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Abstract. Weinvestigatetheproblemof constructingspannersfor agivensetof
pointsthataretolerantfor edge/vertex faults.Let S � IRd beasetof n pointsand
let k be an integer number. A k-edge/vertex fault tolerantspannerfor S hasthe
propertythatafterthedeletionof k arbitraryedges/verticeseachpair of pointsin
theremaininggraphis still connectedby a shortpath.
Recentlyit wasshown thatfor eachsetSof n pointsthereexistsa k-edge/vertex
fault tolerantspannerwith O � k2n� edgeswhichcanbeconstructedin O � nlogn �
k2n� time.Furthermore,it wasshown thatfor eachsetSof n pointsthereexistsa
k-edge/vertex fault tolerantspannerwhosedegreeis bounedby O � ck � 1 � for some
constantc.
Our first contribution is a constructionof a k-vertex fault tolerantspannerwith
O � kn� edgeswhich is a tight bound.The computationtakes O � nlogd � 1 n �
knloglogn� time. Then we show that the samek-vertex fault tolerantspanner
is also k-edgefault tolerant.Thereafter, we constructa k-vertex fault tolerant
spannerwith O � k2n� edgeswhosedegreeis boundedby O � k2 � . Finally, we give
a morenaturalbut strongerdefinitionof k-edgefault tolerancewhich not neces-
sarily canbe satisfiedif oneallows only simpleedgesbetweenthe pointsof S.
We investigatethequestionwhetherSteinerpointshelp.Weanswerthisquestion
affirmatively andprove Θ � kn� boundson thenumberof Steinerpointsandonthe
numberof edgesin suchspanners.

1 Intr oduction

Geometricspannershave many applicationsin variousareasof thecomputerscience.
They have beenstudiedintensively in recentyears.Let S be a setof n points in IRd,
whered is an integer constant.Let G �	� S
 E � be a graphwhoseedgesare straight
line segmentsbetweenthepointsof S. For two pointsp 
 q � IRd, let dist2 � p 
 q� bethe
Euclideandistancebetweenp andq. Thelengthlength � e� of anedgee �� a 
 b��� E is
definedasdist2 � a 
 b� . For a pathP in G the length length � P� is definedasthesumof
the lengthof the edgesof P. A pathbetweentwo points p 
 q � S is calleda pq-path.
Let t � 1 bea realnumber. ThegraphG is a t-spannerfor S if for eachpair of points
p 
 q � S thereis a pq-pathin G suchthat the lengthof the pathis at mostt timesthe
Euclideandistancedist2 � p 
 q� betweenp andq. We call sucha patha t-spannerpath
andt is calledthestretch factorof thespanner. If G is adirectedgraphandG containsa�
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directedt-spannerpathbetweeneachpairof pointsthenG is calledadirectedt-spanner.
In orderto distinguishthe edgesof a directedfrom anundirectedgraphwe use � a 
 b�
to denoteanedgebetweentheverticesa andb in a directedand � a 
 b� in anundirected
graph.

Spannerswere introducedby Chew [6]. They have applicationsin motion plan-
ing [7], they wereusedfor approximatingtheminimumspanningtree[17], to solve a
specialsearchingproblemwhich appearsin walkthroughsystems[8], andto a polyno-
mial time approximationschemefor thetravelingsalesmanandrelatedproblems[13].

The problemof constructinga t-spannerfor a real constantt � 1, that hasO � n�
edges,hasbeeninvestigatedby many researchers.Keil [10] gave a solution for this
problemintroducingtheθ-graph1, which wasgeneralizedby RuppertandSeidel[14]
andArya et al � [2] to any fixeddimensiond. Theseauthorsgave alsoanO � nlogd � 1n�
time algorithm to constructthe θ-graph.Chenet al � [5] proved that the problemof
constructingany t-spannerfor t � 1 takesΩ � nlogn� time in thealgebraiccomputation
treemodel[3]. CallahanandKosaraju[4], Salowe [15] andVaidya[16] gave optimal
O � nlogn� time algorithmfor constructingt-spanners.Severalinterestingquantitiesre-
latedto spannerswerestudiedby Arya et al � [1]. They gave constructionsfor bounded
degreespanners,spannerswith low weight,spannerswith low diameter, andfor span-
nershaving morethanoneof theseproperties.Theweightw � G� of agraphG is thesum
of thelengthof its edges.

Fault tolerantspannerswereintroducedby Levcopouloset al � [12]. For theformal
definitionweneedthefollowing notions.For asetS � IRd of n pointslet KS denotethe
completeEuclideangraphwith vertex setS. If G ��� S
 E � is a graphandE ��� E then
G � E � denotesthegraphG� ��� S
 E � E � � . Similarly, if S� � SthenthegraphG � S� is the
graphwith vertex setS � S� andedgeset ��� p 
 q��� E : p 
 q � S � S��� . Let t � 1 bea real
numberandk beaninteger, 1  k  n ! 2.

– A graphG �"� S
 E � is calledak-edgefault tolerant t-spannerfor S, or � k 
 t � -EFTS,
if for eachE � � E, #E � #$ k, andfor eachpair p 
 q of pointsof S, thegraphG � E �
containsa pq-pathwhoselengthis at mostt timesthelengthof a shortestpq-path
in thegraphKS � E � .

