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CHAPTER I
INTRODUCTION

Let {¢n(x)}:=0 be a sequence of real polynomials orthogonal with
respect to an even weight function p{(x) on a symmetric interval [-a,a].
If for each n (20) ¢n(x) is of degree exactly n and if the coefficient
of x" in ¢n(x) is chosen to be +1, then the polynomials of the sequence

satisfy a three-term recurrence relation of the form (see Appendix A)

= 1
¢O(X) 1,
¢, (x) = x, }> (1)
¢ 410 = xd (%) - c ¢ (x), nzl. )

In the pages which follow, two things are accomplished:
1. a formula is derived which expresses <, in terms of the

a

moment s W o= f p(x)xndx, nz20, for any given even weight function p(x)
-a

and any given positive a (including infinity if the moments remain

finite);

2. for the weight function p(x) = |x|a(1—x2)8(a>—l,8>—l) on

the interval [-1,1], it is shown (i) that



{(n + o:sin2 Egd(n + 28 + asin2 5
2
¢, = » nzl,
(2n -1 +a+ 28)(2n+ 1+ a4+ 2R)

and (ii} that if o#C the orthogonal polynomials of the sequence
{¢n(x)};_0 are non-classical in the sense that they are not solutions

of a second-order ordinary differential eguation of the form
a (x)y" +a (x)y' +ry=0, ('-~ JiJ
o 1 by ? dx

where a and a, are independent of n and An is independent of x.

1



CHAPTER 1T
DERIVATION OF A FCRMULA FOR °,

The object of this chapter is to derive a formula which expresses

e, in terms of the moments

a
Wy = J o(x)x"dx, n20,
-a

for any given even weight function p(x) and any given positive a
(including infinity if the moments remain finite). As a notaticnal

convenience, the symbol <f,g> is used to denote the inner product

a
[ p(x)F(x)g(x)ax.
-a

As indicated in Equation (1), Chapter I, the orthogonal poly-

nomials of the sequence {¢n(x)}:= corresponding to the weight function

0

p{x) satisfy the recurrence relation

i
'_I
-

—

¢0(x)

¢, (%) (1)

H
b
H

¢n+l(x) = x¢n(x) - cn¢n_l(x), nxl. J

Since for n=zl



- <¢n+l’¢n—l> <x¢n - cn¢n-l’¢n—l>

<x¢n’¢n-l> - cn<¢n-l’¢n-l> ’

it fellows that

XK$_s¢_ .2
. Lis = R 2)
n-1’"n-1

a result which can be expressed more conveniently after a slight change.
Replacing n by n - 1 in the third of Equations (1), multiplying the

result by p(x X}, and integrating from -a to a shows a
1t by p( )¢n( ) d i ing h that

]

<G 28.> T <xb a0 > - C <o b >

n

<X > nz2;
400 _1>s 1223

il
-

and by direct verification for n

2 9. -
<® :l> = <x¢l,¢o>-

<¢l,¢l> = <X ,X>

Thus

x50 > T <95¢.>, n2l. (3)



Substituting (3) in (2) yields

<p_,9 >
n I
C R erenn ey P nzl. (u)
A

The next few paragraphs explain how to compute <¢n,¢n>.

In Appendix B it is shown that ¢n(x) can be represented in the
following forms according as n is even or odd {(vertical bars dencte a

determinant): if n is even and nz2 (say, n = 2k, where k1),

%o Moo TR Mgy
Mo TR
¢2k(x) = KQk E E E . (5)
Hok-2 Mok "7 Miukeo
1 x vee x2Kk
1
where K2k = N s

%o Mo Pok-2

H2 Py T Hax

Por-2 Mo 7T Mukey

while if n is odd and n23 (say, n = 2k + 1, where k2l1),



Moo Wy B )
Yy ¥g T Mok
bos1 ) T K|t N (6
Mok Hok+o Hux
3 2+l
X x AR 4
_ 1
where K2k+l = '.. .
Moo Wy Mok
My Mg Hok+2
Mox  Howso U7 Hykeo

The computation of <¢n,¢n> when n is even is examined first.

Thus the immediate problem is to evaluate
& 2
WGy 0> = {a 35, ()9 (x)dx,  k21.

In crder to facilitate the evaluation of this integral, the integrand
¢gk(x)p(x) may be written as a determinant in which the variable %
appears only in the last row. The steps in the transformation of
¢§k(x)p(x) into this form are now described.

