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Abstract: The mathematical accepts while analysing the evolution of real word problems magnetizes the attention of many scholars.

In this connection, we analysed and find the solution for nonlinear system exemplifying the most dangerous and deadly virus called

coronavirus. The six ordinary differential equations of fractional order nurtured the projected mathematical model and they are analysed

using q-homotopy analysis transform method (q-HATM). Further, most considered fractional operator is applied to study and capture

the more corresponding consequences of the system, known as Caputo operator. For different fractional order, the natures of the

achieved results are illustrated in plots. Lastly, the present investigation may aid us analyse the distinct and diverse classes of models

exemplifying real-world problems and helps to envisage their corresponding nature with parameters associated with the models.

Keywords: 2019-nCoV, Laplace transform, Caputo derivative, q-Homotopy analysis method, Numerical solutions.

1 Introduction

The evolution of the human population rapidly is
increasing in associated with new cultures and lifestyles.
Mankind have developed many types of equipments to
lead to their beautiful life. To lead a happy life in their
own directions, humans are breaking limitations and
boundaries developed by nature. Particularly, the
utilization of food, vehicles, mobiles, cosmetics, electrical
and petroleum equipment and many others, made the
highly polluted and virus filled environment. Due to this,
new type and class of virus have been developed and
made a diseased environment. Particularly, from the lost
three months, humans are afraid and timid to come out
from their home, a due novel virus called coronavirus
(2019-nCoV). The history of this virus traced back to
1965 when Tyrrell and Bynoe have acknowledged when
they passage a virus named B814 [1, 2].The outbreak of a
highly infected and deadly virus of the present era is a
coronavirus and it is recognized on December 31, 2019 in

the Wuhan (Chinese city) [3, 4]. Since then it killed over
2,75,976 on May 8 over the infected case of 40,09,291
peoples in more than 212 countries.

As from the beginning up to this day, there is no
particular treatment, medicine or vaccine to completely
cure infected patients and from the day by day, there is
always exponential increase in the death of the deceased
peoples. More precisely, the economy of each infected
country is decreasing due to this cruel virus. Initially,
every infected person has high fever, cough and shortness
in the breath. This virus transmitted by touching the body
of diseased patients to the uninfected person to his/her
eyes, nose, mouth and some other parts. In order to
control the spread of the virus, each country has taken all
most all initializations and spends a huge amount to
prevent or avoided its effects on humankind. From
January to till the date many important research has been
carried out by many scholars in order to illustrate it
behaviour and predict its evolution [5–8].
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On the other hand, in order to study, analyse,
examine, predict and capture the behaviour of virus,
diseases, threads and others, the mathematics is the only
tool that can help us in systematic, effective and accurate
manner without too much expense. This tool is
considered to propose a model with some cases study and
examine with the help of its constituent subjects. When
the model depends on other parameters and it contains the
processes of the rate of change, we should and always
referred a novel concept called calculus. Even though the
concept of calculus is initiated in the 16th century all
most all phenomena necessitates, and the role of nature is
effectively and accurately described with the help of
calculus. In this paper, we considered the concept of
generalization of the calculus of integer order to
fractional order called fractional calculus (FC). The
concept of FC is rooted in the same era of classical
concept, however recently it magnetized by numerous
scholars. Specifically, when we capturing and examining
the behaviour of the mechanism related hereditary
possessions, memory consequences, complexity, and
other stimulating and essential properties, the concepts of
FC are very useful and more effective [9–24, 31–56]. We
hired Caputo operator in the present study and which is
the foremost operator which obeys maximum needs of
classical lows and corresponding properties.

