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New Finite-Dimensional Filters for Parameter
Estimation of Discrete-Time Linear Gaussian Models

Robert J. Elliott and Vikram Krishnamurthy, Member, IEEE

Abstract— In this paper the authors derive a new class of
finite-dimensional recursive filters for linear dynamical systems.
The Kalman filter is a special case of their general filter. Apart
from being of mathematical interest, these new finite-dimensional
filters can be used with the expectation maximization (EM)
algorithm to yield maximum likelihood estimates of the param-
eters of a linear dynamical system. Important advantages of
their filter-based EM algorithm compared with the standard
smoother-based EM algorithm include: 1) substantially reduced
memory requirements and 2) ease of parallel implementation on
a multiprocessor system. The algorithm has applications in multi-
sensor signal enhancement of speech signals and also econometric
modeling.

Index Terms — Expectation maximization algorithm, finite-
dimensional filters, Kalman filter, maximum likelihood
parameter estimation.

I. INTRODUCTION

HERE ARE very few estimation problems for which

finite-dimensional optimal filters exist, i.e., filters given
in terms of finite-dimensional sufficient statistics. Indeed the
only two cases that are widely used are the Kalman filter for
linear Gaussian models and the Wonham filter (hidden Markov
model filter) for finite state Markov chains in white noise.

In this paper we derive new finite-dimensional filters for
linear Gaussian state-space models in discrete-time. The fil-
ters compute all the statistics required to obtain maximum
likelihood estimates (MLE’s) of the model parameters via the
expectation maximization (EM) algorithm. The Kalman filter
is a special case of these general filters.

MLE’s of linear Gaussian models and other related time-
series models using the EM algorithm were studied in the
1980°s in [1] and [2] and more recently in the electrical
engineering literature in [4] and [5]. The EM algorithm is a
general iterative numerical algorithm for computing the MLE.
Each iteration consists of two steps: the expectation (E-step)
and the maximization (M-step). The E-step for linear Gaussian
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models involves computing the following two conditional
expectations based on all the observations:

1) the sum over time of the state;
2) the sum over time of the state covariance.

In all the existing literature on parameter estimation of linear
Gaussian models via the EM algorithm, the E-step is noncausal
involving fixed-interval smoothing via a Kalman smoother
(i.e., a forward pass and a backward pass).

In this paper we derive a filter-based EM algorithm for linear
Gaussian models. That is, the E-step is implemented using
filters (i.e., only a forward pass) rather than smoothers. The
main contribution of this paper is to show that these filters are
finite-dimensional. Few finite-dimensional filters are known,
so the result is of interest.

It is important to note that the filter-based EM algorithm
proposed here and the standard smoother-based EM algorithm
in [1], [2], [4], and [5] are off-line iterative algorithms. They
represent two different ways of computing the same condi-
tional expectations and consequently yield the same result.
However, the filter-based EM algorithm has the following
advantages.

1) The memory costs are significantly reduced compared
to the standard (smoother-based) EM algorithm.

2) The filters are decoupled and hence easy to implement
in parallel on a multiprocessor system.

3) The filter-based EM algorithm is at least twice as fast as
the standard smoother-based EM algorithm because no
forward-backward scheme is required.

Filter-based EM algorithms have recently been proposed for
hidden Markov models (HMM’s) in [9]. These HMM filters
are finite-dimensional because of the idempotent property of
the state indicator function of a finite state Markov chain.
In linear Gaussian models, unlike the HMM case, the state
indicator vector is no longer idempotent. Instead, the filters
derived in this paper are finite dimensional because of the
following two algebraic properties that hold at each time
instant.

1) The filtered density of the current time sum of the state
is given by an affine function in = times the filtered state
density. The filtered state density is a Gaussian in = with
mean and variance given by the Kalman filter equations.

2) The filtered density of the current time sum of the state
covariance is a quadratic in z times the filtered state
density.

So the filtered density of the state sum is given in terms of
four sufficient statistics, namely the two coefficients of the
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affine function in = and the Kalman mean and covariance.
Similarly, the filtered density of the covariance sum is given
by five sufficient statistics.

Actually this algebraic “closure” property holds for higher
order statistics as well: We prove that the filtered density of
the current time sum of the pth-order statistic of the state is
a pth-order polynomial in x times the filtered state estimate.
So finite-dimensional filters can be derived for the time sum
of pth-order statistics of the state. Of course, for the filtered
E-step we only use filters for the first and second order
statistics. Also for p = 0, the filters reduce to the Kalman filter.

Applications: The filter-based EM algorithm proposed in
this paper for linear Gaussian models can be applied to all
the applications where the standard EM algorithm has been
applied. In particular these include:

» multisensor signal enhancement algorithms for estimation

of speech signals in room acoustic environments [4];
* high-resolution localization of narrowband sources using
multiple sensors and direction of arrival estimation [7];
* linear predictive coding of speech (see [6, Ch. 6]);
» forecasting and prediction of the “shadow economy” in
market cycles using linear errors-in-variables models [2].
In all these applications the advantages of the filter-based EM
algorithm can be exploited.

This paper is organized as follows: In Section II we present
the EM algorithm for maximum likelihood estimation of the
parameters of a state-space linear Gaussian model to illustrate
the use of the finite-dimensional filters derived in this paper.
In Section III, a measure change is given which facilitates easy
derivation of the filters. In Section IV, recursions are derived
for the filtered densities of the variables of interest. In Section
V, we derive the finite-dimensional filters. In Section VI a
general finite-dimensional filter is proposed. Section VII re-
expresses the filters to allow for singular state noise as long as
a certain controllability condition is satisfied. In Section VIII
an example of the filter-based EM algorithm for errors-in-
variables time-series is given. In Section IX we evaluate
the computational complexity of the filters and propose a
parallel implementation. Finally conclusions are presented in
Section X.

II. MLE OF GAUSSIAN STATE-SPACE MODELS

The aim of this section is to show how the finite-dimensional
filters derived in this paper arise in computing the maximum
likelihood parameter estimate of a linear Gaussian state-space
model via the EM algorithm. We first briefly review the EM
algorithm and describe the linear Gaussian state-space model.
The use of the EM algorithm to compute maximum likelihood
parameter estimates of the Gaussian state-space model is then
illustrated. Finally, the use of the finite-dimensional filters to
implement the filter-based EM algorithm is demonstrated. This
motivates the finite-dimensional filters derived in the rest of
the paper.

A. Review of the EM Algorithm

The EM algorithm is a widely used iterative numerical
algorithm for computing maximum likelihood parameter es-
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timates of partially observed models such as linear Gaussian
state-space models, e.g., [2], [5S] and HMM’s [11]. For such
models, direct computation of the MLE is difficult. The EM
algorithm has the appealing property that successive iterations
yield parameter estimates with nondecreasing values of the
likelihood function.

