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NOETHER INEQUALITY FOR A NEF AND BIG DIVISOR
ON A SURFACE

DoNG-KWAN SHIN

ABSTRACT. For a nef and big divisor D on a smooth projective surface
S, the inequality h°(S,Os(D)) < D? + 2 is well known. For a nef and
big canonical divisor Kg, there is a better inequality h®(S, Og(Ks)) <
%KS2 4+ 2 which is called the Noether inequality. We investigate an
inequality h°(S,0g(D)) < %DQ + 2 like Clifford theorem in the case of
a curve. We show that this inequality holds except some cases. We show
the existence of a counter example for this inequality. We prove also the
base-locus freeness of the linear system in the exceptional cases.

Throughout this paper, we are working over the complex number field C.

For a nef and big divisor D on a smooth projective surface .S, the inequality
hO(S,0s(D)) < D? + 2 is well known. (See [2] p.173) When S is a minimal
projective surface of general type, the canonical divisor Kg is nef and big. In
this case, we have the better inequality which is called the Noether inequality:

1
hO(S, Os(Ks)) < iKSQ + 2.

The Noether inequality has played the important role to understand the ge-
ography of surfaces of general type. Now, if possible, we are going to try to
generalize this inequality to an arbitrary nef and big divisor D on a surface S.
Thus, we investigate the inequality:

(%) hY(S,0g(D)) < %DQ + 2.

In the case of a curve, there is already Clifford theorem for a special divisor. We
show that the inequality (x) holds except some cases. We show the existence of
such exceptional cases in which the inequality (*) does not hold. We describe
also the exceptional cases. For an example, when h°(S,Og(D)) > 1D?+2, the
linear system |D| in the exceptional case has a very good property like the base-
locus freeness. Using our results, we can prove again the Noether inequality
for a canonical divisor on a surface of general type and the well known results
about a nef divisor on a K3-surface.
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We are going to use the following notations throughout.

Let S be a smooth projective surface with a canonical divisor Kg. We
denote the genus and the algebraic Euler characteristic of S by p,(S) and x(Ogs)
respectively. Denote by ®|p| the rational map associated to the complete linear
system |D| when D is a divisor on S. Denote the dimension of H'(S,Og(D))
by hi(S,Og(D)). If the base locus of | D| is not empty, then there is a resolution
of the base locus 9 : S” — S by successive blowing-ups along smooth centers
such that v = ®|p| 01 is a morphism. Let v = Foa be the Stein factorization.

Denote by a the degree of the image W of ®|p, in P’ (5. 0s(D)=1, Denote by
b the degree of f3.

S W

Thus, we have

D=Dy+Z2
QZJ*D:D/—FZ/,

where Z (respectively, Z') is the fixed part of |D| (respectively, |¢*D|), and
|Dps| (respectively, |D’]) is the moving part of | D| (respectively, [¢*D|). More-
over, the base locus of |D’| is empty. Also, we have Kg» = 9*Kg + E, where
E is the effective divisor supported on the exceptional locus.

Since we are not interested in the case h?(S, Og(D)) = 1, we assume h°(S,
Og(D)) > 2. Now, we are going to divide our problem into two cases — when
dimIm®|p| = 2 and when dim Im® p| = 1.

The following theorem is well known.

Theorem 1. Let S be a nondegenerate surface in P™ with a degree n—1. Then
S is one of the following:

(a) a quadric surface in P?

(b) the Veronese surface in P®

(¢) a rational normal scroll

(d) a cone over a rational normal twisted curve.

Proposition 1. Let D be a nef and big divisor on a smooth projective surface
S. If dimIm® p| = 2, then the following holds.

1 1 1
h°(S, 05(D)) < max {2D2 + 2, §D2 - §KS -Dyp + 1} .
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Proof. We have
D2 :w*D2 :w*D (D/—‘rZ/)

>¢*D- D
1
() :(D/+Zl)'D/
> D"
Let G be a general member of |[D’|. Since dimIm®p| = 2, G is a smooth

irreducible curve on 5.
Consider the following exact sequence:

0— Os/ — OS/(D/) — Og(D/‘G) — 0.
From this exact sequence, we have
(2) h(S',0g/(D")) =1 < h(G, O (D'|c)).

