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ABSTRACT

Neutral stochastic differential delay equations (NSDDEs) have recently

been studied intensively (see Kolmanovskii, V.B. and Nosov, V.R.,

Stability and Periodic Modes of Control Systems with Aftereffect;

Nauka: Moscow, 1981 and Mao X., Stochastic Differential Equations

and Their Applications; Horwood Pub.: Chichester, 1997). Given that

many systems are often subject to component failures or repairs, changing

subsystem interconnections and abrupt environmental disturbances etc.,

the structure and parameters of underlying NSDDEs may change abruptly.
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One way to model such abrupt changes is to use the continuous-time

Markov chains. As a result, the underlying NSDDEs become NSDDEs

with Markovian switching which are hybrid systems. So far little is known

about the NSDDEs with Markovian switching and the aim of this paper is

to close this gap. In this paper we will not only establish a fundamental

theory for such systems but also discuss some important properties of the

solutions e.g. boundedness and stability.

Key Words: Brownian motion; Generalized Itô’s formula; Markov chain;

Hybrid system.

1. INTRODUCTION

Many dynamical systems not only depend on present and past states but

also involve derivatives with delays. Neutral differential delay equations

(NDDEs) are often used to describe such systems. For example, Brayton[1]

used a partial differential equation (PDE) to describe the problem of loseless

transmission and then transferred the PDE into the following NDDE

d

dt
[x(t) � Kx(t � t)] ¼ f (x(t), x(t � t))

Another similar equation encountered by Rubanik[2] in his study of vibrating

masses attached to an elastic bar is

€xx(t) þ o1
2x(t) ¼ ef1(x(t), _xx(t), y(t), _yy(t)) þ g1 €yy(t � t)

€yy(t) þ o2
2x(t) ¼ ef2(x(t), _xx(t), y(t), _yy(t)) þ g2 €xx(t � t)

In general, an NDDE has the form

d

dt
[x(t) � D(x(t � t))] ¼ f (x(t), x(t � t), t) (1:1)

For the theory of NDDEs please see Hale and Lunel[3] and the references

therein. Taking the environmental disturbances into account, Kolmanovskii

and Nosov[4] and Mao[5] discussed the neutral stochastic differential delay

equations (NSDDEs)

d[x(t) � D(x(t � t))] ¼ f (x(t), x(t � t), t) dt

þ g(x(t), x(t � t), t) dB(t) (1:2)
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On the other hand, many practical systems may experience abrupt changes

in their structure and parameters caused by phenomena such as component

failures or repairs, changing subsystem interconnections, and abrupt environ-

mental disturbances. The hybrid systems driven by continuous-time Markov

chains have recently been developed to cope with such situation. The hybrid

systems combine a part of the state that takes values continuously and another

part of the state that takes discrete values. Such hybrid systems have been

considered for the modelling of electric power systems by Q1Willsky & Levy[6]

as well as for the control of a solar thermal central receiver by Sworder &

Rogers.[7] Athans[8] suggested that the hybrid systems would become a basic

framework in posing and solving control-related issues in Battle Management

Command, Control and Communications (BM=C3) systems. An important

class of hybrid systems is the jump linear systems

_xx(t) ¼ A(r(t))x(t) (1:3)

where a part of the state x(t) takes values in Rn while another part of the state

r(t) is a Markov chain taking values in S ¼ {1, 2, . . . , N}. One of the

important issues in the study of hybrid systems is the automatic control,

with consequent emphasis being placed on the analysis of stability. For more

detailed account on hybrid systems please see Basak et al.,[9] Ji and

Chizeck,[10] Mao et al.,[11,12] Mariton,[13] Shaikhet,[14] among the others.

Motivated by the hybrid systems, let us return to the NSDDE (1.2). If this

system experiences abrupt changes in their structure and parameters and we

use the continuous-time Markov chains to model these abrupt changes, we

then need to deal with NSDDE with Markovian switching

d[x(t) � D(x(t � t), r(t))] ¼ f (x(t), x(t � t), t, r(t)) dt

þ g(x(t), x(t � t), t, r(t)) dB(t) (1:4)

So far little is known about such systems and the aim of this paper is to close

this gap. We will establish a fundamental theory for the NSDDEs with

Markovian switching e.g., the definition of the solutions and conditions for

the existence and uniqueness of the solutions. We will also discuss some

important properties of the solutions e.g., asymptotic boundedness and

stability.

2. NSDDES WITH MARKOVIAN SWITCHING

Throughout this paper, unless otherwise specified, we use the following

notations. Let j�j be the Euclidean norm in Rn. If A is a vector or matrix, its
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transpose is denoted by AT. If A is a matrix, its trace norm is denoted by

jAj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trace(ATA)

p
. If A is a symmetric matrix, denote by lmax(A) and

lmin(A) its largest and smallest eigenvalue, respectively. Let Rþ ¼ [0, 1)

and t > 0. Let C([�t, 0]; Rn) denote the family of continuous functions j
from [�t, 0] to R

n with the norm kjk ¼ sup�t�y�0 jj(y)j.

Let (O, F , {F t}t
0, P) be a complete probability space with a filtration

{F t}t
0 satisfying the usual conditions (i.e., it is increasing and right

continuous while F 0 contains all P-null sets). For p > 0, denote by

LF 0

p([�t, 0]; Rn) the family of all F 0-measurable and C([�t, 0]; Rn)-valued

random variables x such that Ekxkp < 1. Denote by CF 0

b([�t, 0]; Rn) the

family of all F 0-measurable, bounded and C([�t, 0]; Rn)-valued random

variables. If x(t) is a continuous Rn-valued stochastic process on

t 2 [�t, 1), we let xt ¼ {x(t þ y): � t � y � 0} for t 
 0 which is regarded

as a C([�t, 0]; Rn)-valued stochastic process. Let w(t) ¼ (w1(t), . . . , wm(t))T,

t 
 0, be an m-dimensional Brownian motion defined on the probability space.

