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Abstract

New chiral boundary conditions are found for quantum gravity
with matter on AdS3. The associated asymptotic symmetry group
is generated by a single right-moving U(1) Kac-Moody-Virasoro al-
gebra with cR = 3ℓ

2G . The Kac-Moody zero mode generates global
left-moving translations and equals, for a BTZ black hole, the sum
of the total mass and spin. The level is positive about the global
vacuum and negative in the black hole sector, corresponding to ergo-
sphere formation. Realizations arising in Chern-Simons gravity and
string theory are analyzed. The new boundary conditions are shown to
naturally arise for warped AdS3 in the limit that the warp parameter
is taken to zero.
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1 Introduction

In a seminal paper [1] Brown and Henneaux found consistent boundary con-
ditions for quantum gravity (plus matter) on AdS3 and showed that they
imply the semiclassical states form representations of left and right Virasoro
algebras with cL,R = 3ℓ

2G
, where G is Newton’s constant and ℓ is the AdS3

radius. The Virasoro symmetries act infinitesimaly on the coordinates t± of
the boundary cylinder as

δt+ = ǫ+(t+), δt− = ǫ−(t−). (1.1)

Importantly, Brown-Henneaux boundary conditions admit all BTZ black
holes [2, 3]. Generalizations and modifications are analyzed in e.g. [4–10].

The analysis of [1] considers only parity-invariant boundary conditions.
In this paper we drop this restriction and find a new set of non-chiral but
self-consistent boundary conditions for AdS3 quantum gravity (plus matter)
admitting BTZ black holes. The asymptotic symmetry generators form a
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single right-moving cR = 3ℓ
2G

noncompact U(1) Kac-Moody-Virasoro algebra
and (1.1) is replaced by

δt+ = ǫ(t+), δt− = σ(t+). (1.2)

Note that the diffeomorphisms of both t− and t+ depend only on t+. The zero
mode δt− = constant of the Kac-Moody symmetry is a global left translation.

We further compute the (nonzero but normalization-dependent) Kac-
Moody level. A salient feature is that it is positive around the global vacuum,
but negative in the black hole sector. This negative level is related to fact
that the vector fields generating the Kac-Moody symmetry are spacelike in
the black hole sector. This can be thought of as a type of ergosphere and
entails negative energy modes and superradiant-type instabilities of the black
holes. These instabilities are a simple versions of the ones encountered in a
variety of contexts including AdS2 fragmentation [11] and Kerr superradi-
ance. We hope that the current work will provide a simple useful context in
which to study them.

The discovery of these new boundary conditions was sparked by a circle of
recent investigations [12–25] involving warped AdS3 spacetimes, near-horizon
extreme Kerr, string compactifications and their potential dual warped CFT2s
- all of which have in common global SL(2,R)× U(1) symmetries. Asymp-
totic boundary conditions have been discussed in these contexts [13–15,18,21,
22, 26–30] which contain one left Virasoro or one right Kac-Moody Virasoro
but none with both a simultaneous left and right Virasoro. In contemplating
this puzzle we realized that if consistent right Kac-Moody Virasoro boundary
conditions exist for warped AdS3, they should persist in the limit that the
warping is deformed to zero and ordinary AdS3 reappears. We find this is
indeed the case: we spell out the new AdS3 boundary conditions, verify their
consistency, compute the central extensions and work out several examples.

It is important to note that the semiclassical consistency of the chiral
boundary conditions found here does not guarantee the existence of any
non-trivial fully quantum theory obeying these boundary conditions. So far
no clear example is known. Nevertheless it appears to us that the semiclas-
sical self-consistency is highly non-trivial and motivates the search for such
quantum theories. A potential warped stringy example is discussed in [24],
and one may attempt to impose the new chiral boundary conditions on any
string compactification to AdS3. Other candidates are supplied by the chi-
ral AdS3 Chern-Simon gravity solved semiclassically in section 3, and its
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holographic Liouville dual analyzed in [31]. The quantum versions of these
theories remains to be studied.

In a companion paper [31], we consider the problem from a dual purely
two-dimensional perspective of (classical) Liouville gravity. Chiral gauge
conditions for the two-dimensional metric are found for which the residual
symmetry is generated by a single right-moving Virasoro-Kac-Moody, as op-
posed to the familiar two Virasoros found in conformal gauge. The action,
equations of motion and Dirac brackets of the resulting nonlinear chiral the-
ory of Liouville gravity are identical to those of the AdS3 Chern-Simons
gravity with new boundary conditions constructed in this paper. Hence two-
dimensional chiral Liouville theory and AdS3 Chern-Simons gravity with the
new boundary conditions are equivalent.

The paper is organized as follows. In section 2 we specify the new bound-
ary conditions, show that the charges are finite and integrable and derive the
chiral Kac-Moody-Virasoro asymptotic symmetry algebra including the cen-
tral extensions. In section 3 we construct the simplest example by applying
the boundary conditions to the SL(2,R)R×SL(2,R)L Chern-Simons formu-
lation of pure Einstein gravity on AdS3. The application of Brown-Henneaux
boundary conditions is well-known [32] to yield a single non-chiral Liouville
scalar with central charges cR,L = 3ℓ

2G
. The new boundary conditions yield

instead two right-moving chiral scalars with a single cR = 3ℓ
2G

Virasoro-Kac-
Moody, which together form a chiral version of Liouville gravity [31]. The
Kac-Moody level is also computed as a function of the current normalization.
In section 4 the realization of the new boundary conditions in weak-field per-
turbation theory is presented. We perturbatively construct the lowest weight
representations for a scalar field coupled to gravity. The lowest weight state
is a single scalar particle in the center of AdS3. The descendants are arbitrary
excited single scalar particle states surrounded by a gas with arbitrary num-
bers of right-moving boundary gravitons and right-moving boundary pho-
tons. In section 5 we discuss a compactification of string theory to warped
AdS3 which has been analyzed in several papers [21, 22, 24, 33]. Consistent
boundary conditions are given for general warp parameter, and then shown
to reduce precisely to the new chiral boundary conditions in the limit that
the warp parameter is taken to zero.
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2 Asymptotic symmetry group analysis

In this section we present the new boundary conditions and derive the asymp-
totic symmetry algebra.

