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Abstract—In this paper, for an odd prime p, new quaternary
sequences of even period 2p with ideal autocorrelation property
are constructed using the Legendre sequences of period p.
The distribution of autocorrelation function of the proposed
quaternary sequences is also derived.

I. INTRODUCTION

In the applications of the various wireless communication
systems, the periodic autocorrelation property is used to extract
desired information from the received signals. Therefore, the
employed sequences should have out-of-phase autocorrelation
values as low as possible to reduce interference and noise.
But it is conjectured and supported by simulation that there is
no binary or quaternary sequence with perfect autocorrelation
whose the out-of-phase autocorrelation values are always equal
to zero, except for a few cases of the sequences with short
period [1].

Binary and quaternary sequences are preferred in the appli-
cation of wireless communication systems due to their constant
envelope property. They are also useful in the digital communi-
cation systems with binary and quaternary modulations. There
have been numerous researches on binary sequences with good
autocorrelation property, which include m-sequence [2], GMW
sequences [3], and sequences from the images of polynomials
[4], etc. The quaternary sequences with good autocorrelation
property have been also studied in [1], [5], [6], [7], [8], [9].

In this paper, for an odd prime p, new quaternary sequences
of even period 2p with ideal autocorrelation are constructed
using the Legendre sequences of period p. The distribution of
autocorrelation function of the proposed quaternary sequences
is also derived.

II. PRELIMINARIES

Let g(t) be a g-ary sequence of period N for positive
integers ¢ and N. Then a sequence ¢(t) of period NV is said to
be balanced iff the difference among numbers of occurrences
of each element in a period is less than or equal to one.

The autocorrelation function of ¢(t) is defined as

N-1

Ry(r) = Y wg®=olt+n)

t=0
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where 0 < 7 < N and w, is the complex primitive gth root
of unity, e.g., wgy = +/—1. The cross-correlation function of
g1(t) and go(t) is defined as

N-1
Rg1g2 (T) = Z wgl(t)—gz(iﬂ-q-).
t=0

In many applications of the wireless communication systems,
it is known that it is desirable for the sequences to have the
following properties:

o The maximum sidelobe of their autocorrelation functions
should be as low as possible;

o For the given maximum sidelobe, the number of occur-
rence of the maximum sidelobe should be minimized.

These properties of the sequences guarantee the minimum
false alarm rate in the synchronization of the wireless com-
munication systems. Since these properties are conflicted with
each other, for the possible minimum value of the maximum
sidelobe of the autocorrelation functions, the sequences with
the minimum number of occurrences of the maximum sidelobe
is desirable in many applications. These sequences are said to
have the ideal autocorrelation property. It is well known that
the binary sequence of odd period N with ideal autocorrelation
property has the distribution of autocorrelation values as

N,
_17

It is not difficult to prove the ideal autocorrelation property
of the quaternary sequences of even period with balance
property as in the following theorem.

Theorem 1: Let N be an even integer. Then the autocorre-
lation distribution of a quaternary sequence g(t) of period N
with ideal autocorrelation and balance property is given as

1 times

R
9(7) N — 1 times.

N, 1 times
Ry(1) =40, I —1 times (1)
-2, % times.

In general, optimal correlation property is defined for the
families of sequences whose correlation values meet some
correlation bound.
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Let ¢[a, b] be the Gray mapping defined by

0, if (a,b) = (0,0)

1 i@y =)
?la,b] = 2, if (a,b) = (1,1) @

3, if (a,b) = (1,0).

Let a(t) and b(t) be binary sequences of period N. Then a
quaternary sequence ¢(¢) is defined by ¢(t) = ¢[a(t),b(t)],
which can be also expressed as [9]

wz(t) _ 14wy
2

Krone and Sarwate derived the relation between the auto-
correlation functions of the binary sequences and the corre-
sponding quaternary sequences in (3) as follows.