Let r(t), t 
 0, be a right-continuous Markov chain on the probability space

taking values in a finite state space S ¼ {1, 2, . . . , N} with generator

G ¼ (gij)N�N given by

P{r(t þ D) ¼ j j r(t) ¼ i} ¼
gijDþ o(D) if i 6¼ j

1 þ giiDþ o(D) if i ¼ j

�

where D > 0. Here gij 
 0 is the transition rate from i to j if i 6¼ j while

gii ¼ �
X
j 6¼i

gij

We assume that the Markov chain r(�) is F t-adapted but independent of the

Brownian motion w(�). It is well-known (see Skorohod[15]) that almost every

sample path of r(t) is a right-continuous step function with a finite number

of simple jumps in any finite subinterval of Rþ. In other words, there

is a sequence of stopping times 0 ¼ t0 < t1 < � � � < tk ! 1 almost surely

such that

r(t) ¼
X1
k¼0

r(tk )1[tk ,tkþ1)(t)

where 1A denotes the indicator function of set A.
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In this paper we consider the n-dimensional NSDDE with Markovian

switching

d[x(t) � D(x(t � t), r(t))] ¼ f (x(t), x(t � t), t, r(t)) dt

þ g(x(t), x(t � t), t, r(t)) dB(t) (2:1)

on t 
 0 with initial data x0 ¼ x 2 LF 0

2([�t, 0]; Rn) and r(0) ¼ r0, where r0

is an S-valued F 0-measurable random variable and

D: Rn
� S ! R

n, f : Rn
� R

n
� Rþ � S ! R

n,

g: Rn
� Rn

� Rþ � S ! Rn

are all Borel-measurable functions. By the definition of Itô’s stochastic

differential, Eq. (2.1) means that for every T > 0,

x(T ) � D(x(T � t), r(T )) ¼ x(0) � D(x(�t), r0)

þ

ðT

0

f (x(t), x(t � t), t, r(t)) dt

þ

ðT

0

g(x(t), x(t � t), t, r(t)) dB(t) (2:2)

holds with probability one. Let us first give the definition of the solution.

Definition 2.1

An Rn-valued stochastic process {x(t)}t
�t is called a solution of

Eq. (2.1)if it has the following properties:

1. {x(t)} is continuous and F t-adapted (as usual we set F t ¼ F 0 when

t 2 [�t, 0]);

2. for every T > 0

ðT

0

j f (x(t), x(t � t), t, r(t))j dt < 1 a:s:

and

ðT

0

jg(x(t), x(t � t), t, r(t))j2 dt < 1 a:s:

3. x0 ¼ x and Eq. (2.2) holds with probability 1 for every T 
 0.

Neutral Stochastic Differential Delay Equations 843

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210



A solution {x(t)} is said to be unique if any other solution {�xx(t)} is

indistinguishable from {x(t)}.

To establish the existence-and-uniqueness theorem we need to impose the

following assumptions.

Assumption 2.2

Assume that there exists a positive constant K such that

j f (x, y, t, i)j2 _ jg(x, y, t, i)j2 _ jD( y, i)j2 � K(1 þ jxj2 þ jyj2) (2:3)

for all (x, y, t, i) 2 Rn
� Rn

� Rþ � S. Moreover, for every h > 0, there is a

positive constant Kh such that

j f (x, y, t, i) � f (�xx, y, t, i)j2 _ jg(x, y, t, i) � g(�xx, y, t, i)j2 � Khjx � yj2

(2:4)

for all ( y, t, i) 2 R
n
� Rþ � S and those x, �xx 2 R

n with jxj _ j�xxj � h. We refer

to (2.3) as the linear growth condition and (2.4) the local Lipschitz condition

in x for f (x, y, t, i).

We can now state our theorem on the existence and uniqueness of the

solution.

Theorem 2.3

Under Assumption 2.2 Eq. (2.1) has a unique solution x(t) on t 
 �t.

Moreover, the solution has the property

Ekxktk
2 ¼ E sup

(k�1)t�t�kt
jx(t)j2

 !

�
Ckþ1 � 1

C � 1
þ CkEkxk2 8k ¼ 1, 2, . . . (2:5)

where

C ¼ C(K, t) ¼ [10K þ 11 _ 5Kt(tþ 5)]e10Kt(tþ5)

Proof.

Given the initial data x on [�t, 0], we first show that Eq. (2.1) has a

unique solution x(t) on t 2 [0, t] and it has the property

Ekxtk
2 � C(1 þ Ekxk2) (2:6)
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where C ¼ C(K, t) has been defined in the statement of the theorem. In fact,

when t 2 [0, t], Eq. (2.1) can be written as

x(t) ¼ x(0) þ D(x(t � t), r(t)) � D(x(�t), r0)

þ

ðt

0

f (x(s), x(s � t), s, r(s)) ds

þ

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s) (2:7)

This is a stochastic differential equation with Markovian switching and it is

known (see Mao11) that this equation has a unique solution x(t) on t 2 [0, t]

under Assumption 2.2. It now follows from (2.7) that

1

5
jx(t)j2 � jx(0)j2 þ jD(x(t � t), r(t))j2 þ jD(x(�t), r0)j2

þ

ðt

0

f (x(s), x(s � t), s, r(s)) ds

����
����
2

þ

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
2

Taking x ¼ 0 in (2.3) we observe that

jD( y, i)j � K(1 þ jyj2) 8( y, i) 2 Rn
� S (2:8)

So

jx(0)j2 þ jD(x(t � t), r(t))j2 þ jD(x(�t), r0)j2 � 2K þ (2K þ 1)kxk2

Moreover, by the Hölder inequality and (2.3),

ðt

0

f (x(s), x(s � t), s, r(s)) ds

����
����
2

� t

ðt

0

j f (x(s), x(s � t), s, r(s))j2 ds

� tK

ðt

0

(1 þ jx(s)j2 þ jx(s � t)j2) ds
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We therefore see that for any t1 2 [0, t],

E sup
0�t�t1

jx(t)j2

 !
� 10K þ 5(2K þ 1)Ekxk2

þ 5tKE

ðt1

0

(1 þ jx(s)j2 þ jx(s � t)j2) ds

þ 5E sup
0�t�t1

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
2

 !

