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A b s t r a c t  

A simple theory is presented for a nocturnal low-level jet (LLJ) 
over a planar slope. The theory extends the classical inviscid inertial-
oscillation model of LLJs to include up- and downslope motion in the 
boundary layer within a stably stratified environment. The particular sce-
nario considered is typical of LLJs over the Great Plains of the United 
States: southerly geostrophic wind over terrain that gently slopes down 
toward the east. First, an initial value problem for the coupled equations 
of motion and thermodynamic energy is solved for air parcels suddenly 
freed of a frictional constraint near sunset. The solution is an oscillation 
that takes, on the hodograph plane, the form of an ellipse having an east-
ward-oriented major axis and an eccentricity that increases with increas-
ing stratification and slope angle. Next, the notion of a tilted residual 
layer (TRL) is introduced and used to relate initial (sunset) air parcel 
buoyancy to free-atmosphere stratification and thermal structure of the 
boundary layer. Application of the TRL-estimated initial buoyancy in the 
solution of the initial value problem leads to expressions for peak jet 
strength and the slope angle that maximizes the jet strength. Analytical 
results are in reasonable qualitative agreement with observational data. 

Key words: low-level jet, inertial oscillation, planar slope, stable stratifi-
cation, residual layer. 

1. INTRODUCTION 
The nocturnal low-level jet (LLJ), also known as the southerly low-level jet, 
is a warm-season boundary-layer phenomenon that commonly occurs over 
the Great Plains of the United States and other places worldwide, typically in 
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regions east of mountain ranges or in the vicinity of strong land–sea temper-
ature contrasts (Stensrud 1996). Because the Great Plains is a region of fre-
quent LLJ occurrence, and has historically had good data coverage by 
operational and research observational platforms, numerous observational 
studies of the LLJ have focused on that region (Lettau and Davidson 1957, 
Hoecker 1963, Izumi and Barad 1963, Bonner 1968, Parish et al. 1988, Sten-
srud et al. 1990, Mitchell et al. 1995, Arritt et al. 1997, Whiteman et al. 
1997, Wu and Raman 1998, Walters and Winkler 2001, Banta et al. 2002, 
Song et al. 2005, Banta 2008, Walters et al. 2008, among others). The LLJ 
typically develops around sunset, under dry cloud-free conditions conducive 
to strong radiational cooling, reaches a peak intensity in the early morning 
hours, and then decays shortly after dawn, with the onset of daytime convec-
tive mixing. Other signature features of this phenomenon are an anticyclonic 
turning (veering) of the wind vector with time, and the development of a 
pronounced supergeostrophic southerly wind maximum (jet maximum) typi-
cally at levels less than 1 km above ground level, and frequently at levels 
less than 500 m above ground level. In contrast, the decrease of the wind 
speed with height above the jet maximum is more gradual, with the speed of-
ten attaining a local minimum value before increasing to the environmental 
value. 

Nocturnal low-level jets exert significant and wide-ranging impacts on 
weather and regional climate. They provide dynamical and thermodynamical 
support for the development of deep convective storms and heavy rain 
events over the Great Plains by transporting moist air northward from the 
Gulf of Mexico and enhancing low-level convergence and lift (Means 1952, 
Pitchford and London 1962, Wallace 1975, Maddox 1980, Cotton et al. 
1989, Augustine and Caracena 1994, Stensrud 1996, Zhong et al. 1996, Hig-
gins et al. 1997, Arritt et al. 1997, Tuttle and Davis 2006). They are also ef-
ficient conveyors of lower-tropospheric air pollutants such as ozone and fine 
particulates, transporting pollutants hundreds of miles over the course of a 
night (Wilson 1978, Smith et al. 1978, Slinn 1982, Corsmeier et al. 1997, 
Banta et al. 1998, Seaman and Michelson 2000, Hardesty et al. 2001, Bao et 
al. 2008). The seasonal dispersal of fungi, pollens and spores, and the migra-
tion of insects, including agricultural pests and carriers of plant or animal pa-
thogens, is also facilitated by transport in LLJs (Bourke 1970, Drake 1985, 
Drake and Farrow 1988, Wolf et al. 1990, Johnson 1995, Westbrook and 
Isard 1999, Wood et al. 2006, Zhu et al. 2006). Notably, the LLJ has been 
implicated as a preferred feeding location for Brazilian free-tailed bats in 
Texas due to the abundance of noctuid moths and other insects that migrate 
on the jet (McCracken et al. 2008). The strong wind shear in a LLJ is a well-
known aviation hazard, especially for aircraft during takeoff or landing 
(Neyland 1956, Fichtl and Camp 1977, Bedard 1982, Membery 1983, Galvin 
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1999, Kaplan et al. 2000, Cole et al. 2000, Davies 2000, Lau and Chan 2003, 
Mamrosh et al. 2006, WMO 2007). The LLJ also has major impacts on the 
wind-energy industry since the enhanced winds provide a dependable source 
of energy but the associated shear and turbulence can damage wind-turbine 
rotors (Sisterson and Frenzen 1978, Eggers et al. 2003, Cosack et al. 2007, 
Banta et al. 2008, Storm et al. 2009). Finally, we note that the downward 
transport of LLJ momentum in the morning by convective turbulent mixing 
produces strong and gusty surface winds that can rapidly intensify wildfires 
(Chandler et al. 1991, Dentoni et al. 2001, Charney et al. 2003, Brotak 2003, 
Brotak and Reifsnyder 2003, NWS 2007) and generate dust storms (Wilker-
son 1991, Washington et al. 2006, Warren et al. 2007). 

