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In this paper we introduce the notion of an Rν-generalized solution to the Stokes

problem with singularity in a two-dimensional non-convex polygonal domain with one

reentrant corner on its boundary in special weight sets. We construct a new approximate

solution of the problem produced by weighted �nite element method. An iterative process

for solving the resulting system of linear algebraic equations with a block preconditioning

of its matrix is proposed on the basis of the incomplete Uzawa algorithm and the

generalized minimal residual method. Results of numerical experiments have shown that the

convergence rate of the approximate Rν-generalized solution to an exact one is independent

of the size of the reentrant corner on the boundary of the domain and equals to the �rst

degree of the grid size h in the norm of the weight space W 1
2,ν(Ω) for the velocity �eld

components in contrast to the approximate solution produced by classical �nite element

or �nite di�erence schemes convergence to a generalized one no faster than at an O(hα)
rate in the norm of the space W 1

2 (Ω) for the velocity �eld components, where α < 1 and α
depends on the size of the reentrant corner.

Keywords: ñorner singularity; weighted �nite element method; preconditioning.

Introduction

The weak solution of Maxwell equations considered in a 2D polygonal domain with
reentrant corner on the boundary does not belong to the Sobolev space W 1

2 (Ω). Such a
problem is called a boundary value problem with strong singularity. For the Lam�e system,
for a example, in a domain with a reentrant corner it is possible to de�ne a weak solution
in the space W 1

2 (Ω), but it does not belong to the space W
2
2 (Ω). Such problem is called a

problem with weak singularity.
According to the principle of coordinated estimates, the approximate solution to these

problems by the classical �nite di�erence and �nite element methods converge to the exact
one with a rate substantially smaller than one. In [1,2] it was proposed to de�ne the solution
of elliptic boundary value problems and Maxwell equations with strong singularity as an
Rν-generalized one. Such a new conception of solution allows to construct weighted �nite
element methods with �rst-order convergence rate estimate of the approximate solution
to the Rν-generalized one in the norms of the weighted Sobolev spaces.

In this paper we present our method for solving the Stokes problem. It is well
known that the e�cient numerical solution of problems in �uid mechanics is of signi�cant
engineering interest. There are basically three reasons why the �nite element discretization
of such problem turns out to be di�cult.

Firstly, in the presence of reentrant corner ω, ω ∈ (π, 2 π), on the boundary of the
domain the solution of the problem is singular even though the input data are su�ciently

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 1. Ñ. 95�108

95



V.A. Rukavishnikov, A.V. Rukavishnikov

smooth. The two-dimensional �ow of a viscous �uid near the corner was �rst examined
in [3]. It is well known that the generalized solution of the Stokes problem: the velocity
components and pressure in a two-dimensional domain Ω with a boundary containing a
reentrant angle does not belong toW 2

2 (Ω) andW
1
2 (Ω) respectively (see e.g. [4]). Therefore,

the approximate solution produced by standard �nite element or �nite di�erence schemes
converges to a generalized solution no faster that at an O(hα) rate in the norm of the
space W 1

2 (Ω), where α < 1 depends on the size of the reentrant corner ω for the velocity
components (see [5]). In this case the so-called pollution e�ect can be observed in standard
Sobolev and even in weighted Sobolev norms [6]. More recent results on the regularity
theory and �nite element approximations on domains with reentrant corners can be found
in [7] and the references therein. By using special methods for extracting the singular part
of the solution near corner points and applying grids re�ned towards the singularity point,
it is possible to construct �rst-order accurate �nite element schemes (see e.g. [8]).

Secondly, the design of LBB-stable method for a velocity and pressure spaces pairs [9].
Thirdly, the spaces enforce mass conservation strongly. Satisfying this criterion leads

to more physically relevant solutions, decouples the pressure error from the velocity error,
and removes possible instabilities that can arise from poor discrete mass conservation [10].
The speci�c element pair to achieve pointwise mass conservation of the discrete solution
is the Scott�Vogelius element pair [11].

