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1 Introduction

Leptonic and semileptonic decays of hadrons in the Standard Model (SM) are described

by the weak charged currents and as such they are useful for extracting the values of the

Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. This is done through a comparison

of the experimentally established decay rates with the corresponding theoretical expres-

sions. The most difficult problem on the theory side is to reliably estimate the central

values and uncertainties attributed to the hadronic matrix elements. In other words, in

order to extract the CKM couplings with a (sub-)percent accuracy the uncertainties related

to the evaluation of the effects of non-perturbative QCD need to be kept at a (sub-)percent

level too.
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Over the past two decades we witnessed a spectacular progress in taming the hadronic

uncertainties by means of numerical simulations of QCD on the lattice (LQCD). In par-

ticular, the precision determination of quantities which involve the pseudoscalar mesons

(decay constants and form factors) has been radically improved [1]. This is the main rea-

son why we will focus our discussion onto the semileptonic decays of one pseudoscalar to

another pseudoscalar meson and to the leptonic decays of pseudoscalar mesons. Similar

semileptonic decays to vector mesons would also be very interesting to consider because

they offer a larger set of observables that could be used to probe the effects of New Physics

(NP) [2, 3] but the problem is that (i) most of the vector mesons are broad resonances, and

(ii) even in the narrow resonance approximation many more hadronic form factors appear

in theoretical expressions, making the whole problem much more difficult to handle on the

lattice at the level of precision comparable to that achieved with pseudoscalar mesons only.

The only exceptions to that pattern are the decays Ds → φℓν̄ and Bc → J/ψℓν̄ which have

been studied on the lattice in ref. [4] and [5], respectively.

In this paper we will therefore use the leptonic and semileptonic decays of pseudoscalar

mesons to constrain contributions arising from physics beyond the SM. An important

ingredient in such an analysis is the CKM matrix, the entries of which are extracted from

various flavor observables, including the same leptonic and semileptonic decays that we

consider as probes of the NP couplings [6, 7]. In order to eliminate this uncertainty in

the discussion that follows, we will define suitable observables in which the dependence

on the CKM matrix elements cancels out completely. An example of such observables are

Lepton Flavor Universality (LFU) ratios, which became popular in recent years owing to the

discrepancies observed in semileptonic B-meson decays [8]. However, these are not the only

theoretically clean observables that are independent on the CKM matrix elements. Another

possibility is to consider ratios of leptonic and semileptonic observables, based on the

same quark-level transitions, which allow us to probe the NP couplings without requiring

specific assumptions on the non-universality of the leptonic couplings. Furthermore, one

can exploit the detailed angular analysis of a given semileptonic decay, which provides us

with complementary information on physics beyond the Standard Model (BSM).

The remainder of this paper is organized as follows: in section 2 we extend the Fermi

effective theory to include the most general NP effects. This general effective Lagrangian

is then used to compute various semileptonic and leptonic observables in section 3 and

section 4, respectively. In section 5 we discuss the SM predictions for the observables based

onK, D(s) and B(s) mesons decays. These predictions are then confronted with experimtanl

data in section 6 to determine the constraints on the NP couplings and to predict new

quantities that can be probed experimentally. Our results are summarized in section 7.

2 Effective Lagrangian

The most general low-energy effective Lagrangian of dimension-six describing the di → ujℓν̄

transition, with ℓ ∈ {e, µ, τ}, is given by

Leff = −2
√

2GFVij
[
(1 + gij ℓVL

)
(
ūLiγµdLj

)(
ℓ̄Lγ

µνL
)

+ gij ℓVR

(
ūRiγµdRj

)(
ℓ̄Lγ

µνL
)

(2.1)

+ gij ℓSL

(
ūRidLj

)(
ℓ̄RνL

)
+ gij ℓSR

(
ūLidRj

)(
ℓ̄RνL

)
+ gij ℓT

(
ūRiσµνdLj

)(
ℓ̄Rσ

µννL
) ]

+ h.c. ,

– 2 –



J
H
E
P
0
5
(
2
0
2
1
)
1
7
5

where i, j denote quark-flavor indices, Vij are the CKM matrix elements and gij ℓα stand

for the effective NP couplings, with α ∈ {VL(R), SL(R), T}. Neutrinos are assumed to be

purely left-handed particles and only lepton flavor conserving transitions are considered. To

describe low-energy processes, it is convenient to define effective coefficients with definite

parity in the quark current, namely,

gij ℓV (A) = gij ℓVR
± gij ℓVL

, gij ℓS(P ) = gij ℓSR
± gij ℓSL

. (2.2)

which is useful since the leptonic decays of pseudoscalar mesons will only be sensitive to gij ℓA

and gij ℓP . The remaining effective coefficients, gij ℓV , gij ℓS and gij ℓT , can be probed by studying

the semileptonic processes, P → P ′ℓν̄, where P (′) denote two pseudoscalar mesons.

The Effective Lagrangian (2.1) is defined in the broken electroweak phase. However,

NP scenarios can only be consistent with the direct search limits from the LHC if the

new charged particles arise above the electroweak symmetry breaking scale. Therefore, to

reinterpret our results for these scenarios, one should perform the renormalization group

evolution from the low-energy scale µb up to µEW ≃ mW [9], and then match eq. (2.1)

to the so-called SMEFT (SM Effective Field Theory) [10, 11]. The concrete ultraviolet

scenario can then be matched to the SMEFT after accounting for the running effects above

the electroweak scale µEW [12]. Even though we present our results only in terms of the

low-energy effective theory defined in eq. (2.1), we provide the needed inputs to recast our

results to the most general NP scenario in appendix A.

3 P → P
′
ℓν̄

We first focus on P → P ′ℓν̄, where P (′) denote the pseudoscalar mesons, for which one can

build several observables that can be used to test the SM since the hadronic uncertainties

in these modes are controlled by LQCD [1]. The differential P → P ′ℓν̄ decay distribution

can be written in general as

dB±(q2)

dq2 d cos θℓ
= a±(q2) + b±(q2) cos θℓ + c±(q2) cos2 θℓ , (3.1)

where q2 = (pℓ + pν)
2 with m2

ℓ < q2 ≤ (mP −mP ′)2, and θℓ is the angle between ℓ and the

P ′ meson line-of-flight in the rest frame of the lepton pair, cf. figure 1. The ± superscript

stands for the polarization of the charged lepton, λℓ, and a±(q2), b±(q2), c±(q2) are the

q2-dependent coefficients that are in principle sensitive to NP contributions.

The simplest observable, sensitive to the effective NP couplings, is the differential

branching fraction,

dB(q2)

dq2
=

∫ 1

−1
d cos θℓ

[
dB+(q2)

dq2 d cos θℓ
+

dB−(q2)

dq2 d cos θℓ

]
= 2

[
a(q2) +

c(q2)

3

]
, (3.2)

where a(q2) = a+(q2) + a−(q2), and c(q2) = c+(q2) + c−(q2). This observable has already

been copiously studied experimentally in the decays of K-, D- and B-mesons [13]. The

parameterization in eq. (3.1) suggests that there is more information that can be in principle

– 3 –
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P−→q

−→uz

ℓ

ν̄

θℓ P ′

Figure 1. Angular convention for the process P → P ′ℓν, where P (′) are pseudoscalar mesons. The

angle θℓ is defined in the rest frame of the meson P .

extracted from these decays. To this purpose, one should further exploit the angular

variables, as well as decays to the specifically polarized outgoing lepton. In the following,

we show that four independent observables can be defined and we provide their most general

expressions.

3.1 Form factors and helicity decomposition

The usual parameterization of the P → P ′ℓν̄ hadronic matrix elements reads

〈P ′(k)|ūγµd|P (p)〉 =

[
(p+ k)µ −

M2 −m2

q2
qµ

]
f+(q2) +

M2 −m2

q2
qµ f0(q2) , (3.3)

〈P ′(k)|ūσµνd|P (p)〉 = −i(pµkν − pνkµ)
2fT (q2, µ)

M +m
, (3.4)

where f+,0,T (q2) are the hadronic form factors evaluated at q2 = (p − k)2, while M(m)

denote the P (P ′) meson masses. The relevant quark transition is denoted by d → uℓν̄,

where flavor indices are omitted for simplicity. The scalar matrix element can be obtained

from eq. (3.3) by using the Ward identity, which amounts to1

〈P ′(k)|ūd|P (p)〉 =
M2 −m2

md −mu
f0(q2) . (3.5)

With these definitions one can compute the coefficients a±(q2), b±(q2) and c±(q2), defined

in eq. (3.1), as functions of the effective NP couplings, gijℓα , introduced in eq. (2.1). To this

purpose, it is convenient to perform a helicity decomposition of the decay amplitude by

using the relation, ∑

n,n′

ε∗µ
V (n)ενV (n′)gnn′ = gµν , (3.6)

where εV is the polarization vector of the virtual vector boson, as specified in appendix B,

with n, n′ ∈ {t, 0,±} and gnn′ = diag(1,−1,−1,−1). The decay amplitude can then be

1In the denominator of the right-hand-side of eq. (3.5) md −mu should be understood as the quark mass

difference between the heavier and the lighter quarks. For instance for the c → d transition, mc −md should

be in the denominator. For reference, we use the following quark mass values: mMS
s (2 GeV) = 99.6(4.3) MeV,

mMS
c (2 GeV) = 1.176(39) GeV [94], and mMS

b (mb) = 4.18(4) GeV [13].

