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NEWTON POLYGONS OF HIGHER ORDER
IN ALGEBRAIC NUMBER THEORY

JORDI GUARDIA, JESUS MONTES, AND ENRIC NART

ABSTRACT. We develop a theory of arithmetic Newton polygons of higher
order that provides the factorization of a separable polynomial over a p-adic
field, together with relevant arithmetic information about the fields generated
by the irreducible factors. This carries out a program suggested by . Ore.
As an application, we obtain fast algorithms to compute discriminants, prime
ideal decomposition and integral bases of number fields.

INTRODUCTION

R. Dedekind based the foundations of algebraic number theory on ideal theory
because the constructive attempts to find a rigorous general definition of the ideal
numbers introduced by E. Kummer failed. This failure is due to the existence of
inessential discriminant divisors; that is, there are number fields K and prime num-
bers p, such that p divides the index i(0) := (Zg : Z[f]), for any integral generator
0 of K, where Zg is the ring of integers. Dedekind gave a criterion to detect when
p1i(f), and a procedure to construct the prime ideals of K dividing p in that case,
in terms of the factorization of the minimal polynomial of § modulo p [Ded7§].

M. Bauer introduced an arithmetic version of Newton polygons to construct
prime ideals in cases where Dedekind’s criterion failed [Bau07]. This theory was
developed and extended by . Ore in his 1923 thesis and a series of papers that
followed [Ore23] [Ore24l, [Ore25| [Ore26, [Ore28]. Let f(z) € Z[z] be an irreducible
polynomial that generates K. After K. Hensel’s work, the prime ideals of K lying
above p are in bijection with the irreducible factors of f(x) over Z,[z]. Ore’s work
determines three successive factorizations of f(z) in Z,[z], called dissections of
the set of prime ideals dividing p. The first dissection is determined by Hensel’s
lemma: f(z) splits into the product of factors that are congruent to the power of
an irreducible polynomial modulo p. The second dissection is a further splitting of
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each factor, according to the number of sides of a certain Newton polygon. The
third dissection is a further splitting of each of the latter factors, according to
the factorization of a certain residual polynomial with coefficients in a finite field,
attached to each side of the polygon.

Unfortunately, the factors of f(z) obtained after these three dissections are not
always irreducible. Ore defined a polynomial to be p-reqular when it satisfies a
technical condition that ensures that the factorization of f(z) is complete after the
three dissections. Also, he proved the existence of a p-regular defining equation for
every number field, but the proof is not constructive: it uses the Chinese remainder
theorem with respect to the different prime ideals that one wants to construct. Ore
himself suggested that it should be possible to introduce Newton polygons of higher
order that continue the factorization process till all irreducible factors of f(x) are
achieved [Ore23l Ch.4, §8], [Ore28, §5].

Ore’s program was carried out by the second author in his 1999 thesis [Mon99],
under the supervision of the third author. For any natural number r > 1, Newton
polygons of order r were constructed, the case r = 1 corresponding to the Newton
polygons introduced by Ore. Also, results analogous to Ore’s theorems were proved
for polygons of order r, providing two more dissections of the factors of f(z), for
each order r. The whole process is controlled by an invariant defined in terms of
higher order indices, which ensures that the process ends after a finite number of
steps. Omnce an irreducible factor of f(z) is detected, the theory determines the
ramification index and residual degree of the p-adic field generated by this factor,
and a generator of the maximal ideal. These invariants are expressed in terms
of combinatorial data attached to the sides of the higher order polygons and the
residual polynomials of higher order attached to each side. The process yields as
a by-product a computation of ind(f) := v,(i(#)), where 6 is a root of f(z). An
implementation in Mathematica of this factorization algorithm was worked out by
the first author [Gua97].

We now present these results after a thorough revision and some simplifications.
In section 1 we review Ore’s results, with proofs, which otherwise can be found
only in the original papers by Ore in the language of “héheren Kongruenzen”. In
section 2 we develop the theory of Newton polygons of higher order, based on the
concept of a type and its representative, which plays the analogous role in order r
to that played by an irreducible polynomial modulo p in order one. In section 3
we prove results in order r analogous to Ore’s theorems of the polygon and of the
residual polynomial (Theorems B and B.7), which provide two more dissections
for each order. In section 4 we introduce resultants and indices of higher order
and we prove the theorem of the index (Theorem I8]), which relates ind(f) with
the higher order indices constructed from the higher order polygons. This result
guarantees that the factorization process finishes at most in ind(f) steps.

Although the higher order Newton polygons are apparently involved and highly
technical objects, they provide fast factorization algorithms because all computa-
tions are mainly based on two reasonably fast operations: division with remainder
of monic polynomials with integer coeflicients, and factorization of polynomials over
finite fields. Thus, from a modern perspective, the main application of these results
is the design of fast algorithms to compute discriminants, prime ideal decomposi-
tion and integral bases of number fields. However, we present in this paper only
the theoretical background of higher order Newton polygons. We shall describe the
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concrete design of the algorithms and discuss the relevant computational aspects
elsewhere |[GMNOS| [GMNQ9].

CONTENTS

Introduction

1. Newton polygons of the first order

1.1. Principal polygons

1.2.  ¢-Newton polygon of a polynomial

1.3.  Admissible ¢-developments and theorem of the product

1.4. Theorems of the polygon and of the residual polynomial

1.5.  Types of order one

2. Newton polygons of higher order

2.1. Types of order r — 1

2.2. The p-adic valuation of r-th order

2.3. Construction of a representative of t

2.4. Certain rational functions

2.5. Newton polygon and residual polynomials of r-th order

2.6. Admissible ¢,.-developments and theorem of the product
in order r

3. Dissections in order r

3.1. Theorem of the polygon in order r

3.2. Theorem of the residual polynomial in order r

3.3. Types of order r attached to a separable polynomial

4. Indices and resultants of higher order

4.1. Computation of resultants with Newton polygons

4.2. Index of a polynomial and index of a polygon

4.3. An example

4.4. Proof of the theorem of the index

References

EEEEEEEEEEE EEEEEEREEEEEE]

1. NEWTON POLYGONS OF THE FIRST ORDER

1.1. Principal polygons. Let A € Q™ be a negative rational number, expressed
in lower terms as A\ = —h/e, with h, e positive coprime integers. We denote by
S(A) the set of segments of the Euclidean plane with slope A and end points having
nonnegative integer coordinates. The points of (Zx¢)? are also considered to be
segments in S(A), whose initial and final points coincide. The elements of S(A) will
be called sides of slope A. For any side S € S(\), we define its length, £ := £(S),
and height, H := H(S), to be the length of the respective projections of S to the
horizontal and vertical axes. We define the degree of S to be

d = d(S) == (S) /e = H(S)/h.

Any side S is divided into d segments by the points with integer coordinates that
lieon S. A side S € S(A) is determined by the initial point (s,u) and the degree d.
The final point is (s+¥¢,u— H) = (s+de,u—dh). For instance, Figure 1 represents
a side of slope —1/2, initial point (s,u), and degree three.
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[ 3 S S,

FIGURE 1

The set S(A) has the structure of an abelian semigroup with the following ad-
dition rule: given S, T € S(\), the sum S + T is the side of degree d(S) + d(T)
of §(\), whose initial point is the sum of the initial points of S and T'. Thus, the
addition is geometrically represented by the process of joining the two segments
and choosing an appropriate initial point. The addition of a segment S with a
point P coincides with the translation P + S of S by the vector determined by P.
The neutral element is the point (0,0). The invariants £(S), H(S), d(S) determine
semigroup homomorphisms

E, H, d: S()\) — Zzo.

The set of sides of negative slope is defined as S = [Jyco- S(A). Since the
points of (Zx¢)? belong to S(A) for all A, it is not possible (even in a formal sense)
to attach a slope to them.

There is a natural geometric representation of a formal sum of sides, as an open
convex polygon of the plane. Given a formal sum S + ---+ S}, of sides of negative
slope, we consider the sum P, of all initial points of the S;, and we construct the
polygon N := N(S;+---+.5;) that starts at Py and is obtained by joining all sides
of positive length, ordered by increasing slopes. The length of N is by definition the
largest abscissa ¢(N) of the points of N; the abscissa of Py is denoted by foo(N).
The typical shape of this polygon is shown in Figure 2.

0 Lo (N) £(N)

FIGURE 2

Definition 1.1. The semigroup PP of principal polygons is defined to be the set
of all open convex polygons of the plane, attached to finite formal sums of sides
of negative slope. The length determines a semigroup homomorphism, ¢: PP —
ZL>y.
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The addition of principal polygons is the operation induced by the formal sum
of sides. If N = N(S1 +---+5;) and N' = N(S] +---+ 57), then N + N’ is the
geometric representation of Sy +---4+S;+ 57+ - -+5%. The reader may easily check
that this is well-defined and that PP has a structure of a semigroup with neutral
element {(0,0)}. Clearly, this addition is compatible with the sum operations that
we had on all S(A). The addition of N € PP with (the polygon represented by) a
point P € (Z>)? is the translation P + N.

Note that N(S) =S5, for all S € S, but £(N(S)) = le(N(S)) + £(S). It is quite
natural to express a principal polygon directly as a sum of sides: N = S1+---+.5;.
This decomposition is unique in either of the two following situations:

(1) N = S, with S € (220)2,
(2) N=51 4+ S, with all S; of positive length and slopes A\; < -+ < As.

Any N € PP can be expressed in one (and only one) of these canonical forms. The
end points of these canonical sides are called the vertices of the polygon.

For technical reasons, in the canonical representation of a principal polygon as
a sum of sides we (eventually) include a side of slope —oco. Informally, it is the side
with initial point (0,00) and final point Py, the starting point of the “finite part”
of the polygon (cf. Figure 2). In a more formal setting, we define the set of sides
of slope —o0 as §(—0) := Z~g, with its natural structure of an abelian monoid. If
S € §(—o0) corresponds to the positive integer ¢, we define £(S) := ¢, H(S) := oo.

Definition 1.2. If N € PP has {(N) > 0, then we consider the side of slope
—oo determined by the positive integer £, (N) as the “infinite part” of N.

From now on, when we write N =51 + --- + S, we implicitly assume that this
is the canonical decomposition of the whole of IV, the infinite and finite parts, as a
sum of sides. Therefore, either S; € S has a left end point with abscissa zero (and
ls(N) =0), or S; € S(—o0) has length £, (N) > 0.

We say that N is one-sided if either N = S;, with Sy € S, £(S1) > 0, or
N =51+ 85,, with 57 € S(—OO)7 E(SQ) =0.

This definition has some advantages. For instance, the projection of a (whole)
principal polygon N to the horizontal axis is always the interval [0,¢(N)]. Also,
the length of N = S7 + --- + Sy is equal to £(N) = £(S1) + - - - + £(Sy).

Clearly, the splitting of N € PP into a finite part and an infinite part behaves
well with respect to the addition in PP: the sum of the finite (resp. infinite) parts
of N and N’ are the finite (resp. infinite) parts of N + N'.

Let N € PP. For any integer abscissa, 0 < i < £(N), we denote

c=yi(N) = o0, if i < loo(N),
Yi =i " | the ordinate of the point of N of abscissa i, if i > £o(N).

For i > (o (IN) these rational numbers form a strictly decreasing sequence.

Definition 1.3. Let P = (4,y) be a “point” of the plane, with integer abscissa
0 < i < {¢(N), and ordinate y € RU {oco}. We say that P lies on N if y = y;. We
say that P lies on or above N if y > y;. We say that P lies above N if y > y,.

Let ip = £oo(N), and for any ig < i < £(N), let p1; be the slope of the segment
joining (i — 1,y;-1) and (é,y;). The sequence ji;,11 < --- < gy is an increasing
sequence of negative rational numbers. We call these elements the unit slopes of
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N. Consider the multisets of unit slopes:
UiO(N) = @; UZ(N) = {,U/iOJrlan-;,Ufi}; io <’L§£(N)

Clearly, yi(N) = yi, (N) + X ev, (n) 1

Let N’ be another principal polygon; denote jo = £oo (V') and consider analogous
multisets U;(N’), for all jo < j < ¢(N'). By the definition of the addition law of
principal polygons, the multiset U (N + N') contains the smallest k — iy — jo unit
slopes of the multiset Uyny(N) U Uyn+y(N'). Thus,

Yi(N) +y;(N') = yir; (N + N'),

and equality holds if and only if U;(N) UU;(N') = Uiy, (N + N').
Lemma 1.4. Let NN’ € PP. Let P = (i,u) be a point lying on or above the
finite part of N and P' = (j,u') a point lying on or above the finite part of N'.
Then P + P’ lies on or above the finite part of N + N’, and

P+P eN+N <« PeN, PPeN', and Uy(N)UU;(N') =U;i1;(N + N').
Proof. Clearly, u+ v > y;(N) +y,;(N') > yiy;(N+ N'), and P+ P’ € N + N’ if
and only if both inequalities are equalities. O

Definition 1.5. Let A € Q~ and N € PP. We define the \-component of N to be
SA\(N) :={(z,y) € N | y — Az is minimal}. In this way we obtain a map:
Sx: PP — S(N).
If N has a canonical side S of positive length and slope A, then S)(N) = S.
Otherwise, the A-component S)(N) is a single point. Figure 3 illustrates both

possibilities; in this figure, L) is the line of slope A\ having first contact with NV
from below.

L

SA(N) = final point of S SA(N) =S

FIGURE 3

Lemma [[.4] shows that Sy is a semigroup homomorphism:
(1) S)\(N-i-N,):S)\(N)-l-S)\(N/),
for all N, N' € PP and all A\ € Q™.

1.2. ¢-Newton polygon of a polynomial. Let p be a prime number and let
@p be a fixed algebraic closure of the field Q, of the p-adic numbers. For any
finite subextension, Q, C L C @p, we denote by vy, : @p — QU {oo} the p-adic
valuation normalized by vy (L*) = Z. Throughout the paper O will denote the
ring of integers of L, my, its maximal ideal, and Fj, the residue field. We usually
indicate simply by a bar the canonical reduction map, redy: O — Fp, and its
natural extension to polynomials: @ := redr,(a), f(z) := red(f(z)).
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We fix a finite extension K of Q, as a base field, and we denote v := v,
O =0k, m:=mg, F:=Fg. We also fix a prime element 7 € O.

We extend the valuation v to O] in a natural way:

v: Olz] — Z>oU{oo}, wv(bgp+---+b2") :=min{v(b;),0<j <r}.

Let ¢(x) € O[z] be a monic polynomial of degree m whose reduction modulo m

is irreducible. We denote by F, the finite field O[z]/(w, ¢(x)), and by
redy: Olz] — Ty

the canonical homomorphism.

Any f(z) € O[z] admits a unique ¢-adic development:

f(@) = ao(z) + ar(z)d(x) + - - - + an(@)P(2)",

with a;(z) € Olz], dega;(z) < m. For any coefficient a;(z) we denote u; :=

v(ai(z)) € Z>o U {o0}.

Definition 1.6. The ¢-Newton polygon of a nonzero polynomial f(z) € O[z] is
the lower convex envelope of the set of points P; = (i,u;), u; < 00, in the Euclidean
plane. We denote this polygon by N(f).

The length of this polygon is by definition the abscissa of the last vertex. We
denote it by ¢(Ny(f)) := n = |deg(f)/m]. Note that deg f(z) = mn + dega,(z).
The typical shape of this polygon is as shown in Figure 4.
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|

|

'

|

'

|

0 ordy(f) ordg; (f/m*@)  Ldeg(f)/m]
FIGURE 4

Remark 1.7. The ¢-Newton polygon of f(z) consists of a single point if and only
if f(x) = a(x)p(z)™, with deg(a) < m.
Definition 1.8. The principal ¢-polygon of f(z) is the element N, (f) € PP
determined by the sides of negative slope of Ny(f), including the side of slope —oo
represented by the length ordy(f). It has length (N (f)) = ordg (f/ﬂ'v(f)).

For any A € Q™ we shall denote by S\(f) := S\(N, (f)) the A\-component of
this polygon (cf. Definition [LH]).

Let us denote N = N, '(f) for simplicity. By construction, the points P; all lie
on or above N. The points that lie on N contain the arithmetic information we are
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interested in. We attach to any abscissa ord,(f) < i < ¢(N) the following residual
coefficient c; € Fy:

)0 if (i,u;) lies above N,
"\ redg (ai(x)/m), if (i,u;) lies on N.

Note that ¢; is always nonzero in the latter case because dega;(z) < m.

Let A = —h/e be a negative rational number, with h, e positive coprime integers.
Let S = S\(f) be the A-component of N, (s,u) the initial point of S, and d = d(S)
the degree of S. The arithmetic information determined by the family of points
(i,u;) that lie on S is synthesized by two polynomials that are built with the
coefficients of the ¢-development of f(x) to which these points are attached.

Definition 1.9. We define the virtual factor of f(x) attached to A (or to .S) to be
the polynomial

() = m""g(w)"* fO(x) € Klz], where f'(x):= ai(x)d(x)"

(i,ui)es

We define the residual polynomial attached to A (or to S) to be the polynomial

RA(f)(y) == cs + Coqey + -+ Cop(d—1)e Y+ corae y? € Fyly).

Note that only the points (i,u;) that lie on S yield a nonzero coefficient of
Rx(f)(y). In particular, ¢; and cstq4e are always nonzero, so that Ry(f)(y) has
degree d and it is never divisible by .

If 7' = pr is another prime element of O and ¢ = p € F*, the residual coefficients
of Ny (f) with respect to 7’ satisfy ¢} = ¢;c™ ", so that the corresponding residual
polynomial R} (f)(y) is equal to c=“Ry(f)(c"y).

We can define in a completely analogous way the residual polynomial of f(z)
with respect to a side T', which is not necessarily a A-component of N(;( ).

Definition 1.10. Let T € S(\) be an arbitrary side of slope A, with abscissas
so < s1 for the end points, and let d’ = d(T"). We say that the polynomial f(x)
lies on or above T if all points of N(;(f) with integer abscissa sg < i < s7 lie on or
above T'; in this case we define

R)\(fa T)(y) = Eso + 650+e Y+t 6so+(d’—1)e yd -t + 6soer’e yd € IF¢7 [y]v
where ¢é; = ¢; if (4,u;) lies on T and ¢; = 0 otherwise.
Thus, if all points of Sx(f) lie above T we have Ry(f,T)(y) = 0. Note that

deg Ry (f,T)(y) < d’ and equality holds if and only if the final point of T' belongs
to Sx(f). Usually, T will be an enlargement of Sy(f) and then

(2) T2 8\(f) = BRalf,T)(y) = y" > Ra(f)(y),

where s is the abscissa of the initial point of S)(f). See Figure 5.

The motivation for this more general definition lies in the bad behaviour of the
residual polynomial Ry(f)(y) with respect to sums. Nevertheless, if T is a fixed
side and f(x), g(z) lie both on or above T, it is clear that f(x) 4 g(z) lies on or
above T" and

(3) Rx(f+9,T)(y) = RA(f, T)(y) + Ra(9,T)(y)-

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NEWTON POLYGONS OF HIGHER ORDER 369

S0 s S1

FIGURE 5

1.3. Admissible ¢-developments and theorem of the product. Let
(4) flz) =) ai(@)d(x)', aj(x) € Olal,
i>0
be a ¢-development of f(z), not necessarily the ¢-adic one. Take u; = v(a}(z)),
for all 4 > 0, and let N’ be the principal polygon of the set of points (i,u}). Let ig

be the first abscissa with a; () # 0. To any i < i < £(N') we attach a residual
coefficient as before:

, 0, if (4,u}) lies above N’,

“= redg (aé(w)/w"(i) , if (i,u}) lies on N'.
For the points (4, u;) lying on N’ we can now have ¢; = 0; for instance, in the
case aj(x) = f(z), the Newton polygon has only one point (0,v(f)) and ¢, = 0 if
f(z)/m*) is divisible by ¢(z) modulo m.

