university of
groningen

University Medical Center Groningen

University of Groningen

Newton-Cartan gravity and torsion
Bergshoeff, Eric; Chatzistavrakidis, Athanasios; Romano, Luca; Rosseel, Jan

Published in:
Journal of High Energy Physics

DOI:
10.1007/JHEP10(2017)194

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2017

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
Bergshoeff, E., Chatzistavrakidis, A., Romano, L., & Rosseel, J. (2017). Newton-Cartan gravity and torsion.
Journal of High Energy Physics, 2017(10), [194]. https://doi.org/10.1007/JHEP10(2017)194

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 27-08-2022


https://doi.org/10.1007/JHEP10(2017)194
https://research.rug.nl/en/publications/e79267a1-ebf8-463d-87f8-408f744ec36f
https://doi.org/10.1007/JHEP10(2017)194

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: September 1, 2017
ACCEPTED: October 16, 2017
PUBLISHED: October 27, 2017

Newton-Cartan gravity and torsion

Eric Bergshoeff,” Athanasios Chatzistavrakidis,”® Luca Romano® and Jan Rosseel®
*Van Swinderen Institute for Particle Physics and Gravity, University of Groningen,
Nijenborgh 4, 97,7 AG Groningen, The Netherlands
b Division of Theoretical Physics, Rudjer Boskovi¢ Institute,
Bigenicka 54, 10000 Zagreb, Croatia
¢ Faculty of Physics, University of Vienna,
Boltzmanngasse 5, A-1090, Vienna, Austria
E-mail: e.a.bergshoeff@rug.nl, a.chatzistavrakidis@gmail.com,
lucaromano2607@gmail . com, rosseelj@gmail.com

ABSTRACT: We compare the gauging of the Bargmann algebra, for the case of arbitrary tor-
sion, with the result that one obtains from a null-reduction of General Relativity. Whereas
the two procedures lead to the same result for Newton-Cartan geometry with arbitrary
torsion, the null-reduction of the Einstein equations necessarily leads to Newton-Cartan
gravity with zero torsion. We show, for three space-time dimensions, how Newton-Cartan
gravity with arbitrary torsion can be obtained by starting from a Schrodinger field theory
with dynamical exponent z = 2 for a complex compensating scalar and next coupling this
field theory to a z = 2 Schrédinger geometry with arbitrary torsion. The latter theory can
be obtained from either a gauging of the Schrodinger algebra, for arbitrary torsion, or from
a null-reduction of conformal gravity.
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1 Introduction

Usually, when discussing Newton-Cartan (NC) geometry and gravity, Newtonian causality
is incorporated by imposing that the space-time manifold admits a one-form 7, called the
time-like Vierbein,! whose curl is constrained to vanish. The vanishing of the curl of Ty
is often referred to as the ‘zero torsion condition’ and implies the existence of an absolute
time in the space-time geometry. Indeed, using the one-form 7, one can define the time

difference T between two events as
T:/dx“m, (1.1)
C

where C is a path connecting the two events. The zero torsion condition implies that the
time difference 1" is independent of the path C connecting the two events and can thus
indeed be identified with an absolute time. Alternatively, the zero torsion condition allows
one to express 7, as the derivative of a single scalar field 7(x):

Outy =07, =0 = 7, =0,T. (1.2)

T:/dquM:/dT, (1.3)
C c

one sees that the absolute time ¢ can be identified with this function 7(z):

Since then

T(x)=t = 71,= 52. (1.4)

'Most of this paper applies to any space-time dimension. We will therefore from now on use the word
Vielbein instead of Vierbein.



The zero-torsion condition (1.2) is sufficient but not necessary to obtain a causal non-
relativistic geometry. Indeed, Frobenius’ theorem states that a necessary and sufficient
condition for the space-time to admit a foliation in a time flow orthogonal to Riemannian
space-like leaves (and thus obey non-relativistic causality), is the so-called hypersurface
orthogonality condition

T Oy =0, (1.5)

that can be equivalently written as
Tab = €a'ey 7, =0, T = 0Ty (1.6)

where e,* is the projective inverse of the spatial Vielbein e,*, with p =0,1,---d — 1 and
a=1,2,---d—1, see eq. (2.12). Note that in this case the time difference between two
space-like leaves depends on the path between the two leaves, i.e. there is no well-defined
notion of an absolute time on which all observers agree.

The condition (1.6), also called the twistless-torsional condition, was first encountered
in the context of Lifshitz holography when studying the coupling of Newton-Cartan gravity
to the Conformal Field Theory (CFT) at the boundary [1]. Twistless-torsional Newton-
Cartan geometry has also been applied in studies of the Quantum Hall Effect [2] and
has been encountered in a large ¢ expansion of General Relativity [3]. Note that it is
not surprising that the more general twistless-torsional condition (1.6) was found in the
context of CFTs. The zero torsion condition (1.2) is simply not allowed within a CFT
since it is not invariant under space-time-dependent dilatations 67, ~ Ap(z)7,. Instead,
the condition (1.6) is invariant under space-time-dependent dilatations due to the relation
e, = 0, see eq. (2.12).