2.1 New boundary conditions

Let t± = t ± φ where φ ∼ φ + 2π. We impose the following asymptotically
AdS3 boundary conditions on the 3d metric

grr =
ℓ2

r2
+O(r−4),

gr± = O(r−3),

g+− = −ℓ
2r2

2
+O(r0), (2.1)

g++ = ∂+P̄ (t
+)ℓ2r2 +O(r0),

g−− = 4Gℓ∆+O(r−1),

where ∆ is a fixed constant and ∂+P̄ (t
+) is periodic. In Fefferman-Graham

coordinates, any three-dimensional Einstein metric admits the expansion

ds2 = ℓ2
dr2

r2
+ ℓ2r2

(

g
(0)
ab +

1

r2
g
(2)
ab +O(r−3)

)

dxadxb . (2.2)

(2.1) then reduces to

g
(0)
−− = 0, g

(0)
++ = ∂+P̄ (t

+), g
(0)
−+ = g

(0)
+− = −1

2
,

g
(2)
−− =

4G

ℓ
∆, (2.3)

with subleading terms unconstrained by the boundary conditions. This can
be compared to the standard Brown-Henneaux boundary conditions [1] in
Fefferman-Graham coordinates

g
(0)
−− = g

(0)
++ = 0, g

(0)
−+ = g

(0)
+− = −1

2
, (2.4)

with subleading terms unconstrained. The new boundary conditions differ
in several respects from these. They are chiral since they do not treat left
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and right movers symmetrically. The leading order part of the metric g
(0)
++

is allowed to fluctuate with right-movers while the subleading part of the
metric g

(2)
−− is restricted to be a fixed constant. In both cases, the boundary

metric g
(0)
ab is restricted to be Ricci-flat, R(0) = 0.

Note that an alternative version of the boundary conditions exists where
∆ is allowed to be varied while P̄ (t+) is periodic. We discuss these alternative
boundary conditions separately in Appendix B.

2.2 Variational principle

We consider gravitational theories whose metrics are asymptotically gov-
erned by the vacuum Einstein equation. After the addition of the standard
Gibbons-Hawking term and counterterms, the variation of the action is given
by

δS0 =
ℓ

16πG

∫

d2x
√

−g(0) gab(2) δg(0)ab (2.5)

where indices are raised with the boundary metric g(0)ab. The total action is
defined as S0 complemented by a chiral boundary term,

S = S0 +
∆

4π

∫

dt+dt−
√

−g(0)g−−
(0) . (2.6)

With the boundary conditions (2.1), the variation of the action (2.5) is given
by

δS = − 1

2π

∫

dt+dt−∂+P̄ δ∆ = 0. (2.7)

2.3 Nonlinear solutions

For pure 3D Einstein gravity with no matter, the Fefferman-Graham expan-
sion terminates after fourth order [34] :

ds2 = ℓ2
dr2

r2
+ ℓ2r2(g(0)ab +

g(2)ab
r2

+
g(4)ab
r4

)dxadxb (2.8)

where g(4)ab = 1
4
g(2)acg

(0)cdg(2)db and g(2)ab is constrained by the equations
of motion. It is then a straightforward exercise to solve Einstein’s equa-
tions with the boundary conditions (2.1). The general solution obeying the
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boundary conditions can be written as

ds2 =
ℓ2

r2
dr2 − ℓ2r2dt+

(

dt− − ∂+P̄ (t
+)dt+

)

+4Gℓ
[

L̄(t+)(dt+)2 +∆
(

dt− − ∂+P̄ (t
+)dt+

)2
]

−16G2∆

r2
L̄(t+)dt+

(

dt− − ∂+P̄ (t
+)dt+

)

. (2.9)

In terms of Fefferman-Graham coefficients, one has

g
(0)
−− = 0, g

(0)
+− = −1

2
, g

(0)
++ = ∂+P̄ , (2.10)

g
(2)
−− =

∆

k
g
(2)
+− = −∆

k
∂+P̄ , g

(2)
++ =

1

k
(L̄(t+) + ∆ (∂+P̄ )

2),

where we defined for convenience

k ≡ ℓ

4G
. (2.11)

In the special case of vanishing ∂+P̄ and L̄(t+) = ∆̄ the solution becomes

ds2

ℓ2
=
dr2

r2
− r2dt+dt− +

∆̄

k
(dt+)2 +

∆

k
(dt−)2 − ∆∆̄

k2r2
dt+dt−, (2.12)

which is just the BTZ black hole with ℓM = ∆ + ∆̄ and J = ∆ − ∆̄. As
we will see below the general solution can be interpreted as a BTZ black
hole dressed by gases of boundary gravitons and photons represented by the
non-zero modes of L̄(t+) and P̄ (t+).

Of course when matter sources are present, the solutions are modified
in the interior. In the following we assume that the matter sources fall off
sufficiently rapidly so that (2.2)-(2.10) can be used in the asymptotic analysis.

2.4 Asymptotic symmetry algebra

This phase space of metrics is preserved under the action of the asymptotic
symmetry algebra. This consists of a right-moving Virasoro algebra and a
“crossover” right-moving U(1) current algebra whose zero mode is the left-
moving generator ∂−, and is generated by

ξR(ǫ) = ǫ(t+)∂+ − r

2
ǫ′(t+)∂r + (subleading), (2.13)

η(σ) = σ(t+)∂− + (subleading). (2.14)
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Note that asymptotically the vector field η goes from spacelike to timelike
when ∆ crosses zero. We will see in the following that this implies a sign
change in the level of the associated current algebra.

The canonical infinitesimal charges associated with these generators as
defined in [35–37] can be directly integrated on the phase space. They are
given by

QξR =
1

2π

∫ 2π

0

dφ ǫ(t+)
(

L̄(t+)−∆(∂+P̄ (t
+))2

)

, (2.15)

Qη =
1

2π

∫ 2π

0

dφ σ(t+)(∆ + 2∆∂+P̄ (t
+)). (2.16)

The charges are finite and conserved and determined up to a constant back-
ground value. Here, we set the zero mode of the charge Qη to ∆ in order to re-
produce the usual charge when ∆ is allowed to vary. When ∂+P̄ = δ∂+P̄ = 0,
∂+ is canonically associated with ∆̄ and ∂− with ∆. For the BTZ black hole,
the energy is M = Q∂t =

1
ℓ
(Q∂+ + Q∂−) =

∆̄+∆
ℓ

and the angular momentum
is J = Q−∂φ = −Q∂+ +Q∂− = ∆− ∆̄.

Setting ǫ = eint
+
, σ = eint

+
we define L̄n = QξR , P̄n = Qη. The Dirac

bracket between these generators is given by

i{L̄m, L̄n} = (m− n)L̄m+n +
cR
12
m3δm,−n, (2.17)

i{L̄m, P̄n} = −nP̄m+n, (2.18)

i{P̄m, P̄n} =
kKM

2
mδm,−n. (2.19)

The central charge and level of the current algebra are given by

cR =
3ℓ

2G
, kKM = −4∆ . (2.20)

The Kac-Moody level kKM = k is positive near the AdS3 vacuum ∆ =
−k/4 but becomes negative in the presence of a ∆ > 0 black hole. At the
classical level, this means that boundary photons lower the right moving
energy (L0) of the black hole, potentially indicating an instability. This is
closely related to the facts that for nonzero ∂+P̄ the vector field ∂t is in gen-
eral no longer everywhere timelike and η(σ) is spacelike. This region may
be thought of as an ergosphere. In this regard AdS3 with the new boundary
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conditions may provide useful insight into the more complicated Kerr ergo-
sphere and associated superradiant instabilities. We hope to understand this
better and expect the recent analysis of [25] may be relevant.