Finally, for any negative rational number A = —h/e as above, we can define the
residual polynomial attached to the A-component S’ = Sy(N’) to be
RA(N)(y) =y ettt copaney” "+ opaey” €Flyl,

where d' = d(S’) and s’ is the abscissa of the initial point of S’.

Definition 1.11. We say that the ¢-development ) is admissible if ¢} # 0 for
each abscissa ¢ of a vertex of N'.

Lemma 1.12. If a ¢-development is admissible, then N' = N (f) and c; = ¢;
for all abscissas i of the finite part of N'. In particular, for any negative rational

number X\ we have R\ (f)(y) = Ra(f)(y).
Proof. Consider the ¢-adic developments of f(x) and each a}(z):

f@) =Y a@)e@),  ajx) = bir(z)d(z)".
0<i 0<k
By the uniqueness of the ¢-adic development we have
(5) a;(z) = Z bi—t i (2).
0<k<i
Clearly, w; i := v(b; ) > uj, for all 0 < k, 0 <14 < ¢(N’). In particular, all points
(i,u;) lie on or above N'; in fact, for some 0 < kg < i, we have

(6)  ui =v(a;)> Orgligi{wi—kﬁ} = Wi—ko,ko = Uiy = Yieko(N') = 4i(N).

From now on, ¢ will be an integer abscissa of the finite part of N’. Clearly,

(7) Wi g > g > Yiok(N') > yi(N'),
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for any 0 < k < i. Also, for the abscissas ¢ with u} = y;(N’) we have

(8) ¢ = redy(aj(x)/m"*) = redy (bio(x) /7).

Now, if (i,u}) is a vertex of N’ we have ¢} # 0 by hypothesis, and from (§) we
get ¥;(N') = u), = w;o. By (@) and (&) we have u; = w; o = uj;. This shows that
N’= N, (f). Let us denote this common polygon by N.

Finally, let us prove the equality of all residual coefficients. If ¢; # 0, then
u; = y;(N), and from (@) we get kg = 0 and u; = w; 0 = ;. By (@), (@) and (&),
we get ¢; = redg(a;(x)/m%) = redy (b o(z)/m") = ;. If ¢; = 0, then u; > y;(N),
and from (@) and (@) we get w; o > y;(N) too. By ([§) we get ¢, = 0. O

The construction of the principal part of the ¢-Newton polygon of a polynomial
can be interpreted as a mapping

N;: O]\ {0} — PP, f(&)= N, (f).

Also, for any negative rational number A, the construction of the residual polyno-
mial attached to A determines a mapping

Ry O[]\ {0} — Fyly],  f(2) = Ra(f)(v)-

The theorem of the product says that both mappings are semigroup homomor-
phisms.

Theorem 1.13 (Theorem of the product). For any f(z),g(z) € Olz] \ {0} and
any A € Q7 we have

Ny (fg) =Ny (f)+Ng(9),  Ba(f9)(y) = Rr(f)(y)Rx(9)(y).

Proof. Consider the respective ¢-adic developments

f@) =) ai@)¢@), glx)=>_ bix)p(z),

0<4 0<y

and denote u; = v(a;()), v; = v(bj(x)), Ny = Ny (f), Ng = Ny (g). Then,
(9) f@)g(z) =Y Au(@)d(@)f,  An@)= Y ailz)b().

0<k i+j=k

Denote by N’ the principal part of the Newton polygon of fg, determined by this
¢-development. We shall show that N’ = Ny + N,, that this ¢-development is
admissible, and that R)(fg) = Rx(f)Rx(g) for all A\. The theorem will then be a
consequence of Lemma

Let wy, := v(Ag(x)) for all 0 < k. Lemmal[l 4 shows that the point (¢, u;)+ (4, v;)
lies on or above Ny + N, for any ¢, > 0. Since wy, > min{w; +v; | i + j = k}, the
points (k,wy) all lie on or above Ny 4+ Ny. On the other hand, let P, = (k,yx) be
a vertex of Ny + Ny; that is, Py is the end point of Sy +--- 4+ S, + 11 +--- + T§,
for certain sides S; of Ny and T; of Ny, ordered by increasing slopes among all
sides of Ny and N,. By Lemma [[4] for all pairs (i,5) such that ¢ + j = k, the
point (i,u;) + (j,v;) lies above Ny + N, except for the pair ig = £(S1 + -+ + S,),
jo =¥4(T1 + - - - +Ts) that satisfies (io, u;,) + (jo,vj,) = Px. Thus, (k,w) = P, and

Ak(‘r) N (‘r)bo (l‘) Qi (I) blo (.I)
red <7rT) = redy <Tj = redy (V) red, ﬂ.yij(Ng) £ 0.

This shows that N’ = Ny 4+ N, and that the ¢-development () is admissible.
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Finally, by (), the A-components S’ := S\(N’), Sy := Sx(Ny), Sq4 := Sx(NNy) are
related by S’ = Sy + Sy. Let (k,yx(N')) be a point with integer coordmates lying
on S’ (not necessarily a vertex). Denote by I the set of the pairs (4, 7) such that
(4, u;) lies on Sy, (j,v;) lies on Sy, and i+ j = k. Take P(z) = > ; ;o ai(z)bj(z).
By Lemma [[.4] for all other pairs (¢, j) with ¢+ j = k, the point (¢, u;) + (j,v;) lies
above N’. Therefore, ¢, (fg) = redy (P(x)/wyk(N/)) = Y (jer Cilf)ei(g). This
shows that R} (f9)(y) = Ra(f)(y)Ra(g)(y)- O

Notation. Let F be a field and ¢(y), ¥(y) € Fly] two polynomials. We write
©(y) ~ ¥(y) to indicate that there exists a constant ¢ € F* such that ¢(y) = c(y).

Corollary 1.14. Let f(x) € O[z] be a monic polynomial. Let ¢1(z),. .., dr(z) be
monic polyomials in O[zx] such that their reductions modulo m are pairwise different
irreducible polynomials of Flx] and

f(x) = dr(2)™ -+ gp ()" (mod m).

Let f(x) = Fy(x)--- F.(x) be the factorization into a product of monic polynomials
of Olz] satisfying F;(X) = ¢;(x)™ (mod m), provided by the Hensel lemma. Then,

Ny, (Fi) = Ny (Fi) = N, (f),  Ra(F)(y) ~ Ra(f)(y),
forall1<i<randall A\ € Q™.

Proof. For 1 < i <, let Gi(z) = [];; Fj(x). Since ¢;(z) does not divide G;(z)
modulo m, Ny (G;) is the single point (0,0) and R(G;)(y) is a nonzero constant
for all A € Q™. By the theorem of the product, Ny (f) = Ny (F) + N, (G:) =
Ny, (F;), and RA(f)(y) = Ba(F3)(y) RA(Gi)(y) ~ ( ) (). On the other hand,
Ny, (Fi) = N, (F;) because both polygons have length n;. O

1.4. Theorems of the polygon and of the residual polynomial. Let f(z) €
O[z] be a monic polynomial divisible by ¢(x) modulo m. By Hensel’s lemma, f(z) =
fo(2)G(z) in O[z], with monic polynomials f,(x), G(x) such that reds(G(x)) # 0
and fy(z) = ¢(x)™ (mod m). The aim of this section is to obtain a further factori-
zation of fy(x) and certain arithmetic data about the factors. Thanks to Corollary
[LT4) we shall be able to read this information directly on f(z); more precisely,
on the Newton polygon N (f) = Ny(fs) and the residual polynomial Ry(f)(y) ~

Ra(fs)(y)-

Theorem 1.15 (Theorem of the polygon). Let f(x) € O[z] be a monic polynomial
divisible by ¢(x) modulo m. Suppose that Ny (f) = S1+ -+ Sy has g sides with
slopes —00 < Ay < -+ < Ag. Then, fy(x) admits a factorization in Olz] into a
product of g monic polynomials

fo(x) = Fi(z) - Fy(z),
such that, for all1 <i < g:

(1) Ny(F;) is one-sided and equal to S; up to a translation.
(2) 17 S, has finite slope As, then B, (F)(y) ~ Ra, ())(y).
(3) For any root 0 € Q, of F;(z), we have v(¢(0)) = |A|.
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Proof. By the theorem of the product and Corollary [LT4] it is sufficient to show
that if F(x) := fs(z) is irreducible, then N,(F) = S is one-sided and the roots
6 € Q, all have v(¢(f)) equal to minus the slope of S.

For all roots 8 € Q, of F(z), v(¢(0)) takes the same value because the p-adic
valuation is invariant under the Galois action. Since F'(z) is congruent to a power
of ¢(z) modulo m, we have A := —v(¢(0)) < 0. Clearly, A = —oo if and only if
F(z) = ¢(x), and in this case the theorem is clear. Suppose A is finite.

Let 2% + by _12¥=1 + ... + by € O[z] be the minimal polynomial of ¢(#) and let
Q(z) = ¢(x)* +b_19(x)* "1+ +bg. We have v(by) = k|\| and v(b;) > (k—1)|A|
for all 4; this implies that Ny (Q) is one-sided with slope A. Since Q(#) = 0, our
polynomial F'(z) is an irreducible factor of Q(x), and by the theorem of the product
Ny(F) is also one-sided with slope A. O

If S; € S(—00), the corresponding factor of f4(z) is Fi(z) = ¢(x)°de(F),

Let A = —h/e, with h, e coprime positive integers, be a negative rational number
such that S := S\ (f) has positive length. Let fy () be the factor of f(x), corres-
ponding to the pair ¢, A by the theorem of the polygon. Choose a root 6 € @p of
fo(z) and let L = K (6). Since v(¢(0)) > 0, we can consider an embedding

(10) Olz)/(m,¢(z)) =Fy = Fr, redy(z)— 0.

Thus, a polynomial P(x) € O[x] satisfies v(P(0)) > 0 if and only if P(x) is divisible
by ¢(x) modulo m. This embedding depends on the choice of 6 (and not only on L).
After this identification of Fy with a subfield of F;, we can think that all residual
polynomials have coefficients in Fy. The theorem of the polygon yields certain
arithmetic information on the field L.

Corollary 1.16. With the notation above, the residual degree f(L/K) is divisible by
m = deg ¢(z), and the ramification index e(L/K) is divisible by e. Moreover, the
number of irreducible factors of fy A(x) is at most d(S); in particular, if d(S) =1,
then the polynomial fg x(x) is irreducible in Olz], and f(L/K)=m, e(L/K) = e.

Proof. The statement on the residual degree is a consequence of the embedding
(I@). By the theorem of the polygon, vr(¢(6)) = e(L/K)h/e. Since this is an
integer and h, e are coprime, necessarily e divides e(L/K). The upper bound for
the number of irreducible factors is a consequence of the theorem of the product.
Finally, if d(S) = 1, we have me = deg(fy.1(z)) = f(L/K)e(L/K), and necessarily
f(L/K) =m and e(L/K) = e. O

Let v(z) := ¢(x)¢/m" € K[z]. Note that v(y(#)) = 0; in particular, v(0) € Op.
Proposition 1.17 (Computation of v(P(0))). We keep the notation above for
f(z), \= —h/e, 6, L, v, and the embedding Fy C Fr of IQ). Let P(x) € Olx] be

a nonzero polynomial, S = Sx\(P), Ly be the line of slope A\ that contains S, and
H be the ordinate of the intersection of this line with the vertical axis. Then:

(1) v(PS(6)) 20, P5(8) = RA(P)(7(0)).

( ) ~ Y(y)* for an irreducible polynomial P(y) € Fyly], then
v(P(0)) = H if and only if (y) § Rx(P)(y) in Fy[y].
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Proof. Let P(z) =}, bi(z)é(x)? be the ¢-adic development of P(x), and denote
ui = v(b;), N = Ny (P). Recall that P®(z) = ¢(x) *n“P°(z), where (s,u) are
the coordinates of the initial point of S, and P%(z) = 2 (iu)eS bi(z)¢(z)". Hence,
for d = d(S) we have
P3(z) = 7" (bs(2) + bse(2)d(2)° + - + bysracd(2)™)
( 5(2)/7) + (bse(@) /") y(@) + - + (bspae() /m ")y ()",

Since v(bstie) > Ystie(IN) = u — hi, for all 1 <4 < d, the two statements of item
(1) are clear.

L

LN

FIGURE 6
All points of N lie on or above the line Ly; hence, for any integer abscissa 1,
v(bi(0)6(0)") = wi +i|A| = v (N) +i[A| > H,

and equality holds if and only if (i,u;) € S. This proves item (2). Also, this shows
that v(P(#)) > H. Since v(¢(6)°7™) = u+ s|\| = H, we have

u(P(9)) = H <= vo(P°(0))=H <= v(P°(0)) =0 < R\(P)(7(0)) #0
the last equivalence by item (1). This proves item (3).

Since f(f) = 0, item (4) is a consequence of item (3) applied to P(z) = f(x).
Finally, if Rx(f)(y) ~ ¥(y)®, then 9 (y) is the minimal polynomial of v(#) over Fy,
by item (4). Hence, Rx(P)(v(#)) # 0 is equivalent to ¥(y) { Rx(P)(y) in Fyly]. O

We now discuss how Newton polygons and residual polynomials are affected by
an extension of the base field by an unramified extension.

Lemma 1.18. We keep the notation above for f(x), A= —h/e, 8, L. Let K' C L
be the unramified extension of K of degree m, and identify Fy = Fg/ through the
embedding [IQ). Let G(x) € Ok[x] be the minimal polynomial of 6 over K'. Let
¢ (x) = x —n, where n € K' is the unique root of ¢(x) such that G(x) is divisible
by © —n modulo mg. Then, for any nonzero polynomial P(x) € O|x]:

Ny (P) =Ny (P), R\(P)(y) =€ Ra(P)(y),
where R’ denotes the residual polynomial with respect to ¢'(x) over K', € € F,
does not depend on P(x), and s is the initial abscissa of Sx(P).

Proof. Consider the ¢-adic development of P(x):
P(z) = ¢(x)" + an-1(2)¢(x)" " + - + ag ()
= p(2)"¢'(2)" + an—1(2)p(a)" ¢ ()" + - + ao(2),

where p(x) = ¢(x)/¢'(x) € Ok/[x]. Since ¢(z) is irreducible modulo m, it is a
separable polynomial modulo mg/, so that p(z) is not divisible by ¢'(z) modulo
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mg, and v(p(f)) = 0. Therefore, the above ¢’ (x)-development of P(x) is admissible
and Ny, (P) = Ny (P) by Lemma Moreover the residual coefficients of the

two polygons are related by ¢; = c;e?, where € = p() € Fj,. This proves that
R\(P)(y) = e RA(P)(e%y). O

Theorem 1.19 (Theorem of the residual polynomial). Let f(z) € O[z] be a monic
polynomial divisible by ¢(x) modulo m, S a side of Nq:(f) with finite slope A\, and

RA(f)(y) ~ ¥1(y)* - e (y)™

the factorization of the residual polynomial of f(x) into the product of powers of
pairwise different monic irreducible polynomials in Fyly]. Then, the factor fg x(z)
of f(x), attached to ¢, X by the theorem of the polygon, admits a factorization

for(a) = Gi(z)--- Gi(2)

into a product of t monic polynomials in O[z], such that Ny(G;) is one-sided with
slope A, and Rx\(G;)(y) ~ ¥i(y)* in Fyly], for all1 <i <t

Proof. By the theorem of the product, we only need to prove that if F((x) := fy z(2)
is irreducible, then Ry (F)(y) is the power of an irreducible polynomial of Fy[y]. Let
0, L, K', G(z) be as in Lemma [[LI§ so that F(z) = [[,cqax/x) G7 (). Under
the embedding Fy, — Fy, the field Fy is identified to Fgs. By Lemma [[LI8] there
is a polynomial of degree one, ¢'(x) € Og[z], such that R} (F)(y) ~ Rx(F)(cy),
for some nonzero constant ¢ € Fg/. For any o # 1, the polynomial G°(x) is not
divisible by ¢'(x) modulo mg-; thus, Ny (G?) is a single point, and R} (G7)(y) is
a constant. Therefore, by the theorem of the product, R\ (G)(y) ~ R\(F)(y) ~
Rx(F)(cy), so that Rx(F')(y) is the power of an irreducible polynomial of Fy[y] if
and only if R (G)(y) has the same property over Fg-. In conclusion, by extending
the base field, we can suppose that deg¢p =m = 1.

Now consider the minimal polynomial P(x) = 2% + by_j2*"1 4+ ... + by € K|x]
of v(0) = ¢(0)¢/n" over K. Since v(y()) = 0, we have v(by) = 0. Thus, the
polynomial Q(z) := ¢(z)* + 7bp_10(2)¢*F=1) 4 ... + 7¥by has one-sided Ny (Q)
with slope A, and Ry (Q)(y) is the reduction of P(y) modulo m, which is the power
of an irreducible polynomial because P(x) is irreducible in KJz]. Since Q(0) = 0,
F(x) divides Q(x), and it has the same property by the theorem of the product. O

Corollary 1.20. With the notation above, let 6 € @p be a root of Gi(z), and L =
K(0). Then, f(L/K) is divisible by m degi;. Moreover, the number of irreducible
factors of Gi(x) is at most a;; in particular, if a; = 1, then G;(x) is irreducible in
Olz], and f(L/K) =mdeg;, e(L/K) = e.

Proof. The statement about f(L/K) is a consequence of the embedding of the
finite field Fy[y]/(¢i(y)) into Fy determined by redg(z) ~ 0, y ~ ~(6). This
embedding is well-defined by item (4) of Proposition [[T7l The other statements
are a consequence of the theorem of the product and Corollary ([

1.5. Types of order one. Starting with a monic and separable polynomial f(z) €
O|[z], the Newton polygon techniques provide partial information on the factoriza-
tion of f(x) in O[z], obtained after three dissections. In the first dissection we
obtain as many factors of f(z) as pairwise different irreducible factors modulo m
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(Hensel’s lemma). In the second dissection, each of these factors splits into the
product of as many factors as sides of a certain Newton polygon of f(z) (theorem
of the polygon). In the third dissection, the factor that corresponds to a side of finite
slope splits into the product of as many factors as irreducible factors of the residual
polynomial of f(z) attached to this side (theorem of the residual polynomial).

The final list of factors of f(x) obtained by this procedure can be parameterized
by certain data, which we call types of order zero and of order one.

Definition 1.21. A type of order zero is a monic irreducible polynomial t =
¥o(y) € Fly]. We attach to any type of order zero the semigroup homomorphism:

wt: O]\ {0} — Zso, P(x) — ordy, (P(z)/xvP).

Let f(x) € O[x] be a monic and separable polynomial. We say that the type
t is f-complete if w*(f) = 1. In this case, we denote by fi(z) € O[z] the monic
irreducible factor of f(x) determined by f¢(y) = ¥o(y) (mod m).

Definition 1.22. A type of order one is a triple: t = (¢(x); A\, ¥(y)), where:

(1) ¢(z) € Olz] is a monic polynomial which is irreducible modulo m.
(2) A=—h/e € Q, with h,e positive coprime integers.
(3) ¥(y) € Fyly] is a monic irreducible polynomial, (y) # y.

By truncation of t we obtain the type of order zero: Truncy(t) := ¢(y) (mod m).

We denote by to(f) the set of all monic irreducible factors of f(z) modulo m. We
denote by t1(f) the set of all types of order one obtained from f(x) along the process
of applying the three classical dissections: for any non-f-complete ¥g(y) € to(f),
we take a monic lift ¢(z) to Olx]; then we consider all finite slopes A of the sides
of positive length of N, (f), and finally, for each of them we take the different
monic irreducible factors ¢(y) of the residual polynomial R(f)(y) € Fy[y]. These
types are not intrinsic objects of f(z). There is a noncanonical choice of the lifts
¢(z) € Olz], and the data A, 9 (y) depend on this choice.

