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Abstract: A remarkably large number of polynomials and their extensions have been presented
and studied. In this paper, we consider a new type of degenerate Changhee-Genocchi numbers
and polynomials which are different from those previously introduced by Kim. We investigate some
properties of these numbers and polynomials. We also introduce a higher-order new type of degenerate
Changhee-Genocchi numbers and polynomials which can be represented in terms of the degenerate
logarithm function. Finally, we derive their summation formulae.
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polynomials; higher-order degenerate Changhee—Genocchi polynomials and numbers; Stirling numbers

MSC: 11B83; 11B73; 05A19

1. Introduction

Carlitz first proposed the idea of degenerate numbers and polynomials which are
associated with Bernoulli and Euler numbers and polynomials (see [1,2]). After Carlitz
introduced the degenerate polynomials, many researchers studied the degenerate polyno-
mials related to unique polynomials in diverse regions (see [3]). Recently, Kim et al. [4-6],
Sharma et al. [7,8], Muhiuddin et al. [9,10] gave same new and thrilling identities of de-
generate special numbers and polynomials which are derived from the non-differential
equation. These identities and technical approach are very useful for reading some is-
sues which can be associated with mathematical physics. This paper aims to introduce
a new type of degenerate version of the Changhee-Genocchi polynomials and numbers,
the so-called new type of degenerate Changhee-Genocchi polynomials and numbers, con-
structed from the degenerate logarithm function. We derive some explicit expressions and
identities for those numbers and polynomials. Additionally, we introduce a new type of
higher-order degenerate Changhee—Genocchi polynomials and establish some properties
of these polynomials.

The ordinary Euler and Genocchi polynomials are defined by (see [3,11-15])

2 YRS |tl<m (1)
et +1 o= w!
and N .
eerTr = EOGw(g)% It |< 7, 2)
respectively.

In the case when ¢ = 0, E, = E,(0) and G, = G,(0) are called the Euler and
Genocchi numbers, respectively.
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We note that

Go(&) =0, Bul®) = 2218 (o> 0)

For any non-zero A € R (or C), the degenerate exponential function is defined by
(see [14,15])

(1) = 1+ A%, el(r) = 1+ A1)t (3)
By binomial expansion, we obtain

[e) Tw

= L @argy @
where (§)or =1, (wr = (E—A)(E—2A) - ({ — (w—=1)A) (w =1).
Note that
/l\gl})e/\ w; (;zw o _ eCT

In [1], Carlitz considered the degenerate Euler polynomials given by

¢ = ™
1+Arx:2 w

- w! (A €R). (5)

.

(14 A1)

When ¢ = 0,E, » = E, ,(0) are called degenerate Euler numbers. The falling factorial
sequence is given by

€o=10@)w=8C-1..(0—w+1) (w=1) (6)

As is well known, the higher-order degenerate Euler polynomials are considered by L.
Carlitz as follows (see [2]):

<(1+/\i)%+1> (1 +)\T)% = i Eﬁf,&(g)i. (7)

At the point § =0, Eg))\ = ]Eg)/\(O) are called the higher-order degenerate Euler numbers.

Note that lim,_q Eg)/\(é‘) = EZ)(é) (w>0).
The degenerate Genocchi polynomials G, (&; A) are defined by (see [16,17])

2T

W/\ ZGw(j)\ (8)

In the case when ¢ = 0, G, (A) = G4 (0, A) are called degenerate Genocchi numbers.
For A € R, the degenerate logarithm function log), (1 4+ 7), which is the inverse of the
degenerate exponential function e, (7), is defined by (see [6])
- w—1 L
log, (1+1) = Zl)\ (Uw,l/Aa' 9)
w=

It is easy to show that

w

(1)1 = log(1+ 7).

e

lim log, (1+7) =

w=1

Note that e, (log,(1+ 7)) =log,(ex(1+ 7)) =1+ .
The degenerate Stirling numbers of the first kind are defined by (see [5,6,18])

(logA (14+1)) ZSlva ' (1/20). (10)
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Note here that lim)_,o S1 1 (w,v) = Si(w,v), where S;(w,v) are called the Stirling
numbers of the first kind given by

UJ

7|

(log (1+71)) ZSl w,v (v>0).