In the presence of local dilatation symmetry, one can define a conformal, i.e. dilatation-
covariant, torsion as

Th = 0T — 2673 (1.7)

where b, is the gauge field of dilatations, i.e. it transforms under dilatations as 6b, = d,Ap.
The twistless-torsional condition (1.6) can then also be equivalently restated as

75, =0. (1.8)

Indeed, by taking the space/space projection of this equation, one obtains (1.6):

O =1 =0. (1.9)

C _— v
Tap = €a''ep Touw

The space/time projection of TE;, = 0 does not lead to an extra constraint on 7, but can
instead be used to solve for the spatial components of b,:

T& = T“ea”TE, =0 = bys=et'by=—T0a- (1.10)

where we used that 7#7, = 1, see eq. (2.12).
In this paper, we will be interested in considering non-relativistic geometry, both in
the absence and presence of conformal symmetries, in the case of arbitrary torsion, i.e.



when the zero torsion or twistless-torsional conditions no longer hold. At first sight, it
seems strange to consider the case of arbitrary torsion since causality is lost in this case.
However, in condensed matter applications, one often considers gravity not as a dynamical
theory but as background fields for determining the response of the system to a geometrical
force and for defining a non-relativistic energy and momentum flux.? It was pointed out a
long time ago in the seminal paper by Luttinger [4] that to describe thermal transport in
a resistive medium one needs to consider an auxiliary gravitational field ¢(z) that couples
to the energy and is defined by [5]

Ty = e¥(@)§0 (1.11)

corresponding to the case of twistless torsion. Later, it was pointed out that, for describing
other properties as well, one also needs to introduce the other components of 7, that couple
to the energy current. This leads to a non-relativistic energy-momentum tensor with no
restrictions and an un-restricted 7, describing arbitrary torsion [5]. For other applications
of torsion in condensed matter, see [6, 7].> To avoid confusion, we will reserve the word
‘geometry’ if we only consider the background fields and their symmetries whereas we will
talk about ‘gravity’ if these background fields satisfy dynamical equations of motion.

In this paper, we will construct by two complementary techniques, gauging and null-
reduction, the extension of NC geometry and its non-relativistic conformal extension,
Schrédinger geometry with dynamical exponent z = 2, to the case of arbitrary torsion,
ie. 7, # 0 for NC geometry and 74, # 0 for Schrodinger geometry, see table 1. Fur-
thermore, applying a different technique thereby making use of the obtained results on
Schrodinger geometry with arbitrary torsion, we will construct the extension of NC gravity
to the case of arbitrary torsion, in three space-time dimensions. Note that in the conformal
case we will always impose that T(% = 0, i.e. the minimal torsion case is twistless-torsional,
in agreement with the fact that the zero torsion condition is incompatible with dilatation

symmetry. As explained above, 7§/ =

0 does not lead to a constraint on 7,,. Rather it
is a so-called conventional constraint, that can be used to solve for b,, see eq. (1.10). For
earlier discussions of Newton-Cartan geometry with torsion and null-reductions, see [8-12].

This paper is organized as follows. In section 2 we will apply the gauging technique
to the Bargmann algebra in d space-time dimensions. In particular, we will construct the
transformation rules of the independent fields and the expressions of the dependent spin-
connections of NC geometry for the case of arbitrary torsion. In section 3 we derive the same
results from an off-shell, meaning we do not reduce the equations of motion, null-reduction
of General Relativity in d + 1 space-time dimensions. We point out that performing a
null-reduction of the equations of motion as well we obtain the equations of motion of NC
gravity with zero torsion thereby reproducing the result of [9]. We point out that the zero
torsion condition is related to the invariance under central charge transformations that
necessarily follows from the null-reduction. To obtain NC gravity with arbitrary torsion,

2This applies to the microscopic theory. Gravitational fields can occur dynamically in an effective field
theory description.

3In [7] non-zero expressions for the spatial torsion, i.e. the curl of the spatial Vielbein, and for the curl of
the central charge gauge field are considered as well. We will not consider this more general situation here.



geometric constraint | Newton-Cartan | geometric constraint Schrodinger
Toa # 0,Tap # 0 arbitrary torsion Tap # 0 arbitrary torsion
Toa 7 0,7ap =0 twistless-torsional Tab = 0 twistless-torsional
Toa = 0,74 =0 zero torsion — -

Table 1. Newton-Cartan and Schrodinger geometry with torsion.

we will first in the next two sections repeat the calculations of sections 2 and 3 but now for
the minimal conformal extension of the Bargmann algebra, i.e. the Schrédinger algebra,
and for conformal gravity except that we do not consider the equations of motion in this
case. To be precise, in section 4 we will gauge the z = 2 Schrodinger algebra and obtain the
transformation rules of z = 2 Schrodinger geometry for arbitrary torsion together with the
expressions of the dependent gauge fields. Next, in section 5, we obtain the same results by
performing a null-reduction of conformal gravity in d+ 1 space-time dimensions. In section
6, we use these results to construct three-dimensional NC gravity with arbitrary torsion by
starting from a z = 2 Schrodinger Field Theory (SFT) for a complex compensating scalar,
coupling it to the Schrodinger geometry with arbitrary torsion we constructed in sections
4 and 5 and gauge-fixing the dilatations and central charge transformations. We give our
comments in the Conclusions.

2 Gauging the Bargmann algebra with arbitrary torsion

Our starting point is the d-dimensional Bargmann algebra whose non-zero commutators
are given by

[Jaby Jed] = 40(qcIapp] » [Jab, Pe] = =264 Py ,
[Jabv GC] = 725c[aGb] ) [Ga,H] =-F,,
[Ga, P = —0apM | (2.1)
where
{H7Pa7jabaGa7M} (2.2)

are the generators corresponding to time translations, spatial translations, spatial rota-
tions, Galilean boosts and central charge transformations, respectively. Note that the
M-generator has the dimension of a mass and that for M = 0 the Bargmann algebra re-
duces to the Galilei algebra. The gauging of the Bargmann algebra for zero torsion has
been considered in [13]. In this section we will extend this gauging to the case of arbitrary
torsion, see also [12].

