NEW ELEMENTARY COMPONENTS OF THE GORENSTEIN
LOCUS OF THE HILBERT SCHEME OF POINTS

ROBERT SZAFARCZYK

ABSTRACT. We construct new explicit examples of nonsmoothable Gorenstein
algebras with Hilbert function (1,n,n,1). This gives a new infinite family of
elementary components in the Gorenstein locus of the Hilbert scheme of points
and solves the cubic case of Iarrobino’s conjecture.
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1. INTRODUCTION

Hilbert schemes of points were first constructed by Grothendieck in 1960-61
[Gro95]. Since then they have found many applications, notably in combinatorics
[Hai03] and in constructing hyperkéhler manifolds [Bea83|. Hilbert schemes of points
also appear in complexity theory while studying tensor and border ranks [Lan1T].
One of the more important results of the theory is that by Fogarty stating that
the Hilbert scheme of points of a smooth, irreducible surface is itself smooth and
irreducible [Fog68]. The Hilbert scheme of points for three- and higher-dimensional
varieties is singular and not well understood.
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The topology of the Hilbert scheme of points is still poorly understood and finding
its irreducible components remains a challenge. The building blocks for them are the
elementary components, those parametrizing subschemes with one-point support.
Points of the Hilbert scheme of points corresponding to Gorenstein zero-dimensional
subschemes form an open set, called the Gorenstein locus. Few components of this
locus are known. Additionally, the smooth points of these components are often
not explicitly given. Explicit points outside of the smoothable component are of
interest in applications to tensors [JLP22] and in computations.

Let S = k[oa, ..., ap] and P = k[z1, ..., 2, be polynomial rings of n variables over
a field k of characteristic 0. There is an action of S on P defined as follows

abrabzabn . gtrgle gt = {x?lbleQbQ...xzn_bn i .2 "
0 otherwise.
This action is called contraction and is somewhat similar to differentiation. For any
polynomial f € P the set Ann(f) ={s € S :s-f =0} forms a homogeneous ideal
of S, called the apolar ideal. In this paper, we present the following result.

Theorem 1. If n > 6 (except for n = 7), then for a general f € P homogeneous
of degree 3 the ideal Ann(f) is a smooth point of an elementary component of the
Hilbert scheme.

This is a corollary of the following theorem. The apolar algebra S/Ann(f), denoted
Apolar(f), with Hilbert function (1,n,n,1) is said to satisfy the small tangent space
condition if the k-algebra S/Ann(f)? has the smallest Hilbert function possible.

Theorem 2. Ifn > 6 (except for n =7), then for a general f € P homogeneous of
degree 3 the apolar algebra Apolar(f) satisfies the small tangent space condition.

Loosely speaking, Theorem [2| asserts that Apolar(f) has only trivial deformations
of second order. For why it is false when n <5 or n = 7 see [CN11] and [BCR22].

The characteristic 0 assumption can be removed for n > 18, see Theorem
We believe this to be true for all n, but small n would probably require a direct
verification. We make this verification on computer for characteristics 0,2, and 3.
For n less than 13 this was also done by Iarrobino and Kanev [IK99, Lemma 6.21].

Summing up, we show Theorem [2 to hold for all characteristics when n > 18
and for characteristics 0,2, and 3 in general. This resolves the following conjecture,
posed by larrobino and Kanev, in the case d = 3.

Conjecture 3 ([IK99], Conjecture 6.30). Let d be an odd integer. If one of the
following conditions holds

(1) n=4 and d > 15,
(2) n=>5and d>5,
(3) n>6 and d > 3 (except for (n,d) = (7,3)),

then for a general f € P homogeneous of degree d the apolar algebra Apolar(f)
satisfies the small tangent space condition.

For d > 3 essentially nothing is known.

In order to prove Theorem [2]it suffices to give, for every n, a single example of a
polynomial whose apolar algebra satisfies the small tangent space condition. In our
proof, we give three rather simple ones covering all n greater than 8. For n divisible
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by 3 we take the following polynomial

m
F= Z aibicz- + aiafﬂ + bib?+1 + C¢C?+1.

i=1
As a consequence, we provide an explicit description of a smooth point of an
elementary component of the Hilbert scheme. Since the apolar ideals associated to
our examples admit a set of generators consisting only of monomials and binomials
they are also convenient from a computational point of view. Moreover, for n > 18,
our proof does not use any computer computations. This is important in complexity
theory, where structure tensors of such algebras correspond to 1-generic tensors
[Lanl7, Section 5.6.1].

We begin, in chapter [2] by giving all necessary background such as contraction,
apolar algebras, and Gorenstein rings. It is also there where we compute the tangent
space to the Hilbert scheme and present equivalent descriptions of the small tangent
space condition. Then, in chapter [3] we prove Theorem [2| for sufficiently large n.
Small n are taken care of in chapter [l where we verify them on a computer.

2. PRELIMINARIES

This chapter introduces all notions related to our study. In section 2.1} we define
the Hilbert scheme and describe its tangent space. In section [2.2] we introduce
apolar algebras and divided power rings associated to polynomial rings. In section
we introduce the dualizing functor (—)¥ and define zero-dimensional Gorenstein
local rings. In section we define the small tangent space condition and relate
it to the tangent space of the Hilbert scheme. Finally, in section [2.5] we give a
link between the small tangent space condition and smooth points on elementary
components of the Hilbert scheme.

2.1. Hilbert scheme.
In this section, we introduce the notion of deformation. The deformation functor
turns out to be representable by a scheme, called the Hilbert scheme of points.
Let k be a field. Given two k-algebras S and A, we write S, for the ring S ®; A
treated as an A-algebra.

Definition 2.1. Let S be a fixed, finitely generated k-algebra. The embedded
deformation functor Defoyy: k-Alg — Set assigns to a k-algebra A the set of
isomorphism classes of ideals I <S4 such that S4/I is a locally free A-module of
finite rank. To a morphism A — B of k-algebras the functor Def.,;, assigns the
function taking I € Defoy,(A) to ISp € Defop, (B).

We consider the following theorem as the definition of the Hilbert scheme.

Theorem 2.2 ([HS04], Theorem 1.1). Let S be a fized, finitely generated k-algebra.
Then, there exists a finite type k-scheme H, called the Hilbert scheme of points,
representing the deformation functor Defeny in the sense that there is an isomorphism
of sets Defep(A) = Morgen (Spec A, H) natural in A.