Several theories have been advanced for the dynamical origin of LLJs. 
In the Blackadar (1957) theory, the nocturnal jet is described as an inertial 
oscillation that develops in response to the rapid stabilization of the boun-
dary layer that occurs near sunset under relatively dry, cloud-free conditions. 
The process is often explained with the aid of a schematic hodograph dia-
gram depicting the evolution of the southerly wind component v as a func-
tion of the westerly wind component u within the boundary layer, as in  
Fig. 1. The daytime wind represented on the hodograph by curve OAB turns 
  

 
Fig. 1. Schematic of boundary-layer winds in a Northern Hemisphere inertial oscilla-
tion (adapted from Blackadar 1957). Curve OAB is the initial (t = 0) hodograph, 
roughly at the time of sunset. Point O is at ground level. Point B is at the top of 
boundary layer, where flow is considered to be geostrophic. Point A is an arbitrary 
location on the initial hodograph. An air parcel released from the frictional con-
straint at t = 0 undergoes an inertial oscillation, manifested on the hodograph plane 
as a circle with radius equal to the magnitude of the parcel’s initial ageostrophic 
wind speed. 
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with height anticyclonically (veers) from the ground (point O) up to the top 
of the boundary layer (point B), where frictional effects are minimal, and the 
flow is nearly geostrophic (the existence of a synoptic-scale pressure gra-
dient is a crucial component of the theory). If skies are clear and the air is 
dry, radiational cooling and the change of sign of the heat transfer from the 
ground near the time of sunset (t = 0) result in a rapid decay of the turbulent 
mixing in the boundary layer. Freed of a frictional constraint, air parcels ac-
celerate in the direction of the pressure gradient force, and are then deflected 
by the Coriolis force. The post-sunset behavior of an air parcel's velocity 
components is described by the inviscid equations of motion, the solution of 
which, when drawn in the hodograph plane, is represented by a circle whose 
radius R is the distance of a point on the initial hodograph (e.g., point A) 
from the geostrophic point B. In other words, the amplitude of the oscillation 
(radius R) is proportional to the initial ageostrophic wind speed. According-
ly, the oscillation amplitude is expected to grow as the ground is approached 
until the frictional force (which is inevitably important near the ground) be-
comes large enough. Although not explicitly included in the Blackadar 
(1957) analysis, frictional stress was included in the follow-up study by Bua-
jitti and Blackadar (1957), with the eddy viscosity varying in time and 
height. Thorpe and Guymer (1977), Singh et al. (1993) and Davies (2000) 
further modified this inertial-oscillation theory, mostly by considering a va-
riety of stress parameterizations. 

Although the Blackadar predictions of a LLJ hodograph that veers in 
time with peak winds attained in the early morning hours were confirmed 
qualitatively in many studies, quantitative analysis suggests that in many 
cases the theory may be incomplete or the considered effects may be of sec-
ondary importance. For instance, the Blackadar theory cannot explain how 
the peak winds in some LLJs can exceed the geostrophic values by more 
than 100%. Neither can it be used to explain the geographical preference of 
the Great Plains LLJ, namely the high frequency of LLJ formation over the 
sloping terrain of the Great Plains (reaching a peak around 100° W) rather 
than over the flatter terrain further east. In addition, reports of LLJs having a 
pure inertial frequency are rare. Indeed, a search for pure inertial oscillations 
in one month of wind profiler data from the CASES-99 field program in 
Kansas by Lundquist (2003) revealed that pure inertial oscillations were as-
sociated more with deformation frontogenesis accompanying frontal passag-
es than with the evening transition of the atmospheric boundary layer 
(although results for frequency bands other than the pure inertial frequency 
were not reported). Bonner’s (1968) 2-year climatological analysis also 
failed to turn up a latitudinal dependence to the oscillation frequency, imply-
ing the oscillation was not purely inertial. 
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Blackadar (1957) also suggested that there should be a close association 
between the height of LLJs and the vertical extent of nocturnal surface in-
versions. Although such an association has been reported in many studies, a 
large number of cases where this association was not found (e.g., Hoecker 
1963, Bonner 1968, Allen 1980, Arya 1981, Mahrt et al. 1982, Brook 1985, 
Beyrich and Weill 1993, Whiteman et al. 1997, Milionis and Davies 2002, 
Hyun et al. 2005) suggests that a link between LLJs and surface inversions 
may not be straightforward. Nocturnal surface inversion layers generally in-
crease in depth throughout the night while the height of the wind maximum 
can decrease, remain nearly constant, or increase with time. 

A different class of theories for LLJ formation was advanced to explain 
the geographical preference (~100°W) of the Great Plains LLJ. Holton 
(1967) studied the response of the boundary layer over a sloping surface to 
volumetric heating represented by a function of time and height characte-
rized by a single harmonic with a 24-hour periodicity and an e-folding depth 
equal to an Ekman depth based on a constant (throughout the 24-hour pe-
riod) eddy viscosity. Working with the coupled viscous/diffusive boundary-
layer equations and assuming a spatially and temporally constant southerly 
geostrophic wind, Holton showed that a diurnal wind oscillation could be in-
duced in the sloping boundary layer by the periodic radiative forcing term. 
However, the results did not correctly reproduce the observed phase of the 
diurnal oscillations, and arguably the flow was not as jet-like as observations 
show. Bonner and Paegle (1970) considered a time-varying eddy viscosity 
and geostrophic wind, with the periodicity of the geostrophic wind ascribed 
to the diurnal temperature cycle over sloping terrain (although their analysis 
did not explicitly take terrain slope into account). Their results were in rea-
sonable agreement with observations, but the amplitude of the oscillation 
was sensitive to the magnitude of the geostrophic wind, the choice of viscos-
ity, and the phase difference between the viscosity and the geostrophic wind. 

Another explanation for the geographical preference of the Great Plains 
LLJ relies on large-scale dynamical processes in which a latitudinal variation 
of the Coriolis parameter plays a key role. Wexler (1961) described the 
Great Plains LLJ as a northward-flowing inertial boundary layer associated 
with the blocking of the easterly trade winds by the Rocky Mountains, in 
analogy to Stommel’s theory (Stommel 1958) for the westward intensifica-
tion of oceanic boundary currents along eastern seaboards. Although the in-
ertial boundary layer theory cannot explain the strong diurnal oscillation or 
distinctive jet-like vertical structure of the LLJ, general circulation model 
experiments (Ting and Wang 2006, Jiang et al. 2007) and regional model 
sensitivity experiments (Pan et al. 2004) indicate that a blocking mechanism 
is likely the dominant mechanism for maintaining the strong southerly time-
mean summertime flow over the Great Plains. However, since these strong 
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southerly mean winds have a large geostrophic component associated with a 
strong westward-directed synoptic-scale pressure gradient force, the Black-
adar mechanism could possibly be invoked to explain the nocturnal oscilla-
tory behavior of the jets in that region. Thus, the Wexler mechanism (or 
other large-scale blocking mechanism) and the Blackadar mechanism could 
potentially explain different aspects of the LLJ phenomenon. However, nei-
ther of these two theories can explain the pronounced westward decrease of 
warm-season southerly jet frequency from 100° to 105°W evident in LLJ 
climatologies (Bonner 1968, Mitchell et al. 1995, Walters et al. 2008). A ba-
roclinic theory would presumably be a likely candidate for explaining that 
aspect of LLJ climatology. 