Theorem 2 (Krone and Sarwate [9]): Let a(t), b(t), c(t),
and d(t) be binary sequences of the same period. Let p(¢) and
q(t) be quaternary sequences defined by p(t) = ¢[a(t), b(¢)]
and q(t) = ¢[c(t), d(t)], respectively. Then cross-correlation
function R,,,(7) between p(t) and ¢(t) is given as

(—1)%® 1_Tuj4(71)b(t)' 3)

Roa(7) = 3 {Rae(r) + Roa(r) + wa(Rua(r) — Rac(r))}

where R, (7) is the cross-correlation function between p(¢)
and ¢(t).
For an odd prime p, let by(t) be the binary sequence defined
by
0, fort=0
bo(t) =40, forte QR “)
1, forte QNR

where QR and QN R are the sets of quadratic residues and
quadratic non-residues in the set of integers modulo p, Z,,
respectively. And let by (¢) be the binary sequence of period p
defined by
1, fort=0
bi(t) =140, forte QR 5)

1, forte QNR

which corresponds to a Legendre sequence. It is easy to check
that by (t) takes the symbol k one more time than the other
symbol 1 — k, k = 0,1, which corresponds to the balance
property.

The following two definitions of the indicator function and
the quadratic character are useful to express the sequences in
(4) and (5).

Definition 3: The indicator function is defined as

1, ifz=0
I(@_{ 0, if z#0.

Definition 4: The quadratic character of Z,, is defined as

0, fort=0
Po(t) =<1, forte QR
—1, forte QNR.
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Then two binary sequences bg(t) and by (t) in (4) and (5)
can be represented by using the indicator function I(z) and
the quadratic character 12 (t) of Z, as

(=) = o (t) + (—1)FI(2) (6)

where k£ =0, 1.

The autocorrelation property of Legendre sequences was
already studied [6]. Here we will summarize the correlation
distributions as in the following lemma.

Lemma 5: For an odd prime p, let by(t) and by(t) be
binary sequences defined in (4) and (5), respectively. Then the
correlation functions Ry, (7), Ry, (7), Rbgp, (7). and Rp,p, ()
are calculated as follows.

For an odd prime p such that p = 3 mod 4, we have

p, forT=0
R - R -
bo(7) 6. (7) {—1, otherwise
-2, forr=0
Rbobl (T) - P .
—1 4 2¢5(7), otherwise
-2, forr=0
Rblbo (T) - P .
—1—2¢5(7), otherwise.
For an odd prime p such that p = 1 mod 4, we have
, fort=0
Ry (7) = 4" .
—1+4 2¢5(7), otherwise
, fort=0
Ry, (1) = 4" .
—1—2¢p5(7), otherwise
-2, fort=0
Rbobl (T) = Rblbo (T) = {p .
-1, otherwise.

III. NEW QUATERNARY SEQUENCES FROM LEGENDRE
SEQUENCES

Applying the Gray mapping to two binary sequences in
(4) and (5), we propose two construction methods of new
quaternary sequences with ideal autocorrelation property.

For an odd prime p such that p = 1 mod 4, let by(¢) and
b1(t) be binary sequences of period p with by(0) = 0 and
b1(0) = 1 defined in (4) and (5), respectively. Then bg(t) has
one more zero than one and by (¢) has one more one than

zero. Let so(t) and s1(t) be two binary sequences of period
2p defined by

bo(t), for t=0 mod 2

iy~ w0, pori= .
b1(t), for t =1 mod 2
bo(t), for t = 0 mod 2

s = o(t) = ®)
bi(t)y®1, fort=1mod 2

where & denotes modulo 2 addition and the subscript ¢ is

reduced modulo p. Then we have the following lemma.
Lemma 6: For an odd prime p such that p =1 mod 4, let

s0(t) and s1(t) be binary sequences of period 2p defined in



(7) and (8). Then the autocorrelation function R, (7) of so(t)
and the autocorrelation function Ry, (7) of s1(¢) are calculated
as

2p, for 7 =0 mod 2p
Ry (1) = 2(p—2), for 7 =p mod 2p
-2, otherwise
2p, for 7 = 0 mod 2p
—2(p —2), for 7 =p mod 2p
Ro(r) = -2, for 7 # 0 mod 2p
o and 7 = 0 mod 2
2, for 7 £ p mod 2p
and 7 = 1 mod 2.

And their cross-correlation functions R s, (7) and Rj, s, (7)
are also computed as

Rogs, (1) = Rsyso(7)
dipo(7), for 7 # 0 mod 2p
= and 7 =0 mod 2
0, otherwise.