Defining the boson ψ by

ψ(t+, t−) = 2∆(−t− + P̄ (t+)), (2.21)

one finds

P̄n =
1

2π

∫ 2π

0

dφeint
+

∂+ψ + δ0n∆, (2.22)

and

L̄n =
1

2π

∫ 2π

0

dφeint
+

(L̄(t+) +
1

kKM
(∂+ψ)

2), (2.23)

which is the standard Sugawara formula for the stress tensor.

3 AdS3 Chern-Simons gravity

In this section we derive the dual warped CFT2 associated with the new
boundary conditions to pure gravity on AdS3 in the Chern-Simons formula-
tion and verify that it contains the Virasoro-Kac-Moody structure predicted
by the asymptotic symmetry analysis. We follow the well-known analysis for
the Brown-Henneaux case [32], which was the first construction of a CFT2

with cR,L = 3ℓ
2G

. For simplicity we restrict here to the classical (large level)
limit.

We note that pure 3D Einstein gravity appears unlikely to be a fully
consistent nonperturbative quantum theory of gravity with any boundary
conditions because, among other reasons, it does not have enough degrees
of freedom to account for black hole entropy. Nevertheless it does appear to
model a subsector of more complete gravitational theories and the analysis
here gives insight into the structure of our boundary conditions.

3.1 Chern-Simons formalism

Three dimensional Einstein gravity with a negative cosmological constant
can be formulated as SL(2,R)L × SL(2,R)R Chern-Simons gauge theory,
with the action [38, 39]

SE[A, Ā] = Sk[A] + S−k[Ā] (3.1)
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where

Sk[A] =
k

4π

∫

M
Tr(A ∧ dA+

2

3
A ∧A ∧A)− k

4π

∫

Σ

d2xTr(AtAφ)

= − k

4π

∫

M
d3xTr(−ȦφAr + ȦrAφ − 2AtFφr) (3.2)

and

k =
ℓ

4G
. (3.3)

Here Σ is the boundary of M at spatial infinity. The equations of motion
are given by

F ≡ dA+ A ∧ A = 0, F̄ ≡ dĀ+ Ā ∧ Ā = 0 (3.4)

where

A = ωα
β +

1

ℓ
eα

β, Ā = ωα
β − 1

ℓ
eα

β. (3.5)

Here and elsewhere unbarred quantities refer to the left sector, and barred
quantities to the right sector. More details on our conventions can be found
in Appendix A.

3.2 The new boundary conditions

In terms of triads the new AdS3 boundary conditions (2.1) in Fefferman-
Graham gauge become

e(+)

ℓ
= r(dt− − ∂+P̄ (t

+)dt+)− 1

kr
L̄(t+)dt+ +O(r−2)dt± +O(r−4)dr,

e(−)

ℓ
= rdt+ − ∆

kr
(dt− − ∂+P̄ (t

+)dt+) +O(r−2)dt± +O(r−4)dr,

e(3)

ℓ
=

dr

r
+O(r−2)dt± +O(r−4)dr, (3.6)
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where we specified the fluctuating mode L̄(t+) implied by the asymptotic
equations of motion. In terms of the gauge fields this is

A =

(

dr
2r

∆
kr
(dt− − ∂+P̄ (t

+)dt+)
r(dt− − ∂+P̄ (t

+)dt+) −dr
2r

)

+

(

O(r−2) O(r−2)
O(r−1) O(r−2)

)

, (3.7)

Ā =

(

−dr
2r

+O(r−2) rdt+ +O(r−2)
1
kr
L̄(t+)dt+ +O(r−2) dr

2r
+O(r−2)

)

. (3.8)

The boundary conditions on the (barred) right moving part are the same
as Brown-Henneaux [1], or Coussaert-Henneaux-van Driel [32] in the Chern-
Simons formalism. The (unbarred) left moving sector is different both at
leading order and at subleading order. There is a crossover right moving
Kac-Moody current at leading order. Since ∆ is constant, there is also a
constraint on the subleading piece of A(+), which prevents the excitation of
the left-moving Virasoro modes. The right-moving Virasoro modes are still
present in the subleading part of Ā(−). The new boundary conditions can
be obtained from the Brown-Henneaux ones by simultaneously applying the
change of coordinates t− → t− − P̄ (t+) and fixing L(t−) = ∆.

3.3 Conserved charges

The infinitesimal conserved charges associated with the gauge parameters Λ
and Λ̄ defined by

δAµ = DµΛ = ∂µΛ + [Aµ,Λ], δĀµ = D̄µΛ̄ = ∂µΛ̄ + [Āµ, Λ̄] (3.9)

are given by

/δQξ =
k

2π

∫ 0

2π

dφ Tr
(

δAφΛ− δĀφΛ̄
)

. (3.10)

Up to an irrelevant local Lorentz transformation, a diffeomorphism is given
by Λ = ξµAµ, Λ̄ = ξµĀµ. The infinitesimal conserved charge is

/δQξ = − k

2π

∫ 2π

0

dφ ξµTr
(

AµδAφ − ĀµδĀφ

)

. (3.11)
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The boundary conditions require ξµ to depend on t+ only and moreover

/δQξ = δ

[

1

2π

∫ 2π

0

dφ
(

ξ−∆(1 + 2∂+P̄ ) + ξ+
(

L̄(t+)−∆(∂+P̄ )
2
))

]

.(3.12)

which for ξ− = σ, ξ+ = ǫ agrees with the integrable charges (2.15)-(2.16)
in the metric formalism. We have therefore reduced the charges to the ones
discussed in Section 2.4.

3.4 From Chern-Simons to constrained WZW

3.4.1 The right Ā sector

The boundary conditions on Ā are identical to those of Brown and Henneaux
and the analysis of the resulting boundary theory has been given in [32]. Here
we quickly review this work in our notation. The variation of the right moving
sector is

δS−k[Ā] =
k

2π

∫

Σ

dtdφTr
(

ĀtδĀφ

)

. (3.13)

The conditions (3.8) imply that on the boundary .