Let T1(f) be the union of t1(f) and the set of all f-complete types of order zero.
Let fs(x) be the product of all polynomials ¢(x) of the types t € t1(f) such that
¢(x) divides f(z) in O[z]. By the previous results, we have a factorization in O[z]:

f@) = foo(@) [ [ fe(@),

teT1(f)

where, for any t € t1(f), fi(x) is defined to be the unique monic divisor of f(x) in
O|[x] satistying the following properties:

fe(z) = ¢(x)** 8 (mod m), a = ordy(Ra(f)),
Ny (fe) is one-sided with slope A,
(

R (fe)(y) ~ ¥(y)* in Fyly].

The factor fo(z) is already expressed as a product of irreducible polynomials in
O[z]. Also, if a = 1, the theorem of the residual polynomial shows that fi(x) is
irreducible too. Thus, the remaining task is to obtain the further factorization of
fe(z), for the types t € t1(f) with a > 1.
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Suppose a type of order one, t = (¢(z); A\, ¥ (y)), is fixed. Then, for any nonzero
P(z) € O[z], any N € PP, and any T € S(A), we shall denote from now on:

vi(P) = v(P), wi(P) := w?(P) = ord(P(x) /n°P)),
Ni(P) := Ny(P), Ny (P):= N, (P),
S1(N) = S\(N), S1(P) := S\(P) = Sx\(Ny (P)),

Ri(P)(y) :== RA(P)(y),  Ri(P,T)(y):= Rx(P,T)(y).

The subscript “1” emphasizes that these objects are first order data.

The aim of the next two sections is to introduce Newton polygons of higher order
and prove similar theorems, yielding a further factorization of each fi(z). As before,
we shall obtain arithmetic information about the factors of fi(x) just by a direct
manipulation of f(z), without actually computing a p-adic approximation to these
factors. This fact is crucial to ensure that the whole process has a low complexity.
However, once an irreducible factor of f(z) is “detected”, the theory provides a
reasonably good approximation to this factor as a by-product (Proposition B.12)).

2. NEWTON POLYGONS OF HIGHER ORDER

Throughout this section, r is an integer, r > 2. We shall construct Newton
polygons of order r and prove their basic properties and the theorem of the product
in order r, under the assumption that analogous results have already been obtained
in orders 1,...,r — 1. We also assume that the theorems of the polygon and of the
residual polynomial have been proved in orders 1,...,7 — 1 (cf. section [)). For
r = 1 all these results have been proved in section [l

2.1. Types of order r — 1. A type of order r — 1 is a sequence of data
t = (d1(2); A1, P2(w); -+ 5 Ar2, dr—1 ()5 M1, Vr—1(y),

where ¢;(x) are monic polynomials in O[z], A; are negative rational numbers and
¥,—1(y) is a polynomial over a certain finite field (to be specified below), that satisfy
the following recursive properties:

(1) ¢1(x) is irreducible modulo m. Let ¢ (y) € F[y] be the polynomial obtained
by reduction of ¢1(y) modulo m, and define Fy := F[y]/(vo(y))-

(2) For all 1 < i < r — 1, the Newton polygon of i-th order, N;(¢;y1), is
one-sided with slope A;.

(3) Foralll <i < r—1, the residual polynomial of i-th order, R;(¢i+1)(y), is an
irreducible polynomial in F;[y]. Let 1;(y) € F;[y] be the monic polynomial
determined by R;(¢;41)(y) ~ ¥:(y), and define F; 41 = F;[y]/(:(v))-

(4) For all 1 <4 <r—1, ¢;1(x) has minimal degree among all monic polyno-
mials in O[z] satisfying (2) and (3).

(5) ¥r—1(y) € Fr_1]y] is a monic irreducible polynomial, ¢,_1(y) # y. We
define F,. :=F,._1[y]/(¥r-1(y))-

The type determines a tower F =: Fy C Fy C --- C T, of finite fields. The field
F; should not be confused with the finite field with ¢ elements.

By the theorem of the product in orders 1,...,r — 1, the polynomials ¢;(z) are
all irreducible over O|[z].

Let us be more precise about the meaning of N;(—), R;(—), used in items (2),

(3)-
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Notation. We denote Truncy(t) := 1o (y). For all 1 <4 < r, we obtain by truncation
of t a type of order i:
Trunc;(t) == (¢1(2); A1, d2(z); -+ 5 Xim1, @il@); Ai, ¥i(y)).
We have semigroup homomorphisms:
N : Oz]\{0} = PP, S;: O[z]\{0} = S(N\;), R;: Olz]\{0} — F;[y].

For any nonzero polynomial P(z) € O[z], N;(P) is the i-th order Newton polygon
with respect to the type Trunc;(t), S;(P) is the A;-component of N, (P), and
R;(P)(y) is the residual polynomial of i-th order with respect to A;. The polynomial
R;(P)(y) has degree d(S;(P)).

Other data attached to the type t deserve a specific notation. For all 1 < i < r:

e )\, = —h;/e;, with e;, h; positive coprime integers.

o fi:=degv;(y).

e m; := deg ¢;(x). Note that m; 11 = mse; fi = mie1 fr---eifi.
o (;, U} € Z are fixed integers such that ¢;h; — lie; = 1.

ez, =Y (IIlOd ’L/)z(y)) S IF;(JFI. Note that ]Fi-‘rl = Fz(zz)

We also denote: fy := degvp(y) = degoi(x), 20 := y (mod ¢p(y)) € F;, and
my ‘= mr—ler—lfr—l-
Moreover, for all 0 < ¢ < r we have semigroup homomorphisms

wit1: Oz] \ {0} — Z>o, P(x) = ordy, (Ri(P)),

where, by convention, Ro(P)(y) = P(y)/7*P) € Fly]. By Lemma 217 in order
r — 1 (see Definition for order one):

(11) ({(N;(P)) = |[deg P/m;], {(N; (P))=wi(P), 1<i<m,
and N, (P) has a side of slope —oo if and only if P(x) is divisible by ¢;(z) in Oz].
Definition 2.1. We say that a monic polynomial P(x) € O[z] is of type t when

(1) P(z) = ¢1(x)* (mod m), for some positive integer a.
(2) For all 1 < i < r, the Newton polygon N;(P) is one-sided with slope \;,
and R;(P)(y) ~ ¢i(y)* in F;[y], for some positive integer a;.

Lemma 2.2. Let P(z) € O[z] be a nonzero polynomial. Then,

(1) wi(P) > e1 faiwe(P) > --->e1fi - ep_1fro1wr(P).
(2) deg P < m, = w,(P)=0.
(3) If P(x) is of type t, then all inequalities in item (1) are equalities, and

deg P(z) = myw,(P) = mp_1wr—1(P) = -+ = mwi (P).
Proof. Ttem (1) is a consequence of ([Il); in fact, for all 1 <4 < r:
(12) €ifiwir1(P) < e;deg Ri(P) = €;d(S5i(P)) = £(S;(P)) < U(N; (P)) = wi(P).
Item (2) is a consequence of (1)) and item (1):
my > deg P > my_qw,—1(P) > myw,(P).

Finally, if P(z) is of type t the two inequalities of ([I2]) are equalities, so that
m;w;(P) = mjyiw;+1(P); on the other hand, deg P = myag = mywi (P). O
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Definition 2.3. Let P(z) € O[z] be a monic polynomial with w,(P) > 0. We
denote by P;(x) the monic factor of P(x) of greatest degree among all factors that
are of type t. By the theorems of the polygon and of the residual polynomial in
orders 1,...,r — 1, this factor exists and it satisfies

(13) wr(Py) = w,(P), degP, = m,w,.(P).
Lemma 2.4. Let P(z), Q(x) € O[z] be monic polynomials of positive degree.
(1) If P(x) is irreducible in O[z], then it is of type t if and only if w.(P) > 0.
(2) P(x) is of type t if and only if deg P = m,yw,(P) > 0.
(3) P(z)Q(x) is of type t if and only if P(z) and Q(z) are both of type t.
Proof. The polynomial P(z) is of type t if and only if w,.(P) > 0 and P;(z) = P(x);

thus, items (1) and (2) are an immediate consequence of (I3]). Item (3) follows from
the theorem of the product in orders 1,...,r — 1. (I

We fix a type t of order r — 1 for the rest of section

2.2. The p-adic valuation of r-th order. In this paragraph we shall attach to
t a discrete valuation v,: K(z)* — Z, that restricted to K extends v with index
e1-+-er—1. We only need to define v, on O[z]. Consider the mapping

Hy—1: S(A\r—1) — Z>o,

that assigns to each side S € S(\,_1) the ordinate of the point of intersection of
the vertical axis with the line Ly _, of slope \._1 that contains S. If (i,u) is any
point with integer coordinates lying on S, then H,_1(S) = u + |Ar_1|i; thus, H,_
is a semigroup homomorphism.

Definition 2.5. For any nonzero polynomial P(z) € O|x], we define
’UT(P) = 6T,1HT,1(ST,1(P)).

or(P)/er 1

Ny_1(P)

r—1

FIGURE 7

Note that v, depends only on v,_1, ¢.—1 and A._1.

*

Proposition 2.6. The natural extension of v, to K(x)
whose restriction to K* extends v with index e1 ---e._1.

1 a discrete valuation,

Proof. The mapping v, restricted to Olz] \ {0} is a semigroup homomorphism,
because it is the composition of three semigroup homomorphisms; in particular,
vy K(2)* — Z is a group homomorphism.

Let P(z), Q(x) € O[z] be two nonzero polynomials and denote Np = N, (P),
Ng = N,_1(Q). Let Lp, Lg be the respective lines of slope A,_; having first
contact with Np, Ng from below. All points of Np lie on or above the line Lp and
all points of Ng lie on or above the line Lg. If v,.(P) < v,(Q), all points of both
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polygons lie on or above the line Lp. Thus, all points of N,_,(P + @) lie on or
above this line too, and this shows that v, (P + Q) > v,.(P).

Finally, for any a € O, we have v.(a) = e,_1v,—1(a) by definition, since the
(r — 1)-th order Newton polygon of a is the single point (0,v,_1(a)). O

This discrete valuation was introduced by S. MacLane in a more abstract set-
ting [McL36, [McL36b]. More precisely, items (3) and (4) of Proposition 277] below
show that v,./e,_1 is an “augmented valuation” of v,_; with respect to the “key
polynomial” ¢,._1, in MacLane’s terminology [McIL36, Sec.4,(3)].

In [Mon99, Ch.2, §2], explicit generators of the residue field of v, as a trans-
cendental extension of a finite field were computed. These results lead to a more
conceptual and elegant definition of residual polynomials in higher order, as the
reductions modulo v, of the virtual factors (cf. section [ZH]). We shall not follow
this approach, in order not to burden the paper with more technicalities.

The next proposition gathers the basic properties of this discrete valuation.

Proposition 2.7. Let P(z) € O[z] be a nonzero polynomial.
(1) vp(P) > er_10r—1(P) and equality holds if and only if w,.—1(P) = 0.
) vr(P) =0 if and only if v2(P) = 0 if and only if redy, (P) # 0.
) U?"((br—l) = er—lvr—1(¢r—1) +‘hr—1-
) If P(x) =Y o<; ai(x)pr_1(x)" is the ¢r_1-adic development of P(x), then
)

Proof. We denote N = N,_,(P) throughout the proof. By item (1) of Lemma [2.17]
in order r — 1, all points of N lie on or above the horizontal line with ordinate
vr—1(P). Hence, v,.(P) > e,_1v,_1(P). Equality holds if and only if N is the single
point (0, v,_1(P)); this is equivalent to w,_1(P) = 0, by (). This proves item (1).

or(P)/er 1

vr—1(P)

FIGURE 8

By a recurrent application of item (1), v,.(P) = 0 is equivalent to v (P) = 0 and
wi1(P) =+ = w,—1(P) = 0. By Lemma this is equivalent to v1(P) = 0 and
w1(P) = 0, which is in turn equivalent to v2(P) = 0, and also to P(z) & (, ¢1(x)).
This proves item (2).

The polygon N, _1(¢,—1) is one-sided with slope —oco, and the finite part is the
point (1,v,_1(¢r—1)). This proves item (3).

By definition, v,(a;(x)¢,_1(x)?) is e,_; times the ordinate at the origin of the
line L of slope \,_1 passing through (i, v,_1(a;(x)¢,—_1(x)%)). Since all points of N
lie on or above the line Ly, , of slope A,_; having first contact with NV from below,
the line L lies on or above Ly, _, too, and v,(a;(x)¢,_1(x)") > v,.(P). See Figure
9.

Since v, is a valuation, this proves item (4). O
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vp(ai(@)¢r—1(2)")/er—1

or(P)/er 1

FIGURE 9

In a natural way, w, induces a group homomorphism from K (z)* to Z, but
it is not a discrete valuation of this field. For instance, for K = Q,, m = p,
t = (z;—-1,y+1) and P(z) =2 +p, Q(z) = x + p + p?, we have

Rl(P):y+1’ Rl(Q):y+1a Rl(P_Q):la
UJQ(P) = 1, UJQ(Q) = 1, WQ(P — Q) =0.

However, we shall say that w, is a pseudo-valuation with respect to v,; this is justified
by the following properties of w..

Proposition 2.8. Let P(x), Q(z) € Olx] be two nonzero polynomials such that
vp(P) = v,(Q). Then,
(1) v.(P = Q) > v.(P) if and only if Sp—1(P) = S,—1(Q) and R,_1(P) =
R,._1(Q). In particular, w.(P) = w.(Q) in this case.
(2) If w.(P) # wr(Q), then w,.(P — Q) = min{w,(P),w,(Q)}.

Proof. Denote N = N,_,(P), N' = N,_(Q). Since v,(P) = v,(Q), there is a line
Ly, _, of slope A._; having first contact simultaneoulsly with N and N’ from below.
We consider the shortest segment 7" of Ly, _, that contains S,_1(P) and S,_1(Q).

See Figure 10.

vr(P)/er—1

FIGURE 10

By Lemma 223 in order r» — 1 (cf. (B)) in order one):
(14) erl(P_QvT) :erl(P,T)_erl(QaT)'

By (@) in order r — 1 (cf. (@) in order one), the double condition S,_1(P) =
Sr-1(Q), Rr—1(P) = Ry_1(Q), is equivalent to R,_1(P,T) = R,_1(Q,T); that is,
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to R,—1(P—@Q,T) = 0. This is equivalent to V,_ (P —Q) lying above Ly ,, which
is equivalent in turn to v, (P — Q) > v,(P). This proves item (1).

By (@) and (@), again, the equality (I4) translates into

Y Re1(P = Q)(y) = 4’ Rr—1(P)(y) — y°Rr—1(Q) ()
for certain nonnegative integers a,b,c. Since the residual polynomials are never
divisible by y, and ¢,_1(y) # y, from ordy, ,(R,—1(P)) < ordy, ,(R,_1(Q)) we
deduce ordy, ,(Ry—1(P — Q)) = ordy, ,(R,—1(P)). This proves item (2). O

We can reinterpret the computation of v(P(6)) given in item (5) of Proposition
in order r — 1 (Proposition [[.I7 for » = 2), in terms of the pair v, w,.

Proposition 2.9. Let § € @p be a root of a polynomial in Olx] of type t. Then,
for any nonzero polynomial P(x) € Olx],

v(P(0)) = v (P(z))/e1- - era,
and equality holds if and only if w.(P) = 0. O

2.3. Construction of a representative of t. By Lemma [Z2] a nonconstant
polynomial of type t has degree at least m,. In this section we shall show how
to construct in an effective (and recursive) way a polynomial ¢, (z) of type t and
minimal degree m,..

We first show how to construct a polynomial with prescribed residual polynomial.

Proposition 2.10. Let V' be an integer, V. > er_1fr_10,(¢r—1). Let p(y) €
F,_1]y] be a nonzero polynomial of degree less than fr_1, and let v = ord,(y).
Then, we can construct in an effective way a polynomial P(x) € O[z| satisfying the
following properties:

deg P(x) < m,., v (P) =V, Yy R—1(P)(y) = o(y).

Proof. Let L be the line of slope \._; with ordinate V/e,_1 at the origin. By item
(3) of Proposition 27 V/e,.—1 > fr_1vp(dr—1) > fr—1hy—1; thus, the line L cuts
the horizontal axis at the abscissa V/h,_1 > e,_1fr—1. Let T be the greatest side
contained in L, whose end points have nonnegative integer coordinates. Let (s, u)
be the initial point of 7" and denote u; := u — jh,—1, for all 0 < j < f,_1, so that
(s + jer—1,u;) lies on L. Clearly, s < e,_q and, for all 7,

(15) j < frflu s<é€r—_1 = S +jer71 < erflfrfl-

Hence, (s + jey—1,u;) lies on T.

Let o(y) = > o<j<y., ¢y’ with ¢; € Fr_1. Select polynomials ¢;(y) € Fr_2[y]
of degree less than f,_o, such that ¢; is the class of ¢;(y) modulo ¥,_2(y), or
equivalently, ¢;(z,—2) = ¢;.

For any nonzero polynomial P(z) € O[z] we denote by s;(P) the initial abscissa
of S;(P), for all 1 <14 < r. We want to construct P(z) satisfying:

deg P(z) <my, v (P)=V, v=_(sr1(P)=s)/er—1, y"Bra(P)(y) = ¢(y)-

We proceed by induction on r > 2. For r = 2 the polynomials ¢;(y) belong to
Fly]; we abuse language and denote by c¢;(z) € Olz] the polynomials obtained by
choosing arbitrary lifts to O of the nonzero coefficients of ¢;(y). The polynomial
P(x) =3 0<j<s_, m=IMhe;(z)¢r (z)* I satisfies the required properties. In fact,

deg(c;(x)p1(z)* ) <my + (erf1 — 1)my = my,
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for all j, by ([IH]). For the coefficients ¢; = 0 we take ¢;(x) = 0. For the coefficients
¢j # 0, we have ¢;j(y) # 0 and v(c;(z)) = 0; hence, v(7% IM¢;(2)) = u — jhy = u;.
Thus, the coefficient 7% ~3"1¢;(z) determines a point of N; (P) lying on T, and
va(P) = V. Finally, it is clear by construction that v = (s;(P) — s)/e1 and
Y Ri(P)(y) = Ra(P, T)(y) = ¢(y).

Now let » > 3, and suppose that the proposition has been proved for orders
2,...,r—1. Forany 0 < j < fr_1, denote V; := u; — (s + jer—1)vr_1(dr—1). Since
u=(V —shy_1)/e.—_1, we get

V= (V = s+ der—1){er-1tr1(ér-1) + 1) = (by item (3) of Prop. BT
— (V= s+ der)un(o) > (by (1)
> (V= (et fros = 1o (ér-1) = (by hypothesis
> L (0r1) = vt (Br) + L > 0 (6 1) = erafr 2ty (Br2),

T erm1 €r—1

the last equality by (I8 below, in order r — 1.

Let L; be the line of slope A,_ with ordinate at the origin V;/e,_o. Let T'(j)
be the greatest side contained in L;, whose end points have nonnegative integer
coordinates. Let s, be the initial abscissa of T'(j). Consider the unique polynomial
©;(y) € F,_qy], of degree less than f,_o, such that

pily) =yt e)/er2e;(y) (mod (),

and let v; = ord,(¢;). By the induction hypothesis, we are able to construct a
polynomial P;(z) of degree less than m,_1, with v,_1(P;) =V}, v; = (s,—2(F;) —
sj)/er—2, and ¥ Ry _2(Pj)(y) = @;(y) in Fr_2[y].

