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Abstract

In this paper, Hermite-Hadamard type inequalities involving Hadamard fractional
integrals for the functions satisfying monotonicity, convexity and s-e-condition are
studied. Three classes of left-type Hadamard fractional integral identities including
the first-order derivative are firstly established. Some interesting Hermite-Hadamard
type integral inequalities involving Hadamard fractional integrals are also presented
by using the established integral identities. Finally, some applications to special
means of real numbers are given.
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1 Preliminaries
Let f : [a,b] C R — R be a convex function, then it is integrable in the sense of Riemann

and

a+b 1 b fla) +£(b)
f< 5 )Sm/ﬂf(t)dtfiz .

The above inequality is the so-called classical Hermite-Hadamard type inequality which
provides lower and upper estimations for the integral average of any convex function de-
fined on a compact interval, involving the midpoint and the endpoints of the domain. This
interesting inequality was firstly discovered by Hermite in 1881 in the journal Mathesis (see
Mitrinovic¢ and Lackovi¢ [1]). However, this beautiful result was nowhere mentioned in the
mathematical literature and was not widely known as Hermite’s result (see Pecari¢ et al.
[2]). For more recent results which generalize, improve and extend this classical Hermite-
Hadamard inequality, one can see [3—13] and references therein.

Meanwhile, fractional integrals and derivatives provide an excellent tool for the descrip-
tion of memory and hereditary properties of various materials and processes. They are
greatly applied in nonlinear oscillations of earthquakes, in many physical phenomena such
as seepage flow in porous media and in a fluid-dynamic traffic model. For more recent de-
velopment on fractional calculus, one can see the monographs [14—21].

Because of the wide application of Hermite-Hadamard type inequalities and fractional
integrals, many researchers extend their studies to Hermite-Hadamard type inequalities
involving fractional integrals not limited to integer integrals. Recently, more and more
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Hermite-Hadamard inequalities involving fractional integrals have been obtained for dif-
ferent classes of functions; see [22, 23] for nondecreasing functions and convex functions,
[24, 25] for m-convex functions and (s, m1)-convex functions and the references therein.
It is remarkable that Wang et al. [23] adopted some idea in [22] to derive the following
Hermite-Hadamard type inequalities involving Hadamard fractional integrals.

Theorem 1.1 (see Theorem 2.1, [23]) Letf : [a,b] — R be a positive function with0 <a < b
and f € Lla,b). If f is a nondecreasing and convex function on [a,b), then the following
inequality for fractional integrals holds:

r
f(Vab) < % (15 ) + 1wl f(@)] < f(b).

We remark that the symbols denoting the left-sided and right-sided Hadamard frac-
tional integrals of order o € R* of function f(x) are defined by

x a-1 d
(H];if)(x):ﬁ/ <ln§) f(t)Tt (0<a<x<b),

and

b a-1 d
(H]b“,f)(x):ﬁ/ (ln;C) f(t)Tt (0<a<x<b),

where I'(-) is the gamma function.
Moreover, the following important right-type Hadamard fractional integral identities
including the first-order derivative of f are also established.

Lemma 1.2 (see Lemma 3.1, [23]) Letf : [a,b] — R be a differentiable mapping on (a, b)
with 0 <a < b. Iff' € Lla, ), then the following equality for fractional integrals holds:

fl@+f(b)  T(x+1)
2 2(Inb - Ina)*

(15 (B) + uj-f (a)]

B Inb-1Ina

1
5 /0 [(1 _ t)a _ ta]etlna+(1—t) lnbf/(etlnu+(l—t) lnb) dr.

In the sequence, some new Hermite-Hadamard type integral inequalities involving
Hadamard fractional integrals are presented in [23].

However, other interesting left-type Hadamard fractional integral identities including
the first-order derivative of f have not been reported. Thus, the first purpose of this pa-
per is to find some possible presentation including the first-order derivative of f for the

following equalities:

Mo +1) . ) )
m (&S B) + wlif (@) - <“ : ) - What?
IMNa+1)

Siinh = naye ) + w5 (@)] = (Vab) = What?

