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Abstract—In this letter, the performance of non-orthogonal R NOMA region: O-A-F-G-O
mult_lple access (NOMA) is |_nvest_|gated from an mfornjatlo_nthe- TDMA region: triangle O-A-E-O
oretic perspective. The relationships among the capacityegion of
broadcast channels and two rate regions achieved by NOMA and
time-division multiple access (TDMA) are illustrated first. Then,
the performance of NOMA is evaluated by considering TDMA as
the benchmark, where both the sum rate and the individual use
rates are used as the criteria. In a wireless downlink scen& with
user pairing, the developed analytical results show that N®MA
can outperform TDMA not only for the sum rate but also for each
user’s individual rate, particularly when the difference between
the users’ channels is large.

A Capacity region: O-A-F-E-O

|. INTRODUCTION

Because of its superior spectral efficiency, non-orthotjorfad: 1 The capacity region, NOMA ‘and TDMA regions - for
. . . .a& given channel pair(hy,hp), where the point F is located at
multiple access (NOMA) has been recognized as a promisi g0 (142), log (H—i
technique to be used in the fifth generation (5G) netwadrks [1} - 27 2\ 2%
[4]. NOMA utilizes the power domain for achieving multiple

access, i.e., different users are served at different povrngR). Based on SIC, the rate region achieved by NOMA,

levels. Unlike conventional orthogonal MA, such as timejanoted byRN, can be expressed the sameC&S in (T}, but

division multiple access (TDMA), NOMA faces strong COyiih an additional constraint, > as in order to guarantee the

channel interference between different users, and sugeesy, ity of service at the user with the poorer channel cammit
interference cancellation (SIC) is used by the NOMA USerS |, addition. the TDMA region is given by

with better channel conditions for interference manageémen
The concept of NOMA is essentially a special case of
superposition coding developed for broadcast channeld.(BC
Cover first found the capacity region of a degraded discrete
memoryless BC by using superposition codifig [5]. TheM/hereRi =log,(1+z) and k5 = logy (1 +y). .
the capacity region of the Gaussian BC with single-antennal Ne three regions are illustrated in Fig. 1. In the rest of thi
terminals was established i [6]. Moreover, the capacigjore letter, we are interested in the two region boundanes,the._
of the multiple-input multiple-output (MIMO) Gaussian BCCUTVe A-F and_ the segment A-E, which represent t_he optimal
was found in[[7], by applying dirty paper coding (DPC) instearate .pa|rs.ach|eved by NOMA apd TDMA, respectlvely_. The_
of superposition coding. This paper mainly focuses on ﬂqgla'uonsmp between the rate pairs on the two boundarits wi
single-antenna scenario. be fL_thher interpreted based on pl_ane geometry as shown in
Specifically, consider a Gaussian BC with a single-anten®&CtionII-A. Then, based on their relationship, the perfo
transmitter and two single-antenna receivers, where each fance of NOMA is characterized in terms of both the sum
ceiver is corrupted by additive Gaussian noise with unit-vafate and individual user rates, by considering the conveati
ance. Denote the ordered channel gains from the transmittléMA scheme as the benchmark. In a wireless downlink

to the two receivers by, andhy, i.e., |hy|? < |hy|?. For a scenario with user pairing, analytical results are deedoj
given channel paifh.,., hy), the capacity region is given by demonstrate that NOMA can outperform TDMA when there

6] exists a significant difference between the channel canditi
of the scheduled users.

R, R
RT & {(Rl,RQ) Ry, Ry > O,R—i + R—f < 1}, @)
1 2

cBc & U {(R15R2):R17R2207

aij+az=1,a1,a2 >0

II. PRELIMINARY

Two propositions are provided in this section, which will be
R, <log, <1+ e ) , Ro <log, (1+asy) }7 (1) used in the next section. Specifically, defifé(-) and f*(-)