But, by the Doob martingale inequality and (2.3),

E sup
0�t�t1

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
2

 !

� 4E

ðt1

0

jg(x(s), x(s � t), s, r(s))j2 ds

� 4KE

ðt1

0

(1 þ jx(s)j2 þ jx(s � t)j2) ds

Thus we have

E sup
0�t�t1

jx(t)j2

 !
� 10K þ 5(2K þ 1)Ekxk2

þ 5K(tþ 5)E

ðt1

0

(1 þ jx(s)j2 þ jx(s � t)j2) ds

� 10K þ 5(2K þ 1)Ekxk2 þ 5Kt(tþ 5)

þ 10K(tþ 5)

ðt1

0

E sup
�t�u�s

jx(u)j2
	 


ds

Consequently

E sup
�t�t�t1

jx(t)j2

 !
�E kxk2 þ sup

0�t�t1

jx(t)j2

 !

� 10K þ (10K þ 11)Ekxk2 þ 5Kt(tþ 5)

þ 10K(tþ 5)

ðt1

0

E sup
�t�u�s

jx(u)j2
	 


ds
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The well-known Gronwall inequality implies

E sup
�t�t�t

jx(t)j2
	 


� [10K þ 11 _ 5Kt(tþ 5)](1 þ Ekxk2)e10Kt(tþ5)

and (2.6) follows.

Once we obtain the unique solution on [0, t] we can regard them as the

initial data and consider Eq. (2.1) for t 2 [t, 2t]. In this case, Eq. (2.1) can be

written as

x(t) ¼ x(t) þ D(x(t � t), r(t)) � D(x(0), r(t))

þ

ðt

t
f (x(s), x(s � t), s, r(s)) ds

þ

ðt

t
g(x(s), x(s � t), s, r(s)) dB(s)

This is a stochastic differential equation with Markovian switching and it has a

unique solution x(t) on t 2 [t, 2t] under Assumption 2.2. Moreover, we can

show in the same way as (2.6) was proved that

Ekx2tk
2 � C(1 þ Ekxtk

2)

Repeating this procedure on intervals [2t, 3t], [3t, 4t] and so on we obtain the

unique solution x(t) on t 
 �t. Moreover, we have, for any k ¼ 1, 2, . . .

Ekxktk
2 � C(1 þ Ekx(k�1)tk

2)

� C þ C2(1 þ Ekx(k�2)tk
2)

..

.

� C þ C2 þ � � � þ Ck�1 þ Ck(1 þ Ekx0k
2)

¼
Ckþ1 � 1

C � 1
þ CkEkxk2

which is the required (2.5). The proof is complete.

Theorem 2.3 shows that if the initial data are in L2 then the solution will

be in L2. The following theorem shows that if the initial data are in Lp ( p 
 2)

then the solution will be in Lp.

Neutral Stochastic Differential Delay Equations 847

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378



Theorem 2.4

Under Assumption 2.2, if the initial data x 2 L
p
F 0

([�t, 0]; Rn) for some

p 
 2, then the unique solution x(t) of Eq. (2.1) has the property that

Ekxktk
p �

�CCkþ1 � 1

�CC � 1
þ �CCkEkxkp 8k ¼ 1, 2, . . . (2:9)

where �CC is a positive constant dependent of only K, t and p.

Proof.

When t 2 [0, t], it follows from (2.7) that

1

5p�1
jx(t)j2 � jx(0)jp þ jD(x(t � t), r(t))jp þ jD(x(�t), r0)jp

þ

ðt

0

f (x(s), x(s � t), s, r(s)) ds

����
����
p

þ

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
p

By (2.8), the Hölder inequality and (2.3) we can show that

jx(0)jp þ jD(x(t � t), r(t))jp þ jD(x(�t), r0)jp

� (2K) p=2
þ [1 þ (2K) p=2]kxkp

and

ðt

0

f (x(s), x(s � t), s, r(s)) ds

����
����
p

� tp�1(2K)p=2

ðt

0

1 þ sup
�t�u�s

jx(u)jp
	 


ds

We therefore see that for any t1 2 [0, t],

E sup
0�t�t1

jx(t)jp

 !
� c1(1 þ Ekxkp)

þ c1

ðt1

0

E sup
�t�u�s

jx(u)jp
	 


ds

þ 5p�1E sup
0�t�t1

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
p

 !
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where c1 and the following c2, c3 etc. are all positive constants dependent of

only K, t and p. But, by the Burkholder-Davis-Gunday inequality (see

Mao[5]), the Hölder inequality and (2.3), we have

E sup
0�t�t1

ðt

0

g(x(s), x(s � t), s, r(s)) dB(s)

����
����
p

 !

�
p pþ1

2( p � 1) p�1

� �p=2

E

ðt1

0

jg(x(s), x(s � t), s, r(s))jp ds

� c2 þ c2

ðt1

0

E sup
�t�u�s

jx(u)jp
	 


ds

We hence have

E sup
0�t�t1

jx(t)j2

 !
� c3(1 þ Ekxkp) þ c3

ðt1

0

E sup
�t�u�s

jx(u)jp
	 


ds

Consequently

E sup
�t�t�t1

jx(t)jp

 !
� E kxkp þ sup

0�t�t1

jx(t)jp

 !