V/e'rfl
u
Vij/er—2

0| s; sr_2(P;)
No—a(P;
FIGURE 11 2(F3)

The polynomial we are looking for is:

Pl)= Y Pi@)éra(x)*Ht € Ola]
0<j<fr—1
In fact, by [H), deg(P;(z)p,—1(x)5Hier-1) <mp_q +(er—1fr—1—1)m1 = m,., for all
j' If Pj(x) 7& 07 then ’U'r‘fl(Pj(x)qsrfl(x)s—’_]erfl) = ‘/}+(S+jer71)7)r71(¢'r71) = Uy,
so that all of these coefficients determine points of N,_(P) lying on T'; this shows
that v,.(P) = V. For ¢; = 0 we take P;(z) = 0; hence, v = (s,_1(P) —s)/e,—1, and
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by (I9) in order r — 1:

yuerl(P)(y) = erl(P; T)(y) = Z (Zr72)t(j)Rr72(Pj)(ZT72)yj,

Pj(z)#0
where t(j) = t,—2(s + jer—1) = (sp—2(P;) — lr_2u;)/er—2 (cf. Definition 219).
Finally,
(2r-2)" D Rr2(P})(2r-2) = (20-2)" " 05(2,-0)
P A S
so that y” R.—1(P)(y) = ¢(y). O

Theorem 2.11. We can effectively construct a monic polynomial ¢.(x) of type t
such that Ry.—_1(¢r)(y) ~ ¥r_1(y). This polynomial is irreducible over Olx] and it
satisfies

(16) deg Or = My, wT(¢7") =1, ’UT((ZS'I") = er—lfr—lvr(¢r—1)-

Proof. The Newton polygon N,_1(¢,—1) is one-sided with slope —oo and finite
part the single point (1,v,._1(¢.—1)). Therefore, S,_1(¢,—1) is a single point and
R,_1(¢pr—1)(y) = c1, where ¢; is equal to (cf. Definition 2.20]):

|1, if r=2,
1= (2:7‘_2)*&—21%—1(<Z5r—1)/€r—27 ifr> 2.

Denote ¢ := cir’lf’“’l. The polynomial ¢(y) := c(v,_1(y) — y7—1) has degree
less than f,_q, and v = ordy(¢) = 0. Let P(z) be the polynomial attached by
Proposition 210 to ¢(y) and V = e,_1 fr—10:(¢r—1). Since deg(P(zx)) < m,, the
polynomial ¢,.(z) := ¢,_1(x)*~1/7-1 + P(z) is monic and it has degree m,.. Let
T be the auxiliary side used in the construction of P(z); we saw along the proof
of Proposition 210 that R,_1(P)(y) = ¢(y) = Rr—1(P,T)(y). By (19 (and (@) if
r = 2), S;,_1(P) has the same initial point as T and R,_1 (¢, T)(y) = Rr—1(¢)(y).
Also,

R’r‘—l(¢i:711frilaT)(y) — yfT—l RT_1(¢?:11f7~71)(y) — cyfT—I.
Finally, by Lemma [2.23 in order r — 1 (cf. (B) in order one):

Ry—1(6r, T)(y) = Reo1 (67377, ) (y) + Roo1 (P T) ()
=yl + o(y) = chr_1(y),

so that R,_1(¢,)(y) ~ ¥r_1(y) and w,(¢,) = 1. The polynomial ¢, (z) is irreducible
over O[z] by the theorem of the product in order r — 1. Finally, it has v,.(¢,) =V
because all points of N,._1(¢,) lie on T. O

Definition 2.12. A representative of the type t is a monic polynomial ¢, (z) € Olx]
of type t such that R._1(¢,)(y) ~ ¥,—1(y). This object plays the analogous role
in order r — 1 to that of an irreducible polynomial modulo m in order one.

From now on, we fix a representative ¢,(x) of t, without necessarily assuming
that it has been constructed by the method of Proposition 210
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2.4. Certain rational functions. We introduce in a recursive way several rational
functions in K (x). We let h,., e, be arbitrary coprime positive integers, and we fix
L., 0, € Z such that £.h, — lle,. = 1.

Definition 2.13. We define mo(z) =1, m(z) =7, and, for all 1 < i <r,
bi(x) ®i(z)* ()"
)

D, = ) i = 7 ah i = N
(x) Wi_l(z)fi—Wi(‘i’i—l) 7 ({E) 71'1‘(1‘)}“ m +1($) Wi(x

Each of these rational functions can be written as #™ ¢ (z)™ - - - ¢,.(z)™r, for
adequate integers n; € Z. Also,

(17) Di(x) = ¢i(x), vilw) = ¢s(x), mipr(x) =" di(x)",
where the dots indicate a product of integral powers of 7 and ¢;(z), with 1 < j < 4.
We want to compute the value of v, on all these functions.

Lemma 2.14. For all1 <i < j <r, we have w;(¢;) = 0.

Proof. Since N;(¢;) is one-sided with slope —oo, we have w;1+1(¢;) = 0 because
Si(¢;) is a single point. By Lemma 2.2 w;(¢;) =0 for all i < j <r. O

Proposition 2.15. For all 1 < i < r we have
(1) vr(ei) = 2252, (ej41 - -er—1) (e fj - eim1 fimr) by,
(2) vr(®i) = €ip1---er_1hy,
(3) vr(Tig1) = €ig1---€p_1,
(4) vp(y) =0,
(5) wr(Pi) = wr(P;) = wr(vi) = wp(mig1) = 0.
Moreover, v,.(¢,) = Z;;i (ej+1---er—1)(ejfj - er—1fr—1) hj and v (®,) = 0.

Proof. We proceed by induction on r. For r = 2 all formulas are easily deduced
from vy(¢1) = h1, which was proved in Proposition 271 Suppose r > 3 and all
statements true for r — 1.

Let us start with item (1). By Proposition 271 and (I6l),

’Ur((brfl) = h'r‘fl + erflvrfl((brfl)a ’Urfl(qsrfl) = er72fr72vr71(¢r72)-
Hence, the formula for ¢ = r — 1 follows from the induction hypothesis. Suppose
from now on that ¢ < r — 1. By Lemma 214 ¢;(z) = ¢;(x) is an admissible
¢r—1-adic development of ¢;(z), and by Lemma in order r — 1 (Lemma
in order one) we get N,_;(¢:) = (0,v,-1(¢;)), so that v, (¢;) = er_1v,_1(¢p;) and
the formula follows by induction.

Let us now prove items (2) and (3) by induction on i. For ¢ = 1, item (1) shows
that:
v (P1) = v (1) = €2+ e _1hy,
vp(ma) = L1vp (D) — ljvp(m) = (€1hy — ller)ea---epg = €9+ €p1.
Now suppose 7 > 1 and the formulas hold for 1,...,7 — 1. We have:

vr(q)i) = Ur(¢i) - fiflvi(ﬁﬁifl)eifl 1 = €41 er_1hy,
Ur(Ti41) = ivp(D;) — Livp () = (Lihy — liei)eipr - €r1 = €41 €r1.

Item (4) is easily deduced from the previous formulas, and item (5) is an imme-
diate consequence of (I7) and Lemma [ZT4l The last statements follow from ()
and the previous formulas. O
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Lemma 2.16. Forn = (ng,...,n,._1) € Z", consider the rational function ®(n) =
TP ()™M - pr_1(x) 1 € K(x). Then, if v.(®(n)) = 0, there exists a unique
sequence iy, . . .,i,_1 of integers such that ®(n) = vy (z)" - - - y,_1(z)~1. Moreover,
is depends only on ng,...,n._1, for all1 < s <r.

Proof. Since the polynomials ¢s(x) are irreducible and pairwise different, we have
®(n) = ®(n’) if and only if n = n’. By (1), any product 7y (z) -+ v,_1(z)r—1
can be expressed as ®(j), for a suitable j = (jo,...,Jr—2,€r—1%r—1). Thus, if
yi(z) -y, 1 (x)-1 = 1 we have necessarily i,_; = 0, and recursively, i; =
+++ = dp_o = 0. This proves the uniqueness of the expression of any ®(n) as a
product of powers of gammas.

Let us prove the existence of such an expression by induction on r > 1. For
r =1, let n = (ng); the condition v,(7™°) = 0 implies that ng = 0 and ®(n) = 1.
Suppose r > 2 and that the lemma has been proven for all n’ € Z"~!. By item
(1) of Proposition v (®(n)) = np_1hy—1 (mod e,._1); hence, if v,.(®(n)) =0
we have necessarily n,._1 = e,_1i,_1 for some integer i, 1 that depends only on
Np—1- By (m)a ’YT—l(x)iT71 = (b(j)? for somej = (jOa---ajT—Zver—lir—l); hence,
O(n)y,—1(z) =1 = &(n’), with n’ = (nf,...,n._5,0), and each n’ depends only
on ng and n,_;. By item (4) of Proposition [ZT5] we still have v,.(®(n’)) = 0,
and by induction hypothesis we get the desired expression of ®(n) as a product of
powers of gammas. O

2.5. Newton polygon and residual polynomials of r-th order. Let f(z) €
O[z] be a nonzero polynomial and consider its canonical ¢,.-adic development

(18) flz) = ZOSiSLdeg(f)/mr

We define the Newton polygon N,.(f) of f(z), with respect to t and ¢, to be the
lower convex envelope of the set of points (7, u;), u; < oo, where

u; == vy (a;(2)dr(2)") = ve(ai(z)) + v (¢ ().
This definition makes sense for r = 1, and N,.(f) coincides with the Newton polygon
of the first order. In fact, vy (a;(x)¢1(x)?) = v1(a;(z)), because vy (¢1(z)) = 0.

The principal part N,~(f) is the principal polygon formed by all sides of negative
slope, including the side of slope —oco if f(z) is divisible by ¢.(x) in Olz]. The
typical shape of the polygon is shown in Figure 12.

Lemma 2.17. (1) ming<;<n{wi} = v.(f), wheren := {(N,(f)) = |deg f/m,].
(2) The length of N,-(f) is wr(f).
(3) The side of slope —oo of N~ (f) has length ordg, (f).

Proof. The third item is obvious. Let us prove items (1), (2). Let u:=ming<;<n{u;}
and consider the polynomial

| ai(x)¢r(x)ia degai(l') < my.

g(@) =) ai(@).(x)".

U; =U

All monomials of g(z) have the same v,-value and a different w,-value:

wr(ai(2)¢r(2)') = wr(ai(2)) + wr(¢r(2)") =i
because wy(a;) = 0 by Lemma By item (2) of Proposition 28 v.(g9) = u
and wr(g) = o, the least abscissa with u;, = w. Since v,.(f —g) > u, we have
vp(f) = v.(9) = u, and this proves item (1). On the other hand, item (1) of
Proposition 228 shows that w,(f) = w.(g) = 4o, and this proves item (2). O
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The following observation is a consequence of Lemmas and 2171
Corollary 2.18. If f(x) has type t, then N.(f) = N (f). O

T

From now on let N = N, (f). As we did in order one, we attach to any integer
abscissa ¢ of the finite part of N a residual coefficient ¢; € F,. The natural idea is
to consider ¢; = R,_1(a;)(zr—1) for the points lying on N. However, this does not
lead to the right concept of a residual polynomial attached to a side; it is necessary
to twist these coefficients by certain powers of z,._;.

Definition 2.19. For any nonzero P(x) € O[z] and any index 1 < j < r, we
denote by s;(P) the initial abscissa of S;(P).
For any nonzero f(z) € O[z] with ¢,-adic development (IJ)), we denote

sp—1(a;) — lr—qu;

€r—1

tr—1(i) == tr_1(4, f) =

This number ¢,_1(¢) is always an integer. In fact,
u; = vp(a;) + op(¢r) = vp(a;) = hr—18r-1(a;) (mod e._1),

the first congruence by (I6]), and the second congruence being a consequence of
vp(a;) = hp—18p—1(a;) + er—1ur—1(a;), where u,_1(a;) is the ordinate of the initial
point of S,_1(a;). Hence, £,_1u; = s,—1(a;) (mod e,_1).

vr(ag)/e

ur—1(as)

FIGURE 13
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Definition 2.20. For any integer abscissa ordy,. (f) < i < w,(f), the residual
coefficient ¢; of N := N, (f) is defined to be:

() 0, if (¢, u;) lies above N,
cii= i f) = ,
! ! zt""l(l)RT_l(ai)(zT_l) eF,, if (¢,u;) lies on N.

r—1

Note that ¢; # 0 if (i,u;) lies on N because w,(a;) = 0 and ¥,_1(y) is the
minimal polynomial of z,._1 over F,_.

Definition 2.21. Let A\, = —h, /e, be a negative rational number, with h,, e,
positive coprime integers. Let S = Sy (V) be the A.-component of N, d = d(S)
the degree, and (s, u) the initial point of S.

We define the virtual factor of f(x) attached to S (or to A,) to be the rational
function

Fo(@) = 0, (0) " m (@) ) € K@), fa)i= Y] aila)on(a)

where ®,.(z), m.(x) are the rational functions introduced in Definition 213
We define the residual polynomial attached to S (or to A.) to be the polynomial

Ry (f)(y) = cs + Cope, y+ - + Cs+(d—1)e, yd_l + Cstde, yd € F.[y].

Only the points (4, u;) that lie on S yield a nonzero coefficient of Rx.(f)(y). In
particular, ¢; and ¢z 4. are always nonzero, so that Ry (f)(y) has degree d and it
is never divisible by y. We emphasize that Ry, (f)(y) does not depend only on A,;
as for all other objects in section 2] it depends on the type t too.

We define in an analogous way the residual polynomial of f(x) with respect to a
side T that is not necessarily a A.-component of N. Let T' € S(\;.) be an arbitrary
side of slope A, with abscissas sg < s1 for the end points. Let d' = d(T). We say
that f(z) lies on or above T in order r if all points of N with abscissa sop < i < s1
lie on or above T'. In this case we define

R)\r(fa T)(y) = 650 + 650+er Y+t 6So-l‘(d'—l)er yd -1 + 6so+d’er yd € Fr[y]a

where ¢&; := é&;(f) := ¢; if (i,u;) lies on T and ¢&; = 0 otherwise.
Note that deg Ry (f,T)(y) < d’ and equality holds if and only if the final point
of T belongs to Sx.(f). Usually, T will be an enlargement of Sy, (f) and then

(19) T2 8, (f) = B (f,T)(y) =y" Ry (),

where s is the abscissa of the initial point of Sx_(f).
For technical reasons, we express ¢; in terms of a residual polynomial attached
to a certain auxiliary side.

Lemma 2.22. Let T € PP be a principal polygon. Let (i,y;) be a point lying on
T, with integer abscissa i. Let V = y; — iv.(¢,) and let Ly,_, be the line of slope
Ar—1 that cuts the vertical azis at the point with ordinate V/e,._1. Denote by T(i)
the greatest side contained in Ly, _,, whose end points have nonnegative integer
coordinates, and let s; be the abscissa of the initial point of T(i).

Let a(x) € O[z] be a nonzero polynomial such that u; := v, (adl) > y;. Then,

y(&i_ev-flui)/er—lRril(aq T(z))(y) _ y(sr—l(a)_é'r'flui)/er—lRril(a)(y)
if u; = yi, whereas R._1(a,T(1))(y) =0 if u; > y;.
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In particular, for T = N7 (f) we get ¢; = zﬁfl_e""lui)/e""er,l(ai, T())(zr-1)-

FIGURE 14

Proof. If v.(agl) = y;, we have v,.(a) = V and S,_1(a) C T(i). Then, the lemma
follows from (M) in order r — 1. If v,.(ag’) > y;, then S,_1(a) lies above T'(i) and
R,_1(a;, T(i))(y) = 0. See Figure 14. O

Lemma 2.23. Let T € S(\.) be a side of slope A\, and let f(z),g(z) € Olx]. If
f(x) and g(z) lie on or above T in order r, then (f + g)(x) lies on or above T in
order v and

R)\r(f +gaT) = R)\r(fv T) + R)\T(g’T)'

Proof. Let sg < s1 be the abscissas of the end points of T. We want to check that,
for all integers sg < i < sq,

(20) ¢i(f+g)=ci(f)+cilg).

Let a;(x), b;(x), be the respective i-th coefficients of the ¢,-adic development of
f(z), g(x); then, a;(z) + b;(x) is the i-th coefficient of the ¢,-adic development of
f(z) + g(z). By Lemma 222 applied to the point (¢, y;(T")) of T,

&(f) = 25T R (0, T() (201).

Analogous equalities hold for g(z) and (f + g)(x), and 20)) follows from Lemma
itself, in order r — 1 (cf. @) for r = 2). O

2.6. Admissible ¢,.-developments and theorem of the product in order r.
Consider an arbitrary ¢,-development of f(x), not necessarily the ¢,-adic one:

(21) fz) = Zizo aj(@)p,(2)',  aj(x) € Olal.

Let N’ be the principal polygon of the set of points (4, u}), with u; = v,.(a}(x)¢,(x)?).
Let ig be the first abscissa with a] (z) # 0. As we did in order one, to each integer
abscissa ip < i < I(N') we attach a residual coefficient

0, if (4,u}) lies above N’,
z:ff(i)Rr,l(a;)(zr,l) eF,, if (4,u}) lies on N/,
where t_; (i) = (sr—1(a}) —€r_1u})/e,—1. For the points (i,u}) lying on N we may

now have ¢, = 0; for instance in the case aj(z) = f(x) the Newton polygon has
only one point (0,v,(f)) and ¢ = 0 if w,(f) > 0.
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Finally, for any negative rational number A\, = —h,/e,, with h,, e, positive
coprime integers, we define the residual polynomial attached to the \.-component
S" = Sy, (N') to be

Rl)\r(f)(y) = C/s’ + Cls’+er y+-o-+ C/s/+(d/71)eT yd -1 + Cls’+d’er yd € Fr[y];
where d’ = d(S’) and s’ is the initial abscissa of S’.

Definition 2.24. We say that the ¢,-development (1)) is admissible if ¢} # 0 (or
equivalently, w,(a}) = 0) for each abscissa i of a vertex of N'.

Lemma 2.25. If a ¢,-development is admissible, then N' = N (f) and ¢, = ¢;

T
for all abscissas i of the finite part of N'. In particular, for any negative rational

number A, we have R\ (f)(y) = Rx,.(f)(y).

Proof. Consider the ¢,-adic developments of f(z) and each a}(z):

f(.’L‘) - Zogi az(x)(br(x) ) (IZ(LL‘) ZOSI@ bz,k(x)(br(x) :
By the uniqueness of the ¢,-adic development we have

(22) ai(z) = Zog@ bi—p k().

Let us denote w; = vr(bix), w := v.(¢). By item (1) of Lemma ZTI7 u] =
vp(ah) +iw = ming<p{w; r + (k +i)w}. Hence, for all 0 < k and all 0 < i < {(N'):

(23) wi g+ (k4w > u; > y;(N').
Therefore, by ([22)) and (23)), all points (4, u;) lie on or above N'; in fact,

o N i S _ oy )
(24)  w; = ve(a;) +iw > Orgnligi{wz,k,k +iw} = Wi— gy ke + W
> Uiy 2 Yioko (N') > yi(N')

for some 0 < kg < 4. On the other hand, for any abscissa i of the finite part of N’
and for any 0 < k < i we have by (23]

(25) Wi—p e > g — iw > Y p(N') —iw > yi(N') — iw.
The following claim ends the proof of the lemma:

Claim. Let i be an abscissa of the finite part of N such that (i,u}) € N’. Then,
w; = u} if and only if ¢/ # 0, and in this case, ¢, = ¢;.
In fact, suppose ¢; # 0, or equivalently, w,(a}) = 0. We decompose

a;(x) = bio(z) + B(z), B(z)= szk(x)(ﬁr(x)k
0<k
Note that w,.(B) > 0 because ¢,(z)|B(x). By @3), v.(bio) = wio > u} —iw =
vr(al). Since wy(af) = 0 and w,(B) > 0, item (1) of Proposition 2.8 shows that
vr(b; o) = min{v,(a),v.(B)}; hence, v.(b; o) = v.(a}). By @2) and (25) we have
u; —iw = vp(a;) = w0 = w, — iw, so that u; = u,. Let T(i) be the side at-
tached to the point (¢,u}) € N’ in Lemma 222 Since R,_1(B)(z—1) = 0, (I9)
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shows that R,_1(B,T(i))(zr—1) = 0. By Lemma 223 R,_1(a},T(i))(zr-1) =
R, _1(bi,0,T(3))(2r—1), and Lemma 222 shows that

¢ = (zpon) OO Ry (0, T (D)) (201)
= (zp_q) e rud/eri g, <Zo, T(i)) (1)
= (gy) ot el =)/ Ry (b o) (20-1)
= (z,_y) 1@ —taud/era R (g (2, ) =

the next to the last equality because S,_1(a;) = Sr—1(bio), Rr_l(ai) =R, _1(bio),
by ([25) and Proposition 2.8

Conversely, if u; = u} = y;(N’), we have necessarily kg = 0 in (24) and all
inequalities of ([24]) are equalities. Hence, w; o + iw = u}, or equivalently, v, (a}) =
vr(bi o). Since wy(b;0) = 0 and w,(B) > 0, Proposition 2.8 shows that w,(a}) =
This ends the proof of the claim.

m O=

Theorem 2.26 (Theorem of the product in order r). For any nonzero f(x), g(x)
O[z] and any negative rational number A\, we have

N (fg) =N, (f) + N (9),  Ba.(f9)(y) = B, () ()R, (9)(v)-

Proof. Consider the respective ¢,.-adic developments

=S a@)@), g@) = b(@)on(a)

0<i 0<j

and denote u; = v,(a;¢%), v; = v.(b;j¢l), Ny = N, (f), Ny = N,”(g). Take

(
(2) @) = Y 4@ A= Y a@h),
0<k it+j=k
and denote by N’ the principal part of the Newton polygon of order r of fg,
determined by this ¢,.-development.