– 4 –
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decomposed in terms of the helicity amplitudes:

hn(q2) = εµ∗
V (n)

[
(1 + gV )〈P ′|ūγµd|P 〉+ gS

qµ
mℓ
〈P ′|ūd|P 〉

]
, (3.7)

hnm(q2) = εµ∗
V (n) εν∗

V (m) gT 〈P ′|ū iσµνd|P 〉 , (3.8)

which are explicitly given by

h0(q2) = (1 + gV )

√
λ(q2,m2,M2)√

q2
f+(q2) , (3.9)

ht(q
2) =

[
1 + gV + gS

q2

mℓ(md −mu)

]
M2 −m2

√
q2

f0(q2) , (3.10)

h0t(q
2) = −ht0(q2) = − gT

√
λ(q2,m2,M2)

m+M
fT (q2) , (3.11)

where λ(a2, b2, c2) = [a2− (b−c)2][a2− (b+c)2]. Other helicity amplitudes actually vanish.

In order to express the physical observables defined in eq. (3.1) in a compact form, we

define the following combination of helicity amplitudes

h
(+)
0 (q2) = h0(q2)− 4

√
q2

mℓ
h0t(q

2) , (3.12)

h
(−)
0 (q2) = h0(q2)− 4mℓ√

q2
h0t(q

2) , (3.13)

which allows us to write

a+(q2) = B0(q2)m2
ℓ

∣∣ht(q2)
∣∣2 , a−(q2) = B0(q2) q2

∣∣h(−)
0 (q2)

∣∣2 , (3.14)

b+(q2) = B0(q2) 2m2
ℓ Re

[
h

(+)
0 (q2)ht(q

2)∗
]
, b−(q2) = 0 , (3.15)

c+(q2) = B0(q2)m2
ℓ

∣∣h(+)
0 (q2)

∣∣2 , c−(q2) = −B0(q2) q2
∣∣h(−)

0 (q2)
∣∣2 , (3.16)

with

B0(q2) = τP G
2
F |Vij |2

√
λ(q2,m2,M2)

256π3M3

(
1− m2

ℓ

q2

)2

, (3.17)

where τP denotes the P -meson lifetime. From eqs. (3.14) and (3.16) we see that the

following relations hold true,

b−(q2) = 0 and a−(q2) = −c−(q2) . (3.18)

These equalities are respected not only in the SM, but also when the NP couplings are

considered. Alternative way to derive the above expression is to make a partial-wave

decomposition of the matrix elements, combined with selection rules for a left-handed neu-

trino. In other words, there are only four independent observables that can be constructed

at the differential level, instead of six as one would naively infer from eq. (3.2). These two

relations could be a useful consistency check in experimental analyses in which the angular

distribution to both polarization states of the charged-lepton are reconstructed. For decays

to τ this is possible as the τ -polarization can be reconstructed through its decay to one or

three pions, for example. That methodology, however, cannot be applied to the decays to

light leptons (µ’s or e’s).

– 5 –
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3.2 Physical observables

From the above discussion, we conclude that only four observables are linearly independent.

We now list the set of observables which we will use in our subsequent phenomenological

discussion.

i) Branching fraction: the first observable is the total branching fraction defined in

eq. (3.2), which is the most commonly considered in experimental searches, and

which is given by

Btot =

∫ (M−m)2

m2
ℓ

(
dB(q2)

dq2

)
dq2 , (3.19)

with dB(q2)/dq2 already given in eq. (3.2).

ii) Forward-backward asymmetry: another quantity that can be studied experimentally

is the forward-backward asymmetry,

dAfb(q2)

dq2
=

1

Btot

[∫ 1

0
d cos θℓ

dB
dq2 d cos θℓ

−
∫ 0

−1
d cos θℓ

dB
dq2 d cos θℓ

]
=
b(q2)

Btot
, (3.20)

where B = B+ +B− and b(q2) = b+(q2)+b−(q2), as defined above. This observable is

normalized to the total branching fraction, Btot. The above expression refers to the

q2-dependent quantity and its integrated characteristic is obtained after integration

over the full q2 range.

iii) Lepton-polarization asymmetry: a study of the decay to the charged lepton with a

specific polarization state allows one to measure the lepton-polarization asymmetry

defined as,

dAλ(q2)

dq2
=

1

Btot

[
dB+

dq2
− dB−

dq2

]
, (3.21)

which depends on a complementary combination of helicity amplitudes, namely,

dAλ(q2)

dq2
=

2

Btot

[
a+(q2)− a−(q2) +

1

3

(
c+(q2)− c−(q2)

)]
. (3.22)

iv) Convexity: the last independent observable that we consider is defined as follows,

dAπ/3(q2)

dq2
=

1

Btot

[ ∫ 1

1/2
d cos θℓ

dB
dq2d cos θℓ

−
∫ 1/2

−1/2
d cos θℓ

dB
dq2 d cos θℓ

+

∫ −1/2

−1
d cos θℓ

dB
dq2 d cos θℓ

]
,

(3.23)

and allows us to single out the “convexity” coefficient c(q2) = c+(q2) + c−(q2) i.e.,

dAπ/3(q2)

dq2
=
c(q2)

2Btot
. (3.24)

– 6 –
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θ

−→uz

+

−

π
3

−

+

+

Figure 2. Description to count the events for the angular asymmetry Afb (left panel) and Aπ/3

(right panel) as a function of the angle θℓ ∈ (0, π) defined in figure 1. Both observables are

normalized to the total number of events.

While Afb is defined as the symmetry between events collected in the regions θ ∈
(0, π/2) and (π/2, π), the observable Aπ/3 measures the difference between events for

which θ ∈ (π/3, 2π/3) and those in the complementary angular region, as illustrated

in figure 2.

In principle, one could define different set of observables but, as demonstrated in eqs. (3.14)–

(3.16), these observables would necessarily be a linear combination of the ones defined

above. In other words, they do not provide us with any additional information on physics

beyond the SM.

4 P → ℓν̄ and ℓ → P ν

As far as the control of the underlying hadronic uncertainties is concerned, the leptonic

decays of pseudoscalar mesons are among the cleanest probes of NP. The relevant hadronic

matrix elements for these decays in the SM are defined as

〈0|ūγµγ5d|P (p)〉 = ifP p
µ , (4.1)

where fP is the P -meson decay constant. From eq. (4.1), after applying the axial Ward

identity, the matrix element of the pseudoscalar density reads

〈0|ūγ5d|P (p)〉 = −i fP M
2

mu +md
, (4.2)

which is also needed to describe the NP contributions. In other words the only hadronic

quantity needed to describe the leptonic decay mode in the SM and its generic NP extension

is the decay constant fP . It is now straightforward to compute the branching fraction by

using the effective Lagrangian (2.1). We have,

B(P → ℓν̄) = τP
G2
F |Vij |2f2

PMm2
ℓ

8π

(
1− m2

ℓ

M2

)2 ∣∣∣∣∣1− gA + gP
M2

mℓ(mu +md)

∣∣∣∣∣

2

, (4.3)

– 7 –
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where M and τP denote the mass and the lifetime of P . We remind the reader that the

effective coefficients gA and gP are related to the effective Lagrangian in eq. (2.1) via the

relations gA = gVR
− gVL

and gP = gSR
− gSL

. For the τ -lepton and light-quark transitions,

it is the inverse process τ → Pν that is kinemetically available, P = π−,K−. These

processes can also be computed in terms of fP and the effective NP couplings gA,P ,

B(τ → Pν) = ττ
G2
F |Vij |2f2

Pm
3
τ

16π

(
1− M2

m2
τ

)2 ∣∣∣∣∣1− gA − gP
M2

mℓ(mu +md)

∣∣∣∣∣

2

, (4.4)

where M denotes once again the P -meson mass.

5 SM phenomenology

5.1 Observables

In order to reduce the theoretical uncertainties, we opt for building observables that are

independent on the CKM matrix elements. These observables can be either a ratio of decays

with distinct leptons in the final state, or a ratio of semileptonic and leptonic decays based

on the same quark transition, as we describe in what follows.

• LFU ratios: LFU ratios are powerful tests of validity of the SM, since both theoret-

ical and experimental uncertainties cancel out in these ratios to a large extent. We

define,

R
(ℓ/ℓ′)
P ≡ B(P → ℓν̄)

B(P → ℓ′ν̄)
, R

(ℓ/ℓ′)
PP ′ ≡

B(P → P ′ℓν̄)

B(P → P ′ℓ′ν̄)
, (5.1)

where P (′) denotes a pseudoscalar meson and ℓ(′) a charged lepton. Experimental

results considered in our analysis are collected in table 3, along with the SM predic-

tions that will be discussed in section 5.2. SM predictions for leptonic decays have

no uncertainty at leading order in QED, since the decay constant fP cancels out

completely in eq. (5.1). Moreover, the uncertainty of semileptonic ratios are rather

small, since the normalization of P → P ′ form factors cancels out in eq. (5.1), while

the remaining uncertainty from the form factor shapes is controlled by the LQCD

results, as will be discussed in section 5.2.