Suppose we have observations {yi,---,yr} available,
where T is a fixed positive integer. Let {Fs, € ©} be
a family of probability measures on (£2,F) all absolutely
continuous with respect to a fixed probability measure Fjp.
The likelihood function for computing an estimate of the
parameter € based on the information available in Yr is

dPy

L1(6) = Eo{d—PO

yT:|
and the MLE is defined by

0 € argmax L(6).
6CO

The EM algorithm is an iterative numerical method for com-
puting the MLE. Let éo be the initial parameter estimate. The
EM algorithm generates a sequence of parameter estimates
{0;}, 7 € Z7, as follows.

Each iteration of the EM algorithm consists of two steps.

Step 1) (E-step) Set 6 = éj and compute Q(-,6), where

Q(0,6) = Eé[ o

Step 2) (M-step) Find 64, € argmaxy - @(6,0;).

Using Jensen’s inequality it can be shown (see [13, Th. 1]) that
the sequence of model estimates {6;}, 7 € Z* from the EM
algorithm are such that the sequence of likelihoods {ﬁT(éj)},
J € ZT is monotonically increasing with equality if and only
if 641 = 6.

Sufficient conditions for convergence of the EM algorithm
are given in [14]. We briefly summarize them and assume the
following.

1) The parameter space © is a subset of some finite-
dimensional Euclidean space R".

2) Q4 = {0 € ®: Lr(0) > L(bp)} is compact for any
[,T(eo) > —00.

3) Ly is continuous in © and differentiable in the interior
of ©. (As a consequence of 1)-3), clearly ﬁT(éj) is
bounded from above). .

4) The function Q(#,6;) is continuous both in & and 6;.

Tben by [14, Th. 2], the limit of the sequence ofA EM estimates
{6,} is a stationary point § of Lz. Also {£1(6,)} converges
monotonically to L7 = L7(f) for some stationary point . To
make sure that £ is a maximum value of the likelihood, it is
necessary to try different initial values éo.

B. Gaussian State-Space Model

To derive the filters with maximum generality, in this paper
we consider a multi-input/multi-output linear Gaussian state-
space model with time-varying parameters and noise variances
as follows.
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All processes are defined on the probability space (€2, F, P).
We shall consider the classical linear-Gaussian model for the
signal and observation processes. That is, for & = 0,1, -,
assume that the state x; is observed indirectly via the vector
observations %z, where

ey
(@)

Trq1 = Arp12n + Bryrwig
Y = Cr o + Dy vp.

Here z; is a m-dimensional random vector. Also zg is a
Gaussian random variable with zero mean and covariance
matrix B3 (of dimension m x m).

At time £ = 1,2,---, the noise in (1) is modeled by an
independent Gaussian random variable with zero mean and
covariance matrix B,%. It is known [8] that such a Gaussian
random variable can be represented as By, wy, where wy, is an
m-vector of independent N (0, 1) random variables.

In (2), for each k, vz € R¢ and v, is a vector of independent
N(0,1) random variables. The process v is assumed to be
independent of wy. Assume that Dy, is a nonsingular d x d
matrix.

Finally, z is assumed independent of the processes wy, and
Vi .

Assumption 2.1: For the time being, assume that the m xm
matrices By, & = 0,1,---, are nonsingular and symmetric.
The case when By, is singular is discussed in Section VII.

Remark: We assume By to be a covariance matrix and
hence symmetric for notational convenience. The results in
this paper also hold for nonsymmetric Bj,, simply by replacing
B? by By, B, and B;? by (B BL,) ™! below.

C. EM Algorithm for MLE of Gaussian State-Space Model

The aim of this subsection is to illustrate the use of the EM
algorithm for computing the MLE of a Gaussian state-space
model. Our main focus in this paper involves computation
of the E-step. Hence, to keep the exposition simple, we omit
issues of identifiability and consistency of the MLE. These are
well known and can be found for example in [10, Ch. 7].

Consider the following time-invariant version of the linear
Gaussian state-space model (1), (2)

Tit1 = A(0)z + B(0)wits
yr = C(0)zr + D(0)vy,

3)
“)

where € denotes the parameter vector belonging to some
compact space ©. Let §* € © denote the true model. We
also assume other regularity conditions (see [10, Ch. 7]) on
A, B, C, and D including identifiability of #* so that the
MLE is strongly consistent, i.e., limy_ . argmaxgcgoLr(6)
converges almost surely to the true model #*. For simplicity
and in order to illustrate our main ideas, in this subsection we
assume the parameterization § = (A, B2, C, DD’). An errors-
in-variables model with a different parameterization 6 is given
in Section VIII.

Suppose we wish to compute the MLE of the parameter § =
(A, B2,C,DD’) of (3), (4) given the observation sequence
Y0, -+, yr. We now illustrate the use of the EM algorithm
outlined in Section II-A to compute the MLE of 6.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 44, NO. 5, MAY 1999

Step 1—E-Step: It is easily seen (see the Appendix or [4],
[7]1, [2], or [1]) that for the model (3), (4)

Q(6.6;)
= —Tlog|B| —

— %Eéj { Z(a:l

=1
1
—§Eé]{

+Eg {R(9)|Vr}

(T + 1)log|D|

— Aa:l_l)’B_2(a:l — Aa:l_l)

)
)

®)

(1 — C )/ (DD') Hy —

]~

O.Tl)

N
Il
<

where 6; = (AW, B2 C’(J ), DD/ ppr )) denotes the parameter

estimate at the jth iteration and the term R(f;) does not
involve 6.

Step 2—M-Step: To implement the M-step, i.e., compute
fjp1 = argmaxgceo@Q(6, 6;), simply set the derivatives
8@ /06 = 0. This yields (using the identity dlog|M|/OM =
M~ for any nonsingular matrix M) the updated parameter

estimate as 0,4, = (A(Hl),BA?(Hl)’C‘(Hl)’D/B/(Hl))

where

Eej{ ./L'l 1./1:1 1
=1

= lEéj {ET: (w2

=1

T
46+D _ {me X

=1

X

CAURD )

yT}
T

Eéj { Z .’L’ll’;
=0

é'(j+1)xl)

EQ(j+1)

AG+D -Tl—l)/

o S]]

X (y1 — Cu+Y) xl)/‘yT}-

X (.Tl—
~ . T
Cut+y) :Eéj{Zymtg
T
5750t _
=t

DD’
1=0

(6)

The above system (6) gives the EM parameter estimates
at each iteration for the linear Gaussian model (3), (4).
System (6) is well known. Indeed, versions of (6) with
different parameterizations have appeared in several papers,
e.g., [11, [2], [4], and [7]. Furthermore, since Q(#,6;) in (5)
is continuous in @ and ¢;, as mentioned in Section II-A, the
EM algorithm converges to a stationary point in the likelihood
surface—see [2] for details.

Our main focus in this paper is the computation of the
various conditional expectations in (5), and hence (6), which
are required for implementing each iteration of the EM al-
gorithm. It is well known that these conditional expectations
can be computed via a Kalman smoother. Such an approach is
termed the smoother-based EM algorithm and is described in
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[11, [2], [4], and [7]. For example, consider the computation of

E; {3i_; @iz} | Yr} in (5) and (6). Defining & = E; {u |
Vr}, we have

T

2 : /
Eéj Ty

=1

T
yT} = E; {mia] | Vr}
=1

I
] =

E; {(x — 2 (i — 2 | Yr}

N
Il
-

N
1Ly

+
&>

Now #; and E; {(x; — 2;)(z; — &;)" | Yr} are merely the

M . . ) .
smoothed state and covariance estimates computed via a fixed-
interval Kalman smoother.