Ā− = O(r−2), (3.14)

which enforce Āt = Āφ close to the boundary. A good variational principle
follows from the complete action

SR[Ā] = S−k[Ā]−
k

4π

∫

Σ

d2xTr

(

Ā2
φ −

1

2
(Āt − Āφ)

2

)

. (3.15)

We chose to add a combination of the constraints to the action in order to
obtain an action of second order in time derivatives, see below (3.22). The
constraint F̄rφ = 0 is solved by

Āi = G−1
R ∂iGR, i = r, φ, GR ∼ gR(t

+, t−)

( 1√
r

0

0
√
r

)

, (3.16)

where the last equation follows from the boundary conditions and gR(t
+, t−)

is an element of SL(2,R). We find

4π

k
SR[Ā] =

∫

Tr
1

3
(G−1

R dGR)
3 + 2

∫

Σ

dtdφTr
(

Ā+Ā−
)

(3.17)
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where ġR ≡ g−1
R ∂tgR, g

′
R ≡ g−1

R ∂φgR. It is convenient to use the Gauss
decomposition

GR(r, t
+, t−) =

[

1 X̂R

0 1

] [

exp(1
2
Φ̂R) 0

0 exp (−1
2
Φ̂R)

] [

1 0

ŶR 1

]

. (3.18)

One then has

1

3
Tr(G−1

R dGR)
3 = d3xǫαβγ∂α

[

e−Φ̂R∂βX̂R∂γ ŶR

]

. (3.19)

The boundary conditions imply the leading behavior

X̂R(r, t
+, t−) ∼ XR(t

+, t−), ŶR(r, t
+, t−) ∼ 1

r
YR(t

+, t−), (3.20)

Φ̂R(r, t
+, t−) ∼ − log r + ΦR(t

+, t−). (3.21)

The element gR(t
+, t−) defined in (3.16) is then also in the Gauss decompo-

sition with fields XR(t
+, t−), YR(t

+, t−), ΦR(t
+, t−). Hence, the right moving

action becomes

SR[ΦR, XR, YR] =
k

8π

∫

Σ

dt+dt−(∂+ΦR∂−ΦR + 4e−ΦR∂+XR∂−YR).

(3.22)

The tangential components a = t+, t− behave as

Āa ∼
( ā(3)a

2
ā(+)ar

− ā(−)a

r
− ā(3)a

2

)

, (3.23)

where āa = g−1
R ∂agR. The boundary conditions further imply

ā(3)a = 0, ā(±)− = 0, ā(+)+ = 1. (3.24)

The boundary conditions (3.24) are equivalent to the constraints

0 = YR +
1

2
∂+ΦR,

0 = ∂−ΦR,

1 = e−ΦR∂+XR, (3.25)

0 = e−ΦR∂−XR,

0 = ∂−YR,
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which automatically enforce the equations of motion. We see that all the
fields are determined by one right-moving scalar field ΦR(t

+):

ΦR = ΦR(t
+), ∂+XR(t

+) = eΦR(t+), YR = −1

2
∂+ΦR(t

+). (3.26)

The field ΦR is subject only to the constraint ∂−ΦR = 0.
The classical Dirac bracket implies that

{∂+ΦR(t
+), ∂+ΦR(t

′+)} = −4π

k
∂t+δ(t

+ − t′+) (3.27)

The stress tensor following from the action (3.22) is

TR−
+ =

k

4
(∂+ΦR∂+ΦR + 4e−ΦR∂+XR∂+YR). (3.28)

Using (3.25) this becomes the stress-tensor of a linear dilaton CFT,

TR−
+ =

k

4
(∂+ΦR∂+ΦR − 2∂2+ΦR). (3.29)

We can then read off the classical central charge

cR = 6k. (3.30)

We also note that TR±
− = TR+

+ = 0.We finally note from (3.8) that in
terms of metric components we have the on-shell relation

TR−
+ = L̄(t+). (3.31)

3.4.2 The left A sector

The boundary conditions in the unbarred sector are different from those of
Brown and Henneaux. In the usual case we would take δA+ = 0 and the
unbarred sector completes the barred sector to a nonchiral Liouville theory.
However this condition is incompatible with the new boundary condition
(3.7). The variation of the action reads as

δSk[A] =
1

2π

∫

Σ

dtdφ
(

δ∆− δ(∆∂+P̄
2(t+)) + 2∆δ∂+P̄ (t

+)
)

. (3.32)
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A good variational principle arises from the action1

SL[A] = Sk[A]−
k

8π

∫

Σ

dt+dt−Tr(A2
− −A2

+ − 2A+A− − 4α[A+, A−]σ
(3)).

(3.33)

where α is a constant since

δSL = − 1

2π

∫

dt+dt−∂+P̄ δ∆ = 0 . (3.34)

With Brown-Henneaux boundary condition we should take α = 0. With the
new boundary conditions, we will see later that we should choose α = 1. The
constraint Frφ = 0 can be solved consistently with the boundary conditions
by

A = G−1
L ∂iGL, i = r, φ, GL ∼ gL(t

+, t−)

( √
r 0
0 1√

r

)

, (3.35)

where gL(t
+, t−) is an element of SL(2,R). The action can be written as

SL[A] =
k

4π

(

−
∫

d3x
1

3
(G−1

L dGL)
3 +

1

2

∫

Σ

dtdφTr
(

ġ2L − (g′L)
2
)

)

,

where ġL ≡ at, g
′
L ≡ aφ with aa = g−1

L ∂agL. Using the Gauss decomposition

gL =

(

1 0
YL 1

)

(

e
−ΦL

2 0

0 e
ΦL
2

)

(

1 XL

0 1

)

, (3.36)

the action becomes

SL[XL, YL,ΦL] =
k

8π

∫

Σ

dt+dt−[∂+ΦL∂−ΦL + 4e−ΦL∂+XL∂−YL (3.37)

+4αe−ΦL (XL(∂+YL∂−ΦL − ∂+ΦL∂−YL) + ∂+XL∂−YL − ∂−XL∂+YL)].

For Brown-Henneaux boundary conditions, the constraints are

∂+XL = ∂+YL = ∂+ΦL = 0, (3.38)

XL = −1

2
∂−ΦL, ∂−YL = eΦL . (3.39)

1One can also add a boundary term proportional to
∫

dt+dt−Tr(A2
−

) since its variation

is proportional to δ∆ = 0. The only effect of such term is to shift the current TL−

−

defined
below by a constant.
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The left-moving chiral boson is then expressed as k
4
((∂−ΦL)

2−2∂2−Φ) = L(t−)
and the left action with α = 0 is similar to the right action (3.22) with right
fields replaced by left fields. Note the Gauss decomposition (3.18)-(3.36) was
instrumental in describing the left and right sector with similar variables.

Under the new boundary conditions, using

Aa ∼
[ a(3)a

2

a(+)a

r

−a(−)ar −a(3)a
2

]

, a = +,− (3.40)

we see that (3.7) implies

a(3)a = 0, a(−)− = −1, a(−)+ = ∂+P̄ ,

a(+)− =
∆

k
, a(+)+ = −∆

k
a(−)+. (3.41)

In terms of the Gauss decomposition this becomes

∂+XL = (X2
L − ∆

k
)∂+P̄ , (3.42)

∂−XL =
∆

k
−X2

L, (3.43)

∂−ΦL = −2XL, (3.44)

∂+ΦL = 2∂+P̄XL, (3.45)

∂+YL = −eΦL∂+P̄ , (3.46)

∂−YL = eΦL . (3.47)

These equations determine ΦL, XL and YL in terms of ∆ and ∂+P̄ (t
+). The

solutions to the constraints is

XL =

√

∆

k
tanh

(
√

∆

k
(t− − P̄ )

)

,

eΦL = eφ0 cosh−2

(
√

∆

k
(t− − P̄ )

)

, (3.48)

YL = y0 + eφ0

√

k

∆
tanh

(
√

∆

k
(t− − P̄ )

)

.