– Similarly, G �%� S
 E � is calleda k-vertex fault tolerant t-spannerfor S, or � k 
 t � -
VFTS, if for eachsubsetS� � S, #S� #& k, thegraphG � S� is a t-spannerfor S � S� .

Levcopouloset al � [12] presentedan algorithm with running time O � nlogn ' k2n�
whichconstructsa � k 
 t � -EFTS/VFTSwith O � k2n� edgesfor any realconstantt � 1.The
constantshiddenin theO-notationare � d

t � 1 � O ( d ) if t * 1. They alsoshowedthatΩ � kn�
is a lowerboundfor thenumberof edgesin suchspanners.This followsfrom theobvi-
ousfactthateachk-edge/vertex fault tolerantspannermustbek-edge/vertex connected.
Furthermore,they gave anotheralgorithm with running time O � nlogn ' ck+ 1n� , for
someconstantc, which constructsa � k 
 t � -VFTS whosedegreeis boundedby O � ck+ 1 �
andwhoseweightis boundedby O � ck+ 1w � MST �,� .
1 Yao[17] andClarkson[7] useda similar constructionto solve otherproblems.



1.1 Newresults

We considerdirectedandundirectedfault tolerantspanners.Our first contribution is
a constructionof a � k 
 t � -VFTS with O � kn� edgesin O � nlogd � 1n ' knloglogn� time.
Thenweshow thatthesamek-vertex fault tolerantspanneris alsoak-edgefaulttolerant
spanner. Our boundsfor thenumberof edgesin fault tolerantspannersareoptimalup
to aconstantfactorandthey improvethepreviousO � k2n� boundssignificantly. Further-
more,weconstructak-vertex fault tolerantspannerwith O � k2n� edgeswhosedegreeis
boundedby O � k2 � whichalsoimprovesthepreviousO � ck+ 1 � bound.

Thenwe studySteinerizedfault tolerantspannersthataremotivatedby thefollow-
ing. In the definition of � k 
 t � -EFTSwe only requirethat after deletionof k arbitrary
edgesE � in the remaininggrapheachpair of points p 
 q is still connectedby a path
whoselengthis atmostt timesthelengthof theshortestpq-pathin KS � E � . Suchapath
canbearbitrarily long,muchlongerthandist2 � p 
 q� . To seethis considerthefollowing
example.Let r � 1 beanarbitrarily largerealnumber. Let p 
 q � Sbetwo pointssuch
that dist2 � p 
 q�-� 1 andlet the remainingn ! 2 pointsof S be placedon the ellipsoid� x � IRd : dist2 � p 
 x��' dist2 � q 
 x�.� r / t � . Clearly, eacht-spannerG for S containsthe
edgebetweenp andq, becauseeachpathwhich containsany third point s � S �0� p 
 q �
hasa lengthat leastr / t. Therefore,if the edge � p 
 q�1� E � thenthe graphG � E � can
not be a t-spannerfor S. However, G � E � cancontaina pathsatisfyingthe definition
of thek-edgefault tolerance.In someapplicationsonewould needa strongerproperty.
After deletionof k edgesa pq-pathwould bedesirablewhoselengthis at mostt times
dist2 � p 
 q� . In orderto solve this problemwe extendtheoriginal point setSby Steiner
points.Thenwe investigatethequestionhow many Steinerpointsandhow many edges
do we needto satisfythe following naturalbut strongerconditionof edgefault toler-
ance.Let t � 1 bearealnumberandk � IN.

– ThegraphG �2� V 
 E � with S � V is calledak-edgefault tolerantSteinert-spanner
for S, or � k 
 t � -EFTSS,if for eachE � � E, #E � #3 k andfor eachtwo pointsp 
 q � S,
thereis a pq-pathP in G � E � suchthat length � P�4 t / dist2 � p 
 q� .

– Similarly, G �2� V 
 E � with S � V is ak-vertex fault tolerantSteinert-spannerfor S,
or � k 
 t � -VFTSS,if for eachV � � V, #V � #5 k andfor eachtwo pointsp 
 q � S � V � ,
thereis a pq-pathP in G � V � suchthat length � P�6 t / dist2 � p 
 q� .

To our knowledge,fault tolerantSteinerspannershave not beeninvestigatedbefore.
First we show that for eachsetS of n points,t � 1 real constant,andk � IN, a � k 
 t � -
EFTSS/VFTSSfor ScanbeconstructedwhichcontainsO � kn� edgesandO � kn� Steiner
points.Thenwe show that thereis a setSof n pointsin IRd, d 7 1, suchthat for each
t � 1 and k � IN, each � k 
 t � -EFTSSfor S containsΩ � kn� edgesand Ω � kn� Steiner
points.In this paperwe assumethatthedimensiond is a constant.

2 A k-vertex fault tolerant t-spannerwith O 8 kn9 edges

Theconstructionof a k-vertex fault tolerantt-spannerwith O � kn� edgesis basedon a
generalizationof theθ-graph[17,7,10,11,14,12]. First we introducethenotionof ith
order θ-graphof thepoint setS, for 1  i  n ! 1. Thenwe prove that for appropriate
θ, the � k ' 1� th orderθ-graphis a � k 
 t � -VFTSfor thegivensetof points.