� (c3 þ 1)(1 þ Ekxkp) þ c3

ðt1

0

E sup
�t�u�s

jx(u)jp
	 


ds

The well-known Gronwall inequality implies

E sup
�t�t�t

jx(t)j2
	 


� (c3 þ 1)ec3t(1 þ Ekxkp)

In particular,

Ekxtk
p � �CC(1 þ Ekxkp)

where �CC ¼ (c3 þ 1)ec3t which is a positive constant dependent of only K, t
and p.

In general, we can show in the same way that for any k ¼ 1, 2, . . .

Ekxktk
p � �CC(1 þ Ekx(k�1)tk

p)

and, by induction, the required (2.9) follows. The proof is complete.
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3. THE GENERALIZED ITÔ FORMULA

To investigate the properties of the solutions in more detail we need to

introduce the generalized Itô formula. Given any solution x(t), if we set

X (t) ¼ x(t) � D(x(t � t), r(t))

F(t) ¼ f (x(t), x(t � t), t, r(t))

G(t) ¼ G(x(t), x(t � t), t, r(t))

then Eq. (2.1) becomes

dX (t) ¼ F(t) dt þ G(t) dB(t)

In other words, X (t) is an Itô process. Denote by C2,1(Rn
� Rþ � S; R) the

family of real-valued functions V (x, t, i) which are continuously twice

differentiable in x and once in t. If V 2 C2,1(Rn
� Rþ � S; R), the generalized

Itô formula (see Mao[16] and Skorohod[15] states that for any bounded stopping

times 0 � r1 � r2 < 1 a.s.

EV (X (r2), r2, r(r2)) � EV (X (r1), r1, r(r1))

¼ E

ðr2

r1

 
Vt(X (s), s, r(s)) þ Vx(X (s), s, r(s))F(s)

þ
1

2
trace[GT (s)Vxx(X (s), s, r(s))G(s)]

þ
XN

j¼1

gr(s), jV (X (s), s, j)

!
ds

holds provided that V (X (t), t, r(t)), Vt(X (t), t, r(t)) etc. are bounded on

t 2 [r1, r2] with probability 1, where

Vt(x, t, i) ¼
qV (x, t, i)

qt

Vx(x, t, i) ¼
qV (x, t, i)

qx1

, . . . ,
qV (x, t, i)

qxn

	 


Vxx(x, t, i) ¼
q2

V (x, t, i)

qxiqxj

 !
n�n

Substituting X (t), F(t) and G(t) into the formula above we obtain the following

very useful lemma.
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Lemma 3.1

Let V 2 C2,1(Rn
� Rþ � S; R) and x(t) be a solution of Eq. (2.1). Then

for any stopping times 0 � r1 � r2 < 1 a.s.

EV (x(r2) � D(x(r2 � t), r(r2)), r2, r(r2))

¼ EV (x(r1) � D(x(r1 � t), r(r1)), r1, r(r1))

þ E

ðr2

r1

LV (x(s), x(s � t), s, r(s)) ds (3:1)

holds provided that V (x(t) � D(x(t), r(t)), t, r(t)) and LV (x(t), x(t � t), t, r(t))

are bounded on t 2 [r1, r2] with probability 1, where the operator

LV : Rn
� Rn

� Rþ � S ! R is defined by

LV (x, y, t, i) ¼Vt(x � D( y, i), t, i) þ Vx(x � D( y, i), t, i) f (x, y, t, i)

þ
1

2
trace[gT (x, y, t, i)Vxx(x � D( y, i), t, i)g(x, y, t, i)]

þ
XN

j¼1

gijV (x � D( y, i), t, j)

We shall also refer to (3.1) as the generalized Itô formula.

This formula will play a key role in the remaining of this paper.

4. ASYMPTOTIC BOUNDEDNESS

In what follows we will impose Assumption 2.2 as a standing hypothesis

without mentioning it explicitly. Moreover, we will let the initial data

x 2 CF 0

b([�t, 0]; Rn), and denote by x(t; x) the solution of Eq. (2.1). It is

easy to observe from Theorem 2.4 that for any p > 0,

E sup
�t�t�T

jx(t; x)jp
	 


< 1, 8T > 0

That is, any pth moment of the solution is finite. But this does not mean that

the pth moment will not tend to infinity as t ! 1. In practice it is useful to

know whether the pth moment of the solution will be bounded in long term. In

the literature this is known as the property of asymptotic boundedness. To be

precise, let us give the definition.
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Definition 4.1

Equation (2.1) is said to be asymptotically bounded in pth moment if there

is a constant H > 0 such that

lim sup
t!1

Ejx(t; x)jp � H

for all x 2 CF 0

b([�t, 0]; Rn). When p ¼ 2, it said to be asymptotically

bounded in mean square.

The following theorem gives a criterion on the asymptotic boundedness in

terms of a Lyapunov function.

Theorem 4.2

Assume that there is a function V 2 C2,1(Rn
� Rþ � S; R) and positive

constants p, l1, l2, a1, a2, b such that p 
 1, l1 > l2,

a1jxj
p � V (x, t, i) � a2jxj

p, 8(x, t, i) 2 Rn
� Rþ � S (4:1)

and

LV (x, y, t, i) � �l1jxj
p þ l2jxj

p þ b, 8(x, t, i) 2 Rn
� Rþ � S (4:2)

Assume also that there is a constant k 2 (0, 1) such that

jD( y, i)j � kjyj, 8( y, i) 2 Rn
� S (4:3)

Then Eq. (2.1) is asymptotically bounded in pth moment.

The proof of this theorem consists of the following four lemmas.