Mo +1) [H];‘_f(a) +H ;if(b)] - [f(a)(lnx —Ina)® +f(b)(Inb - 1nx)°‘] = What?
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The second purpose of this paper is to establish some interesting Hermite-Hadamard type
inequalities involving Hadamard fractional integrals for the functions satisfying mono-
tonicity, convexity and s-e-condition by utilizing the left-type Hadamard fractional inte-
gral identities. In [26], Wang et al. introduced the concept of s-e-condition to overcome

some essential difficulties from the singular kernels in Hadamard fractional integrals.

Definition 1.3 A function f: I C (0,00) — R is said to satisfy s-e-condition if

F(EF 0 <a5f () + @ =1 ()
forall x,y € I, A € [0,1] and for some fixed s € (0,1].
Remark 1.4 Iff:1 C (0,00) — R is a nondecreasing and convex function, then f satisfies
F(EF 0 <f(re® + 1 -1)&) <af(e¥) + A - 1) (&)
for all x,y € I, A € [0,1], which implies the s-e-condition above.
In the following, we recall the following two basic inequalities [27].

Lemmal.5 ForO<o <landO0 <a<b,wehave
|a" —b"| <b-a).

Lemma 1.6 Forall A,v,w > 0, then for any t > 0, we have
t A
/ (t—s)V I+ e ds < max{l, 21_“}F(A) <1 + —)w_xt“‘l.
0 v

2 Left-type Hadamard fractional integral identities
In this section, we establish some important left-type Hadamard fractional integral iden-
tities including the first-order derivative of a given function.

Lemma 2.1 Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a < b. Iff' €
Lla, b), then the following equality for fractional integrals holds:

IMNa+1)
2(Inb - Ina)*

_b-a

2

[/ ) + S (@)] —f(“ 'l )

/1 kf'(ta+ (1 - t)b) dt
0

Inb—-1Ina

1
_ 5 / [(1 _ t)oz _ ta]etlna+(1—t)ln bf/ (etlna+(1—t)ln b) dt, (1)
0
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Proof Denote

1
b- 2 b- 1
I= 2a fzf’(m+ (1-1)b)dt - Tafl f/(ta+ 1 -0)b)dt
0 2
Inb-1 1
B n ; na /0 [(1 _ t)a _ ta]etlna+(l—t)lnbf/(etlna+(l—t)lnb) dt
=L+ +1+14 (2)
where

1
b—a (2
h=">t / Flta+Q-ob)dr,
0
L= b-a ! "(ta+ (1 - t)b) dt
2= , S(ta+(1- )
Inb-Ina [!
13 — 5 /0 (1 _ t)aelnb—t(lnb—lna)f/ (elnb—t(lnb—lna)) dt,
- Inb ; Ina [)1 taelnb—t(lnb—lna)f/ (elnb—t(lnb—lnu)) dt.

Integrating by parts, we have

Ilz—b_a 7_f/(t61+(1—t)b)dt
2 Jo
_ ftar-op)|P_1[ . (arb
- LB e (52)] ®

and

1
12=-b—;“f1f/(m+(1-t)b)dt

1
flta+ 1 -1¢t)b) - %[f(a)—f(ﬂ;b>], @)

2

and

2
f(eln b—t(Inb-In a))
2

£ o “(u-Ina\*" du
‘_T+2(1na_1nb)/,, (lnb—lna> S

_ S o ’ a-1p(, B4
__T+m/; (Inu —1na) 1f(u);

) T+l
T T o(nb-Ina)y

I - _lnb —1Ina /0 1(1 B t)ae]nb—t(lnb—lna)f/ ( elnh—t(lnb—lna)) dt

1

. g /1(1 _ t)a_lf(elnb—t(lnb—lna)) dt
0

=(1-18)"
-1 3

wly-fa), (5)
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and

1
I - 1nh;lnd /O taelnb—t(lnb—lna)f/ ( elnb—t(lnb—lna)) dt

f(eln b—t(Inb-In a)) 1

.
2

1
+ % / t.a—lf(elnb—t(lnb—lna)) dt

_ fl Inb-Inu\*" du
__T 2(lna — lnb)/ <lnb—lna> f(u);

_ fla) o du
T2 +2(lnb—lna)°‘
f(a) [ +1)

T 2(Inb - Ina)* HJg+f (D). ©)

/(lnb Inu)* Y (u )

Submitting (3), (4), (5) and (6) into (2), it follows that

INa+1) " . a+h
= Sinh = e L)+ S @)] - f< ' ) o
This completes the proof. .