2 The Model

Here, we consider the epidemic model proposed by Khan
and Atangana [25]. In [25], the authors derived some
stimulating consequences for the hired system related
practical values. In this epidemic model, the total number
of people is symbolised as N. Further, the susceptible
people are denoted as S (t), the exposed population is
symbolised by E (t), total infected strength is represented
by I (t), the asymptotically infected peoples is presented
as A(t), the number of recovered humans is indicated by
R(t) and M (t) is considered as a reservoir. Now, the
non-linear differential system considering the above
components is considered as follows [25]

dS (t)

dt
= b− γS−

δS (I +β A)

N
− εSM,

dE (t)

dt
=

δS (I+β A)

N
+ εSM− (1−ϑ)θE −ϑ µE − γE,

dI (t)

dt
= (1−ϑ)θE − (ρ + γ)I, (1)

dA(t)

dt
= ϑ µE − (σ + γ)A,

dR(t)

dt
= ρI+σA− γR,

dM (t)

dt
= τI +κA−ωM.

Here, b denote the rate of birth and γ is a rate ofdeath of
the infected population. The symbol δ signifies the
transmission coefficient, β is transmissibility multiple, α
is the transmission rate becomes infected and θ is that of
the incubation period, the amount of asymptomatic
infection is denoted by ϑ , the disease transmission
coefficient is represented as ε . In the considered system,
ρ and σ are respectively defines the recovery rate of the
infected and asymptotically infected population. Further,
τ and κ respectively symbolise the influence of the virus
to M by I and A. The parameter ω defines the rate of virus
removing from M.

Table 1: The value of the Parameters cited in Eq. (1)
[25]

Parameter Value

γ 1
76.79×365

δ 0.05

β 0.02

ε 0.000001231

ϑ 0.1243

θ 0.00047876

α 0.005

ρ 0.09871

σ 0.854302

τ 0.000398

κ 0.001

ω 0.01

In this paper, we

consider the fractional order of Eq. (1) with Caputo
derivative as

D
µ
t S (t) = b− γS−

δS (I+β A)

N
− εSM,

D
µ
t E (t) =

δS (I+β A)

N
+ εSM− (1−ϑ)θE −ϑαE − γE,

D
µ
t I (t) = (1−ϑ)θE − (ρ + γ)I, (2)

D
µ
t A(t) = ϑαE − (σ + γ)A,

D
µ
t R(t) = ρI+σA− γR,

D
µ
t M (t) = τI +κA−ωM.

The rest of the manuscript as presented as: In the next
section we recalled fundamental notions of FC and then
we illustrated the algorithm of the hired method. In
Section 4, the considered system is analysed with the help
of hired scheme and then we presented their
corresponding consequences in Sections 5 and 6.

In this section, were called basic definitions associated
to Laplace transform (LT) and FC.
Definition 1. The Riemann-Liouville fractional integral of
f (t) ∈Cδ (δ =−1) (µ > 0) is defined as

Jµ f (t) =
1

Γ (µ)

∫ t

0
(t −ϑ)µ−1

f (ϑ)dϑ ,

J0 f (t) = f (t). (3)
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Definition 2. The Caputo fractional order derivative of f ∈
Cn
−1 is presented as follows

Dα
t f (t) =

dn f (t)

dtn
, µ = n ∈ N , (4)

=
1

G(n− µ)

∫ t

0
(t −ϑ)n−µ−1

f (n) (ϑ)dϑ , (5)

n− 1 < µ < n ,n ∈ N.

Definition 3. LT of f (t) with Caputo fractional derivative
is

L
[

D
µ
t f (t)

]

= sµ F (s)−
n−1

∑
r=0

sµ−r−1 f (r)
(

0+
)

, (6)

where F (s) is LT of f (t).

3 Fundamental Solution Procedure of

q-HATM

In this section, we present the solution procedure of
q-HATM nurtured by Singh et al. [26] by using LT with
q-HAM. Soon after, it is employed by number of authors
to evaluate the solution for numerous families of
differential equations exemplifying diverse phenomena
including economic growth, biological models, human
disease, chaotic behaviour, chemical reaction, optics, fluid
mechanics and others [26–30], and further derived some
fascinating consequences in comparison of other modified
and classical algorithms.