Note that Deforp (k), and hence H(k), is the set of ideals I<.S such that dimy S/T
is finite. Since S/I is Noetherian dimy S/I being finite is equivalent to S/I being
zero-dimensional.
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Theorem 2.3 ([Str96], Theorem 10.1). Let S be a finitely generated k-algebra, and
let H be its associated Hilbert scheme. For an ideal I < S such that dimy S/T is
finite, hence for a rational point of H, the tangent space of H at I is isomorphic to
Homg (I, S/I).

2.2. Apolar algebras.

In this section, following [Jel17], we introduce the notion of apolar algebra. This
is the easiest to construct and, in the case of zero-dimensional, graded local rings,
the only example of a Gorenstein ring (see Theorem .

Counsider a polynomial ring S = k[aq, .., a,] over a field k. Recall that S is a
graded k-algebra with the ideal Sy equal to (aq,...,,). We denote by SV the
S-module Homy (S, k) of k-linear functionals on S. Let (—, —): S x S¥ — k be the
natural map given by evaluation.

Definition 2.4. Let P be the submodule {f € SV: Vs ((S1)Y, f) = 0} of SV.
The induced action of S on P is called contraction.

We now give a more concrete description of contraction. If a = (ay, as, ..., a,) is
a multi-index, we write a® for the monomial o' a?...a%" € S. For every multi-

index a there is a unique functional x/? € P dual to a® in the sense that for all

multi-indices b we have
(P o) = {1 ifa=b

0 otherwise.

Note that x!! form a k-basis of P. The quantity dTa:=3 a; is called the degree
of x[l. An element f € P is called homogeneous of degree d if f is contained in
span, (x/2/: " a = d). Contraction behaves on the basis as follows

[a—b] o '
bl [} ifazb (Ve = b
0 otherwise.

Though we do not need this, we can equip P with a ring structure. Multiplication
on P is given by the formula

g lbl _ <a + b> la+bl
a

where (azb) =T] (“iatbi). In this way, P is a divided power ring.

Definition 2.5. Let f € P, and let Ann(f) denote the ideal {s € S: s- f =0} of S.
The k-algebra S/Ann(f) is called the apolar algebra of f, and is denoted Apolar(f).

2.3. Zero-dimensional Gorenstein local rings.

Throughout this section let (A, m, k) be a zero-dimensional, finitely generated
local k-algebra. We denote by A-mod the category of finitely generated modules
over A.

We recall basic definitions and properties concerning zero-dimensional Gorenstein
rings following [Eis95, Chapter 21].

Definition 2.6. A functor E : A-mod°® — A-mod is called dualizing if E? = 1.

Proposition 2.7 ([Eis95], Proposition 21.1). If E': A-mod®® — A-mod is dualizing,
then there is an isomorphism of functors E = Homu(—, E(A)). Moreover, up to
isomorphism there exists at most one dualizing functor on A-mod.
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Consider the functor (—)Y := Homy(—, k). For an A-module M, the vector space
Homy (M, k) naturally forms an A-module with the A-action given by

(a-p)(m) = p(am)

where ¢ € MY, m € M, and a € A. Therefore, we can view (—)V as a functor
A-mod°? — A-mod.

Proposition 2.8 ([Eis95], Section 21.1). The functor (—)V is dualizing.

Combining Propositions and 2.8 shows that up to isomorphism there exists a
unique dualizing functor on A-mod.

Definition 2.9. We say that A is Gorenstein if AV = A.

If A is Gorenstein, then in view of Proposition we have an isomorphism
of functors Homy(—, A) 2 Homa(—, AY) & (—)V. In particular Hom(—, A) is
dualizing. Conversely, if Hom4(—, A) is dualizing, then, by Proposition and
Yoneda lemma, A is isomorphic to AY, so A is Gorenstein.

We have the following characterization of zero-dimensional Gorenstein rings.

Proposition 2.10 ([Eis95], Proposition 21.5). Let (A, m, k) be a zero-dimensional,
finitely generated local k-algebra. Then, the following conditions are equivalent.

(1) A is Gorenstein.

(2) A is injective as an A-module.

(3) The annihilator of the mazimal ideal Ann(m) C A is one dimensional.
(4) Homy(—, A) is dualizing.

2.4. Small tangent space condition.

In this section, we introduce the small tangent space condition and better describe
the tangent space of the Hilbert scheme associated to a polynomial ring. We also
prove Proposition which is needed in the proof of Theorem

As in section [2:2] let S be a polynomial ring of n variables over a field k, and
let P be its associated divided power ring. We denote by A the Hilbert scheme
associated to S. Recall that Apolar(f) = S/Ann(f). If I = Ann(f) we write S/I
and Apolar(f) interchangeably.

When saying that a graded module M has Hilbert function (ho, h1, ..., h;), h; € N
we mean that H(M); is equal to h; for i € {0,1,...,5} and that H(M); is equal to 0
for i ¢ {0,1,...,5}. For example, S has Hilbert function (1,n, ("+1), ("+2), ). We

2 3
denote a shift of gradation in square brackets, so M[d]; = Mgy;.

Theorem 2.11 ([Tar94], Lemma 1.2 and Theorem 1.5). For every nonzero f € P
homogeneous of degree d the apolar algebra Apolar(f) is a graded zero-dimensional
Gorenstein local ring. Moreover, there is a graded isomorphism Apolar(f) =
Apolar(f)V[—d].

For every homogeneous ideal I <S, if S/I is a zero-dimensional Gorenstein local
ring, then there exists homogeneous f € P such that I = Ann(f).

We can now describe the tangent space of the Hilbert scheme more concretely.

Proposition 2.12. Let f € P be homogeneous of degree d, and let I = Ann(f).
Then, the tangent space TiH is isomorphic as a graded module to (I/1%)V[—d].
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Proof. By Theorem [2.3| the tangent space to H at I is isomorphic to Homg (I, S/I).
By the tensor-hom adjunction and the isomorphism I ®g S/I = I/I? we get

Homg (I, S/I) = Homg,;(I/1?,S/1).
Then, Theorem [2.11] yields
Homg,(I/1?,S/I) = Homg,(I/1%,(S/1)")[~d].
Now, again by the tensor-hom adjunction, we obtain
Homy,(I/12,(S/1)")[~d] = (1/1?)"[~d].
Hence TrH =2 (I/1%)V[—d] as required. O

From now on, since we are mainly interested in degree 3 homogeneous elements
of P, we reduce ourselves to this special case.