D. Filter-Based EM Algorithm

The main contribution of this paper is to show how the
various conditional expectations in (5), and hence (6), can be
computed using causal filters instead of smoothers. Thus we
derive a filter-based EM algorithm. For example, we derive
finite-dimensional filters for H ,8 L ZLI X1y, i.e., recursions
for By, {H,go) | i} = Eg, (K @) | Wi} Clearly at time
k = T, the filtered estimate Eé_{Hi(FO) | Yr} is exactly what
is required in the EM algorithjm. Note that both the filter-
based and smoother-based EM algorithms compute the same
quantities and are off-line iterative algorithms. However, the
filter-based EM algorithm has several advantages over the
smoother-based EM algorithm as mentioned in Section I.

More specifically, defining the matrices

k k
HO =Y aap B =3 i
=0 =1
k k
BP =3z, Je=Y ww (7
=1 =0

the EM parameter estimates (6) at the (j + 1)th iteration can
be re-expressed as

AG+D — }AIS)(JEI?))_I, CUth = J1. (géo))—l

CGiD) 1 o T

B2(1+ ) _ T(Hg» . (A(HI)H'T(U +H;1)A,(J+1))
+AGH A,UH))

— G+) 1 G+1)

T
Do TTi1 <Z Yy — (J/TC/
1=0

+ GO Jp) 4 GUTD g<T0>@,<J’+1>>

®)

where FL_(FM) € R™*™ for M = 0,1,2, and jT e R™*d gre
defined, respectively, as

I:L}M) Y Eéj {H,}M) |yT}7 Jr & Eéj{JT | Yr}. ()
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E. Summary of Main Results

The rest of this paper focuses on deriving recursive finite-
dimensional filters for computing H ,gM), M =0,1,2, and Ji
at time £ = 1,2,---. We assume the general time-varying
signal model (1), (2). For convenience, in the sequel, we write
E; {-} as E{-}, i.e., omit the subscript b;.

The final form of finite-dimensional filters are summarized
in Theorem 7.4, which is the main result of the paper. The
theorem holds even if the assumption that By, is invertible is
relaxed as long as the system (1), (2) is uniformly completely
controllable (i.e., Definition 7.1 holds).

For the time-invariant state-space model (3), (4), the
filter-based EM algorithm for computing the MLE 6 =
(A, B2,C,DD’') can be summarized as follows: Choose
an initial parameter estimate éo. At each EM iteration j,
7 =1,2,---, compute the estimate éx, according to (8). The
elements of the matrices fL_(pM), M = 0,1,2 and Jr in ®)
are computed as follows (see Theorem 5.4):

B | Vi) = O 4 b g

+ Te[dFD Ry] + plypd 0 pr
E{J7" | Vr} = a + b7 pr,
1=1,---,m, p=1,---,m, n=1---,d.
The terms pp and R above are, respectively, the conditional
mean and covariance of the state xp given Vr. These are
computed recursively for £k = 1,2,---,7 using the well-
known Kalman filter (Theorem 5.1). More importantly, as
shown in Theorem 7.4, the terms a;” (M), br (M) etc.. in the
above equation are sufficient statistics of finite-dimensional
filters for computing E{H,ZP(M) | i} and E{J,ZP(M) | Vil
They are recursively computed for £ = 1,2,---,7 according
to Theorem 7.4.

The above method for computing the E-step only uses
filters—thus we have a filter-based EM algorithm. Another
example of a filter-based EM algorithm, for an errors-in-

variables model (77), (78), is given by (80) in Section VIII.

III. MEASURE CHANGE CONSTRUCTION AND DYNAMICS

The aim of this section is to introduce a measure transfor-
mation that simplifies the derivation of the filters.

We shall adapt the techniques in [11] and show how the
dynamics (1) and (2) can be modeled starting with an initial
reference probability measure P.

Suppose on a probability space (Q,F,P) we are given
two sequences of independent, identically distributed random
variables z; € R™, 3, € R?. Under the probability measure
P, the z; are a sequence of independent m-dimensional
N(0,I,,) random variables, and the y; are a sequence of
independent d-dimensional N (0, ;) random variables. Here,
I, (respectively, I;) represents the m X m (respectively, d X d)
identity matrix.

For z € R™ and y € RY, write

Plx) = (2n) 7" 2 exp(—a'x/2)

P(y) = (2m)~2 exp(—1/y/2). (10)
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Define the sigma-fields

gk:U{-T07-T17"' 7yk}

Vi =ol{yo,y1,- -

y Thy Yo, U1, m -

Thus Gy is the complete filtration generated by the x and y
sequences and )V is the complete filtration generated by the
observations.

For any matrix B, let |B| denote its determinant.

Write

¢(Dgy*(yo — Cowo))

Ao =

| Dol¢(yo)
and for [ > 1
= (D Yy — Crz)) (B Y — Awwir))
L= (12)
| Dal (1) |Bi|tp(z1)
For &£ > 0 set
k
A =]
=0

A new probability measure P can be defined on (2, V;Gy) by
setting the Gy, restric_tion of the Radon—-Nikodym derivative of
P with respect to P

dpP
7P . = Ag.
Definition 3.1: For I = 0,1, --, define
v = Dl_l(yl — Ciay).
For [ = 1,2,---, define
wy = By oy — Aiw_y). (13)

Lemma 3.2: Under the measure P, v; and w; are sequences
of independent N(0,/;) and N(0,1,) random variables,
respectively.

The proof appears in the Appendix.

Remark: Note that under the probability measure P, (1) and
(2) hold. P represents the “real world” dynamics. However,
P is a much nicer measure with which to work.

IV. RECURSIVE ESTIMATES

Let ¢;, ¢; denote the unit column vectors in R™ with 1
in the 4th and jth position, respectively. Let ¢, be the unit
column vector in B¢ with 1 in the nth position.

Fori,j € {l.---,m} and n € {1,---,d}, define the scalar
processes
HI =3 aei(mn ) HYY =3 (wedmio,e)
1=0 1=1
H® = S mce)wir, ey =Y (e, en)
=1 1=0

(14)

where (-,-) denotes the inner product. Note that these are

merely the elements of the matrices H ,EM), M =0,1,2, and
k.
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Our aim is to derive finite-dimensional recursive filters for
H,ZJ(M), M =0,1,2 and Ji", that is, to compute E{H,?(M) |
Vi } and E{Ji" | Vi} recursively. As shown in Section II,
these filtered quantities are required in the filter-based EM
algorithm for estimating the parameters.

In order to derive the filters, in this section we derive
recursive expressions for the unnormalized densities of zy,
HY O A =0,1,2 and Ji™ under the probability measure

P.