Let’s consider the following two cases.
First, if h'(G,O0c(D’|g)) # 0, then we have h°(G,Og(D’'|g)) — 1 < %D’2
by Clifford theorem. Hence, from (2), we have

1
(3) KO(S', Og/(D') =2 < hY(G,0c(D'|¢)) =1 < 5D'2.
Since h°(S, Og(D)) = h°(S’,0s/(D’)), we have from (1) and (3),
(4) W(5,05(D)) < 5D +2.< SD? 42

Second, if h'(G,Og(D'|¢)) = 0, then by Riemann-Roch theorem, we have
WG, 06(D'6)) = 1+ D" ~ py(G)

2 ’
_ 72 D/ +KS/-D
5) —14D —<1+2
1 1
=-D?--Kg-D.
2 2

We have Kg-D' = (y*Kg+FE)-D' = Kg-Dy+E-D’ since v*Kg-D' = Kg-Dyy.
Hence
K¢ -D'=-Kg-Dy—E-D' < —Kg-Dy

since E - D’ > 0. From (1) and (5), we have

1 1 1 1
K(G,06(D'|q)) = 5D'2 ~ 5 Ks D' < 5D*— DK Dy
Hence, from (2), we have

) K(S,05(D)) 1< H(G,06(D'|) < 5D* ~ L Ks - Dar.
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Combining (4) and (6), we have that

1 1 1
h(S, 0s(D)) < max {2D2 + 2, §D2 - §KS -Dy + 1} .

O

Theorem 2. Let D be a nef and big divisor on a smooth projective surface
S with k(S) > 0, where k(S) is the Kodaira dimension of S. Assume that

1
dimIm® | = 2. Then h°(S,0g(D)) < §D2 + 2.

Proof. Since k(S) > 0, there is a multiple of Kg which is effective. Hence
Kg - Djs in Proposition 1 is nonnegative. Thus,

1 1 1
—D?--Kg¢-D 1< =D?+1.
5 5 s MmM+1< 5 +
Therefore we have .
h°(S,05(D)) < 5D2 +2.
O

1
Corollary 1. If the equality holds in Theorem 2, i.e., h°(S, Os(D)) = §D2+2,
then we have the following:

(a) |D| is base-locus and fized-locus free.
(b) S is birational onto a K3 surface or ®|p| is generically 2:1 onto a
surface which is described in Theorem 1.

Proof. From the proof of Proposition 1, we have
1 1 1
3D’ +2=h(5.05(D)) < 5D'2 +2< 3D +2.

Thus we have D’> = D2. Then from (1), we have *D-Z’ =0 = D’ - Z’. Since
Vv*D-Z'=D"-7 + Z"*, we have Z'* = 0. Hence, by Hodge Index Theorem,
7' = 0. It means that |D| is base-locus and fixed-locus free because Z’ comes

from the fixed part Z and the base locus of |D|. Also we have D? = ab. Since
2h°(S, Os(D)) — 4 = D?, we have

(h°(S,05(D)) — 2)b < ab = D* = 2h°(S,05(D)) — 4.

Hence b < 2.

For (b), we have h*(G, O¢(D|g)) # 0. If not, from the proof of Proposition
1, we have h°(S, Og(D)) < 1D? — LKg - Dy + 1. But it is impossible because
hO(S,05(D)) = 1 D?*+2and Kg-Dy; > 0. Thus, we have h°(G, O¢(D|g))—1 =
1D? from (3) since h°(S, Og(D)) = £ D? +2. It means that the equality holds
in Clifford theorem since h'(G,Og(D|g)) # 0. Hence we have the following
two cases according to Clifford theorem.