Lemma 4.3

Let p 
 1 and (4.3) hold. Then

jx � D( y, i)jp � (1 þ k) p�1(jxjp þ kjyjp), 8(x, y, i) 2 Rn
� Rn

� S

Proof.

The required inequality follows from (4.3) directly when p ¼ 1 so we only

need to prove the lemma for p > 1. By the Hölder inequality we derive

jx � D( y, i)jp ¼ x � k( p�1)=p D( y, i)

k( p�1)=p

����
����p

� (1 þ k) p�1
jxjpþ

jD( y, i)jp

kp�1

	 

� (1 þ k) p�1(jxjp þ kjyjp)

as required.
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Lemma 4.4

Let the assumptions of Theorem 4.2 hold. Let �gg > 0 be the unique root to

the equation

�gga2(1 þ k)p�1
þ e�ggt(l2 þ �gga2k(1 þ k)p�1) ¼ l1 (4:4)

If g 2 (0, �gg], then for x 2 CF 0

b([�t, 0]; Rn),

egtEjx(t; x) � D(x(t � t; x), r(t))jp � CgEkxk
p þ

b
ga1

egt, 8t 
 0 (4:5)

where

Cg ¼
1

a1

[a2(1 þ k)p
þ tegt(l2 þ ga2k(1 þ k)p�1)]

Proof.

Fix any x 2 CF 0

b([�t, 0]; Rn) and write x(t; x) ¼ x(t). Using the generali-

zed Itô formula, the assumptions and Lemma 4.3, we derive

egtEV (x(t) � D(x(t � t), r(t)), t, r(t))

¼ EV (x(0) � D(x(�t), r0), 0, r0)

þ E

ðt

0

egs[gV (x(s) � D(x(s � t), s), s, r(s))

þ LV (x(s), x(s � t), s, r(s))] ds

� a2Ejx(0) � D(x(�t), r0)jp

þ E

ðt

0

egs[ga2Ejx(s) � D(x(s � t), r(s))jp

� l1jx(s)jp þ l2jx(s � t)j2 þ b] ds

� a2(1 þ k)pEkxkp þ
b
g

egt

� (l1 � ga2(1 þ k)p�1)E

ðt

0

egsEjx(s)j2 ds

þ (l2 þ ga2k(1 þ k)p�1)E

ðt

0

egsjx(s � t)j2 ds (4:6)
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But

E

ðt

0

egsjx(s � t)j2 ds ¼ egtE

ðt�t

�t
egsjx(s)j2 ds

� tegtEkxkp þ egtE

ðt

0

egsjx(s)j2 ds

Substituting this into (4.6) and noting from (4.4) that

l1 � ga2(1 þ k) p�1

 egt(l2 þ ga2k(1 þ k) p�1)

we obtain

egtEV (x(t) � D(x(t � t), r(t)), t, r(t))

� [a2(1 þ k) p
þ tegt(l2 þ ga2k(1 þ k) p�1)]Ekxkp þ

b
g

egt

This, together with (4.1), yields the required assertion (4.5).

Lemma 4.5

Let p 
 1 and (4.3) hold. Then,

jxjp � kjyjp þ
jx � D( y, i)jp

(1 � k)p�1
, 8(x, y, i) 2 Rn

� Rn
� S

Proof.

When p ¼ 1, we have

jxj � jD( y, i)j þ jx � D( y, i)j � kjyj þ jx � D( y, i)j

so the required inequality holds. When p > 1, by the Hölder inequality we

derive

jxjp ¼ jD( y, i) þ x � D( y, i)jp

¼ D( y, i) þ
(1 � k)

k

� �( p�1)=p
x � D( y, i)

[(1 � k)=k]( p�1)=p

�����
�����
p

�
1

kp�1
jD( y, i)jp þ

jx � D( y, i)jp

[(1 � k)=k] p�1

	 

� kj yjp þ

jx � D( y, i)jp

(1 � k) p�1

as required.
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Lemma 4.6

Let the assumptions of Theorem 4.2 hold. Let �gg > 0 be the unique root to

Eq. (4.4) and set

g ¼ �gg ^
1

2t
log

1

k

	 

(4:7)

Then, for x 2 CF 0

b([�t, 0]; Rn),

egtEjx(t; x)jp �
1

1 �
ffiffiffi
k

p
ffiffiffi
k

p
þ

Cg

1 �
ffiffiffi
k

p

	 

Ekxkp

þ
begt

ga1(1 �
ffiffiffi
k

p
)(1 � k)p�1

, 8t 
 0, (4:8)

where Cg is the same as defined in Lemma 4.4.

Proof.

Fix any x 2 CF 0

b([�t, 0]; Rn) and write x(t; x) ¼ x(t). It is easy to see

from (4.7) that

g 2 (0, �gg] and egtk �
ffiffiffi
k

p

Now, by Lemma 4.5,

jx(t)jp � kjx(t � t)jp þ
1

(1 � k)p�1
jx(t) � D(x(t � t), r(t))jp

We then compute, by Lemma 4.4, that

egtEjx(t)jp � kegtEjx(t � t)jp þ
1

(1 � k)p�1
egt

� Ejx(t) � D(x(t � t), r(t))jp

�
ffiffiffi
k

p
eg(t�t)Ejx(t � t)jp þ

1

(1 � k) p�1
CgEkxk

p þ
b
ga1

egt

� �
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Hence, for any T 
 0,

sup
0�t�T

[egtEjx(t)jp] �
ffiffiffi
k

p
sup

0�t�T

[eg(t�t)Ejx(t � t)jp]

þ
1

(1 � k)p�1
CgEkxk

p þ
b
ga1

egT

� �

�
ffiffiffi
k

p
Ekxkp þ sup

0�t�T

[eg(t)Ejx(t)jp]

	 


þ
1

(1 � k)p�1
CgEkxk

p þ
b
ga1

egT

� �

This implies

sup
0�t�T

[egtEjx(t)jp] �

ffiffiffi
k

p

1 �
ffiffiffi
k

p Ekxkp þ
1

(1 �
ffiffiffi
k

p
)(1 � k)p�1

� CgEkxk
p þ

b
ga1

egT

� �

In particular,

egT Ejx(T )jp �

ffiffiffi
k

p

1 �
ffiffiffi
k

p Ekxkp þ
1

(1 �
ffiffiffi
k

p
)(1 � k)p�1

� CgEkxk
p þ

b
ga1

egT

� �

This is the required assertion since T > 0 is arbitrary.