A. Recursive Filtered Densities

Let g, /3(0) /3(1) /3(2), and - be the unnormalized
(measure valued) densities

ak( ) = E{Ak_[(l'k € d.’L’) | yk}
/3“<M> = B{AHY M ey € dz) | W}, M =0,1,2
Y (x) = B{Ap S (2 € d) | Wi} (15)
Then for any measurable “test” function g: R™ — R
E{Arg(z1) | Vi} =/ ar(2)g(x) dx
Rm
E{at? Vg(on) |9} = [ 57 (@)g(a)do.
Rm
M=0,1,2. (16)

The following theorem gives recursive expressions for the
k., B, and . The recursions are derived under the measure
P where {z;} and {y;}, I € Z* are independent sequences
of random variables.

Theorem 4.1: For k € Z+ the unnormalized densities g,
[JIZJ(M), M =0,1,2, and ~}"* defined in (15) are given by the
following recursions:

_ (D k= Cr)) [ B
= D) g e B o = 402))
17)
@)
 $(Dr e — Cu)
| Br|| Dre| ¢y
o U 490,
x (B M@ — Avz)) dz + (2, ) (. ¢;) / et
x (B 'z — Arz)) dz} (18)
/323'(1)(3:)
_ o(D;Hu — Cra))
|Bk||Dk|</>(yk)

[

(B = A1) de () [

x (B ' (z — Axz)) dz}

(2, ¢j)ar—1(2)¢

m

19)
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B8 ()
_ (D My — )
|Bk||Dk|</>(yk)

(e

X (B,:l(a: — Apz)) dz +/

(2, €:)(z, ej)an—1(2)Y

m

x (By*(z — Ar2)) dz} (20)
W (@)
B ¢(D;; Hyx — Crz))
| Bi| | Dl (yx)
{/ ’Y;le(z)?/)
R‘VYL
x (B (@ — Arz)) dz + (z, &) (Y, €n) /m ap—1(2)Y
x (B (z — Ap2)) dz} ) 21

Proof: We prove (18). The proof of (19)—(21) and (17)
are very similar and hence omitted.

Since H'” = H'Q 4 (a1, e:)(xx,e;), using (12) it
follows that we have (22) as shown at the bottom of the page,
where the second equality follows from the independence of
the zx’s and s under P.

Since ¢ is an arbitrary Borel test function, equating the
right-hand side (RHS) of (16) with (22) proves (18). O

Remarks:

1) By virtue of (17), we can rewrite (18) and (21) as

i D, -C i
A = d)(lBk D y,’ix [
< (B o = Ar2) de + (. i) )onn(a)

(23)
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i ¢(Dy (. — Cra)) in
W = ) e
X (B,:l(a: — Apz)) dz + (2, €)Yk, en) ().
(24)

2) The above theorem does not require v; and w; to be
Gaussian. The recursions (17), (18), and (21) hold for
arbitrary densities i) and ¢ as long as ¢ is strictly
positive. We use the Gaussian assumption to derive the
finite-dimensional filters in Section V.

3) Initial conditions: Note that at £ = 0, the following holds
for any arbitrary Borel test function g(x):

E{Aog(z) | Yo}

& ¢(Dg*(yo — Co))
- E{ Duldluy yO}
— Bt o #(05 o = Can))i)g(e) de.
| Dol(yo) Jrm * °
(25)
Equating (15) and (25) yields
_ ¢(Dy* (yo — Cox)) )

Similarly the initial conditions for B, M = 0,1,2 and
Y are

/33:(0)(37) = (z,ei)(z, e)an(x) Ao D(e) = (27)
AP (@) =0 7 (@) = (@, e) (o, en)ao(a)-

V. FINITE-DIMENSIONAL FILTERS

In this section finite-dimensional filters are derived for
HIM M =0,1,2 and Ji™ defined in (14). In particular,
we characterize the densities ag, 3, M) and v in terms
of a finite number of sufficient statistics. Then recursions are
derived for these statistics.

n

¢(D; (g — Cran)) ¥ (By

Yok — Axzio1))

| Drelp(y)
¢(DiH (ur — Crr))

E{AH Og(en) | 9} IE{A“

x HDg(a)

)

*E{A’“‘l Dulétn)

1

| Br|tp(zr)
Z/}( (afk — Aprs— 1)) ‘ '
| Br|t (k) {zn, ei){xn, ej)g(an) yk}

[ 7 #3(0) — Cyx))y T — Agx x)dx -
= BellDelown) {E{Alek_l /Rm ¢(Dy ke — Crm) ) (B M@ — Apwr—1)) g(@)da | Vi 1}
+E{Ak—1 /m ¢(Dy (. — Cr)) o (By M@ — Axwr—1))

X (2, ei(e, )0(x) dz | Vs H

U / g0
|Bk||Dk|</) ur) LJrm Jrm

+f. ).

R™ JR™

Oékl

W e — Cex)) 9 (B (@ — Awz)) () da dz

T — Cu) P (B M@ - An)) (e, i) (o, )9 (@) d d

(22)
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Define the conditional mean and conditional covariance
matrix of zy, respectively, as pup = E{zy | Vi) and Ry =
E{(es — ju)(ex — i) | Vi)

The linearity of (1) and (2) implies that cy(z) is an
unnormalized normal density with mean and variance given
by the well-known Kalman filter equations.

Theorem 5.1 (Kalman Filter): For k = 0,1,---
unnormalized Gaussian density of the form

= a2 e (- = ) B = )

, Oy 1s an

where &y, = f g 0%(x) dz. The mean yiy, and covariance Ry
are given via the Kalman filter equations

Yy (28)
(9

e = RBa By 2 Aga, "R jue 1 + R Cr(Dy.Dy) ™
Ry = [(AxRy_1 A, + B}) ™" + Cl(DyD}) 1 Cy]

Here 1, = E{zx | Y&} is an m-vector and 1), = E{(x —
pr) (@ — pg)' | Vi) is a symmetric m X m matrix. Also oy, is
a symmetric m X m matrix defined as

B Ak + ByL

or = A (30)

Proof: See [11]. |
Due to the presence of the quadratic term (z,e;){z,e;),
the density /3,&0) in (23) is not Gaussian. Is it possible to
characterize the density /3,&0) in terms of a finite number
of sufficient statistics? The answer is “yes.” As will be
proved below, it is possible to express J (a:)(o) as a quadratic
expression in « multiplied by () for all k. The important
conclusion then is that by updating the coefficients of the
quadratic expression, together with the Kalman filter above, we
have finite-dimensional filters for computing H,’ ©) A similar
result also holds for H,z](l), H;](Q), and Jim.
Theorems 5.2 and 5.3 that follow derive finite-dimensional
sufficient statistics for the densities /J“(M) M =0,1,2, and
vim. To simplify the notation, we define

Sk =B Aoy, Sk=o 0 B (B1)

Theorem 5.2: At time k, the density /3,? (M) (z) [initialized
according to (27)] is completely defined by the five statistics
aZ(M), b;f(M), d;f(M), Ry, and g as follows:

