction: the distributions are unimodal (dots) except in Region IV where they are bimodal (crosses).
Hence this verifies the accuracy of our method across parameter space.

We also note that bimodality in the bursty regime is unexpected because the standard model of gene
expression (Model II/III with delayed-degradation replaced by first-order degradation [2, 24, 25]) pre-
dicts a unimodal steady-state distribution which is well approximated by a negative binomial distribu-
tion. Note that Model III is more appropriate to model nascent RNA dynamics than the standard model
of gene expression because unlike mature RNA, nascent RNA typically does not get degraded while the
RNAP is traversing the gene; rather nascent “degradation” occurs after a finite elapsed time when it de-
taches from the gene and becomes mature RNA. Hence Region IV can be understood as delay-induced
bimodality or a delay-induced zero-inflation phenomenon. Since there is evidence that the delay time
is stochastic rather than fixed [26, 27] we also used the NN-CME to investigate how the nascent RNA
distributions change with variance in the delay time when the mean is kept constant: as shown in Fig.
4c we find that a large increase in the variability of the delay time tends to destroy the peak at zero. Note
that for systems with stochastic delay, the training of the ANN-aided approximation remains the same
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as for those with fixed delay; the advantage of our method is that it can just as easily solve non-Markov
models with stochastic delay as those with deterministic delay whereas analytically only the latter are
amenable to exact solutions (see SI Note 1).

-1 0 1

1

2

3

I

II

III

IV

II

IV

III

0.25

0 30

II

0 15

0.25

1

I
0.04

0 70

III
0.08

0 50

IV

Burst size ( )
<latexit sha1_base64="/zERlpjpaJ70C0rgr8zgrEM9tWc="></latexit>

E
lo

n
g

a
ti
o

n
 t

im
e
 
(

)
<latexit sha1_base64="vWASgUlete0lamnqYBXVuOOtu+4="></latexit>

1

2

3

P
ro

b
a
b

ili
ty

-1 0 1

Burst frequency / ( )
<latexit sha1_base64="Wi9jEn0wRgX3XEZd8mGwOglvLcc="></latexit>

Nascent RNA #

large var destroys

zero-inflated

a

b

c

( ) = .

<latexit sha1_base64="giaTwNgko5quKBlu5KrlPHsbqfk="></latexit>

h i = .

<latexit sha1_base64="dS5APqEfp4Mw9xeVvsE9ci7Z1n0="></latexit>

( ) = .

<latexit sha1_base64="Zmdvt1AQRlN+Cfo4vlKzYFLxDRs="></latexit>

h i = .

<latexit sha1_base64="dS5APqEfp4Mw9xeVvsE9ci7Z1n0="></latexit>

0.06

0 15 30 45

0.06

120 125 130

1.2

0 15 30 45

SSA NN-CME

( ,

√

) +
<latexit sha1_base64="QyMjfEG/zVRUyEmS17jEYOQROWU="></latexit>

( , ) +
<latexit sha1_base64="yVflZbm6OCutQwOXV5eH5Y7clNI="></latexit>

<latexit sha1_base64="14rLXu1U7FW7fOV1JWtZlsamjSI="></latexit>

P
D

F
P

ro
b

a
b

ili
ty

Nascent RNA #

Unimodal Bimodal Mis-categorization

Figure 4: Stochastic bifurcation diagram for Model III in the bursty regime (σoff ≫ σon) using the NN-CME and
comparisonwith theory. (a) From an analytical approximation ofModel III in the bursty regime, the space is divided
into four regions according to the type of distributions (shown in b): type I, a unimodal distribution with mode= 1;
type II, a unimodal distribution with mode= 0; type III, a unimodal distribution with mode> 1; type IV, a bimodal
distribution with two modes at zero and a non-zero value. Region IV is highlighted in green since it is a phase that
does not exist in the bursty regime of the standard model of gene expression (Model III with delayed degradation
replaced by first-order degradation) – this is hence delay-induced bimodality. The lines defining the division of space
are: solid line is (2 + 2

b )/α and the dashed line is (b + 1
b + 2)/α which respectively are the lower and upper bounds