Proof: From the definition of so(t) and s1(t), we have

Rso (7_) _ {Rbo (T) + Rbl (7—)7

for 7 =0 mod 2

2Ry, (1), for 7 =1 mod 2
R, (1) = Ry, (1) + Ry, (1), for 7 =0 mod 2
h - —2Rpyp, (7), for 7 =1 mod 2
R5081 (7—) = Rslso (7')
_ J Ry (1) = Ry, (1), for 7 =0 mod 2
; 0, for 7 =1 mod 2.
From Lemma 5, the claimed results are proved. O

Applying the Gray mapping to two binary sequences in (7)
and (8), new quaternary sequences with ideal autocorrelation
property can be constructed as in the following theorem.

Theorem 7: For an odd prime p such that p = 1 mod 4, let
s0(t) and s1(t) be two binary sequences defined in (7) and
(8). And let ¢1(t) be the quaternary sequence of period 2p
defined by

@1 (t) = ¢(so(t), s1(t))-
Then the autocorrelation function of ¢;(t) is given as

2p, for 7 =0 mod2p
—2, for 7 # 0 mod 2p and 7 =0 mod 2
0, for 7 = 1 mod 2p.

Ry, (1) =

Proof: From Theorem 2, it is clear that R, (7) can be
rewritten as

1 W4
§(R50 (T) + Rs1 (T)) + ?(RSCMSI (T) - RSl,SO (T))

From Lemma 6, R, (7) can be derived as claimed. O
For an odd prime p such that p = 3 mod 4, let by(¢) and
b1(t) be two binary sequences of period p in (4) and (5),

th (T) =
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respectively. And let so(¢) and s3(t) be two binary sequences
of period 2p defined by

bo(t), for0<t<

sty = {00 b ©)
bo(t), forp<t<2p
by (t fort = d 2

ss(t) = 1(t), or _Omo (10)
bhi(t)®1, fort=1mod 2.

Then we have the following lemma.

Lemma 8: For an odd prime p such that p = 3 mod 4,
let so(t) and s3(t) be binary sequences of period 2p defined
in (9) and (10). Then the autocorrelation function Rs,(7) of
s2(t) and the autocorrelation Ry, (7) of s3(t) calculated as

R, (r) = {27”’

for 7 =0 mod 2p or 7 = p mod 2p
—2, otherwise

2p, for 7= 0 mod 2p
—2p, for 7 =p mod 2p
—2, for 7 # 0 mod 2p and 7 = 0 mod 2

2, for 7 #Z p mod 2p and 7 =1 mod 2.

RS:; (T) =

And the cross-correlation functions Ry, s,(7) and R, s,(7)
are also calculated as

Ry, s, (T) = Rsys, (T) = 0.

The proof of the above lemma is similar to that of Lemma 6
and thus we omit the proof of the above lemma.

Applying the Gray mapping to two binary sequences in (9)
and (10), new quaternary sequences can be constructed as in
the following theorem.

Theorem 9: For an odd prime p such that p = 3 mod 4, let
s2(t) and s3(t) be binary sequences defined in (9) and (10).
And let g2(t) be the quaternary sequence of period 2p defined
by

02(t) = ¢(s2(t), 53(1)).
Then the autocorrelation function of g2(t) is computed as

2p, for 7 =0 mod 2p
—2, for 7 # 0 mod 2p and 7 = 0 mod 2
0, for 7 =1 mod 2p.

RQ2 (T) =

Proof: From Theorem 2, it is clear that Ry, (7) can be
rewritten as

1 Wy
ng (T) = i(Rsz (T) + RS3 (T)) + 7(R5253 (T) - R5352 (T))
From Lemma 8, R, (7) can be calculated as claimed. O

Using the definitions of s¢(t), s1(t), s2(t), and s3(t) in
(7), (8), (9), and (10), it is not difficult to derive the balance
property of two proposed quaternary sequences ¢; (t) and go(t)
as in the following theorem.

Theorem 10: Let ¢q1(t) and g¢2(t) be two quaternary se-
quences defined in Theorems 7 and 9. Then ¢;(¢) and go(t)
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have the balanced property, i.e., for p =1 mod 4, we have

0, 2L times

1, 21 times
(h(t) = ’ pgl .

2, 55— times

3, % times

0, p—;l times
() = 1, p—;l times
@it = 2 =L times

2

-1 .
3, 5= times.
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