[0 400

/3,?(M) (z)= a:'d;j(M)a:]

o (),
M=0,1,2 (32

where a?(M) € R, bﬁf(M) € R™ and dfj(M) e R™Xm™ jg
a symmetric matrix with elements di(p,q), p = 1,---,m,
qg=1---,m
(M) ZJ(M)
Furthermore ag , by
given by the followmg recursions:

and dﬁf(M), M = 0,1,2 are

a;i'(_(i) 71(0) +b”(0) Si +Tr [d”(O)ak-f—l] +S;cd;j(0)5k,
al® =0 (33)
09 =S (0 +2d798) WO =0, 34
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1
&7 = S df 0%+ 5 (i) +ejc)
eiel + ejel
dgj(o) — J 5 J (35)
a? W = g0 LW g, 4 @ Wo L ] 4 §4dI Vs,
ai® =0 (36)
B = S (57 4 2d7 Y S) e S Y = 00
(37)
dU(l) _ dU(l 3 D o
kt1 — “k+1 k+1 +3 [616] kel T 24165 ez]
d“(l) = Ornxrn (38)
a;‘gﬁ) Z1(2) —i—b“(2) Si + Tr [du(2)ak+l]
+ S5, (d”m + e;e )Sk + Tr [eze 0k+1] aff@) 0
(39)
b;iq(-l) = Y41 (5?(2) + (Qd;f@) + 2¢;¢;) Si) 56](2) = Omx1
(40)
y 1
d;j—q(?l) = Ypp1 <ko(2) + 5[6763 + 6?;6;’]) 1
“(2) = Unxm (41)

where Tt[-] denotes the trace of a matrix, oy, is defined in (30),
and p, I are obtained from the Kalman filter (28) and (29).
Proof: We only prove the theorem for A = 0; the proofs

for M = 1,2 are very similar and hence omitted.

We prove (32) by induction.

From (27), at time k=0, 879 (z) is of the form (32) with
agj(o) =0, bgj(o) and d”( ) = = (e;e}; +ejel) /2.

For convenience we drop the superscripts ¢, 7, (0) in a;j (0),
b;f © d;f © and /3,%2) Assume that (32) holds at time k. Then
at time k£ + 1, using (32) and the recursion (23) it follows that

Bry1(x)
(/)(Dk_il (yk-l—l - Ok+1$)) / .
| Bt 1 || Dt 1| (yr41) R ( k+1( k+1 ))
X (ap + Uiz + 2’ dp2)an(z) dz + (z, e;){w, ej)apq1(x).

(42)

Let us concentrate on the first term on the RHS which we

shall denote as [;

' 1
I, = K(a:)/ _exp [—5{(37 - Ak+1z)’B,:f1 (z — Apg12)
+ e ) B = )|
X (ay + Y,z + 2'dyz) dz
1
=K (z) /m exp [—5(2/0k+12 - 62_1_12)}

X (ax + Wz + 2'dp2) dz (43)
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where oy, is defined in (30)

Oyl = 2($/B;:flf4k+1 + leR;:l)/

¢(D;i1(yk+l — Cry17))
| Bt 1| Drt1 | (yrt1)

X |Rk|_l/254k

@k:/ ax(z) dz

1
Ki(z) = K(z)exp {—5 (#'By i@+ ungluk)} .44

K(x) = (2m) " Brga| !

Completing the “square” in the exponential term in (43) yields

I = Ki(z)exp l—l <_ 6;“4'10’“‘&16’“"'1)]
2 4
1 U;:llék-l—l /
R e
< 0ki15k+1>
x| z— B ——

Now consider the integral in (45)

_1 /
1 O 10kt1
/ (ax + bz + 2'dr2) exp [—5 <Z - 7“12 i ) Ok+1

—1
Ok
X(Z‘W)]dz

= (20)"Plora |7 (an + WE{z} + E{ diz}) (46)

(45)

since the exp(+) term is an unnormalized Gaussian density in =
with normalization constant (27)"/2 |0y 1|~*/2. (Here E{z}
denotes the expected value of the Gaussian random variable
z.) So

—1
o, 1.0
E{z}:M

5 7)

E{/dy2}
= B{(z — E{z}) di(z — E{2})} + E{'} d, E{z}
= Teldeoiy] + 3 (ophi00) di(otibin) . @8
Therefore from (45)—(48) and (42) it follows that

1 _ _
/3k+1 (a:) = Qp41 (a:) ar + §b;cak-|1—16k+1 + Tr [dkak_’l_l]

1 _ _
+ Zégv+lo—k—|{ldko—k—|{16k+l + 37/61‘6;»37 .
(49)
Substituting for &1 (which is affine in ) in (49) yields
Bret1(x) = (ar1 + by @ + &' diy1 @) pg 1 (2)

where ajy1, biy1, and di41 are given by (33)-(35).
O
The proof of the following theorem is very similar and hence
omitted.

(ak + bz + 2'dy2) dz.
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Theorem 5.3: The density vir(z) is completely determined
by the four statistics @™, bi*, p, € R™, and Ry, € R™*™
as follows:

yi(x) = [&;’f’ + b x] ag (@)

A () = {3} (s en)ro() C

where ai* € R, bi* € R™ are given by the following
recursions:
@y =ay +b" Sk,  ay =0 (51)

bty = Skt b + ei(Unt1, en), by = ei{yo,en). (52)

where % and Sy are defined in (31).

Having characterized the densities /3, (M)(a:), M=0,1,2,
and ~;"*(x) by their finite sufficient statistics, we now derive
finite-dimensional filters for H ;f M) and Ji"

Theorem 5.4: Finite-dimensional filters for H k’ (M), M =
0,1,2, and J;* are given by

E{Hzij(M) | Wi} = aff(M) + bZJ’(M)’M + Tr[dfj(M)Rk]
+ 1ty di M (53)
E{J | W} = a + b . (54)
Proof: Using the abstract Bayes rule (81) it follows that

E(AH! " |0} [ B (@) da

ij(M) _
E{Hk |yk}— E{Ar | ) e

(55)

where the constant X = me ag(x) dz. But since ag(z) is an
unnormalized density, from (32)

/ /j;;j(M)(a:) dx
R‘VYL
= KB{a/ ™ 4 47 4 o/ g7}
_ K[CL?(JW) + bjj(M),uk +Tr [d?(M)Rk] + u%di?(Ai)uk].
(56)

Substituting in (55) proves the theorem.
The proof of (54) is similar and hence omitted. O

VI. GENERAL FILTER FOR HIGHER ORDER MOMENTS

Theorem 5 4 gives finite-dimensional filters for the time sum
of the states .J;" and time sum of the square of the states H,”.
In this section we show that finite-dimensional filters exist for
the time sum of any arbitrary integral power of the states.

Assumption 6.1: For notational simplicity, in this section
we assume that the state and observation processes are scalar
valued, ie., m = d =1 in (1) and (2).

Let Hj, be the time sum of the pth power of the state!

k
H, 2 Zx;’, pe zZt. (57)
=0

Our aim is to derive a finite-dimensional filter for Hy,.

