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Neutrino Energy Loss in Neutron Star Matter
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The theory of the energy loss due to neutrino processes in neutron stars is formulated
in such a form that one can include the effect of strong interaction systematically. As an
application the rates of energy loss are calculated for the following cases of interest in the
study of neutron stars; i) the neutron and the proton liquid are both normal, ii) the proton
or iii) the neutron liquid is in the superfluid state. Our results largely confirm the earlier
calculations by Bahcall and Wolf and by Wolf. The rate of energy loss in the state of nuclei
coexisting with free neutrons is also discussed.

§1. Introduction

It is expected that a neutron star cools rapidly down to a point where the
surface temperature is about 10°°K predominantly through neutrino processes.
The rate of energy loss due to neutrino and anti-neutrino emissions has been cal.
culated by several authors.”™® We refer to the work of Tsuruta and Cameron®
for a general discussion of the cooling of neutron stars. The interior of a mas.
sive neutron star consists mainly of neutrons, protons and electrons, the density
of protons being of the order of several percent of the total density.”® At rel-
atively low density, protons exist in the form of neutron-rich nuclei, which coexist
with the neutron liquid, and above a certain density which is estimated to be
close to the nuclear density all the three particles are in the state of uniform
degenerate fermi liquids.” As emphasized by Bahcall and Wolf,” nucleon-nucleon
interactions is necessary for the neutrino emissions which take place in the
presence. of the degenerate nucleon and electron liquids. Thus, the possible pro-
cesses of neutrino emissions in neutron stars are, for example,

ntn—o>nt+pte +p,
and its inverse
n+pt+e —-ntnty,.

Since the strong interaction between nucleons plays an important role, we attempt
to formulate the theory of the neutrino processes in such a form that the effect
of the interaction can be taken into account systematically. This is desirable
when one has to calculate the rate of energy loss for the cases where at relatively
high density the inter-nucleon distance is not very large compared with the radius
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1850 N. Itoh and T. Tsuneto

of the hard core of the interaction or where nucleons are in ordered states such
as the superfluid or the solid state. The possibility of the neutron and/or the
proton liquid being in the superfluid state in neutron stars has recently been in-
vestigated by a number of authors,”~* and among possible effects due to the
superfluidity’>'” one can mention the drastic reduction of the neutrino energy
loss caused by the appearance of the energy gap in the density of states of nu-
cleons in the superfluid state, as pointed out by Wolf.»®

In §2 we present the general formula for calculating the rate of energy
loss due to the neutrino processes and in the succeeding sections we apply it to
the following cases:
1) The neutron and proton liquids are both in the normal state,
2) the proton liquid is in the superfluid state (the BCS-type state), while the
neutron in the normal and
3) the neutron liquid is in the superfluid state, while the proton in the normal.
The superfluid states of the neutron and the proton liquid are both assumed to
be described by the BCS theory. In the calculation we keep only the lowest
order terms in the effective interaction between nucleons involved in the neutrino
processes. QOur results confirm the earlier calculation by Bahcall and Wolf except
for minor corrections. We also calculate the rate of energy loss for the case

where neutron-rich nuclei coexist with free neutrons, using the Thomas-Fermi
model.

§2. Formulation

The total hamiltonian of our system, consisting of neutrons, protons and elec-
trons and of neutrino field, may be written in the form

H=H,+H,+H,, €Y)

where H, is the hamiltonian of 7, p and e including the strong interaction, H,
that of neutrino field and

Hi = W+ h.c.
with

W= fdegb,,*(b,.(bJ;/), (2

is the weak interaction term. In the last expression K denotes symbolically the
coefficient depending on spinor indices of the field operators. We suppose that
our system is uniform and that the neutron, proton and electron liquids are in
the state of thermal equilibrium at temperature 7. We may do so since we are
interested in the situation where the neutrino opacity is negligible and the rate
of cooling is sufficiently small. The rate of energy loss @ due to the neutrino
process is given by d{H,)/dt, where {H,> is the statistical average of the total
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energy of the #,p and eliquids at temperature 7'(=£kz3-1).® It is easy to show
that to the lowest order in the weak interaction