Let f € P be homogeneous of degree 3, and let I = Ann(f). Since S>4 is
contained in I the Hilbert function of S/I can be nonzero only in degrees 0, 1,2,
and 3. Moreover, since (S/I)Y = (S/I)[3] the Hilbert function is symmetric in the
sense that H(S/I)g = H(S/I)s and H(S/I)y = H(S/I)y. Clearly, H(S/I)y =1
and H(S/I); < n. In view of the following proposition, the case H(S/I); < n might
be considered degenerate.

Proposition 2.13 ([IK99], Proposition 3.12). There is an open, dense subset U
of the space of cubics Spec Sym(P3)Y such that for all rational points f € U(k) the
Hilbert function of Apolar(f) is (1,n,n,1).

Proposition 2.14. Let f € P be homogeneous of degree 3, and let I = Ann(f). If
Apolar(f) has Hilbert function (1,n,n,1), then H(S/I?)4 > n.

Proof. This follows from [Jell8, Lemma 3.4]. O

Definition 2.15. Let f € P be homogeneous of degree 3, and let I = Ann(f).
Then, we say that Apolar(f) satisfies the small tangent space condition if Apolar(f)
has Hilbert function (1,n,n,1) and H(S/I?)y = n, H(S/I?)s = 0.

Proposition 2.16. Let f € P be homogeneous of degree 3. Then, Apolar(f)
satisfies the small tangent space condition if and only if the tangent space of H at
I = Ann(f) has Hilbert function n, (”;rQ) -1, (";1) —n in degrees —1,0, 1 respectively,
and 0 elsewhere.

Proof. First suppose that Apolar(f) satisfies the small tangent space condition. In
view of Proposition we need to compute the Hilbert function of I/I?. The
ring S/I has Hilbert function (1,7n,n,1), so I<; = 0. It follows that S/I? is all of S
in degrees 0,1, 2, and 3. Furthermore, since S/I satisfies the small tangent space
condition Ss is contained in I?, so S>¢ is contained in [ 2 as well, which means
that H(S/I?)>e is 0. Thus, the Hilbert function of S/I? is (1,n, (";1), (";2),71)
Furthermore, since S/I has Hilbert function (1,n,n,1), we get that the Hilbert
function of I/I? is equal to (0,0, (";‘1) —n, (”;2) — 1,n), hence the tangent space
TrH = (I/1?)V][—3] has the desired Hilbert function.

Now suppose that T;H has the given Hilbert function. Then, I/I? has Hilbert
function (0,0, ("3') —n, (”;rz) —1,n). Since S>4 C I this means that H(S/I?)y =n
and H(S/I?)s = 0. Moreover, since I? is not all of S we have H(I)y = 0, so
H(I?); = 0. Thus, H(S/I)g =1 and H(S/I); = n, which since S/I is Gorenstein
implies that S/I has Hilbert function (1,n,n,1) as required. a
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Corollary 2.17. Let f € P be homogeneous of degree 3 such that Apolar(f)
has Hilbert function (1,n,n,1). Then, Apolar(f) satisfies the small tangent space
condition if and only if the tangent space of H at Ann(f) has the smallest Hilbert
function possible.

Proposition 2.18. Let f € P be homogeneous of degree 3 such that Apolar(f)
satisfies the small tangent space condition. Then, for a general g € P homogeneous
of degree 3 the apolar algebra Apolar(g) satisfies the small tangent space condition.

Proof. Let U be the open subscheme of Spec Sym(P3)Y from Proposition By
[Jel18, Section 2.2] there is a family Z C U x A} — U such that the fibre over
f € U(k) is Spec Apolar(f). Hence, the claim follows from Corollary and upper
semi-continuity of rank for the quasicoherent sheaf I(Z2)/I(Z). O

2.5. Elementary components.

We now describe the connection between the small tangent space condition and
smooth points on elementary components of the Hilbert scheme.

As in section [2:4] we only consider degree 3 homogeneous elements of P.

Definition 2.19. An irreducible component Z of the Hilbert scheme is called
elementary if for all rational points I € Z(k) the S-module S/I is supported at a
single point.

Proposition 2.20. Let f € P be homogeneous of degree 3. If Apolar(f) satisfies the
small tangent space condition, then I = Ann(f) is a smooth point of an elementary
component of H.

Proof. Since Apolar(f) satisfies the small tangent space condition, by Proposition
2.16, we have dimy Homg(I,S/I)<g = n. Hence, by [Jell9, Theorem 4.5 and
Corollary 4.7], all irreducible components containing I are elementary. Smoothness
follows from the discussion in [IK99, Proof of Lemma 6.21]. O

3. SMALL TANGENT SPACE CONDITION IN DEGREE 3

In this chapter, we prove Theorem [3.1} which confirms Conjecture [ in the case
where d = 3 and n > 18.

Theorem 3.1. Let S be a polynomial ring of n variables over a field k, and let P be
its associated divided power ring. If n > 18, then for a general f € P homogeneous
of degree 3 the apolar algebra Apolar(f) satisfies the small tangent space condition.

Proof. In view of Proposition [2.18]it suffices to find, for each n > 18, a single f € P
such that Apolar(f) satisfies the small tangent space condition. We divide the proof
into three cases: n = 3m, n = 3m + 1, and n = 3m + 2, where m > 6. They are
resolved by Propositions [3.11], [3.18] and [3.24] respectively. O

Corollary 3.2. Let S be a polynomial ring of n variables over a field k, and let P be
its associated divided power ring. If n > 18, then for a general f € P homogeneous
of degree 3 the ideal Ann(f) is a smooth point of an elementary component of the
Hilbert scheme.

Proof. This follows by combining Proposition [2.20] and Theorem O
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3.1. Proof of Theorem 3.1; case n = 3m.

Let S = kla;, b;, ¢;]™, be a polynomial ring of n = 3m variables. Recall that we
assume m > 6. When writing indices we treat them modulo m.

Consider the following polynomial

F= Z a;bic; + aia?H + bz‘b?ﬂ + Ci012+1~
i=1
Also by F we denote its dual element in the divided power ring associated to S.
Let I be the smallest ideal such that the following remark holds.

Remark 3.3. For all z,y € {a,b,c}, and for all indices 4,7, if j ¢ {i — 1,4,i + 1},
then x;y; € 1.
For all z,y € {a,b,c}, and for all indices 1, j, if © # y, then z;y;41 — z;y;41 € I.
For all z,y € {a,b,c}, and for all indices i, j, one of the following holds:
(1) =y, is contained in 1.
(2) x#yand je {i—1,i+1}.
(3) There exists an index k and p,q € {a,b, c}, p # g, such that z;y; —prqr € I.