Here, to present the procedure of q-HATM we hire the
following differential equation of fractional order

D
µ
t v(x, t)+R v(x, t)+N v(x, t) = f (x, t) , (7)

with the initial condition

v(x,0) = g(x) , (8)

where D
µ
t v(x, t) denotes the Caputo derivative of v(x, t) .

On employing LT on Eq. (7), we obtain

L [v(x, t)]−
g(x)

s
+

1

sµ
{L [Rv(x, t)] (9)

+L [N v(x, t)]−L [ f (x, t)]}= 0.

For ϕ(x, t;q), N is contracted as follows

N [ϕ (x, t;q)] = L [ϕ (x, t;q)]−
g(x)

s

+
1

sµ
{L [R ϕ (x, t;q)]

+ L [N ϕ (x, t;q)]−L [ f (x, t)]}. (10)

where q ∈
[

0, 1
n

]

. Then, we present homotopy with the
embedding parameter q and non-zero auxiliary parameter
ℏby HAM as

(1− nq)L [ϕ (x, t;q)− v0 (x, t)] = ℏqN [ϕ (x, t;q)] , (11)

where L is signifying LT . For q = 0 and q = 1
n
, the

following conditions satisfies

ϕ (x, t;0) = v0 (x, t) , ϕ

(

x, t;
1

n

)

= v(x, t) . (12)

With the help of Taylor theorem, we have

ϕ (x, t;q) = v0 (x, t)+
∞

∑
m=1

vm (x, t)qm
, (13)

where

vm (x, t) =
1

m!

∂ mϕ(x, t;q)

∂qm
|q=0. (14)

After differentiating Eq. (13) m-times with q and
multiplying by 1

m!
and substituting q = 0, one can get

L [vm (x, t)− kmvm−1 (x, t)] = ℏRm (−→v m−1) , (15)

where the vectors are defined as

−→v m = {v0 (x, t) ,v1 (x, t) , . . . ,vm (x, t)} . (16)

Eq. (15) reduces after employing inverse LT to

vm (x, t) = kmvm−1 (x, t)+ℏL
−1 [Rm (−→v m−1)] , (17)

where

Rm (−→v m−1) = L [vm−1 (x, t)]+
1

sµ
L [Rvm−1 +Hm−1] (18)

−

(

1−
km

n

)(

g(x)

s
+

1

sµ
L [ f (x, t)]

)

,

and

km =

{

0, m ≤ 1,
n, m > 1.

(19)

Here, Hmis homotopy polynomial and presented as

Hm =
1

m!

[

∂ mϕ (x, t;q)

∂qm

]

q=0

and (20)

ϕ (x, t;q) = ϕ0 + qϕ1 + q2ϕ2 + . . . .

By using Eqs. (17) and (18), we get

vm (x, t) = (km +ℏ)vm−1 (x, t)

−

(

1−
km

n

)

L
−1

(

g(x)

s
+

1

sµ
L [ f (x, t)]

)

(21)

+ ℏL
−1

{

1

sµ
L [Rvm−1 +Hm−1]

}

.

The series solution by projected algorithm is defined as

v(x, t) = v0 (x, t)+
∞

∑
m=1

vm (x, t). (22)
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4 q-HATM Solution for Considered Model

In this segment, we hired the system with fractional-order
defined in Eq. (2) to employ the projected scheme

D
µ
t S (t)− b+ γS−

δS (I+β A)

N
+ εSM = 0,

D
µ
t E (t)−

δS (I +β A)

N
− εSM+(1−ϑ)θE

+ϑαE + γE = 0,

D
µ
t I (t)− (1−ϑ)θE +(ρ + γ)I = 0, (23)

D
µ
t A(t)−ϑαE +(σ + γ)A = 0,

D
µ
t R(t)−ρI−σA+ γR = 0,

D
µ
t M (t)− τI−κA+ωM = 0,

with initial conditions

S (0) = S0, E (t) = E0, I (0) = I0,

A(0) = A0, R(0) = R0 and M (0) = M0. (24)