In the present paper we construct the weighted �nite element method (see [1,2,12�15])
based on the conception of an Rν-generalized solution [16�19] of the Stokes problem with
a singularity due to a reentrant corner of ω on the boundary of the domain and Scott-
Vogelius element pair. Numerical experiments of the model problems have shown that
the approximate Rν-generalized solution produced by weighted �nite element method
converges to the exact one (velocity) with the rate O(h) in W1

2,ν(Ω, δ) norm for all
considered sizes of the reentrant corner ω in contrast to the approximate solution produced
by classical �nite element or �nite di�erence schemes convergence to a generalized one no
faster than at an O(hα) (α = α(ω) < 1) rate. The simplicity of the solution determination
is an additional bene�t of the method for the numerical experiments.

The structure of the paper is as follows. In Section 1 de�ne the Rν-generalized
solution of the Stokes problem with corner singularity. In Section 2 describe the proposed
weighted �nite element method. In Section 3 construct an iterative process with a block
preconditioning matrix. In Section 4 present the results of numerical experiments. Finally,
some concluding remarks are given in Section 5.

1. Rν-Generalized Solution

Let R2 denote the two-dimensional Euclidean space, x = (x1, x2) be its arbitrary

element, ∥x∥ =
(
x21 + x22

)1/2
and dx = dx1 dx2. Let Ω ⊂ R2 be a bounded non-convex

polygonal domain with a boundary Γ containing a reentrant angle with its vertex placed
at the origin, and let Ω̄ be a closure of Ω, i.e. Ω̄ = Ω ∪ Γ. Denote by Ω

′

δ = {x ∈ Ω̄ : ∥x∥ ≤
δ < 1, δ > 0} the part of a δ-neighbourhood of the point (0, 0) that lies in Ω̄. De�ne a

weight function ρ(x), such that ρ(x) =

{
∥x∥,x ∈ Ω

′

δ,

δ ,x ∈ Ω̄ \ Ω′

δ.
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Let L2,β(Ω) denote the weighted space of functions with bounded norm

∥v∥L2,β(Ω) =
(∫
Ω

ρ2β(x)v2(x)dx
)1/2

and W 1
2,β(Ω) denote the weighted space of functions with bounded norm

∥v∥W 1
2,β(Ω) =

(∑
|m|≤1

∥ρβ(x)|Dmv(x)|∥2L2(Ω)

)1/2

, (1)

where Dmv(x) = ∂|m| v
∂x

m1
1 ∂x

m2
2
, |m| = m1 +m2,mi ≥ 0, i = 1, 2 � integer. For vector functions

v = (v1, v2) we de�ne weighted spaces L2,β(Ω) and W1
2,β(Ω) with norms ∥v∥L2,β(Ω) =(

∥v1∥2L2,β(Ω) + ∥v2∥2L2,β(Ω)

)1/2

and ∥v∥W1
2,β(Ω) =

(
∥v1∥2W 1

2,β(Ω)
+ ∥v2∥2W 1

2,β(Ω)

)1/2

respectively.

Let W 1
2,β(Ω, δ), for β > 0, denote a set of functions v(x) from the space W 1

2,β(Ω)
satisfying the following conditions:∫

Ω̄\Ω′
δ

ρ2β(x)v2(x)dx ≥ C1 > 0, |Dmv(x)| ≤ C2

( δ

ρ(x)

)β+m

x ∈ Ω
′

δ, (2)

where m = 0, 1 and C2 > 0 be a constant independent ofm, with a norm (1). Let L2,β(Ω, δ)
be a set of functions from the space L2,β(Ω), which satisfy the conditions (2) (for m = 0)
with a norm of the space L2,β(Ω). Also, L

0
2,β(Ω, δ) = {q ∈ L2,β(Ω, δ) :

∫
Ω

ρβ qdx = 0}.

The set
o

W 1
2,β (Ω, δ)(

o

W 1
2,β (Ω, δ) ⊂ W 1

2,β(Ω, δ)) is de�ned as a closure in norm (1) of the
set of in�nitely di�erentiable compactly supported functions in Ω, that satisfy conditions
(2). We say that φ(x) ∈ W

1/2
2,β (Γ, δ), if there exists a function Φ(x) from W 1

2,β(Ω, δ) such
that Φ(x)|Γ = φ(x) and ∥φ∥

W
1/2
2,β (Γ,δ)

= inf
Φ|Γ=φ

∥Φ∥W 1
2,β(Ω,δ).

For vector functions v = (v1, v2) de�ne sets L2,β(Ω, δ) and W1
2,β(Ω, δ) such that

vi ∈ L2,β(Ω, δ) and vi ∈ W 1
2,β(Ω, δ) with a bounded norm of spaces L2,β(Ω) and W1

2,β(Ω)

respectively. Similarly for vector functions we de�ne sets
o

W1
2,β (Ω, δ) and W

1/2
β (Γ, δ).