The gauge fields corresponding to the generators (2.2) are given by

{7y, eu” ,w““b s w®myt, (2.3)

respectively. Under general coordinate transformations, they transform as covariant vec-
tors. Under the spatial rotations, Galilean boosts and central charge transformations, with



parameters {\%,, A%, o}, respectively, the gauge fields {7, ,e,*,m,} that will remain in-
dependent, see below, transform according to the structure constants of the Bargmann
algebra, i.e.:

o0, =0,
e, = Ne,b 4+ X7, (2.4)

dmy = 0o + Nepq -

These independent fields and their transformation rules then define NC geometry in the
presence of arbitrary torsion, i.e. 7, # 0.

Now that we have arbitrary torsion, we can modify the usual conventional constraints
that can be solved for the spin-connection fields wuab and w,® such that these spin-
connections receive torsion contributions. We choose the following conventional constraints
that are justified by the null-reduction of General Relativity that we will perform in the

next section:

Ruy(Pa) + QTa[um,j} =0, (2.5)
R, (M) — 27o;my) = 0, (2.6)

with 70, = 77, Taw = €4”7 and with the curvatures R, (P®) and R, (M) given by
expressions that follow from the structure constants of the Bargmann algebra:

Ruy(Pa) = 28[ue,j]a — 2W[uabe,/]b — 20.)[“(17',,] y
R, (M) = 2@[um,,] - QW[Maey]a. (2.7)

Explicitly, the expressions for the torsionful spin-connections that follow from the
constraints (2.5) and (2.6) are given by*

b

wﬂab(T, e,m) = (f&#“b(T, e,m) —m, 7",

w, (1, e,m) = w,*(1,e,m) + mum*, (2.8)

where the space/space and space/time components of the torsion are given by
Tab = €"a€”p0), 7y 5 T0a = 7"'€” a0}, Ty (2.9)
and where o?uab(r, e,m) and w,%(T,e,m) are the torsion-free Newton-Cartan spin-

connections given by

(jJ‘uab(T, e,m) = eﬂcepaegbﬁ[peaf - e”aamey]b + e”ba[,,e,,]“ - Tﬂe”aegb(?[pmg} , (2.10)

w,(1,e,m) = 7V0) 6" + €,°e’ 770 peq . + €71 0ymy) + T T 7 O ymyy . (2.11)

The expressions for ,% and @,® are the solutions of the constraints (2.5) and (2.6)
for zero torsion, i.e. 7,, = 0. Note that the solutions (2.10) and (2.11) contain the fields

4Note that from now on the spin-connections are dependent fields. In cases, when confusion could arise,
we will indicate the explicit dependence.



7" and e*, that are defined by the following projective invertibility relations

a b a
etoge, =08 —thT, etqe,” =0y,

™, =1, ety =0, he,* = 0. (2.12)

It is important to note that the dependent torsion-free spin-connections (j}uab(T, e,m)
and w,*(7,e,m), due to the arbitrary torsion, no longer transform according to the
Bargmann algebra. In particular, from eqgs. (2.10) and (2.11) it follows that their transfor-
mation rules under Galilean boosts contain extra torsion terms given by

Ad}uab = )\CeMCT“b + 2)\[“6""17]7“,) ,

A(j)#a = _)\ae#b,,_Ob — )\beubT()a . (2.13)

Correspondingly, the curvatures corresponding to these spin-connections that transform
covariantly under Galilean boosts contain extra torsion contributions and are given by

Ry (J%) = 20,05 — 200, °y)" — 20y, — ey Leellr,
RMV(GCL) = 26[u<bl,}“ - 2&)[Mabd)y]b + 263[H“e,,]b7'0b + 2(2)[Hbe,/]b7'()a . (2.14)

These are the curvatures that naturally appear in the next section when we perform a null-
reduction of the equations of motion of General Relativity, see eq. (3.17). Note that there
is an arbitrariness in the definition of these curvatures in the sense that one can always
move around torsion terms in or outside the spin-connections. In that sense the above
curvatures are defined modulo D7 and 72 terms. The specific definition we use naturally
follows from the null-reduction in the next section.

3 The null-reduction of general relativity

In this section we re-obtain the results on NC geometry with arbitrary torsion obtained
in the previous section by performing a dimensional reduction of General Relativity (GR)
from d + 1 to d space-time dimensions along a null-direction [8, 9]. We show that in this
way one obtains the same transformation rules and the same expressions for the dependent
spin-connections as before. Next, we point out that, after going on-shell, the equations of
motion reduce to those of NC gravity with zero torsion [8, 9].

Our starting point is General Relativity in d+ 1 dimensions in the second order formal-
ism, where the single independent field is the Vielbein é,;4. Here and in the following, hat-
ted fields are (d+1)-dimensional and unhatted ones will denote d-dimensional fields after di-
mensional reduction. Furthermore, capital indices take d+ 1 values, with M being a curved
and A a flat index. The Einstein-Hilbert action in d + 1 space-time dimensions is given by

SUr) —i / Az eeM 4eN pRun B (@(e)) (3.1)
where £ is the gravitational coupling constant and é is the determinant of the Vielbein.
The inverse Vielbein satisfies the usual relations

eM gepn B =%, eM gent = 0N - (3.2)



The spin-connection is a dependent field, given in terms of the vielbein as
nPA(e) = 2eNMA9 e P — eNABIPe y conep© (3.3)
while the curvature tensor is given by
Ryn?? (@(e)) = 20pon P — 20p 0N (3.4)

Under infinitesinal general coordinate transformations, with parameter (M and local
Lorentz transformations, with parameter A* 5, the Vielbein transforms as

sem? = CNonen + oucNent + Mpen® . (3.5)

In order to dimensionally reduce the transformation rules along a null-direction, we
assume the existence of a null Killing vector & = £éM 9y, for the metric jyn = é wienB NAB,
i.e.