We shall show that N’ = Ny + N, that this ¢,-development is admissible, and
that R\ (fg) = Rx.(f)Rx,.(g) for all negative A,. The theorem will then be a
consequence of Lemma

Let wy = v, (Ag¢F) for all 0 < k. Lemma[[dshows that the point (i,u;)+ (j, v;)
lies on or above Ny + N for all 4,5 > 0. Since wy > min; 1 j—,{u; + v;}, the points
(k,wg) all lie on or above Ny + N, too. On the other hand, let P, = (k,y) be
a vertex of Ny + Ny; then, Py is the end point of Sq 4 --- + 5, + 11 + --- + T,
for certain sides S; of Ny and T; of Ny, ordered by increasing slopes among all
sides of Ny and N,. By Lemma IE'_L for all pairs (¢,7) with ¢ + j = k, the point
(4, wi) + (4,v5) hes above Ny + Ny except for the pair ig = £(S,—1 + -+ + S;),
jo=4€(T,_1+---+Ts), which satlsﬁes (i0,uiy) + (Jo, vj,) = Pr. Thus, (k,wk) = P;.
This shows that N’ = Ny + N,.

Moreover, for all (4, ) # (io, jo) we have

U (Ardy) = vr(aigbjodr) < vr(aib;oy),
so that v, (Ax) = vy (ai,bj,) < vr(a;bj). By Proposition 28 w,(Ax) = wr(ai,bj,) =
wr(ai,) + wr(bj,) =0, and the ¢,-development (26]) is admissible.

Finally, by (@), the A\,-components S” = Sy (N'), Sy = Sx,(N¢), Sg = Sx,.(Ng)
are related by S = Sy +5,. Let (k,yx(N')) be a point with integer coordinates
lying on S’ (not necessarily a vertex), and let T(k) be the corresponding side of
slope A,_1 given in Lemma 222 with starting abscissa s;. Denote by I the set of
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the pairs (4, 7) such that (i,u;) lies on Sy, (j,v;) lies on Sy, and i + j = k. Take
P(x) =2 jer @i(®)b;(z). By Lemma L4 for all other pairs (i,j) with i +j = &,
the point (i, u;) + (J,v;) lies above N’. By Lemma [223]

Ry 1(Ap, T(k)) = Rp1 (P, T(k) = R,_1(aibj, T(k)).

(i,5)€l
Lemma 222 ([I9) and the theorem of the product in order r — 1 show that
, S
k(fg) =(zr—1) =t Rea(Ar, T(R))(201)
Sp—tr_1wg
=(z)” T Y B (et T(R) (20)

sp—1(a;bj) =Ly _jwg

:Z(ij)el(zrfl) e Ry _1(aibj)(zr-1)
= Z(i j)ez(zr—l)t“l(i’fm“l(j’g)Rr—l(ai)(Zr—l)Rr—l(bj)(Zr—l)

ZZW)EI ci(f)e;(g)-

This shows that the residual polynomial attached to S’ with respect to the ¢,.-
development (28] is equal to Ry . (f)Rx,(g)- O

Corollary 2.27. Let f(x) € Olx] be a monic polynomial with w,(f) > 0, and let
fe(z) be the monic factor of f(x) determined by t (cf. Definition[Z3]). Then N,.(fi)
is equal to N (f) up to a vertical shift, and Ry, (f) ~ R, (ft) for any negative
rational number \,..

Proof. Let f(x) = fe(x)g(z). By [[3), wr(g9) = 0. By the theorem of the product,
N (f) = Ny () + N, (g) and By, (f) = By, (i) Ra, (g). Since N, (g) is a single
point with abscissa 0 (cf. Lemma [217), the polygon N~ (f) is a vertical shift of
N (ft) and Ry_(g) is a constant. O

3. DISSECTIONS IN ORDER 1

In this section we extend to order r the theorems of the polygon and of the
residual polynomial. We fix throughout a type t of order » — 1 and a representative
¢r(x) of t. We proceed by induction and we assume that all results of this section
have been proved already in orders 1,...,7 — 1. The case r = 1 was considered in
section [I1

3.1. Theorem of the polygon in order r. Let f(z) € O[z] be a monic poly-
nomial such that w,(f) > 0. The aim of this section is to obtain a factorization
of fy(x) and certain arithmetic data of the factors. Thanks to Corollary 227 we
shall be able to read this information directly on N, (f) and the different residual

polynomials Ry (f)(y).

Theorem 3.1 (Theorem of the polygon in order r). Let f(x) € O[z] be a monic
polynomial such that w,(f) > 0. Suppose that N, (f) = S1+---+ Sy has g sides
with slopes —00 < A1 < --- < An4. Then, fe(x) admits a factorization

fo(a) = Fi(x) - Fy(x),
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as a product of g monic polynomials of Olx| satisfying the following properties:

(1) N,(F;) is equal to S; up to a translation.
(2) If Si has finite slope, then Ry, ,(F;)(y) ~ Rx,. . (f)(y)-

(3) For any root 0 € Q, of Fiy(x), v(¢r(0)) = (vr(dr) + [Aril) /€1 er1.

Proof. Let us denote ¢ = e;---e,_1. We deal first with the case that fy(z) is
irreducible. In this case, p := v(¢,(0)) is constant among all roots 8 € Q,, of f¢(z),
and p > 0, because ¢, is congruent to a power of ¢; modulo m (cf. Definition 2T]).
We have p = oo if and only if fi(x) = ¢,(x), and in this case the theorem is clear.
Suppose p is finite. Lemma shows that deg fy = m,w.(f) > 0, and we have
Ny (ft) = Ny (f¢), by Corollary 218

Let P(xz) = > y<;<; biz* € Olz] be the minimal polynomial of ¢,.(6), and let
Q(z) = P(¢r(2)) = D g<icp bitdr(z)". By the theorem of the polygon in order one,
the z-polygon of P has only one side and it has slope —p. The end points of N,.(Q)
are (0,ekp) and (k, kv, (¢,)). Now, for all 0 < i < k,

Ur(biﬁb:«]i - ‘Z?UT((br) _ ev(b;) + i”r((br? — kv, (¢r) > ep — vn(dy).
—1 k—1
This implies that N,.(Q) has only one side and it has slope A, := —(ep — v.(¢y)).
Since Q(0) = 0, fi(x) divides Q(z) and the theorem of the product shows that
N, (ft) is one-sided with the same slope. By Corollary 227, N, (f) is one-sided
with the same slope and Ry _(ft) ~ Rx.(f). This ends the proof of the theorem
when fi(x) is irreducible.

If fe(z) is reducible, we consider its decomposition f¢(z) = [[; Pj(z) into a
product of monic irreducible factors in Olz]. By Lemma 2.4} each P;(x) is of type
t and by the proof in the irreducible case, each P;(x) has a one-sided N,.(P;). The
theorem of the product shows that the slope of N,.(P;) is A;.; for some 1 < i < s. If
we group these factors according to the slope, we get the desired factorization. By
the theorem of the product, Ry, ,(Fi) ~ Ra,,(ft), because Ry, ,(Fj) is a constant
for all j # 4. Finally, Ry, (fs) ~ R, (f) by Corollary The statement about
v(¢,(0)) is obvious because P;(#) = 0 for some j, and we have already proved the
formula for an irreducible polynomial. O

We recall that if S; has slope —oo, the corresponding factor is necessarily Fy(z) =

by (2)°"der () (cf. Lemma ZT7).

Let A\, = —h, /e, with h,, e, positive coprime integers, be a negative rational
number such that S := Sy, (f) has positive length. Let fi x, () be the factor of
f(x), corresponding to the side S by the theorem of the polygon. Choose a root
6 € Q, of fi, (), and let L = K(6). By item (4) of Propositions [I7 and 3] in
orders 1,...,r — 1, there is a well-defined embedding F,, — F,, determined by

(27) F, — FL, Z0 — g, Z1 ’}/1(9), ey Zp—1 %_1(9).

This embedding depends on the choice of §. After this identification of F, with
a subfield of F; we can think that all residual polynomials of r-th order have
coefficients in Fy,.

Corollary 3.2. For the rational functions of Definition 213

(1) U((br(a)) = E::1 €iJi - er—lfr—lhi/(el s ei);
(2) v(mr(0)) =1/(er---er—1),
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(3) v(®r(0)) = hy/(e1---€r),

(4) v(y(0)) = 0.
Proof. Ttem (1) is a consequence of the theorem of the polygon and the formula
for v.(¢,) in Proposition Item (2) follows from Proposition 291 because
vp(my) = 1, wy(m,) = 0 by Proposition Ttem (3) follows from the theorem of
the polygon and item (2) in order r — 1. Item (4) follows from items (2), (3). O

Corollary 3.3. The residual degree f(L/K) is divisible by fo--- fr—1, and the ra-
mification index e(L/K) is divisible by eq - - - e,.. Moreover, the number of irreducible
factors of fi x,. () is at most d(S); in particular, if d(S) = 1 the polynomial fi x, ()
is irreducible in Olzx], and f(L/K) = fo--- fr—1, e(L/K) =e€1---é€,.

Proof. The statement on the residual degree is a consequence of the embedding
@7). Denote e, = e(L/K), e =e€1---er—1, f = fo--- fr—1. By the same result in
order  — 1 (cf. Corollary for r = 2), ey, is divisible by e. Now, by the theorem
of the polygon, v (¢,(0)) = (er/e)vr(ér) + (er/e)(h./e,). Since this is an integer
and h,., e, are coprime, necessarily e, divides ey, /e.

The upper bound for the number of irreducible factors is a consequence of
the theorem of the product. Finally, if d(S) = 1, we have efe, = deg(f¢,n,.) =
f(L/K)e(L/K), and necessarily f(L/K) = f and e(L/K) = ee,. d

We now prove an identity that plays an essential role in what follows.

Lemma 3.4. Let P(z) =Y ., ai(z)¢-(x)" be the ¢.-adic development of a nonzero

polynomial in Ofx]. Let \, = —h,/e, be a negative rational number, with h,, e,

coprime positive integers. Let S = Sy, (P) be the A.-component of N, (P), (s,u)

the initial point of S, and (i,u;) any point lying on S. Let (s(a;),u(a;)) be the

initial point of the side Sy_1(a;). Then, the following identity holds in K (x):

i @ (@) ()
O, (), ()"

Proof. If we substitute u = u; + (i — s)2= and 7, = ®¢ /7l in [@28), we see that
the identity is equivalent to

) s(a;) u(a;)
d)r(x)z @Tfl(x) 7TT’*l(x)

()W
If we now substitute ®,., 7, and ~y,_1 by their defining values and we use e, _1t,_1(7)
= s(a;) — £r—1u;, we get an equation involving only m,._1, which is equivalent to
w(a;) + 4. _qu; + hyp_qtr—1 (i) + ifr_10r(¢r—1) = 0.

This equality is easy to check by using e, _ju(a;)+s(a;)hr—1 = vr-(a;) = w;i—iv.(¢y),
vr(¢'r) = e'rflfrflvr(qsrfl)a and g'rflhrfl - 6;7167’71 =1 O
Proposition 3.5 (Computation of v(P(6))). We keep the notation above for f(x),
Ar = —h, /e, 0, L, and the embedding 7). Let P(x) € O[z] be a nonzero poly-
nomial, S = Sx.(P), Ly, be the line of slope A, that contains S, and H be the
ordinate at the origin of this line. Denote e =€y ---e,._1. Then:

(1) v(P%(0)) >0, P5(0) = Rx,(P)(-(6)).

(2) v(P(0) — P°(0)) > H/e.

(3) v(P(0)) > H/e, and equality holds if and only if Rx,.(P)(v-(0)) # 0.

(4) R, (f)((8)) = 0.

i—s

= Yrea(@) Oy (@)

(28) or(z)

= 'yr,l(x)t"'*l(i)(br(x)i.
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(5) If Ry, (f)(y) ~ ¢ (y)® for some irreducible polynomial ¢, (y) € F.[y], then
v(P(0)) = H/e if and only if 1 (y) 1 Rx, (P)(y) in Fy[y].

[P e ————
P S —

~

>

FIGURE 15

Proof. Let P(z) = > g<; ai(x)pr(z)" be the ¢p-adic development of P(x), and
denote u; = v,.(a;¢.), N = N,~(P). Recall that

P (@) = 0(a) m(a) Pa), PU@) =Y ai@)en @)

where (s, u) are the coordinates of the initial point of S. By Corollary B.2]

(29) o(®,(0)°m,(0)") = - <sﬁ + u> _

e\ e e
On the other hand, by the theorem of the polygon and Proposition

) ve(a;) 4 h, 1 h, H
i 0 T 0)") = ——= - r\Pr — | == i — =z —
3 o000 = (oo 4 1) = 1 (wr i) 2
for all 4, with equality if and only if (¢,u;) € S. This proves item (2).
Also, ([29) and (30) show that v(P*(6)) > 0, so that P(#) belongs to Or,. Denote

for simplicity z, = 7,.(). In order to prove the equality P5(0) = Ry, (P)(z,), we
need to show that for every (i,u;) € S:

(31) redr, (%) = (erl)tril(i)erl(ai)(zrfl)(zr)(i_s)/eqn.

Let (s(a;), u(a;)) be the initial point of S,_1(a;). By items (1), (2) of the proposition
in order r — 1 (Proposition [[T7 if » = 2), applied to the polynomial a;(z),

(a;)5r=1(00)(0) = Ry—1(ai)(2r-1),

a;(0) = q)r_l(o)s(ai)ﬁr_l(a)u(a,‘,)(ai)sr_l(a,;)(o) (mod m([j)'r'(ai)e(L/K)/e)"Fl).
Since v,.(a;)e(L/K)/e = vr(a;(0)), it suffices to check the following identity in L:
D, (9)sa) g, (9)ula)
¢T(9)z 1( ) Sﬂ- 1(u)

®,.(0)°m, ()

which is a consequence of Lemma [34l This ends the proof of item (1).
Also, ([B0) shows that v(P(6)) > H/e, and

i—s

=31 (0) D (0)

o(P(6)) = He = v(P*(60) = Hle ZL u(PS(0)) =0 = Ry, (P)(21) £0,

the last equivalence by item (1). This proves item (3). The last two items are
proved by similar arguments to that of the proof of Proposition [[L.T1 O
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3.2. Theorem of the residual polynomial in order r. We now discuss how
Newton polygons and residual polynomials are affected by an extension of the
base field by an unramified extension. We keep the notation above for f(x), A, =
—h,/e., 8, L and the embedding (27).

Proposition 3.6. Let K' be the unramified extension of K of degree fo--- fr_1.
We identify F, = Fg: through the embedding @2T). Let G(x) € Og[x] be the
manimal polynomial of 0 over K'. Then, there exist a type of order r — 1 over K’,
t' = () (z); A1, dh(x); - 5 Ar1, Y1 (y)), anda representative ¢l.(x) of t', with the
following properties (where the superscript’ indicates that the objects are taken with
respect to t'):

() == fl =1

(2) G(x) is of type t'.

(3) For any nonzero polynomial P( ) € Olz],

(NY), (P) =N, (P), R (P)(y) =077 Ra, (P)(ury),
(

where (s,u) is the initial point of Sx.(P) and oy, T, pyr € Fir are constants
that depend only on t and 6.

Proof. We proceed by induction on r. The case r = 1 is considered in Lemma [[.I8}
for the constant e defined there, we can take o1 =€, ;4 = 1, and pu; = €°*. Let
r > 2 and suppose we have already constructed t]._, and a representative ¢]._,(x)
satisfying these properties. Let ni,...,ny._, € Fgs be the roots of ¥,_1(y), and
denote F(x) = fi,.(z). We have

160y >~ v (60) (r—1y) ~ o1 (pr—1y) = T123 (mry — i),
1(F)( ) ~ R 1 (F)(ptr—1) ~ 1 (ptr—1y)* " = 175" (r 1y —
(a

)
Since G(z) is of type t]_,, Lemma [22] shows that deg G = m/._ w,._;(G). Since
(N"),_1(F) = N,_;(F), the theorem of the product shows that (N’)._,(G) is one-
sided, with slope A,_; and positive length w/._;(G). By the theorem of the residual
polynomial, R, _;(G)(y) ~ (ur—1y — n)?, for some root n € Fg of 1,_1(y) and
some positive integer a. We take ¢!._,(y) =y — p, *,n, and

= (01(); M, Ba(); - 5 Arma, G ()5 A1, Y71 (1)-

Thus, f/_; = 1. We have a = w/.(G) and deg G = m,_jw,._1(G) = m._je,_1a =
m).a; therefore, G(z) is of type t’, by Lemma 241

The same argument shows that there is a unique irreducible factor ¢..(x) of ¢, (x)
in O [z] such that R, _1(¢))(y) ~ (ptr—1y—m). We choose ¢!.(x) as a representative
of t'. Let p.(z) = ¢p(x)/¢l.(x) € Ok[z]. By construction, w.(p,) = 0, because
Ry _y(pr)(y) ~ r—1(pr—1y)/ (pr—1y — ).

Let P(x) € O[z] be a nonzero polynomial. As an immediate consequence of
(N"),_1(P) = N,_{(P), and R,_,(P)(y) ~ R.—1(P)(ur—1y), we get respectively
vl (P) = v,.(P), and w.(P) = w,(P). Consider the ¢,-adic development of P(x):

P(z) = ¢ (2)" + an—1(x)pr(x)"" -+ ag(x)
= pr(2)" ¢ (2)" + an—l(ﬂ?)ﬂr(«"ﬂ)" 1¢%«(517)n*1 + -+ +ao(z).

Since wl.(p,) = 0, this ¢/ -adic development of P(z) is admissible. On the other
hand, the equality (N') (P) = N, (P) is deduced from the tautology:

T

vr(ai(2) ¢ (2)') = vp(ai(@)dr (2)") = vy (ai(@)pr(x) 7. (x)")-

a71
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In order to prove the relationship between R (P)(y) and Ry, (P)(y), we intro-
duce some elements in F7.,, constructed in terms of the rational functions of Defi-
nition By Corollary B2, v(®,.(0)) = v(®.(0)), v(m.(0)) = (e1---e,_1)" ' =
v(m.(0)), and v(y,(0)) = 0 = v(v.(f)). Also, by the theorem of the polygon,

v(pr(0)) = (vr(¢r) — v (@) /(€1 - er 1) = v(m_1(0)) (vr(br) — vi(¢7)) fer—1-
We introduce the following elements of Fy,:
fir = (0)/77.(6), T 1= (0)/m.(6),
Op 1= W’ € 1= pr(e)/ﬂ-:«fl(a) (vr(¢r)—v;.(}))/€r—1 .