The Stokes problem is to �nd the velocity �eld u = (u1, u2) and pressure p which
satisfy the system of di�erential equations and the boundary conditions

−ν̄△u+∇p = f , div u = 0, in Ω, (3)

u = g, on Γ. (4)

Here f = (f1, f2) and g = (g1, g2) are de�ned in Ω and on Γ respectively, ν̄ is the kinematic
viscosity which is related to the Reynolds number Re of the �ow by ν̄ = 1

Re
.

De�ne the bilinear and linear forms

a(u,v) =

∫
Ω

ν̄ ∇u · ∇(ρ2νv)dx, b(v, p) = −
∫
Ω

p div (ρ2νv)dx,

c(u, q) = −
∫
Ω

ρ2ν q div u dx, l(v) =

∫
Ω

ρ2ν f · vdx.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 1. Ñ. 95�108

97



V.A. Rukavishnikov, A.V. Rukavishnikov

De�nition 1. The pair of functions (uν(x), pν(x)) ∈ W1
2,ν(Ω, δ) × L0

2,ν(Ω, δ) is called
an Rν-generalized solution of the Stokes problem (3), (4), if uν(x) satis�es the boundary
condition (4) almost everywhere on Γ and integral identities

a(uν ,v) + b(v, pν) = l(v),

c(uν , q) = 0

hold for any pair (v(x), q(x)) ∈
o

W1
2,ν (Ω, δ)×L0

2,ν(Ω, δ), where the right-hand side functions

f ∈ L2,β(Ω, δ), g ∈ W
1/2
2,β (Γ, δ), ν ≥ β.

2. The Weighted Finite Element Scheme

The weighted �nite element scheme for the Stokes problem (3), (4) is constructed
relying on the de�nition of an Rν-generalized solution. For this purpose, we construct the
triangulation Υh which is a barycenter re�nement of a quasi-uniform triangulation Th of
Ω [20]. The domain Ω is divided into a �nite number of triangles Li, Li ∈ Th (macro-
element). Each Li is re�ned as stated above into three triangles Kij (�nite element),
Kij ∈ Υh (barycenter re�nement) with vertices Rl and midpoints Sk. Then,
1)Rvel = Rvel

Ω ∪ Rvel
Γ = {Rl ∪ Sk}, where Rvel

Ω and Rvel
Γ are sets of triangulation nodes for

the velocity components in Ω and on Γ respectively;
2)Rpres = {Ql} is the set of triangulation nodes for the pressure, where a node Ql coincides
with a node Rk on the corresponding Kij .

Denote by Ωh =
∪

Ks∈Υh

Ks the union of all �nite elements with sides of order h. Now

we introduce Scott�Vogelius (SV) element pair [11] (case k = 2). In short, polynomials of
degree two and one are used to approximate the velocity components and pressure, spaces
Xh and Zh respectively:
Xh = {vh ∈ C(Ω) : vh|K ∈ P2(K), ∀K ∈ Υh}(Xh = Xh ×Xh);
Zh = {zh ∈ L2(Ω) : z

h|K ∈ P1(K),∀K ∈ Υh,
∫
Ω

zhdx = 0}.

The SV element is very interesting from the mass conservation point of view since
its discrete velocity space Xh and its discrete pressure space Zh satisfy an important
property, namely div Xh ⊂ Zh. Thus, using SV elements, weak mass conservation via∫
Ω

div whzhdx = 0 ∀zh ∈ Zh implies strong (pointwise) mass conservation. We can choose

the special test function zh = div wh to get ∥ div wh∥L2(Ω) = 0. In [21] it was shown that
the SV space pair (k = 2) is LBB-stable.

Now we introduce a special set of basis functions and construct a weighted �nite
element scheme for the Stokes problem (3), (4). Each node Mk ∈ Rvel

Ω (Nl ∈ Rpres) is
associated with a function

θk(x) = ρν
∗
(x) · φk(x),

(
χl(x) = ρµ

∗
(x) · ψl(x)

)
, k = 0, 1, . . . , ( l = 0, 1, . . .),

where φk ∈ Xh, φk(Mj) = δkj for k, j = 0, 1, . . .
(
ψl ∈ Zh, ψl(Nj) = δlj, l, j = 0, 1, . . .