Legun =0 and €2 =0. (3.6)

Without loss of generality, we may choose adapted coordinates ™ = {z#, v}, with p taking
d values, and take the Killing vector to be £ = £Y0,. Then the Killing equation implies that
the metric is v-independent, i.e. d,gprv = 0, while the null condition implies the following
constraint on the metric:?

gvv =0. (37)

A suitable reduction Ansatz for the Vielbein should be consistent with this constraint on
the metric. Such an Ansatz was discussed in [9], and we repeat it below in a formalism
suited to our purposes.

First, we split the (d + 1)-dimensional tangent space indices as A = {a,+, —}, where
the index a is purely spatial and takes d — 1 values, while + denote null directions. Then
the Minkowski metric components are 1y, = 04 and 14— = 1. The reduction Ansatz is
specified upon choosing the inverse Vielbein é™ . to be proportional to the null Killing
vector & = £Y0,. A consistent parametrization is

o] v
a [ ety efqgmy

eMa= —| S Srtmy, |. (3.8)
+\ 0 St

The scalar S is a compensating one and can be gauge-fixed as we will see shortly.
Given the expression (3.8) for the inverse Vielbein, the Vielbein itself is given by

a - +
N T e S_ITM —-Smy,
= ) 3.9
o v( 0 0 s (3.9)

5Due to this constraint, we are not allowed to perform the null-reduction in the action but only in the
transformation rules and equations of motion [9].



To avoid confusion, recall that the index a takes one value less than the index p; thus the
above matrices are both square although in block form this is not manifest.

Note that the Ansatz (3.9) has two zeros. The zero in the second column, é,~ = 0, is
due to the existence of the null Killing vector & = £0,:

€2 = évé.vgvv - 0 = va - éUAé'UBnAB - O = évi - O . (310)

On the other hand, the zero in the first column, €, = 0, implies that the Lorentz transfor-
mations with parameters \* are gauge-fixed. We are thus left over with A%, A®_, that we
will call A* = \*_, and AT, = —\~_, that we will call \. The latter can be gauge-fixed by
imposing S = 1. For some purposes, especially when we discuss the conformal case, it is
convenient to only perform this gauge-fixing at a later stage, so we will momentarily keep S

A simple computation reveals that the invertibility relations (3.2), after substitution
of the reduction Ansatz, precisely reproduce the projective invertibility relations (2.12)
encountered when gauging the Bargmann algebra provided we identify {7, ,e,*} as the
timelike and spatial Vielbein of NC gravity, respectively.

Starting from the transformation rule (3.5) of the (d + 1)-dimensional Vielbein, we
derive the following transformations of the lower-dimensional fields:

61, =0, (3.11)
dep® = Ape,t + SN, (3.12)
Smy = —9,C" — S e, (3.13)

55 = AS, (3.14)

where ¢V denotes the component of the parameter of (d + 1)-dimensional diffeomorphisms,
along the compact v-direction. Next, fixing the Lorentz transformations with parameter A
by setting S = 1 and defining o := —(¥ we precisely obtain the transformation rules (2.4)
of Newton-Cartan geometry in d dimensions provided we identify m,, as the central charge
gauge field associated to the central charge generator of the Bargmann algebra. Note that
we have not imposed any constraint on the torsion, i.e. 7, = 9,7, # 0.

We next consider the null-reduction of the spin-connection given in (3.3). Inserting
the Vielbein Ansatz (3.9) with S = 1 into (3.3) we obtain the following expressions for the

different components:

0, (&) = w, (1, e,m) = 0, (e, 7,m) —m, T,
wlla_‘—(é) = wua(Tv €, m) = d}ua(ea T, m) + m;ﬂ—Oa s
~ ab( 4 ab ~ at(p a
wva (6) =T, Wy (6) = =70 ,
Wt (€) = —Tum" — e ", G, (6) =0,
@, (8) = —eu o0, &y () =0, (3.15)

where @,% (e, 7,m) and &,%(e,7,m) are the torsion-free Newton-Cartan spin-connections
given in egs. (2.10) and (2.11). Note that the first two lines precisely reproduce the expres-
sions for the torsionful spin-connections of NC gravity given in eqs. (2.8) of the previous

section.



At this point, we have re-produced using the complementary null-reduction technique
the results on NC geometry with arbitrary torsion obtained in the previous section. To
calculate the equations of motion after null-reduction, we first need to calculate the com-
ponents of the higher-dimensional Ricci tensor with flat indices:

Rap (@) = eMeeN sRunC 5 (@(8)) . (3.16)

Substituting the reduction Ansatz (3.9), with S = 1, into (3.16) we find the following
expressions for the Ricci tensor components:

Ry =77,
Ry = —Damo® + 270 70a
R*f = _ROCL(GG)’

]:?«-‘ra = DbTba - 2TObTba7
R_, = —Roy(J%) — DoToa

Rap = Rea(J) — 2Dao5 + DoTap + 270a7ob » (3.17)
where the lower-dimensional curvatures R(J) and R(G) are defined in eq. (2.14) and where
the covariant derivatives on 79® and 7% are given by

a a o ab oo b_a
D, 10" = 0,10 — w,1op + W T

D,ﬂ'ab = 8M7'ab — CC},f‘CTCb — o?ubcTaC . (3.18)
Using the Bianchi identity for 7,,, in the form