on τ given by Eq. (9). To check the accuracy of the ANN-aided model approximation for Model III, we used it to
compute the NN-CME and then solved using FSP to obtain nascent number distributions for 200 points in parameter
space. These are randomly sampled from the space {ρ = 2.11, σoff ∈ 2.11 × [10−1, 10], σon = 0.0282, τ ∈ [10, 103]}
(left) and {ρ = 2.11, σoff = 0.609, σon = 0.0282 × [10−1, 10], τ ∈ [10, 103]} (right). Dots denote parameter sets
for which the NN-CME distributions are unimodal and crosses show those for which the distributions are bimodal.
The fact that the vast majority of crosses fall in region IV and the dots outside of it shows that the NN-CME agrees
with the analytical approximation of Model III (parameter sets which mismatch between the NN-CME and theory
are highlighted with red arrows and are very few in number). Note in the left figure of (a), the burst frequency is
fixed to α = 0.0282 (left) while in the right figure, we use α0 = 0.0282 and the burst size is fixed to b = 3.46. (c)
The NN-CME is learnt from stochastic simulations of the delay model of Model III with the added feature that the
elongation time τ is a random variable sampled from two different lognormal distributions (see top figure). In the
middle and bottom figures we show that the delay-induced bimodality (phase IV) disappears as the variance on the
elongation time τ increases at constant mean. The rate constants and other parameters related to the ANN’s training
are specified in SI Table 1.

In summary, we find that delayed degradation induces an extra mode peaked at n = 0, a type of
zero-inflation phenomenon. This phenomenon is commonly seen in single-cell RNA-seq data, and it is
usually attributed to the expression drop-off caused by technical noises or sequencing sensitivity [28].
It has also been shown [29, 30] that it may arise from an extra number of gene states. However our
results suggest that delay due to elongation (when the variability in elongation times is small) is another
important source contributing to the zero-inflated distributions evident in RNA-seq data.
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Learning the effective master equation of genetic feedback loops from partial abun-
dance data
Feedback inhibition of gene expression is a common phenomenon in which gene expression is down-
regulated by its protein product. Given there is sufficient time delay in the regulation process as well
as sufficient nonlinearity in the mass-action law describing the kinetics of certain reaction steps [31],
feedback inhibition can lead to oscillatory gene expression such as that observed in circadian clocks [32].
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Figure 5: NN-CME accurately predicts the properties of a stochastic auto-regulatory model of oscillatory gene ex-
pression when only partial data is used for ANN training. (a) Illustration of a model of auto-regulation whereby a
protein X is transcribed by a gene, then it is transformed after a delay time τ into amature protein Y, which binds the
promoter and represses transcription of X. The functions J1(Y) and J2(Y) can be found in SI Note 5. (b) Two typical
SSA simulations of proteins X and Y, clearly showing that single-cell oscillations while noisy, they are sustained.
(c,d) The NN-CME is obtained from training the ANN using only protein Y data from SSA simulations of the delay
model of the auto-regulatory model. Surprisingly the NN-CME’s solution for the temporal variation of the mean
number of both proteins X and Y, and for their distributions is in excellent agreement with that of the SSA. Note the
distributions in (d) are for the 3 time points labelled A, B and C in (c). The rate constants and other parameters
related to the ANN’s training are specified in SI Table 1.

Here we consider a simple genetic negative feedback loop (see Fig. 5a) whereby (i) a protein X is
transcribed by a promoter, (ii) subsequently after a fixed time delay τ, X turns (via some set of unspeci-
fied biochemical processes) into a protein Y and (iii) finally Y binds the promoter and reduces the rate of
transcription of X. Simulation trajectories verify oscillatory behaviour of this circuit; see Fig. 5b. We use
the simulated trajectories of mature protein Y to train the ANN (the objective function onlymeasures the
distance between the ANN predicted distribution of Y and the distribution from stochastic simulations),
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in a similar way as previous examples (see SI Note 5). In Fig. 5c and d we show that the time-dependent
distributions of both proteins and their means output using the NN-CME are in excellent agreement
with the SSA, even clearly capturing the damped oscillatory behaviour; while for Y this is maybe not
so surprising, for X it is remarkable because simulated trajectories of X were not used in the training of
the ANN. Hence this shows that the ANN-aided model approximation can learn the effective form of
master equations from partial trajectory information, a very useful property if the training data is sparse
and available only for some molecular species as commonly the case with experimental data.

ANN-aided inference of the parameters of bursty transcription
With a small modification, the ANN-aided model approximation technique besides constructing an ap-
proximate NN-CMEmodel, it can also infer the values of kinetic parameters of the data used for training.
This is brought about by optimizing not only the weights and biases of the ANN but also simultaneously
for the kinetic parameter values. In Fig. 6 we show the results of this method using training data gen-
erated by the SSA of Model II with parameters (burst frequency α and size b) that have been measured
for 5 mammalian genes [33]. Comparing the latter true parameter values with those obtained from the
ANN-aided inference, we conclude that the inference procedure leads to accurate results. Note that the
95% confidence intervals of the estimates are obtained using the profile likelihood method (see SI Note
6 and Fig. 6a,b for an illustration).