)
;

δms is Kronecker delta, ν
∗ and µ∗ are real constants.

The sets V h and Qh for the velocity components and pressure are de�ned as the linear
span of the system of basis functions {θk}k and {χl}l respectively. In V h we consider
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the subset V h
0 = {vh ∈ V h : vh(Mk)|Mk∈Rvel

Γ
= 0}. Associated with the constructed

triangulation, the �nite element approximation of the displacement velocity components
and pressure have the form

uhν,1(x) =
∑
k

d2k θk(x), u
h
ν,2(x) =

∑
k

d2k+1 θk(x), p
h
ν(x) =

∑
l

el χl(x), (5)

where dj = ρ−ν∗(M[j/2]) d̃j, ei = ρ−µ∗
(Ni) ẽi. The coe�cients dj and ei in (5) are de�ned

from the system of equations (see (8)) below.
The corresponding velocity �eld sets are denoted byVh = V h×V h andVh

0 = V h
0 ×V h

0 .

Obviously, Vh ⊂ W1
2,ν(Ωh, δ),V

h
0 ⊂

o

W1
2,ν (Ωh, δ) and Q

h ⊂ L0
2,ν(Ωh, δ).

De�nition 2. The approximate Rν-generalized solution of the Stokes problem (3), (4)
produced by the weighted �nite element method is the pair (uh

ν(x), p
h
ν(x)) ∈ Vh ×Qh such

that each component of uh
ν(x) at nodes of the set Rvel

Γ satis�es the boundary condition (4)
and, for an arbitrary pair (vh(x), ph(x)) ∈ Vh

0 ×Qh and ν ≥ β, we have the equalities

a(uh
ν ,v

h) + b(vh, phν) = l(vh), (6)

c(uh
ν , q

h) = 0, (7)

where uh
ν = (uhν,1, u

h
ν,2) and f ∈ L2,β(Ω, δ), g ∈ W

1/2
2,β (Γ, δ).

The �nite element problem (6), (7) generates a system of linear equations with a saddle
point matrix [

A B
CT 0

] [
ζ
η

]
=

[
y
z

]
. (8)

In our case, A is a positive de�nite square matrix, B and CT are non-square matrices,
ζ = uh

ν , η = phν ,y = Fh, z = 0.

3. Iterative Method

The system of linear algebraic equations (8) is large and sparse, making direct solutions
infeasible. We construct a convergent iterative process [22] of the following form:
1) select an initial guess η0, ζ0 to the solution of (8);
2) for k = 0, 1, 2, . . . , until converge do;
3) compute ζk+1 = ζk + Â−1(y −Aζk −Bηk);
4) compute ηk+1 = ηk + Ŝ−1(CT ζk+1 − z);
5) end do,
where Â and Ŝ are preconditioning matrices toA and the Schur complement S = CTA−1B
respectively.

To construct matrix Â, we use an incomplete LU factorization of A � ILU(0) [23],
i.e., Â = L̂ · Û, where L̂ and Û are lower and upper triangular matrices respectively. At
each iteration in 3, we solve the problem Aq = χ with the left preconditioner Â. We use
the generalized minimal residual method (GMRES(n)) [23]. The method approximates the
solution by the vector in a n-th Krylov subspace with minimal residual. Let r0 = Â−1(χ−
Aq), then the Arnoldi loop constructs an orthogonal basis of the left preconditioned n-th
Krylov subspace: Span{r0, Â−1Ar0, . . . , (Â

−1A)n−1r0}, n = 10.
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Further, we construct an auxiliary matrix S̃ to Ŝ, as a weighted mass matrix Mν,µ∗
p of

the pressure space, on each L ∈ Υh :

(Mν,µ∗

p )lj =
1

ν̄

∫
L

ρ2(ν+µ∗) ψl(x)ψj(x)dx, l, j = 0, 1, . . . .

Then, we de�ne the diagonal matrix S̄ = M̄ν,µ∗
p , where

(
M̄ν,µ∗

p

)
ii
=

∑
k

(
Mν,µ∗

p

)
ik
. It is

well known (see [24]), that such diagonal lumping is a good preconditioner to the initial
weighted mass matrix.