=T ijdt’<[[H,, W1, WH1> - fmdt’q[m, W®1, W* )1,
3

where the interaction representation with respect to F; is used and the vacuum
expectation value is to be taken for the neutrino field. The first term in the
expression (3) corresponds to the process in which an anti-neutrino is emitted,
i.e,, 1) n—>p+e+p and the second to the inverse process 2) p+e—>n+p. When
the 7, p and e liquids are virtually in equilibrium, the respective chemical potentials
Uny Uy and p, satisfy

Un= U+ Ue . (4)

Since this condition is maintained as the cooling proceeds, the rate of energy loss
due to the process 2) must be equal to that due to the process 1), so that we
have only to calculate the rate a, due to the process 1) given by the first term
of (3).

Now let us introduce the following correlation funetion:
K@—¢)=<T[H, W*@®], WE')>, 6))

where 7" is the usual time ordering operator and for convenience we suppose
that the neutrino field is also at the temperature 7'. One can show that the rate
o, is given by the real part of the fourier inverse of this function:

o, =2Re ﬁlim K(w), (6)

y—>c0
w->0

where §,—o0 means that we let all factors 8& appearing in the distribution func-
tions infinite, £&* being energy of a neutrino. Substituting (2) into (5) we have,
using the notation 1= (&, ¢),

K@) = (d@ -1 dzde K K

X {Thn* (1) ¢ U g+ (1) 62 AT he (1) s (1) >
X<TLEL, ¢,* (1)1, 6,17, @)

since electrons and neutrinos are considered to be free. 'In what follows we make
a simplifying assumption that the strong interaction between nucleons is spin-
independent and replace K by the constant of the weak interaction:*®

|K|*=g"(Cy"+3C.") =1.10 X 10~ erg® cm". ®

Correspondingly we suppose the proton spin to be the same as the neutron spin
in (7). Hence we have

*) Hereafter we take the unit kg=#=1.
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KW =IK% (| 4Qudasz6 G (5) G (Q—) (0 —Q) ©)
[ (2r)

in terms of the Green’s function of electrons and of antineutrinos and of the neu-

tron-proton propagator

1@ = [ atetesazeTTg. W4a O W g, O (10)

We have used the abbreviations such as ¢=(§, ¢,) and w=(0, ®). Expression
(9) is represented by the diagram shown in Fig. 1. Using the technique of ther-
mal Green’s function it is straightforward to obtain the following expression:

d(—_)—dq‘g@ dQ,  1-n(3*)

G T g—go—fg, 0 P @D

K(o) = —i|K]* ”

where
n(x) = [exp(Bx) +1]7, £z =|k|c

(p)

ERR
N/

Q-k(v.)
Fig. 1.

and £, the energy of electrons measured from the fermi energy. Thus the prob-
lem is reduced to finding I in the presence of the strong interaction.

As noted by Bahcall and Wolf, the fact that the fermi momentum of protons
is smaller roughly by a factor of 1/(20)® than that of neutrons restricts the pos-
sible processes of neutrino emission greatly when kzT is much smaller than any
of the chemical potentials. Because of the Pauli principle and the energy-momen-
tum conservation, in order for a neutron in the neighbourhood. of the fermi sur-
face to decay it is necessary that a part of its momentum is transferred to the
surrounding medium through the strong interaction. Clearly the most important
process is the creation of a particle-hole pair (or a quasi-particle pair in the su-
perconducting state) of neutrons and protons by the proton produced in the decay.
Bearing this in mind we proceed to calculate II.