Although the dynamical origin of nocturnal low-level jets is still contro-
versial, we believe that, taken collectively, the large number of published 
LLJ analyses makes a strong case for the LLJ arising from a force imbalance 
induced by the sudden release of the frictional constraint near sunset. How-
ever, the nature of the force imbalance can differ depending on a number of 
topographical and meteorological factors. In the case where the synoptic-
scale pressure gradient force is the dominant forcing mechanism, the atmos-
pheric response would be an inertial oscillation (Blackadar theory). Howev-
er, over sloping terrain, the downslope component of the buoyancy force 
associated with daytime heating could also be important. In this latter case 
the jet could be described as an inertial-gravity oscillation rather than a pure 
inertial oscillation. In the present study, we systematically explore the effects 
of terrain slope, thermal boundary layer structure, environmental stratifica-
tion and synoptic-scale pressure gradient force on LLJ evolution in as simple 
a framework as possible. Specifically, we extend the inviscid, one-dimensional 
Blackadar theory to include slope angle and a coupling between the equa-
tions of motion and thermodynamic energy. Although this approach is ad-
mittedly idealized, it leads to interesting findings concerning the possible 
role of terrain-associated baroclinicity in the evolution of nocturnal low-level 
jets. 

2. PROBLEM  FORMULATION  AND  GOVERNING  EQUATIONS 
Consider the development of a nocturnal low-level jet in the atmospheric 
boundary layer over a planar slope of infinite extent (no edge effects) having 
slope angle α. Our analysis proceeds in slope-following Cartesian coordi-
nates (Fig. 2), with the x-coordinate pointing east and down the slope, and 
the y-coordinate pointing across the slope toward the north. We envision the 
jet as an oscillation induced in the boundary layer by the sudden release of a 
frictional constraint near sunset (t = 0), as in the Blackadar (1957) theory. 
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Fig. 2. Slope-following coordinate system: x is downslope coordinate, which points 
east (and down the slope), and y is cross-slope coordinate, which points due north. 
The geostrophic wind vector vG is southerly (that is, it points toward the north). 

However, while Blackadar proposed a purely inertial mode of oscillation, we 
consider a more general inertial-gravity mode of oscillation. 

We restrict attention to the special case where the synoptic-scale pres-
sure gradient force points toward the west (minus x direction), and the asso-
ciated geostrophic wind is southerly (vG > 0), a restriction also considered by 
Holton (1967). 

The velocity vectors are constrained to lie within planes tangent to the 
slope. The corresponding coupled inviscid/non-diffusive equations of motion 
and thermodynamic energy are 

 d sin ,
d G

u b f v f v
t

α= − + −  (1) 

 d ,
d

v f u
t

= −  (2) 

 2d sin ,
d

b u N
t

α=  (3) 

where u is the downslope velocity component, v is the cross-slope (v > 0 is 
southerly) velocity component, b is buoyancy ( ( ) /e rb g θ θ θ≡ − , where g is 
the gravitational acceleration, θ is the potential temperature, θe is a height-
varying environmental potential temperature, that is, the potential tempera-
ture in the free atmosphere, and θr is a constant reference potential tempera-
ture), vG is the geostrophic wind speed, ( / )d /dr eN g zθ θ≡  is the free-
atmosphere Brunt–Väisälä frequency, and f is the Coriolis parameter. The 
latter three parameters are considered constant and positive, so the geos-
trophic wind is constant and southerly, the free-atmosphere stratification is 
constant and stable, and the flow takes place in the Northern Hemisphere.  
It should also be born in mind that since –f vG is a proxy for the pressure gra-
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dient force, the pressure gradient force is thus treated as constant. In arriving 
at the Coriolis terms in this coordinate system, we replaced the exact form of 
the slope-normal component of the Earth’s angular velocity by the true ver-
tical component. This rather mild approximation is commonly used in idea-
lized one-dimensional models of katabatic flows with provision for the 
Coriolis force (see discussion and references in Shapiro and Fedorovich 
2008). 

So far nothing in our analysis has been implied about the local stratifica-
tion, that is, the static stability within the atmospheric boundary layer. The 
only appearance of N in our governing equations is on the right hand side of 
(3), where, in combination with sinα, it accounts for the downslope deriva-
tive of the potential temperature. By using the free-atmosphere N in this 
manner, we consider the downslope derivative of potential temperature at 
any location within the boundary layer to be equal to the downslope deriva-
tive of potential temperature at the top of the boundary layer – and in the free 
atmosphere. This scenario underpins many idealized one-dimensional mod-
els of slope flows (Prandtl 1942, Gutman and Malbakhov 1964, Rao and 
Snodgrass 1981, McNider 1982, Sorbjan 1989, Grisogono and Oerlemans 
2001, Shapiro and Fedorovich 2008 and references therein). It is depicted 
schematically in Fig. 6.17 of Sorbjan (1989). It is also observed over a slope 
in the two-dimensional numerical model simulation of McNider and Pielke 
(1981) in Fig. 12 (mid-afternoon) and Fig. 17 (1.5 hour before midnight). 
These latter two figures suggest the tilted nature of an atmospheric boundary 
layer that develops over a long slope. The issue of local stratification and the 
implications of a tilted boundary layer will be discussed later, in Section 3. 

One must impose in (1)-(3) the initial values of u, v and b, that is, the 
values upon the release of the frictional constraint near sunset. Far above  
the boundary layer, the solution corresponding to v = vG  (initially) is simply  
v(t) = vG , u(t) = 0, and b(t) = 0, that is, the flow is geostrophic and neutrally 
buoyant at all times. Within the boundary layer, the effects of afternoon 
heating can be taken into account by specifying the buoyancy as an initial 
(sunset) condition. A positive value of buoyancy at a location within the 
sloping boundary layer implies that a positive potential temperature differ-
ence exists between the air at that location and the environmental air at the 
same elevation. 