I'These new definitions for Hy, in (57) and 3 () in (58) are only used in
this section.
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Define the unnormalized density Si(z) = E{AxHpI(zy €
dz) | Y}

Our first step is to obtain a recursion for S (z).
By using a proof very similar to Theorem 4.1, we can show

~ ¢(Dg (ke — Cr))
= T BIDm Jy
X (B (@ — Apz)) dz + 2Pap(z).  (58)

Our task now is to characterize (i (x) in terms of finite
sufficient statistics. Recall that for p = 0, the Kalman filter
state and covariance are sufficient statistics as shown in
Theorem 5.1. Also for p = 1 and 2, Theorems 5.3 and 5.2 give
finite-dimensional sufficient statistics. We now show that /3
can be characterized in terms of finite-dimensional statistics
for any p € ZT.

Theorem 6.2: At time k, the density Gx(z) in (58) is com-

pletely defined by the p 4 3 statistics ax(0), ax(1),- -, ax(p),
Ry, and py as follows:

p .

i=0
where
ax+1(n ZZ a (i 77u< )(Rkllik)J (A1 B )"

i=n j=n
0<n<p

a1 (p) = 1+ an(p)pp (Arr B2, )" (60)

and (61), as shown at the bottom of the page.

Proof: As in Theorem 5.2, we give an inductive proof.
Atk =0, fi(x) = 2Pao(x) and thus satisfies (59).
Assume that (59) holds at time &. Then at time & + 1, using

similar arguments to Theorem 5.2, it follows that

Br+1(z)
¢(Dfi1(7/k+1 Ck+1$ /
= A
|Bk+1||Dk+1|(/) yk+1 z/) k+1 k+17))
<Z ak ) ) dz + -’L'pOék( ) (62)

The first term on the RHS of the above equation is

1 _62_1_10,:_&16;“_,_1
2 4
-1 2
X/ €x —1 7—70k+16k+1 g
- p o\~ 2 k+1

Iy = Ki(z) exp

(63)
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The integral in the above equation is

(2m) o] 12 E{Z ak(i)zi}

=0

p
= (20)"2|oria |72 D an(d)

=0

. Z ;) et By, o
Now recall from (47) that E{z} is affine in «
E{z} = o301 [Ry i + Arn By @] (65)

Also E{(» — E{~})?} is independent of x. Indeed, ([12, p.
111])

E{(z - E{z})"’}

0, if i — jis odd, i > j
=13 (i—j— 1oy, ifi—jiseven,i>j
1, if i = j.
(66)
Thus
_ - . —1 i—n
o) = @) 3023 sty (3) )
= 3= n=

X (Ak'f'lBk-i—l) "+ 2f

= Oék+1

DI s (1) (i)

n=0i=n j=n

(Ak—l—lBk.H) o+ 2P |. (67)

Equation (67) is of the form (59) with azy1(¢), ¢ =0,---,p
given by (60). |

VII. SINGULAR STATE NOISE

The filters derived in Theorems 5.1, 5.2, and 5.3 have one
major problem: They require By, to be invertible. In practice
(e.g., see Section VIII), By is often not invertible.

In this section, we will use a simple transformation that
expresses the filters in the terms of the inverse of the predicted
Kalman covariance matrix. This inverse exists even if By is
singular as long as a certain uniform controllability condition
holds. Both the uniform controllability condition and the
transformation we use are well known in the Kalman filter
literature [15, Ch. 7].

(;‘:)1-3---@-;’-1)

i =40,

—j
Tkt1

41

AR if ¢ — 7 iseven, ¢ > j
if i —jisodd, > j
ifi=y

(61)
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First define the Kalman predicted state estimate jiz(p—1
E{xs | Vk—1} and the predicted state covariance R,_y
E{(xr — prjp—1)(@r — pre—1)" | Ve—1}. It is straightforward
to show that

> 1>

Ryjp—1 = Bj + AxRyj_1 A}, (68)

where Rj_1 denotes the filtered state covariance at time £k — 1
[see (29)].

Our first step is to provide a sufficient condition for Rk|k_1
to be nonsingular.

Definition 7.1 [15, Ch. 7]: The state-space model (1), (2)
is said to be uniformly completely controllable if there exist a
positive integer N1 and positive constants «, 3 such that

al <C(k,k—N)<pBI forallk>N;.  (69)
Here
k
Clkk—N) 2 > ¢k, 1+ DBB# (k1+1)  (70)
I=k— N1
Ak Ary1 - Apgr, i ke >k
(/)(k27 kl) - {17 if k2 — kl . (71)

Lemma 7.2: If the dynamical system (1), (2) is uniformly
completely controllable and Ry > 0, then R and Ryjp_;
are positive definite matrices (and hence nonsingular) for all
k> Nj.

Proof: See [15, p. 238, Lemma 7.3]. |

Our aim now is to re-express the filters in Section V in terms
of Ryjx—1. The following lemma will be used in the sequel.

Lemma 7.3: Assume R,:li_l exists. Then with o3, and X,
defined in (30) and (31), respectively

Ek+1 =R Ak+1Rk

ARy (72)

(73)

k|k 1
k+1|k
Furthermore, the Kalman filter (28), (29) can be expressed in
“standard” form as
e = Appie—1 + Ryr—1Cy [CrRie—1C, + DD}
X (Y — CrArpn—1)
Ri. = Ryi—1 — Rip—1C1,(CrRye—1Cy, + Di D},
X CrRy—1
Ryj—1 = By + AxRy_1 A}

-1

-1

(74)

Proof: Straightforward use of the matrix inversion
lemma on (30) yields

A R
(75)

o3t = Ry — R A (BR 4 ArRie_1 AY)

Substituting (68) in (75) proves (72).
To prove (73), first note that
Ykl
= B;-zlAkHUz:il
= Bk_flAkHRk - B;leAk+1RkA/k+1R;41-1|kAk+1Rk

= Bl Ak Bi — By (Brsan — Biga) By Ary R
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because Apt1RiA), = Rpyipn — Biy, from (68). So
Ypg1 = Bk_flAkHRk Bk+1Ak+1Rk + Rk+1|kAk+1Rk
Rk+1|kAk+1Rk

To prove (74), consider the Kalman filter equations (28) and
(29). Using Lemma 7.3 on (29) gives

-t (76)

Ry, = (R, + Ch(DiD}) ™ Ci)
Using the matrix inversion lemma on (76) and applying (73) to
the first term on the RHS of (28) yields the “standard” Kalman
filter equations. |

Applying the above lemma to the filters derived in
Section V, we now express them in terms of Ryx_; instead
of Bj. As shown below, the advantage of doing so is that
By, no longer needs to be invertible, as long as the uniformly
controllability condition in Definition 7.1 holds.

The following theorem gives the finite-dimensional filters
for H’™) M =0,1,2 and Ji" defined in (14) and is the
main result of this paper.

Theorem 7 .4: Consider the linear dynamical system (1) and
(2) with By, not necessarily invertible. Assume that the system
is uniformly completely controllable, i.e., (69) holds. Then at
time &, with a,jl given by (72) and X4 defined in (73), the
following hold.

1) The density . (z) [defined in (15)] is an unnormalized
Gaussian density with mean puj;, € K™ and covariance
Ry, € R™*™_ These are recursively computed via the
standard Kalman filter equations (74).