Now the assertion of Theorem 4.2 follows from Lemma 4.6 directly,

because (4.8) implies

lim sup
t!1

Ejx(t; x)jp �
b

ga1(1 �
ffiffiffi
k

p
)(1 � k)p�1

for any x 2 CF 0

b([�t, 0]; Rn). The proof of Theorem 4.2 is therefore

complete.

In many practical situations the Lyapunov functions take the quadratic

form, namely

V (x, i, t) ¼ xTQix
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where Qis are symmetric positive-definite matrices. Clearly, in this case,

min
1�i�N

lmin(Qi)jxj
2 � V (x, i, t) � max

1�i�N
lmax(Qi)jxj

2

It is also easy to verify

LV (x, y, t, i) ¼ 2(x � D( y, i))TQi f (x, y, t, i)

þ trace[gT(x, y, t, i)Qig(x, y, t, i)]

þ
XN

j¼1

gij(x � D( y, i))TQj(x � D( y, i))

Consequently, the following useful corollary follows from Theorem 4.2

directly.

Corollary 4.7

Assume that there are symmetric positive-definite matrices Qi

(1 � i � N ) and positive constants l1 > l2 > 0 and b > 0 such that

2(x � D( y, i))TQi f (x, y, t, i) þ trace[gT(x, y, t, i)Qig(x, y, t, i)]

þ
XN

j¼1

gij(x � D( y, i))TQj(x � D( y, i))

�� l1jxj
2 þ l2jxj

2 þ b, 8(x, t, i) 2 Rn
� Rþ � S (4:9)

Assume also that (4.3) holds. Then Eq. (2.1) is asymptotically bounded in

mean square.

5. EXPONENTIAL STABILITY

After the discussion of asymptotic boundedness we shall show that the

techniques developed in the previous section can be adopted to deal with

exponential stability. Let us first give the definition.

Definition 5.1

Equation (2.1) is said to be exponentially stable in pth moment if

lim sup
t!1

1

t
log(Ejx(t; x)jp) < 0
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for all x 2 CF 0

b([�t, 0]; Rn). When p ¼ 2, it said to be exponentially stable in

mean square. Moreover, the equation is said to be almost surely exponentially

stable if

lim sup
t!1

1

t
log(jx(t; x)j) < 0 a.s.

for all x 2 CF 0

b([�t, 0]; Rn).

For the general theory on stochastic exponential stability we refer the

reader to Arnold,[16] Has’minskii,[17] Ladde & Lakshmikantham[18] and

Mao,[19,20] to name a few. The following theorem gives a criterion on the

exponential stability in mean square in terms of a Lyapunov function.

Theorem 5.2

Assume that there is a function V 2 C2,1(Rn
� Rþ � S; R) and positive

constants p, l1, l2, a1, a2 such that p 
 1, l1 > l2,

a1jxj
p � V (x, t, i) � a2jxj

p, 8(x, t, i) 2 Rn
� Rþ � S (5:1)

and

LV (x, y, t, i) � �l1jxj
p þ l2jxj

p, 8(x, t, i) 2 Rn
� Rþ � S (5:2)

Assume also that there is a constant k 2 (0, 1) such that

jD( y, i)j � kjyj, 8( y, i) 2 R
n
� S (5:3)

Let �gg > 0 be the unique root to Eq. (4.4) and set

g ¼ �gg _
1

2t
log

1

k

	 

(5:4)

Then, for any x 2 CF 0

b([�t, 0]; Rn),

lim sup
t!1

1

t
log(Ejx(t; x)jp) � �g (5:5)

In other words, Eq. (2.1) is exponentially stable in pth moment.

Proof.

If we compare the assumptions between Theorems 4.2 and 5.2 we observe

that the only difference is the paremeter b. More precisely, if we set b ¼ 0 then
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the assumptions of Theorem 4.2 become those of Theorem 5.2. We also note

that the proofs of Lemmas 4.4 and 4.6 work for b ¼ 0 as well. Hence Lemma

4.6 shows that for any x 2 CF 0

b([�t, 0]; Rn),

egtEjx(t; x)jp �
1

1 �
ffiffiffi
k

p
ffiffiffi
k

p
þ

Cg

1 �
ffiffiffi
k

p

	 

Ekxkp, 8t 
 0 (5:6)

This implies the required assertion (5.5) immediately.

With some additional conditions we can now show the almost sure

exponential stability.

Theorem 5.3

In addition to the assumptions of Theorem 5.2, assume that p 
 2 and

there is a positive constant K such that

j f (x, y, t, i)j _ jg(x, y, t, i)j � K(jxj þ jyj)

8(x, y, t, i) 2 Rn
� Rn

� Rþ � S (5:7)

Then, for any x 2 CF 0

b([�t, 0]; Rn),

lim sup
t!1

1

t
log(jx(t; x)j) � �

g
p

a:s: (5:8)

where g > 0 is the same as defined in Theorem 5.2. In other words, Eq. (2.1) is

almost surely exponentially stable.

Proof.