Holton (1967) considered a more general version of (1)-(3), with fric-
tion/diffusion terms and a volumetric thermal forcing term included in the 
thermodynamic energy equation. Although he was not concerned with a 
sudden release of a frictional constraint (which is central to our present con-
siderations), his interpretation of the role of the along-slope advection of en-
vironmental potential temperature (uN 

2
 sinα in our notation) is very relevant 
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to our study. As discussed by Holton, this advection term generates positive 
buoyancy in the presence of downslope flow and negative buoyancy in the 
presence of up-slope flow, and thus, through the action of the downslope 
component of buoyancy in the downslope equation of motion, drives a ten-
dency to oppose the down/up-slope velocity component. A similar process – 
the tendency for stable stratification to suppress Ekman transport on a slope 
– has been identified as an important process in the sloping bottom boundary 
layers of oceans (Thorpe 1987, Garrett 1991, MacCready and Rhines 1991, 
Garrett et al. 1993, MacCready and Rhines 1993, Ramsden 1995, Condie 
1999). 

3. RESULTS 
Some preliminary results concerning the inertial-gravity motion are readily 
obtained from (2) and (3). First note that at times when u = 0, v and b are ex-
trema, although at this stage we cannot say whether they are maxima or mi-
nima. Since the u wind component induces a change in v through the 
Coriolis term (inertial effect) as well as a proportional change in b (along-
slope advection of environmental potential temperature), the changes in b 
and v are coupled. Using (2) to eliminate u in favor of v in (3), and integrat-
ing the result with respect to time yields 

 2sin const .v N b fα + =  (4) 

From (4) we see that the buoyancy and southerly wind component are out of 
phase. Specifically, when the buoyancy is a minimum, the southerly wind 
component is a maximum, and vice versa. 

Next consider the energetics of the motion. Multiplying (1) by u, (2) by 
v – vG , and (3) by b/N 

2, adding the resulting equations together, and integrat-
ing, yields 

 ( )
2

22
2 const .G

bu v v
N

+ − + =  (5) 

Equation (5) describes a balance between the kinetic energy of the ageos-
trophic wind (sum of first two terms) and the potential energy associated 
with buoyancy. 

Eliminating b between (4) and (5) yields 

 2 2 2 2 2(1 sin / ) ,u v N f mv nα+ + + =   

where m and n are constants whose functional forms in terms of the govern-
ing parameters are rather complicated and are suppressed for the sake of 
clarity. This is an equation for an ellipse in the hodograph plane with major 
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axis directed along the u-axis (ellipse is elongated in the x-direction) and mi-
nor axis directed along the v-axis. The ratio of the major to minor axes is 

2 2 21 sin /N fα+ . Interestingly, the eccentricity is independent of the geos-
trophic wind and of the initial values of the flow variables. In the case of flat 
terrain, the ellipse reduces to a circle, the familiar Blackadar result. For non-
zero slope angles, the ellipse becomes more eccentric as the slope angle or 
stratification increase, or as the Coriolis parameter decreases. 

For parameters typical of the middle portion of the central Great Plains 
(α ≈ 0.15°, f ≈ 8.3×10–5s–1), and N ranging from 0.01 to 0.02 s–1, the ellipse 
is approximately 5 to 20% wider in the u-direction than in the v-direction. 
Results to be presented later in this section show that increased slope angle 
and stratification reduce the amplitude of the oscillation, with the v-component 
of the motion suppressed more than the u-component. An example of an ellip-
tical hodograph generated from the analytical solution (derived below) is 
shown in Fig. 3 for α = 0.2°,  f ≈ 8.3×10–5s–1, and N = 0.015 s–1. For the pur-
pose of comparison, the circular hodograph corresponding to neutral stratifica-
tion (N = 0) is also shown. 

A predicted, west/east, elongation of LLJ hodographs is consistent with 
many observations over the Great Plains, for example, 4-year and 7-year  
average hodographs of wind deviations for July and August at Fort Worth, 
Texas (Fig. 14 of Bonner and Paegle 1970), a 2-year LLJ climatological  
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Fig. 3. Hodographs of flow oscillations over terrain at latitude 35°N (f ≈ 8.3×10–5s–1) 
with slope angle α = 0.2° for a neutrally stratified free atmosphere (N = 0, dashed 
curve) and for a stably stratified free atmosphere (N = 0.015 s–1, solid curve). The U, 
and V axes represent the downslope and cross-slope wind components, respectively, 
normalized by the geostrophic wind speed as in (14). The two hodographs corres-
pond to the same initial conditions: B0 = 0, U0 = 0, and V0 = 0.4. 
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hodograph at a site in north-central Oklahoma (Fig. 14a of Whiteman et al. 
1997), a 6-year LLJ climatological hodograph at a site in south-central Kan-
sas (Fig. 8 of Song et al. 2005), a 2-year warm-season climatological hodo-
graph for a site in south-east Kansas (Fig. 4 of Mitchell et al. 1995), and 
single-day hodographs for a site in north-central Nebraska (Fig. 11 of Black-
adar 1957), a location over north-central Oklahoma (Fig. 5 of Parish et al. 
1988) and several wind profiler stations over the Great Plains (Fig. 7 of 
Zhong et al. 1996). Composite hodographs of diurnal wind variations at Wi-
chita, Kansas, and Oklahoma City, Oklahoma, for 29 days (Buajitti and 
Blackadar 1957) were also elliptical, but information about the absolute 
orientation of the ellipses was not given. At first glance, the elliptical hodo-
graph in Fig. 18 of Bonner (1968) for 16 summer low-level jet days appears 
to be elongated in a more northerly direction. However, that ellipse is a sub-
jective hand-drawn fit to four data points. The two dashed lines connecting 
the data points on that figure are actually more suggestive of elongation in 
the west/east direction. 