Square ¢2k(x) by multiplying the determinant (5) by its transpose
(here understood to mean the determinant obtained from (5) by inter-

changing rows and columns). In the resulting expression for ¢§k(x) the



elements involving x appear only in the last row and the last column.

mms¢;gx)=1§kx

(7)
k X K
2 2
TR Lou s KR N TR Pou, xS
L P2 L Foshoiio , TOW :
520 23 s2o 23721 s20 237 242k2 L Mg
k X k
2 o+
Xu Iu. e Zu. u‘ Z ]
23M25+2 Lo Fose2 - HyspnX
2] 520 23 j20 2t2%2d2k-2 L Fagee
k K
LN N ) 2 2]‘
Z “23 D9+2k =2 Z u23+2 29+2k -2 jf Hogtok-2 jzou2j+2k-2x
k X k K
2] 23 27 47
7w .x T oeox e T k2T M
L Ho L Hag4o ] _
520 3 3=0 | 5= 23+2k-2 320

Now write (7) as a sum of k+1 determinants the pth of which
(1 £ p £k + 1) has the following properties: (i) its first k columns
are identical with those of (7); (ii) its (k+l)st column consists of

the pth addends in the (k+l)st column of (7). Then ¢§k(x) = ng )

m=0
(8)
) i ?
Heo |9 S TR b H m
sfo 23 jZO 2352942 Z 2342942k -2 Hom®
Z J .2
u LN ] 2m
23%29+2 jz Hog42 j£0“2j+2u2j+2k-2 Homeo®
k K .
2 2m
u .
Z 2425+2k-2 Z ”23+2“23+2k 2 ]z0“23+2k 2 Homiok -2%
i X X k
23 23 23 L
z Hna.X Z Boe X ove Z ] m
. 2 . Yoo _ A X
550 23 550 2342 s5o 2+ 2k-2




In each determinant which is an addend of the sum in (8), factor x2m

from the last column and multiply the last row by p(x)x2

m to obtain

p(x)¢2k(x) = K2k Zo
m= (9)
k
) ug Z u X Z " u
320 3 23 2j+2 2] 23+2k~2 2m
j
HAaeH l-l .
s5o 2372542 Z 2542 j§0“2j+2“2j+zk-2 Hom+2
Z u Z W E u
29H24+2k -2 23+2H29+2k -2 Lo 232k-2 Yom+ok-2
z b 2j+2m o (x) Z x2j+2m ) X 23+2m 4m
j=ou2j+2 plx j§0“2j+2k-2x p(x) x p(x)

Since all the entries that contain x now appear in the last row,

it is possible to integrate p(x)¢§k(x) from -a to a by performing the

integration only on the last row. Thus (recall that

a n
[ p(x)xdx =
-a

k
2
kot

jzo“zj“2j+2

.
.
.

k
L
k

j§0u2j“2j+2m

RTISRTE
=0 237 25+2

Z ”23+2

.
»
L

x
=0 23%23+2%-2 j£0“2j+2“2j+2k—2

k

W, . :
jzo 23+2"29+2m

M Y, f p(x)¢2k(x)dx = K2

%k L

TP b

320 237 29+2k-2 2m

Z o 21+2M2542k-2  Homeo

. : , k21,
Z u u
2542k-2 2m+2k -2

k
jgou2j+2k-2“2j+2m Hum




OCbserve that for m = 0,1,...,k-1, the determinant which is the mth

addend in the sum is zero because the {(m+l)st row is identical *to the

a
2 . _
last row. So {a D(x)¢2k(x)dx = <¢2k’¢2k> =
;2 i )
Hos HosHAs .. HasHae _ 7!
520 23 520 23 23+2 520 25729+2k -2 2k
k X k
! HogHos40 L ”§j+2 el Pogeob2g+2Kx-2  Hok+2
j=0 j:o ]=0
2
“ox : : : :
K K X
[ HosHosgor 2 ! Hospobostok-2 77 ! “§'+2k-2 My -2
520 23723 550 23 3 j20 23
) ) )
| F D F I Hoe, AHA ree |V U, u
520 21%23+2K 520 234272342 550 23+2k-2"23+2k Puk

or, upon writing the determinant as a product of two determinants,

uo u2 PRY p2‘k uo u2 aesa qu —2 0

oy Wy LS SO R LS My e My O

- 2 . . . .

Coprla” T K| . . : : : :
) ’ * o {Mok-2 Mok 77T Mgy O

oy Hok42 Mgie [ Mok Make2 T Mykoo L

Since the second determinant is simply ELF s



'.Jo U2
H H
} 2 My
P’ T K|
Mok Moksn2

By a similar argument, when n is odd (say, n

Corr1?®oxe1” T Kopnl

Now that <¢2k

Hok+2

Mokt

8oy 80 <Poyiyabore

k=z1.