It derives from the above that at each iteration in 4 one �nds a vector ψ⋄ := Ŝ−1θ as
a solution of internal procedure:
1) ϕ0 = 0; 2) ϕm = ϕm−1 + S̄−1(θ − S̃ϕm−1) (m = 1, . . . ,M); 3) ψ⋄ = ϕM .
We use restart GMRES(k): (Span{r̄, S̄−1S̃r̄, . . . , (S̄−1S̃)k−1 r̄}, r̄ = S̄−1(θ−S̃ϕm−1), k = 5).

4. Numerical Experiments

In this section we present the results of numerical experiments to illustrate the
behaviour of our method applied to the Stokes problem (3), (4) with viscosity ν̄ = 1.

Let Ωi = (−1, 1)× (−1, 1) \ D̄i are non-convex polygonal domains with one reentrant
corner ωi : ω1 = 3π

2
, ω2 = 5π

4
, ω3 = 9π

8
on its boundary with the vertex located in the

origin (0, 0). We divide Ω̄i into a set of closed triangles {Lm}, where each Lm is a half of
a closed square of the size h for corners ωi, i = 1, 2; a half of a closed square of the size h
in Ω̄′

3 = [−1; 1] × [0; 1] and a half of a closed rectangle with sizes h and h
2
in Ω3 \ Ω̄′

3 for
a corner ω3. Then, each Lm (macro-element) is re�ned (barycenter re�nement) into three
triangles Kmj

, their set {Ks} (see Fig. 1).

Fig. 1. The triangulation Υih of the Ω̄i : (left) ω1 =
3π
2
; (center) ω2 =

5π
4
; (right) ω3 =

9π
8

We use the exact solution (u, p) of the Stokes problem (3), (4), which exhibits corner
singularity phenomena at the reentrant corner ωi on its boundary with the vertex located
in the origin (0, 0). In polar coordinates (r, φ) at the origin the exact solution for each
ωi, i = 1, 2, 3, is given by (see e.g. [25]):

u1(r, φ) = rλi · ((1 + λi)Ψ(φ) · sin(φ) + Ψ′(φ) · cos(φ)),

u2(r, φ) = rλi · (Ψ′(φ) · sin(φ)− (1 + λi)Ψ(φ) · cos(φ)),

p(r, φ) = −rλi−1 · (1 + λi)
2 Ψ′(φ) + Ψ′′′(φ)

1− λi
,
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Ψ(φ) =
sin((1 + λi)φ)cos(λiωi)

1 + λi
−cos((1+λi)φ)−

sin((1− λi)φ)cos(λiωi)

1− λi
+cos((1−λi)φ).

The exponent λi is the smallest positive solution of

sin(λωi) + λ sin(ωi) = 0,

which is λ1 ≈ 0, 544483 for ω1 = 3π
2
, λ2 ≈ 0, 673583 for ω2 = 5π

4
, λ3 ≈ 0, 800766 for

ω3 =
9π
8
. These solutions satisfy the Stokes problem (3), (4), where f ≡ 0.

We emphasize that the pair (u, p) is analytical in Ω̄i\(0, 0), but ∇u and p are singular
at the origin. Especially, u ̸∈ W2

2(Ω) and p ̸∈ W 1
2 (Ω). This solution re�ects perfectly the

typical behaviour of the solution of the Stokes problem near a reentrant corner.

Table 1

The error norm ∥uh − u∥W1
2(Ω) of the generalized solution, ν = 0, δ = 1, ν∗ = µ∗ = 0

ωi N = 80 N = 160 N = 320
3π
2

2,768e-1 1,898e-1 1,302e-1

5π
4

1,538e-1 9,649e-2 6,050e-2

9π
8

6,321e-2 3,627e-2 2,082e-2

Table 2

The in�uence of parameters δ and ν on the behaviour of the error ∥uh
ν − u∥W1

2,ν(Ω)

of the Rν-generalized solution, ν∗ = µ∗ = λi − 1

ωi ν δ N = 80 N = 160 N = 320
3π
2

1,5 0,0125 2,619e-4 1,303e-4 6,475e-5

0,015 3,946e-4 1,958e-4 9,744e-5

1,8 0,0125 7,153e-5 3,551e-5 1,769e-5

0,015 1,144e-4 5,709e-5 2,824e-5
5π
4

1,5 0,0125 1,362e-4 6,813e-5 3,404e-5

0,015 2,140e-4 1,071e-4 5,332e-5

1,8 0,0125 3,790e-5 1,886e-5 9,399e-6
0,015 6,242e-5 3,107e-5 1,546e-5

9π
8

1,5 0,0125 7,581e-5 3,780e-5 1,880e-5

0,015 9,826e-5 4,891e-5 2,428e-5

1,8 0,0125 2,039e-5 1,017e-5 5,061e-6

0,015 2,827e-5 1,409e-5 7,010e-6

Numerical experiments were carried out on meshes with di�erent step sizes h (numbers
N, h = 2