Multiplying eq. (1) by u, eq. (2) by v, and adding the resulting equations 
together yields an equation for the evolution of the total kinetic energy 

2 2[ ( ) / 2]KE u v≡ + , 

 Kd
.

d
E

u F
t

=  (6) 

Here  F ≡ –b sinα – f vG  is the non-inertial part of the downslope momentum 
forcing, that is, the right hand side of (1) without the inertial forcing term f v. 
Extrema in EK occur at times when u = 0 or F = 0. To see whether these ex-
trema are maxima or minima, consider the second derivative of EK, which 
follows from (6), (1) and (3) as 

 ( )
2

2 2 2
2

d
sin .

d
KE

F F f v u N
t

α= + −  (7) 

If F = 0 then 2 2d / d 0KE t < , and the extremum is a maximum. On the other 
hand, if u = 0, the sign of 2 2d / dKE t  depends, in general, on the sign and 
magnitude of the inertial forcing f v and non-inertial forcing F. However, 
with attention restricted to shallow slopes or large synoptic-scale pressure 
gradient (in the sense that F is dominated by f vG rather than b sinα ), the sign 
of 2 2d / dKE t  is positive if v < vG , and negative if v > vG . Thus, if v is  
supergeostrophic at times when u = 0, the kinetic energy – and therefore  
v – are maximum, and b is minimum at those times. But if v is subgeostroph-
ic when u = 0, the kinetic energy and v are minimum, while b is maximum. 
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Again, we stress that this result is only valid for inertial-gravity oscillations 
that behave more like inertial oscillations than gravity oscillations (that is, 
for very shallow slopes). 

We now solve (1)-(3) explicitly. Eliminating v and b in favor of u yields 

 
2

2
2

d ,
d

u u
t

ω= −  (8) 

where 

 2 2 2sin 1 Bu ,f N fω α≡ + = +  (9) 

and 2 2 2Bu sin /N fα≡  is the slope Burger number (Garrett 1991, Garrett et 
al. 1993, Ramsden 1995). The general solution of (8) is 

 cos sin .u A t D tω ω= +  (10) 

Applying (10) in (2) and integrating the result yields v as 

 ( )sin cos .fv A t D t Cω ω
ω

= − − +  (11) 

We then obtain b as a residual from (1) as 

 ( ) ( )
2 sin sin cos .

sin G
N fb A t D t C vα ω ω

ω α
= − + −  (12) 

From (10)-(12) we see that the flow is oscillatory with a frequency ω given 
by (9). This is the frequency of inertial-gravity oscillations rather than of 
pure inertial oscillations. 

Application of the initial conditions b(0) = b0, u(0) = u0, v(0) = v0 in 
(10)-(12), yields A, D, C as 

 ( )0 0 0
1, sin ,GA u D b f v vα
ω

= = − + −⎡ ⎤⎣ ⎦   

 ( )
2 2

0 02 2

sin sin .G
N fC v b f vα α

ω ω
= + +  (13) 

It is convenient to introduce the following non-dimensional variables: 

0 0 0
0 0 0

sin, , , 1 Bu ,

sin
, , , .

G G G

G G G

u v bU V B
v v f v f
u v b

U V B T f t
v v f v

α ωΩ

α

≡ ≡ ≡ ≡ = +

≡ ≡ ≡ ≡
 

(14)
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The solution for the flow variables, expressed as deviations from initial val-
ues, then becomes 

 ( ) ( )0 0 0 0
1( ) cos 1 1 sin ,U T U U T B V TΩ Ω
Ω

− = − + − + −  (15) 

 ( )( )0
0 0 02

1( ) sin 1 cos 1 ,
U

V T V T B V TΩ Ω
Ω Ω

− = − + − + − −  (16) 

 ( )( )
2 2

0 0 0 02

1 1( ) sin 1 cos 1 .B T B U T B V TΩ ΩΩ Ω
Ω Ω

− −− = − − + − −  (17) 

We now consider examples of flows specified by (15)-(17). Observations of 
boundary layers under unstable or near-neutral conditions indicate that real 
wind hodographs (spirals) are typically flatter than their idealized constant 
eddy viscosity (Ekman) counterparts, with an angle between the near-
boundary velocity vector and the geostrophic wind vector typically in a 
range between 5° and 20°, which is much less than the Ekman model value 
of 45° (Zilitinkevich 1975, Hoxit 1975, Cushman-Roisin 1994). In other 
words, the cross-isobar wind component is typically much smaller than the 
geostrophic wind speed. Accordingly, we take U0 = 0. For simplicity we also 
take B0 = 0, although we will consider non-zero B0 later. Time series of 
U(T), V(T) and B(T) are shown in Fig. 4 for two subgeostrophic values of the 
southerly wind component, V0 = 0.4 and V0 = 0.8. Results will be presented 
for latitude 35°N (f = 8.3×10–5s–1) with N = 0.01 s–1, and five slope angles:  
0° (Bu = 0), 0.15° (Bu = 0.1), 0.5° (Bu = 1.1), and 1° (Bu = 4.4). The Bu = 0 
case corresponds to the original Blackadar (flat terrain) scenario, while the 
0.15° angle characterizes the slope of the Texas and Oklahoma panhandles 
(around 100°W) and is close to the 1/400 slope considered by Holton (1967). 
The 0.5° angle is an upper bound for the slope of the High Plains of eastern 
Colorado and New Mexico. 

The flow behavior depicted in Fig. 4 is readily explained by considering 
(1)-(3). Upon release of the frictional constraint, the westward-pointing pres-
sure gradient force (–f vG) is no longer fully opposed, and induces an up-
slope flow (u < 0). Associated with this up-slope wind is a Coriolis force 
component (–f u) which increases the southerly wind component. However, 
the potential temperature advection associated with this up-slope wind 
(u N 

2 sinα) decreases the buoyancy (so b < 0) and thus produces a positive 
downslope buoyancy force (–b sinα). The increasing value of the Coriolis 
force component f v and the increasing value of the downslope buoyancy 
force both oppose the pressure gradient force, and lead to a decrease in the 
magnitude of u, and eventually cause a reversal in the sign of u. Figure 4 also 
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Fig 4. Time series of U, V, B at latitude 35°N with Brunt–Väisälä frequency  
N = 0.01 s–1  for four slope angles: 0° (Bu = 0, upper left), 0.15° (Bu = 0.1, upper 
right), 0.5° (Bu = 1.1, lower left), and 1° (Bu = 4.4, lower right). Results are pre-
sented for two initial values of the southerly wind component, V0 = 0.4 (solid lines) 
and V0 = 0.8 (dashed lines). Initial values of U and B are 0. Note that the B axes  
are on the right side of each figure (B is negative). All plotted variables are non-
dimensional. 

shows that zeroes in u are associated with extrema in b and v, with maxima 
in v corresponding to minima in b, as was discussed above (for the parame-
ters considered in Fig. 4, the flows are more inertial-oscillation like than 
gravity-oscillation like). 