Doty = DaTop — DyToa (3.19)

A~

we can rewrite the Ricci tensor components R, in a manifestly symmetric form as follows:

Rab = Rea(J%) — 2D(a7'|0\b) + 2704 T0p - (3.20)
We first consider the Ricci tensor components that contain the curvatures R(J) and/or
R(G). They lead to the following set of equations of motion:

Ro.(G*) =0, Rea(J%) — 2D((—17’|0‘b) + 270700 = 0, (3.21)

where in the last equation we collected two field equations into one by using an index
a = (a,0). At first sight, it looks like this first set of equations of motion defines NC
gravity with arbitrary torsion. However, the other set of equations, obtained by putting
R++, R+, and R+a to zero, cannot be ignored and they constrain the torsion. For instance,
the equation R++ = 0 implies 74, = 0 while the equation R+, = 0 implies, with a proper
choice of boundary conditions, 79, = 0. Since the first set of equations of motion transforms
to the second one under Galilean boosts, it is not consistent to leave out the second set
of equations of motion in the hope of obtaining NC equations of motion with arbitrary
torsion. Together, they imply zero torsion and, after substituting this back into (3.21), one
obtains the equations of motion corresponding to NC gravity with zero torsion [9].

Ry (G*) =10, Ro%(J) =10, Reo(J)=0. (3.22)



4 Gauging the z = 2 Schrodinger algebra with arbitrary torsion

In this section we extend the gauging of the so-called z = 2 Schrédinger algebra with twist-
less torsion as performed in [15] to the case of arbitrary torsion, i.e. 74, # 0. Our starting
point is the z = 2 Schrodinger algebra which is the minimal conformal extension, with
dynamical exponent z = 2, of the d-dimensional Bargmann algebra whose commutation
relations were given in eq. (2.1). To this end we add the additional generators D and K
corresponding to dilatations and special conformal transformations with gauge fields b,
and f,, respectively. The additional non-zero commutation relations with respect to the
Bargmann algebra are given by

[D,H] = —2H , [H,K] =D,
[DaK]:2Ka [K,Pa]:—Ga,
[D, P,)| = —PF,, [D,G,] =G,.

This leads us to the following complete set of covariant one-form gauge fields:

b

{en®, Ty wu ™, wu® by, fusmu} (4.1)

Only the subset {7,,e,% my,, by}, with by = 7#b,, will remain independent gauge fields.
Following the structure constants of the Schrodinger algebra these independent gauge fields
transform under the Bargmann symmetries and the additional dilatations, with parameter
Ap, and special conformal transformations, with parameter A\g, as follows:

0Ty = 2ApTy,
de, = /\abeub + A7, + Ape,”,
dmy = 00 + Aepuq

0bg = OgAp + A\ — )\aea“bu . (4.2)

We now impose the following first set of conventional curvature constraints:%

Roa(H) =0,
'R,wja(P) + QTca’[umy] =0,
Ruw(M) = 0. (4.3)

We have used here the following curvatures whose expressions follow from the structure
constants of the Schrodinger algebra:
Ryuw(H) = 20,7, — 4b, 7,
Ruw™(P) = 20),e,)" — Zw[““bel,]b — 2wy, 1y = 2bpe,)"
'RM,,(M) = 28[Mmy] - 2(,0[“&6,,]& . (4.4)

®We indicate the Schrédinger curvatures with a script R. Note that, in contrast to [15], we do not
impose that Rq,(H) = 0, i.e. we have arbitrary torsion: %Rab(H) = aC;, = Tap # 0. We have chosen the
second conventional constraint such that it gives the same torsionful rotational spin-connection that follows
from the null-reduction that we will perform in the next section.
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The conventional constraints (4.3) allow us to solve for the spatial components of b,
and of the spin-connection fields wuab and w,* as follows”

ba = —T0a ;s (4.5)

b

“b(e, T,m,b) —m,7",

wuab(e, T,m,b) = w,

w,ua(ea T, m, b) = &),ua(ev T,m, b) ’

where the torsionless Schrodinger spin-connections, i.e. the part with 7,, = 0, are related to
the torsionless Newton-Cartan spin-connections defined in egs. (2.10) and (2.11) as follows:®

d’)u“b(e,T,m, b) = (f&#“b(e,T, m) + Qeﬂ[abb] , (4.8)

w,"(e,7,m,b) = w,"(e,7,m) + e, by . (4.9)

In a second step, to solve for the gauge field f,, we impose the following second set of
conventional constraints:

1

RaO(D) + Rabb(G) - ?dmaRbcbc(‘]) = 07 (410)
1

Roa®(G) — 2—dmoRal,‘”’(J) =0, (4.11)

where the expressions for the curvatures are given by

ijab(J) = 28[ﬂbf)l,}ab — Q(DMCG(DV]I)C — Q(DMCEU]CTQb + 4@[u[a7_b}cey}c — 4&)[“66,,] [aTCb] ,
'Rw,a(G) = 28&/3,,}“ + 202)[Mb(ij]ab — 2&2[““5,,] - 2f[ue,,}a ,
Ruw(D) = 20,b,) — 2,7 + 201, €, Tap - (4.12)

Note that these curvatures, save the one corresponding to G, contain extra torsion contri-
butions that render them covariant under Galilean boosts. This second set of conventional
constraints is chosen such that it precisely reproduces the same expression for f,, that we
will derive in the next section by a null-reduction of conformal gravity:

_ 1 ! 1 b _# be

fo= 777 Ra(D) + =7 Ray’(G) S 1y ™ Roe (J), (4.13)
— L /I a _# ab

fO — d—lRO‘l (G) Qd(d—l)mORab (J) (4.14)

The prime indicates that in the corresponding curvature the term with f,, has been omitted.