2.1 The ith order θ-graph

For the formal descriptionwe needthe notion of simplicial cones.We assumethat
the pointsof IRd arerepresentedby coordinatevectors.Let p0 
 p1 
,�:�:��
 pd be pointsin
IRd suchthat the vectors � pi ! p0 � , 1  i  d, are linearly independent.Thenthe set� p0 ' ∑d

i ; 1 λi � pi ! p0 � : λi 7 0 for all i � is calleda simplicial coneandp0 is calledthe
apex of thecone(see,e.g� , in [9]). Let θ beafixedangle0 < θ  π andC beacollection
of simplicial conessuchthat

1. eachconec � C hasits apex at theorigin,
2. = c > C c � IRd,
3. for eachconec � C thereis afixedhalflinelc having theendpointat theorigin such

that for eachhalfline l , which hastheendpointat theorigin andis containedin c,
theanglebetweenlc andl is at mostθ ? 2.

We call sucha collectionC of simplicial conesa θ-frame2. Yao [17] andRuppert
andSeidel[14] showedmethodshow a θ-frameC of � dθ � O ( d ) conescanbeconstructed.
Assumingthatthedimensiond andtheangleθ areconstantweobtainaconstantnum-
berof cones.In thefollowing, thenumberof conesin C is denotedby #C # .

Let 0 < θ  π beanangleandC bea correspondingθ-frame.For a simplicial cone
c � C andfor apoint p � IRd, let c � p� bethetranslatedcone � x ' p : x � c � andlet lc � p�
bethetranslatedconeaxis � x ' p : x � lc � . For c � C andp 
 q � IRd suchthatq � c � p� ,
let distc � p 
 q� denotethe Euclideandistancebetweenp andthe orthogonalprojection
of q to lc � p� .

Now we definethe ith order θ-graphGθ @ i � S� for a setS of n pointsin IRd andfor
an integer 1  i  n ! 1 as follows. For eachpoint p � S and eachconec � C, let
Sc ( p) : � c � p��A S �1� p � , i.e � , Sc ( p) is the setof pointsof S �B� p � that arecontainedin
the conec � p� . For any integer i, 1  i  n ! 1, let Ni @ c � p�C� Sc ( p) be the set of the
min � i 
D#Sc ( p) # � -nearestneighborsof p in theconec � p� w.r.t � thedistancedistc, i.e� , for
eachq � Ni @ c � p� andq� � Sc ( p) � Ni @ c � p� holdsthatdistc � p 
 q�. distc � p 
 q� � . Let Gθ @ i � S�
be the directedgraphwith vertex setS suchthat for eachpoint p � S andeachcone
c � C thereis adirectededge� p 
 q� to eachpointq � Ni @ c � p� .
2.2 The vertex fault tolerant spannerproperty

In [14] it is proved that for 0 < θ < π ? 3, the graphGθ @ 1 � S� is a spannerfor S with
stretchfactort  1

1 � 2sin( θ E 2) . Theproof is basedon thefollowing lemmawhich will be

alsocrucialto show thefault tolerantspannerpropertyof Gθ @ i � S� for i � 1.

Lemma 1. [14] Let 0 < θ < π ? 3. Let p � IRd be a point and c � C be a cone. Fur-
thermore, let q and r be two points in c � p� such that distc � p 
 r �F distc � p 
 q� . Then
dist2 � r 
 q�� dist2 � p 
 q�G!H� 1 ! 2sin� θ ? 2�,� dist2 � p 
 r � .
Theorem1. Let S � IRd be a setof n points.Let 0 < θ < π ? 3 and 1  k  n ! 2 be
an integer number. Thenthe graph Gθ @ k+ 1 � S� is a directed � k 
 1

1 � 2sin( θ E 2) � -VFTSfor

S. Gθ @ k + 1 � S� containsO �I#C # kn� edgesand it canbeconstructedin O �I#C #J� nlogd � 1n '
knloglogn�,� time.
2 Thenotionof θ-framewasintroducedby Yao[17]. Weusea slightly modifiedθ-framedefini-

tion which is suggestedby RuppertandSeidel[14].



Proof. Let S� � Sbea setof at mostk points.We show that for eachtwo pointsp 
 q �
S � S� thereis a (directed)pq-pathP in Gθ @ k+ 1 � S�G� S� suchthat the lengthof P is at
most 1

1 � 2sin( θ E 2) dist2 � p 
 q� . Theproofis similarto theproofof RuppertandSeidel[14].
Considerthepathconstructedin thefollowing way. Let p0 : � p, i : � 0 andlet P contain
the singlepoint p0. If the edge � pi 
 q� is presentin the graphGθ @ k+ 1 � S�G� S� thenadd
thevertex q to P andstop.Otherwise,let c � pi � be theconewhich containsq. Choose
an arbitrary point pi + 1 � Nk+ 1 @ c � pi � as the next vertex of the path P and repeatthe
procedurewith pi + 1.