N
). The errors of the numerical approximations to the Rν-generalized and

generalized (ν = 0, δ = 1, ν∗ = µ∗ = 0) solutions were computed as the module between
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approximate and exact solutions in the points Mk and in the norm of spaces W 1
2,ν(Ω) and

W 1
2 (Ω) respectively. The results of the numerical experiments are presented in Tables 1,

2. The optimal values of parameters ν and δ were derived numerically.
For the determined approximate Rν-generalized and generalized solutions in Table 3

we present the numbers of points (in percentage of their total number), where the errors
δji = |uj(Mi) − uhν,j(Mi)|, j = 1, 2,Mi ∈ Rvel

Ω (for the Rν-generalized solution) and δ′ji =
|uj(Mi)−uhj (Mi)|, j = 1, 2,Mi ∈ Rvel

Ω (for the generalized solution) are less than the given
limit values △̄k. In our experiments, the number of points (in percentage of their total
number) for each component of the velocity �eld u is approximately the same.

Table 3

The number of points (in percentage of their total number), where
the errors δ1i and δ

′
1i are less than the given limit values △̄k

Rν-generalized, ν = 1, 5 generalized, ν = 0
δ = 0, 0125, ν∗ = λi − 1 δ = 1, ν∗ = 0

ωi △̄k N = 80 N = 160 N = 320 N = 80 N = 160 N = 320
3π
2

10−4 36,1% 46,5% 64,2% 31,4% 41,1% 52,3%
10−5 15,7% 18,9% 29,1% 14,9% 15,4% 23,1%

5π
4

10−4 46,2% 59,2% 78,2% 41,3% 55,0% 70,9%
10−5 24,7% 29,8% 40,1% 20,8% 26,3% 35,2%

9π
8

10−4 72,3% 78,5% 89,4% 68,4% 73,7% 84,7%
10−5 38,7% 49,0% 66,2% 33,8% 46,4% 63,2%

Fig. 2. Distribution of the points Mk with errors δ′1i for the component uh1 of the
approximate generalized solution ω1 =

3π
2
, ν = 0, δ = 1, ν∗ = µ∗ = 0, (left) with N = 160,

(right) with N = 320

On Figs. 2, 3 we depict the distribution of the points Mi with errors δ1i and δ
′
1i for

the components uhν,1 and u
h
1 of the approximate Rν-generalized and generalized solutions,
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Fig. 3. Distribution of the points Mk with errors δ1i for the component uhν,1 of the
approximate Rν-generalized solution ω1 = 3π

2
, ν = 1, 5, δ = 0, 0125, ν∗ = µ∗ = λ1 − 1,

(left) with N = 160, (right) with N = 320

Fig. 4. The dependence of ∥uh
ν − u∥W1

2,ν(Ω) on the degree of ν∗, for ω2 =
5π
4

respectively, for di�erent mesh sizes h. On Figs. 4, 5 we introduce the dependence of errors
in W1

2,ν(Ω) norm on the degree ν∗(µ∗ = ν∗) of the weight function ρ(x). Each minimum on
Figs. 4, 5 corresponds to the optimal value ν∗ for the respective ν, δ and ω. This research
was supported in through computational resources provided by the Shared Facility Center
"Data Center of FEB RAS".
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Fig. 5. The dependence of ∥uh
ν − u∥W1

2,ν(Ω) on the degree of ν∗, for ω3 =
9π
8

Conclusions

The results of numerical experiments leads to the following conclusions:

• The approximate Rν-generalized solution (velocity �eld) of the Stokes problem (3),
(4) converges to the exact one with the rate O(h) in theW1

2,ν(Ω) norm for all corners
ωi, i = 1, 2, 3 (see Table 2), while the approximate generalized solution by classical
FEM has an O(h0,55) rate of convergence for a corner ω1 = 3π