In terms of the complete Green’s functions of neutrons and protons we can
write II in the form

Q)= J‘den B G, (k—Q) {1+ 4(k, O}, €¥))

where A is the vertex correction given by the sum of various diagrams such as
shown in Fig. 2. For simplicity let us first proceed neglecting 4; in other words
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(p)

(p) Y !
-2 S
() ’

n (m
(a) (b)
Fig. 2.

we neglect the interaction between the proton and the neutron-hole created in
the decay. Using the spectral representation for the Green’s functions,

Gairy (E, k) = j Onimy (%, x)dx 13)
xr— kn

in the expression (11), converting to thermal Green’s functions, performing the
sum over the frequencies and then making the appropriate analytic continuation
with respect to the frequency w, we obtain
dkdQdg
=—; | 72 1 g2e 0
K@) = 1J‘ Cr)y | K|%5%)

X [1 -2 [dodyon(k, 230, k—, )n(2)
1
—&O — 8% —y+x+id

The spectral density is related to the imaginary part of the retarded Green’s
function by

(19)

X [1-n(y)]
(/)]

o(p,y) =n"Im G(, y)

. Im 3(5, y)
T y—&,—ReZ(B )P+ Im (P, NP

where X (p,y) is the self-energy part. Since the fermi momentum of neutrons
is considerably larger than that of protons, p,(k, x) for |k—Q|~%,® and z~0
is negligibly small whereas p,(k—@Q,y) for y~0 may be large because the state
with k—@Q is far above the proton fermi surface when |E|~k,™. In the next
section we shall calculate K(p) for the simplest case that both neutrons and
protons are in the normal state.

(15)

§ 3. Normal nucleon liquids

Since the magnitude of momentum which has to be transferred to the sur-
rounding medium at the decay is of the order of the proton fermi momentum,
the dominant role is played by the hard-core part of the strong interaction. At
the density comparable to the nuclear density the so-called gas parameter is of
the order of 0.4, so that the expansion in powers of this parameter is valid for
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the present problem. Therefore, we assume in the following calculation that the
interaction between nucleons is given by the s-wave part of the hard-core interac-
tion, i.e., we put

Unp (@) =05 () = Van (@) =4na/m,
where « is the radius of the hard core and = the mass of a nucleon.

Since only those neutrons in the region of width 257 (< y,) around its fermi
surface can decay, we approximate the neutron spectral density p, in the normal
state by

0n(k, ) = —0 (x—£,™), (16)

where

§cM=k/2m,* — iy, a7

where m,* is the effective mass of a neutron close to the fermi surface. We
shall use the similar expression for the proton energy. In Eq. (14) the proton
momentum k—@Q is considerably larger than k,® and y must be of the order of
ksT. Therefore the proton spectral density is approximately given by

o(E—Q,y) = %Im S(E—Q,y) /D% (18)
k-Q-q (p) (p)
{a) (b)
Fig. 3.

The lowest-order diagrams which contribute to the imaginary part of 3 are shown
in Fig. 3. For simplicity we first suppose that the proton density is negligible
kP <Lk,™) and consider the contribution from the diagram 3(a). The imaginary
part of 3 due to this dlagram may easily be calculated with the help of thermal
Green’s function. The result is

A 47za -
I 2(8 ) k 7r J‘dk/d 74
m k—Q,y) = 2 (27[)6 G
&® 3% & g —ED % ¢
<tanh ¥4¢ _ tanh>* )(coth R >
2T 2T oT
O —. a9
where

Wr '_Sk’+q’ 6(”)

Substituting this into (14), we get
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Neutrino Energy Loss in Neutron Star Matter 1855

Re K,0-= ~S0U0) [ akagaq Kieatin 6e)

X [1=n(E] [dRdg [1-n (e TnER) 1-nER)]

X (5 =60 — £ — 620 (6™ — 6 —§0%— §P0-¢ — 0
(20)

We turn now to the discussion of the vertex correction A. The diagrams
of the type shown in Fig. 2(a) do not contribute to the real part of K because
of the energy-momentum conservation, although they lead to the correction of the
coupling constant of the weak interaction, which we may neglect if the gas pa-
rameter is small. In the second order in the interaction, however, there is a
diagram 2(b) contributing to Re K, which we can call the exchange type as
compared with the process given by 3(a). When one takes into account the fact
that the energies £ and £ are much larger than any other energy appearing
in the process, one finds the contribution to Re K from this diagram to be just
—1/2 of (20).