Lemma 2.2 Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a < b. Iff' €
Lla, b], then the following equality for fractional integrals holds:

MNa+1)
2(Inb - Ina)*
B lnb—lna|:

[1]5.f (B) + uJ5-f (@) - f (Vab)

1
5 / ketlna+(1—t)lnbf/(etlna+(1—t)lnb) dt

0

1
'/0 [(1 _ t)oz _ ] tlna+(1-t) lnbf ( tina+(1-t) lnb) dl{| (8)

1
k: 11 OS 5,
-1, %§t<1

Proof 1t is not difficult to verify that

1

1
I /2 elnb—t(lnb—lna)f/(elnb—t(lnb—lna)) dt _/ elnb—t(lnb—lna)f/(elnb—t(lnb—lna)) dt

0 2

—

1
1—p%— tina+(1-t)Inb tina+(1-t)Inb d
/0 [-0) - e f'(e )dt
f®)-f(Wab) fl(a)-f(/ab) f(b) [ +1)

T Tb-lna | Inb-Ina  Inb—Ina (lnb—lna)aﬂH]Zif(a)
S(a) e +1) )
" Inb-1Ina * (Inb— 1na)a+1H/ f(b)
LT D) e ey g @) - 2V o

(Inb —Ina)*+! Inb—Ina’
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Inb-Ina lna

Thus, by multiplying both sides by in (9), we have conclusion (8) immediately.

O

Lemma 2.3 Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a < b. Iff' €
Lla, b], then the following equality for fractional integrals holds:

C(a + D[ f (@) + 1) f (B)] - [f(@)(Inx - Ina)* +f(b)(Inb - Inx)*]
1

_ (]n b—1In x)a+1 / (tot _ l)etlnx+(l—t) lnbf/ (etlnx+(1—t) lnb) dt
0

1
_ (lnx —In d)owl / (ta _ l)etlnx+(1—t)lnaf/ (etlnx+(1—t) lna) dt. (10)
0

Proof Integrating by parts, we have

/1(ta _ l)etlnx+(l—t) lnbf/ (etlnx+(1—t) lnb) dt
0

f(et Inx+(1-£)In h) 1

- (ta _ 1) o /1 ta—lf(etlnx+(1—t)1nb) dt

Inx —Inb 0_lnx—lnb 0
f(b) /x 3 du
= - Inb —Inu)* -
Inx—Inb (Inb-Inx)**! (In nu)* " f(u) »
f(b) Mo +1)

=- + o (B) (11)

Inb-Inx (Inb- lnx)“”H

and

/1 (ta _ l)etlnx+(l—t) lnaf/ (etlnx+(1—t) lna) dt
0

f(etlnx+(1—t)1na) 1 o

_ (toz _ 1) /1 tot—lf(etlnm(l—t)lna) dt

Inx—Ina o_lnx—lna
__fl) i
“Inx—Ina (Inx — hm)au/ (Inu-1Ina) f(u
fl@ — T(x+1)

@, (12)

" Inx—Ilna (Inx-

Multiplying both sides of (11) and (12) by (Inb — Inx)**! and —(Inx — Ina)**!, respectively,

we have
(lnb _ 1nx)a+1 /1(ta _ l)etlnx+(1—t) lnbf/(etlnx+(1—t) lnb) At
0
= —f(b)(Inb —Inx)* + ['(a + 1)J%f(b), 13)
and
1
_(1nx —In a)a+1 / (ta _ l)etlnx+(1—t) lnaf/ (etlnx+(1—t) lna) dt
0
= f(@(nx—-Ina)* + T + Du/;f (). (14)

From equalities (13) and (14), we obtain inequality (10). O
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3 Hermite-Hadamard type inequalities involving Hadamard fractional
integrals

In this section, we use the important Hadamard fractional integral identities including the

first-order derivative of f in Section 2 to establish many interesting Hermite-Hadamard

type inequalities involving Hadamard fractional integrals of the order « € R* for the func-

tions satisfying monotonicity, convexity and s-e-condition.