1+agx as the following two functions:
. i icient= 2 14z
wherea; d2enotes the power allocation coe_ﬁlc!e:nt,_ |h7{1| P FV(2) = logy (1+2)y L0<z<R, (3
y = |hs|?p, and p denotes the transmit signal-noise-ratio y+ (22 — Dz
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Proposition 1: If z > z, theangvz) + 2> fT(20) + 20. R, NOMA: point Nlocated at (Ry'. R")
, : _po* : 4 TDMA: point T located at (b,R;.5,R; )
Proof: We can first obtainZl- = 22" . Define P R
N N d fim Yoo R A Ri+R,=R'+R;
foum = [ + 2, s0 == = =20 > 0, which means R
that . (z) is a monotonic increasing function af Thus, <
aum (%) > [ (20) = [ (20) + 20. . . R =N
On the other handf (z) is a concave function of (i.e., ‘5\\
2 N
% < 0) whenz € (0, R3). Hence T F
AN0) + (1= NV (Ry) < FNAX 0+ (1— \R3), AN
for VA € (0,1). Since f¥(0) = R; and fV(R3) = 0, we o} RY Rk
can obtainf™ (z9) > f7(20) by setting\ = 1 — zo/Rj. This
proposition has been proved, B Fig. 2. Comparison of the rate pairs achieved by NOMA and TD8¢Aemes

for a given channel paith., hy,), where(RY , RY) is defined in[(F). In this

. i N T
Proposition 20 If = < 2, then f™(z) > f7 (z0). example, T lies on the line segment B-C.

Proof: Since fV(z) is monotonically decreasing in,
N (z) > fN(z0) for z < 2. Furthermore, due to the fact
that fV(z) is a concave function of, f¥(zy) > f7(z) as es={RY > RT,RY < R}, RY+RY > RT+RI}, (13)
discussed above. This proposition has been proved. = 54:{R{V > RTRY < RT, RN+ RY < R}F+R2T}. (14)

[1l. PERFORMANCEANALYSIS Notice that (RY, RY,RT RI) satisfies the relationship

In this section, the performance of NOMA will be studied?? = f~(RY) and R{ = f"(R3) as shown in[{8) and

by considering the achievable rates of TDMA as a benchmaf). Hence, based on Propositions 1 and 2 by replacing
(N, 2, fT, 20) with (RY, RY, RT | RT"), we can remove some

A. Comparison to TDMA redundant conditions for each event, i.e.,
Here, the individual rates and the sum rate achieved by €1 @ {R{V < RT RY > RQT}7 (15)
glé)ol\r/ln,zt;/;//{ll be compared with those of TDMA using plane . ®) {R{V BT RY > RQT} | (16)
As shown in Fig[R, for a given channel pdit,,, h;) and €3 © {Rév <RT RN + RY > RT + Rg}’ 17)

|hw!| < |hs|, suppose the point N is located at

N Ny a1x
(R, Ry') = (10g2(1 + a2y), log, (1 + 1+a2x)> ) where (

wherea; +as= 1, 0< as < aq; and the point T is located a

es @ARN + RY < RT + RIY} (18)

a) and (b) are based on Proposition 1) is based

{ on Proposition 2; andd) is based on the converse-negative
proposition of Proposition 1 (i.e{RN+ R} < RT+RI} =

(Ry, RY) = (b2R3, b1 RY) . (6) {R) < RI1) and Proposition 2.

whereb+bs =1, b1, by > 0. This means that the points N and Remark 1. Among thes_e foqr e\_/ents,_ of particular interest is

T lie on the curve A-F (NOMA rate pair) and the segment AS2 WhICh represents the situation in which NOMA outperforms

E (TDMA rate pair), respectively. In addition, considerear TPMA in terms of not only the sum rate but also each

important linesR, =RV, Ry = RY andRy+R, = RN+r)y, [ndvidual rate. _ . _

which represent the two NOMA users’ individual rates and In the next s_ubsecnon, th_e probability of each event will b_e

their sum rate, respectively. It is easy to prove tRat+ RY < calculat_ed, Wh.ICh characterizes the performance of NOMA in

Rz, and these three lines will divide the line segment A-E intg°mParison with TDMA.

four subsegments with intersection points B, C and D. B. Probability Analysis

) When cons@ermgﬁw and b, to be random vanab_les and Let the two users in the considered BC be selected from

fixing a;, we can define four random events according to t@% mobile users in a downlink communication scenario, as

location of point T and these four subsegments as fOIIOWS'motivated in [8]. Without loss of generality, assume thdt al
1 2 {Point T lies on subsegment AlB (7) the users’ channels are ordered/ag? < --- < |hy|?, where