• Semileptonic/leptonic ratios: another way to eliminate the dependence on the

CKM matrix elements is to define the ratios,

r
(ℓ)
PP ′ =

B(P ′′ → ℓν)

B(P → P ′ℓν)
, (5.2)

where P ′′ → ℓν̄ and P → P ′ℓν̄ are decays based on the same quark transition.2 The

label in r
(ℓ)
PP ′ refers to the mesons appearing in the semileptonic process, while P ′′ is

uniquely fixed by the given transition. For instance, P ′′ = K for the kaon observables

r
(ℓ)
Kπ, which are based on the transition s → uℓν, and P ′′ = Bc for r

(ℓ)
BD and r

(ℓ)
BsDs

,

2Similar observables have defined for the b → uℓν transition in ref. [14].

– 8 –
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fP Value [MeV] Ref.

fπ 130.2(8) [1]

fK 155.7(3) [1]

fD 212.0(7) [1]

fDs 249.9(5) [1]

fB 190.0(1.3) [1]

fBc 434(15) [15]

Table 1. Decay constants obtained by numerical simulations of QCD on the lattice.

which proceed via b→ cℓν. The branching fraction in the denominator is defined by

combining the semileptonic decays of neutral and charged mesons, as follows,

B(P+ → P ′ 0ℓν) ≡ 1

2

[
B(P+ → P ′ 0ℓ+ν) + C2

P ′ 0

τP+

τP 0

B(P 0 → P ′ +ℓ−ν̄)

]
, (5.3)

where τP+(τ0
P ) is the lifetime of the meson P with electric charge +1(0), and CP ′ 0

is the Clebsch-Gordan coefficient, which is 1/
√

2 for P ′ = π0 and 1 otherwise, see

e.g. eq. (5.6) below.3 The advantage of this definition is to combine meson decays with

different lifetimes since the following relation holds, modulo small isospin-breaking

corrections,

B(P+ → P ′ 0ℓ+ν)

B(P 0 → P ′ +ℓ−ν̄)
= C2

P ′ 0

τP+

τP 0

. (5.4)

The available experimental results for r
(ℓ/ℓ′)
PP ′ are collected in table 4, along with our

SM predictions that will be discussed in section 5.2. The relative hadronic uncer-

tainty of the SM predictions is larger in this case compared to the LFU ratios, also

listed in table 3, since they do not cancel out in the ratio. Nonetheless, the current

level of accuracy of LQCD determinations for the relevant decay constants and form

factors allow us to perform this type of study as well. Notably, these observables are

complementary to the ones defined above because they too are sensitive to the LFU

contributions from NP which would normally cancel out in eq. (5.1).

5.2 Hadronic inputs and SM predictions

In our analyses we use the LQCD results for hadronic inputs [1]. The decay constants used

in this work are collected in table 1, whereas the P → P ′ form-factor parameterizations and

the needed numerical inputs are summarized in table 11 (appendix C). In our numerical

analysis we will sample the fit parameters for each transition with a multivariate Gaussian

distribution and the covariance matrices provided in the LQCD papers listed below.

3For the decay modes such as Bs → Dsℓν̄, where only one combination of electric charges is possible,

the denominator in eq. (5.2) should be replaced by the standard branching fraction.
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• K → π: we use the q2-shape of the K → π form factors f0(q2) and f+(q2) as reported

in ref. [16] from simulations with Nf = 2 + 1 + 1 dynamical quark flavors. Recently,

the shapes of these form factors have also been determined in an independent LQCD

study [17], but from simulations with Nf = 2 + 1 dynamical quarks. The results

are fully compatible with those presented in ref. [16]. Concerning the form factor

normalization, i.e. f+(0) = f0(0), we use the FLAG average [1],

f+(0) = 0.9706(27) , (5.5)

which is dominated by the results reported by MILC/Fermilab [18] and by

ETMC [16]. As for the tensor form factor, the only available results come from

ref. [19] which we will use in the following.

• D → π and D → K: the scalar and vector form factors for D → π and D → K

semileptonic decays have been computed in ref. [20] for all of the physically relevant

q2 values. Similar results for the tensor form factor, for both of these channels, have

been presented in ref. [21].

• B(s) → D(s): the scalar and vector B → D form factors have been computed in

refs. [22] and [23], which are combined in our analysis. For the tensor form factor, we

use the results for fT (q2)/f+(q2) evaluated near the zero recoil in ref. [24] and drive

the ratio to low q2 values by a small slope that we extracted from ref. [25].

• B → π and Bs → K: the B → π scalar and vector form factors have been computed

near zero recoil in refs. [26, 27] and combined in ref. [1], whereas the tensor one has

been computed in ref. [28]. Similarly, the Bs → K scalar and vector form factors

have been recently computed in ref. [29]. There are no available results for the

tensor form factor but since the two decays are similar, we will assume that the ratio

fT (q2)/f+(q2) is the same for both channels, B → πℓν̄ and Bs → Kℓν̄. Notice that

these channels are particularly problematic due to a very large phase-space, which

implies rather large theoretical uncertainties when extrapolating the LQCD results

for form factors, which are available at large q2’s, all the way down to q2 → 0. For

that reason, these decay modes will be discussed separately in section 5.4.

For kaon decays it is also necessary to account for the subleading corrections in order to

match both the experimental precision and the accuracy to which the hadronic matrix

elements are evaluated in LQCD. Those subleading corrections are summarized in the

following multiplicative factor [30],

BKℓ3
→ BKℓ3

C2
π SEW

(
1 + δKℓem + δKπSU(2)

)2
, (5.6)

where SEW = 1.0232(3) is the short-distance electroweak correction [32, 33], Cπ is the

Clebsch-Gordan coefficient (1 for decays to π± and 1/
√

2 for those to π0), while δKℓem and

δKπSU(2) respectively stand for the channel-dependent electromagnetic and isospin-breaking

corrections the values of which are given in table 2. Very recently the first lattice QCD

results of δKℓem have been presented in ref. [30], and the reported values fully agree with
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Channel δKℓem × 10−2 δKπSU(2) × 10−2

K0 → π+eν̄ 0.49(11)
0

K0 → π+µν̄ 0.70(11)

K+ → π0eν̄ 0.05(13)
2.9(4)

K+ → π0µν̄ 0.01(13)

Table 2. Summary of long-distance electromagnetic
(
δKℓ

em

)
and isospin breaking

(
δKπ

SU(2)

)
corrections

for Kℓ3 decays [30], see eq. (5.6).

those given in table 2. Radiative corrections to Kℓ2 have been estimated by using chiral

perturbation theory (ChPT) and LQCD, leading to the SM prediction [34, 35]
(
BKe2

BKµ2

)

SM

= 2.477(1)× 10−5 . (5.7)

The electromagnetic correction to the muonic mode alone can be written as [36–38]

BKµ2 → BKµ2(1 + δ
Kµ2
em ) , (5.8)

where we take δ
Kµ2
em = 0.0024(10), as recently determined in LQCD [35]. While the lattice

determination of δ
πµ2
em appeared to be consistent with the one obtained in ChPT, the δ

Kµ2
em

value turned out to be much smaller than δ
Kµ2
em = 0.0107(21) as found in ChPT and

previously used in phenomenology, cf. ref. [13] and references therein. As for the ratio of

BKµ2 and BτK2 ≡ B(τ → Kν̄), the radiative corrections are included by [39]

BτK2

BKµ2

→ BτK2

BKµ2

(1 + δRτ/K) , (5.9)

with δRτ/K = 0.90(22)× 10−2 [40]. For the observables related to the decays of D(s)- and

B(s,c)-mesons, we do not include the electromagnetic corrections, because the evaluation of

these effects is not available from theory yet. In the future, however, and with improved

experimental and hadronic uncertainties, it will become necessary to account for these

effects as well. Note in particular that such effects are the leading theoretical uncertainties

of the LFU ratios of leptonic decays, since the decay constants fully cancel out.4

With the ingredients described above, we are able to make the SM predictions that

are listed in table 3 and 4 for the two types of observables that we consider: (i) LFU tests,

and (ii) ratios of semileptonic and leptonic decays, based on the same weak process. We

find a reasonable agreement between our predictions and the experimental results, with a

few exceptions which will be mentioned in the following.

5.3 Discussion

K → lν, K → πlν and |Vus|. In the kaon sector, we find a good agreement between

the SM predictions and experiment for the LFU, as it can be seen in table 3. For the

4Effects from soft-photon emission in semileptonic B-meson decays have been recently considered in

refs. [41–43], see also ref. [44].
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Observable Definition Our SM prediction Exp. value Ref.