Since fr—10,(¢r—1) = v-(¢r)/er—1, the recursive definition of the functions of De-
finition 2.13] yields the following identities:

(32) o, = Er/(7_T71)vr(<i>q~)/er717 T, = (Ur71)é’"71/(7'r71)€’/"*1.

We need still another interpretation of €,. Since (N'),_;(¢r) = N,_;(¢,), the
theorem of the product shows that (N'),_,(p,) is one-sided with slope A,_1; hence,
the initial point (s/._;(p,),ul._1(pr)) of S:= 8! _,(p,) is given by s._;(p,) = 0 and

(33) up_1(pr) = vi(pr)/er—1 = (v.(r) — V(1)) er—1 = (vr(&r) — vr.(¢))) /€1

Recall that the virtual factor p (z) is by definition p,.(z)/x._, (z)"“r-1(Pr); therefore,
item (1) of Proposition shows that, for r > 2:

(34) & = R._1(pr)(27_1)-

We have seen above that for each integer abscissa 4, the i-th terms of the ¢,-adic
and ¢ -adic developments of P(x) determine the same point (4, u;) of the plane.
Let i = s + je, be an abscissa such that (i,u;) lies on Sy (P) = S (P); the
corresponding residual coefficients at this abscissa are respectively

¢ = (2" OR (@) (zr—1), ¢ = (7)) DR (aipl)(z_1),

and Ry (P)(y) = > o<j<a eyl R’)\(P)(y) =2 0<j<d ciy?. Hence, the last equality
of item (3) is equivalent to ¢, = ¢;o37*ul, for all such .
Note that tr_l(i) = (sr_l(ai) - ér_lui)/e,«_l = t;n_l(i), since

_1(aipy) = sy (ai) +isp_1(p) = s7_1(a;) = sp-1(as),
the last equality because N,_,(a;) = (N'),_;(a;). For simplicity we denote by
(s(a;),u(a;)) the initial point of S,_1(a;). By ([B3)), the initial point of S._;(a;p’)
is (s(a;), u(a;) + i(ve (@) — vl.(@h))/er—1). Now, by induction, the theorem of the
product, and (BZD, we have
(zr-)f R (@) (z1-y) €
221)" (0" (72 1) I Ry (a0) (1) €
(hor

C; 1) b= 1()(Urfl)s(ai)(Trfl)u(ai)dl«

=it (Wj (Mr—l)ftr_l(i)) (07r-1)*( ) (1 1)““el.
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By Lemma [34]
'VT(H)j'YTfl(g)tPl(i) = ¢T(0)iq>r71(9)s(ai)ﬂ'rfl(g)u(ai)@r(a)_swr(g)_u
= 6,(0)'D,_1 (0)% @)~ trorug L (9)ula) L ug (g)5

/

We get an analogous expression for +/.(8)7~._,(6)t~1() just by putting ’ every-
where and by replacing u(a;) by u(a;pl) = u(a;) + i(v.(¢r) — vl.(¢]))/er—1. By
taking the quotient of both expressions and taking classes modulo mg: we get

e o N S R R

: , ,
Therefore, ¢, = c;pl(o,_1)r—1%(1,_1) =140 = cipir o, by B2). O

Tp—

Theorem 3.7 (Theorem of the residual polynomial in order r). Let f(z) € Olx]
be a monic polynomial with w,(f) > 0, and let S be a side of N7 (f) with finite
slope \.. Consider the factorization

R, ()W) ~ Pra(y)™ - ra(y)™

of the residual polynomial of f(x) into the product of powers of pairwise different
monic irreducible polynomials in F,.[y]. Then, the factor fy x.(x) of fe(x), corres-
ponding to S by the theorem of the polygon, admits a factorization in Olx],

for (@) = Gi(z) - Gi(),

into a product of t monic polynomials, with all N,.(G;) one-sided of slope A, and

R (Gi)(y) ~ ¥ri(y)® in Frly].

Proof. Let us deal first with the case F(x) := f¢ x, () irreducible. We only need to
prove that Ry, (F)(y) is the power of an irreducible polynomial of F.[y]. Let § € Q,
be a root of F(z), take L = K (0), and fix the embedding F, — F, as in ([Z1). Let
K’ be the unramified extension of K of degree fo--- fr—1, and let G(z) € Ok [x]
be the minimal polynomial of § over K', so that F(z) = [],cqu(x/x) G7(@).
Under the embedding F,, — F, the field F, is identified to Fg.. By Proposition
3.6l we can construct a type t’ of order r — 1 over K’ such that R\ (F)(y) ~
Ry, (F)(cy), for some nonzero constant ¢ € Fg/. By the construction of t’, for
any o # 1, the polynomial G°(z) is not divisible by ¢}(x) modulo mg/; thus,
w,(G7) < wi(G7) =0, and R (G7)(y) is a constant. Therefore, by the theorem
of the product, R} (G)(y) ~ R\ (F)(y) ~ Rx,(F)(cy), so that Ry (F)(y) is the
power of an irreducible polynomial of F,[y] if and only if R} (G)(y) has the same
property over Fg-. In conclusion, by extending the base field, we can suppose that
fo=-=fraa=1
Let P(z) = Z?:o bjz? € Olx] be the minimal polynomial of v, (6) over K. Let

I(z) := v, (2) /¢y ()" = 7TT71(‘/L.)_eTfrflvT((pT—l)ﬂ—r(:L-)_hr.

By (), II(z) admits an expression II(z) = 70 ¢ ()™ - ¢,y ()™ 1 for some
integers n},...,n.. Take ®(x) := 7™ ¢p1 ()™ - - - pr—1 ()"~ with sufficiently large
nonnegative integers n; so that II(z)¥®(zx) is a polynomial in O[z]. Then, the
following rational function is actually a polynomial in O[z]:

k

Q(x) := () P(y,(x)) = Y Bje, (2)¢(2)*",  Bje,(x) = ®(a)I(x)’b;.

Jj=0
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Moreover, by item (5) of Proposition Z15] w, (Bye,) = 0 for all j such that B, # 0,
so that this ¢,-development of g(x) is admissible.

Our aim is to show that N,(Q) is one-sided with slope A, and Ry, (Q)(y) is
equal to P(y) modulo m, up to a nonzero multiplicative constant. Since P(z) is
irreducible, Ry (Q)(y) will be the power of an irreducible polynomial of F[y]. Since
Q(6) =0, F(x) is a divisor of Q(x) and the residual polynomial of F(z) will be the
power of an irreducible polynomial too, by the theorem of the product. This will
end the proof of the theorem in the irreducible case.

Let us find a lower bound to all v, (Bje, ¢°"). Denote u := v,.(®). By Proposition
and ([{8)), we get v.(mr—1) = er—1, vp(7,) = 1, and v,(II) = —e v, (Py) — Ay
Therefore,

(35) Uje, = UT’(BjeTQﬁET) = Ur(bj) +u — jlervp(dr) + he) + jerve(dr) > u — jhy.

For j = 0,k we have v(by) = 0 (because v(~,-(8)) = 0) and v(b;) = 0 (because
b = 1). Hence, equality holds in (B5) for these two abscissas. This proves that
N,(g) has only one side T, with end points (0, u), (ke,,u — kh,.), and slope A,..

Let Ry, (9)(y) = Z?:o Cje,y’. We want to show that cj., = cb; for a certain
constant ¢ € F* independent of j. If (je,,uje,.) € T, then ¢j., = 0, and by (3],
this is equivalent to b; = 0. Now suppose that (je,,uje,) € T; by item (1) of
Proposition BA (cf. &)

redy, (—Bjeri)(qggie)jh) = cje, 7 (0) .

Hence, we want to check that for all j,

redy, (—Bjer (0)¢r(0)j' ) = cbj,
m(0) "y, ()7

for some nonzero constant c. Now, if we substitute B, (z) and II(x) by its defining

values, the left-hand side is equal to cbj, for ¢ = red,(®()/m,(6)*). This ends the

proof of the theorem in the irreducible case.

In the general case, consider the decomposition, F'(z) = []; P;(x), into a product
of monic irreducible factors in O[z]. By Lemma [24] each P;(x) has type t, so
that w,(P;) > 0. By the theorem of the product, N,(P;) is one-sided, of positive
length and slope A,.. By the proof in the irreducible case, the residual polynomial
R, (Pj)(y) is the positive power of an irreducible polynomial, and by the theorem
of the product it must be Ry, (P;)(y) ~ ,,i(y)% for some 1 <4 < t. If we group
these factors according to the irreducible factor of the residual polynomial, we get
the desired factorization. O

Corollary 3.8. With the notation above, let § € Q, be a root of Gi(z) and let
L =K(6). Let fr = degt,;(y). Then, f(L/K) is divisible by fof1--- fr. Moreover,
the number of irreducible factors of G;(x) is at most a;; in particular, if a; = 1,
then G;(z) is irreducible in Olz] and

f(L/K) = fofi- fr, e(L/K)=c¢€1---€er_1€p.

Proof. The statement about f(L/K) is a consequence of the extension of the em-
bedding (1) to an embedding

(36) Folyl/(Wri(y)) = Fr,  y—=w(0),
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which is well-defined by item (4) of Proposition The other statements follow
from the theorem of the product. The computation of f(L/K) and e(L/K) follows
from

f(L/K)e(L/K) :degG'L = f()fl "'frel ot €r—1€p

and the fact that f(L/K) is divisible by fo - - f,- and e(L/K) is divisible by €1 - - - e,.
(cf. Corollary B3)). O

3.3. Types of order r attached to a separable polynomial. Let f(z) € Olx]
be a monic separable polynomial.

Definition 3.9. Let t be a type of order » — 1. We say that t is f-complete if
wr(f) = 1. In this case, fi(z) is irreducible and the ramification index and residual
degree of the extension of K determined by fi(z) can be computed in terms of
some data of t, by applying Corollary B8 in order » — 1 (Corollary if r =2).

The results of sectionBlcan be interpreted as the addition of two more dissections,
for each order 2,...,r, to the three classical ones, in the process of factorization
of f(z). If t is a type of order » — 1 and w,(f) > 1, we construct a representative
¢r(z) of t. The factor fi(z) then admits to further factorizations at two levels: first
fe(z) factorizes into as many factors as the number of sides of N~ (f), and then, the
factor corresponding to each finite slope splits into the product of as many factors
as the number of pairwise different irreducible factors of the residual polynomial
attached to the slope.

Notation. Suppose t is a type of order r —1, w,.(f) > 1 and ¢,(x) is a representative
of t. We denote by

(5 Ars ) = (P1(2); A1, B2(2); -+ 5 A1, G (2)5 Ay i (y))

the type of order r distinguished by the choice of a finite slope A, of a side of N~ (f)
and a monic irreducible factor ¢, (y) of Ry, (f)(y) in F,[y].

Definition 3.10. In section [[5] we defined two sets to(f), t1(f). We recur-
sively define t,.(f) to be the set of all types of order r constructed as above,
t' = (t; \r, ¥ (y)), from those t € t,._1(f) that are not f-complete. This set is
not an intrinsic invariant of f(z) because it depends on the choices of the represen-
tatives ¢1(z), ..., ¢r(z) of the truncations of t.

We denote by t,(f)°™P! the subset of the f-complete types of t,(f), and we
define

T.(f) =t (f)U U tS(f)Compl
0<s<r

Hensel’s lemma and the theorems of the polygon and of the residual polynomial
in orders 1,...,r determine a factorization

(37) f(z) = fr,oo(x) H fe(2),
teT,(f)

where f, oo () is the product of the different representatives ¢;(z) (of the different
types in T,.(f)) that divide f(z) in O[z].
The following remark is an immediate consequence of the definitions.
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Lemma 3.11. The following conditions are equivalent:

(1) trya(f) = 0.

(2) te(f)omt = t,(f).

(3) For allt € t,—1(f) and all N\, € Q™ the residual polynomial of r-th order,
Ry, (f)(y), is separable. A

If these conditions are satisfied, then (&) is a factorization of f(x) into the
product of monic irreducible polynomials in O[z], and we get arithmetic information
about each factor by Corollary B8 As long as there is some t € t,.(f) which is not
f-complete, we must apply the results of this section in order r 4+ 1 to get further
factorizations of fi(z), or to detect that it is irreducible. We need some invariant
to control the whole process and ensure that after a finite number of steps we shall
have t,.(f)°™P! = t,.(f). This is the aim of the next section.

We end with a remark about p-adic approximations to the irreducible factors of
f(x), which is an immediate consequence of Lemmal[Z2] the theorem of the polygon
and Proposition

Proposition 3.12. Let t be an f-complete type of order r, with representative
Gry1(x). Let 0 € Q, be a root of fy(x), and L = K(0). Then, deg ¢r,1 = deg f¢,
and ¢r1(x) is an approximation to fy(x) satisfying

r+1
h
’U(¢r+l(9)) ('Ur—i-l((br-i-l) +hr+1 /6 L/K Zezf‘ e fr e 0.’
where —h,.y1 is the slope of the unique side of r+1(f)’ and e,y1 = 1. O

4. INDICES AND RESULTANTS OF HIGHER ORDER
We fix throughout this section a natural number r > 1.
4.1. Computation of resultants with Newton polygons.

Definition 4.1. Let t be a type of order r — 1 and let ¢,.(z) € O[z] be a represen-
tative of t. For any pair of monic polynomials P(x), Q(x) € O[z] we define

Rest(P, Q) = fO e frfl (Z mln{EzH]’, E;Hz})a

where E; = £(S;), H; = H(S;) are the lengths and heights of the sides S; of N,~ (P),
and E} = ((S}), H; = H(S}) are the lengths and heights of the sides S’ of N,”(Q).

We recall that for a side S of slope —oo we took H(S) = oo by convention. Thus,
the part of Rest (P, Q) that involves sides of slope —oo is always

(38) Jo--- fra(ords, (P)H(Q) + ordy, (Q)H(P)),
where H(P), H(Q) are the total heights respectively of N~ (P), N7 (Q).

Lemma 4.2. Let P(z), P'(z),Q(z) € Olx] be monic polynomials.
(1) Rest(P,Q) =0 if and only if w,(P)w,(Q) = 0.

(2) Resy(P,Q) < oo if and only if ordy, (P)ordy, (Q) = 0.

(3) Rest(P,Q) = Rest(Q, P).

(4) Rest(PP’,Q) = Rest (P, Q) + Rest (P, Q).

Proof. The first three items are an immediate consequence of the definition. Item
(4) follows from N, (PP') = N, (P)+ N, (P’). O
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In the simplest case when N, (P) and N, (Q) are both one-sided, Res;(P, Q)
represents the area of the rectangle joining the two triangles determined by the
sides if they are ordered by increasing slope. The reader may figure out a similar
geometrical interpretation of Rest (P, Q) in the general case, as the area of a union
of rectangles below the Newton polygon N, (PQ) = N, (P) + N, (Q). See Figure
16.

FIGURE 16

Our aim is to compute v(Res(P,Q)) as a sum of several Res (P, Q) for an ade-
quate choice of types t. To this end, we want to compare types attached to P and
@, and this is not easy because in the definition of the sets t.(P), t.(Q), we had
freedom in the choices of the different representatives ¢;(z). For commodity in the
exposition, we assume in this section that these polynomials are universally fixed.

Convention. We fix from now on a monic lift ¢;(z) € O[z] of every monic ir-
reducible polynomial ¥(y) € F[y]. We then proceed recursively: for any type
of order i, t = (¢1(x); A1, P2(x);- - 5 Aiz1, i(@); Ai, ¥i(y)), with 1 < ¢ < r and
d1(x), ..., ¢;(x) belonging to the infinite family of previously chosen polynomials,
we fix a representative ¢;11(x) of t. Also, we assume from now on that all types
are made up only with our chosen polynomials ¢;(x).

Once these choices are made, the set t,.(P) is uniquely determined by r and P(x).
More precisely, t,.(P) is the set of all types t of order r such that wf, ,(P) > 0 and
the truncation Trunc,_1(t) is not P-complete; in other words,

t.(P) = {t type of order r such that w! ,(P) >0, wt(P) > 1}.
However, in view of the computation of resultants, we need a broader concept of
“type attached to a polynomial”.

Definition 4.3. For any monic polynomial P(z) € Olz|, we define
t.(P) := {t type of order r such that wt_ ;(P) > 0} D t,.(P).

The following observation is a consequence of the fact that w? 41 is a semigroup
homomorphism for every type t of order r.

Lemma 4.4. t,.(PQ) = t,(P) Ut,.(Q), for all monic P(z),Q(z) € Olx]. O

Note that the analogous statement for the sets t,.(P) is false. For instance, let
P(z),Q(x) be two monic polynomials congruent to the same irreducible polynomial
¥ (y) modulo m. We have to(P) = to(Q) = {¢(y)} = to(PQ), and the type of order
zero (y) is P-complete and Q-complete; thus, t1(P) = 0 = t1(Q). However, 9 (y)
is not PQ-complete, and t;(PQ) # 0.
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We can build the set ET(P) in a constructive way analogous to that used to
construct t,.(P). To this end, the P-complete types of order r — 1 must be expanded
as well to produce types of order r. Thanks to our convention about fixing a
universal family of representatives of the types, these expansions are unique.

Lemma 4.5. Let P(z) € Olz] be a monic polynomial. Let t be a P-complete type
of order r — 1 with representative ¢.(x) and suppose that P(x) is not divisible by
¢p() in Olx]. Then, t can be extended to a unique type t' € t,.(P) such that
Trunc,_1(t") = t. The type t’ is P-complete too.

Proof. By Lemma 217, N~ (P) has length one and finite slope A\, € Q~; hence,
deg Ry, (P) = 1. Let 9,(y) be the monic polynomial of degree one determined by
Ry (P)(y) ~ ¥r(y). The type t' = (t; A, - (y)) is P-complete and it is the unique
type of order r such that Trunc,_;(t") =t and w;ﬁ'_i_l(P) > 0. In fact, let us check
that wﬁl_{_l(P) = 0 for any t” = (t; A\, 4;(y)) # t'. If A # A, then Ry, (P) is a
constant; if Al = A, but ¥,.(y) # 1. (y), then ¢, (y) cannot divide Ry, (P)(y). O

Lemma 4.6. Let P(z) € Olx] be a monic polynomial. Then, t.(P) = 0 if and
only if all irreducible factors of P(x) are the representatives of some type of order

0,1,...,7 — 1. Moreover, if P(x) is irreducible and t,.(P) # 0, then |t,.(P)| = 1.

Proof. By Lemma 4] we can assume that P(z) is irreducible. If P(x) = ¢s(z) is
the representative of some type of order s — 1 < r — 1, then N,(¢s) is one-sided of
slope —oo; hence, Ry, (¢s) is a constant for every A\; € Q, and wg;l(gbs) =0, for
every type t’ of order > s. Thus, t,.(¢s) = 0, for all » > s. Otherwise, the theorems
of the polygon and of the residual polynomial show that the unique element of
to(P) can be successively extended to a unique element of t;(P),...,t,.(P). O

Definition 4.7. For any pair of monic polynomials P(z), Q(z) € O[z], we define
Res, (P, Q) := Z Res¢ (P, Q).

The following two lemmas are an immediate consequence of Lemmas .2 and [£4

tGET—l(P)QET—I(Q)

Lemma 4.8. The following conditions are equivalent:

(1) Besr-i-l(gv Q) =0.

(@) t(P) i@ =0.

(3) Forallt € t,—1(P)Nt,—1(Q) and all N\, € Q~, the residual polynomials of
r-th order, Ry, (P)(y), R, (Q)(y), have no common factor in F,[y]. O

Lemma 4.9. For any three monic polynomials P(x), P'(x), Q(x) € Olz], we have
Res,(PP’,Q) = Res, (P, Q) + Res,. (P, Q). O

Theorem 4.10. Let P(x),Q(x) € O[z] be two monic polynomials having no com-
mon factors. Then,

(1) ’U(RCS(P7 Q)) > Resl(P7 Q) +e RGST(P, Q)) and
(2) equality holds if and only if Res,+1(P,Q) = 0.