The polynomial F' is chosen such that I C Ann F'.

Let J denote the ideal 1%+ (aiaiﬂa?”, bibi+1bl2+2, cz-ciJrlcf_‘_Q |i=1,...,m). Note
that F, I, and J are invariant under index translation and permutations of the set
{a,b, c}.

We want to show that Apolar(F) satisfies the small tangent space condition. The
main part of the proof is checking that all polynomials of degree 4 are contained in
J, hence that H(S/I%), = n.

In this section, we use the following notation. For polynomials @, R € S we write
Q = R if Q is equal to R in S/I2.

Lemma 3.4. For all z,y,z,w,p,q € {a,b,c}, and for all indices i, j, k,
(1) there exists an index t such that x;y;ziwerq is in I2.
(2) there exist indices s,t such that each of T;Yit121Wit1, TsYs+12jWjt1, and
TsYs12tWit1 &S 1N 12
(3) if j,k € {i — 1,i,i + 1}, then there exists an index s such that each of
TiYjZsWst1 and 2sWe 1 PRk 15 N 12
Proof. Throughout the proof we use the assumption m > 6.

We first prove (1). If j ¢ {i + 1,9+ 2,7 + 3}, then we take t = i + 2, so that
TiYjZipoWits = (xiwi+3)(yjzi+2) =0. Ifj e {Z +1,i+ 2,1+ 3}, then we take
t=1— 2, so that TilYjzi—2Wi—1 = (I’izi_g)(iji_l) =0.

Now we show (2). If j ¢ {i+ 1,9+ 2,7+ 3}, then we take s =j+2,t=7—2,s0
that

TiYit12j—2wj—1 = (Ti2j—2)(Yir1wj—1) =0
Tjt2yj+32iWit1 = (Tj122;) (Yjswit1) =0
Tjt2Yj+azj—2Wi—1 = (Tjr2zj—2)(Yj+3wj-1) = 0.
If je{i+1,i+2,i+ 3}, then we take s = j — 2, t = j + 1, so that
TiYit12j 10542 = (Tizj+1) (Yit10j12) =0
Tj—2Yj-12jWjt1 = (2j-22;)(Yj-1wj41) = 0

Tj_oYj—12j41Wj+2 = (Tj—22j41)(Yj—1wjt2) = 0.
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Finally, we prove (3). If £k =i + 1, then we take s =i — 3, so that
TiYjZi—3Wi—o = (T;wi—2)(y;2i—3) =0
Zi—3Wi—2Pit1qit1 = (Zi—3pit1)(wi—2qit1) = 0.
If k € {i — 1,4}, then we take s = i + 2, so that
Ty zitoWivrs = (Tizite)(Yjwirs) =0
Zit2Wi3Pkqk = (Zit2Pk)(Wit3qr) = 0.
This finishes the proof. (Il

Lemma 3.5. For all z,y,z,w € {a,b,c}, z # w, and for all indices i, j, k, if either
zjyp € L orx #y and k = j+ 1, then the monomial z;w;12;yy is contained in I?.

Proof. By symmetry we can assume z = a, w = b. Hence, we only need to examine
monomials of the form a;b; 12y, where either x;y, € I or x #y and k = j + 1.
First consider the case x;y, € I. By Lemma there exists an index ¢ such that
atbis1xy, € I2. Therefore, a;bip12y, = (aibiv1 — atbes1)(Tjyr) + arbip1zy, = 0.
Now consider the case where z # y and k = j + 1. Then, by Lemma [3.4] there
exist indices t and s such that atbir12;Y541, aibip1TsYs+1, and arbi4125ys41 are in
12. Therefore, aibi+1:cjyj+1 = (CLin_l — atbt+1)(xjyj+1 — ZL‘sys+1) + aibi+1xsys+1 +
atbi17Yj41 — aebi17:Ysy1 = 0. O

Lemma 3.6. For all indices i and j, the monomial a;a;b;c; is contained in J.
Proof. First assume that j ¢ {i — 2,4 —1,%,i+ 1}. Then, we can rewrite a;a;b;c; as

follows.

aiajbici = (azbl — ci,lci)(ajci) + (CLJ‘Ci,l)(CZ2 — aiflbifl)-i-

+ ai—lajbi—lci—l = ai—lajbi—lci—l
Hence, iterating this procedure, we get a;a;bic; = ajajy2bj42cj+2. Therefore, we
just need to examine monomials a;_sa;b;c;, a;—1a;b;c;, a%bici7 and a;a;4+1b;c;.
Monomial a;_sa;b;c; can be rewritten in the following way.

ai—2a;bic; = (aibi — c;i—1¢;)(ai—2¢;) + (ai—2¢i—1 — @ir2cit3)(c; — ai—1bi—1)+

+ ai—2a;—1bi—1¢i—1 + (ai12¢i)(cicit3) — (@i—1ai42)(bi—1Ciy3) =
=aj_20;_1bi_1¢_1

Hence, we are reduced to considering a;_1a;b;c;, a?b;c;, and a;a;1b;c;. Before we
do so, we make some auxiliary computations.
4

2 2 2 2
a; = (a7 —bi—1¢i-1)" — (bi_1 — bi—3b;i—2)(c;_1 — ci—3ci—2)+
2 2

—bj_q1ci—3Ci—2 — bi_3b;_aci_| + b;_3b;_o2ci_3¢i_o+

+2aZb;_1ci1
a2y = (6 = biosei1) ety — bie) + a2bici+ (b @i+
i1 = (Q; i—1Ci—1 )11 iCi Qa; 0iCq Ai+10;—1 ){Qi41Ci—1
—bi_1bici_1¢;

Hence, Lemma shows a} = 0 and a?a?,; = a?b;c;. We make further computa-
tions, where we assume j ¢ {i — 1,4,¢+ 1}.