When evaluating the integrals in (20) we again take advantage of the fact
that the fermi momentum of protons is much smaller than that of neutrons, and
replace the factor (&§™ —&;9—£&;%}—£®5) by the average and take out of the
integral. We transform the variables of integrations from % and Q to 2—Q —gq
and Q—*%, and then change the integrals over the momenta to the integrals over
the energies, remembering that the most important region is near the respective
fermi surfaces. The final result for the energy loss o, due to the processes under
consideration (Figs. 3(a) and 2(b)) is
2G4 3C 0 (ma*F (my* (kP

(271,’)“6‘4 m? (kf(n))4
X (kBT)BInormal ’ (21)

d1=

where

Inurmal = J\w dxl _[m dx’ J ) dl‘a J‘ wdx4 TieTee
~ - -~ 0 (e —=1) (™ +1) (e +1)
x 3

. (22)

goIT T Tt T, 1'
This integral is the same as that given by Bahcall and Wolf and can be calculated

by the method of contour integration:

11513 ,
120960

(23)

normal =

The total rate is given by «w=2a;. Our result is in agreement with that obtained
by Bahcall and Wolf, although the agreement seems to be fortuitous in view of
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the facts that they used a different method to evaluate the effect of the strong
interaction and that they did not consider the exchange process,

Let us now discuss the contribution from the proton-proton interaction repre-
sented by the diagram 3(b) and the corresponding exchange diagram. From the
energy-momentum conservation this contribution vanishes when k<L k™, As
k/® increases from $k,™ to 1k,™, however, it becomes comparable to the contribu-
tion from the proton-neutron interaction discussed above.

§4. Proton superfluidity

In this section we shall consider the case where the proton liquid is in the
BCS-type superconducting state, while the neutron liquid is in the normal state.
Since the concentration of protons in neutron stars is of the order of a few per-
cent,”® the 1S, attractive interaction is expected between protons even at high
densities at which the interaction between neutrons is repulsive.”

The calculation of the present case is quite similar to the one in the preced-
ing section. One must note that the proton state with momentum E—Q is far
above the proton fermi surface so that §P, is much larger than the energy gap
24 of the proton superfluid. Consequently we can use the same equation for the
spectral density given by (19). In the diagrams 3(a) and 2(b) we have to sub-
stitute the Green’s function of the superfluid state only for the proton with mo-
mentum k—Q —¢q’. Since the calculation is quite familiar in the theory of super-
conductivity of metals, we only write the final result for the present case cor-
responding to the result (20) of the preceding section:

Re K£@ = —T;lr)“ jdz;d@dqlm % (6.™)

X{I—-n(SN} J;ll;'dq-/ (é:%) . [4hgp{l—n (Er-q-0)}

X0 (Ek(n) - Eq(e) - 58’14 - Ek—Q—q' - wk’q’) + 'Ui—Q—q'” (Ek—Q—q’)

X0 (6™ —£,9 62+ Ey—gg—wg) ]

n n 1
XED U=n P et 24
where
up== _l. 5,,(") 95
v, 2<1:|: E, )’ (28)
E;=VE, " L F (26)

and 24 is the energy gap of the proton superfluid. After making similar approxi-
mations as before we can evaluate the integrals analytically when £2;7°<4. The
result for the rate @, corresponding to (21) of the normal case is given by re-
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Neutrino Energy Loss in Neutron Star Matter 1857
placing Ioma in (21) by

Ty -aer = L 28 (B, @)
Wolf gave the reduction factor Y of the rate of energy loss due to the proton
superfluidity as a function of B4.® It seems from his figure of Y (84) that our
result agrees with his within a factor of three for f4=20. We remark that in
the present case the proton-proton interaction is not important because of the
proton energy gap.