This finishes our discussion of the gauging of the z = 2 Schrodinger algebra.

"The only notational difference with respect to [15] is that in that paper the projective inverse of 7, is
denoted as v* and it is related to the one we use here by v = —7#.

8Note that we commit some abuse of notation here, by using the same symbol & for &#“b(

e’ T’ m)7

a

W, (e, 7,m) and &, (e, 7,m,b), ©.%(e,T,m,b). For the rest of this paper, @,*® and &,* will always refer

to (:)Nab(ea T, m, b)7 (’f}ua(E, T, M, b)
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5 The null-reduction of conformal gravity

In this section we re-obtain the results on z = 2 Schrodinger geometry with arbitrary torsion
obtained in the previous section by performing a dimensional reduction of conformal gravity
from d + 1 to d space-time dimensions along a null direction. We show that in this way
one obtains the same transformation rules and the same expressions for the dependent
spin-connections and special conformal gauge fields as before.

Our starting point is conformal gravity in d+ 1 dimensions. Recall that the relativistic
conformal algebra appends new generators to the translations and Lorentz transformations
of the Poincaré algebra, namely dilatations and special conformal transformations. When
the algebra is gauged, the dilatations give rise to a gauge field by with associated gauge
parameter Ap while the special conformal transformations are assigned a gauge field fMA
and gauge parameters )\‘;}.9 Thus the full set of gauge fields is

{enr™, on*B bar, furt} (5.1)

It turns out that after imposing conventional constraints the spin-connection and special

conformal gauge fields become dependent. The transformation rules of the independent
Vielbein and dilatation gauge field are given by

5éMA = )\ABéMB + )\DéMA, (5.2)

&;M = Oy Ap + A?(éMA . (5.3)

Both gauge fields transform as covariant vectors under general coordinate transformations.

Note that the dilatation gauge field transforms with a shift under the special conformal

transformations and therefore can be gauged away by fixing the K-transformations. The ex-
pressions for the dependent spin-connections and special conformal gauge fields are given by

o P (e,0) = wn*P(e) + 260 eP Wby (5.4)
R . 1 . 1 .
Al _ 1A ~ A/
=LAy '
fu”(é,0) T 1M 2d(d— 1) M R, (5.5)

B is the Lorentz curvature of the conformal algebra and

R = Ry BV R = M R (5.6)

where R v

The prime indicates that in the corresponding curvature the term with fMA has been
omitted.

Using the same reduction Ansatz as in the NC case and splitting by = (bus by), we
obtain the following transformation rules for the lower-dimensional fields:

0Ty = 2ApTy, (5.7)
de,® = N e, + ST\, + Ape,?, (5.8)
dmy = —9,C" — S e, (5.9)

by = OuAp + Ngeua + NS~ — A Smy, (5.10)

Sby = A\, (5.11)

68 = (A+Ap)S. (5.12)

9Like in the Poincaré case we denote fields in d + 1 dimensions with a hat.
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From the last transformation rule it follows that gauge-fixing S = 1 leads this time to

a compensating Lorentz transformation with parameter
>\comp = _>\D . (513)

The S = 1 gauge-fixing is not sufficient to end up with the transformation rules of z = 2
Schrédinger geometry as given in the previous section. The reason for this is that the null-
reduction leads to as many K-transformations as components of bys while in Schrédinger
geometry we have only a single K-transformation. This is related to the fact that the z = 2
Schrédinger algebra cannot be embedded into a higher-dimensional conformal algebra like
the Bargmann algebra can be embedded into a higher-dimensional Poincaré algebra. In
order to obtain the same symmetries as z = 2 Schrodinger geometry we need to impose
a constraint that reduces the d + 1 K-transformations to the single one corresponding to
the Schrodinger algebra. To achieve this, we first gauge-fix b, = 0 which fixes A\, = 0. To
gauge-fix another d — 1 K-transformations we impose by hand the following constraint

Roa(H)=0 —  by=—Toq (5.14)

This constraint has two effects. First of all, it fixes d — 1 K-transformations, as can be seen

from the following transformation rule:
ORoa(H) = 2270 — Ny Rop(H) — ApRoa(H) + 2Xk . (5.15)
Note that this gauge-fixing leads to the following compensation transformation:
AP = b7y (5.16)

At the same time, the gauge-fixing constraint (5.14) is a conventional constraint that allows
us to solve for the spatial components of the dilatation gauge field as we did in the previous
section. It is straightforward to check that after imposing the additional gauge-fixing
condition (5.14) and identifying (¥ = —0 , \g = )\}; we obtain precisely the transformation
rules (4.2) of z = 2 Schrodinger geometry as obtained in the previous section.

For completeness we also give the transformation rules of the projective inverses:

dety = —A0qety — Apety (5.17)
oth = =X%H, —2\pTh. (5.18)
We now consider the null-reduction of the dependent spin-connection and special con-

formal boost gauge fields. The reduction of the spin-connection components is very similar
to the NC case. We find that the non-vanishing components are given by

b

(I)#ab é,b) = wua’b(e,ﬂm, b) = cfjuab(e,T,m, b) —m,7", 5.19
@, T (e,b) = w, (e, 7,m,b) = &, (e, 7, m,b), 5.20

é

by,

= T y

(5.19)
(5.20)
e (5.21)
(5.22)
(5.23)

&
=
S
|
~~ Y~ o~
>
S S TS O
— ~— — ~— ~—
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where Ci;uab(e,T,m, b) and w,%(e,7,m,b) are the torsionless Schrodinger spin-connections,
whose explicit expressions are given in egs. (4.8) and (4.9), respectively.