2
, O(h0,67) � for a

corner ω2 = 5π
4
, O(h0,8) � for a corner ω3 = 9π

8
in the W1

2(Ω) norm (see Table 1)
(the so-called pollution e�ect [6]);

• The number of points in percentage of their total number, where the modulus of
the di�erence between the approximate and exact solutions are less than the given
limit values, more for the proposed weighted method in comparison with the classical
FEM (see Table 3 and Figs. 2, 3);

• For all degrees ν∗(µ∗ = ν∗) of the weight function ρ(x), that lie between λi − 1 and
0, and parameters ν, δ close to optimal, the approximate Rν-generalized solution
converges to the exact one with the rate O(h) in the W1

2,ν(Ω) norm (see Figs. 4, 5).

Acknowledgement. This paper is connected with problematic of the project no. 18-11-
00021 of Russian Science Foundation.
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ÍÎÂÛÉ ÏÐÈÁËÈÆÅÍÍÛÉ ÌÅÒÎÄ ÐÅØÅÍÈß ÇÀÄÀ×È
ÑÒÎÊÑÀ Â ÎÁËÀÑÒÈ Ñ ÓÃËÎÂÎÉ ÑÈÍÃÓËßÐÍÎÑÒÜÞ

Â.À. Ðóêàâèøíèêîâ1, À.Â. Ðóêàâèøíèêîâ2

1Âû÷èñëèòåëüíûé öåíòð Äàëüíåâîñòî÷íîãî îòäåëåíèÿ Ðîññèéñêîé àêàäåìèè íàóê,
ã. Õàáàðîâñê, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Õàáàðîâñêîå îòäåëåíèå Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè, ã. Õàáàðîâñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Â ñòàòüå îïðåäåëåíî ïîíÿòèå Rν-îáîáùåííîãî ðåøåíèÿ çàäà÷è Ñòîêñà ñ ñèíãóëÿð-

íîñòüþ â äâóìåðíîé íåâûïóêëîé ìíîãîóãîëüíîé îáëàñòè ñ îäíèì âõîäÿùèì óãëîì íà
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ãðàíèöå îáëàñòè â ñïåöèàëüíûõ âåñîâûõ ìíîæåñòâàõ. Ïîñòðîåíî íîâîå ïðèáëèæåííîå

ðåøåíèå çàäà÷è ñ ïîìîùüþ âåñîâîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ. Ïðåäëîæåí èòåðà-

öèîííûé ïðîöåññ ðåøåíèÿ ïîëó÷åííîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

ñ áëî÷íûì ïåðåîáóñëàâëèâàíèåì åå ìàòðèöû íà îñíîâå íåïîëíîãî àëãîðèòìà Óäçàâû

è îáîáùåííîãî ìåòîäà ìèíèìàëüíûõ íåâÿçîê. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

ïîêàçàëè, ÷òî ñêîðîñòü ñõîäèìîñòè ïðèáëèæåííîãî Rν-îáîáùåííîãî ðåøåíèÿ ê òî÷-

íîìó ðåøåíèþ çàäà÷è íå çàâèñèò îò âåëè÷èíû âõîäÿùåãî óãëà íà ãðàíèöå îáëàñòè è

ðàâíà ïåðâîé ñòåïåíè ïî øàãó ñåòêè h â íîðìå âåñîâîãî ïðîñòðàíñòâà W 1
2,ν(Ω) äëÿ êîì-

ïîíåíò âåêòîðà ñêîðîñòåé, â îòëè÷èå îò ñòàíäàðòíûõ êîíå÷íî-ýëåìåíòíûõ è êîíå÷íî-

ðàçíîñòíûõ ñõåì, ïðèáëèæåííîå ðåøåíèå êîòîðûõ ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ çàäà÷è

íå áûñòðåå ÷åì ñî ñêîðîñòüþ O(hα) â íîðìå ïðîñòðàíñòâà W 1
2 (Ω) äëÿ êîìïîíåíò âåê-

òîðà ñêîðîñòåé, ãäå α < 1 è ñòåïåíü α çàâèñèò îò âåëè÷èíû âõîäÿùåãî óãëà.

Êëþ÷åâûå ñëîâà: óãëîâàÿ ñèíãóëÿðíîñòü; âåñîâîé ìåòîä êîíå÷íûõ ýëåìåíòîâ;

ïðåäîáóñëàâëèâàòåëü.
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