The degenerate Stirling numbers of the second kind (see [19]) are given by
1
1/(e,\ ZSZ/\CUV = (1/20). (11)

It is clear that lim)_,o Sy (w,v) = Sa(w,v), where Sy(w,v) are called the Stirling
numbers of the second kind given by

1) = 5 Sz(w,v)g (v >0).

The Daehee polynomials are defined by (see [13])

wu +r)f = i Dw(g)g. (12)
w=0 '

When & = 0, D, = D (0) are called the Daehee numbers.
Recently, Kim et al. [5] introduced the new type degenerate Daehee polynomials

defined by
log,(1+t > ™
POUED (g = 3 D@ (13)
w=0 w
When ¢ =0, Dy, 3 = Dy, 1 (0) are called the degenerate Daehee numbers.
The Changhee polynomials are defined by (see [4])
) )=
2+T(1+r —ZChw o (14)
When ¢ = 0, Ch,, = Ch(0) are called the Changhee numbers.
The higher-order Changhee polynomials are defined by (see [4])
2 Vo Y cnBe (15)
2+ T =N

When ¢ =0, chl) = Ch(k)( 0) are called the higher-order Changhee numbers.
The Changhee-Genocchi polynomials are defined by the generating function (see [20])

2log(1+ 1) > ™

5 (141 =) CGul(®); (16)

When ¢ = 0, CG,, = CG(0) are called Changhee—Genocchi numbers.
Recently, Kim et al. [20] introduced the modified Changhee-Genocchi polynomials
defined by

2T
24T

1+1)f = ZCG* He. (17)

|
w=0 CU.

When ¢ = 0, CG}, = CG/,(0) are called the modified Changhee-Genocchi numbers.
From (1) and (17), we see that

2T
24T

2T

1 e@’log(l+T)
e og(1+7) +1

(14 1)¢ =
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o0 1 v
=7} Eu(§); (log(1+ 7))
v=0 :
(] TOJ
=7) | Y E(&)S1(w,v) o (18)
w=0 \v=0 :
Thus, from (17) and (18), we obtain
CGon(8) _ ¢
— wtli\es > 0).
et = LEOSI(@) @20
The A-Changhee-Genocchi polynomials are defined by (see [21])
2log(1+ 1) A > ™
——=(1 ¢ = CG —. 19
(1_'_1_))\_'_1( +T) w;o w,/\((:)w! ( )

In the case { = 0, CG,, 5 = CGy,,1(0) are called the A-Changhee-Genocchi numbers.

Motivated by the works of Kim et al. [6,20], we first define a new type of degenerate
Changhee—Genocchi numbers and polynomials. We investigate some new properties of
these numbers and polynomials and derive some new identities and relations between
the new type of degenerate Changhee—Genocchi numbers and polynomials and Stirling
numbers of the first and second kind. We also define a new type of higher-order Changhee—
Genocchi polynomials and investigate some properties of these polynomials.

2. New Type of Degenerate Changhee—Genocchi Polynomials

In this section, we introduce a new type of degenerate Changhee-Genocchi poly-
nomials and investigate some explicit expressions for degenerate Changhee—Genocchi
polynomials and numbers. We begin with the following definition as.

For A € R, we consider the new type of degenerate Changhee—Genocchi polynomials
as defined by means of the following generating function

w

2log, (14 1)
2+7T

T
w!’

1+ 77 = ¥ CGup (@)

w=0

(20)

Atthe point { = 0,CG,, 3 = CG, 1 (0) are called the new type of degenerate Changhee—
Genocchi numbers.
It is clear that

2 ™ . 2log,(1+71) ¢
& Jim COua (@) gy = lim =1+ 1)
_ 2log(1+ 1) P v ™
= 2B 4t = Y e (21)

w=0

where CG, (&) are called the Changhee-Genocchi polynomials (see Equation (1)).

Theorem 1. For w > 0, we have
w
CGw,/\(g) = Z GV(@/ /\)Sl,/\(wfv)'
v=0

Proof. Using (8), (10) and (20), we note that

& Tv 2log,(1+71)  clog,(141)
CGp (6) = = )
wZ::o “”A(g)w! ex(log, (1+ 1)) +1e/\
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= ¥ Gul(E ) (105, (14 7))

v=0

[ee] (e ) T(l)
=Y G, A) ), Sl,A(w/V)J
=0 w=v

i <2 Gy(&,A)S1a(w, V));:

w=0 \v=0
Therefore, by (20) and (22), we obtain the result. O

Theorem 2. For w > 0, we have

Z Z ( >CGwa,/\(§)u,A51,A((T,V)-

oc=0v=0

Proof. By using (4), (10) and (20), we see that

oo ¢ 2log,(1+7) ¢log, (1+1)
L CCan@) g ==

- 5 T, el D)

w=0 =0
0 v T v
=) G wA oy ) Z(g)g,;\sl,/\(ﬂ,v);
w=0 * =0 w=0 :
o w o w w
=w§0 U;“;)(U)CGw—a,A(@u,ASLA(U,V) o

Therefore, by (20) and (24), we obtain the result. 0O
Theorem 3. For w > 0, we have
Z CGyA(8)S20(w, ).