10

(10)

2kt1, where k21},

Hok+2

Hok+y

Muk+2

{(11)

> have been evaluated, it is

possible to calculate ¢, from (4)., For n even (let n = 2k, where k22)

Moo Mo %
K oo Hy )

2k : : :

H b H
c - (¢2k 9¢2‘k> - 2k 2k+2 4k
2k <¢ -] ¢ > *

y T t Mok

k-1 (1 :
Hok  Mok+2 Hux-2

Thus,




2k

M2 LR " W S B L S Tt Mok
Hy He oMo M2 My T Mok
Pox-n Mok 77T Myxes|Mox Mok+2 an
k22
Ko Ho  *"" Hop.o||B2 My Hok
H2 Wy oottt oMo My Ve Tt Mok
Hoxwo Mok U7 Muxon| Mok Mok+z U7 Muk-2
For n odd (let n = 2k+l, where k2l)
u2 uu L u2k+2
X Hy Mg T Mok
Zk+l} : :
U u o aae u
2k+l T <6, 00, > .
: 2K "o Mo Hox
y H2 Hy T Hopas
2k : : :
Hox Hok+2 Mux

Thus,

11

12y
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Mo Ho o "0 Moo M2 My TP Hopen
B O O I T Yok
Fok-2 Mok TTT Mpkoni Mok Mokew TTT Muyxen
Cok+1 T .. ee » kzl. (13)
Mo My Yox 1Yo My Mok
My He 77T Mokyn| (M2 My T Moo
Mo Hoke2™ " Mukoof Mok Moxe2 TTT Mux

Since formulas (12) and (13) apply

cl and c2

must be treated separately.

only for k22 and kzl, respectively,

By direct computation,

. _ <¢l,¢l> ) <x,x> ) ]_l_2-
1 <¢O’¢0> <1,1> UO
and
. - <by00,> _ THé ey bge X797
2 <¢l,¢l> <X,X>
<x2,x2> - 2c <x2,1> + c2<l,l>
- 1 1
<x,x>
u w2
2 2
u,-2|—tu, + |7 u
4 )2 U 0
) ° A )
b L B
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Thus e has been evaluated for all n (n21).

It is possible to give expressions for ¢, which are different in
form from (12) and (13). Since these alternative expressions are some-
times computationally more convenient, a derivation of them is now
given.

From (4)

- <¢n+l’ ¢n+l>

c =
ntl <¢n,¢n>

By using the recurrence relation (1) and the identity (3) one finds that

< - -
o - x¢n cn¢n-l’ x¢n Cn¢n-l>
nt+l <¢n, ¢n>
=M"20 +C2'
<
¢n, ¢n> n n n
_ xb» X¢ > .
T < > :
¢ns ¢n n
Now define 4 = 0 so that
<x¢_, x¢_>
+ ¢ = n e n=0

Note that



1y

<X¢ s X¢_ >

n-1 n-1
n n-l “tho10 *na1”

n

K50 KO o7

n“l n*2 <¢n‘2, ¢

n-2

<X¢2S x¢2>
3 + 2 <¢2’ ¢2>

<x¢l, X¢ >
2 l <¢l, ¢ >

<X¢O, X¢O>
1 0 - <

By alternately adding and subtracting the above equations, (cn + c Yy -

n-1

(e g te )+ o 4 (DN, +e) + (1" e, + e =
nil( LyPHtL KOy, X05>
L5 <p., 6.> T
1=0 i 1

ol nei+l X¥0pe X¢y°

e = I (-1 <¢l ; =, n2l, (14)
i=0 i? i

since the left-hand side telescopes and e, = 0. Since <¢n,¢n> has
already been evaluated (see (10) and (11)}, it is only necessary to

compute <x¢n,x¢n> to be able to find c,-
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Consider first the case where n is even (let n = 2k, where

k21). The procedure previously used to calculate <¢ > can be used

2k’¢2k

to calculate <x¢2k, X¢2k> if each entry in the last row in (9) is

2 2.2 2 K
multiplied by x°. Thus p(x)x ¢2k(x) = K2k Z
m=0
f ; :
Hes [P PR e UyaH, s H
370 23 320 297 29+2 j=0 277 23+2k-2 2m
; ¥ ‘i
PR TR T Wosinborm o M
j=0 237 23+2 320 29+2 3=0 23+27 234k -2 2m+2
*g % s
HasHos Ums nHae e Uy H
550 237 23+2k-2 s2q 23272342k 55 2it2x-2 2m+2k-2
k . .
% x2j+2m+2 (x) z y x2]+2m+2 (x) oo E }gj+zm2 x4m+260
RS P L Hoje2 P b Yoseok-2 P
j=0 j=0 j=0