2, 22 2 2_ 4 2 2
aibic; = ajaiy = (ai o — ai@i41)° — Aiy0 + 2050454107, 5 = 2601105, 5 € J

o> N2 P
aajajyy = (aa;)(ajg — aj-105) + aia;-105 = a;a;-10;
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Tterating the last computation we get a;a;a3,, = a;aiy1a7, 5. We are now ready to
rewrite a;_1a;b;c; and a;a;41b;¢;.
ai,laibici = (ai,lai 2+1)(b C; — ,?Jrl) + ai,laiairl—i—
+ (@it1bi — ipsbiv2)(aiv1ci — ai—1ci—2) + (ai—1ai4+1) (bici—2)+
+ (@ig1i43) (biv2ci) — (ai—10i43) (bisacioo) — ajy, =
= ai,laiafﬂ eld
a;ait1bic; = (aiait1 — ajy o) (bici — afyy) + (aiaip1 — aiyo)(alyy — ai—1a;)+
+ai_16lai41 + aF a3y — (@i—10i42)(i0542) + (aig2bi)(@ipac;)+
F 410740 = Qip1ai4207, 5 € J
This finishes the proof. O

Lemma 3.7. For all x,y,z,w € {a,b,c}, z # w, and for all indices i,j,k, the
monomial z;w; 412y is contained in J.

Proof. By symmetry we can assume z = a, w = b. Hence, we only need to examine
monomials of the form a;b;112;ys.

Lemma covers some of the cases. In any other there exist p,q € {a,b,c},
p # ¢, and an index t such that =y, — p:g: € I. Furthermore, since z;y, ¢ I
we have k,t € {j — 1,4,j + 1}, hence, by Lemma we can choose an index s
such that both asbsy 12y, and asbs1p¢q: are in I?. Then, we have aibi 12y, =
(aibiy1 — asbsi1)(jyr — PeGr) + aibip1peqr + asbs 175y — asbs1Piqr = aibiy1peqy.
Hence, to finish the proof it suffices to consider monomials of the form a;b;412;y;
with x # y.

If j ¢ {i—1,4,i4+ 1,1+ 2}, then a;bi12;y; = (aiz;)(bit1y;) = 0.

Since x # y one of them is not a, say x # a. Then, if j = i — 1, we can
write aibi+11'i_1yi_1 as xi_laiyi_lel, and since yi—lbi—i-l S I, Lemma@ applies
showing z;_1a;y;—1b;+1 = 0. Similarly, if j = i + 2, since one of z,y in not b, say
x # b, we know, by Lemma [3.5] that b;412;42a,4i12 = 0.

In the case j =i+ 1 we need to consider monomials a/iai+1b12+1, a;ai+1biy1ci41,
and aiblz+10i+1. Monomial a;a;4+1b;11¢;41 is a special case of Lemma Others
can be rewritten as follows.

a;iai1103 1 = (aibiy1 — ai—2bi—1)(@is1biyr — ¢fr) + aibip1co+
+ (ai 2ai+1)( i— 1bz+1) (ai 20i+2)(bi 1Ci+2) =0

aib? 1 civ1 = (aibiyr — ai—2bi—1)(biy1cit1 — a7yg) + Qa7 obit1+
+ (ai—2biy1)(bi—1civ1) — (ai—20i42)(bi—1ai42) =0

where a;bi1¢2, 5 and a;a?, 5b; 11 are in I? by Lemma [3.5]
It remains to consider j = i. We need to examine three monomials, a?b;b; 1,
a?b;1c;, and a;b;b;1¢;. We can rewrite them as follows.

aZbibipr = (a7 — ai—2a;_1)(bibip1 — b7 y5) + (aibiy2)’+
+ (@i—2b;)(ai—1bit1) — (@i—2bit2)(@i—1biy2) =0
aibiprci = (0 — ai2a;—1)(bit1¢i — bipaciva) + (aibiys)(aiciva)+
(ai—QCi)(ai—lbi+1) - (ai—26i+2)(ai—1bi+3) =0

Since, by symmetry, a;b;b;+1¢; is a special case of Lemmal[3.6|the proof is finished. O
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Lemma 3.8. For all z,y,z,w € {a,b,c}, and for all indices i,j,k,t such that
x:y; € I, the monomial x;y;zpwy 1s in J.

Proof. If zpw, is contained in I as well, then z;y;z,w; € I?. If zpw, is of the form
psqs+1 for some index s and p,q € {a,b,c}, p # ¢, then Lemma applies.

In any other case there exist p,q € {a,b,c}, p # ¢, and an index s such that
2wy — psqs € 1. Therefore, we have z;y;zxwy = (z,y;) (zsWi — Psqs) + TiYiPsGs =
2;Y;Psqs- Hence, by symmetry, it suffices to examine monomials of the form a;b;x;ys
with z;y, € I.

If any of j, k are in {i — 1,4+ 1}, then Lemma [3.7] applies. If both j and k are
not in {i —1,4,% + 1}, then a;b;z;yr = (a;x;)(biyx) = 0. Thus, we can assume one
of j, k equal to i, say k = 1.

Now, if y # ¢, since x;y; € I, we get a;b,x;y; = (aib; — ci—1¢:)(zy:) + cim1yicizy,
hence Lemma applies. We are therefore reduced to monomials of the form
a;bic;zj. By symmetry we can assume x = a, and use Lemma to finish the
proof. O

Proposition 3.9. Every degree 4 homogenous polynomial of S is contained in J.

Proof. In view of Lemma it suffices to verify monomials where no two indices
differ by more than 1. Moreover, if two indices differ exactly by 1, and not all letters
are equal, then Lemma applies Hence by symmetry, it suffices to examine

azbic;,a?b?, alb;, al,agaﬂ_l,aZ a.q, and afa?, ;. Clearly, a?b;c; is in J. Monomial
4

aj was shown to be in I? in the proof of Lemma 3.6, hence, by symmetry, ¢ is also
in I2. We can rewrite the remaining monomials as follows.

2b2 al i 0124_1)2 + 2((11'07;4_1)(61‘61'4_1) — C;L_,'_l = O

(
atb; = ( 2 2 _p_ e b bic: R
= (aib; — cj ) (ay —bi—1ci—1) + (abi—1)(bici—1) + (aiciy1) "+
(Cz 1Cz+1)( 1Ci+1) =0
a?ai+1 = (03 - bi*lcifl)(aia’ﬁl»l - bi+lci+l) + a?bi+lci+1+
+aiaipibioicion = (bim1bita)(¢im1¢itn)
aiagy = (@iais1 — bizacip)(afyy — bicy) + aiaizabicit
+afiibivicivn — bibipicicip
afa?H - (a? - ai,gai,l)( aiyr — bici) + a; 2bic; + (ai—2air1)(ai—1a;41)+

— (aj—2b;)(ai—1¢; — aiy1¢iva) — (@i—2a,41)(biciy2)

Then, Lemmas and finish the proof. (I

Lemma 3.10. For all z,y € {a,b,c}, and for all indices i,j, the monomial
xsyjazbic; is in 12