Considerthe ith iterationof theabovealgorithm.If � pi 
 q��� Gθ @ k+ 1 � S� thentheal-
gorithmterminates.Otherwise,if � pi 
 q�CK� Gθ @ k+ 1 � S� thenby definition theconec � pi �
containsat leastk ' 1 points that are not further from pi than q w.r.t � the distance
distc. Hence,in the graphGθ @ k+ 1 � S� the point pi hask ' 1 neighborsin c � pi � and,
therefore,in the graph Gθ @ k+ 1 � S�L� S� it has at least one neighborin c � pi � . Conse-
quently, thealgorithmis well definedin eachstep.Furthermore,Lemma1 impliesthat
dist2 � pi + 1 
 q�L< dist2 � pi 
 q� andhence,eachpoint is containedin P atmostonce.There-
fore,thealgorithmterminatesandfindsa pq-pathP in Gθ @ k+ 1 � S�M� S� . Theboundonthe
lengthof P follows by applyingLemma1 iteratively in the sameway asin [14]: Let
p0 
I���:��
 pm betheverticeson P, p0 � p andpm � q. Then

∑
0 N i O m

dist2 � pi + 1 
 q�. ∑
0 N i O m

P
dist2 � pi 
 q�G!H� 1 ! 2sin� θ ? 2�,� dist2 � pi 
 pi + 1 �,Q��

Rearrangingthesumweget

∑
0 N i O m

dist2 � pi 
 pi + 1 �R 1
1 � 2sin( θ E 2) ∑

0 N i O m

P
dist2 � pi 
 q�G! dist2 � pi + 1 
 q� Q

� 1
1 � 2sin( θ E 2) dist2 � p0 
 q�S�

Hence,thegraphGθ @ k+ 1 � S� isa � k 
 1
1 � 2sin( θ E 2) � -VFTSfor S. Clearly, it containsO �T#C # kn�

edges,where #C #U�� d ? θ � O ( d ) . It canbeconstructedin O �I#C #�� nlogd � 1n ' knloglogn�I�
timeusingthealgorithmof Levcopoulosetal � [12]. They computefor eachpoint p � S
andeachconec � C thesetNk @ c � p� in orderto determineso-calledstrongapproximated
neighbors. VW
Corollary 1. Let Sbea setof n pointsin IRd, t � 1 a real constant,andk an integer,
1  k  n ! 2. Thenthere is a � k 
 t � -VFTSfor Swith O � kn� edges.Such a spannercan
beconstructedin O � nlogd � 1n ' knloglogn� time.

Proof. We setθ suchthat t 7 1
1 � 2sin( θ E 2) and0 < θ < π ? 3 andconstructGθ @ k+ 1 � S� . If

t * 1 thentheconstantfactorshiddenin theO-calculusare � d
t � 1 � O ( d ) .

3 k-edgefault tolerant t-spanners

Levcopouloset al � [12] claimedthatany � k 
 t � -VFTS is alsoa � k 
 t � -EFTS.We giveour
own proofof this fact.Theproof is simpleandholdsalsofor directedspanners.



Theorem2. Let S be a setof n pointsin IRd, t � 1 a real constant,andk an integer,
1  k  n ! 2. Thenevery (directed) � k 
 t � -VFTSfor S is alsoa (directed) � k 
 t � -EFTS
for S.

Proof. Let G �X� S
 E � bea (directed) � k 
 t � -VFTS for S. Let E � � E bea setof at most
k edges.Considertwo arbitrarypoints p 
 q � S. Let PY be the shortest(directed)pq-
pathin KS � E � . Sucha pathexists,sincethesetof pq-pathsin KS � E � is not empty. It
contains,for example,at leastoneof then ! 2 pathsin KS of two edgesPs � p 
 s
 q, for
s � S �0� p 
 q � , or the immediatepathP0 � p 
 q, becauseat leastoneof themis distinct
from E � .

Wehaveto show thatthereis a(directed)pq-pathP in G � E � suchthatthelengthof
P is atmostt timesthelengthof PY . Theedgese in PY thatarecontainedin G will also
becontainedin P. Consideranedge� u 
 v� ( � u 
 v� in thedirectedcase)in PY whichis not
containedin G. Weshow thatthisedgecanbesubstitutedby auv-pathPuv in G � E � such
that length � Puv�� t / dist2 � u 
 v� : For eachedgee� � E � (for eache� � E � ���Z� v
 u� � in the
directedcase)wefix oneof its endpointspe[ suchthat pe[ � S ��� u 
 v � . Let S�uv : �"� pe[ :
e� � E �\� (S�uv : �� pe[ : e� � E � �B��� v
 u� � in thedirectedcase).Note thatS�uv  "#E � #$ k.
SinceG is a(directed)� k 
 t � -VFTSfor S, thereis a(directed)uv-pathPuv in G � S�uv such
thatPuv doesnotcontainany edgeof E � andlength � Puv�4 t / dist2 � u 
 v� . Thedesiredpq-
pathP is composedof theedgesof PY A G andtheuv-pathsfor theedges� u 
 v�6� PY � G
( � u 
 v�.� PY]� G in thedirectedcase).Clearly, length � P�6 t / length � PYT� . VW

This, togetherwith Corollary1, leadsto

Corollary 2. Let Sbea setof n pointsin IRd, t � 1 a real constant,andk an integer,
1  k  n ! 2. Thenthere is a (directed) � k 
 t � -EFTSfor S with O � kn� edges.Such a
spannercanbeconstructedin O � nlogd � 1n ' knloglogn� time.

Theproofof Theorem2 impliesalsothefollowing for directedgraphs.