2) The density 3™ (z) [defined in (15) and initialized

according to (27)] is completely defined by the five
statistics a” (M) b“ (M) d” (M) , R, and p, as follows:

[3zj(l\4)(a:) = [a;’g(M) + b;f(M)/a: + a:’d;f(M)at] o (),

M=0,1,2

where a;fcj(M) € R, b;fcj(M) € R™, d;fcj(M) e Rmxm
is a symmetric matrix with elements d(p,q), p =
1,---,m,qg=1,---,m. These statistics are recursively
computed by (33)-(41).

3) The density ~i"*(z) [defined in (15)] is completely
determined by the four statistics @™, bi" as follows:

yin(z) = [ELZL + BZL,.’L’] ()

Yo' (%) = (2, ¢i}{yo, en) o ()
where @ € R, b € R™. These statistics are
recursively computed via (51), (52).

Finally, finite-dimensional filters for H?*") and Ji" [de-

fined in (14)] in terms of the above statistics are given by (53)
and (54).

Proof: 1t only remains to show that subject to the uniform
complete controllability condition (69), the filtering equations
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(33)—(41) and (51), (52) in Theorem 7.4 hold even if the
matrices By are singular. The proof of this is as follows: If
By.41 is singular, then do the following.

1) Add e x N(0, 1) noise to each component of ;. This
is done by replacing By in (1) with the nonsingular
matrix B,i_,_l = Bj.t1 + €l,,, where ¢ € R. Denote the
resulting state process as xj, .

2) Define Rk+1|k as in (68) with By replaced by By, ;.
Express the filters in terms of Ry, F1|k 38 in Theorem 7 4.

3) As e — 0, Rk+l|k - Rk+l|k

4) Then using the bounded conditional convergence the-
orem ([16, p. 214]), the conditional estimates of xj,,
zias!, HY(49), and Jin(2¢) converge to the con-
ditional estimates of x, Ty, Hi'”(z), and Ji"(z),
respectively. |

VIII. EXAMPLE: MLE OF
ERRORS-IN-VARIABLES TIME SERIES

We now illustrate the use of the filtered EM algorithm to
estimate the parameters of the errors-in-variables time series
example considered in [2] and [4].

Consider the scalar valued AR(p) process sy, k € ZT,
defined as

Sp = ZaiSk_i + Vi, vy~ N(O’ O—z) (77)

i=1

where 14, is a white Gaussian process. Assume that sj is
observed indirectly via the scalar process

Y =sk+ex, e~ N(0,07) (78)

where ¢; is a white Gaussian process independent of 1.

The aim is to compute the MLE of the parameter vector

6 = (a1,---,a,,02,02) using the filter-based EM algorithm.

We first re-express (77) and (78) in state-space form (3), (4)

withd=1, m=p+1,a= [al"'ap]
Sk 0
a
T = . , A=
* ) [Ipxp Opxl}
Sk—p
Ty O1><
B = P bl C = 1 0 9 D = O¢.
[Opxl Opxp} [ IXP]

Using a similar procedure to (5), it can be shown [2], [4], [5]
that the E-step yields

Q(6,6;)
1z p 2
=—-"logo, — 207 ;Egj <81 - ; aiSl—z) Yr
— T—i_llogrf€ ! zT:Eg {{yi —s)° | Vr}
2 202 —~ : '
+E; {R(6;) | Vr} (79)

where R(f;) does not involve 6.
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The M-step yields [2], [4], [5]

H2,2(0) H2,3(0) H?,p+l(0) -1
“ g 15,300) 25 p+1(0)
as . HT HT
symmetric :
ap H§+1,p+1(o)
71,2(0
H Fl
X T'
ﬁl,p:i—l(o)
1
2 11(0) i+1, 1(0) 1 z—l—l(O)
LS el e o
7=1
P p
£33 A,
=1 j=1

T
o T+1< ﬁ+H#@m—w%> (80)
where H:(F) and Jg are defined in (9) and computed using
(53), (54) together with the finite-dimensional recursive filters
in Theorem 7.4.

Proving that the EM algorithm converges to a stationary
point on the likelihood surface requires verification of the
conditions stated on Section II-A. If o2 and ¢? are assumed
known, these conditions are straightforward to verify. Other-
wise, it is necessary to ensure that these variances are strictly
positive (kept away from zero); see [2] or [14] for details.

Strong consistency of the MLE under the conditions that 6
lies in a compact set and that the roots of 22 —a; 2P~ —
ap = 0 lie inside the unit circle (i.e., stationarity) is proved
in [10, Ch. 7].

Similar parameterized models are used in [1] and [7] and
can be estimated via the filter-based EM algorithm presented
in this paper.

IX. PARALLEL IMPLEMENTATION OF FILTERS

In this section we discuss the computational complexity of
the new filters and the resulting filter-based EM algorithm.
In particular, we describe why the filter-based algorithm is
suitable for parallel implementation and propose a systolic
processor implementation of the algorithm.

A. Sequential Complexity

We evaluate the computational cost and memory require-
ments of the filter-based algorithm and compare them with
the standard smoother-based EM algorithm.

Computational Cost: The filter-based E-step requires com-
putation at each time % of E{H;](M) | Vi}, M =0,1,2, and
E{Ji™ | Y1} for all pairs (4,).

ai " Consider the RHS of the update (33). The fol-
lowing are the computational cost for each (¢,7) pair at
each time-instant k.

Second term: O(m) multiplications (inner product of

two m-vectors).



ELLIOTT AND KRISHNAMURTHY: NEW FINITE-DIMENSIONAL FILTERS

Third term: O(m?) multiplications (matrix vector mul-
tiplication).
Fourth term: O(m?) multiplications (matrix vector
multiplication).
Since there are m? (4, j) pairs, the total complexity at
each time instant is O(m?*).
e Similarly the total complexity for evaluating b?ﬂﬂ for
all m? (i, 5) pairs is O(m*) multiplications.
 Evaluating d;f_ﬂﬂ for each (%, j) pair requires multiplica-
tion of a fixed number of m x m matrices. This involves
O(m?) complexity. So the total complexity for all m?
(i,7) pairs is O(m?) at each time instant.
In comparison, the Kalman smoother-based E-step in [2] and
[4] requires O(m?®) complexity at each time instant to compute
E{H:™ | Y}, M =0,1,2, and E{Ji* | Yy} for all pairs
(i,))-

Thus the computational cost of the filter-based EM algo-
rithm on a sequential machine is higher than that of the
smoother-based EM algorithm.

Memory Requirements: In the filter-based EM algorithm,
only the filtered variables at each time instant need to be stored
to compute the variables at the next time instant. They can then
be discarded. The memory required in each iteration is O(m*)
and is independent of the number of observations 7°.

In comparison, the Kalman smoother-based EM algorithm in
[2] and [4] requires O(mQT) memory per EM iteration since
all the Kalman filter covariance matrices Ry, 1 < k < T
need to be stored before smoothed covariance matrices can
be computed; see [2, (2.12)]. This also involves significant
memory read—write overhead costs.

B. Parallel Implementation on Systolic Array Architecture

The following properties of the filter-based EM algorithm
make it suitable for vector-processor or systolic-processor
implementation.