3.1 Using monotonicity

Theorem 3.1 Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a <b.Ifa €
(0,1],f" € Lla, b] and is nondecreasing, then the following inequality for fractional integrals
holds:

o +1) 3 ) e
‘m (]2 f (b) + nIi f (a)] - f( ) ‘

2
- l[b—a+ bla +2) M(lnb—lna)]v,(b)i'

a+1 * 2(a +1) (15)

Proof Using Lemma 2.1 and the nondecreasing property of f’, we find

Mo +1) 3 ) e
‘m[ﬂw (b) + i f(@)] - f( ) ‘

2
b-a
=<

/Ollf’(b— t(b-a))|dt

_ 1
. Inb . lna / | (1- 8" - } nb-t(Inb-Ina) lf/ ( elnb—t(lnb—lna))‘ dt

lnb lna/ [(1 t) _ ]e]“b_t(lnb_lna)lf/(b)|dt
0

Inb-Ina (! )
. nol/l [ta_(l_t)a]elnb—t(lnb—lna)v(b)‘dt

2

| b(Inb —1na)

[f/(b) |(K1 + K»), (16)

where
1
I<1 :/ [(1 t)a_ ] —t(Inb-Ina) dt,
0

1
Ky = / [t* - 1 - )~ e Inb 9 gy,
1

2
Calculating Kj and K3, we have

1

1<1 _ / [(1 t)oc _ ] —t(Inb-Ina) dt
0

1

fz(l 2t)o{ —t(Inb-Ina) At

/ (1 oz+1 lnb lna)sds
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o 1 Inb-Ina\™"
max{1,2 } 1+a+1 )

- Ot2
~ (¢ +1)(nb-1Ina)’

N | =

17)
and

1
K = f [£* - (1 - £)]eInbna) g¢
3
1
< / (2t _ l)ae—t(lnb—lna) At
—J1
2

1 (2 nb-tna
2/(5-1)a b g
1

_ —(Inb-Ina) / (1_.[)01 l"h Ing dt

_inbing / i
\/;

T 2@+1)

NIP—‘ l\J

(18)

where Lemmas 1.5 and 1.6 are used.
Thus, if we use (17) and (18) in (16), we obtain the inequality of (15). This completes the
proof. O

Theorem 3.2 Let f : [a,b] — R be a differentiable mapping on (a,b) with0 <a<b.Ifa €
(0,1],f" € Lla, b] and is nondecreasing, then the following inequality for fractional integrals
holds:

2
b-a b(lnb—lna) 1
5[ 2 o+l ( _>]V(b)|

Proof Using Lemma 2.1 and the nondecreasing property of f, one can obtain

b
|2(£2% (W5 ®) + i f @] —f(“ - ) ‘

(o +1) 3 ) o
’m [1)2.f (b) + nTif (@)] - f( : ) ‘

1

b(lnb-1na), ) 1 ]
b _— b ¥ —t*|d o« _(1-0)*]d
lf()| 5 lf()l[/o [0 -] t+/l[t (1-1)*]dt

b-—a b(nb-Ina) 1 ,
:[ 2 T a+l <1_2_a)]v(b)|'

The proof is completed. d

b a

Theorem 3.3 Let f : [a,b] — R be a differentiable mapping on (a,b) with0 <a<b.Ifa €
(0,11, f" € Lla, b] and is nondecreasing, then the following inequality for fractional integrals
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holds:

‘ MNo+1)

b Inay WS O) + i fla)] —f(m)‘

b(Inb -1na) |:1 o+2 \/% ]lf/(b)|~

<
=T @+ D)(nb-TIna)  2@+1)
Proof Using Lemma 2.2 and the nondecreasing property of f’, we find

‘ IMo+1)

3inbinay e/ ) + wif(a)] —fwa—b)‘

_ 1 1
< Inb-1Ina [/ blf,(b)| df + / |(1 _ t)a _ |etlna+(1—t)lnbf/(etlna+(1—t)1nb) dt]
0 0

2
b(Inb -1na) o +2 \/% /
= 2 |:1+ (ot+1)(lnb—lna) +2(a+1)i|lf(b)|.