R
(µ/e)
K−π0

B(K−→π0µν̄)

B(K−→π0eν̄)
0.663(2) 0.662(3) [13]

R
(µ/e)
KLπ±

B(KL→π±µν̄)

B(KL→π±eν̄)
0.666(2) 0.666(4) [13]

R
(e/µ)
K

B(K−→ eν̄)

B(K−→µν̄)
2.477(1)×10−5 2.488(9)×10−5 [13]

R
(τ/µ)
K

B(τ→K−ν̄)

B(K−→µν̄)
0.01126(3) 0.0107(4) [13]

R
(µ/e)
D−π0

B(D−→π0µν̄)

B(D−→π0eν̄)
0.9864(12) 0.943(45) [46, 47]

R
(µ/e)
D0π−

B(D0→π−µ̄ν)

B(D0→π−ēν)
0.9862(12) 0.915(43) [48]

R
(µ/e)
D

B(D−→µν̄)

B(D−→ eν̄)
4.24×104 > 42.5 [13]

R
(τ/µ)
D

B(D−→ τ ν̄)

B(D−→µν̄)
2.67 3.21(64)(43) [49]

R
(µ/e)
D−K0

B(D−→K0µν̄)

B(D−→K0eν̄)
0.9751(10) 1.003(25) [13]

R
(µ/e)
D0K−

B(D0→K−µ+ν)

B(D0→K−e+ν)
0.9751(10) 0.973(14) [13]

R
(µ/e)
Ds

B(Ds→µν̄)

B(Ds→ eν̄)
4.25×104 > 65.4 [13, 50]

R
(τ/µ)
Ds

B(Ds→ τ ν̄)

B(Ds→µν̄)
9.74 10.0(5) [13, 50]

R
(µ/e)
B

B(B→µν̄)

B(B→ eν̄)
4.27×104 > 0.66 [13, 51]

R
(τ/µ)
B

B(B→ τ ν̄)

B(B→µν̄)
2.23×102 1.7(8)×102 [13, 51]

R
(µ/e)
BD

B(B→Dµν̄)

B(B→Deν̄)
0.9960(2) 0.995(22)(39) [52]

R
(µ/e)
BsDs

B(Bs→Dsµν̄)

B(Bs→Dseν̄)
0.9960(2) —

R
(τ/µ)
BD

B(B→Dτν̄)

B(B→Dµν̄)
0.295(6) 0.340(27)(13) [53]

R
(τ/µ)
BsDs

B(Bs→Dsτ ν̄)

B(Bs→Dsµν̄)
0.295(6) —

Table 3. Experimental results for LFU ratios and SM predictions obtained by using the hadronic

inputs described in section 5.2. Ratios with semileptonic B → π(K) decays are discussed in

section 5.4. When quoted, first uncertainty corresponds to the statistical and second to systematic.

Upper limits are displayed at 90% C.L.
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ratios of leptonic and semileptonic decays we find a reasonable agreement for the electron

modes, while for the muonic modes we see a clear discrepancy. More specifically, the SM

prediction and the experimental values differ by 3.1σ:

B(K− → µν)SM

B(K− → π0µν̄)SM
= 18.55(16),

B(K− → µν)exp

B(K− → π0µν̄)exp
= 19.16(11) , (5.10)

where in the denominator we use the isospin average according to eq. (5.3). Also taken

separately (without the isospin averaging), the measured values of the ratios are larger

than the ones predicted in the SM:

B(K− → µν)SM

B(K− → π0µν̄)SM
= 18.26(17),

B(K− → µν)exp

B(K− → π0µν̄)exp
= 18.9(2) ,

B(K− → µν)SM

B(KL → π+µν̄)SM
= 2.28(2),

B(K− → µν)exp

B(KL → π+µν̄)exp
= 2.352(11) . (5.11)

Another way to see that problem has been already pointed out when extracting the

value of |Vus| from leptonic and semileptonic decay respectively [45]. We get:

|Vus|Kµ2 = 0.2264(6) , |Vus|Kµ3 = 0.2228(8) , (5.12)

with the latter value fully compatible with the one extracted from the electronic mode,

|Vus|Ke3 = 0.2228(7). Clearly, the two values in eq. (5.12) differ by 3.5σ. Understanding the

origin of that discrepancy requires a proper assessment of the electromagnetic corrections

entering the expressions for the Kℓ3 decays by means of LQCD.

As a side exercise, one can use the ratio of the accurately measured leptonic decays

Kµ2/πµ2, for which the electromagnetic corrections have been handled by LQCD [54], and

combine it with the ratio of decay constants fK/fπ = 1.193(2) [1]. As a result we get

|Vus|/|Vud| = 0.2319(5). If we neglect |Vub| and impose the CKM unitarity we obtain5

|Vus|CKM
Kµ2/πµ2

= 0.2259(5) . (5.13)

The same value is obtained if instead of invoking the CKM unitarity we multiply

|Vus/Vud|Kµ2/πµ2
by |Vud|β, extracted from the nuclear β-decay [55] (see also refs. [56–

59] and references therein). These values are clearly in good agreement with |Vus|Kµ2 , but

not with |Vus|Kµ3 . Moreover, the discrepancy between |Vus|Kµ3 and |Vus|Kµ2 is larger if

considering the semileptonic decays of charged kaons.

In short, an improved LQCD determination of the K → π form factors, and espe-

cially a good control over the electromagnetic corrections is needed in order to clarify this

discrepancy. If this discrepancy persists then a viable NP explanation would necessitate

introducing the LFU couplings in order to guarantee a consistency with R
(µ/e)
Kπ , where the

SM predictions and the experimental measurements agree very well, cf. table 3.

Before closing this discussion we should emphasize the fact that for the semileptonic

decays we took the values for B(K− → π0lν̄)exp from ref. [45]. Had we used the simple

5Note that the value of |Vub| is irrelevant for this discussion since its central value is too small compared

to the current precision in the determination of |Vus| and |Vud|.

– 13 –



J
H
E
P
0
5
(
2
0
2
1
)
1
7
5

Observable Definition Our SM prediction Exp. value Ref.

r
(e)
Kπ

B(K− → eν̄)

B(K− → π0eν̄)
3.05(3)× 10−4 3.17(2)× 10−4 [45]

r
(µ)
Kπ

B(K− → µν̄)

B(K− → π0µν̄)
18.6(2) 19.2(1) [45]

r
(e)
Dπ

B(D− → eν̄)

B(D− → π0eν̄)
2.79(12)× 10−6 < 2.4× 10−3 [13]

r
(µ)
Dπ

B(D− → µν̄)

B(D− → π0µν̄)
0.120(5) 0.108(7) [13]

r
(e)
DK

B(Ds → eν̄)

B(D− → K0eν̄)
1.41(7)× 10−6 < 9× 10−4 [13]

r
(µ)
DK

B(Ds → µν̄)

B(D− → K0µν̄)
0.061(2) 0.063(2) [13, 50]

r
(µ)
BD

B(B−
c → µν̄)

B(B− → D0µν̄)
4.3(4)× 10−3 —

r
(τ)
BD

B(B−
c → τ ν̄)

B(B− → D0τ ν̄)
3.5(3) —

Table 4. Experimental results for ratios of leptonic and semileptonic decays, and SM predictions

obtained by using the hadronic inputs described in section 5.2. Ratios with semileptonic B → π(K)

decays are discussed in section 5.4.

averages of the measurements reported in the literature, and listed in PDG Review [13],

the abovementioned discrepancy between |Vus|Kµ2 and |Vus|Kℓ3
would increase to 5σ. We

believe that more discussion in assessing the correct values of the experimental branching

fractions in the kaon decays is needed. For example, the value of B(K− → π0µν̄)exp =

3.366(30) % as suggested in ref. [45] is very close to the value reported in the PDG Review as

“Our Fit”, but it is 2.7σ larger than the ordinary average which is heavily dominated by the

result reported by the KLOE collaboration, namely B(K− → π0µν̄)exp = 3.233(39) % [60].

Similar situation is true for B(K− → π0eν̄)exp.

D → πlν and |Vcd|. As it can be seen in table 3, we also find mild discrepancies between

theory and experiment in the D → πłν̄. These are mostly related to the recent BES-III

results on D0 → π+lν̄ decays (with l = e, µ) [48, 61]. To investigate this problem, we

compare in figure 3 the ratio of the D → πµν̄ and D → πeν̄ differential distributions

measured experimentally for both D+ and D0 decays [47, 48, 61] with the SM predictions

based on the form factors taken from ref. [20]. While there is a good agreement between

theory and experiment for D+ → π0lν̄ decays, we observe mild discrepancies in several q2

bins of D0 → π+lν̄ (see also ref. [62]). Since these deviations only appear in one of the

decay modes, it is likely that they arise from an underestimated theoretical or experimental

uncertainty near the zero recoil. In other words, most NP scenarios would not be able to
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Figure 3. Comparison between the µ/e LFU ratios measured experimentally in different q2 bins

for D0 → π+lν [48, 61] (left panel) and D+ → π0lν [47, 48] (right panel) with the SM predictions

(shaded blue regions).

explain this discrepancy since they would contribute equally to the both decay modes. Note

that these observables have recently been analyzed in a similar context in refs. [63, 64].