Proof. By symmetry we can assume y = a. Note that a?bj annihilates F', so
isin I. If ¢ ¢ {j —1,4,j + 1}, then z;¢; € I, so xia?bjcj = (:cicj)(a?bj) € I°.
Now suppose ¢ € {j — 1,5,5 + 1}. Either z # b or z # ¢, by symmetry we
can assume z # c¢. Then, in the case i € {j — 1,7 + 1}, we obtain xia?bjcj =
(zicj — wiysciys)(a3by) + (wiysa;)(ajci43)b; € 2. In the case i = j we need to
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consider monomials alb;c; and a?bic;. We rewrite them as follows.

atbic; = (ab;)(aic; — bi—1b;) + (a;b?)(asbi—1 — ai—2bi—3) + (ai—2a;)(bi—3b;)b; =0
aZb?c; = (a2c;) (b — bi_obi 1) + (a2bi_1)(bi_ac;) =0
This finishes the proof. (I

Proposition 3.11. The apolar algebra Apolar(F) satisfies the small tangent space
condition.

Proof. It is easy to check that no linear form annihilates F', hence Apolar(F')
has Hilbert function (1,n,n,1). Proposition [3.9| implies that H(S/I%), < n, so
H(S/Ann(F)?) < n. Thus, by Proposition 2.14, H(S/Ann(F)?); = n. Finally,
since monomials of the form x;a;b;c; generate (S/I?); Lemma implies that
H(S/I?)5 =0, so also H(S/Ann(F)?) = 0. O

3.2. Proof of Theorem 3.1; case n = 3m + 1.

Let S" = k[a;, b;, ¢;,d]7, be a polynomial ring of n = 3m + 1 variables. Recall
that we assume m > 6. When writing indices we treat them modulo m.

Consider the following polynomial

F/ = Z aibicl- + aia?+1 + bib?Jrl + CiC,?Jrl + aibi+1d.
i=1
Also by F’ we denote its dual element in the divided power ring associated to S”.
Let I’ be the smallest ideal such that the following remark holds.

Remark 3.12. For all z,y € {a,b,c}, and for all indices 4, j, if j ¢ {i — 1,4,5+ 1},
then z;y; € I'.
For all z,y € {a,b,c}, and for all indices i, j, if z # y, then x;y;41 — ;Y41 € I'.
For all z,y € {a,b,c}, and for all indices i, j, one of the following holds.
(1) z;y; is contained in I'.
(2) v#yand je{i—1,i+1}.
(3) There exists an index k and p, g € {a, b, ¢}, p # ¢, such that z;y,;, —prqr € I'.
For any = € {a,b,c}, and any index 7, one of the following holds.
(1) x;d is contained in I'.
(2) There exists an index j and p, ¢ € {a,b, c}, p # g, such that x;d — p;q; € I'.

The polynomial F is chosen such that I’ C Ann F”.

Let J' denote the ideal (I')% + (aiaiﬂafw, bibi+1b3+2, CiCi+1C$+2 [i=1,....,m)+
(a1b1c1d). Note that F', I’, and J’' are invariant under index translation.

We want to show that Apolar(F’) satisfies the small tangent space condition.
The main part of the proof is checking that all polynomials of degree 4 are contained
in J’, hence that H(S"/(I')?)s = n.

In this section, we use the following notation. For polynomials @Q,R € S’ we
write Q@ = R if Q is equal to R in S’"/(I')%.

Lemma 3.13. All monomials of degree 4, not divisible by d are contained in J'.

Proof. We have a natural inclusion of rings S C S’. Note that I C I' NS, so also
J C J'NS. Since every monomial not divisible by d is contained in S, the claim
follows from Proposition [3.9 (]
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Lemma 3.14. For all z,y,z € {a,b,c}, and for all indices i,j,k, the monomial
x;yjzid is contained in J'.

Proof. If any of x;y;, izk, yjzx is in I, say z;y; € I’, then either zpd € I’, so that
z;yjzed € (I')?, or there exist p,q € {a,b, ¢} and an index ¢ such that zyd—piq: € I,
50 z;y;2kd = (z;y;) (26d — prqr) + xiy;prge. Monomial x;y;p.q: is contained in J' by
Lemma B.131

If any of z;y;, xizk, y;zr is of the form wyvip1, w #v,say j =i+ 1, x # vy,
then either zxd € I' and we can rewrite z;y;1+12kd = (Ti¥ir1 — Thr1Ur+2)(2rd) +
Tr+1Ykt22kd, or zid ¢ I' and there exist p,q € {a,b,c} and an index ¢ such that
zkd—pqe € I', hence x3y; 11 21d = (T3Yip1 — Trr1Yn+2) (26d — Dee) + Th1 Yo 2ud +
TiYit1PtQt — Thr1Yk+2Peqe- In any case the claim follows by the previous paragraph
and Lemma [3.13

It remains to consider the case where either x = y = z and j,k € {i,i + 1},
or i = j = k. We first consider the case where i = j = k and not all z,y, 2
are the same. If x,y,z are not mutually different, say & = y, then since y # z
there exists w € {a,b,c}, w # z, such that y;2; — w;_w; € I'. Hence, if z;d € I
we get zy;2:d = (2;d)(yizi — wi—1w;) + ziw;—jw;d, and if x;d ¢ I’, then there
are p,q € {a,b,c} and an index s such that z;d — psqs € I', so z;y;2;:d = (x;d —
Dsqs ) (Yizi — Wi—1w;) + Tiw;—1w;d + Y;2:Psqs — Wi—1w;Psqs. Thus, the claim follows
by the previous parts of the proof and Lemma[3.13] Now we consider the case where
x,y, z are mutually different, hence we need to examine the monomial a;b;c;d. We
rewrite it as follows.

a;bicid = (a;b; — C?+1)(Cid) + (cicip1 — aip1bip1)(Cip1d) + aiprbiyiciprd
Therefore, aibicid = ai+1bi+1cl~+1d, and so aibicid = alblcld S J'.