This completes the proof. d

Theorem 3.4 Let f : [a,b] — R be a differentiable mapping on (a,b) with0 <a<b.Ifa €
(0,11, f" € Lla, b] and is nondecreasing, then the following inequality for fractional integrals
holds:

Mo +1)
2(Inb —Ina)*

b(Inb —1Ina) 2 1 ,
< 3 [1+a+1<1_2_a>]v(b)|'

Proof Using Lemma 2.2 and the nondecreasing property of f’, we find

[H]ZJ(b) + H]Z—f(ﬂ)] —f(\/E)‘

| Mo +1)

2(Inb—Ina)® (WSS (b) + HIi-f(a)] - f(@)’

Inb-1 ! / ! o g 4
5%[/0 b[f(b)|dt+/0 -2 - ¢ |b[f(b)|dt:|

b(Inb —1Ina) 2 1 ,
=72 [1+a+1<1_2_w)]v(b)|'

This completes the proof. d

3.2 Using s-e-condition

Theorem 3.5 Letf :[a,b] C (0,00) — R be a differentiable mapping on (a,b) with 0 < a <
b such that ' € L(a, b). If |f'| satisfies s-e-condition on [a,b] for some fixed s € (0,1] and
If'(x)| <M, x € [a, b], then the following inequality for fractional integrals with o > 0 holds:

|F(oz + 1)[H];‘_f(zz) +H ;’if(b)] - [f(a)(lnx— Ina)* +f(b)(Inb - lnx)"‘]|

20 T(a+DI(s+1)](Inx-Ina)*! + (Inb - Inx)**!
s+1 Mo +s+1) ’

5Mb[1+ 1
a+s+
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Proof From Lemma 2.3 and since |f’| satisfies s-e-condition on [a, b], we have

’F(a + 1)[H];if(a) + H];if(b)] - [f(a)(lnx —Ina)® + f(b)(Inb - lnx)“]|

1
< (ll’lb _ lnx)aﬂ / (1 _ ta)etlnx+(1—t) Inb lf/ (etlnx+(1—t) lnb) | dt
0
1
+ (lnx _1n a)a+1 / (1 _ ta)etlnx+(l—t) Ina lf/(etlnx+(l—t) lna) | dt
0
1
< (Inb -Inx)**! / (1= )x" D" (E]f ()| + (L - 2)°|f'(B)|) dt
0
1
+ (Inx — Inag)**! / (1-t*)x'a "t (£]f' )] + A - )| (a)]) dt
0
1
< (Inb - Inx)** Mb / [#(1- ) + (1- )1 = 0] de
0
1
+ (Inx —1n a)‘“le/ [f(l - t“) + (1 - t"‘)(l - t)s] dt
0

1
= Mb[(lnx —Ina)**! + (Inb - lnx)‘“l] / [ts(l - to‘) +(1-t)f-"Q - t)s] dt
0

2 1 r nyr 1
=Mb| — - _He+Te+1) [(nx —1na)**" + (Inb - Inx)**]
s+1 s+a+l IMNo+s+2)
—_ a+l _ a+l
:Mb1+2_a_F(a+1)F(s+1) (Inx —Ina)**! + (Inb - Inx) ,
s+1 Fla+s+1) a+s+1

where we use the fact that x'a!™ < x < b and x'b'* < b via

- T
s+1 s+a+1

1
f ts(l—t")dtzL !
0

and

. o 1 1 T(a+D)I(s+1)
/0[(1—1:) _¢ (1_t)]dt_H—1—]B(a+1,s+1)—H—l—m

So, using the reduction formula I'(n + 1) = nI"(n) (n > 0) for the Euler gamma function, the

proof is completed.