1) The computation of a;’g(M), b;f (M), and d;f M for
vy (]\4)7 b;] (M) and

each pair (7,) is independent of a,

7

d;;],(M) for any other pair (¢',5) for all time k& =
0,1,---. So all the #,j components of these variables
can be computed in parallel on m? processors.
Similarly computation of all (i,n) components of ;" and
52" are mutually independent and can be done in parallel.

2) The recursions for aECM), b,(cM), dECM), and Ezin do not
explicitly involve the observations. They only involve
the Kalman filter variables, 151, ok, Fyp—1. Notice
that g, only arises in the term S3 = rf,:_ilR,:luk. This
term S, arises in (33), (34), (36), (37), (39), (40), and
(51) and only needs to be computed once for each time k.

Moreover, déM) only involves Ry (and so fi—;) which
itself is independent of the observations and can be computed
off-line for a given parameter set €. Similarly the term 3541 =
R;j_llkAkHRk arises in (34), (35), (37)—(41), and (52) and
can be computed off-line for a given 6.

All the processor blocks used above are required to do a
synchronous matrix vector multiplication at every time instant
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k. Now an N x N matrix can be multiplied by a N vector
in NV time units on a N processor systolic array; see [17, pp.
216-220] for details. (Also it can also be done in unit time
on N? processors).

If 7 is the time required for this matrix-vector multiplication,
then for a I’-point data sequence, the filter-based EM algorithm
requires a total of 77" time units per EM iteration. In com-
parison, a parallel implementation of the forward—backward
smoother-based EM algorithm requires 277" time units per
EM iteration because we need a minimum of 77’ time units
to compute the forward variables and another 77" units for the
backward variables. For large 7" and a large number of EM
iterations, this saving in time is quite considerable.

In addition, unlike the filter-based EM algorithm which has
negligible memory requirements, the forward—backward algo-
rithm of the smoother-based EM requires significant memory
read—write overhead costs requiring m 27" memory locations to
be accessed for the stored forward variables while computing
the backward variables.

Finally, the filter-based EM algorithm can be easily imple-
mented in a single instruction multiple data (SIMD) mode on
a supercomputer in the vectorization mode or the Connection
Machine using FORTRAN 8X. Typically with m = 10, we
need a total O(100) matrix vector multiplications per time
instant. That is we need a total of 10000 processor units
on a Connection Machine, which typically has 2!¢ = 65536
processors.

X. CONCLUSIONS AND FUTURE WORK

We have presented a new class of finite-dimensional filters
for linear Gauss—Markov models that includes the Kalman
filter as a special case. These filters were then used to derive a
filter-based expectation maximization algorithm for computing
MLE’s of the parameters.

It is possible to derive the filters in continuous-time using
similar techniques. This is the subject of a companion paper
[18].

It is of interest to apply the results in this paper to recursive
parameter estimation. A recursive version of the smoother-
based EM algorithm which approximates the smoothed es-
timates at each time instant by filtered estimates has been
proposed by [3] and used for parameter estimation of errors-
in-variables models in [4] and [5]. It would be interesting to
derive a recursive EM algorithm based on the filter-based EM
algorithm developed in this paper. Also the convergence of
such a stochastic approximation algorithm and its application
in adaptive control could be studied.

APPENDIX A
PROOF OF LEMMA 3.2

Proof: Suppose f : R — R and g : R™ — R are arbi-
trary measurable “test” functions. Then with E (respectively,
E) denoting expectation under P (respectively, P)

E{Akg(wk)f(vk) | Gr—1}
E{Aw | Gk 1}

using a version of Bayes’ theorem [11].

E{g(wr)f(vr) | Gr-1} = (81)
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E{g(wi) f(vr) | Gro1} =E{\g(wi)f(vr) | Guor} = E{w(

Yan — Axzio1))

g(By M (=

v(B;
‘E{ Buli ()
| ¢(Dy (. — Cry))
" E{ D)

F Dy (yn — Crap)) ‘ gk—hxk} ‘ gk—l}
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(@ — Arze—1)) ¢(Dy g — Crr)
| Bi | (1) | Dl p(ww)

x g(By (a1 — Arwr—1)) f (Dy ' (g — Charr)) ‘ gk—l}

K — Apr_1)

(83)

Now Ay _1 is Gi_1 measurable, therefore

E{\xg(wi) f(vr) | Gr1}

E{g(wi) f(vr) | Gr-1} =

E{\ |Gk 1}
However
E{\: | Gi_1}
= (By Han — Arzror))
- E{ Buli(e)
¢(Dy* (un — Cry))
T Deléw) ‘g}
(B ok — Araenr))
- E{ [Buli(,)
_ [ ¢(Dy (yk — Crar))
XE{ Dl o) ‘gk—l,xk}‘gk—l}-

(82)

Notice that the inner conditional expectation is

1

Del Jx ¢(Dy Hyr — Crre)) dyy = 1.

Hence
B |Gt} = o [ 0(B

Consequently, we have (83), as shown at the top of the page.
The inner conditional expectation in (83) is

0 P

Denoting vy, = D,:

Jik — Apzi_ 1)) dry = 1.

Yk — Cran)) f (D (e — Crn)) dys.

(yr — Crz) the above expression is

P(or) f (vr) do
Rd
which is independent of all xg,x1,---,Zk—1,%0, > Yk—1,
that is, it is independent of Gj_;. Therefore
E{g(wr) Uk) | Or—1}
/ po)f@)dv [ p(w)g(w) duw
R‘r‘n,
and the lemma is proved. |

APPENDIX B
DERIVATION OF (Q(6,6) IN (5)

Consider the time-invariant state-space model given by
(3), 4) with 8 = (A, B,C,D) denoting a possible set of
parameters.

It has been shown in Section III how starting from a measure
P under which the z; and v; are independent and normal,
one can construct the measure P = P(#), such that under
P = P(6), the = and y sequences satisfy the dynamics (1)
and (2). In fact

oP(6)

—_— = Ax(6).
a e
Suppose § = (A, B,C, D) is a second set of parameters. Then
aP(h) .
— = Ax(8).
o (6)
G

To change from, say, one set of parameters g to 6, we must
introduce the densities

where .
o 1D ¢(D” Y(yo — Cxo))
1D $(D~1(yo — C0))
= |B| W(B~ Y — Ax_y)) |2|</)(1?_1(yl —Cz))
|B] $(B~Y(w — Awi_1)) |D| (D~ (g — Cay))

The parameters of our model will be changed from 6 to 0 if
we set

P .
O _r.,0
dP(6)
In this case
dP(H)
og = —klog|B| — (k+ 1)log|D
dP( 5. g|B| — ( ) log| D
1*
— 5 Z(l’l — A.Tl_l)/B_Q(.Tl — A.Tl_l)
=1
1 X
~3 (s — Cx) D™ (y — Cxy) + R(6)
=0

where R(f) does not involve any of the parameters 6.
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Then evaluating Q(6,6) =

E;{log Zﬁgg; | Yr} for a fixed

positive integer 7" yields (5).

(1]

(2]
(3]
(4]

[5]
(6]
(7]

(8]
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[10]
(1]

[12]

[13]

[14]
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