This solution is periodic in φ = (t+ − t−)/2 when ∆ = −k/4 (which cor-
responds to the AdS vacuum). It is periodic in φ for ∆ > 0 only when
P̄ = −t+ + f(t+) where f is a periodic function.
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Using the constraint conditions and choosing α = 1, one can write the
action as

SL[XL, YL,ΦL] =
k

8π

∫

Σ

dt+dt−[−(∂+ΦL∂−ΦL + 4e−ΦL∂+XL∂−YL)

+8
∆

k

∂+XL

∆
k
−X2

L

]. (3.49)

One can check that the equations of motion from (3.49) are fully compatible
with the constraints. (The second line in the action does not contribute to
the equations of motion.) Therefore, it is correct to use the action (3.49).
The action of the right moving conformal transformations on these fields is
nontrivial because they depend on t+. Under the reparameterization δt+ =
ξ(t+), ΦR, YR, XR transform as scalars, and ∂+P̄ transform as a weight one
operator

δξ(2∆∂+P̄ (t
+)) = −∂+ξ(2∆∂+P̄ (t+))− ξ∂+(2∆∂+P̄ (t

+)). (3.50)

One can construct the stress-tensor as the Noether current

TL−
+(t

+) = −k
4

(

(∂+ΦL)
2 + 4e−ΦL∂+XL∂+YL

)

=
1

kKM
(2∆∂+P̄ )

2, (3.51)

together with TL+
+(t

+) = 0. Summing up the contributions from the left
and right sectors, we obtain that there is no correction to the central charge
obtained from the right sector c = 6k (although at the quantum level there
would be a shift from c = 6k + 1 to c = 6k + 2).

Now we wish to construct the Noether current associated to the crossover
symmetry (2.14) under which δσt

− = σ(t+). The fields transform as

δσΦL = −σ∂−ΦL, δσYL = −σ∂−YL, δσXL = −σ∂−XL, (3.52)

or equivalently
δσ(2∆∂+P̄ ) = 2∆∂+σ. (3.53)

This is generated by

TL−
−(σ) = −k

2

(

(∂+ΦL∂−ΦL + 4e−ΦL∂+XL∂−YL
)

= 2∆∂+P̄ (t
+), (3.54)
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whose commutators form a Kac-Moody algebra at level kKM as anticipated.
The zero mode of the left translation is generated by

TL+
−(σ) = −k

4

(

(∂−ΦL∂−ΦL + 4e−ΦL∂−XL∂−YL − 8
∆

k

∂−XL

∆
k
−X2

L

)

= ∆. (3.55)

The combined charge

Qξ ≡ 1

2π

∫ 2π

0

dφ
(

(TR+
+ + TL+

+)ǫ+ (TL+
− + TL−

−)σ
)

(3.56)

generates the diffeomorphism ξ+ = ǫ, ξ− = σ, agreeing with the charges
computed in the gravity calculation (2.15) and (2.16).

3.5 From chiral bosons to Liouville

3.5.1 Brown-Henneaux boundary conditions

For the case of Brown-Henneaux boundary conditions, our analysis deter-
mined all the on shell fields in terms of two free bosons YL(t

−) and XR(t
+).

The other fields are given by

e−ΦL∂−YL = 1, XL = −1

2
∂−ΦL, (3.57)

e−ΦR∂+XR = 1, YR = −1

2
∂+ΦR, (3.58)

where (X, Y,Φ)L/R parameterize the group element gL/R by

gL =

[

1 0
YL 1

] [

exp(−1
2
ΦL) 0

0 exp (1
2
ΦL)

] [

1 XL

0 1

]

, (3.59)

gR =

[

1 XR

0 1

] [

exp(1
2
ΦR) 0

0 exp (−1
2
ΦR)

] [

1 0
YR 1

]

. (3.60)

The Liouville field Φ comes from the Gauss decomposition of g ≡ g−1
L gR,

g =

[

1 X
0 1

] [

exp(1
2
Φ) 0

0 exp (−1
2
Φ)

] [

1 0
Y 1

]

. (3.61)
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Therefore

e−
1
2
Φ = e−

1
2
(ΦL+ΦR)(1−XRYL). (3.62)

Plugging the solution (3.58) into the above definition, we get the relation

eΦ =
∂+XR(t

+)∂−YL(t
−)

(1−XR(t+)YL(t−))2
, (3.63)

known as a Bäcklund transformation. Φ satisfies the Liouville field equation

∂+∂−Φ− 2eΦ = 0. (3.64)

Hence the two free fields are equivalent to the Liouville scalar.

3.5.2 New boundary conditions

Using the field Φ defined in (3.62), we still find that

eΦ =
∂−YL∂+XR

(1− YLXR)
2 (3.65)

but Φ and h ≡ ∂+P̄ are solutions of the following constrained system

S =
k

8π

∫

dt+dt−
(

∂+Φ∂−Φ + 4eΦ + h((∂−Φ)
2 − 2∂2−Φ− 4∆

k
)

)

,

(3.66)

∂−h = 0. (3.67)

The right-moving current T̄−
+ that generates the diffeomorphism t+ → t++

ǫ(t+) is

T̄−
+ =

k

4

(

(∂+Φ)
2 − 2∂2+Φ+ 2h(∂+Φ∂−Φ− 2∂+∂−Φ)− 2∂+h∂−Φ

)

,

∂−T̄
−

+ = 0. (3.68)

The right-moving current that generates the diffeomorphism t− → t−+σ(t+)
is

T̄−
− =

k

2
h
(

(∂−Φ)
2 − 2∂2−Φ

)

= 2∆h (3.69)

T̄+
− =

k

4

(

(∂−Φ)
2 − 2∂2−Φ

)

= ∆ (3.70)
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The on shell results agree with the previous subsection, and reduce to the
standard Liouville stress tensors at h = 0. The currents generate the sym-
metry transformations via the Dirac brackets

{2∆h(t+), 2∆h(s+)} = πkKM∂t+δ(t
+ − s+), (3.71)

{2∆h(t+), Φ(s+, s−)} = −2πδ(t+ − s+)∂s−Φ(s
+, s−), (3.72)

{T̄−
+(t

+), h(s+)} = −2π∂s+
(

δ(t+ − s+)h(s+, s−)
)

, (3.73)

{T̄−
+(t

+), Φ(s+, s−)} = −2π
(

δ(t+ − s+)∂s+Φ(s
+, s−)− ∂t+δ(t

+ − s+)
)

,

{T̄−
+(t

+), T̄−
+(s

+)} = 2π(∂t+ − ∂s+)
(

δ(t+ − s+)T̄ (s+, s−)
)

−πcR
6
∂3t+δ(t

+ − s+). (3.74)

The first line is just the U(1) Kac-Moody algebra with level k̃KM = −4∆.
The last is the Virasoro algebra with central charge cR.