Proof. By replacing 7 by e, (7) — 1 in (20) and using (8) and (11), we obtain
> 1 v 2T ¢
Z CGV,/\((:)E(E)\(T) )" = WEA(T)

On the other hand,
(o) 00 (U
ZCGU,/\(g) T:ZCGV/\ 252/\(4)1/—'
v=0 =0

w

:i<ZCGV)\ SZACUU)>ZU'.
O

Therefore, by (25) and (26), we obtain the required result

(23)

(24)
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Theorem 4. For w > 0, we have
w
CGua() = Y Gu(& NS (w,v).
v=0
Proof. Replacing 7 by log, (1 + 7) in (8) and applying (10), we obtain
2log, (14 1)

(T ¢—2%GV§A (m&u+¢»

(e ) o) Tw
=) Gu(&A) Y Sialwv)—
v=0 w=v w

= io < i Gv(gl )\)Sl,)\ (w,v)) g (27)

v=0
By using (20) and (27), we acquire the desired result. O
Theorem 5. For w > 0, we have
Y fw
Ceun(@ = 1 (&)l (0D,
v=0
Proof. From (13), (17) and (20), we note that

™  2log,(1+ 1)
cG =AU 4g)

2T log,(1+ 1)
= 7oA
2+7T (1+7) T

[e9)

v
Zc@ Z Dyac,

1/:0

- (io (4) CG;V@)DV,A) . (28)

Therefore, by (20) and (28), we obtain the result. O

Theorem 6. For w > 0, we have

CGﬁiﬁ@ -y y (“’)IEV(C)sl(o,v)Dw_U,A.

Proof. From (1), (13) and (20), we note that

& ™  2log,(1+ 1)
cG =AU 4g)

_ 2T eé‘log(l-H) IOgA(l + T)
elog(1+T) + 1 T

=T LB {logt )" ¥ Dargy

_TZZEV 510'1/ ZD‘*’/\

c=0v=
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Tw
wz Uzo Vzo ( ) £)51(0,1) Do | = (29)
By (20) and (29), we obtain the result. [
Theorem 7. For w > 0, we have
51’)\(0'+1,1/+1) X
ZOZO( >v+1 GEEELALLLL N
Proof. By using (10), (17) and (20), we see that
2log, (1+ 1) Ll (147)
241 A
2log,(14+ 1) & (log,(14+ 1))
=— 2 Oa—"—
2471 1/;0 v V!
21 1 & (log, (1+7))v*!
2477 V;)(V FD(©ua (v+1)!
) . w1 & 0
=Y CGH—=Y (v+1)(E)wn Z S1.1 (o, 1/+1)—
w=0 W T o=v+1
. ad L T = Z 51,/\(0'4—1,1/4-1)’[‘7
= ¥ oG B Y@ AT
(& & (w Sialc+1v+1) ™
SE(EE (e @i e )T
Therefore, by (20) and (30), we obtain the result. O
For d € Nwithd =1 (mod 2), the following identity is (see [21])
d—1 d
1+(1+71)
(=)' A+1)" = —F——. (31)
a;) 247
Theorem 8. Ford € Nwithd =1 (mod 2), we have the following identity
d—1
a—+
CCun(®) = L (-1)'Cun (55,
a=0
Proof. Thus, for such d = 1 (mod 2), from (19), (20) and (31), we see that
> ¢  2log,(1+7) :
CUZ:;O CGw,A(g)a = 2—1—7’((1 +7)
a1 2log, (1+ 1) g
— Z(,l)uAid(l + T)d(T)
= 1+71)4+1
d—1 00 w
a+¢\T
o [d-1 w
B 1\a a+¢ T
—wgo(g 1 CCun (] ))w!. (32)