Fix any x 2 CF 0

b([�t, 0]; Rn) and write x(t; x) ¼ x(t). For k ¼ 1, 2, . . . ,
by the Hölder inequality, the Burkholder-Davis-Gundy inequality and condi-

tion (5.7), it is not difficult to show that

E sup
0�y�t

jx(ktþ y) � D(x((k � 1)tþ y), r(ktþ y))jp

 !

� C1Ejx(kt) � D(x((k � 1)t), r(kt))jp

þ C1

ð(kþ1)t

kt
(Ejx(s)jp þ Ejx(s � t)jp) ds (5:9)
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where C1 is a positive constant dependent of only K, t and p. Using (5.6) and

Lemma 4.3, we obtain

E sup
0�y�t

jx(ktþ y) � D(x((k � 1)tþ y), r(ktþ y))jp

 !
� C2e�gkt

where C2 is a positive constant independent of k. Thus, for any e 2 (0, g),

P

�
sup

0�y�t
jx(ktþ y) � D(x((k � 1)tþ y), r(ktþ y))jp > e�(g�e)kt




� C2e�gkt

for all k 
 1. The well-known Borel-Cantelli lemma shows that for almost all

o 2 O,

sup
0�y�t

jx(ktþ y) � D(x((k � 1)tþ y), r(ktþ y))jp � e�(g�e)kt

holds for all but finitely many k. Hence for almost all o 2 O there exists an

integer k0 ¼ k0(o) such that

sup
0�y�t

jx(ktþ y) � D(x((k � 1)tþ y), r(ktþ y))jp � e�(g�e)kt

whenever k 
 k0

This yields that for almost all o 2 O,

jx(t) � D(x(t � t), r(t))j � e�p�1(g�e)(t�t) whenever t 
 k0t

Noting that jx(t) � D(x(t � t), r(t))j is finite on t 2 [0, k0t], we observe that

there is a finite random variable z ¼ z(o) such that, with probability 1,

jx(t) � D(x(t � t), r(t))j � ze�p�1(g�e)t for all t 
 0

Hence, with probability 1,

e p�1(g�e)tjx(t)j � zþ ke p�1(g�e)tjx(t � t)j, 8t 
 0
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which implies

sup
0�s�t

e p�1(g�e)sjx(s)j
h i

� zþ sup
0�s�t

ke p�1(g�e)sjx(s � t)j
h i

� zþ ke p�1(g�e)t kxk þ sup
t�s�t

ke p�1(g�e)(s�t)jx(s � t)j
h i	 


� zþ ke p�1(g�e)t kxk þ sup
0�s�t

ke p�1(g�e)sjx(s)j
h i	 


, 8t 
 0

Since ke p�1(g�e)t < 1 by (5.4), it follows that

sup
0�s�t

e p�1(g�e)sjx(s)j
h i

�
zþ ke p�1(g�e)tkxk

1 � ke p�1(g�e)t
, 8t 
 0

with probability 1. This yields immediately that

lim sup
t!1

1

t
log (jx(t)j) � �

g� e
p

a:s:

Letting e ! 0 we obtain the required assertion (5.8). The proof is complete.

We should point out that the condition p 
 2 in Theorem 5.3 can be

replaced by the weaker one p 
 1 but the proof will become rather technical.

Due to the page limit here we shall report this case elsewhere.

The following useful corollary follows directly from Theorems 5.2 and

5.3 if the quadratic function is used as the Lyapunov function.

Corallary 5.4

Assume that there are symmetric positive-definite matrices Qi(1 � i � N )

and positive constants l1 > l2 > 0 such that

2(x � D( y, i))TQi f (x, y, t, i) þ trace[ gT(x, y, t, i)Qig(x, y, t, i)]

þ
XN

j¼1

gij(x � D( y, i))TQj(x � D( y, i))

� �l1jxj
2 þ l2jxj

2, 8(x, t, i) 2 Rn
� Rþ � S (5:10)

Assume also that (5.3) holds. Then Eq. (2.1) is exponentially stable in mean

square. If, moreover, (5.7) holds, then Eq. (2.1) is almost surely exponentially

stable as well.
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6. EXAMPLES

Let us now discuss a number of examples. In these examples we let the

space S ¼ {1, 2} in order to make the calculation become simple while the

theory is illustrated clearly.

Example 6.1

Let B(t) be a scalar Brownian motion. Let r(t) be a right-continuous

Markov chain taking values in S ¼ {1, 2} with generator

G ¼ (gij)2�2 ¼
�10 10

g �g

	 


where g > 0. Assume that B(t) and r(t) are independent. Consider the one-

dimensional linear NSDDE with Markovian switching

d[x(t) � 0:1x(t � t)] ¼ [a(r(t))x(t) þ b(r(t))x(t � t) þ c1] dt þ c2dB(t)

(6:1)

where c1 and c2 are constants,

a(1) ¼ 0:5, a(2) ¼ �3, b(1) ¼ 0:5, b(2) ¼ 1

To find out whether Eq. (6.1) is asymptotic bounded in mean square, we use

the Lyapunov function

V (x, t, i) ¼ qix
2

with q1 ¼ 1 and q2 ¼ 0:5. It is easy to see that the operator

LV : R� R� Rþ � S ! R has the form

LV (x, y, t, 1) ¼ 2(x � 0:1y)(0:5x þ 0:5y þ c1) þ c2
2 � 5(x � 0:1y)2

and

LV (x, y, t, 2) ¼ (x � 0:1y)(�3x þ y þ c1) þ 0:5c2
2 þ 0:5g(x � 0:1y)2

It is straightforward to show

LV (x, y, t, 1) � �3:05x2 þ 0:8y2 þ 2c1(x � 0:1y) þ c2
2
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and

LV (x, y, t, 2) � �(2:35 � 0:55g)x2 þ (0:55 þ 0:055g)y2

þ c1(x � 0:1y) þ c2
2

We require

(2:35 � 0:55g) > 0:8 _ (0:55 þ 0:055g)

namely 0 < g < 2:81. In this case,

LV (x, y, t, i) � �(2:35 � 0:55g)x2 þ 0:8y2 þ 2c1(jxj þ 0:1jyj) þ c2
2

Now, choose e 2 (0, (1:55 � 0:55g)=2) and note

2c1(jxj þ 0:1jyj) � ex2 þ ey2 þ
1:01c1

2

e

Consequently

LV (x, y, t, i) � �(2:35 � 0:55g� e)x2 þ (0:8 þ e)y2 þ
1:01c1

2

e
þ c2

2

By Corollary 4.7 we can therefore conclude that Eq. (6.1) is asymptotically

bounded in mean square as long as 0 < g < 2:81.