Theorem3. Let S be a setof n pointsin IRd, t � 1 a real constant,andk an integer,
1  k  n ! 2. Let G �� V 
 E � bea directed � k 
 t � -VFTSfor S. Let E � � E bea setof at
mostk edgesandlet E � � : ����� v
 u� : � u 
 v�0� E �^� . Thenfor each two pointsp 
 q � Sthe
graphG �-� E �I_ E � � � containsa pq-pathP such that thelengthof P is at mostt timesthe
lengthof theshortestpq-pathin KS �B� E �D_ E � � � .
4 A k-vertex fault tolerant t-spannerswith degreeO 8 k2 9
We now turn to the problemof constructingfault tolerantspannerswith boundedde-
gree.Weproceedsimilar to themethodin [1] whichconstructsaspannerwith constant
degree.However, we musttake muchmorecare,becauseof thefault tolerantproperty
andthe goal of keepingthe numberof edgessmall.We have shown that for any real
constantt � 1 we canconstructa directed � k 
 t � -VFTS/EFTSfor Swhoseoutdegreeis
O � k � . In thissectionwegiveamethodto constructa � k 
 t � -VFTSwhosedegreeis O � k2 �
from a directed� k 
 t1E 3 � -VFTSwhoseoutdegreeis O � k� .

In orderto show thisconstructionweneedthenotionof k-vertex fault tolerantsingle
sinkspanner. This is ageneralizationof singlesinkspanners introducedin [1]. LetV be



a setof mpointsin IRd, v � V, t̂ � 1 arealconstant,andk aninteger, 1  k  m ! 2. A
directedgraphG �2� V 
 E � is ak-vertex fault tolerantv-singlesinkt̂-spanner, or � k 
 t̂ 
 v� -
VFTssSfor V if for eachu � V �1� v � andeachV � � V �1� v
 u � , #V � #Z k, thereis an
t̂-spannerpathin G � V � from u to v.

Now let V bea setof m pointsin IRd, v � V a fixedpoint,1  i  m ! 1 aninteger,
θ anangle,0 < θ < π ? 3,andC aθ-frame.WedefineadirectedgraphĜv@ θ @ i � V �L�2� V 
 E �
whoseedgesaredirectedstraightline segmentsbetweenpointsof V asfollows.Firstwe
partitionthesetV in clusterssuchthateachclustercontainsat mosti points.Thenwe
build a tree-like structurebasedon theseclusters.For the clusteringwe usethe cones
of C. Now wedescribethisproceduremoreprecisely.

Firstwecreateaclustercl �`� v � � containingtheuniquepointv. For eachclusterthat
we create,we choosea point asthe representativeof thecluster. Therepresentative of
cl �a� v � � is v. Theclusteringof thesetV �.� v � is recursive.Therecursionstopsif V �.� v �
is theemptyset.Otherwise,wedothefollowing.For eachconec � C letVc ( v) betheset
of pointsof V �B� v � containedin c. If a point is containedin morethanoneconethen
assignthepointonly to oneof them.If onecone,sayc, containsmorethanm? 2 points,
thenpartition thepointsof Vc ( v) arbitrarily into two setsV1

c ( v) andV2
c ( v) bothhaving at

mostm? 2 points.For eachnonemptysetVc ( v) , c � C (or in the caseif Vc ( v) hadto be
partitioned,for eachV1

c ( v) andV2
c ( v) ), let Ni @ c � v�0� Vc ( s) be thesetof themin � i 
T#Vc ( v) # � -

nearestneighborsof v in Vc ( v) w.r.t � thedistancedistc. Thepointscontainedin thesame
Ni @ c � v� definea new clustercl � Ni @ c � v�,� . Notethat in this way we obtainat most #C #a' 1
new clusters.We saythat theseclustersarethe childrenof cl �`� v � � andcl �a� v � � is the
parent of theseclusters.For eachnew clustercl � Ni @ c � v�I� we choosea representative
uc � Ni @ c � v� suchthat distc � v
 uc �0� max� distc � v
 u� : u � Ni @ c � v� � . Then,for eachset
Vc ( v) , c � C (andV1

c ( v) , V2
c ( v) if exist), we recursively clusterVc ( v) � Ni @ c � v� using the

conesarounduc.
After theclusteringis done,for eachclustercl K� cl �`� v � � weaddanedgein Ĝv@ θ @ i � V �

from eachpoint u � cl to eachpoint w of the parentclusterof cl. Figure1 shows an
examplefor Ĝv@ θ @ i � V � . The dottedlines representthe boundariesof the conesat the
representativesof theclusters.

v

Fig.1. ThedirectedgraphĜvb θ b 3 � V � for a point setV in IR2.

Lemma 2. Let V be a setof m points in IRd, v � V a fixedpoint and 1  k  m ! 2
an integer number. Let 0 < θ < π ? 3 be an angleandC be a θ-frame. Thenthe graph
Ĝv@ θ @ k+ 1 � V � is a � k 
T� 1

1 � 2sin( θ E 2) � 2 
 v� -VFTssSfor V. Its degreeis boundedby O �I#C # k�
andit canbecomputedin O �I#C #�� mlogm ' km�,� time.