We now consider the case where x = y = z. If i = j = k, then there are three
monomials to consider, ald, b}d, and c}d. We rewrite them in the following way.

ajd = (af = bi—1ci—1)(aid — aip1ci1) + @ aip1cip1+
+ (aibi—l)(ci—ld) - (ai+1bi—1)(ci—1ci+1) =0

bid = (b7 —a;_1ci1)(bid — a?) + a?b? + a;_1bic;_1d+
—a;_1aici_1 =0

cdd = (c? — ci_aci_1)(cid) + (ci—aci)(ci1d) =0

Hence, Lemma [3.13] and previous parts of the proof apply. Now suppose z =y = z
and at least one of j, k is i + 1, say j = i + 1, hence there exist p,q € {a,b,c},
p # ¢, and an index t such that z;z;11 — piqs € I'. Then, either xpd € I' and we
get v 1xkd = (22001 — piqe) (xd) + TEpeqed, or there exist w,v € {a,b, c} and
an index s such that xpd — wsvs € I', so we get x;x,117kd = (T;xi41 — Peqe) (Tpd —
WsVs) + TiTip1WsVs + TEpPrqrd — prqiwsvs. Either case follows from the previous
parts of the proof and Lemma [3.13 O

Lemma 3.15. For all z,y € {a,b,c}, and all indices i, j, the monomial x;y;d* is
contained i J'.

Proof. If both x;d and y;d are in I’, then x;y;d? € (I')%. If only one of them is in I’,
say x;d € I’, then there exist z,w € {a, b, c} and an index k such that y,;d—zwy, € I,
so z;y;d* = (2;d)(y;d — ziwy) + Tizpwid. Finally, if z;d ¢ I', y;d ¢ I', then there
exist w, z,p, q € {a,b, c} and indices k, t such that z;d—wyzi, € I' and y;d—pige € I,
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so ziy;d* = (xd — pqr) (y;d — zxwy) + zizpwed + y;prged — zpweprge. Hence, the
claim follows from Lemmas [3.13] and [3.14] O

Proposition 3.16. Every degree 4 homogenous polynomial of S’ is contained in
J.
Proof. Lemmas [3.13] [3.14], and [3.15] cover most of the cases. It remains to check

that for any x € {a,b,c} and any index i both x;d®> and d* are in J’. Thus, we need
to consider four monomials, which we rewrite as follows.

a;d® = (a;d — ajy1¢i41)(d*) + aip1¢ip1d®
bid® = (bid — bi—1¢;—1)(d?) + bi_1¢;—1d?
cid® = (c;d)(d*) =0
d* = (d*)? =
Thus, Lemma finishes the proof. O

Lemma 3.17. For dall x,y € {a,b,c}, and for all indices i,j, the monomials
zyjaibjci, ziajbjcid and azbjc;d® are in (I')2.

Proof. That z;y;ja;b;c; is in (I')? follows from the inclusion of rings S C S’ and
Lemma [3.10] Note that a;b;d annihilates F”, so is in I'. If 2; # ¢;, then z;a;b; € I,
so w;azbjcid = (z;a5b;)(c;d) € (I')%. Thus, it remains to consider ajbjc?d and
ajbjc;jd?. We rewrite them as follows.

azb;cid = (azb;d)(c5 — cj_aci1) + (a;¢5-2)(c;_1d)b; = 0
ajbjcde = (ajbjd)(cjd) =0
Hence, the proof is complete. (Il

Proposition 3.18. The apolar algebra Apolar(F") satisfies the small tangent space
condition.

Proof. Tt is easy to check that no linear form annihilates F’, hence Apolar(F”) has
Hilbert function (1,n,n,1). Proposition implies that H(S'/(I')?)4 < n, so
H(S’/Ann(F’")?) < n. Thus, by Proposition H(S’/Ann(F")?), = n. Finally,
since monomials of the form z;a;b;c; and a1bicid generate (S'/(1')?)4 Lemma
implies that H(S’/(I')?)s = 0, so also H(S’/Ann(F’)?) = 0. O

3.3. Proof of Theorem 3.1; case n = 3m + 2.

Let S” = k[a;, b;, ¢i, d, €] be a polynomial ring of n = 3m + 2 variables. Recall
that we assume m > 6. When writing indices we treat them modulo m.

Consider the following polynomial

P = Z a;bic; + aia?Jrl + bib?Jrl + CiC§+1 + a;bi41d + biciq €.
i=1
Also by F” we denote its dual element in the divided power ring associated to S”.
Let I" be the smallest ideal such that the following remark holds.

Remark 3.19. For all 2,y € {a,b,c}, and for all indices 4, j, if j ¢ {i — 1,4,5+ 1},
then TiY; € 1.
For all z,y € {a,b,c}, and for all indices 4, j, if z # y, then z;y;41 — z,y,41 € I”.
For all 2,y € {a,b,c}, and for all indices 4, j, one of the following holds.



NEW ELEMENTARY COMPONENTS OF THE GORENSTEIN LOCUS 15

(1) z;y; is contained in I”.

(2) x#yand je {i—1,i+1}.

(3) There exists an index k and p,q € {a, b, c}, p # ¢, such that z;y; —prqr € I".
For any = € {a,b,c}, any y € {d, e}, and any index i, one of the following holds.

(1) a;y is contained in I".

(2) There exists an index j and p, ¢ € {a,b, ¢}, p # ¢, such that z;y — p,q; € I".

The polynomial F” is chosen such that I” C Ann F”.

Let J” denote the ideal (I”)? 4 (a;ait1a3, 5, bibi1b? o, Cicip1ciy i =1,...,m) +
(a1bic1d, a1bycie). Note that F”,I”, and J” are invariant under index translation.

We want to show that Apolar(F") satisfies the small tangent space condition.
The main part of the proof is checking that all polynomials of degree 4 are contained
in J”, hence that H(S"/(I")?), = n.

In this section, we use the following notation. For polynomials Q, R € S” we
write Q = R if Q is equal to R in S /(I")2.

Lemma 3.20. All monomials of degree 4, not divisible by de are contained in J".

Proof. We have two inclusions of rings S’ C S”, one takes a,b,c,d to a,b,c,d
respectively, the other takes a, b, ¢, d to b, ¢, a, e respectively. Note that, in both cases,
I'cI"nS soJ < J’'NS’. Since every monomial not divisible by de is contained
in at least one of those subrings, the claim follows from Proposition O

Lemma 3.21. For all z,y € {a,b,c}, and for all indices i, j, the monomial z;y;de
s contained in J'.

Proof. If both z;d and y,e are in I”, then z;y;de € (I")?. If only x;d is in I”,
then there exist z,w € {a,b,c} and an index k such that yje — zpwi € I, so
zy;de = (z;d)(yje — zrwy) + x;zpwed. Similarly, if only y,e is in I”, then there
exist z,w € {a,b,c} and an index k such that z;d — zywy € I”, so z;y;de =
(z,d — zkwk)( e) + y;zrwie. If both x;d and y;e are not in I”, then there exist
w,z,p, q € {a, b ¢} and indices k,t such that x;d — wiz, € I” and yid —peq € 17,
so z;y;de = (z;d — prqr) (yje — zkwk) + zizrwed + y;peqre — zpwipeq:. Hence, the
claim follows from Lemma [3.20 O

Proposition 3.22. Every degree 4 homogenous polynomial of S” is contained in

J".