Example 6.2

If c1 ¼ c2 ¼ 0, then Eq. (6.1) reduces to

d

dt
[x(t) � 0:1x(t � t)] ¼ a(r(t))x(t) þ b(r(t))x(t � t) (6:2)

which is a linear NDDE with Markovian switching.

Moreover, the above calculations show

LV (x, y, t, i) � �(2:35 � 0:55g)x2 þ 0:8y2

By Corollary 5.4 we can therefore conclude that if 0 < g < 2:81, then

Eq. (6.2) is exponentially stable in mean square and it is also almost surely

exponentially stable.
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It is interesting to regard system (6.2) as the result of two NDDEs

d

dt
[x(t) � 0:1x(t � t)] ¼ x(t) þ 2x(t � t) (6:3)

and

d

dt
[x(t) � 0:1x(t � t)] ¼ �3x(t) þ x(t � t) (6:4)

switching from one to the other according to the law of the Markov chain. It is

known (see Hale and Lunel[3]) that Eq. (6.3) is not exponentially stable

although Eq. (6.4) is. However, due to the Markovian switching the overall

system (6.2) is exponentially stable. This clearly shows the important role of

Markovian switching.

Example 6.3

Let us finally discuss a nonlinear NSDDE with Markovian switching

d[x(t) � 0:1x(t � t)] ¼ f (x(t), t, r(t)) dt þ g(x(t � t), t, r(t)) dB(t) (6:5)

Here r(t) is a right-continuous Markov chain taking values in S ¼ {1, 2} with

generator

G ¼ (gij)2�2 ¼
�10 10

1 �1

	 


Assume that f : Rn
� Rþ � S ! R

n and g: Rn
� Rþ � S ! R

n satisfy

xTf (x, t, i) �
0:1jxj2 if i ¼ 1,

�5jxj2 if i ¼ 2;

(

j f (x, t, i)j �
0:1jxj if i ¼ 1,

5jxj if i ¼ 2;

�
(6:6)

jg( y, t, i)j � 0:5jyj

Let p 2 [3, 4] and define the Lyapunov function

V (x, t, i) ¼ qijxj
2
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with q1 ¼ 1 and q2 ¼ 0:4. It is not difficult to show the operator

LV (x, y, t, i) � qipjx � 0:1yjp�2(x � 0:1y)Tf (x, t, i)

þ
1

2
qip(p � 1)jx � 0:1yjp�2jg( y, t, i)j2

þ
X2

j¼1

gijqjjx � 0:1yjp

By (6.6) we then estimate

LV (x, y, t, 1) � 4jx � 0:1yjp�2[0:1jxj2 þ 0:01jxjjyj]

þ 1:5jx � 0:1yjp�2jyj2 � 6jx � 0:1yjp

� jx � 0:1yjp�2[0:42jxj2 þ 1:52jyj2] � 6jx � 0:1yjp

But, by Lemmas 4.3 and 4.5,

jx � 0:1yjp�2 � 1:1p�3(jxjp�2 þ 0:1jyjp�2) � 1:1jxjp�2 þ 0:11jyjp�2

and

�jx � 0:1yj p � �0:9 p�1jxj p þ 0:1 � 0:9 p�1jyj p � �0:7jxjp þ 0:1jyj p

Moreover, by the elementary inequality aab1�a � aa þ (1 � a)b for a, b 
 0

and a 2 (0, 1), we have

jxj2jyjp�2 �
2

p
jxjp þ

p � 2

p
jyjp

It is therefore straightforward to show

LV (x, y, t, 1) � � 2:4818 þ
3:2516

p

	 

jxjp þ 0:8134 þ

3:2516

p

	 

jyjp
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Similarly, we derive

LV (x, y, t, 2) � 0:4pjx � 0:1yjp�2[�5jxj2 þ 0:5jxjjyj]

þ 0:6jx � 0:1yjp�2jyj2 þ 0:6jx � 0:1yjp

� 6jxj2(�0:9p�3jxjp�2 þ 0:1 � 0:9p�3jyjp�2)

þ (1:1jxjp�2 þ 0:11jyjp�2)(0:4jxj2 þ jyj2)

þ 0:6 � 1:1p�1(jxjp þ 0:1jyjp)

��3:029jxjpþ 0:644jxj2jyjp�2þ 1:1jxjp�2jyj2þ 0:2031jyjp

�� 1:929 þ
0:912

p

	 

jxjp þ 0:8671 þ

0:912

p

	 

jyjp

Combining the above two inequalities we obtain

LV (x, y, t, i) � � 1:929 þ
0:912

p

	 

jxjp þ 0:8134 þ

3:2516

p

	 

jyjp

Since

1:929 þ
0:912

p
> 0:8134 þ

3:2516

p
when p 2 [3, 4]

we can, by Corollary 5.4, conclude that Eq. (6.2) is exponentially stable in pth

moment if p 2 [3, 4], and it is also almost surely exponentially stable.
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