(1) D|G = KG or

(ii) G is hyperelliptic and D|¢ is a positive multiple of a hyperelliptic divisor.
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In the case of (i), we have Kg|g = 0 from the adjunction formula. Let
f + S — Smin be a minimal model of S. Then f*Kg, , - D = 0. By Hodge
index theorem, Kg_, = 0 since some multiple of Kg_, is effective. For a
simplicity, we may assume that .S is minimal. From the exact sequence

(7) 0— Os — Os(D) = Og(D|c) — 0,

min

we have the following exact sequence
0 — h°(S,05) = h°(8,05(D)) — h°(G, Oc(D|c)) — h'(S,0s) — 0,

since h'(S,05(D)) = 0 by Kawamata-Viehweg vanishing theorem. By the
dimension computation, h°(S, Og(D)) = h°(G, Oc(D|g)) + 1. Hence we have
h1(S,Og) = 0 from the exact sequence. It means that S is a K3 surface.

In the case of (ii), the degree b of ®p| must be 2. If b = 1 then we have
D|¢ = K¢ which is already covered in the case (i). Since b = 2, the degree a
of the image of ®|p| is h°(S,0s(D)) — 2. Then ®|p is generically 2:1 onto a
surface which is described in Theorem 1. (]

Remark 1. In Theorem 2, the condition £(S) > 0 is necessary. In the projective
plane P2, if D is a hyperplane section H, Kp> - H = —3 and
1 H?
hO(P?, Op2(H)) = 3 > t2=—5+2

Now, let’s investigate the remaining case, i.e., when dim Im®,p| = 1. In this
case, unfortunately we have a counter example even on a surface of general
type. Thus, we are going to describe the possible exceptional case in which the
inequality (%) does not hold.

Theorem 3. There exist a surface S of general type and a nef and big divisor
on S which does not satisfy the inequality (*).

Proof. We know that there is a smooth projective threefold X of general type
such that its canonical divisor Ky is ample, dim Im®|x, | = 2, py(X) =

1
ZKX3 + ZO and pg(X) > 7 (see M. Kobayashi [3, Proposition (3.2)]). Resolve

the base-locus of [Kx|, i.e., ¥ : X’ — X such that ®|x,| o1 is a morphism.
Then we have

(V" Kx| = |Dml|+ Zx,

where | D)/ is the moving part of |* K x| and base-locus free. Clearly a general
member S of |Dyy| is a smooth projective surface of general type since p,(X) >
7. From the exact sequence

0— Ox/(Zx) = Ox/(V"Kx) — Og(¥"Kx|s) — 0,

we have p,(X) < h%(S, Os(¢*Kx|s))+1. 9*Kx|s is nef and big on S. Suppose
that the divisor 1/* K x|s on S satisfy the inequality (). h°(S, Os(¢¥*Kx|s)) <
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1
§w*KX|Sz + 2 by our assumption. Hence

1 1
pe(X) < §¢*KX\52 +3< §KX3 +3.

1 3 10
Since py(X) > 7, Kx?3 > 6. However, §KX3—|—3 < EKXS_FX since Kx2 > 6.
It is a contradiction. [l

To describe the possible exceptional cases, we are going to use the following
notations.

Assume that dimIm®p = 1. Let C’ be a general fiber of « in the Stein
factorization.

D? =*D* = (abC' + Z') - *D > aby*D - C' = abe,
2
where ¢ = ¢*D - C'. Thus, we have a < e Since W is nondegenerate, we
c

have h°(S,Og(D)) — 1 < a. Hence we have

2

(8) BO(S, 0s(D)) 1< a < lbl

Lemma 1. Suppose that dimIm® p| = 1 and the inequality () does not hold.
Then bc = 1.

Proof. If be > 2, then we have h(S,0g(D)) — 1 < 1D? from (8), so the
inequality (*) holds. Hence bc = 1. g

The fact bc = 1 means that « : S” — W' is a morphism of S’ onto a smooth
curve W’ with connected fiber and W’ is birational to W. Hence we may
assume that W is smooth.

Proposition 2. Let D be a nef and big divisor on a smooth projective surface
S. Suppose that dim Im®|p| = 1 and the inequality () does not hold. Then we
have

(a) |D| is base-locus free and has non-zero fixed component Z.
(b) D cannot be numerically equivalent to a sum of two nef and big divisors.