Proof. For eachpointu � V let cl � u� denotetheclustercontainingit. Theoutdegreeof
eachpointu � V �.� v � in Ĝv@ θ @ k+ 1 � V � is boundedby k ' 1,becauseeachpointu hasonly
edgesto thepointscontainedin theparentclusterof cl � u� andthenumberof pointsin
eachclusteris boundedby k ' 1. (Eachinternalcluster– i.e� , aclusterwhichis different
from cl � v� andhasat leastonechild – containsexactlyk ' 1 points).Sinceeachcluster
hasat most #C #a' 1 children,theindegreeof thepointsis boundedby �T#C #a' 1�c� k ' 1� .
Theboundfor theconstructiontime follows from thefact that therecursionhasdepth
O � logm� .

Now we provethefault tolerantsinglesink spannerproperty. Consideranarbitrary
point u � V �B� v � . Let P0 : � u0 
,�:���:
 ul , u0 � u andul � v, be theuniquepathfrom u to
v in Ĝv@ θ @ k+ 1 � V � suchthat eachinternalvertex ui , 1  i < l , is the representative of a
cluster. Notethat l � O � logm� . Thelengthof P0 is at most 1

1 � 2sin( θ E 2) dist2 � u 
 v� . If the

edge � u 
 v�1� Ĝv@ θ @ k + 1 � V � , this claim holdstrivially, otherwise,it follows by applying
Lemma1 iteratively for the triplesui + 1 
 ui 
 ui � 1, i � 1 
,�:���:
 l ! 1, in thesameway asin
theproof of Theorem1.

Now let V � � V �1� u 
 v � be a setof at mostk points.We show that thereis a uv-
pathP in Ĝv@ θ @ k+ 1 � V �Z� V � suchthat length � P�d 1

1 � 2sin( θ E 2) length � P0 � . Thiswill imply

the desiredstretchfactor � 1
1 � 2sin( θ E 2) � 2. Let P be the pathconstructedasfollows. Let

v0 : � u, i : � 0 andlet P containthesinglepoint v0. If vi � v thenstop.Otherwise,let
vi + 1 beanarbitrarypointwith � vi 
 vi + 1 �4� Ĝv@ θ @ k + 1 � V ��� V � . Add thevertex vi + 1 to P and
repeattheprocedurewith vi + 1.

v=v =ul l

v

u2

2

v1

u1

u=u  =v0 0

Fig.2. ThepathsP0 : e u0 fhgJgigif ul andP : e v0 fhgJgigif vl . Thedottedlinesshow theconeboundaries.

The above algorithmis well definedin eachstep.To seethis, considerthe ith it-
eration.If theclustercl � v� is theparentof cl � vi � thenthealgorithmchoosesv asvi + 1

andterminates.Otherwise,theparentof cl � vi � containsk ' 1 pointsand,hence,at least
onepoint disjoint from V � . The algorithm choosessucha point asvi + 1. Clearly, the
algorithm terminatesafter l � O � logm� stepsand constructsa uv-path P � v0 
,�:�:��
 vl

(Figure2) with

length � P�.� ∑
0 N i O l

dist2 � vi 
 vi + 1 �
 ∑

0 N i O l

P
dist2 � vi 
 ui + 1 �Z' dist2 � ui + 1 
 vi + 1 � Q (1)

� ∑
0 N i O l

P
dist2 � vi 
 ui + 1 �Z' dist2 � ui 
 vi �aQj' dist2 � ul 
 vl �k lSm n; 0

! dist2 � u0 
 v0 �k lSm n; 0 ∑
0 N i O l

1
1 � 2sin( θ E 2) dist2 � ui 
 ui + 1 � (2)

� 1
1 � 2sin( θ E 2) length � P0 �S�



(1) holdsbecauseof the triangleinequalityand(2) follows by applyingLemma1 for
the triples ui + 1 
 vi 
 ui , i � 0 
I���:��
 l ! 1. Hence,the claimedstretchfactorof Ĝv@ θ @ k+ 1 � V �
follows. VW
Theorem4. Let S be a setof n pointsin IRd, t � 1 a real constant,andk an integer,
1  k  n ! 2. Thenthere is a � k 
 t � -VFTSG for Swhosedegreeis boundedby O � k2 � .
Thetotal numberof edgesin G is O � k2n� andG canbeconstructedin O � nlogd � 1n '
knlogn ' k2n� time.

Proof. Let G0 bea directed � k 
 t1E 3 � -VFTS for Swhoseoutdegreeis O � k� , for exmple,
let G0 bethe � k ' 1� th orderθ-graphGθ @ k+ 1 � S� with t1E 3 7 1

1 � 2sin( θ E 2) . For eachpoint

p � S let Nin � p� : �2� q � S: � q 
 p��� G0 � . Let G bethedirectedgraphwith vertex setS
which is createdsuchthatfor eachp � SweconstructthegraphĜp @ θ @ k+ 1 � Nin � p� _ � p � �
andweaddtheedgesof Ĝp @ θ @ k+ 1 � Nin � p� _ � p � � to G.

We canboundthedegreeof G asfollows.For eachq � S, thegraphG containsthe
edgesof Ĝq @ θ @ k + 1 � Nin � q� _ � q � � . In thisVFTssSeachvertex p hasanin- andoutdegree
O � k � . Now for eachp � S, we have to countthegraphsĜq @ θ @ k+ 1 � Nin � q� _ � q � � , q � S,
thatcontainp. Clearly, thenumberof suchgraphsis equalto oneplustheoutdegreeof
p in G0, which is O � k � . Therefore,thedegreeof eachp � S in G is O � k2 � .