Applying LT on Eq. (23) and then by the assist of forgoing
conditions, we get

L [S (t)]−
1

s
(S0)−

1

sµ
L{b− γS−

δS (I +β A)

N

−εSM}= 0,

L [E (t)]−
1

s
(E0)−

1

sµ
L{

δS (I +β A)

N
+ εSM

−(1−ϑ)θE −ϑαE − γE}= 0, (25)

L{I (t)}−
1

s
(I0)−

1

sµ
L{(1−ϑ)θE − (ρ + γ)I}= 0,

L{A(t)}−
1

s
(A0)−

1

sµ
L{ϑαE − (σ + γ)A}= 0,

L{R(t)}−
1

s
(R0)−

1

sµ
L{ρI+σA− γR}= 0,

L{M (t)}−
1

s
(M0)−

1

sµ
L{τI +κA−ωM}= 0.

Now, the nonlinear operator is presented as

N1 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5, ϕ6]

= L [ϕ1 (t;q)]−
1

s
(S0)−

1

sµ
L{b− γϕ1 (t;q)

−
δϕ1 (t;q)(ϕ3 (t;q)+β ϕ4 (t;q))

N
− εϕ1 (t;q)ϕ6 (t;q)},

N2 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5, ϕ6]

= L [ϕ2 (t;q)]−
1

s
(E0)

−
1

sµ
L{

δϕ1 (t;q)(ϕ3 (t;q)+β ϕ4 (t;q))

N

+ εϕ1 (t;q)ϕ6 (t;q)− (1−ϑ)θϕ2 (t;q)

− ϑαϕ2 (t;q)− γϕ2 (t;q)},

N3 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5,ϕ6]

= L [ϕ3 (t;q)]−
1

s
(I0) (26)

−
1

sµ
L{(1−ϑ)θϕ2 (t;q)− (ρ + γ)ϕ3 (t;q)} ,

N4 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5, ϕ6]

= L [ϕ4 (t;q)]−
1

s
(A0)−

1

sµ
L{ϑαϕ2 (t;q)

− (σ + γ)ϕ4 (t;q)},

N5 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5, ϕ6]

= L [ϕ5 (t;q)]−
1

s
(R0)−

1

sµ
L{ρϕ3 (t;q)

+ σϕ4 (t;q)− γϕ5 (t;q)},

N6 [ϕ1, ϕ2, ϕ3,ϕ4,ϕ5, ϕ6]

= L [ϕ6 (t;q)]−
1

s
(M0)−

1

sµ
L{τϕ3 (t;q)

+ κϕ4 (t;q)−ωϕ6 (t;q)}.

By applying the considered method and for H (t) = 1, the
m-th order deformation equation is presented as

L [Sm (t)− kmSm−1 (t)]

= ℏR1,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

L [Em (t)− kmEm−1 (t)]

= ℏR2,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

L [Im (t)− kmIm−1 (t)] (27)

= ℏR3,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

L [Am (t)− kmAm−1 (t)]

= ℏR4,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

L [Rm (t)− kmRm−1 (t)]

= ℏR5,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

L [Mm (t)− kmMm−1 (t)]

= ℏR6,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

,

where

R1,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Sm−1 (t)]−

(

1−
km

n

)

1

s
(S0)−

1

sµ
L{b− γSm−1

−
δ

N
(

m−1

∑
i=0

SiIm−1−i +β
m−1

∑
i=0

SiAm−1−i)

− ε
m−1

∑
i=0

SiMm−1−i},

R2,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Em−1 (t)]−

(

1−
km

n

)

1

s
(E0)
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−
1

sµ
L{

δ

N

(

m−1

∑
i=0

SiIm−1−i+β
m−1

∑
i=0

SiAm−1−i

)

+ ε
m−1

∑
i=0

SiMm−1−i − (1−ϑ)θEm−1 −ϑαEm−1

− γEm−1},

R3,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Im−1 (t)]−

(

1−
km

n

)