D → Klν and |Vcs|. For the D → K transition we find a reasonable agreement between

theory and experiment. This conclusion is true for both LFU tests, as it can be seen in

table 3 and table 4. The plot analogous to those discussed in the D → π case is shown

in figure 4. We observe a good agreement between the SM predictions and the measured

LFU ratios in most of the q2-bins.6

B → Dℓν and LFU violation. Lastly, there are hints of LFU violation in the b→ cτ ν̄

transition. These deviations appear not only in the ratio R
(τ/µ)
BD , that shows an ≈ 1.5σ

excess with respect to the SM prediction (cf. table 3) [68–70], but also in the related decay

modes, B → D∗ℓν̄ [68–76] and Bc → J/ψℓν̄ [77], which are ≈ 2.5σ and ≈ 2σ above

the corresponding SM predictions respectively. This pattern of deviations has triggered

an intense activity in the theory community which resulted in several viable scenarios

beyond the SM capable of accommodating the so-called B-anomalies (see e.g. refs. [78, 79]

and references therein). The SM predictions for the B → D∗ transition are currently

made by relying on the differential distributions measured experimentally for B → D∗(→
Dπ)lν̄ decays (with l = e, µ) [53], as well as the heavy-quark effective theory combined

with the QCD sum rules to evaluate the non-perturbative coefficients entering the heavy

quark expansion of the form factors, and in particular to evaluate the pseudoscalar form

factor [25]. Although the LQCD results at nonzero recoil are not yet available for this

particular transition, there are ongoing lattice studies the results of which will be helpful

in clarifying the situation, and hopefully in understanding the long-standing disagreement

6See ref. [65] for a recent study of the related decay mode Ds → φℓν̄ with lattice QCD form factors [4].
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Figure 4. Comparison between the µ/e LFU ratios measured experimentally in different q2 bins

for D0 → K+ℓν [61, 66] with the SM predictions (shaded blue regions). The isospin-related decay

modes D+ → K0ℓν are not shown since the differential data for D+ → K0µν is not available [67].
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Figure 5. Differential branching fraction for B → πµν̄ (left panel) and B → πτ ν̄ (right panel) by

using only LQCD form factors (orange) [26, 27], and a combined fit to LQCD and experimental

data (blue) [1]. The shaded regions correspond to the 1σ predictions.

between the |Vcb| values as inferred from the exclusive and inclusive semileptonic decays,

respectively [80]. For the Bc → J/ψ transition, the relevant form factors at nonzero recoil

have been recently computed by means of LQCD simulations in ref. [5], which allows us to

predict the corresponding LFU ratio R
(τ/µ)
BcJ/ψ

, with O(1%) precision [81], see also ref. [82].
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Figure 6. The ratio R(τ/µ)
Bπ (q2

min), defined in eq. (5.15), is plotted as a function of the mininum

value of the dilepton mass, q2
min, which is taken to be the same in the numerator and denominator.

5.4 B → πℓν with LQCD form factors

The B → πℓν and Bs → Kℓν decays deserve a separate discussion due to the large

theoretical uncertainties involved in their SM predictions. For these processes, the form

factors obtained in LQCD simulations at large q2’s should be extrapolated to lower q2’s

in order to cover the entire physical region. This extrapolation introduces an additional

source of uncertainty related to various parameterizations one might use to describe the q2

dependencies of the form factors. In principle, this issue could be avoided by combining

the lattice data with experimental data which are more accurate for low q2’s, but that

would be at odds with our goal to solely rely on LQCD to evaluate the hadronic matrix

elements. Moreover for our purpose it is important to avoid using the experimental data

to constrain the form factors because such the results could already be heavily affected by

the NP contributions which we would like to isolate.

The uncertainty related to the form factor parameterization is noticeable for B → πℓν

decays, see e.g. ref. [83]. In figure 5 we compute the B → πℓν differential decay rates by

using two different theoretical inputs: (i) the scalar and vector form factors computed on

the lattice at high-q2 values and extrapolated to the rest of the physical region [26, 27] (see

table 11 in appendix C); and (ii) f0(q2) and f+(q2) obtained by a combined fit of LQCD

data with the experimental measurements of dB(B → πlν)/dq2 (with l = e, µ), which are

more accurate at low q2-values [1].7 Note, in particular, that the second approach allows us

to extract |Vub| = 3.73(14)×10−3 [1], lower than the one extracted from the inclusive decays

(see e.g. ref. [80] for a recent review). Our predictions by using both sets of form factors are

shown in figure 5. Both approaches lead to the same results in the large q2-region where

LQCD data dominate, but they diverge for small q2 values, due to the model dependent

7For reference, the numerical inputs needed to reproduce these form factors are given in table 50 of ref. [1].
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Observable Our SM prediction Exp. value Ref.

R̂
(µ/e)
Bπ (16 GeV2) 1.0007(1) —

R̂
(µ/e)
BsK

(16 GeV2) 1.0009(1) —

R̂
(τ/µ)
Bπ (16 GeV2) 1.08(3) < 6.4 [84–86]

R̂
(τ/µ)
BsK

(16 GeV2) 1.10(2) —

r̂
(µ)
Bπ (16 GeV2) 2.4(2)× 10−2 4(2)× 10−2 [13, 84, 85]

r̂
(µ)
BsK

(16 GeV2) 1.7(1)× 10−2 —

r̂
(τ)
Bπ (16 GeV2) 5.4(3) > 0.44 [13, 86]

r̂
(τ)
BsK

(16 GeV2) 3.8(2) —

Table 5. Experimental results and our SM predictions for the observables defined in eq. (5.15)

and (5.17) for q2
min = 16 GeV2.

extrapolation of the LQCD form factors. The LFU ratios defined in eq. (5.1) are then8

R
(τ/µ)
Bπ

∣∣∣
LQCD

= 0.78(10) , R
(τ/µ)
Bπ

∣∣∣
LQCD+exp

= 0.66(2) . (5.14)

Therefore, it is still not possible to use only LQCD data and have a robust SM prediction

for R
(τ/µ)
Bπ . To avoid the artifact of the form factor extrapolations, we propose to use,

instead of eq. (5.1), the following observable,9

R̂
(ℓ/ℓ′)
PP ′ (q2

min) ≡

∫ (M−m)2

q2
min

dB
dq2

(P → P ′ℓν̄) dq2

∫ (M−m)2

q2
min

dB
dq2

(P → P ′ℓ′ν̄) dq2

, (5.15)

where q2
min ≥ m2

ℓ is to be chosen in auch a way as to avoid the problematic low q2-region.

This observable is plotted in figure 6 as a function of q2
min, where we see that choosing q2

min &

10 GeV2 is already enough to obtain consistent results with both approaches. In order to

be conservative, we take q2
min = 16 GeV2, which also corresponds to one of the q2-bins

considered in the experimental measurement of B → πlν̄ (with l = e, µ) at BaBar [84] and

Belle [85]. For this choice of integration interval, we obtain the following SM predictions,

R̂
(τ/µ)
Bπ (16 GeV2)

∣∣∣
LQCD

= 1.08(3) , R
(τ/µ)
Bπ (16 GeV2)

∣∣∣
LQCD+exp

= 1.07(2) , (5.16)

which are in perfect agreement. By using the same approach, we define the ratio of

semileptonic and leptonic decays as

r̂
(ℓ)
PP ′(q

2
min) ≡ B(P ′′ → ℓν)

∫ (M−m)2

q2
min

dB
dq2

(P → P ′ℓν) dq2

, (5.17)

8Note that a similar problem is not present in the µ/e ratios, since the form factors cancel out to a large

extent in these observables because me ≪ mµ ≪ mB .
9A similar proposal has been recently made for the P → V ℓν̄ transitions in ref. [82], where V denotes a

vector meson. In this case, the uncertainties related to the pseudoscalar form factor can be substantially

reduced by increasing the value of q2
min.
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where the denominator accounts for the isospin average from eq. (5.3), and P ′′ is defined as

in eq. (5.2), i.e. P ′′ = B+ for B → πℓν̄ and Bs → Kℓν̄. Our predictions for these observ-

ables are collected in table 5, along with the existing experimental results. Currently, there

is an experimental limit on the decay mode B(B → πτ ν̄) < 2.5×10−4 [86], which is expected

to be measured soon at Belle-II with a precision of O(20 %) [87]. For the reasons explained

above it would be very useful to separate the low and high-q2 regions. Note also that the

ratio of the Bs → K and Bs → Ds form factors has been studied in LQCD in ref. [88]. The

first experimental determination of the ratio of branching fractions of these modes has been

reported while this paper was in writing [89]. In that paper the authors indeed make distinc-

tion between the low and high q2 regions, but with q2
min = 7 GeV2 that is perhaps too low.

6 New physics phenomenology

In this section we use the observables discussed in section 5 to constrain the effective cou-

plings defined in eq. (2.1), which are then used to explore the new semileptonic observables

proposed in section 3. In our analysis, we will focus on the LFU ratios of type µ/e and

τ/µ, and we will assume that NP couplings affect the decay to the heavier lepton in each

ratio (i.e. µ’s for µ/e ratios and τ ’s for τ/µ). In other words, our analysis is based on the

assumption,

|gij eα | ≪ |gij µα | ≪ |gij τα | , ∀ i, j (6.1)

which holds true, for instance, in many NP scenarios aiming at explaining the hierarchy of

fermion masses, cf. e.g. refs. [90, 91]. However, the theoretical inputs given in section 5 are

sufficient to recast our results to a more general NP scenario rather than the one defined

in eq. (6.1).