Now we show that G is a � k 
 t � -VFTS for S. Let S� � S, #S� #] k. Considertwo
arbitrarypointsp 
 q � S � S� . SinceG0 is a � k 
 t1E 3 � -VFTSfor S, thereis ant1E 3-spanner
pathP0 in G0 � S� betweenp andq. Furthermore,for eachedge� u 
 v�o� P0, thereis at2E 3-
spannerpathPuv in G � S� , becauseG containsall edgesof thegraphĜv@ θ @ k+ 1 � Nin � v� _� v � � which is, by Lemma2, a � k 
 t2E 3 
 v� -VFTssSfor Nin � v� _ � v � . Therefore,thepath
P : � _1p u @ vqr> P0

Puv is containedin G � S� andP is ant-spannerpathbetweenp andq. VW
5 Fault tolerant spannerswith Steiner points

In thissectionwe show a verysimplemethodwhich constructsfor anarbitrarysetSof
n points in IRd, t � 1, andk � IN, a � k 
 t � -EFTSSand � k 
 t � -VFTSSfor S with O � kn�
edgesandkn Steinerpoints.Thenwe provethesurprisingfactthattheseupperbounds
on thenumberof edgesandon thenumberSteinerpointsin a � k 
 t � -EFTSSareoptimal
up to constantfactors.

Theorem5. LetS � IRd bea setof n points,k � IN, andlet t � 1 a realconstant.Then
thereis a � k 
 t � -EFTSSand � k 
 t � -VFTSSG for Swith kn SteinerpointsandO � kn� edges.

Proof. AssumethattheEuclideandistancebetweentheclosestpair of S is one.Other-
wise,we scaleS accordingly. Let ε bea real numbersuchthat0 < ε  �� t ! 1�I? 3. Let
t Y�� t ! 2ε andlet GY.�� S
 E YD� bea t Y -spannerfor Swith O � n� edges.GY canbecom-
puted,for example,usingthemethoddescribedin [4] or in [14]. We constructfrom GY
a � k 
 t � -EFTSS/VFTSSG for S in the following way. Let o � IRd bea fixedpoint and
let D : �X� x � IRd : dist2 � o 
 x�-� ε � be the spherewith radiusε whosecenteris o. Let
s1 
,�:�:��
 sk bek distinctpointson D. (In thecaseif d � 1, let s1 
,�:�:��
 sk bek distinctpoints
suchthat0 < dist2 � o 
 pi �B ε, 1  i  k.) For eachpoint p � S translatethe sphereD



andthepointss1 
,�:���:
 sk onD suchthatp becomesthecenterof thesphere.Let p1 
I���:��
 pk

denotethetranslatedpointsaroundp. We constructthegraphG �� V 
 E � suchthat

V : �s� p 
 p1 
I���:�:
 pk : p � S� and

E : �s��� p 
 q� : � p 
 q�.� E Y �t_ �Z� p 
 pi � : p � S
 1  i  k �t_��� pi 
 qi � : � p 
 q��� E Y 
 1  i  k � �
1

2
3

2

1

3

p

p
p

p
p

q

q

q

qq

Fig.3. Examplefor thegraphsGu andG for k e 3 f d e 2.

Clearly, the graphG haskn SteinerpointsandO � kn� edges.It is obvious that G
is a k-EFTSSand k-VFTSS for S, becausefor eachpair of points p 
 q � S and for
eacht Y -spannerpathPY � p 
 p1 
,�:���:
 pl � 1 
 q in GY betweenp andq, therearek ' 1 edge
disjointandup to theendpointsvertex disjoint pq-pathsP0 � p 
 p1 
,�:���:
 pl � 1 
 q andPi �
p 
 pi 
 pi

1 
I���:�:
 pi
l � 1 
 qi 
 q, 1  i  k, in G whoselengthis atmost

length � PY �v' 2ε  t Y / dist2 � p 
 q�v' 2ε  t / dist2 � p 
 q�S�
Figure3 showsanexample. VW

Now we prove a lower boundon the numberof edgesandSteinerpointswhich
shows thattheaboveupperboundis optimalup to a constantfactor.

Theorem6. For each k � IN, n 7 2, andt � 1, thereexistsa setS � IRd of n pointssuch
thateach � k 
 t � -EFTSSfor Scontainsat leastΩ � kn� SteinerpointsandΩ � kn� edges.