(¢) pg(W) =a—h"S,0s(D)) + 1.
Proof. For a proof of (a),
l=c=y*D-C'

=D-C

=@C+2)-C

=aC-C+Z-C,
where C' = 4,C’. Since h%(S,0s(D)) > 3, a > h°(S,05(D)) — 1 > 2. Thus
we have C2 = 0 and C - Z = 1 since C? > 0. It means D2 = aC - aC = 0.

Hence the linear system |D| is base point-free and must have a non-zero fixed
component Z with C - Z = 1.
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For a proof of (b), assume D = D; + Dy, where Dy, Do are nef and big.
c=Y*D-C" =4*D,-C"+4¢*Dy - C’. Since each *D; -C’' > 1fori=1, 2,
we have ¢ > 2, but ¢*D - C' = ¢ = 1 which is explained in Lemma 1.

For a proof of (c), let’s denote ®|p| by ® for a simplicity. Then we have

WO (W, ®.05(Dar)) = B (W, ®.05(Dnr)) = 1+ a — pg(W).
If h1(W,®,05(Dys)) # 0, then we have, by Clifford theorem,

h°(S,05(D)) = h° (W, ®,05(Dy)) < %a +1< %DQ +1,

so the inequality (*) holds. Hence h'(W, ®,0Os(Dys)) = 0, which means
h(S,05(D)) =1+ a—py(W).
O

Remark 2. Recall that D-C = 1 and C? = 0 in the proof of Proposition 2 if the
inequality () does not hold. The original Noether inequality for a surface of
general type comes from Theorem 2 and Proposition 2. If Noether inequality
fails to hold, then dimIm®, | = 1 and Kg-C = 1, C? = 0. By a genus
formula, we have Kg-C = C? (mod 2). It contradicts. Thus, the original
Noether inequality holds true.

Remark 3. Let S be a minimal surface with x(S) > 0. The inequality (*) holds
clearly in the following cases:

(1) The inequality (x) holds when D is a canonical divisor.

(2) The inequality (*) holds for the adjoint linear system |Kg + D|.

(3) On a K3 surface, by a vanishing theorem, h°(S, Og(D)) = $D? + 2.

(4) For a positive multiple nD (n > 2), the inequality () holds by Theorem
2 and Proposition 2.

Remark 4. If S is a K3 surface and D is a nef divisor on S, then we may have
the well known results about a nef divisor on a K3 surface from the following
theorem. (For detail matters, see B. Saint-Donat [4]).

Lemma 2. Let D be a nef divisor with D? = 0 on a smooth projective surface.
Suppose h°(S,0s(D)) > 2. Then D is numerically equivalent to a positive
multiple of a curve C with C? = 0.

Proof. Since D? = 0, the image of ®|p| must be a curve. Thus, we have
D?=D-(abC +Z)=abD-C+ D - Z,

which is explained just above Lemma 1 and in the proof of Proposition 2. Since

D is nef, we have D-C =0 and D - Z = 0. Since C? > 0, from these, we have

C? =C-Z = 2% =0 as explained in the proof of Proposition 2. Hence D is

base-locus free and Z = 0. If not, then we must have a fiber of the form Cy+ Z

with Cy - Z > 0. But it contradicts the fact that C' - Z = 0.

Hence D is numerically equivalent to a positive multiple of C' with C? =
0. O
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Theorem 4. Let D be a nef divisor on a surface S with x(S) > 0. If
1
ho(S,0s(D)) > §D2 + 2, then we have the following.

(a) |D| is base-locus free.

(b) Suppose D* = 0. D is numerically equivalent to a positive multiple of
a curve C with C? = 0.

(c) Suppose D? > 0. If dim Im®|p| = 2, then the degree of ®|p| is at most
2.

(d) Suppose D* > 0. |D| has a nonzero fized part if and only if the image
of ®|p| is a curve.

Proof. Proof of this theorem comes clearly from Corollary 1, Proposition 2 and
Lemma 2. O
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