Again all the entries that contain x appear in the last row and

p(x)x2¢§k(x) can be integrated from -a to a by performing the integration
e

on the last row only. Consequently, <xX¢, , X¢,., > = K2 Z

2k 2k 2k =0




X K

! “gj ) HogH o542 Tt Z “23 29+2k -2 p

i=0 3=0 2m
k k K

L HoiHa9+2 ) “§j+2 ) Ho3+2H25 42k -2 Homt2
j=0 1=0 J=0

X X

L v Z u Tl y
55029 o342k -2 29 +2Y2542k-2 s2g 23+2K=2 2m+2k -2
K X K
]fougj 2542mt2 ,Z Hoj+otosome2 T j§0u2j+2k-2u2j+2m+2 Hum+2

Notice that for m = 0,1,2,...

addend in the sum is zero, since the (m+*2)nd row is identical to the

,k-2, the determinant which is the mth

2
last row. Hence <x¢2k, x¢2k> = K‘Zk

K k K

2 u;j 1 Hog¥og+2 e Lw HoqHog4ok-2  Mok-2
3=0 J=0 3=0

k k K

) H23H25+2 3 “§j+2 ) Hog+2¥ 2342k -2 Yok
3=0 =0 j=0

K k

j§0“2ju2j+2k 2 20”23+2 25+2k~2 Z “23+2k 2 Hie-u

K K k

jzo“zj“23+2k ) 29+2%29+2x j§0”2j+zk-235+2k Muk-2

16
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k X
7 ul. P o Z VIR p
=0 2] 520 23 23+2 297 29+2k-2 2k
k k
Z TR ¥l T TR T "
23"23+2 i Meger s2o 2542723 +2K-2 2k+2
2 - L] - -
+ K2k . : . .
j§0”25“2j+zk-2 jzou2j+2u2j+2k—2 e Z ”23+2k 2 Huk-2
K k
jzou2j“2j+2k+2 .X ”23+2 2j+ok+2 jEO“2j+2k—2“2j+2k+2 k42

But each of the two determinants above is the product of two determinants

as shown below., Therefore,

Mo Mo IR " Ha "t Mg O
Mo My B S B My ottty 0
2 . . . . . . :
<x¢ ,X¢ > = K L I LN N

AT 2y 5 Mok Yukoz| (Mak-n Mox-2 77 Makes O
Moy Poxto 70 My [|Mox-2 Mok T Puken b
u u res Uy 0

2k ok+2 4 -2
Mo Hy oMo | Mo Mg o tttHge, O
, |12 My Tt Moo | (M2 T
+ Ko | : : : : S
Mokez Mok 777 Moo |Mok-2 Pk U0 Muken ©
Morrn Mokay 77 Mueao| Mok Moga2 U7 Muke2 1
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o ) E S B L ) Tt Mok

Mo My T Mokt (Mo My R
A N s s

Hok—2 Mox 77T Mge—z||[Mak-2 Mok 77T Mukey

Hokdz  Moken  TTT Mukan

o 2 o Yo o Tt Hok-2

. My T Moksa2 || M2 Hy Tt Mok
S I D,

Fae o Mokt 7T Mux [ [Mok-u Moxe2 77T Mukes

ok Hoks2 770 Mux-2

where the restriction k22 (instead of k21) has been imposed simply to
avoid a possible misinterpretation of the nomenclature.
For the case where n is odd (let n = 2k+l, where k=zl),

<x¢2k+l’ x¢2k+l> is found by a similar technique to be

b1 ¥y’ T

Ho Hy T Mokt Mo My Tt Hox
Hy He U Hopay | My He T Hokao
2 » » . - - -
K2k+l » . » - - -
L L e SR T | L o7 P S T0
okt Yok+s Puge i
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Ho My Tt Hakto| | M2 My Tt Hok
Hy Y6 Hok+u | (Mu Mg T Hoks2
SR : : : : L |s K22, (1e)
Moz Moktn 7T Muka2||Mok-2 Mok 77T Mukew
Hok+2 Mok+n 77T Muk

where the restriction k22 hasg again been imposed for the same reason.