In the companion paper [31] we derive the action (3.66) (in the nota-
tion Φ = 2ρ) by imposing a chiral gauge condition on the Polyakov-Liouville
action for two-dimensional gravity. The equations of motion agree and ap-
plying the canonical formalism to this chiral Liouville theory gives the Dirac
brackets (3.71)-(3.74), with the identification T̄−

+ = j−ǫ , T̄
−

− = j−σ , and
c = cR = 6k. Therefore the two-dimensional chiral Liouville theory and
AdS3 Chern-Simons gravity with the new boundary conditions are semiclas-
sically equivalent.

4 Bulk Kac-Moody representations

In this section we describe the lowest-weight Kac-Moody representations in
terms of a weakly interacting gas of bulk particles. We work in the global
AdS3 coordinates

ds2

ℓ2
= − cosh2 ρdτ 2 + sinh2 ρdφ2 + dρ2. (4.1)

In these coordinates, with u = τ + φ, v = τ − φ, the SL(2,R)R generators
are described by the vector fields

L̄0 = i∂u ,

L̄−1 = ie−iu

[

cosh 2ρ

sinh 2ρ
∂u −

1

sinh 2ρ
∂v +

i

2
∂ρ

]

,
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L̄1 = ieiu
[

cosh 2ρ

sinh 2ρ
∂u −

1

sinh 2ρ
∂v −

i

2
∂ρ

]

, (4.2)

normalized so that

[L̄0, L̄±1] = ∓L̄±1 , [L̄1, L̄−1] = 2L̄0 . (4.3)

The quadratic Casimir of SL(2,R)R on scalar fields is

L̄2 =
1

2
(L̄1L̄−1+L̄−1L̄1)−L̄2

0 = −1

4
[∂2ρ+2

cosh 2ρ

sinh 2ρ
∂ρ+

1

sinh2 ρ
∂2φ−

1

cosh2 ρ
∂2τ ] ,

(4.4)
which is the laplacian times −ℓ2/4. Therefore a scalar field of mass m has

L̄2 = −m2ℓ2/4 , (4.5)

and the conformal algebra can be used to classify the solutions of the wave
equation. We also have a U(1) isometry

P̄0 = i∂v, (4.6)

sometimes called L0. In the usual manner consider states (i.e. scalar field
wavefunctions) with weights (h, p) under L̄0, P̄0 so that

L̄0|ψ〉 = h|ψ〉 , P̄0|ψ〉 = p|ψ〉 . (4.7)

It follows that
|ψ〉 = e−ihu−ipvF (ρ) . (4.8)

Periodicity requires
h− p ∈ Z. (4.9)

Now suppose that |ψ〉 is a SL(2,R)R primary state in the sense that L̄1|ψ〉 =
0. This implies that F satisfies

2h
cosh 2ρ

sinh 2ρ
F − 2p

sinh 2ρ
F + ∂ρF = 0 , (4.10)

which is solved by

F (p, h) = const
(sinh ρ)p−h

(cosh ρ)p+h
. (4.11)
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Regularity at the origin requires

p ≥ h. (4.12)

Demanding that |ψ〉 obey the mass m wave equation and be normalizable at
large ρ with Dirichlet boundary conditions imposes the additional constraint

h =
1

2

(

1 +
√
m2ℓ2 + 1

)

. (4.13)

Starting from these primary states labelled by p ≥ h we can generate all
other normalizable solutions with Dirichlet boundary conditions at infinity
by acting with L̄−1. These descendants all have the same quadratic Casimirs,
but higher integer-spaced eigenvalues of L̄0. They correspond in an obvious
way to SL(2,R)R descendants of the primary operators.

Recall the usual procedure with Brown-Henneaux boundary conditions
in AdS3 is to also use the SL(2,R)L isometries (which look like (4.2) with
a u ↔ v exchange). All solutions then arise from left-right primaries and
their descendants. The states above correspond to acting on the primary
with p = h with Lp−h

−1 :

F (p, h) = Lp−h
−1 F (h, h). (4.14)

With the usual Brown-Henneaux boundary conditions, the left-right primary
wavefunction is (4.11) with p = h̄ = h. The full set of Virasoro descendents
are then all states of the form

(

(L̄−k̄)
nk̄ ....(L̄−2)

n2̄(L̄−1)
n1̄
)

((L−k)
nk ....(L−2)

n2(L−1)
n1)F (h, h) (4.15)

This state has

L0 = h+
k
∑

j=1

jnj, L̄0 = h +
k̄
∑

j̄=1

j̄nj̄ . (4.16)

Using the comutation relations, it is not hard to see that we can always
arrange to move the higher moded operators to the left. The particle in-
terpretation of this is as follows. The original primary is a minimal energy
single scalar particle sitting in the middle of AdS3. The action of powers of
L̄−1 and L−1 serve to translate its position around to all possible locations in
AdS3. L̄−2 and L−2 create left and right boundary gravitons in their minimal
energy states, and the higher Virasoro generators create excited boundary
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gravitons. Hence the left-right Virasoro module corresponds to multi-particle
states consisting of a single scalar particle accompanied by a gas of boundary
gravitons. The standard character is

tr[qL0 q̄L̄0] =
qh−

1
24 q̄h−

1
24

η(q)η(q̄)
. (4.17)

However with the new chiral boundary conditions L−n is not part of the
asymptotic symmetry group (except for L0 = P̄0) so these solutions do not
all obey the new boundary conditions. Using the commutation relations the
general state obeying the new boundary conditions can be written in the
form

(

(P̄−l̄)
ql̄....(P̄−2)

q2̄(P̄−1)
q1̄
) (

(L̄−k)
nk ....(L̄−2)

n2(L̄−1)
n1
)

F (h, p) (4.18)

This has

L̄0 = h+

k
∑

j=1

jnj +

l̄
∑

j̄=1

j̄qj̄ , P̄0 = p. (4.19)

We see that instead of right and left moving gravitons we have right moving
gravitons and photons. The number of states is roughly the same: for every
state in the non-chiral theory we can get one in the chiral theory by replacing
p = h+ n1̄ and ql̄ = nl̄+1. The chiral character is

tr[q̄L̄0µ̄P̄0 ] =
q̄h−

1
12 µ̄h

η2(q̄)(1− µ̄)
. (4.20)