Theorem 3.6 Letf:[a,b] C (0,00) — R be a differentiable mapping on (a,b) with 0 < a <
b such that f' € L(a,b). If |f'|1 satisfies s-e-condition on [a, b] for some fixed s € (0,1] and
If'(x)| <M, x € [a, b], then the following inequality for fractional integrals with a > 0 holds:

’I’(a + 1)[H]£if(a) +H ;if(b)] - [f(a)(lnx—ln a)® +f(b)(Inb - lnx)“]‘
)%[1 2 T« +1)F(s+1)r

+—_—
s+1 Mo +s+1)

(Inx —Ina)**! + (Inb — Inx)**!
X

1
SMb(l__
oa+1

H

1
(a+s+1)7

where L +1=1.
rq

Page 10 of 15
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Proof Using Lemma 2.3 and the well-known Hoélder inequality, and since |f'|? satisfies
s-e-condition on [a, b], we have

’F(a + 1)[H],‘;if(a) + H];if(b)] - [f(a)(lnx —Ina)® + f(b)(Inb - lnx)“]|

1
< (ll’lb _ lnx)aﬂ / (1 _ ta)etlnx+(1—t) Inb lf/ (etlner(l—t)lnb) | dt
0
1
+ (lnx —1In a)a+1 / (1 _ ta)etlnx+(l—t) Ina lf/(etlnaﬁ(l—t)lna) | dt
0
1
< (ll’lb _ lnx)aﬂb/ (1 _ ta) lf/ (etlnx+(1—t)lnb) | dt
0

1
+(Inx—1In a)““b/ (1= (eflnx+(1—t> na) |dt
0

q

1 3/ pl
S(lnb—lnx)‘“lb( | (l—t"‘)dt) ( [ (1—t“)V’(e”““(l"m“b)’th)
0 0

1
q

1 5/ pl
+(lnx—1na)°‘+1b( | (1_ta)dt) ( i (1_ta)[f'(eﬂnx+<l—t>m)Wt)
0 0

7 1
g(lnb—lnx)“”b(l—ﬁ> ( /o (l—t"‘)[t"[f'(x)|q+(l—t)slf/(b)|q]dt>

1
q

1

)E ( /Ol(l—f“)[f @[+ -l @] dt>

1
q

1
oa+1

+ (Inx — lnu)"‘”b(l -
1

1 \7( (! a
<(lnb- lnx)‘“le(l - —) (/ (1-)[£+a-2] dt)
1 0

o+

1 1 1% ! %
+(Inx —Ina)** Mb(l - ﬁ> <f0 1-)[£+Q-2)] dt)
1 )é[ 2 r(a+1)r(s+1)]31

N bl

a+1 s+1 IMoa+s+1)

=Mb<1—

(Inx —Ina)**! + (Inb — Inx)**!
X .

1
(+s+1)4

This completes the proof. d

3.3 Using monotonicity and convexity
Noting Remark 1.4 and repeating the same procedures in Theorem 3.5 and Theorem 3.6,
we can derive the following results immediately.

Theorem 3.7 Let f : [a,b] C (0,00) — R be a differentiable mapping on (a,b) with 0 <
a < b such that f' € L(a,b). If |f'| is convex and nondecreasing on [a,b] and |f'(x)] < M,
x € [a, b], then the following inequality for fractional integrals with o > 0 holds:

|F(a + 1)[H]f_f(a) +H ;’if(b)] - [f(a)(lnx—lna)"‘ +f(b)(Inb - 1nx)°‘]|

< oMb (Inx —Ina)**! + (Inb — Inx)**! ‘

o+1
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Theorem 3.8 Let f : [a,b] C (0,00) — R be a differentiable mapping on (a,b) with 0 <
a < b such that f' € L(a, D). If |f'|? is convex and nondecreasing on [a,b) and |f’ (x)| < M,
x € [a, b, then the following inequality for fractional integrals with o > 0 holds:

IT(a + D[aJ2f (@) + 18 f(B)] - [f(@(nx —Ina)® + f(b)(Inb - Inx)"]|

’

1 )117 (Inx — Ina)**! + (Inb — Inx)**!
(@ +1)7

4 Applications to special means
Consider the following special means (see Pearce and Pecari¢ [28]) for arbitrary real num-
bers «, B, a # B as follows:
() Hle p)= T, 0 p <R\ {0},
(ii) Ao, B) = ‘“ﬂ o, B ER,
(it) L(@, f) = i, |l 181, B 70,
(V) Lu(@,B) = (@13, n € Z\ {-1,0), 0, f € R, a # .
Now, using the results obtained in Section 3, we give some applications to special means
of real numbers.