§5. Neutron superfluidity

According to the analysis of Baym, Bethe and Pethick,” when the density
of nucleon matter is below the nuclear density, protons exist in the form of neu-
tron-rich nuclei, which form a lattice by the Coulomb interaction. If this is the
case, the uniform nucleon matter exists only at relatively high densities at which
the *P, part instead of the 1S, of the interaction between neutrons is expected to
be most attractive. Therefore, it is more likely that the neutron superfluid is
of the type of *P; pairing, instead of the usual S, pairing.®~*® The ground state
of the °P, superfluid has, according to recent studies, the energy gap which is
only weakly anisotropic. Therefore, we would expect that the effect of the *P,
superfluidity on the neutrino energy loss is not significantly different from that
of the 'S, superfluidity. For this reason we assume in the present calculation
that the neutron fluid is in the 'S, superfluid state and use the BCS theory as in
the preceding section. For simplicity we further assume that the proton liquid
is in the normal state,.

The spectral density of neutrons is now given by

o(k, z) = — {ugd (x— Eg) +vi'0 (z+ Ep)}, (28)

where the notation is the same as for (25) and (26), all quantities now referring
to neutrons. In the present case the proton self-energy corresponding to (19) is
given by

5, y)=_ T __(4ma)’ j % _,[ nEe _ annBrre
Im (5, v) 2(2n)‘*< m) dkdq | (tan ¢ —tan 2T>

£ Eyoy—Ey £,
X 2' /uz;———>< th Liar’s L +t 1" ? q>
{<”" T BBy O 2T T

X0 (y— S;p—)q’ _Ek'+q’ +E)

w7 2 > < 2 : i >
SURr 0 th—=*"*¢ ¥ | tanh>2-¢
(vk Vkrta 4E Epriqr ce 2T an 2T

E 174
2T

X 6(3} - 5;”_),,' + Ekl+ql —Ek’) -+ (tanh + tanhE;;;q;>
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Vi E..,+E,. EP,
X ${urvls ,+~—_>(-— th=2k+¢ ¥ + tanh ”>
{<”" T BB \ O 2T or
X 6(3’ _Egtp—)q’ + Elc'+q’ + Ek’)

4 Ey.p+E, gP,
- uzf . 2'+ >< Oth k7 +q Li +tanl~ P q>
( MO BBy \ 2T 2T

X8 (y —5;12,1,—15,,,+,,,_E,,,)}]. (29)

Substituting (28) and (29) into (14) and (15) we can calculate Im K,. In the
calculation we replace the coherence factors #%.,, and V%o by 1/2 and further
neglect £, £, and £§?, when they appear with E, and E, in the coherence
factors. This approximation is valid when k,7<<4. Then we can calculate
Im K, analytically. Since the resulting expression is rather lengthy, we only men-
tion the final result for @, which is given by the formula (21) with ILoma re-
placed by

I,,_“,,e,=% (B4Ye . (30)
The result obtained by Wolf® is
I uper=0.123 (8 4Y e, (31)

which agrees with ours within a factor of 2.

It should be remarked here that the contribution from the proton-proton in-
teraction given by the diagrams 2(b) with a proton bubble and 3(b) is particularly
important in the present case if £, >1%,™. When we have this contribution,
the factor exp(—284) in (30) is replaced by exp( —fB4) among other changes.

§ 6. Neutrino loss in nuclei

So far we have considered the uniform nucleon liquids. At lower densities,
however, neutron-rich nuclei and a degenerate neutron liquid coexist and protons
are present only in the nuclei. Such a state of nucleon matter has recently been
studied in detail by Baym, Bethe and Pethick (hereafter referred to as BBP)."
In this section we shall briefly discuss the rate of neutrino energy loss in this
mixed phase of neutron-rich nuclei and a neutron liquid, which seems to prevail
in a sizable volume of a typical neutron star.