5 String theory and warped AdS3

String theory is an excellent source of fully consistent theories of Einstein
gravity with matter on AdS3. Usually these are taken to obey standard
Brown-Henneaux boundary conditions. In this section we consider the string
solutions studied in [24] for which the new boundary conditions may be rel-
evant. These solutions generically contain a warped AdS3 factor, but reduce
to AdS3 in an appropriate limit. We will see that a natural set of boundary
conditions for the generic case reduce to our new boundary conditions in the
AdS3 limit.
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The universal massless NS-NS sector of string theory compactified to six
dimensions is governed by the low energy effective lagrangian

L =
1

16πG6

√−ge−2φ(R + 4(∂φ)2 − 1

12
H2). (5.1)

The six dimensional warped AdS3×S3 black string solution discussed in [24]
is

4ds26
ℓ2

= −ρ
2 − (2π2TLTR)

2

π2T 2
L

(dt+)2 +
dρ2

ρ2 − (2π2TLTR)2
+ 4dΩ2

3

+4π2T 2
LΞ

2 + 8πTL
sinhα

cosh2 α
Ξ(dχ+ cos θdφ),

B = −ℓ
2

4

(

cos θdφ ∧ dχ+ 2ρΞ ∧ dt+ + 4πTL
sinhα

cosh2 α
(dχ+ cos θdφ) ∧ Ξ

)

,

e−2φ = cosh2 α, (5.2)

where

sinhα = λπTL, Ξ = dτ− − ρdt+

2π2T 2
L

, (5.3)

4dΩ2
3 = (dχ+ cos θdφ)2 + dθ2 + sin2 θdφ2. (5.4)

We take (πλTL)
2 < 1. The coordinate ψ = χ + 2πTL sinhα τ

− is identified
with period 4π while t− = τ− + λ

2
χ is unidentified. Equivalently χ ∼ χ +

4π
1−sinh2 α

. Using the coordinates (t+, τ−, ρ, θ, φ, χ), we impose the following
boundary conditions on the string metric and B field,

gµν +Bµν

ℓ2
=

















ρ∂+P̄ (t
+) −ρ 0 0 − tanhα

πTL coshα
cos θρ − tanhα

πTL coshα
ρ

0 π2T 2
L 0 0 2πTL tanhα

coshα
cos θ 2πTL tanhα

coshα

0 0 1
4ρ2

0 0 0

0 0 0 1
4

0 0
0 0 0 0 1

4
0

0 0 0 0 cos θ
2

1
4

















+

















O(ρ0) O(ρ−1) O(ρ−2) O(ρ0) O(ρ0) O(ρ0)
O(ρ0) O(ρ−1) O(ρ−2) O(ρ−1) O(ρ−1) O(ρ−1)
O(ρ−2) O(ρ−2) O(ρ−3) O(ρ−2) O(ρ−2) O(ρ−2)
O(ρ0) O(ρ−1) O(ρ−2) O(ρ−1) O(ρ−1) O(ρ−1)
O(ρ0) O(ρ−1) O(ρ−2) O(ρ−1) O(ρ−1) O(ρ−1)
O(ρ0) O(ρ−1) O(ρ−2) O(ρ−1) O(ρ−1) O(ρ−1)

















(5.5)
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where all components are also allowed to depend upon (θ, φ, ψ). Note that
we impose (g + B)+− = O(ρ−1) while (g + B)−+ = O(ρ0). The asymptotic
symmetry group is generated by the following combination of asymptotic
vectors and large gauge transformations,

(ξm,Λ
ξ
m) = eimt+

(

∂+ − ∂− − imρ∂ρ −
m2

2ρ
∂− +O(ρ−2)∂± +O(ρ−1)∂r,

l2π2T 2
Ldτ

− − il2m

4ρ
dρ
)

,

(ηm,Λ
η
m) = eimt+

(

√
2G6

π2TLℓ2
∂−,
√

2G6TLdτ
−
)

, (5.6)

(ηam,Λ
η
m) = eimt+

(

ka,Λka
)

,

(η̄m,Λ
η̄
m) = eimt+

(

∂χ,
l2

4
dχ
)

,

where ∂+ = ∂t+ , ∂− = ∂τ− and ka are SU(2)L generators

k3 = −i∂φ, k± = e∓iφ(∂θ ∓ i(cot θ∂φ − csc θ∂χ)), (5.7)

and

Λk3 = i
l2

4
dφ,

Λk± = e∓iφ l
2

4

(

− dθ ∓ i(cot θdφ+ csc θdχ)
)

. (5.8)

It may be shown that the boundary conditions are preserved by the action of
the asymptotic symmetry group. The subleading term ∼ 1

ρ
∂− in ξm ensures

that δgρ− = O(ρ−2).
A subtlety is that the asymptotic generators are not uniquely fixed by

the boundary conditions (5.5). They are constrained with the supplementary
conditions

δ(ξ,Λ)(g +B)φ+ = O(ρ−1), δ(ξ,Λ)(g +B)χ+ = O(ρ−1), (5.9)

for (ξ,Λ) = (ξm,Λ
ξ
m), (ηm,Λ

η
m), (η̄m,Λ

η̄
m), while

δ(ηam,Λη
m)(g +B)+φ = O(ρ−1), δ(ηam,Λη

m)(g +B)+χ = O(ρ−1). (5.10)
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These mixed boundary conditions can be motivated by the string construc-
tion of vertex operators [24].

The asymptotic charges and asymptotic symmetry algebra can be ob-
tained using the formalism of [36, 37, 40, 41]. In particular, using the 4 form
kµνξ,Λǫµνα1...α4 derived from the Lagrangian (5.1), the conserved charges are
given by

/δQξ,Λ =

∫

dσdχdφdθ(krt
+

ξ,Λ + krτ
−

ξ,Λ +
λ

2
krχξ,Λ) (5.11)

where σ = (t+ − t−)/2 is taken to be of period 2π. We then obtain the right
moving Virasoro central charge

cR,λ =
3π2ℓ4

G6
(5.12)

a U(1) Kac-Moody level
kU(1) = −4 (5.13)

an SU(2) Kac-Moody level

kSU(2) =
π2ℓ4

2G6
(5.14)

and U(1) Kac-Moody level

k̄U(1) =
π2ℓ4

2G6
. (5.15)

Accounting for normalization conventions (2G6 = π2) this agrees with the re-
sults of the world sheet computations of the space-time central charges given
in [24]. We note that [24] also gives a construction of the world sheet ver-
tex operators for the boundary photons and gravitons. In three-dimensional
language (after reduction on the three-sphere), the level (5.13) is negative
for spacelike warped AdS3 black holes (T 2

L > 0) and becomes positive for
timelike warped spacetimes (T 2

L < 0) after setting a real normalization in
(5.6) (because η → iη leads to kU(1) → −kU(1)). These qualitative features of
the U(1) Kac-Moody level are similar to the ones derived earlier in another
class of warped geometries [13, 15].