Proof. We give anexamplefor a setSof n pointsin theplanefor which we show that
each� k 
 t � -EFTSSfor ScontainsΩ � kn� SteinerpointsandΩ � kn� edges.For two points
p 
 q � IRd let

el � p 
 q� : �"� x � IRd : dist2 � p 
 x�v' dist2 � q 
 x�. t / dist2 � p 
 q� � �
If p 
 q aretwo pointsin S andG is a � k 
 t � -EFTSSfor S theneacht-spannerpathbe-
tweenp andq mustbe containedentirely in el � p 
 q� . Clearly, a pathwhich contains
a point v outsideel � p 
 q� hasa lengthat leastdist2 � p 
 v��' dist2 � q 
 v� which is greater
thant / dist2 � p 
 q� . For p 
 q � S let Gpq be the smallestsubgraphof G which contains
all t-spannerpathsbetweenp andq. SinceG is a � k 
 t � -EFTSS,Gpq mustbe k-edge
connected.Otherwise,we couldseparatep from q in Gpq by deletionof a setE � of k
edges,andtherefore,we would not have any t-spannerpathin G � E � . Sincethegraph
Gpq is k-edgeconnected,Menger’sTheoremimpliesthatit containsat leastk ' 1 edge
disjoint pq-paths.Hence,Gpq – and,therefore,el � p 
 q� – containsat leastk vertices
differentfrom p andq andat least2k ! 1 edgesof G.

Now weshow how to placethepointsof S in orderto getthedesiredlowerbounds.
We constructthe setS of n pointsin the planehierarchicallybottom-up.For simplic-
ity of the descriptionwe assumethat n is a power of two. Let l be a horizontalline



and let o be any fixed point of l . We placethe pointsof S on l . We put p1 � S to o
and p2 � S right from p1 suchthat dist2 � p1 
 p2 ��� 1. Let ε � 0 be a fixed real num-
ber. We translateel � p1 
 p2 � with the points p1 and p2 right on l , by a Euclideandis-
tancet ' ε. This translationguaranteesthat el � p1 
 p2 � andthe translatedellipsoid are
distinct. Let p3 and p4 denotethe translatedpoints p1 and p2, respectively. In gen-
eral, in the ith step,1  i < logn, we translatetheellipsoidel � p1 
 p2i � with thepoints
p1 
I���:��
 p2i right on l , by a Euclideandistancet / dist2 � p1 
 p2i �v' ε. Denotethetranslated
pointsby p1+ 2i 
,�:���:
 p2i w 1 (Figure4). Thentheellipsoidsel � p1 
 p2i � andel � p2i + 1 
 p2i w 1 �
are distinct. We say that the ellipsoid el � p1 
 p2i w 1 � is the parent of el � p1 
 p2i � and
el � p1+ 2i 
 p2i w 1 � . Furthermore,we call the two childrenof an ellipsoid siblingsof one
another. We denoteby parent � el �,��
I� �I� andsib� el �,��
I� �I� theparentandthesibling of an
ellipsoidel �a�:
,�x� , respectively.

5 6 7 8
ε εl

1 32 4

1

1 2

4

pppppppp

el(p  ,p  )

el(p  ,p  )

Fig.4. Examplefor a setSof n pointsfor which each � k f t � -EFTSScontainsat leastny 2 Steiner
pointsand � 3k � 3� ny 2 z{� k � 1� edges.

Now we counttheSteinerpointsandtheedgesin an arbitrary � k 
 t � -EFTSSG for
thesetS. Considera pair of pointsp2 j � 1 
 p2 j � S, 1  j  n? 2. For this pair, thereare
at leastk ' 1 edgedisjoint pathsin G containedentirely in el � p2 j � 1 
 p2 j � . Since,for
j K� j � theellipsoidsel � p2 j � 1 
 p2 j � andel � p2 j [i� 1 
 p2 j [ � aredisjoint,eachel � p2 j � 1 
 p2 j �
containsin the interior at leastk Steinerpointsand2k ' 1 edges.Furthermore,p2 j � 1

and p2 j mustbe � k ' 1� -edgeconnectedwith the pointsof sib� el � p2 j � 1,p2 j �,� . There-
fore,we haveat leastk ' 1 edgescontainedentirelyin parent � el � p2 j � 1,p2 j �,� thathave
exactly oneendpointin el � p2 j � 1,p2 j � . We canrepeattheseargumentsat eachlevel of
thehierarchyof theellipsoids.Thenwe obtainthatthenumberof edgesin G is at least� 2k ' 1� n? 2 '|� k ' 1�c� n? 2 ! 1�M�}� 3k ' 2� n ? 2 !~� k ' 1� andthenumberof Steinerpoints
is at leastkn ? 2.

In the caseif n is not a power of two, we place2i points,where2i � 1 < n < 2i, in
the sameway asdescribedabove. Thenwe remove the points pn+ 1 
,�:���:
 p2i . Using the
above argumentswe obtainthat for this point set,each � k 
 t � -EFTSScontainsat least
k � n? 2� Steinerpointsand � 3k ' 2�M� n? 2�0!�� k ' 1� edges.This provestheclaim of the
theorem. VW
6 Conclusionand openproblems

Someinterestingproblemsremainto besolved.Is it possibleto constructa � k 
 t � -VFTS
whosedegreeis boundedby O � k � ? Levcopouloset al. [12] studiedfault tolerantspan-
nerswith low weight.Let w � MST � be theweightof theminimumspanningtreeof S.
In [12] it is proven that for eachS a � k 
 t � -VFTS canbe constructedwhoseweight is



O � ck+ 1w � MST �I� for someconstantc. Canthis upperboundbeimproved?In [12] it is
alsoproventhat Ω � k2w � MST �I� is a lower boundon the weight. Is it possibleto con-
structa � k 
 t � -VFTS with lower weightusingSteinerpoints?Finally, we do not know
any resultsfor fault tolerantspannerswith low diameter.
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