The experimental inputs used in our analysis are

i) The ratios of semileptonic decays R
(ℓ/ℓ′)
PP ′ = B(P → P ′ℓν̄)/B(P → P ′ℓ′ν̄), which are

listed in table 3 for the various transitions.

ii) The ratios of leptonic decays R
(e/µ)
K = B(K → eν̄)/B(K → µν̄) and R

(τ/µ)
K = B(τ →

Kν)/B(K → µν̄), which is given in table 3.

iii) The ratios of leptonic and semileptonic decays r
(ℓ/ℓ′)
PP ′ ≡ B(P → ℓν̄)/B(P → P ′ℓ′ν̄) ,

are simply the products of R
(ℓ/ℓ′)
PP ′ and r

(ℓ)
PP ′ already presented in tables 3 and 4,

respectively.

Note that for most transitions we opt for using the ratio r
(ℓ/ℓ′)
PP ′ , instead of the purely leptonic

one, R
(ℓ/ℓ′)
P = B(P → ℓν̄)/B(P → ℓ′ν̄), since the decays P → ℓ′ν̄ (with ℓ′ = e, µ) are very

rare and still unobserved for many transitions. The only exception is the kaon sector, where

R
(e/µ)
K and R

(τ/µ)
K have been precisely measured, and in fact used in our analysis [13]. In

addition to the observables listed above, we also consider the ones corresponding to the

B → πℓν̄, with the choice of the cut q2 ≥ 16 GeV2, as described in section 5.4.
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Decay |Vij |−2B(P →P ′ℓν̄) aB
S aB

T aB
SVL

aB
TVL

aB
ST

K+→π0µν̄ 0.669(6) 15.74(12) 0.152(11) 4.43(3) 0.46(2) 0

D+→π0µν̄ 0.066(4) 2.39(12) 1.17(18) 0.435(15) 0.47(4) 0

D+→K0µν̄ 0.091(6) 1.69(5) 0.71(10) 0.465(10) 0.45(3) 0

B+→D0µν̄ 14.8(8) 1.13(3) 0.68(6) 0.154(2) 0.188(9) 0

B+→D0τ ν̄ 4.3(1) 1.076(9) 0.84(8) 1.533(9) 1.09(5) 0

Table 6. Numerical coefficients entering eq. (6.2) for the different semileptonic transitions. We

also quote the values for the SM predictions BSM
tot = B(P → P ′ℓν̄) after factoring out the CKM

matrix elements |Vij |. As mentioned in the text, the renormalization scale for all the coefficients is

taken to be µ = 2 GeV, except for the B-meson decays for which µ = mb.

6.1 Simplified semileptonic expressions

Let us discuss the sensitivity of the different semileptonic observables defined in section 3

to the NP couplings defined in eq. (2.1). Starting from the integrated branching fraction,

without loss of generality, we can write

Btot

BSM
tot

= |1 + gV |2 + aB
S |gS |2 + aB

T |gT |2

+ aB
SV Re

[
(1 + gV ) g∗

S

]
+ aB

T Re
[
(1 + gV ) g∗

T

]
+ aB

ST Re
[
gS g

∗
T

]
,

(6.2)

where aB
α are the numerically known coefficients obtained by integrating over the full range

of q2’s. Note that the flavor indices in gα ≡ gij ℓα are omitted. We evaluated all of aB
α and

collected the results in table 6 for each of the transitions considered in this paper. These

values can be combined with the SM predictions quoted in table 3 to compute the LFU

ratios defined in eq. (5.1) for the most general NP scenario. For the B → πℓν̄ transition,

we list the coefficients aB
α ≡ aB

α(q2
min) in table 7, as obtained for different values of q2

min

and by using the LQCD form factors from refs. [26, 27]. Notice that the coefficient aB
ST

vanishes identically. This particular combination of effective couplings ∝ gSg∗
T can only be

probed by using the full angular distribution, as we discuss in the following.

For the semileptonic observables O ∈ {Afb, Aλ, Aπ/3} defined in section 3, we can

write in full generality,

〈O〉 Btot

BSM
tot

= 〈OSM〉 |1 + gV |2 + bO
S |gS |2 + bO

T |gT |2

+ bO
SV Re

[
(1 + gV ) g∗

S

]
+ bO

TV Re
[
(1 + gV ) g∗

T

]
+ bO

ST Re
[
gS g

∗
T

]
,

(6.3)

where Btot ≡ Btot(gV , gS , gT ) is the total branching fraction, bO
α are the known numerical

coefficients, and the brackets 〈. . . 〉 denote the integration over the full q2 range,10

〈O〉 =

∫ (M−m)2

m2
ℓ

dO
dq2

dq2 . (6.4)

10In this notation the total branching fraction can be written as Btot =
〈
B(P → P ′ℓν̄)

〉
.
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Decay q2
min |Vub|−2Btot(q

2≥ q2
min) aB

S aB
T aB

SVL
aB
TVL

aB
ST

B+→π0µν̄

12 GeV2 2.1(2) 2.8(3) 5(1) 0.13(1) 0.23(3) 0

16 GeV2 1.4(1) 3.6(3) 5.2(6) 0.15(1) 0.23(1) 0

20 GeV2 0.66(3) 5.2(4) 5.8(5) 0.20(1) 0.23(1) 0

B+→π0τ ν̄

12 GeV2 2.2(2) 2.0(1) 4.3(9) 1.5(1) 2.6(3) 0

16 GeV2 1.5(1) 2.4(1) 4.5(5) 1.7(1) 2.5(1) 0

20 GeV2 0.78(3) 3.3(1) 4.6(4) 2.1(1) 2.4(1) 0

Table 7. Numerical coefficients aB
α ≡ aB

α(q2
min) appearing in eq. (6.2) for the decays B → πℓν̄ in

the interval q2 ∈ (q2
min, (mB −mπ)2) with q2

min fixed.

Decay mode O
〈
OSM

〉
bO

S bO
T bO

SVL
bO

T VL
bO

ST

K−→π0µν̄

Afb 0.2726(3) 0 0 1.379(2) 0.343(13) 2.15(8)

Aπ/3 −0.1537(6) 0 0.066(5) 0 0 0

Aλ −0.091(4) 15.79(11) 0.065(4) 4.43(3) −0.154(6) 0

D−→π0µν̄

Afb 0.0386(11) 0 0 0.160(2) 0.29(3) 2.7(2)

Aπ/3 −0.3455(8) 0 0.84(13) 0 0 0

Aλ −0.890(3) 2.40(12) 1.1(2) 0.435(14) −0.156(14) 0

D−→K0µν̄

Afb 0.0580(8) 0 0 0.1714(15) 0.29(2) 1.78(12)

Aπ/3 −0.3307(7) 0 0.51(7) 0 0 0

Aλ −0.833(3) 1.69(5) 0.66(9) 0.465(10) −0.150(10) 0

B−→D0µν̄

Afb 0.0141(3) 0 0 0.0590(4) 0.116(5) 1.45(7)

Aπ/3 −0.3643(2) 0 0.50(5) 0 0 0

Aλ −0.9605(8) 1.13(3) 0.67(6) 0.154(2) −0.062(3) 0

B−→D0τ ν̄

Afb 0.3602(8) 0 0 0.4430(8) 0.87(4) 1.14(5)

Aπ/3 −0.0671(3) 0 0.18(2) 0 0 0

Aλ 0.324(3) 1.076(10) 0.052(5) 1.534(10) −0.36(2) 0

Table 8. Numerical coefficients for the coefficients bO
i defined in eq. (6.3) for the integrated

observables O ∈ {Afb, Aπ/3, Aλ} defined in section 3. Notice that the “magic numbers” are given

for the decays of charged mesons, but that they are practically if one considers decays of neutral

mesons for the quantities as defined in eq. (6.3).

The values of all coefficients bO
α are collected in table 8. By comparing table 6 and 8, it is

evident that Afb, Aλ and Aπ/3 are complementary to the branching fractions. In particular,

Afb is the only observable that depends on Re(gS g
∗
T ), with an enhanced sensitivity due

to a large numerical coefficients bAfb
ST , cf. table 8. To assess the potential of these new

observables to reveal the presence of NP, we first need to determine the allowed ranges of

the effective NP couplings entering eq. (6.3).
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6.2 Constraints and predictions

To determine the allowed ranges of the NP effective couplings we consider the observables

described above, with the experimental results and SM predictions given in tables 3, 4 and 5.