Proof. Lemmas and cover most of the cases. The rest we rewrite as follows.
a;d?e = (a;e)(d*) =0

bidPe = (bie — o) () + (ciaad)? =0
cid’e = (¢;d)(d ) 0
aide? = (a;e)(de) =0
bide? = (bid — )( 2) + (ae)?> =0
czde (cid)(e?) =

— (d)(de) = 0
d2 2= (de)*=0

= (de)(e*) =0
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This finishes the proof. O

Lemma 3.23. For all z,y € {a,b,c}, z,w € {d,e}, and for all indices i,j, the
monomials x;yja;bici, viabjc;z and azbjcjzw are in (I')%.

Proof. We have two inclusions of rings S’ C S”, one takes a,b,c,d to a,b,c,d
respectively, the other takes a, b, ¢, d to b, ¢, a, e respectively. Hence, in view of Lemma
it suffices to consider a;bjc;de. We have ajbjc;de = (aje)(c;d)b; € (I”)?. O

Proposition 3.24. The apolar algebra Apolar(F") satisfies the small tangent space
condition.

Proof. Tt is easy to check that no linear form annihilates F”', hence Apolar(F") has
Hilbert function (1,n,n,1). Proposition implies that H(S”/(I")?)4s < n, so
H(S"/Ann(F")?) < n. Thus, by Proposition H(S"/Ann(F")?)4 = n. Finally,
since monomials of the form w;a;b;c;, a1bicid, and aibicie generate (S”/(1")?)4
Lemma implies that H(S"”/(I")?) = 0, so also H(S”/Ann(F")?) = 0. |

4. COMPUTER COMPUTATIONS FOR n < 18

Let S be a polynomial ring of n variables. In this chapter, we give examples
of degree 3 polynomials F' such that Apolar(F) satisfies the small tangent space
condition for n =6 and 7 < n < 18 (the case n > 18 is covered by Theorem [3.1]).

We have checked on computer, using Macaulay2 [GS], that they are indeed
correct for fields of characteristic 0, 2, and 3. We believe that they work in any
characteristic, though a proof would probably require a direct verification, so we
restrict ourselves to supplying a computer code which one can use to verify these
examples in any given characteristic.

Note that in order to verify Conjecture |3|for a field k& of characteristic 0 it suffices
to check k = Q. Similarly, for a field & of characteristic p is suffices to check k = IF),.

Our examples from chapter [3] work also for n > 9. For n = 6 and n = 8 we
construct different polynomials. For n = 6 we have chosen the polynomial

F = a1bicy + asbacs + alag + b1b§ + clcg + aii’ + b:f + ci’.
For n = 8 we have chosen
F =a1bic1 + asbacy + alag + blbg + clcg + aide + b?d + c?e.
4.1. Macaulay2 code.

In this section, we describe the computer code we have used to verify our examples.
First one needs to chose a field, hence to type

kk = QQ;
or (replacing p by a prime number of choice)
kk = ZZ/p;

into the Macaulay2 console. Then, one needs to specify the number of variables of
the polynomial ring typing
n=7~72

with 7 replaced by the chosen number. If n was chosen to be 6, then the following
code generates the appropriate polynomial.
S = kk[a_1,a_2,b_1,b_2,c_1,c_2];
F = a_1%b_1%c_1 + a_2%b_2%c_2 + a_1%a_272 + b_1%b_272 +
c_1xc_272 + a_1"3 + b_17"3 + c_173;
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If n = 8 one needs to enter the following lines.

S = kk[a_1,a_2,b_1,b_2,c_1,c_2,d,e];
F = a_1*b_1%c_1 + a_2%b_2*c_2 + a_1*a_2"2 + b_1%b_2"2 +
c_1*%c_272 + a_1xd*e + b_172%d + c_1"2%e;

If n is divisible by 3 and greater than 8, then the following code needs to be entered.

m =n//3;
S = kk[a_1..a_m,b_1..b_m,c_1..c_m];
F = 0;

for i in 1..m-1 do F = F + a_ixb_i*c_i + a_i*a_(i+1)"2 +
b_ixb_(i+1)72 + c_i*c_(i+1)72;
F=F+ amb_mxc_m + a_m*a_1"2 + b_m*b_1"2 + c_m*c_172;
If n gives remainder 1 upon division by 3 and is greater than 8, then one uses the
following code.

m = (n-1)//3;
S = kk[a_1..a_m,b_1..b_m,c_1..c_m,d];
F = 0;

for i in 1..m-1 do F = F + a_ixb_i*c_i + a_i*a_(i+1)"2 +
b_i*b_(i+1)"2 + c_i*c_(i+1)"2 + a_ixb_(i+1)*d;
F=F + a_m¥b_m*c_m + a_m*a_1"2 + b_m*b_1"2 + c_m*c_1"2 +
a_m*b_1x*d;
Lastly, if n gives remainder 2 upon division by 3 and is greater than 8, then the
following code needs to be used.

m = (n-2)//3;
S = kk[a_1l..a_m,b_1..b_m,c_1..c_m,d,e];
F = 0;

for i in 1..m-1 do F = F + a_ixb_i*c_i + a_ixa_(i+1)"2 +
b_ixb_(i+1)"2 + c_i*c_(i+1)"2 + a_i*b_(i+1)*d +
b_ixc_(i+1)*e;

F=F + a_mxb_m*c_m + a_m*a_1"2 + b_m*xb_1"2 + c_m*c_1"2 +
a_m*b_1*d + b_m*c_1x*e;

To verify whether the apolar algebra induced by the generated polynomial satisfies
the small tangent space condition one can run the following lines.

I = ideal fromDual (matrix{{F}}, DividedPowers => true);
if (hilbertFunction(0,S/I) == 1 and
hilbertFunction(1,S/I) == n and
hilbertFunction(4,S/1°2) == n and
hilbertFunction(5,S/1°2) == 0)
then print True else print False;
If the answer given by Macaulay2 reads " True”, then Apolar(F) satisfies the small
tangent space condition. If on the other hand the answer reads ”False”, then
Apolar(F') does not satisfy the small tangent space condition.
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