®) h., is the Rayleigh fading channel gain from the base station

. ) ) to them-th user. Considered that the-th user is paired with

e = {Point T lies on subsegment C}D (9)  then-th user to perform NOMA. Hencg,, = hy,, hy = hn,

£4 = {Point T lies on subsegment D}E (10) andx andy can be rewritten as = p|hn,|?, v = plhm|?,

with joint probability density function (PDF) as follows]f9

g2 = {Point T lies on subsegment B}C

These events comprehensively reflect the relationshipdstw
the rates (including the individual rates and the sum rate) o fx v (z,y) =wi f(x)f(y)[F(2)]™ ' [1 — F(y)]M "

NOMA and TDMA, i.e., x [Fly) — F(x)]"_l_m, 0<z<y, (19)
e1={RY < R{,Ry >Ry ,RY+RY >R{+Ry}, (11) where f(z) = %e_%, F(z) = 1 —e 7, andw; =
ea={R{ > R{,R) >R} RY+RY >R{+R}}, (12 (mfl)!(nfiwf!m)!(l\lfn)!' A fixed power allocation strategy



(a1,a2) is considered in this NOMA system for the sakéhe two termsQ; and@- ; can be calculated as follows:
of simplicity. Dynamically changing(a;,a2) according to

n—1
the random channel state information (CSI) could achieve aH _ _q\n—l—igi ! M-1-i
H H . - Z( 1) Cn71 [ dv
larger ergodic rate regiom [10], but at the expense of higher - 0
complexity. n—1 (—1)n1-igi_ gM—i
Using the PDF ofz andy, the probability of each event = i n-l , (22)
defined in the previous subsection can be calculated in order i=0 !
to evaluate the performance of NOMA. The probability of the k n—1-k o pd o
evente, is first given in the following lemma, where we set QQ,k:Z (—1)"717“30;2031_1_;@&/ oM gy
by = 1/2 (each user is allocated an equal-length time slot, i=0 j=0 0
which is also called “naive TDMA” in[[I1]) for simplicity. ko dlk (1)1 icicd | dM-i
Lemma 1: Given (M, m,n, p,as) andbs = 1/2, the prob- = Z M—i—j (23)
ability that NOMA achieves larger individual rates than €on =0 j=0
ventional TDMA for both usern and usem is given by Substituting the above two relationships infal(21), thishea
has been proved. [ |
m—1 n—1 n—l—igvi  gM—i i iti iffi i
-1 b od Moreover, for the first event, it is not difficult to obtain tha
P(EQ) w1 Z(—l)milikcsl_l ( ) M n'—l N T
k=0 i=0 ! P(e1) = P(Ry > Ry ) — P(e2)
kE n—-1-k n—1—i—j i J M—i n—1
(=" 1O d (=1)'Cp_y ;
_ n . (20 —1_ n _ gM—n+i41Y\ _
Z - M—i—j (20) ! w3ZM_n+Z-+1(1 d )—P(e2), (24)
=0 7=0 =0
where = —M__ For the fourth event, fromi [8
Proof: From [I8), P(2) can be calculated as follows: (Theorleusn 1), G e ™ 18]
P(ey) = P(RY > R;/2,RY > R3/2) P(es) = (RN + R2 <R{ +R]) =
(a) n—1l—-m wa
:P(l’<w27y>w2) 1— n 1— m/ F n—1l—-m-—i
< ) w Z G _ JWIF)
—w [ - PP or =g\
" 1 1 X [L = Py ([F@)]m“ -|r ()] ) dy
([ rE@rEw - P ) ay
+o00 n 1 (M—n+j+1)
b n —d . 25
Qu [ - P 32 —n+ﬂ+1 .
L B I Thus, the probab|I|ty of the third event can be written as
< /(1 Bt — e~ 5yr=1-mgr) 4
+doo P(63) =1- P(El) — P(Eg) — P(€4). (26)
=w1/ f) = Fy)M— Now, P(s;), i = 2,1,4,3, have been obtained as in Egs.
A @1), [23), [25), and(26), respectively.
tme v _y el 1 Special Case:The expression foP(ez) in Lemma 1 can
X /dfe*% I—e™r —u)"u du | dy be simplified when considering a special pairing case, i.e.,
m =1, n = M. In this casek = 0, andQ; and Qs in (22)
+oo m—1 . .
(¢) . - and [23B), respectively, can be derived as
= w W =F)M Y (—ymt*kah o
w k=0 1S M—ipqi M—i
T e e e B Q=g 2 PTG
ne 1=k ! 1 [ 1—(1—d)M
m—1 11— d i M—i —
(‘Um ! kcrlf@—l M—n n—1 =77 ZCM(_CZ) 11: ) (27)
=w1 ) — /Ov (1 — )" tdv M | & M
k=0
@1 M-1 M-1-p/i M M-1
(1) TCyad a —j i
¢ onZZ = 37 Z(_l)M 'y
M—n k n—1—k ’ 5 M
_/0 v (1—0v)*(d—v) dv} (21) = M—j M —
P am [N M
ot == (=M -1
=0
where (a) follows the definitionw, = 1=3%2; (b) follows JM JM
_wa o 2 =——[1-DM-1] = —. (28)
d=e" "7 ;and(c) follows C = o= P> ¢ Furthermore, M M
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Hence,P(e2) = 1—(1—d)™ —d™. The optimald in this case
is 1/2, which impliesa, = —HYLem2 < 1 and P(es) =
1 — 53— . Hereln(-) denotes the natural logarithm.