In addition to these observables, we also require that B(Bc → ℓν̄) . 30 % in order to avoid

the saturation of the Bc-meson lifetime, the value of which is known experimentally [92,

93].These quantities are used in table 9 to constrain the couplings gij ℓA and gij ℓP from the

leptonic decays, and gij ℓV , gij ℓS and gij ℓT from the semileptonic ones. The renormalization

scale µ is taken to be µ = 2 GeV for the decays of K and D-mesons, and µ = mb for

b-decays. Several comments regarding the results are in order:

• First, we note that there are two distinct real solutions for each NP coupling due

to the quadratic dependence of the branching fraction on gij ℓα , as it can be seen in

eqs. (6.2). In table 9, we choose the solution closer to the SM, since the other one

would correspond to a NP scenarios with large NP couplings which is most likely in

tension with the direct searches at LHC.

• Our analysis was based on the assumption that the NP couplings to leptons are

hierarchical, see eq. (6.1). The CKM matrix element is eliminated in the ratios of

leptonic or semileptonic decays differing in flavor of the lepton in the final state.

• For the semileptonic decays based on the transitions s→ uτν, c→ dτν and c→ sτν,

there is no available phase space which is why the corresponding gij τV , gij τS and gij τT

effective couplings are not constrained by the low-energy data.

• The decays B → πℓν̄ with ℓ = e, µ are systematically combined in the experimental

analyses performed at the B-factories [84, 85]. While this is the best approach to

extracting the |Vub| value, it is not straightforward to use these results in order to

constrain the NP scenarios in which the LFU is broken, as we assume. For this reason,

we prefer not to quote any constraint for this particular transition. We suggest to the

future experimental analyses to also quote the value of R
(µ/e)
Bπ = B(B → πµν̄)/B(B →

πeν̄), as done for instance in certain studies of B → Dℓν̄ decays [52].

• The only significant discrepancy between theory and experiment in table 9 is the

well-known B-physics LFU deviation in the B → Dℓν̄ transition [68–70]. For this

particular transition, the allowed range for the effective couplings would become more

constrained if results concerning the B → D∗τν transition were also considered, see

e.g. refs. [2, 3]. Note also that the small deviations observed in D0 → π+µν̄ decays be-

come less significant when the isospin average is considered, as discussed in section 5.

We are now in a position to use the constraints obtained in table 9 and predict the

value of new observables Afb, Aλ and Aπ/3, defined in section 3, as a function of the allowed

ranges for the NP couplings. We first discuss their integrated values, see eq. (6.4). These

quantities are plotted in figure 7 as functions of the real and imaginary parts of gij αS and

gij αT , for each quark-level transition. The light colored regions show the dependence of

the physical observables on the effective NP couplings, whereas the values allowed by the
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Figure 7. Predictions for the integrated observables 〈Afb〉, 〈Aλ〉 and 〈Aπ/3〉, defined in eq. (6.4),

as a function of the Wilson coefficients gi ∈ {Re(gS),Re(gT ), Im(gS), Im(gT )}. The darker regions

are allowed by existing experimental constraints collected in table 3.
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ui dj ℓ Re
(
gij ℓ

V

)
Re
(
gij ℓ

A

)
Re
(
gij ℓ

S

)
Re
(
gij ℓ

P

)
Re
(
gij ℓ

T

)

usµ (0±2)×10−3 (2.2±1.8)×10−3 (−2±9)×10−4 (−9±8)×10−5 (−2±9)×10−3

usτ — (2.2±1.7)×10−2 — (1.6±1.1)×10−2 —

cdµ (−3.0±1.6)×10−2 (7±4)×10−2 (−9±7)×10−2 (−2.6±1.3)×10−3 (−2.0±1.4)×10−1

cdτ — (−0.1±1.1)×10−1 — (1±7)×10−2 —

csµ (3±6)×10−3 (−2±4)×10−2 (−1±2)×10−2 (0.7±1.4)×10−3 (1.2±1.8)×10−2

csτ — (−3±4)×10−2 — (2±2)×10−2 —

ubµ — — — — —

ubτ −1±2 (−1±2)×10−1 −0.3±1.5 (3±7)×10−2 −0.3±1.1

cbµ (0±2)×10−2 — (1±2)×10−1 (0±8)×10−1 (−1±3)×10−1

cbτ (7±5)×10−2 1±4 (9±6)×10−2 (−2±8)×10−1 (1.2±0.8)×10−1

Table 9. 1σ constraints on the real part of the coefficients gij ℓ
α = gij ℓ

α (µ), with α ∈ {V,A, S, P, T}),
derived from the observables collected in table 3. The scale µ is taken to be µ = 2 GeV for K and

D-meson observables, and µ = mb for B-meson decays.

constraints given in table 9 are highlighted by darker colors. In that plot, we see that the

sizeable deviations from the SM are indeed possible. For instance, 〈Afb〉(D → πµν̄) can

be modified by varying the NP coupling gT in the interval allowed by the data. Its value

could not only change the sign but its absolute value could be ≈ 2× larger than its SM

value. Significant deviations for Afb and Aπ/3, are also possible in D → Kµν̄, B → Dµν̄

and B → Dτν̄. It is therefore clear that studying the angular distribution of these decays

experimentally could offer a fertile ground for searching the NP effects.

For decays to τ -leptons, such as B(s) → D(s)τ ν̄, Bs → Kτν̄ and B → πτ ν̄, the

τ -polarization is also experimentally accessible, since it can be reconstructed from the

kinematics of its decay products [95, 96]. From figure 7 we see that the lepton-polarization

asymmetry 〈Aλ〉(B → Dτν̄) is very sensitive to the NP couplings, which can be increased

(decreased) by a pronounced NP coupling to the scalar (tensor) operator. For the processes

involving muons, it is not clear how the lepton polarization can be determined since muons

are stable for the length scales probed in most particle colliders. For these decays, the only

observables that can be reconstructed with known techniques are Afb and Aπ/3, and the

predictions for Aλ are less relevant, being given in figure 7 only for the sake of completeness.

Finally, we also explore the impact of NP effects on the differential distributions of

the quantities (observables) discussed above. We focus on B → Dτν̄, as motivated by

the discrepancies observed in B-meson decays [68–76]. For simplicity, we consider the sce-

narios in which the SM is extended by a O(1 TeV) leptoquark boson S1 = (3̄,1, 1/3) or

R2 = (3,2, 7/6), where in the parentheses are the SM quantum numbers. These scenarios

can accommodate the observed LFU discrepancies and remain consistent with numerous

low and high-energy constraints [78].11 Moreover, in these models the NP couplings satisfy

gSL
(Λ) = −4 gT (Λ) and gSL

(Λ) = +4 gT (Λ), respectively, at the matching scale Λ. After

11Another viable solution to the problem of B-anomalies is given by the vector LQ U1 = (3̄, 1, 2/3), see

e.g. ref. [78] and references therein. Even though this scenario can also allow for a nonzero of gcb τ
SR

, the dom-

inant coupling to explain the anomalies is gcb τ
VL

which does not affect the asymmetries considered above [78].
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Figure 8. Predictions for the differential distributions of Afb(q2), Aλ(q2) and Aπ/3(q2) for the

B → Dτν̄ transition. The benchmark values for the NP scenarios are motivated by the LQ scenarios

that can accommodate the discrepancies observed in B → D(∗)lν̄ [78]. See text for details.

accounting for the running effects from Λ ≈ 1 TeV down to µb = mb, these relations become

gSL
(µb) ≈ −8.5 gT (µb) and gSL

(µb) ≈ 8.14 gT (µb), respectively. We use the best-fit values

for the NP couplings obtained in ref. [78] for these two leptoquark scenarios and plot the

differential q2-distributions of different observables. Notice that these values for the effec-

tive couplings are determined by using Rexp

D(∗) which have been extracted experimentally by

assuming only the SM for the decay distributions and acceptances and which might also be

affected by the NP couplings [97]. The results are shown in figure 8. We find that the over-

all normalization of Afb and Aλ, as well as the branching fraction, can change by about 20%

(S1) and by about 50 % (R2), which are possibly large enough to be testable at the LHCb

and Belle-II. Even more significant are the predictions for Aπ/3, which can be strongly modi-

fied by the plausible values of the NP couplings, especially in the region of intermediate q2’s.

Therefore, measuring the observables discussed in this paper and their q2 shapes can

indeed be revelatory of the non-zero value of one of the NP couplings.
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7 Conclusion

In this work we made a comprehensive phenomenological analysis of the leptonic and

semileptonic decays of pseudoscalar mesons in the framework of a general low energy effec-

tive theory which includes all possible interactions BSM, except for possible contributions

arising from the right handed neutrinos.

One of our main goals was to derive the constraints on the NP couplings by relying

only on the decay modes for which the non-perturbative QCD uncertainties are fully under

control, i.e. which are handled by means of extensive numerical simulations of QCD on

the lattice. Such channels are only those that involve pseudoscalar mesons. By switching

on the NP couplings, one at the time, we were able to derive constraints by comparing

the accurate theoretical determination with the experimentally available results for the

(partial) branching fractions. To eliminate the dependence on the CKM matrix elements

we combined similar decay channels in suitable ratios.

The obtained constraints on the NP couplings are then used to predict the possible

departure of the angular observables with respect to their SM values. To that effect we

showed that one can construct at most four independent observables from the detailed study

of the angular distribution of the semileptonic pseudscalar-to-pseudoscalar meson decays.