Proof. Let us deal first with the case where P(z), Q(z) are both irreducible and
t,_1(P) = t,_1(Q) = {t}, for some type t. Let ¢,(x) be the representative of t.
For 0 < i < r, let E;, H; be the length and height of the unique side of N;(P),
and E!, H be the length and height of the unique side of N;(Q). By Lemma [0
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neither P nor @ is equal to ¢1,...,¢,_1, and by Lemma 2.4 P and Q are both of
type t; hence, 0 < E;E!, 0 < H;H] < 0o, and H;/E; = H//E!, for all 1 <i < r.

Suppose that —\, := H,./F, < H./E/ =: —\/.. Since P, Q cannot be both equal
to ¢, (z), we have P(x) # ¢(r) and H, < co. Since,

Res(P.Q) = + ][, o P(0):  v(Res(P.Q)) = deg(Q) v(P(9)),

we need to relate v(P(6)) with the resultants Res; (P, Q).
If Q(x) # ¢ (x), the theorem of the residual polynomial shows that Ry, (Q)(y) ~

Y. ()™, for some monic irreducible polynomial ¥/.(y) € F,.[y] and some positive .
By applying Proposition [20 to the type of order r, t' = (t; A, ¢, (y)), we get

(39)  w(P(9)) > v}y (P)fer---errel = (vn(P) + H,)fer e,

the last equality by the definition of v;., ;. Also, equality holds in (39) if and only
if w1 (P) =0, where w;.,; is the pseudo-valuation of order 7 + 1 attached to t'.

o (PN

vr(P)

Ly,

FIGURE 17

If Q(x) = ¢r(z), then P(0) = ao(f), where ap(x) is the 0-th coefficient of the
¢r-adic development of P(z). By Proposition 29 v(ap(0)) = v.(agp)/e1---er—_1,
and by Lemma 27 v,(ag) = v,(P) + H,. Thus,

v(P(0)) = (v (P) + Hy)/er - er—1.
In both cases, deg Q@ = m,w,(Q) = foe1f1---er_1fr—1E., by Lemma 22l If we

apply recursively v,y1(P) = es(vs(Ps) + Hy), El = (esfs) 'EL foralll <s <r,
and v1(P) = 0, we get

o(Res(P, Q)) = deg(Q)o(P(8)) = deg Q (v,(P) + H,)/e1 -+~ e,1
— fo- -+ frr EL(vn(P) + H,)

= 2:21 fO e fs—lE;Hs = Z::l ReSS(P7 Q)a

and equality holds if and only if either Q@ = ¢,, or Q@ # ¢, and w;,(P) = 0.
If Q = &, then t.(Q) = 0 and Res,1(P,Q) = 0. If Q # &,, the condition
Y. 1 Ry (P) is equivalent to item (3) of Lemma .8 because Ry (P)(y) ~ ¥r(y)*
for some irreducible ¢,.(y) € F.[y], and Rx»(P)(y) is a constant for any negative
rational number A’ # \.. This ends the proof of the theorem in this case.
Assume now that P(z) and Q(x) are both irreducible, but t,_;(P)Nt,_1(Q) = 0.
If to(P) Nto(Q) = 0, then Res; (P, Q) = --- = Res,1(P, Q) = 0, by definition; on
the other hand, v(Res(P,Q)) = 0, because P(z) and Q(x) have no common factors
modulo m. Hence, the theorem is proven in this case. If ‘EO(P) N EO(Q) #0,let 1<
s < r be maximal with the property t,_ 1 (P)Nts_1(Q) # 0. Clearly, Res,(P,Q) =0
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for all r > s; thus, we want to show that v(Res(P,Q)) = Res1(P,Q) + --- +
Res; (P, @), and this follows from the proof of the previous case for r = s.

Now let P(x) = Pi(x) - - Py(z), Q(z) = Q1(z) - - - Qg (x) be the factorizations of
P(z), Q(z) into a product of monic irreducible polynomials in O[z]. We know that
v(Res(P;,Qj)) > Res1(P;, Q;)+- - -+ Res, (P, Q;) for all 4, j; thus, item (1) follows
from Lemma 9] and the bilinearity of resultants. Equality in item (1) holds if and
only if it holds for each pair P;, @;; that is, if and only if Res,+1(F;, Q;) = 0, for
all 4, 7. This is equivalent to Res,+1(P, Q) = 0, again by Lemma O

We end this section with an example that illustrates the necessity to introduce
the sets t,.(P). Let O = Z,, P(z) = x+p, Q(x) = x+p+p'°, and let to = y € F[y].
Clearly, to(P) = {to} = to(Q), and t¢ is both P-complete and Q-complete, so that
t1(P) =0 = t1(Q). If we take ¢1(z) = z, we get Res; (P, Q) = Resy, (P, Q) = 1,
whereas v(Res(P, @)) = 100. Thus, we need to consider the expansions of ty to
types of higher order in order to reach the right value of v(Res(P, @)). The number
of expansions to consider depends on the choices of the representatives ¢;(x); for
instance, if we take t = (z; —1,y+1), with representative ¢o(z) = 2+ p, we already
have Resz(P, Q) = 99.

Nevertheless, the sets t,(P) were introduced only as an auxiliary tool to prove
Theorem In practice, the factorization algorithm computes only the sets
t,.(P), as we shall show in the next section.

4.2. Index of a polynomial and index of a polygon. All representatives of
types are still assumed to belong to a universally fixed family, as in the last section.

Let F(z) € O[z] be a monic irreducible polynomial, 6 € @p a root of F(z), and
L = K(0). Tt is well known that (Or: O[f]) = |F|"4(F) for some natural number
ind(F) that will be called the v-indez of F(z). Note that

ind(F) =v(Or: O9)/[K: Qpl.
Recall the well-known relationship, v(disc(F')) = 2ind(F') 4+ v(disc(L/K)), linking
ind(F') with the discriminant of F(x) and the discriminant of L/K.

Definition 4.11. Let f(x) € O[x] be a monic separable polynomial and f(z) =
Fi(z) - - Fy(x) its decomposition into the product of monic irreducible polynomials
in O[z]. We define the index of f(x) by the formula

k
ind(f) := Y _ind(F;) + ZKKM v(Res(Fy, Fj)).
i=1 - -

Definition 4.12. Let S be a one-sided principal polygon, and denote E = £(5),
H=H(S),d=d(S). We define

l _ _ . .

ind(S) := s(FH - E—H+d), ifS ha§ finite slope,
0, otherwise.
Let N = 51 4+ ---+ 5, be a principal polygon, with all sides of positive length,
ordered by increasing slopes —oo < A1 < -+ < Ay. We define
g

ind(N) := Z ind(S;) + Zl<i<j<9 Eild.
i=1 ==

If Sy has slope —oo, then it contributes Ey Han(N) to ind(NV), where Hg,(N) is
the total height of the finite part of V.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NEWTON POLYGONS OF HIGHER ORDER 405

Remark 4.13. Note that ind(N) = 0 if and only if either N is a single point, or N
is one-sided with slope —oo, or N is one-sided with £ =1 or H = 1.

Remark 4.14. The contribution of the sides of finite slope to ind(V) is the number
of points with integer coordinates that lie on or below the finite part of IV, above
the horizontal line L that passes through the last point of N, and to the right of
the vertical line L’ that passes through the initial point of the finite part of N.

For instance, the polygon in Figure 18 has index 25, the infinite side contributes
18 (the area of the rectangle 3 x 6) and the finite part has index 7, corresponding
to the marked seven points with integer coordinates, distributed into ind(S;) = 2,
1nd(52) = 1, E1H2 =4.

L
Ty--mmm-- ,
s
o [ "L
0 3 8

FIGURE 18

Let ig < i1 be the respective abscissas of the starting point and the last point of
the finite part Ng, of N. For any integer abscissa ig < i < i1, let y; be the distance
of the point of N of abscissa i to the line L. Clearly, we can count the points with
integer coordinates on or below Ng,, above L and to the right of L', as the sum of
the points with given abscissa:

(40) ind(Nen) = [ig+1] + -+ + [yi,-1]-
For instance, in Figure 18 we have y, =4, y5 = 2, y¢ = 1 and y; = 0.
Definition 4.15. Let P(z) € O[z] be a monic and separable polynomial. Let t be
a type of order r — 1 and ¢, (x) a representative of t. We define
ind¢(P) := fo - fr—1ind(N,7(P)),

where N,.(P) is the Newton polygon of r-th order with respect to t and ¢, (z).
For any natural number r > 1 we define

ind,(P) := ZtetH(P) indg (P).

Since the Newton polygon N, (P) depends on the choice of ¢, (x), the value of
ind(P) depends on this choice too, although this is not reflected in the notation.

Lemma 4.16. Let P(x) € O[z] be a monic and separable polynomial.

(1) Let t be a type of order r, and suppose that t & t.(P) or t is P-complete.
Then, ind¢(P) = 0.

(2) Ift,.(P) = t,.(P)*°™P! then ind, 1 (P) = 0.

(3) Ifind,.(P) =0, then t.(P) = t,.(P)®°mp!,
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Proof. It t & t,.(P), then either w,41(P) = 0 or w,(P) = 1. If t is P-complete, then
wry1(P) = 1. By Lemmas2.2land 217 in all cases /(N ;(P)) = wr41(P) < 1, and
ind¢(P) = 0 by Remark This proves item (1), and item (2) is an immediate
consequence.

If ind,.(P) = 0, then ind¢(P) = 0 for all t € t,_1(P). For any such t we have
wy(P) > 0, so that N (P) is not a single point. By Remark .13 N, (P) is one-
sided with either slope —co, or length one, or height one. In the first case P(x) is
divisible by the representative ¢,(x) of t and w,(P) = (N, (P)) = ordg, (P) = 1,
because P(z) is separable; thus, t is P-complete and t is not extended to any type in
t,(P). If N (P) is one-sided with finite slope A, and the side has degree one, then
the residual polynomial Ry, (P)(y) has degree one. Thus, t is either P-complete
or it can be extended in a unique way to a type t' € t,.(P); in the latter case,
necessarily wﬁ;l(P) =1 and t’ is P-complete. This proves item (3). O

Lemma 4.17. Let P(x),Q(x) € Olz] be two monic and separable polynomials,
without common factors, and let t be a type of order r — 1. Then,

indt (PQ) = indt (P) + indt (Q) + Rest (P)7 Q),
ind, (PQ) = ind,(P) + ind,(Q) + Res, (P, Q).

Proof. For simplicity, in the discussion we omit the weight fj - - - f,.—1 that multiplies
all terms in the identities.

All terms involved in the first identity are the sum of a finite part and an infinite
part. If P(2)Q(z) is not divisible by ¢,(z), all infinite parts are zero. If ¢,.(x) di-
vides (say) P(z), then the infinite part of ind¢ (PQ) is orde, (P)(Hsin(P)+ Hen(Q)),
the infinite part of ind¢(P) is ordy, (P)Hpn(P), the infinite part of ind¢(Q) is zero,
and the infinite part of Resg (P, Q) is ordy, (P)H(Q), by ([B8). Thus, the first iden-
tity is correct, as far as the infinite parts are concerned.

The finite part of the first identity follows from N, (PQ) = N, (P) + N, (Q)
and Remark T4l Let N = N,7(PQ) and let R be the region of the plane that
lies on or below N, above the line L and to the right of the line L', as indicated
in Remark 141 The number ind¢(PQ) counts the total number of points with
integer coordinates in R, the number ind¢(P) + ind¢(Q) counts the number of
points with integer cordinates in the regions determined by the right triangles whose
hypotenuses are the sides of N, (P) and N, (Q). The region of R not covered by
these triangles is a union of rectangles and Res (P, Q) is precisely the number of
points with integer coordinates of this region.

In order to prove the second identity, we note first that for any monic separable
polynomial R(x) € O[z],

ind,(R) = Zteer_l(m ind; (R),

by item (1) of Lemma Now, if we apply this to R = P,Q, PQ, the identity
follows from the first one and Lemma [£4] keeping in mind that ind¢(Q) = 0 =
Resi(P,Q) if t € t,_1(Q), because N,~(Q) is a single point. O

We are ready to state the theorem of the index, which is a crucial ingredient of

the factorization process. It ensures that an algorithm based on the computation of
the sets t,.(f) and the higher indices ind,(f) obtains the factorization of f(z), and
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relevant arithmetic information on the irreducible factors, after a finite number of
steps. Also, this algorithm yields a computation of ind(f) as a by-product.

Theorem 4.18 (Theorem of the index). Let f(z) € O[z] be a monic and separable
polynomial. Then,

(1) ind(f) > inds(f) + - - - + ind,(f), and
(2) equality holds if and only if ind,1(f) = 0.

Note that Lemma 16 and this theorem guarantee the equality in (1) when-
ever all types of t,.(f) are f-complete. Also, Theorem I8 shows that this latter
condition will be reached at some order r.

Corollary 4.19. Let f(z) € O[z] be a monic and separable polynomial. There
exists v > 0 such that all types in t,.(f) are f-complete, or equivalently, such that

tr-H(f) = 0.
Proof. By the theorem of the index, there exists r > 1 such that ind,.(f) = 0, and
by item (3) of Lemma EI6] this implies t,.(f) = t,.(f)c™PL O

In the next section we exhibit an example where the factorization is achieved in
order three. More examples, and a more accurate discussion of the computational
aspects, can be found in [GMNOS].

4.3. An example. Take p = 2, and f(z) = 2* + az? + bx + ¢ € Z[z], with
v(a) > 2, v(b) = 3, v(c) = 2. This polynomial has v(disc(f)) = 12 for all a,b,c
with these restrictions. Since f(z) = 2* (mod 2), all types we are going to consider
will start with ¢1(z) = 2. The Newton polygon Np(f) has slope A\ = —1/2,
and the residual polynomial of f(z) with respect to A1 is Ri(f)(y) = v*> +1 =
(y +1)? € F, where F is the field with two elements. Hence, t1(f) = {t}, where
t = (z;—-1/2,y+1). We have e; = 2, fp = f1 = 1 and wa(f) = 2, so that t is
not f-complete. The partial information we get in order one is ind;(f) = 2, and
the fact that all irreducible factors of f(z) will generate extensions L/Qs with even
ramification number, because e; = 2.

2
1 X

o 1 2 3 4

FIGURE 19

Take ¢o(x) = 22 — 2 as a representative of t. The ¢o-development of f(z) is
f(@) = ¢2(2)* + (a+ 4)2(w) + (br +c + 2a + 4).
By Proposition 277 and ({I6l), we have
va(z) =1, va(ga) =2, vala+4) >4, vao(bx) =7, va(c+2a+4) > 6.

Hence, according to v(c+ 2a +4) = 3 or v(c+ 2a +4) > 4, the Newton polygon of
second order, Na(f), is shown in Figure 20.

If v(c+2a+4) > 4, No(f) is one-sided with slope Ay = —3/2, and Ra(f)(y) =
y+ 1. The type t’ := (x;—1/2,2% — 2; =3/2,y + 1) is f-complete and t2(f) = {t'}.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



408 JORDI GUARDIA, JESUS MONTES, AND ENRIC NART

7
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5 5 X
4 4

0 1 2 0 1 2
v(ic+2a+4)=3 vic+2a+4)>4

FIGURE 20

We have e; = 2, fo = 1. Thus, f(x) is irreducible over Zs[z], and it generates
an extension L/Qy with e(L/Q2) = eres = 4, f(L/Q2) = fofif2 = 1. Moreover,
inds(f) =1, so that ind(f) = ind; (f) + inda(f) = 3.

If v(c+ 2a +4) = 3, Na(f) is one-sided with slope Ao = —1, and Ra(f)(y) =
y?+1 = (y+1)2 The type t' := (z;-1/2,22 — 2; -1,y + 1) is not f-complete,
t2(f) = {t'}, and we need to pass to order three. We have hg = e3 = fo = 1
and indy(f) = 1. Take ¢3(x) = 22 — 2z — 2 as a representative of t’. The ¢3-adic
development of f(x) is

f(z) = ¢3(x)® + (4o + a + 8)¢p3(x) + (b + 2a + 16)x + ¢ + 2a + 12.
By Proposition 277 and ([I6l), we have
v3(z) =1, vs(g3) =3, vs(dx) =5, vz(c+2a+12) > 8,
4, ifv(a) =2, >9, ifwu(a)=2,
5, ifv(a) >3, 7, if v(a) > 3.
In Figure 21, we show three possibilities for the Newton polygon of third order.

8
7 7
64 . 6
o 1 2

of 1 2 of 1 2

vs(dx +a+8) = { vg((b+2a+16)x):{

v

o N o ©

v(a) =2, v(a) = 2,
v(a) >3 vic+2a+12) =4 v(c+2a+12)>5
FIGURE 21

If v(a) > 3, N3(f) is one-sided with slope A3 = —1/2, and R3(f)(y) = y+1. The
type t" := (x;—1/2, pa(x); =1, p3(x); —1/2,y + 1) is f-complete and t3(f) = {t"}.
We have e5 = 2, f3 = 1. Thus, f(x) is irreducible over Zs[x], and it generates
an extension L/Qq2 with e(L/Q2) = ejeses = 4, f(L/Q2) = fofifofs = 1. Also,
inds(f) = 0, so that ind(f) = indy (f) + inda(f) + ind3(f) = 3.

If v(a) = 2 and v(c+ 2a + 12) = 4, N3(f) is one-sided with slope A3 = —1, and
R3(f)(y) = y*+y+1. The type t” := (z;-1/2, ¢a(x); =1, d3(2); =1, 4> +y+1) is f-
complete and t3(f) = {t”}. We have e3 = 1, f3 = 2. Thus, f(x) is irreducible over
Zs[x], and it generates an extension L/Qq with e(L/Q3) = e1eqez = 2, f(L/Q2) =
f0f1f2f3 = 2. 1AISO7 1I1d3(f) = 1, so that 1nd(f) = 1nd1(f) + lndg(f) + 1nd3(f) =4.
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If v(a) = 2 and v(c + 2a + 12) > 5, N3(f) has two sides with slopes A3 < —2,
Az = —1, and Ry, (f)(y) = R, (f)(y) = y + 1. There are two types extending t":

t1 = (2;-1/2, ¢2(2); =1, 3(2); A3, y + 1),

th = (z;-1/2, p2(x); =1, Pp3(x); =1,y + 1).
Both types have e = f3 = 1, they are both f-complete and t3(f) = {t{,t5}.
Thus, f(z) has two irreducible factors of degree two over Zs[x], and both generate
extensions L/Qq with e(L/Q2) = 2, f(L/Q2) = 1. Finally, ind3(f) = 1, so that
ind(f) = ind; (f) + ind2(f) + inds(f) = 4.

In the final design of the Montes algorithm as presented in [GMNO§], this poly-
nomial f(x) is factorized already in order two. In the case v(c+ 2a +4) = 3 the
algorithm considers ¢3(x) = 2% — 22 — 2 as a different representative of type t, in
order to avoid the increase of recursivity caused by the work in a higher order. See
[GMNO8|, Sec.3] for more details on this optimization.

4.4. Proof of the theorem of the index. Our first aim is to prove Tiheorem
EI8 for f(x) € O[z] a monic irreducible polynomial of degree n such that t,.(f) is
not empty. By Lemma I8, £,(f) = {t} for some ¢ = (61(2); - , 60 (2); A 1 (1)),
and f(x) # ¢s(x) for s = 1,...,r. By Lemma 24 f(z) is of type t and n =
My 1Wrt1(f)-

For 1 <s <, let E,, Hy,ds be the length, height and degree of the unique side
of Ns(f). Note that E; > 0, because f(z) is of type t, and 0 < Hs < 0o, because
f(z) # ¢s(x). By the theorem of the residual polynomial, Ry, (f) ~ . (y)*", for
a, = (J.)r+1(i) > 0.