The boundary conditions (5.9)-(5.10) are crucial in order to derive the
large gauge transformations in (5.6). These large gauge transformations then
lead to the correct values of the Kac-Moody levels (5.14)-(5.15). This is an
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example where matter fields directly contribute to central extensions in the
asymptotic symmetry algebra. We expect that the boundary conditions (5.5)
(with possible mild modifications) will lead to finite, integrable and conserved
charges associated with the generators (5.6). This however remains to be fully
checked.

To compare with the preceding sections, we should take the warping factor
λ = 0 and look at the 3d Einstein frame metric gµν defined by

ds26(s) = e4φds23(E) + ℓ2dΩ2
3 (5.16)

The boundary conditions (5.5) reduce to

gµν
ℓ2

∼





ρ∂+P̄ (t
+) −ρ

2
0

π2T 2
L 0

1
4ρ2



+





O(ρ0) O(ρ0) O(ρ−2)
O(ρ−1) O(ρ−2)

O(ρ−3)



 .

These reduce to the our new boundary conditions (2.1), using the following
relations

ρ = r2, π2T 2
L =

4G3∆

l
, G6 = 2π2l3G3. (5.17)

The asymptotic symmetry generators and the central charges then reduce to
the ones derived in Section 2.4.
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Appendices

A. Conventions

We use r, t± = t ± φ and we take the orientation εtφr = εtφ = −1 so that
ε+−r = ε+− = +1, d2x = dt∧dφ = +1

2
dt−∧dt+ and

∫

M d3x∂r =
∫

∂M d2x. We
define ǫµνα = εµνα/

√−g. Surface charges on the boundary circle S spanned
by the circle φ can be obtained by

∫

S

kξ =

∫ 0

2π

1

2
kµνξ εµνφdφ = −

∫ 2π

0

dφ kr+ξ −
∫ 2π

0

dφ kr−ξ , (0.18)

where kξ =
1
2
kµνξ εµναdx

α is the surface charge 1-form.
We choose a SL(2,R) representation such that

Tr(σ(a)σ(b)) =
1

2
η(a)(b) (0.19)

where

η(a)(b) =





0 −1
2

0
−1

2
0 0

0 0 1





ab

, (0.20)

which lowers the triad indices. The representation is given by Pauli matrices
as

σ(−)
α

β =

(

0 0
−1 0

)

, σ(+)
α

β =

(

0 1
0 0

)

, σ(3)
α

β =
1

2

(

1 0
0 −1

)

.(0.21)

The triad and spin connection can be written in spinor notation as

e β
α = eaσ

a β
α , ω β

α =
1

2
ǫc

abωabσ
c β
α , (0.22)

where ωab = e ν
a (∂µebν − Γρ

µνebρ)dx
µ. Our choice of dreibein leads to

ǫ(+)(−)(3) = −2. (0.23)
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B. Boundary conditions with ∆ varying

In this appendix, we discuss a variant of our boundary conditions where ∆
is allowed to fluctuate but P̄ (t+) is periodic. The action which provides a
good variational principle is simply S0 because evaluating (2.5) gives

δS0 =
1

2π

∫

dt+dt−∆δ(∂+P̄ ) = 0. (0.24)

Note however that the variation vanishes only globally and not locally. One
would therefore expect source terms on the right-hand side of boundary field
equations in the reduction of the theory if one repeats the analysis done in
Section 3.1.

The canonical infinitesimal charges associated with the asymptotic gen-
erators (2.14) are given for a generic solution in the phase space by

/δQξR =
1

2π

∫ 2π

0

dφ ǫ(t+)
(

δ
(

L̄(t+)−∆(∂+P̄ (t
+))2

)

− ∂+P̄ (t
+)δ∆

)

,

(0.25)

/δQη =
1

2π

∫ 2π

0

dφ σ(t+)(δ∆+ δ∆ ∂+P̄ (t
+) + 2∆δ∂+P̄ (t

+)). (0.26)

The charges are finite and conserved. One wishes to integrate the charges
to get globally defined quantities on the phase space. /δQξR and /δQη are
not closed one-forms on phase space and cannot be integrated. However the
combination

/δQξR(ǫ) − /δQη(ǫ) =
1

2π

∫ 2π

0

dφ ǫ(t+)δ
[

L̄(t+)−∆(1 + ∂+P̄ (t
+))2

]

(0.27)

is exact. Setting ǫ = eint
+
and integrating we obtain the globally defined

charge

L̄n ≡ QξR(eint+ )−η(eint+ ) =
1

2π

∫ 2π

0

dφeint
+

(L̄(t+)−∆(1+∂+P̄ (t
+))2). (0.28)

In order to integrate δQη when ∆ 6= 0, we must use a vector field ηn = eint+√
|∆|

normalized to a constant which we take to be ±4Gℓ depending on whether
it is spacelike or timelike. We then have

P̄n ≡ Qη((|∆|)−1/2eint+ ) =
Θ(∆)

π

∫ 2π

0

dφeint
+
√

|∆|(1 + ∂+P̄ (t
+)), (0.29)
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where Θ(·) is the sign function.
The Dirac bracket between these generators is given by

i{L̄m, L̄n} = (m− n)L̄m+n +
cR
12
m3δm,−n, (0.30)

i{L̄m, P̄n} = −nP̄m+n, (0.31)

i{P̄m, P̄n} =
k̃KM

2
mδm,−n. (0.32)

The central charge and level of the current algebra are given by

cR =
3ℓ

2G
, k̃KM = −4Θ(∆) . (0.33)

Because P̄0 is a central element of the algebra it is possible to define
generators without the awkward Θ function by

T̄n ≡ 1

2
Θ(P̄0)P̄0P̄n =

1

π

∫ 2π

0

dφeint
+

∆(1 + ∂+P̄ (t
+)), (0.34)

These obey2

[T̄m, T̄n] =
kKM

2
mδm,−n kKM = −2T̄0, . (0.35)

where T̄0 = − ℓ
8G

in the global vacuum and T̄0 = 2∆ in the black hole sec-
tor. These generators correspond to the unnormalized vector fields σ(t+)∂−.
Usually a field-dependent level is inconsistent, but here no problem arises
because T0 is a central element of the algebra.

In summary, we defined three distinct phase spaces: ∆ < 0, ∆ = 0 and
∆ > 0 since we had to divide by

√

|∆| in order to define the generators.
The sector ∆ < 0 contains the AdS3 vacuum ∆ = −k/4 and its Virasoro-
Kac-Moody descendants. The Kac-Moody level is k = c/6. The sector
∆ = 0 contains one class of extremal BTZ black holes and their Virasoro
descendants while the Kac-Moody generators are pure gauge. The sector ∆ >
0 contains the other class of extremal BTZ black holes, non-extremal BTZ
black holes and their Kac-Moody-Virasoro descendants. The Kac-Moody
level is negative.

2Note that kKM , unlike k̃KM , has dimensions of action as expected for a central term
in a Dirac Bracket algebra persisting in the classical limit. The units are scaled out of
k̃KM by the field-dependent normalization of the generators.
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