Next, we consider the null-reduction of the gauge field of special conformal transfor-
mations f;4, defined in eq. (5.5). After a straightforward calculation we find the following

expressions:
= -t (Rubwb) Dy — e Dor®® — Qilemcu“)) + T, (5:24)
it = 7 (Ria(G) + Rig(D) = g miRas(I™), (5.25)
f’; - 2d(d — 1)TMRab(Jab) a di 1e”bDaTab a ﬁm“TabTab’ (5.26)
fo— ﬁplﬂﬂb) (5.27)
fot = Qd(dl_l)Rab(Jab)a (5.28)
R 529

where the gauge field flﬁ is identified as the single gauge field f, of the reduced theory. The
covariant derivative D is defined exactly as in (3.18), but this time with the spin-connections
w,% (e, 7,m, b) and &, %(e, 7, m,b), see egs. (4.8) and (4.9). We observe that the component
fua contains a torsion term with an explicit appearance of the spin-connection «w,,*. This is
explained by the fact that fua originally was a special conformal gauge field transforming
as 0, A% under the special conformal transformations. However, due to the gauge-fixing of
those transformations, and in particular due to the compensating transformation given in

eq. (5.16), we obtain 5f#a = 0\ + ..., which explains the last term in eq. (5.24).

6 NC gravity with arbitrary torsion

In this section we will use our results on Schrodinger geometry with arbitrary torsion, de-
rived in the previous section, to construct the NC gravity equations of motion for arbitrary
torsion by applying the so-called conformal technique for the non-relativistic case [14]. We
will give complete results for d = 3 only.

It turns out that only the NC equations of motion with zero torsion (79, = 0, 74 = 0)
and with half-zero torsion (79, = 0,7, # 0) are invariant under central charge trans-
formations. However, the null-reduction by construction always leads to an answer that
is invariant under central charge transformations. That is why we found that the on-
shell null-reduction of the Einstein equations leads to NC gravity with zero torsion. The
half-zero torsion condition, although consistent with invariance under central charge trans-
formations, has no clear causal structure and, as we saw above, does not follow from a
null-reduction of General Relativity.

Applying the non-relativistic conformal technique [14], invariance under central charge
transformations implies that we only need to introduce a real compensating scalar ¢ for
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dilatations and not a second one to compensate for the central charge transformations. As
was shown in [14], the SFT for this real scalar is given by!°

SFT1 : a()aogo = 0, 6a<p = O, (6.1)

where the constraint d,¢ is a consequence of the torsion condition 7y, = 0. In the absence
of this torsion condition, the equation dydpp = 0 is not invariant under Galilean boosts.
To make this equation invariant under Galilean boosts, we introduce a second compensat-
ing scalar y for central charge transformations. The important point is that under rigid
Galilean boosts the spatial derivative of this compensating scalar x transforms as [14]

5 (8aX) = —MAq, (6.2)

where M is a mass parameter. Therefore, the lack of Galilean boost invariance of SF'T1, see
eq. (6.1), in the absence of the constraint d,¢p = 0 can be compensated by adding further
terms to this equation containing d,x. In this way one ends up with the following SFT [14]:

2 1
SFT2 : 0000 — M(ﬁo&lgo)@ax + W(c?a@bcp)c?axabx =0. (6.3)

The second compensating scalar breaks the invariance under central charge transforma-
tions. The SFT2 theory corresponds to either the twistless-torsional case (7o # 0, 74 = 0)
or the arbitrary torsion case (794 # 0, Tap # 0) case.

In a next step, we couple this SF'T2 theory to the z = 2 Schrédinger geometry with
arbitrary torsion, we constructed in the previous section, by replacing all derivatives in (6.3)
by Schrodinger covariant ones. In order to do this, it proves convenient to use a definition
of the dependent gauge field f,, of special conformal transformations that differs from the
one given in eq. (4.13), by terms that transform covariantly under gauge transformations.
In order to avoid confusion, we will denote this dependent gauge field by F),. It is defined
as the solution of the following conventional constraints

Roa(G) = = (DP)Raa(%) + o5 (D) (DX Rea( 1)

2
M
1
+W(Dbx)(Dbx)(Dcx)D“Tca =0,
Roa(D) =0, (6.4)

where the curvatures are given by the expressions in eq. (4.12), with f, replaced by F},. In
particular one finds that Fy = 7#F), is given by

1 2

Fo = g (Rou(6) = SDIRu(I%) + (DN D Ren (%) +

OO ) (65)

By a Schrodinger Field Theory (SFT) we mean a field theory that is invariant under the rigid
Schrodinger symmetries, see, e.g., [14].
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With this definition, F), transforms as follows under the different gauge transformations:
TSy = 7 (0 Ak + 2AKby — 2Ap S+ 20,7 ) — %Aa(pbx)pofab +
A (D) (D) Derar
a8y = ey (OuAic + 2A by — 27D fu + 2N, 7o) — 20 Do (6.6)

The first step in coupling the equations of the SFT2 theory (6.3) to the z = 2 Schrodinger
geometry with arbitrary torsion consists of replacing all derivatives in the left-hand-side
of (6.3) by Schrodinger covariant ones. This leads to the expression

2 1
DoDyp — M(DODa@)DaX + W(Dan(P>DaXDbX7 (67)

where the covariant derivatives are given by!!