Let 6 € Q, be aroot of f(z), L = K(f), and let us fix an embedding I, [y]/v(y)
— Fp, as in ([B6). We introduce some notation:

vs = v(0s(0)) =i eifi - es—1fs—1 i -, forall 1 <s<r,

€1...€;
vj = jiv1 + -+ jrrr € Q, for all j = (jo,...,jr) € N TL
) fiopy (6)71 ... ¢, (0)Ir
B(j) = #1(0) or(0)

WL”.iJ
bO = fO; bs = esfsu for 1 <s< T br = erf'ra'r‘>

€ Oy, for all j = (jo,...,j) € N'TL

Ji={JeNT0< ], <b,0<s <7}

Lemma 4.20. Let O} C Oy, be the sub-O-module generated by {®(j) | j € J}, and
denote ¢ = |F|. Then,

(1) Of is a free O-module of rank n, with basis {®(j) | j € J},

(2) O[f] C O}, and (O, : O[F]) = g>ies Vi),
Proof. Clearly, |J| = n, and the numerators of ®(j), for j € J, are monic poly-
nomials of degree 0,1,...,n — 1. Thus, the family {®(j) | j € J} is O-linearly

independent. This proves item (1) and O[] C O} . Finally, since the numerators
of ®(j), for j € J, are an O-basis of O[F):

o/01) ~ [[= oo~ [ o/xlo,
jeJ jeJ

and since |O/7O| = ¢*, we get (O} : O[f]) = ¢>ies 1], 0
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Our next step is to prove that O} is actually an order of Op. To this end we
need a couple of auxiliary results.

Lemma 4.21. Let Q(z) = Y50 i 0es@Ga°o1(x)t ... dri(x)/—, for
some a; € O. Then,
v(Q(0)) = min{v(a;) + v5 | j = (Jo, - .-, Jr—1,0) € J}.

Proof. Since deg @Q < m,., we have v(Q(0)) = v,(Q)/e1 - - e,—1, by Lemma 22 and
Proposition Let us prove that v(a;) +v5 > v,.(Q)/e1 - - - e,—1, by induction on
r > 1. If r =1 this is obvious because v1(Q)) = min{v(a;)}. Let r > 2 and suppose
the result is true for r — 1. For each 0 < j,._1 < b._1, consider the polynomial

. — . pJo J1 Jr—2
Qi (@) =D ey WO b (@),
where j = (o, .-, Jr—2,Jr—1,0) in each summand. Clearly,

Q@)= Qi @sa(a)

is the ¢,_1-adic development of @Q(z). By item (4) of Proposition 27 the theorem
of the polygon and the induction hypothesis we get

UT‘(Q)/eT—l = 0<i min {Ur—l(er—1) +j7‘—1(v7‘—1(¢r—1) + |)\r—1|)}

<jr—1<br_1

- OSjTIzlliEbr_l{Ur_l(QjTil) + jr—lel e 67"—2Vr—1}

S €1 €pr_2 (/U(aj) +j1V1 + - +j'r72yrf2 +j'rfly'r71) .

Lemma 4.22. Letj = (jo,...,j) € N1
(1) Forall0<s<r,

q>(j07 e ;js—lajs + bs7js+1a e 7j7‘) = 7T5jd(1>(j07 cee 7js7js+1 + 17js+2a e 7j7‘)

. o
* ZJ’:(jéx-~'7j§;07~~~>0)€J Gy 20+,

for some nonnegative integer ;s and some c; 5 € O.
(2) ®(Jo,---ydr-1,Jr +br) = Ej’eJ ¢, @G +1Ji), for somecyy € O.
Proof. Let 0 < s < r, and denote ¢o(z) = z, vy = 0, ¢¢ = 1. The polynomial

Q(z) = ¢s(x)% — dsr1(x) has degree less than ms, 1 = bymy; hence, it admits a
development

Qlx) = Zj/:%,.‘ ag 290 ¢y ()71 ... gy (x)e,

30,0,..,00e] I

for some ay € O. If we substitute ¢s(z)% = ¢si1(z) + Q(z) in ®(jo, ..., fs—1,Js +
bsy Js+1s---,Jr) we get the identity of item (1), with

Gjo = lvg+vepr) = [y +bevs], ¢y = ay mlotwlmltbove],
Clearly,
herl
Vs41 = esfsl/s + —> bsl/s,
el P eS-‘rl

so that 05, > 0. Also, ve11 > bsvs implies that v(Q(6)) = bsvs, and by the above
lemma we have v(aj ) + vy > bsvs. This shows that v(cjj) > 0.
Item (2) follows by identical arguments, starting with Q(z) = ¢, ()b — f(x). O
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Proposition 4.23. The O-module O, is a subring of Of.

Proof. For all j, j’ € J we have ®(j)®(j') = °®(j+J), with 6 = |vj+vy | — [v5] —
|vy | € {0,1}. Thus, it is sufficient to check that ®(j) € O, for all j € N' 1,

Forany 0 < s < r+1,let Jg := {j = (jo,--.,jr) EN"TL |0 < gy < b, s <t <7}
Note that Jog = J, Jr41 = Nr+1. Consider the condition

(is) d(j) € O, for all j € Js.

By the definition of O}, the condition (ig) holds, and our aim is to show that
(4r+1) holds. Thus, it is sufficient to show that (i) implies (i541), forall 0 < s <r.
Let us prove this implication by induction on js. Take jo = (jo,...,Jr) € Jst1-
If 0 < js < bs, condition (i541) holds for jo. Let js > bs and suppose that
D(Jhs -y Jh 12Ty Jag1s---»dp) € Op, forall g, ..., 50 1 € Nyall 0 < j < js, and all
0 <ji <by, fort>s.

By item (2) of the last lemma, applied to j = (jo,.-.,Js—1,Js — bs,0,...,0):

(41) O(jo, s Js1rds = b 0,0, 0,0) = Y 5@+ if s <,
j'ed

and @(jo, ..., jr) = Dy .y (G+J) if s=7. In both cases, the terms ®(j+j’)
belong to O}, because the s-th coordinate of j+j' is js —bs +j, < js. In particular,
if s = r we are done. If s < r we apply item (1) of the last lemma to j =
(jOa e 7js—17js - bsajs-‘rlv .. aj’r) and we get

D(jo) = T ®(Jo, - - - Js — bss fst1 + 1 Jstas-- - r)
. .,(I) H s/ .
+ ZJ’:(J'{),WJQ,O,W,O)GJ Gy P +T)

The last sum belongs to O} by the same argument as above. Thus, we need only
to show that the term ®(jo,...,Js — bs, Js+1 + 1, Js+2,-..,7r) belongs to O} too.
If js41 + 1 < bsyq, this follows from the induction hypothesis. If jsy1 +1 = bsyq
and s = r — 1, this is clear by {I). Finally, if jo41 +1 = bsyq1 and s < r — 1,
we can apply item (1) of the last lemma again to see that it is sufficient to check
that ®(jo,...,Js — bs,0,js+2 + 1,...,j,) belongs to O}. In this iterative process
we conclude either by (I, or because we find some j; + 1 < b;. O

We still need some auxiliary lemmas. The first one is an easy remark about
integral parts.

MJ:@J_

Lemma 4.24. For allz € R and e € Z~o, we have ) o) . {
= e

k
Proof. The identity is obvious when z is an integer, 0 < z < e, because LiJ =1
e

for the x values of k such that e — x < k < e, and it is zero otherwise.

Write z = n+e€, with n = || and 0 < e < 1; clearly, |[(x +k)/e|] = [(n+k)/e],
because €/e < 1/e. Consider the division with remainder, n = Qe + r, with
0 <r <e. Then,

O LELT D S R L R

0<k<e 0<k<e
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Lemma 4.25. Take ey = 1, hg = 0 by convention. Every j € N'*1 can be written
uniquely as j =3 +j’, with j’, j” belonging respectively to the two sets:

J =i = by Jl) eNTTL0< L <eg, forall0<s<r}CJ,
J" =" =Y, i) e Nt 7 =0 (mod es), for all0 < s <r}.

Then, for any i = (ko, e1k1, ..., e kr) € J", there is a unique i = (34,...,45.) € J
such that v(®(j’ +j")) = 0. Moreover, j. =0, and j. depends only on ksi1,..., k.,
for0<s<r.

Proof. For any j € N"T1 denote by \; the positive integer

T S
Aji=er-ep vy = E Js E eifi - -es—1fs—1€ip1--erhy
s=1 =1

T s
=y <theifi : "et—lft—1> €it1- - erh.
i=1 \i=i

Clearly,
Aj Aj
(42) o(@®() =5~ ) = — J —- Lal"J' eTJ.
Thus, v(®(j)) = 0 if and only if A\; = 0 (mod e;---e,). Now define, for each
0<s<r,
T T
Aj,s = Jshsesp1---ep + Z (theifi - €t—1ft—1> €it1 - erhy.
i=s+1 \t=i

Note that \j ¢ depends only on js,...,Jr, and Ajo = Aj, Aj,» = jrh,. Clearly,

r
)\j,s - /\j,s+1 = jshses-i-l sl + ( Z jtes+1fs+1 ce et—lft—l) €542 erhs-i-h
t=s5+2

for all 0 < s < r. In particular, A\j s = A\j s41 (mod es4q---e,), and
Aj=0(mode---e) < XA,=0(modes e, forall 1 <s<r.
The condition Aj, = 0 (mod e,) is equivalent to j, = 0 (mod e,). On the other

hand, for 1 < s < r, the condition ;s =0 (mod e, - -e,) is equivalent to

Aj,s+1 =0 (mod egq1---e,), and

. r . >\',s
jshs + (Zt:s+2 jt(ferl e ftfl)(es+2 e etfl)) hs+1 + Dbt

=0 (mod ey).
es+1 SRR

Thus, the class of j; modulo eg is uniquely determined, and it depends only on

js+la"'7jr~ O

Corollary 4.26. Let k = (ko,...,k.) € N*L and let j = j + (ko,e1k1, ..., e.ky),
where j' is the unique element in J' such that v(®(j)) = 0. Then,

o(j) = gkO’Yl (9)k1 . 'Vr(g)k“h (9)“ . '%’71(9)1-7,71’

for some integers i1, ...,i.—1. Moreover, each is depends only on ksy1,..., k.
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P?”OOf. By Lemmam j = (kOaji + elkla s 7.7'71‘—1 + eT—lkr—herkr)' By (H)a

’Ys(@)ks = w0y (6)"1 - - .¢s(9>esk,;7
for all 1 < s < r, with integers n,; that depend only on k. Hence,

()00 () -y (0) T = w091 (0)™ - o (6)"

for integers n, that depend only on j, and kg1, ..., kr; hence they depend only on
kst1,..., k.. By Corollary B2l v(n™0¢1(0)™ -+ ¢,.—1(6)" 1) = 0, and by Propo-
sitions 2.9 and we have v (7™ ¢y ()™ -+ ¢pp_1 ()" 1) = 0. By Lemma 2T6]
this rational function can be expressed as a product ~;(x)% -+ ~,_1(x)"-1, with
integers 41, ...,4,—1 such that each is depends only on ng,...,n,_1, that is, on
ko1, ke O

Corollary 4.27. Letj, = ji+j", jo = j5+3j", for some ji,j5 € J', j’ € J'. Then,
v(®(j1)) = v(®(j2)) if and only if j1 = jo. In particular,

{w@@G) |jeJt={kle1-e |0<k<er- e}

Proof. Let j» = (j1,0,---J1,r)s 2 = (§2,05..-J2.r). With the notation of Lemma
425 [@2) shows that

v(@(1)) = v(®(2)) == Aj, = Aj, (mod e - -e,)
< Nj1,s = Ajp,s (mod €5+ --e,), forall 1 <s<r.

For s = r this is equivalent to j;, = j2,. Also, if j1; = jo; for all t > s,
then Ny, s — Ajps = (J1,5 — J2,5)Rs€st1 - - €, SO that Xy, s = Ay, s (mod eg---€,) is
equivalent to ji,s = jos.

Finally, it is clear that |J'| = ey - - - e,-, and we have just shown that the elements
v(®(j)), j € J, take e;---e, different values, all of them contained in the set
{kfe1---e, |0<k<ey---e.} by [@2). O

Proposition 4.28. If t is f-complete, then O} = Or. Moreover, the family of all
D)D), forje Jo:={je J|v(®(F) =0} and j € J', is an O-basis of Or,.
Finally, if L/ K is ramified, there exists j’ € J' such that mp, = ®(j')Oy,.

Proof. Corollary B8] shows that e(L/K) = ey --e., f(L/K) = fofi-+ fr- By
Corollary .27 we have {v(®(j")) | i € J'} ={0,1,...,e(L/K)—1}; in particular,
if e(L/K) > 1, there exists j’ € J' such that v (®(j’)) = 1. By Lemma 2]
|Jo| = fof1--- fr = dimp, Fr, and each j € Jy is parameterized by a sequence
(koy- .- kr), with 0 < ks < fg for all 0 < s < r. By item (4) of Proposition
BA Fr, = Fx(70(6),...,7(0)), where vo(z) := x. Recall that z; = ;(6) for all
0 < i < r, under our identification of F, ;1 := F,[y]/¢.(y) with Fy.

By Corollary [£.20]

D(§) = zho i (g )eroatiema ke — Sho Ky (ko o Ey) TRy,

where Ty(ks, ... k) = 2Fs(z,_1)%-1, for s > 2. Now, the family of all ®(j) for
j € Jo is an Fg-basis of Fy. In fact, the set of all T',.(k,.) for 0 < k, < f,. is
an F,-basis of F;, = F,, 1, because they are obtained from the basis 2, just by

multiplying every element by the nonzero scalar zf_"_’f € IF,., which depends only on
k,. Then, the set of all T (kyr—1, k)T (ky) for 0 < kg < fro1,0 < k. < fr,is an
F,_-basis of Fr, because they are obtained from the basis (z._1)*—1T,.(k,), just
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by multiplying every element by the nonzero scalar 2,5 € F,_1, which depends
only on k,_1,k,, etc.

Therefore, the e(L/K) f(L/K) elements ®()®(j'), j € Jo, j’ € J', are an O-basis
of Or. By Proposition [4.23] all these elements are contained in O}, and we have
necessarily O} = Op. O

Proof of Theorem BI8. Suppose first that f(x) € O[z] is a monic irreducible poly-
nomial, such that t,.(f) = {t}. In this case we have built an order O[f] C O} C Oy,
such that (for ¢ = |F|):

(43) (O1: 0f]) = ¢, (0} : O[f]) = gXsesln],

the last equality by Lemma .20l Therefore, in order to prove item (1) of Theorem
418 it is sufficient to show that

(44) SMlwl=fo > |yl =indi(f)+ - +ind(f).

ieJ 3=(0,41,.-r)€J

Let us prove this identity by induction on r > 1. For r = 1 we have ind; (f) =
foind(N1(f)), and jv1 = jlA1| = y;(N1(f)); thus, (@) was proved already in (Z0).
From now on, let » > 2. Both sides of the identity depend only on a,, fo and the
vectors e = (e1,...,e.), £ = (f1,..., fr—1), h = (h1,..., h;). Recall that

hi
vs = vs(e, £, h) Zeif“"esflfsfl

61...61‘.

If we denote € = (ea,...,e.), £ = (fa,..., fr—1), B = (ha,..., h,), it is easy to
check that, for every 2 < s <r:

ms _ 1 /el 1./
(45) I/S(e,f,h) m2f1h1 - 61 stl(e af 7h)

Let us show that the identity

fo Z {Z]SVS ef, hJ indy (f) + - - + ind,(f)

i=(0,41,....jr)€J  s=1

holds for any choice of a,, fo and e,f,h, under the assumption that the same
statement is true for » — 1. Write j; = jes + k, with 0 < j < f1, 0 < k < e1, and
let 0 < s < ey be determined by kh; = s; (mod ep). Then, by ({@5),

[ijsys(e,f, h)| = |jh+ k— + ngus (e.£,1) |

s=2

_Z]s_flhl +jhi + {k’h— + —ZJSVS (e, h/)J

s=2
. Mg ) h
= ;]s%flhl +jhi + \‘ke—llJ + \‘ZI; + — stJers (e, f’ h/)J
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Therefore, it is sufficient to check the two identities:

fo > (st:j—;flhl + i + [kﬁ—ij) = indy (f),

s=2

0<j< f1,0<k<e;

r—1
s 1 . . .
f 3 |25 2 D deava(@ £ )| = indy(f) £ ind ().
1 —
(0,0,52, ..., jr) € J s=1

0<j< f1,0<k<e

The integers 0 < i < (n/fo) are in 1-1 correspondence with the vectors (0, ji, ..., jr)
in J via

i = j1+ja(ma/fo) + -+ jr(m:/ fo).

Therefore, the left-hand side of the first identity is equal to fo Zogi <(n/fo) |_’LZ—11J,
which is equal to ind; (f) by {@Q). The second identity follows from the induction
hypothesis. In fact, the set {s; | 0 < k < e1} coincides with {0,1,...,e; — 1}, and
by Lemma the left-hand side of the identity is equal to

r—1

Jof Z {stJers(e/vf/’h/)J-

(0,0,2,....57)€J  s=1

Let us now prove the second part of the theorem. Suppose that ind(f) =
ind; (f) + -+ 4+ ind,(f). Let ¢,41(x) be the representative of t; if f(x) = ¢,41(z),
we have directly ind,1(f) = 0 because N,41(f) is a side of slope —oco. If f(x) #
¢ri1(x), then t,,1(f) # 0 by Lemma B8, and ind,1(f) = 0 by item (1) of the
theorem in order r + 1.

Conversely, suppose that ind,1(f) = 0. Lemma shows that all types in
t,+1(f) are f-complete, and Lemma shows that all types in t,,1(f) are f-
complete too. If t is f-complete, we have O7 = Of by Proposition E.28 and we
get ind(f) = indy(f) + --- + ind,(f), by (@3) and @4). If t is not f-complete,
we have in particular f(z) # ¢,+1(x), and we can extend t in a unique way to a
type t' = (t; A\r1, ¥r11(y)) of order r 4+ 1, which is f-complete by our assumption.
By Proposition {28, {@3]) and (@), applied to t’ in order r + 1, we get ind(f) =
ind; (f)+---+ind,(f) +ind, 1 (f) as above. Since ind,41(f) = 0, we have ind(f) =
ind;(f) + -+ + ind,(f), as desired. This ends the proof of the theorem in the
particular case we were dealing with.

Let us now prove the theorem in the other instances where f(x) is irreducible:
f(z) = ¢s(x) for the representative ¢s(x) of some type of order s — 1 < r —1 (cf.
Lemma [L6]). In this case, inds(f) = 0 because N4(f) is a side of slope —oco. Also,
if s < r we have indg41(f) = -+ = ind,.(f) = 0 by definition, because ts(f) = 0
by Lemma B8l Since f(x) # é1(z), ..., ¢s_1(z), we have t,_1(f) # 0 and we can
apply the theorem in order s — 1:

ind(f) =indy(f) + -+ +inds_1(f) = inds (f) + - - - + ind,-(f).

This proves both statements of the theorem and it ends the proof of the theorem
when f(x) is irreducible.
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In the general case, if f(z) = Fi(z)--- Fr(x) is the factorization of f(x) into a
product of monic irreducible polynomials, we have by definition
k

ind(f) =Y ind(F;)+ > v(Res(F, F))).

i=1 1<i<j<k

By Lemma [T7 an analogous relationship holds for every inds(f), 1 < s < r.
Hence, item (1) of the theorem holds by the theorem applied to each ind(F;), and
by Theorem Let us now prove item (2). By Lemma AT7 ind,.1(f) = 0
if and only if ind,41(F;) = 0 and Res,41(F;, F;) = 0, for all ¢ and all j # 1.
By the theorem in the irreducible case and Theorem [I0, this is equivalent to
ind(f) = ind1(f) + - - - + ind, (f). O
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