Continuing with the special case U0 = 0, B0 = 0, and the two subgeos-
trophic values V0 = 0.4 and V0 = 0.8, we consider the maximum wind speed 
for Bu ranging from 0 to 5. The maximum wind speed Smax and the time that 
this maximum is first obtained, Tmax , as revealed in the time series are plot-
ted in Fig. 5. It can be shown that for the parameters considered in this plot, 
Smax corresponds to the kinetic energy maximum associated with a time 
when U = 0, so the peak southerly wind component Vmax is equal to Smax. 
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Fig. 5. Burger-number dependence of the peak wind speed Smax and time of peak 
wind speed Tmax (= π /Ω), for two initial values of the southerly wind component, 
V0 = 0.4 (solid line) and V0 = 0.8 (dashed line). Initial values of U and B are 0. For 
these parameter values, the Tmax curves corresponding to the two V0 values are iden-
tical. All quantities are non-dimensional. 

Equations (15) and (16) then reveal that the peak wind speed Smax first occurs 
at time Tmax = π /Ω, and is given by Smax = V0 + 2(1 – V0) /Ω 

2. It is convenient 
to rewrite this last result as 

 ( ) ( ) ( )0 0 0 0max
Bu1 1 2 1 , 0, 0 .

1 Bu
S V V U B= + − − − = =

+
 (18) 

It is readily verified that the results in Fig. 5 agree with (18) and with the re-
lation Tmax = π /Ω. In the case of Bu = 0, eq. (18) yields the Blackadar result: 
the peak speed is the sum of the geostrophic wind (first term, 1) and initial 
ageostrophic wind (second term, 1 – V0). For non-zero Bu, the first two 
terms are unaffected, and the third term is always negative (for initial winds 
that are subgeostrophic), which reduces the peak wind speed. For small Bu 
(< 1) the reduction is nearly linear in Bu, and thus nearly quadratic in the 
slope angle. 

The Burger-number dependences of the peak wind speed and time of 
peak wind speed (which, for the parameter ranges considered, is related to 
the frequency by Tmax = π /Ω) are shown in Fig. 5. Regardless of Bu, larger 
peak speeds are associated with smaller initial values of the southerly wind 
component (which represent larger deviations from geostrophy), as in the 
Blackadar theory. But it is also clear that with steeper slopes (larger Bu) the 
amplitude of the oscillation is damped and the frequency is increased. The 
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damping is due to the generation of negative buoyancy through up-slope  
advection of potential temperature during the early phase of the oscillation. 
Associated with the negative buoyancy is a downslope buoyancy force 
which opposes the pressure gradient force and suppresses the oscillation. We 
also note that as Bu increases, v is suppressed more than u, in agreement 
with the previous result indicating that the major axis of the motion ellipse 
lies along the u-axis. 

It is worth pointing out that if the late afternoon boundary layer is very 
well mixed then the initial wind should be a relatively large fraction of the 
geostrophic wind throughout much of the boundary layer, including in the 
area where the low-level jet would be expected to develop. In this case, the 
value of V0 for parcels at the location of the jet maximum is likely closer to 
0.8 than to 0.4. If the initial parcel buoyancy is very small, then using the re-
sults of Fig. 5, we see that the greatest peak jet winds to be expected would 
be Vmax = 1.2 (corresponding to flat terrain), indicating winds that are super-
geostrophic by only 20%. Moreover, peak jet winds would weaken from that 
relatively small value as slope angle increases. In contrast, observed peak 
winds in LLJs over the Great Plains can be supergeostrophic by 70% or even 
more, sometimes much more (e.g., Hoecker 1963, Bonner et al. 1968). Ac-
cordingly, if our simple framework is going to be relevant to the formation 
of strong low-level jets that develop within a well-mixed boundary layer 
over the Great Plains, initial parcel buoyancy will have to play a role. 

We now consider the impact of the initial thermal structure of the boun-
dary layer (initial values of buoyancy) on the inertial-gravity oscillation. 
Significantly, every appearance of B0 and V0 on the right hand sides of (14)-
(16) is in the combination –B0 + V0 . Thus, the solution for the perturbation 
quantities corresponding to a particular set of initial values B01 and V01 is 
identical to the solution corresponding to a different set, B02 and V02 , as long 
as these values are related by –B02 + V02 = –B01 + V01 . In particular, the solu-
tion corresponding to a positive initial buoyancy B02 > 0 and a particular sou-
therly initial wind component V02 > 0  is identical to the solution with zero 
initial buoyancy, B01 = 0, and smaller initial wind component (V01 = V02 –
 B02 < V02). For the parameter values considered in Figs. 4 and 5, this smaller 
initial wind component corresponds to a more vigorous inertial-gravity oscil-
lation (larger initial ageostrophic wind yields a stronger oscillation). Thus,  
a positive initial buoyancy tends to counter the suppressive effect of the free 
atmosphere stable stratification. For V0 = 0.8, a value of B0 = 0.4 would yield 
the same oscillation amplitude as the case V0 = 0.4, B0 = 0. Considering 
f = 8.3×10–5s–1, N = 0.01 s–1, and slope angles α = 0.15°, 0.5°, and 1°, as in 
Fig. 4, and taking vG = 15 m s–1, the value B0 = 0.4 corresponds to rather 
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modest dimensional values b0 ≈ 0.19 m s–2 (α = 0.15°), 0.057 m s–2 (α = 0.5°), 
0.029 m s–2 (α = 1°). 