Proposition 4.1 Let a,b € R* \ {0}, a < b. Then

|L(a,b) - A(a, b)| < Bb N M} (19)
|L(a,b) - A(a,b)| < = [b— M], (20)
% b(Inb —1na) 6
|L(a, b) - [A(a, b)H(a, )]?| < =— . 24 <4+ln b_lna+\/§>, (21)
and
(@) - [Ala, b)H(@ b))} | < 22Nt —na) (22)

4

Proof Applying Theorems 3.1, 3.2, 3.3 and 3.4 for f(x) = x and « = 1, one can obtain the
results immediately. O

Proposition 4.2 Let a,b € R* \ {0}, a < b. Then

n—1 _

|L(ﬂn,bn)—An(6l,b)|§nb %_ﬂﬁ_M , (23)
2 2 4
n-1 _

|L(a",b") - A"(a,b)| < ”bz [b—a ¥ W} (24)

|L(a",b") - [A(a, b)H(a, b)]?| <

nb"(Inb - Ina) 4 6 \/E (25)
8 "mb-tna Vb))
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and

3nb"(Inb —Ina)

|L(a",5") - [Ala, H(a, b)]? 0

=

(26)

Proof Applying Theorems 3.1, 3.2, 3.3 and 3.4 for f(x) = #” and « = 1, one can obtain the
results immediately. O

Proposition 4.3 Let a,b e R*\ {0}, a<band n € Z, |n| > 2. Then

|L(a,b)L!(a,b) - A" (a,b)| < L +21)b" [% —a+ M], (27)
L@, L @, b) — A" (a,5)] < +21)b - [b —a+ W], (28)
|L(a, b)L(a, b) — [Ala, b)H(a,5)] |
(n+ 1) (Inb -1na) 6 \/E
= 8 (4+lnb—lna+ Z)’ (29)
and
L@ b)L(a,b)  [Ala, b)H(a, b)]"T“ < 3(n + )b (Inb — lna). (30)

- 4

Proof Applying Theorems 3.1, 3.2, 3.3 and 3.4 for f(x) =x""'and e =1, x € R,z € Z, |n| >
2, one can obtain the result immediately. O

Proposition 4.4 Let a,b € R*\ {0} (a <b),a™' > b™'. Then we have, for n € Z, |n| > 2

(c1)
1 .l 1 i_l Inb-1na
|L(b7"a™") - H (b,a)|§2<2a b+74«/% ),
(c2)
1 - _ 1 (/b-a Inb-Ina
L(b™a™) - H (b,a)| < 7(7 * T)
(c3)
a1 - _1 Inb-1 6
|L(b La 1)—[A(a,b)H(cz,b)] 7| < 1 8ana(4+ 5 —Tna +\/§),
(c4)
L(b, ) - [Ala, DH(a,p)] | < 2002100 Z; a)
(c5)

—n -n —n L i—l lnbﬂ
!L(b ,a )—H (b’a)}fzanl(za b+ 4-\/6% )I
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(c6)
" on . b-a Inb-In
}L(b ,a")—H (b,a)} < 2::”( PR %),
(c7)
n - -2 n(lnb —Ina) 6 a
|L(6b™",a™") - [A(a,b)H(a,b)] *| < T (4+ YT +\/;),
(c8)
L(b",a™) - [Ala, DH(a,p)] F| < 2022109 fa; na),
(c9)
1 Nrnfi-l -1 —nel n+l/5 1 Inb-Ina
iL(b ,a )Ln(b ,a )—H (b,ﬂ)|§ﬁ(%—g+m),
(c10)
1/b- Inb -1
L R
(c11)
L6, a ) L2 (b a ) - [Ala, BH(a b)] 7 |
(n+1)(Inb —1na) 6 a
= 8a+l (4 "lnb—Ina Z)’
(c12)

L a V)L (b7 a7Y) - [Aa, H(@,b)] | < 30n+ li(;ﬁ ~Ina)

Proof Making the substitutions @ — b7, b — a™! in (19)-(30), one can obtain desired

inequalities respectively, where A~(a™%,b™) = H(a, b) = %, bl<al. O
ath
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