1

s
(I0)−

1

sµ
L{(1−ϑ)θEm−1

− (ρ + γ) Im−1}, (28)

R4,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Am−1 (t)]−

(

1−
km

n

)

1

s
(A0)−

1

sµ
L{ϑαEm−1

− (σ + γ)Am−1},

R5,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Rm−1 (t)]−

(

1−
km

n

)

1

s
(R0)−

1

sµ
L{ρIm−1

+ σAm−1 − γRm−1},

R6,m

[−→
S m−1,

−→
E m−1,

−→
I m−1,

−→
A m−1,

−→
R m−1,

−→
Mm−1

]

= L [Mm−1 (t)]−

(

1−
km

n

)

1

s
(M0)−

1

sµ
L{τIm−1

+κAm−1 −ωMm−1}.

On employing inverse LT on Eq. (27), it simplifies to

Sm (t) = kmSm−1 (t)+ℏL−1{R1,m} ,

Em (t) = kmEm−1 (t)+ℏL−1{R2,m} ,

Im (t) = kmIm−1 (t)+ℏL−1{R3,m} , (29)

Am (t) = kmAm−1 (t)+ℏL−1{R4,m} ,

Rm (t) = kmRm−1 (t)+ℏL−1
{

R5,m

}

,

Mm (t) = kmMm−1 (t)+ℏL−1
{

R6,m

}

.

By using initial values and then solving the for going
equations, we can obtained the terms of

S (t) = S0 (t)+
∞

∑
m=1

Sm (t)

(

1

n

)m

,

E (t) = E0 (t)+
∞

∑
m=1

Em (t)

(

1

n

)m

,

I (t) = I0 (t)+
∞

∑
m=1

Im (t)

(

1

n

)m

, (30)

A(t) = A0 (t)+
∞

∑
m=1

Am (t)

(

1

n

)m

,

R(t) = R0 (t)+
∞

∑
m=1

Rm (t)

(

1

n

)m

,

M (t) = M0 (t)+
∞

∑
m=1

Mm (t)

(

1

n

)m

.

5 Results and discussion

In the present framework, for the projected epidemic we
consider the initial conditions model as
S (0) = S0 = 8065518, E (t) = E0 = 200000, I (0) =
I0 = 282, A(0) = A0 = 200, R(0) = R0 = 0 and
M (0) = M0 = 50000 and we consider parameters value
with the aid of Table 1.We find third-order series solution
to present the nature of the considered system. Figure
1describesthe nature of achieved solution by considered
procedure for S (t), E(t), I(t), A(t) , R(t) and M (t)for
diverse arbitrary order (µ) with time (t). From the
captured figures we can see that the considered system
exceptionally be contingent on the order and gives huge
degree of freedom. Further, the hired operator offers more
stimulating significances to predict and analyse the future
of the projected system.
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(v)

6 Conclusion

The dynamic model of coronavirus is effectively analysed
using q-HATM in the present investigation within the
frame of a fractional operator and captured the behaviour
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μ = 0.8
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t
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Fig. 1: Nature of obtained solution for

(i)S(t),(ii)E(t),(iii)I(t),(iv)A(t),(v)R(t) and (vi)M(t) for

different µ at ℏ=−1,n = 1 and using Table 1.

of achieved results in terms of 2D plots. The projected
model has described the evolution of the deadly disease
and highly effective virus in the current period due to
which more than 2,75,976 peoples are dead till May 8,
2020, and day by day it is continuously and exponentially
increasing. The obtained consequences show that both
projected fractional operator and technique are noticeably
methodical and effective to analyse real-world problems.
Moreover, the projected solution procedure reduces
computational time and it does not require any
perturbation and new polynomial to find the solution for
the non-linear systems. Finally, we can conclude that, the
projected method can be employed in any complex and
non-linear systems exemplifying chemical, biological and
others.
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