By (20) and (32), we obtain the result. O
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Theorem 9. Ford € Nwithd =1 (mod 2), we have the following identity

= _ CGui1n CGuy1,0(d)
w+1 w+1 -

Proof. By using (13), (20) and (31), we see that

a1 2log,(1+ 1) 2log,(1+1)
2log,(14+17) Y (-1)*(1+1)" = A 4+ o2 (1+1)?
A ag’) 2471 2471
2log, (1+ 1) (dl
=SB DY (-1 Ty
) Tw—l 00 wal
= 2 CGw,A | Z CGey /\(d) '
w=0 w w=0
d—1 Tw
= (22 (-1)Dun(@) ) <
a=0 :
_ Z CGerl)\ CGerl,)\(d) ﬁ (33)
—\ w+1 w41 w!’

By comparing the coefficients of T on both sides, we obtain the result. [
Theorem 10. For w > 1, we have
wCGy-1 +2CGup = 2(M)“ (1w /2,
with CGyy = 0.

Proof. From (20), we note that

w
2log, (1+ 1) = ZCG(M (r+2)

w=

Tw+1 Tw
CGypr—— +2 Z CG,, A
1

MS ANgE

w
=) wCGy_1, A +2 Z CGun
w=2
o T(U
=2CGia(1) + Y (wCGy-12 +2ccw,A)J. (34)
w=2 :
On the other hand,
[ Tw
2log, (1+ 1) _22_; me. (35)

Therefore, by (34) and (35), we obtain the result. O

We now consider a new type of higher-order degenerate Changhee—-Genocchi polyno-
mials by the following definition.

Let 7 € N, and we consider that a new type of higher-order degenerate Changhee-
Genocchi polynomials is given by the following generating function

210g, (1+1)\" o qw
<°g2AiTT)> (14 1) = EOCGL?A(@)%' (36)
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When¢ =0,C Gg)/\ =C Gc(:)A(O) are called the new type of higher-order degenerate
Changhee—-Genocchi numbers.
It is worth noting that

lim CG), (&) = CGY)(2),
A—0 wA
are called higher-order Changhee-Genocchi polynomials.

Theorem 11. For w > 0, we have

Proof. From (20) and (36), we note that

2log,(1+71) & T“’ _ 2log,(1+1) (2log,(1+1)\"
Z7BANV T — 1 ¢
2471 wZCG Vel 2+t 2 ) UFT

o0 w o0

(Ll ) (Eecthol) - Lol
v=0 : w=0

(o] w

Z<Z<V>CGMCG§)M ) ZCG’+l : (37)

w=0 \v=0

Comparing the coefficients of T in above equation, we obtain the result. O

Theorem 12. Forr, k € N, with r > k, we have
L (w —k k
cclh@ = 3 (¢)celeel, @) =0,
=0
Proof. By (36), we see that

(210552)\5_1: T)) (14 7)

_ (210%AJ(F1T+ T>>r_k(210%Ailr+ r))k(l Y.

0 —k TU %) k T(U
- (2 Gl >m> (2 cc(ﬁ,,;(g)w,>
=0 : w=0 ’

B (£ (ectivectn) »
=0 :

Therefore, by (36) and (38), we obtain the result. [

Theorem 13. For w > 0, we have
Y (w
ceiherm =Y (4)cel @
v=0

Proof. Now, we observe that

[e9)

r ™ 2log, (1+ 1)\’
ZOCGQA(EM)J = (g;if )> (1+ )8
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References

Equating the coefficients of 7 on both sides, we obtain the result. [

Theorem 14. For w > 0, we have

r < (w 1 r
ccl) = Zo (V)ccﬁ DY ..
V=

Proof. By making use of (36), we have

(ZIOgZAj_lT—I— r))f _ <231%T>7(10g)\(i+ T)>f

e TN (e ) T

v=0 w=0
v [ v (W () (1) T
- Z()(Z%) <V>CGV Dw_m>w!. (40)

Therefore, by (36) and (40), we obtain the result. O

3. Conclusions

Motivated by the research work of [6,20,21], we defined a new type of degenerating
Changhee—-Genocchi polynomials which turned out to be classical ones in the special cases.
We also derived their explicit expressions and some identities involving them. Later, we
introduced the higher-order degenerate Changhee—Genocchi polynomials and deduced
their explicit expressions and some identities by making use of the generating functions
method, analytical means and power series expansion.
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