We conclude this section by exploring the dependence of low level jet 
strength on the thermal structure of the boundary layer, and the relative loca-
tion of the jet within the boundary layer. We proceed heuristically, assuming 
the concept of residual layer (Stull 1988) is applicable to evening transition 
boundary layers over terrain with small slope angles. Around the time of 
sunset, the layer formerly mixed by (dry) convective thermals is now charac-
terized by weak, decaying turbulence. In the lowest portion of this layer, ad-
jacent to the Earth's surface, a thin statically-stable boundary layer begins to 
develop. Above this stable boundary layer is a so-called residual layer, 
whose mean thermal structure is largely unchanged from its well-mixed late-
afternoon state, and whose potential temperature is nearly independent of 
height. The residual layer extends upward to a relatively thin capping inver-
sion (corresponding to the daytime entrainment zone) at the base of the free 
atmosphere. The capping inversion is typically found 1-2 km above ground 
level, with a strength (potential temperature jump) Δθ  typically 1-4 K 
(Readings et al. 1973, Rayment and Readings 1974, Kaimal et al. 1976, 
Caughey and Palmer 1979, Caughey 1982, Boers and Eloranta 1986, Ange-
vine et al. 1994, 1998, Cohn and Angevine 2000, Botnick and Fedorovich 
2008). If we assume that a similar residual layer also develops over a 
slightly-inclined slope, and keep in mind that parcel buoyancy is proportion-
al to the potential temperature difference between the parcel and the envi-
ronment at the same elevation, then we are led to the notion of a tilted 
residual layer (TRL) that is neutrally stratified (locally) yet characterized by 
non-zero buoyancies. Specifically, the TRL would have a downward-
directed buoyancy gradient: the layer would be positively buoyant at lower 
levels and negatively buoyant just beneath the capping inversion. The struc-
ture of the buoyancy field in the TRL is explained by the following analysis. 

With the aid of Fig. 6, we can estimate the initial (sunset) buoyancy of an 
air parcel at any location within the TRL (indicated by point J). If the poten-
tial temperature is approximately constant (= θ0) from J up to the base of the 
capping inversion layer, and then increases by Δθ across the inversion, the 
potential temperature at the top of the inversion at K is θ0 + Δθ. The horizon-
tal line from K to a point L in the free atmosphere is an environmental isen-
trope, and so the potential temperature at L is also θ0 + Δθ. Since the 
potential temperature decreases from point L to point M (where M is in the 
free atmosphere location beneath point L, at the same elevation as the parcel 
at J) by an amount equal to the environmental potential temperature gradient 
d /de zθ  times the altitude difference δ (> 0) between points L and M, the 
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Fig. 6. Vertical cross-section through a residual layer over a shallow slope. Dashed 
line marks the base of the capping inversion layer. Sloping solid line passing 
through point K marks the top of the capping inversion layer. Symbol J marks the 
position of an air parcel within the residual layer, δ  is the distance of the parcel 
from the top of the capping inversion layer, point L is in the free atmosphere at the 
same elevation as point K, point M is in the free atmosphere directly beneath L, at 
the same elevation as J. The horizontal line KL is an environmental isentrope. 

potential temperature at M is θ0 + Δθ – δ d θe /dz. Thus, the initial buoyancy 
for the parcel at J is b0 = –g Δθ / θr + N 

2δ, and the corresponding non-
dimensional buoyancy is 

 
2

0
sin sin Δ .

G G r

N gB
f v f v

α α θδ
θ

= −  (19) 

Since δ decreases with increasing slope-normal coordinate, the slope-
normal derivative of B0 (and of b0) is negative (buoyancy decreases upward) 
and has a magnitude proportional to N 

2, that is, it is very strongly dependent 
on the free-atmosphere static stability. At locations slightly beneath the cap-
ping inversion, δ is small and (19) is dominated by the second term, indicat-
ing parcels there have negative buoyancy. For parcels at sufficiently low 
levels, the first term dominates and the buoyancy is positive. We are espe-
cially interested in low levels because high-resolution observations of noc-
turnal jets indicate that the wind maximum often occurs beneath 500 m 
above ground level, that is, over ranges of height corresponding to the lower 
portion of the residual layer. 

Equation (19) may shed light on an issue raised by Mahrt (1999). Since 
the amplitude of the classical inertial oscillation is proportional to the ageos-
trophic wind speed at the onset of the oscillation, and the ageostrophic wind 
speed in the mixed layer varies only slightly with height, one would expect a 
nearly uniform flow acceleration over a large part of the boundary layer, and 
subsequently a nearly uniform wind profile throughout the evolution of the 
jet, in contrast to the jet-like wind profile typically observed. However, if we 
make provision for sloping terrain, (19) indicates that air parcels at progres-
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sively lower levels of a tilted residual layer would be associated with larger 
values of initial buoyancy, and as we have already demonstrated, this could 
induce progressively larger oscillation amplitudes. 

Applying (19) in (16) at the time T = π/Ω when V attains a peak ampli-
tude Vmax (again taking U0 = 0) yields 

 
2 2 2

max 0 2 2 2 2 2 2

2 2 sin sin Δ1 1 .
sin sin G G r

f f N gV V
f v f vf N f N

α α θδ
θα α

⎛ ⎞⎛ ⎞
= − + − +⎜ ⎟⎜ ⎟+ +⎝ ⎠ ⎝ ⎠

  

(20) 

From (20) we infer that the large values of Vmax are obtained for parcels with 
small values of V0 (large initial ageostrophic wind speed 1 – V0) located at 
low levels (large δ) within a residual layer with a weak capping inversion 
(small Δθ). 

As an example, consider Vmax as a function of α for an air parcel at the 
altitude of the jet maximum with parameters typical of warm-season Great 
Plains low level jets: a jet maximum at 500 m above ground level with the 
top of the capping inversion at 1500 m above ground level (so δ = 1000 m), 
f ≈ 8.3×10–5s–1, vG = 15 m s–1, g = 9.8 m s–2, θr =300 K, two values of N 
(0.01 s–1 and 0.015 s–1), and five inversion strengths: Δθ = 0, 1, 2, 3, 4 K. 

