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LETTER TO THE EDITOR

New non-unitary representations in a Dirac hydrogen atom
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Abstract. New non-unitaryrepresentationsof the SU(2) algebraare introducedfor the case
of the Dirac equationwith a Coulombpotential;an extraphase,neededto closethe algebra,is
also introduced. The new representationsdoesnot require integeror half-integerlabels. The
set of operatorsdefinedare usedto spanthe completespaceof bound-stateeigenstatesof the
problemthussolving it in an essentiallyalgebraicway.

Hydrogen-likeatomsare someof the most importantquantumsystemssolved. Even for
describingstabilizationpropertiesandfor testingQED andweakinteractiontheoriesa great
dealcanbe doneat the relativistic atomicphysicslevel (Greiner1991,Kylstra et al 1997,
Quineyet al 1997). It is, therefore,very importantto extendour insight into the properties
of hydrogen-likesystems.An important tool hasbeenthe algebraicpropertiesof the set
of operatorsdefining the system; theseare not only connectedwith the corresponding
group and its symmetryalgebrabut often offer simplified methodsfor carrying out some
calculations.It is the purposeof this letter to definea new set of operatorsfor the Dirac
relativistichydrogenatom. Thiscomprisesanon-unitaryrepresentationof theSU(2)algebra
anddefinesladderoperatorsfor the problem.An extraphaseis neededto closethe algebra
but this allows us to solvethe Dirac hydrogenatomin a neatalgebraicway.

The Dirac Hamiltonianfor a hydrogen-likeatomis
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are Dirac matrices(Bjorken and Drell 1964), � is the atomic number, �
is the relativedistancebetweenthe electronandthe nucleus,
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reducedmassof an electronanda proton;we useunits suchthat ¯
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Taking advantageof the obviousrotationalsymmetryof
�

, we canexpressthe bound
eigenstatesof the hydrogenatomas
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where (+*-, and (:5*-, are spinor sphericalharmonicsof oppositeparity and ; is the total
angularmomentum(Greiner1991). It is convenientto definethe quantumnumber < such
that it equals
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2 and it equals
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2 and useit insteadof
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parity. The ‘big’ and‘small’ radial componentsof thebi-spinor(2) describingboundstates
of a hydrogenatomaresolutionsof the system
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wherewe havedefinedthepositivedefinitequantity J :
��K � 2 �ML 2, where

L
is theenergy

of the bound stateand we have expressedthe equationsin terms of the dimensionless
variable @ :

� J � . For the sakeof simplicity we also used F :
� ��� 2, A * :

� < � ; 
 1
2 � , andC

:
� K � ���ML �&��� �
L � .
Let us now changeto the new variable N definedby @ � eO suchthat the rangeof N is

the openinterval � �DP " P � andredefinethe radial functionsas' � @ � N �&� :
��K �Q
L

[
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With the new functions
�SR � N � and

� H � N � , defining

U :
��F L

J
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andafter somemanipulationswe obtainthe following systemof differentialequations
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2U eO � e2O � 1

4
�SR � N � � A 2* � F 2 � 1

4
�SR � N � (7)
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2 � U � 1� eO � e2O � 1

4
� H � N � � A 2* � F 2 � 1

4
� H � N � (8)

for describingthe radial part of a hydrogenatom. As shouldbecomeclearin what follows,
the inclusion of the term 1

4 in the aboveequationsis necessaryto close the algebrawe
purport to construct. Note that equations(7) and (8) can be regardedas an eigensystem
with the known eigenvalue

V :
� A 2* � F � 1

4

� ; � ; 
 1� � F 2 (9)

asfollows from the radial symmetryof the hydrogenatom.
In orderto rewrite thesystem(7) and(8) makingcleartherelationwith a SU(2)algebra

let us definethe two operators

W6X
:
�

e
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wherewe introducedthe extraphase] besidesthe ‘radial’ variable N , anda third operator

W
3 :
�G�

i ZZ^] (11)

which dependsexclusivelyon ] ; we canalternativelydefinethe two operators
W

1 and
W

2

as
W

1
� 1

2 � W R 
 W H � W
2
� 1

2i
� W R � W H � T (12)

The previouslydefinedoperatorsare easily seento satisfy all the relationshipsof the
SU(2) algebra

[
W6_ " W * ] � i < _ *-` W ` ab" ; " J � 1 " 2 " 3 (13)
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whereEinsteinsummationconventionis implied; thealgebracanbealsoexpressedin terms
of the operators

W:X
[
W

3 " W6X ]
��c W6X

and [
W R " W H ]

�
2
W

3 (14)

which thusplay the role of raisingandlowering operators.The operator
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��d��ed�� W 2

1

 W 2

2

 W 2

3
� Z 2

Z N 2

�
e2O � 2ieO ZZI]

� 1

4
(15)

where
d

:
� W

1f 
 W 2g 
 W 3h , is theCasimiroperatorsince[
W 2 " W:_ ] � 0 for all a � 1 " 2 " 3.