Remark 2: This special case shows th&{s;) — 1 when
M is sufficiently large. This means that, almost for all the
possible channel realizations, NOMA achieves larger iideiv
ual rates than naive TDMA for both uset andn as long
as the difference between the better and worse channel gair
is sufficiently large. This phenomenon is also valid for othe
pairing cases (i.e.(n,m) # (M,1)) as verified via some 015 2 25 S0 340 45 5055
numerical examples in the next section. "

Average rate (BPCU)

Fig. 5. Average individual rateg,, = 7%, m=1,n=10.
IV. NUMERICAL RESULTS

In this section, the performance of NOMA is evaluated in ) o
comparison with TDMA by using computer simulations. Thé constant performance gain over TDMA fo_r each individual
total number of users in the wireless downlink systemsis= 'ate. Whenp = 55 dB, the performance gains with respect
10, and different choices ofim, n) will be considered. to userm and usern are about 1 bits per channel uses

In Fig.[3, the probability of each event defined in SectiofPPCY) a”‘?' 2 B_PCU' res_pectlvely. This is due to the fact_that
[M=Alis displayed via column diagrams. Specifically, thel (€2) — 1 in this f:ase, .e., NOMA outperforms TDM_A n
probabilities that the point T lies on subsegments A-B, B-¢erms of each user’s rate for almost all the possible retidizs
C-D and D-E in Fig[2 are displayed, where we get 25 dB Of (hn, hun).-
anday = 1/,/p for simplicity. Four different user pairgn, n) _ _ v _CONCLUS'ONS _
are considered, which shows that the probability that tietpo ~ This letter has investigated the performance of NOMA in a
T lies on subsegment B-C (i.62(¢)) increases with the value downlink network from an information theoretic perspeetiv
of (n — m), as discussed in Remark 2. In Fig. 4, additiondihe relationship among the BC capacity region, the NOMA
numerical results are provided to shdWe,) as a function of rate region and the TDMA rate region was first described. Ac-
n. As shown in this figureP(e,) increases with the value of cording to their relationship, the performance of NOMA was
(n—m), i.e., NOMA is prone to perform better than TDMA€Vvaluated in terms of both the sum rate and users’ individual
in terms of individual rates when the difference between ttate, by considering TDMA as the benchmark. Future work of
users’ channels is large. In addition, it is worth pointing o interest is to dynamically change power allocation accuydi
that the Monte Carlo simulation results provided in Figs. ¥ instantaneous CSlI for enlarging the ergodic achievattéesr
and[@ match well with the analytical results developed it0]. Moreover, it is important to establish the connection
@), (23), [2Z5) and(26). In Fifl 5, individual rates of NomAbetween MIMO NOMA and information theoretic MIMO
and TDMA averaged over the fading channels are depictedR{§adcasting concepts.
functions of SNR (i.e.p), where we setm,n) = (1, M), and
az = (v/pln(2) +1—1)/(pIn(2)) according to the special VI. ACKNOWLEDGMENT
case in Sectiof II-B. As shown in this figure, NOMA has The authors thank Mr Yiran Xu for helpful discussions.
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