Results are shown in Fig. 7 for a relatively weak initial southerly wind 
(V0 = 0.4) and in Fig. 8 for a stronger initial wind typical of a boundary layer 
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Fig. 7. Peak southerly jet speed Vmax as a function of slope angle α for a parcel with 
initial southerly wind component V0 = 0.4 located 1000 m beneath a capping inver-
sion. Results are shown for five capping inversion strengths, Δθ = 0, 1, 2, 3, 4 K, and 
two values of N, 0.01 s–1 (left panel), and 0.015 s–1 (right panel). See text for further 
details. 
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Fig. 8. As in Fig. 7 but for a parcel with initial southerly wind component V0 = 0.8. 

that has undergone vigorous daytime convective mixing (V0 = 0.8). In most 
of the plotted curves, as α increases from 0º, Vmax increases at first, and then 
decreases. The increase and subsequent decrease are particularly striking in 
the case of stronger stratification (N = 0.015 s–1), with peak jet winds ex-
ceeding the geostrophic winds by a factor of two. Evidently, for small α, the 
tendency of a positive initial buoyancy to strengthen the amplitude of the  
oscillation overcomes the inhibiting influence of along-slope advection of  
environmental potential temperature, but for the larger slope angles, advec-
tion of environmental potential temperature dominates. A simple formula  
for the slope angle α* for which Vmax is largest is obtained from 

max(d /d ) 0V α αα
= ∗

=  as 

 
2 2

0 0
2 2 2

(1 ) (1 )
* ,

/ /
G G

r r

f v V f v V f
N g N g N

α
δ Δθ θ δ Δθ θ

⎛ ⎞− −
= − + +⎜ ⎟− −⎝ ⎠

 (21) 

where we have used the small-angle approximation sin * *α α≈ . 
For the parameters considered, the slope angle that maximizes the jet 

speed is roughly in the 0.10° to 0.20° range for V0 = 0.4, and in the 0.15° to 
0.25° range for V0 = 0.8. A 0.15° angle characterizes the terrain slope of the 
central Great Plains in the longitude range 100° to 102°W; steeper slopes are 
found further west. The association of peak jet winds with a relatively nar-
row range of optimum slope angles is consistent with climatological studies 
that identify a longitude of maximum Great Plains LLJ frequency near 
100°W (Bonner 1968, Mitchell et al. 1995, Walters et al. 2008). However, 
the agreement can only be regarded as qualitatively reasonable since the 
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Fig. 9. Peak southerly jet speed Vmax as a function of distance δ  beneath the capping 
inversion for α = 0.15°, N = 0.01 s–1 and five capping inversion strengths, Δθ = 0, 1, 
2, 3, 4 K. Results are shown for V0 = 0.4 (left panel) and V0 = 0.8 (right panel). See 
text for further details. 

theoretically-optimum slope angles in the more realistic well-mixed scenario 
(V0 = 0.8) place the optimum terrain too far to the west. 

Figure 9 depicts Vmax as a function of distance δ  beneath the capping in-
version for slope angle α = 0.15°, N = 0.01 s–1, and values of the other para-
meters as in Fig. 7. The presented results confirm that the larger buoyancy 
values at greater depths beneath the capping inversion and under conditions 
of weaker inversions would be associated with stronger jets. 

4. SUMMARY 
A simple one-dimensional inviscid model was used to study the combined 
effect of terrain slope, thermal boundary layer structure, environmental stra-
tification and synoptic-scale pressure gradient on the evolution of LLJs. The 
scenario considered was typical of LLJs over the Great Plains of the United 
States: southerly geostrophic wind over terrain that slopes down toward the 
east. The flow is modeled as an inertial-gravity oscillation induced by the 
sudden release of frictional constraint near sunset, a generalization of the 
classical (flat-terrain) Blackadar inertial oscillation. The solution to this ini-
tial value problem was obtained analytically, and explored over a range of 
governing parameter values. Because of the omission of turbulent and radia-
tive heat flux divergences, we do not expect the solution to apply within the 
developing shallow surface-based stable boundary layer, but only in the resi-
dual layer above it. 
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To identify initial (sunset) values of parcel buoyancy that might be ap-
propriate for the Great Plains LLJ, we introduced the notion of a tilted resi-
dual layer (TRL). We assume that the residual layer around sunset is 
characterized by a nearly vertically-constant potential temperature, but the 
free atmosphere is stably stratified, and, therefore, due to the tilt of the resi-
dual layer with respect to the environmental isentropes, a vertical gradient of 
buoyancy exists within the residual layer. In particular, the lower part of the 
residual layer, where the LLJ is expected to develop, can be described as po-
sitively buoyant but locally neutrally stable. Based on the TRL concept, we 
obtain a simple relation for the initial parcel buoyancies in terms of terrain 
slope, environmental stratification, and capping inversion strength. 

The free-atmosphere stratification plays two contrasting roles in our 
theory. On one hand, it directly inhibits the amplitude of the inertial-gravity 
oscillation by cooling parcels ascending along the slope and warming parcels 
descending along the slope (via potential temperature advection). On the 
other hand, it is also associated (within the TRL conceptual framework) with 
positive initial values of buoyancy, which result in more vigorous inertial-
gravity oscillations. 

Our theory yields the following predictions for the structure and beha-
vior of the Great Plains low level jet: 

 When drawn on the hodograph plain, the jet evolves as an ellipse 
with major axis aligned with the u-wind component. This result is 
consistent with observations. 

 Predicted peak jet winds over flat terrain can be supergeostrophic but 
they are likely to be only marginally supergeostrophic. The very 
strongly supergeostrophic winds observed in some real jets can only 
be accounted for in our theory by including sloping terrain and initial 
parcel buoyancy (following the proposed TRL model). 

 The initial (sunset) buoyancy profile within the TRL provides condi-
tions for the flow over the slope to develop a jet-like velocity profile 
from a well-mixed (uniform) initial velocity field. 

 The theory predicts the existence of an optimum slope angle asso-
ciated with peak jet strength. This result is consistent with climato-
logical studies of the Great Plains LLJ that identify a preferred 
longitude of LLJ occurrence. However, the agreement can only be 
regarded as qualitative, since the optimum slope angle predicted in 
the more realistic of our considered scenarios would be associated 
with terrain further west than implied by climatology. 

Motivated by the generally encouraging results of the proposed theory, 
we will likely proceed next to numerical simulations of the early evening 
transition over a shallow slope under conditions typical of nocturnal jet for-
mation. Of particular interest is the structure of the tilted residual layer and 
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its role in promoting jet formation, as well as the influence of friction. In 
view of contradictory findings on the association between the heights of sur-
face inversions and LLJs reported in previous studies, it will also be instruc-
tive to include surface cooling, and examine the effect of the developing 
stable boundary layer on jet structure. 
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