DoDyp =+ (8#D0g0 + b, Do + W, Do + F“(p) , (6.8)
DDy = 7 (9uDap — Wpa” Dop + @ Tap) (6.9)
DoDyp = el (0, Dyp — 0 Desp + 0 1ep) (6.10)
Do = 7" (9 — bu) Doy = eq" (Ou — bu) (6.11)
Dox = €t (0, x —Mmy,) . (6.12)

Note that the second covariant time derivative DyDgp of ¢ contains the time-component
THF), of the dependent special conformal gauge field gauge field F), given as a solution of
egs. (6.4).

The expression (6.7) can not be used yet as the starting point for defining a Schrédinger
covariant equation, as it is not yet invariant under local boost transformations. Indeed,
one finds that its variation under boosts is given by

2
M2

o (D) (D) XaDep — — (DY) (Dax) N Do . (6.13)

1
M2
We expect that this variation can be cancelled by adding further terms to the expres-
sion (6.7) via an iterative procedure but we did not yet find a closed answer in arbitrary
dimensions. However, for the special case of d = 3, the calculation simplifies significantly
and the variation (6.13) can be cancelled by adding two extra terms to the expression (6.7).
As a result, we find that the following equation is Schrodinger invariant in d = 3:

2 1
DoDogp — —(DoDap) (D) + 5 (DaDup)(D*x)(D"X) =
1
4mt

To present the field equations, it is convenient to introduce the following boost invariant

— %(D“x)(Dax)(Dbx)Tbchw + — (DY) (DaX)(D°X)(DX) T Teap = 0. (6.14)

connection for spatial rotations

Q% =&, + H,2, (6.15)

"For the special case 7,5 = 0 the expressions were already given in [14].
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with the covariant tensor H u“b given by
Ha = Lpro g 2 (ffuCD[“x + DCX%“) ) = 2 DDl (6.16)
M M M
With this definition, the curvature tensor
R ™ () = 20,9, — 2Q1,%Q,.° (6.17)
is boost invariant and related to R, (J) via
Ruw™(Q) = Rw™(J) + 2Dy, H,)*" — 2H},°H,,.. (6.18)
Since Ruyab(ﬂ) is boost invariant, one can consistently impose
Rop™ () =0,  Ra(2) =0 (6.19)

as two of the NC field equations. Under boost transformations, the first equation in (6.19)
transforms to the second one while the second one is invariant. These two equations are the
extension to arbitrary torsion of the last two zero torsion NC equations given in eq. (3.22).
The extension to arbitrary torsion of the first zero torsion equation Ry, (G*) = 0 given
in (3.22) can be found by imposing in eq. (6.14) the gauge-fixing conditions

fixing the dilatations and central charge transformations, respectively. After substituting
the expressions of the dependent Schrodinger gauge fields we derived in the previous two
sections and using the other two torsional equations of motion (6.19), we find that this
third torsional NC equation is given by

1 1
3 0a(G*) =70, " by —2(Dobg)m® — (Dabb)mamb— (bc— 4mc7'cd> 70 em®mgam® (6.21)
1 1
—§mamameCTbc—mbea” <7‘“+2mcec“> (2D[MH,,]“I’—2H[M“C ,,]Cb) =0,
where

Dyuba = b — Wua’by + &, 7ap (6.22)
by is gauge-fixed to zero, and, after the gauge-fixing (6.20), H M“b is given by
Huab = —m,ﬁ“b -2 <eucm[“ + mceu[“) - 2Tumcm[a7'b]c. (6.23)
Note that H ”“b vanishes identically for the special case that the torsion 7, is zero.

This finishes our discussion of NC gravity with arbitrary torsion in three dimensions
whose equations can be found in egs. (6.19) and (6.21).
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7 Conclusions

In this paper we applied two complementary techniques, gauging and null-reduction, to
construct Newton-Cartan geometry and its conformal extension, z = 2 Schrodinger geom-
etry, with arbitrary torsion. The gauging technique has the advantage that it makes the
symmetries resulting from the construction manifest. The null-reduction technique has
the advantage that the construction is algorithmic and can easily be generalized to other
cases as well. We explained why the null-reduction technique does not yield NC grav-
ity with arbitrary torsion and showed, in three space-time dimensions, how equations of
motion with arbitrary torsion can be obtained by applying the non-relativistic conformal
method [14] using a SFT with two real compensating scalars: one compensating scalar ¢
for the dilatations and one compensating scalar x for the central charge transformations.
This compensating technique leads to one of the equations of motion of torsional NC grav-
ity, see eq. (6.21). This singlet equation is the one that contains the Poisson equation of
the Newton potential. The other two equations, see eq. (6.19), followed by formulating
them in terms of the curvature of a boost-invariant connection.

It would be interesting to extend the results of this paper to the supersymmetric case
and apply the null-reduction technique to supergravity theories. The case of d = 3 should
lead to a generalization of the off-shell 3D NC supergravity constructed in [17, 18] to
the case of arbitrary torsion. More interestingly, one can also take d = 4 and construct
4D NC supergravity thereby obtaining, after gauge-fixing, the very first supersymmetric
generalization of 4D Newtonian gravity. An intriguing feature of the 3D case is that the
Newtonian supergravity theory contains both a Newton potential as well as a dual Newton
potential. In analogy to the 3D case, we expect that in the supersymmetic case the Newton
potential will not occur in the same representation as introduced by Newton. It would be
interesting to see which representations of the Newton potential would occur in the 4D
case and investigate whether this could have any physical effect.
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