Given these properties, we can choose the operators
W 2 and

W
3 and define the

simultaneouseigenstatesikjl � N " ] � where V and U are, repectively,the eigenvaluesof
W 2

and
W

3—the notationis chosenin analogywith the sphericalharmonic m ,n �0/1"%2�� case. It
mustbe kept in mind thoughthat we arenot hererestrictedto a compactsetof parameters
given the infinite rangeof N . Our choiceof eigenstatesallows us to writeW

3 i jl � N " ] � � U i jl � N " ] � W 2 i jl � N " ] � � V i jl � N " ] � (16)

andthus

i jl � N " ] � � ei j Ybo jl � N � (17)

where we have tried to use a notation for the N -function reminiscentof the associated
Legendrepolynomials.

Now, using equations(7) and (8) we can immediatelyobtain
�SR � N � � ikjl � N " ] � and� H � N � � i j H 1l � N " ] � ; besides,we can easily show that the operators

W:X
changethe

eigenvalueU to the eigenvalueU c 1, i.e.W6X i jl � N " ] � ��p
X
j i j

X
1l � N " ] � (18)

where the numbers
p X
j can be determinedfrom q V.U6r W R W H r VsUst �up H

j
p R
j H 1 and, with

an appropriateselectionof phase,they become
p X
j
�uc K U � U c 1� �Mv � vw� 1� . These

definitionsalso establishthe conectionof our operatorswith the hydrogen-atomproblem
sinceapplying

W 2 to i jl � N " ] � or to i j H 1l � N " ] � essentiallyreproducesequations(7) and
(8)—asthe secondof equations(16) clearly exhibits.

For establishingthe Hermiticity (or lack thereof)of the operatorsintroduced,we need
a scalarproduct;to this endit sufficesto usethe following product

q 2�" � t �
2x

0

d]
2y

z
H z 2�{|� ] " N �

� � ] " N � dN}T (19)

With this interior product,the eigenstatesikjl � N " ] � :
� r V " Ust form a completeorthogonal

basisq V 5 " U 5 r V " UDt ��~ j�j|�
~ l	l � . Definition (19)alsoimpliesthat

W
3 is anHermitianoperator,

but that
W

1
�u� W��

1 and
W

2
�u� W��

2, that is they are anti-Hermitian(Mart́ınez-y-Romero
et al 1997). Therefore

W 2 is not necessarilypositivedefinite; a positivedefiniteoperator
canbe anywaydefinedasd � �ed�� W 2

3
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1
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2
�

2
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3
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The action of this operatorcan be shown to imply that 2U 2 � V , meaningthat r UEr is
boundedbelow; let us call

v
this minimum value,i.e.

v
:
� r UEr

min. With this we easilyfind
that V ��v � v�� 1� andso, since V � A 2* � F 2 � 1

4 andwe arelooking for positive
v
,

r U6r
min
��v����.
 1

2 (21)

where
�

:
��
 � A 2* � F 2 � 1� 2. Themostimportantconclusionwe candrawfrom our discussion

is that
v

no longerhasto berestrictedto integeror half-integervaluesashappensnecessarily
in the standardangularmomentumor SU(2) (Hermitian)case.
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Thiscuriousandinterestingresultmeansthatlooking for solutionsto theDirachydrogen
atom can also be regardedas looking for non-unitaryrepresentationsof a SU(2) algebra
labelledby real numbers

v
—that is, no longerrestrictedto integeror half-integernumbers.

In fact, accordingto equation(21) we havetwo seriesof eigenvaluesdependingon whetherU is a positivenumberor not. In the first case,
v

is the minimum numberof an infinite set
of positiveeigenvalues:U �G�Dv�� J , in the secondcase,

�Sv
is the maximumvalueof the

infinite set of negativeeigenvalues:U ���Sv�� J ; in both casesJ � 0 " 1 " 2 " T�T�T is a non-
integer. Note that from the physicalpoint of view the existenceof infinite representations
of the SU(2) algebramakessensesince it is associatedwith the denumerablyinfinite set
of energy eigenvaluesof the hydrogenatom. In fact, the energy spectrumof the systemis
easilyobtainedfrom (6) andis found to be

L����
1

 F 2

� U � 1
2 � 2

H 1� 2
(22)

in the caseof positiveeigenvalueswe have U ��v�
 J ����
 J 
 1
2, J � 0 " 1 " 2 " T�T�T , this is

preciselythe energy spectrumfor a Dirac hydrogenatom(Bjorken andDrell 1964,Greiner
1991). The negativeeigenvaluesdo not lead to physically admissibleeigenstatesas we
shall seein what follows.