Our results show that these observables can indeed reveal the presence of physics BSM both

through their values integrated over the available phase space, or through modification

of their q2-dependence with respect to the SM. Clearly more experimental work in this

direction is very much needed.

Besides turning one NP coupling at the time, we also discussed a possibility of simul-

taneously including two non-zero couplings. Such a situation is realized in the scenarios in

which the SM is extended by a low energy scalar leptoquark, such as R2 or S1, for which

the scalar and tensor couplings are both nonzero but the ratio of the two being fixed.

The future analyses along the one presented in this paper should be updated and ex-

tended to include the decays to vector mesons in the final state, as long as the vector meson

is sufficiently narrow. For that to be done one also needs reliable LQCD results for the

form factors, obtained by more than one LQCD collaboration. If these results were avail-

able, we would end up with far more restrictive constraints on the New Physics couplings

and many more observables to predict. With the further improvement in accuracy of the

experimental results and of the hadronic matrix elements, one also has to start accounting

for the electromagnetic corrections. Such a situation is already present in the case of the

kaon leptonic and semileptonic decays for which we included electromagnetic corrections as

estimated by means of chiral perturbation theory with the low energy constants fixed from

phenomenology. The strategies to control the electromagnetic corrections through LQCD

studies exist and the first results for the leptonic decays of kaon appeared very recently in

refs. [98, 99] and the result is compatible with what we used in this paper.
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A Matching to the SMEFT

Under the general assumption that NP arises well above the electroweak scale, one should

replace eq. (2.1) by an EFT that is also invariant under SU(2)L×U(1)Y , i.e. the SMEFT [10,

11]. The SMEFT Lagrangian can be parameterized as

LSMEFT =
∑

α

Cα
Λ2
Oα , (A.1)

where Λ is the EFT cutoff, and Cα stand for the effective coefficients of the dimension-

6 operators Oα. Only five of these operators can generate at tree-level the operators in

eq. (2.1), as listed in table 10. In order to match eq. (2.1) to (A.1), we assume that down-

quark and lepton Yukawa couplings are diagonal, and that right-handed fermions are in

the mass basis. The matching relations at µ = µEW are then given by

gij ℓVL
(µEW) = − v

2

Λ2

∑

k

Vik
Vij

([
C

(3)
lq

]

ℓℓkj
+
[
C

(3)
Hq

]

kj
− δkj

[
C

(3)
Hl

]

ℓℓ

)
,

gij ℓVR
(µEW) =

v2

2Λ2

1

Vij

[
CHud

]

ij
,

gij ℓSL
(µEW) = − v2

2Λ2

1

Vij

[
C

(1)
lequ

]∗
ℓℓji

, (A.2)

gijSR
(µEW) = − v2

2Λ2

∑

k

V ∗
ik

Vij

[
Cledq

]∗
ℓℓjk

,

gij ℓT (µEW) = − v2

2Λ2

1

Vij

[
C

(3)
lequ

]∗
ℓℓji

.

where we kept only the quark-flavor indices. From these relations, we see that contributions

to gijVR
are necessarily lepton-flavor universal at dimension-6. Furthermore, the operators

listed above also induce contributions to the di-lepton transitions di → djℓℓ, di → djνν,

ui → ujℓℓ and ui → ujνν.
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SMEFT Definition LEFT LFU?[
O

(3)
lq

]

prst

(
l̄pγµτ

I lr
)(
q̄sγ

µτ Iqt
)

gVL
✗

[
Oledq

]

prst

(
l̄jper

)(
d̄sqt

)
+ h.c. gSR

✗
[
O

(1)
lequ

]

prst

(
l̄jper

)
ǫjk
(
q̄ksut

)
+ h.c. gSL

✗
[
O

(3)
lequ

]

prst

(
l̄jpσµνer

)
ǫjk
(
q̄ksσ

µνut
)

+ h.c. gT ✗

[
O

(3)
Hl

]

pr

(
H†i
←→
Dµτ

IH
)(
l̄pγ

µτ I lr
)

gVL
✗

[
O

(3)
Hq

]

pr

(
H†i
←→
Dµτ

IH
)(
q̄pγ

µτ Iqr
)

gVL
✓

[
O

(3)
Hud

]

pr

(
H̃†iDµH

)(
ūpγ

µdr
)

+ h.c. gVR
✓

Table 10. SMEFT operators contributing to the low-energy EFT defined in eq. (2.1). Flavor

indices are denoted by {p, r, s, t} and SU(2)L indices by {j, k}. The operators O
(3)
Hq and O

(3)
Hud

induce lepton-flavor universal (LFU) contributions. We use the same conventions of ref. [12].

Operator mixing. Renormalization group equations (RGEs) are fundamental in order

to relate the different scales involved in this problem. First, the running of the semileptonic

operators from µ ≈ 1 TeV down to µEW ≈ mW due to gauge interactions is given by [100]



C
(3)
lq

Cledq

C
(1)
lequ

C
(3)
lequ




(µ=mW )

≈




1.00 0 0 0

0 1.20 0 0

0 0 1.20 −0.19

0 0 0 0.96







C
(3)
lq

Cledq

C
(1)
lequ

C
(3)
lequ




(µ=1 TeV)

, (A.3)

where we have omitted flavor indices and neglected the LFU operators. The SU(3)c×U(1)em

running below the EW scale reads [100]



gVL

gVR

gSL

gSR

gT




(µ=mb)

≈




1.00 0 0 0 0

0 1.00 0 0 0

0 0 1.46 0 −0.02

0 0 0 1.46 0

0 0 0 0 0.88







gVL

gVR

gSL

gSR

gT




(µ=mW )

, (A.4)

and 


gVL

gVR

gSL

gSR

gT




(µ=2 GeV)

≈




1.00 0 0 0 0

0 1.00 0 0 0

0 0 1.72 0 −0.02

0 0 0 1.72 0

0 0 0 0 0.82







gVL

gVR

gSL

gSR

gT




(µ=mW )

. (A.5)

In addition to these RGE effects, there are also the ones induced by the top-quark Yukawa,

which mix the four-fermion operators with third-generation couplings into purely leptonic
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operators such as the ones contributing to Z → ℓℓ [101, 102] and H → ℓℓ [103] which

are of phenomenogical relevance. In summary, the combination of the tree-level matching

relations in eq. (A.2), with the RGE effects in eq. (A.3)–(A.5), allows us to apply the

constraints derived in these paper to any concrete NP scenario.

B Angular conventions

Kinematics. Our conventions for the decay P (p)→ P ′(k)ℓ(k1)ν̄(k2) are summarized in

figure 1. In the P rest-frame, the leptonic and hadronic four-vectors q = p − k and k are

given by

qµ = (q0, 0, 0, qz) , kµ = (q0, 0, 0,−qz) , (B.1)

where

q0 =
M2 + q2 −m2

2M
, k0 =

M2 − q2 +m2

2M
, and qz =

λ1/2(M2, q2,m2)

2M
. (B.2)

In the dilepton rest-frame, the leptonic four-vectors read

kµ1 = (Eℓ, |pℓ| sin θℓ, 0, |pℓ| cos θ) , kµ2 = (Eν ,−|pℓ| sin θℓ, 0,−|pℓ| cos θ) , (B.3)

where

Eℓ =
q2 +m2

ℓ

2
√
q2

, (B.4)

and Eν = |pℓ| =
√
q2 − Eℓ.

Polarization vectors. In the P -meson rest-frame, we choose the polarization vectors of

the virtual boson V to be

εµ(±) =
1√
2

(0,±1, i, 0) , (B.5)

εµ(0) =
1√
q2

(qz, 0, 0, q0) , (B.6)

εµ(t) =
1√
q2

(q0, 0, 0, qz) , (B.7)

where q0 and qz are given in eq. (B.2). These four-vectors are orthonormal and satisfy the

completeness relation (3.6).

C Form factor inputs

The inputs needed to reproduce the form factor used in this paper are collected in table 11.

– 29 –



J
H
E
P
0
5
(
2
0
2
1
)
1
7
5

Form factor Ref. Parameterization Numerical inputs

K → π
S-V [16] q2 expansion, eq. (53) Eq. (54-61)

T [19] Simple pole, eq. (4) Eq. (11-12)

D → π
S-V [20] BGL, eq. (68-69) Table 6-7

T [21] BGL, eq. (31) Table 7-8

D → K
S-V [20] BGL, eq. (70-71) Table 8-9

T [21] BGL, eq. (32) Table 9-10

B(s) → D(s)

S-V
[22] BGL, eq. (5.1-5.2) Table IX

[23] BCL, eq. (27-29, A1-A6) Table VII

T
[24] Ratio near zero recoil, eq. (37) Eq. (52)

[25] z expansion, eq. (30-33) Table II, IX

B → π
S-V [1] BCL, eq. (448-449) Table 41, 50

T [28] BCL, eq. (2-3) Table II

Bs → K S-V [29] BCL, eq. (6.3-6.7b) Table VIII-X

Table 11. Summary of parameterization and numerical inputs needed to compute scalar (S), vector

(V) and tensor (T) form factors for each transition.
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