Let us use the approximate picture of the Thomas-Fermi model. If a neutron
outside the nuclei decays, the produced proton will have an energy much higher
than the chemical potential of protons x,. Hence, the decay of a neutron outside
the nuclei is highly forbidden. Consequently, we have only to consider the neu-
trino processes inside the neutron-rich nuclei. According to BBP, the mass num-
ber of the nuclei A is larger than 200 when the total mass density p is higher
than 10%g cm=®. Therefore, we may, as the first approximation, treat the neutron-
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Neutrino Energy Loss in Neutron Star Matter 1859

rich nuclei as a nucleon matter of a finite size R.

We remind ourselves that when 4k,=k," — (k,” + k%) <0, the ordinary neutrino
process n—>p+e~+p, and its inverse can occur without involving the strong in-
teraction. We note that in the present case k,/°<k,” because electrons are not
confined in nuclei. According to BBP, 4k, varies from 0.20 to 0.31 fm-! as the
density increases from 4.66 X 10" to 1.30x 10"g cm~ so that the condition 4k,<C0
does not seem to hold. However, in the mixed state nucleons are under the in-
fluence of the self-consistent non-uniform field responsible for the formation of
nuclei. Consequently, the momenta of neutrons and protons now have a width
of the order of 2r/R where R is the size of the nuclei. For the same density
range as above the value of 27/R varies from 1.05 to 0.52fm~' and is always
larger than 4k, Therefore, we would expect that the direct processes are not
prohibited by the momentum conservation and the Pauli principle. If this is the
case, they may be more important than the processes discussed in § 3, since the
ratio of the rate due to the direct processes to the one given by (21) is propor-
tional to (%237°/u.). For a quantitative evaluation one can regard these processes
in the solid region as umklapp processes and make a similar calculation as in
the preceding sections.

Acknowledgements

One of the authors (N.I) wishes to express his sincere thanks to Professors
C. Hayashi and D. Pines for their interest in this work and for encouragements.
We are grateful to Dr. R. A. Wolf for sending us his thesis and for helpful
communications.

References

1) J. N. Bahecall and R. A, Wolf, Phys. Rev. 140 (1965), B1452.
For earlier works, see the references therein.

2) R. A. Wolf, Astrophys. J. 145 (1966), 834.

3) R. A. Wolf, Thesis submitted to the California Institute of Technology (1966).

4) S. Tsuruta and A. G. W, Cameron, Can. J. Phys. 44 (1966), 1863.

5 J. Nemeth and D. W. L. Sprung, Phys. Rev. 176 (1968), 1496.

6) S. Ikeuchi, S. Nagata, T. Mizutani and K., Nakazawa, Prog. Theor. Phys. 46 (1971), 95.

7 G. Baym, H. A. Bethe and C. J. Pethick, Nucl. Phys. A175 (1971), 225.

8) A. B. Migdal, Nucl. Phys. 13 (1959), 655.

9 V. L. Ginzburg and D. A. Kirzhnitz, Soviet Phys. -JETP 20 (1965), 1346,

10) G. Baym, C. Pethick and D. Pines, Nature 224 (1969), 673.

11) M. Hoffberg, A. E. Glassgold, R. W. Richardson and M. Ruderman, Phys. Rev. Letters 24
(1970), 775.

12) R, Tamagaki, Prog. Theor. Phys. 44 (1970), 905,

13) T. Takatsuka and R. Tamagaki, Prog. Theor. Phys. 46 (1971), 114.

14) N. Itoh, Prog. Theor. Phys. 42 (1969), 1478.

15) G. Baym, C. Pethick, D. Pines and M. Ruderman, Nature 224 (1969), 872.

16) R. E. Marshak, Riazuddin and C. P. Ryan, Theory of Weak Interactions in Particle Physics
(Wiley, New York, 1969).

220z 1snbny |z uo1senb Aq 816558 1/6181/9/81/e1onue/did/woo dnoolwepese)/:sdyy wol pspeojumoq