The groundstateof the systemfollows from the equation
W H r v�v t � 0 for the positive

eigenvalues.The solutionof this differentialequationcanbe found to be

o��� � N � � 2� � H 1� 2�
K � � 2v�� 1� e�

� H 1� 2� O exp� � eO � (23)

where� �0��� standsfor theEuler-gammafunction. As
v

is thelowesteigenvalue,we trivially
obtain

�SR � N � � o �� � N � and
� H � N � � 0 (24)

thusthebasestateis givenby r v�v t � ei �-� o �� . Using theoriginal variable @ , thebig andthe
small componentsfor the groundstatecanbe shownto behaveas

' � @ �.� K �
L @8� eH^�
and 3 � @ ��� K ���ML @8� eH�� and, in the negativeeigenvaluecase,the solution behaves
as ��@ � e� resulting in a divergent behaviouras @�� P

making it unsuitableas an
eigenfunctionof the hydrogenatom; it is obvious that every other negativeeigenvalue
function is alsounsuitable.

The excited statesare obtainedapplying
W R

succesivelyto r v^v t ; they end up being
polynomials multiplied by the weight factor @ � H 1� 2e

H��
which assuresthe appropriate

behaviourof theeigenstatesbothas @�� 0 aswell as @�� P
. A moredetaileddiscussion

of thesenewpolynomialsandgraphicalrepresentationsof themaregivenin a moredetailed
paper(Mart́ınez-y-Romeroet al 1997).

The main conclusionof this letter hasto do with the infinite-dimensionalnon-unitary
representationof SU(2) where each of the basic operators,except

W
3, are also non-

Hermitian. For example,the matrix elementsof
W

3 are

q VsUEr W 3
r VsU 5 t � U ~ j�j|� (25)

whereU ��c � v+
 J � , J � 0 " 1 " 2 " T�T�T , soits tracevanishesandthedeterminantof anelement
of thegroupof the form exp� i W 3 � ] is always1. Theothertwo operatorshaveastheir only
non-zeromatrix elements

q VsUEr W 1
r VsU c 1t � [ 1

2
U � U c 1� �Mv � vw� 1� (26)
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and

q VsUEr W 2
r VsU c 1t ��� i

2
U � U c 1� �Mv � vw� 1� T (27)

This meansthat the trace of both
W

1 and
W

2 vanish and that the determinantof group
elementsis 1 only when the parametertakesimaginaryvalues. Note also that

W
3 can be

giventhephysicalinterpretationof producinginfinitesimalchangesin thephaseof thestater v V.t � ei j Y o �l � N � ; that is, it canbe associatedwith the unitary operator � � ei � 3 Y which
changesthe phaseof any state.

In summary,we haveconstructedan SU(2) algebrafor the relativistic hydrogenin the
Dirac formulation where the correspondinggroup is not necessarilycompact. We must
point out that in orderto closethealgebrawe wereforcedto introduceanextraparameter]
which playsthe role of a phase.Oneof themostnoteworthyfeaturesof the representations
reportedhereis themixing of a spinorialangularmomentumcharacter(implying anequally
spacedspectrum)with the energy requirementsof the problem (requiring a differently
spacedspectrum);the interplay of thesetwo spectralrequirementsis basically reflected
in equations(15), (20), (21) and (22), and in the fact that the eigenvaluesof the system
(7), (8) follows from both the generic radial symmetryand the specific featuresof the
interaction.Fromequation(6) we mayalsonoticethat in the limit of vanishinginteraction,
F � 0, the representationcollapsesand, in this case, U � 1 always. This behaviouris
preciselyas expectedbecausethere is no longer any restrictionover the eigenvaluesand
thusthe spectrumbecomescontinuous—correspondingto a free Dirac particle.

Therepresentationsof thealgebraarelabelledby numberswhichareneitherintegersnor
half-integersastheyoughtto bein thecaseof ordinaryunitaryrepresentations.Nevertheless,
theoperatoralgebraintroducedallowsanessentiallyalgebraicsolutionof theDirachydrogen
atom which may havevariousapplications(De Langeand Raab1991). The similarity of
our transformedequationswith the correspondingonesfor the caseof the Morsepotential
(Núñez-Ýepezet al 1995, 1997) should also be noted and the connectionsthat all our
formulationhaswith systemswith hiddensupersymmetricproperties(Beńıtezet al 1990a,b,
Mart́ınez-y-Romeroet al 1991,Mart́ınez-y-RomeroandSalas-Brito1992,Haaget al 1976)
aswe shall discussat length in a forthcomingpaper.
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Núñez-ÝepezH N, LópezJ L andSalas-BritoA L 1995J. Phys. B: At. Mol. Opt. Phys. 28 L525
QuineyH M, SkaaneH andGrant I P 1997J. Phys. B: At. Mol. Opt. Phys. 30 L829