We also show that the distribution solution of the NN-CME (which is obtained at one go, together
with the inferred parameters) is practically indistinguishable from distributions constructed using the
SSA of Model II (the quantile-quantile plots in Fig. 6c are linear with unit slope and zero intercept). In
SI Fig. 3 we show the application of the ANN-aided inference to Model III.

Discussion
In this paper, we have shown how the training of a three-layer perceptron with a single hidden layer is
enough to approximate the delay CME of a non-Markov model by the NN-CMEwhich is a master equa-
tion with time-dependent propensities (time-inhomogeneous Markov process). Notably this mapping
has been achieved without increasing the effective number of species in the model. Since the NN-CME
has no delay terms, it simplifies analysis and simulation; for e.g. the NN-CME can be accurately ap-
proximated by a wide range of standard methods [3] and its solution is straightforward using finite state
projection [18]. We note that while neural networks have been recently used to approximate partial dif-
ferential equations in physics, chemistry and biology, to our knowledge our work represents their first
use in approximating equations describing the time-evolution of stochastic processes in continuous time
andwith a discrete state space e.g., systems describing cellular biochemistry where the discreteness is an
important feature of the systemdue to the low copy number of DNAandmRNAmolecules involved [34].

We find that to obtain an accurate NN-CME, training only needs a small sample size (of the order
of a thousand SSA trajectories which is computationally cheap), it can be done with partial data (some
species data can be missing) and simultaneously one can obtain estimates of the kinetic parameters. The
latter is particularly relevant if the training data is collected experimentally, e.g. by measuring nascent
RNA numbers using live-cell imaging techniques (such as the MS2 system) at several time points for
many cells [35, 36]. Our ANN based inference method rests upon the matching of distributions and
hence similar to non-ANN based methods developed in Refs [37, 38], it avoids the pitfalls of moment-
based inference [39,40]. We note that the ability to approximate solutions of delaymaster equations from
simulated data while simultaneously optimizing for the parameters has not been demonstrated before;
deep learning frameworks have previously achieved similar feats for deterministic models [13, 16] and
more recently for stochastic models described by multi-dimensional Fokker-Planck equations [41,42].

Recent work has shown that differential equation models describing the time-evolution of average
agent density can be learnt (using sparse regression) from agent-based model simulations of spatial
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Figure 6: ANN-aided model approximation seamlessly integrates the inference of kinetic parameters and approxi-
mation of the delay CME by a NN-CME. The unknown kinetic parameters can be treated in the same way as neural
network coefficients (weight and biases) and optimized to minimize the objective function. Application to Model
II. (a) Sketch of the computation of the 95% confidence interval (CI) of the inferred kinetic parameters. Blue areas
indicate the 95% confidence region, while the gray area shows the non-confidence region. Both solid and dashed red
lines show the profile likelihoods of burst frequency α and burst size b, respectively (See SI Note 6 for details). (b)
Inferred values of α and burst size b (blue dots), their 95% CIs (blue lines) and the true values (green lines) for five
mammalian genes. Inference by using ANN-aided model approximation is robust against size of dataset: Dataset A
(100 snapshots and 104 cells)andDataset B (50 snapshots and 103 cells) produce similar results. (c) quantile-quantile
plots for the steady-state distributions of the NN-CME and those obtained from the SSA; the linearity confirms that
the ANN-aided model approximation can accurately approximate the distribution using the NN-CME even when
the optimization is over both the kinetic parameters and the neural network coefficients. The rate constants and
other parameters related to the ANN’s training are specified in SI Table I.
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reaction-diffusion processes [43]. Such models can describe for e.g. intracellular biochemical processes
in crowded conditions [44] or multi-scale tissue dynamics including cell movement, growth, adhesion,
death,mitosis and chemotaxis [45–47]. Someof thesemodels have been shown todisplay non-Markovian
behaviour [48]. While here we showcased the ANN based method using non-Markovian delay CMEs,
one could also use for training, data generated by spatially resolved particle-based simulations, as the
examples above. The application of our method would provide a master equation that effectively cap-
tures stochastic dynamics at the population level of description and avoids the pitfalls of commonly used
analytical approximationmethods e.g., mean-field approximations, to obtain reduced stochastic descrip-
tions.
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