Now from (1)

By direct computation, since (15) and (16) are to be used only for

k=2,

- = 1
NI @
<Xg. x> U
e (18)
<¢l:¢l> u2
o Ho
<X, s%b,> My Wy Mg
—_t ——, (19)
<b,.a0,.> H
2772 0 uo u2
B, M




and
U2 Uu
jfoifféi._ Hy Mg Mg
<b..0.>  u. T
3°%3 2w, o,
M, Mg
Kb, SX$, >
From (10) and (15), for k22, 2 k|
<h.. 2b,, >
2k > Pk
Mo Ho Tt Mo 0 Mo Mok -2
Mo My T Hoksa M2 My Mok
2 . . - N - M
K2k . - . » - -
Mok-2 Mok T Mo | [Mok-2 Mok M-y
Horaz Moxwy "7 Mukao
%9 Ho ’ Hox 0 Mo Mok -2
2 Mo By L LY Hy Mok
s : : : : :
Hor  Mokto M 2k-2 Mok Mgy

20

(20)



o Mo oMo 1Mo Ho Tt Mokoo
2 My T Mokseo| P Yy T Mgy
2 . . . . . [
K2k : . . : : .
Mok Mok T Muke [ Mokew Mok-2 TTT Hukes
Y L .
Mo Mo IR " B A By B P
Moo My T o Maag| M2 My Mok
2 . - . - . N
Korl s : : : : .
Por  Hoke2 Pue |{Yok-2 Mok T Py
on XX
b b’
Mo Mo "t Mok Mo Mo T Eopo
Ho My Tt Hokeo ¥y Hy Tt Moy
Mok-2 Mok ) Mk -2 Hok-y Hok-2 777 Muk-g
Mok Moxy 7T Huken Mok Hopsn Mk oo
Mo Ho TTToMok Ho My Tt Mokl
Mo My Tt Hopsn Ho My Tt gy
Mok Moks2 Huk Moz Mo 770 Mukey

21

(21)



From (11) and (18), for k22,

X opr1 ks’

o1 ok+1”
M2 My T Pake2| M2 My P
My Me U Mopn| My e L
2 - . - . » .
K2k+l ’ . L . . .
Mo Mok T Muk o Mokez 7T Myk-2
Horay  Hoxte B TSR
M2 My e 2% B My U M
2 My Y T HMokgn| My He Tt Hoxto
2k+1l) - M . : . .
okt Mok+y Yo Mges2| [P Hok+2 Hyk -2
Ho My T Poke| M2 My, ok
My s B VTR B L' He T Horen
2 » . - [ ] L] -
K2k+l . . * . : -
Hoktn Mokty U Merol [Mok-2 Mok T Vikey
u2k+2 p2k+u ° uuk
Ho My Tt Hoxe2| (M2 Hy T Mok
2 My Mg U Moksn|  [Mu e Tt Hokeo
Zrl) : : : : :
Mol Mokty oM [Pax Mok U7 Muk-o2




<
X ok+1 %P0k 41’
So <5 s S =
2k+1? ¥ 2k+1
M, M, R U N I u, R T
Hy Mg U Mok | My %6 L S
Ho  Hoks2 777 Mk Hok-2 Mo 7T Muxey
Moty Mok+e Hulerts | [M2k+2 Mokt Mux
M2 My IR % Y B L My T Vo
Hy e U Hopry! My He T Hokto
Yoz  Hok+y Puero | Mo Poxz 77T Muko2
Thus, from (14),
L X9 »xé > . RASEIS TSRO PYT . Pt
2K <¢o’¢o> <¢la¢l> <¢2,¢2>
< > < >
+ X¢3 )x¢3 _ <x¢!+5x¢'+> X¢5 SX¢5
<¢39¢3> <¢u!¢u> <¢5 !¢5>
KOy X 7 Kby _30X0y o7

P2’

B s oy

<¢2k—3’¢2k—3>

Kb 1%y 17

“Pox2290k-2

Dor-12%2x-17

23

(22)



o M2 My
UO U2 312 Uq_ 112 Uu_ 1-15
u U M Hy uB ! uG u8 Hs Mg 1—110
o My Mo 4
TP TRURAR TR R -
N L 20 My By Mo Mo My
My My My Mg Wy M, Mg
ULI- U6 ]-l8
W, M, Mg
g Mo My, Mg Mg Mo My
My Mg Mg Hig M12 L
+ -— -— »
My M, Wy My Mg Wy My
Hy W, Mg Mg B, Mg
e Mg Mig
I s L e TR
Mo My Tt Moxoo Mo My Tt Mokey
Mok-6 Mok-y 0T Muean Ho-g Hok-g 1T Moy
Moo Hox R TV ox-y Hor-z Mux-10
+
! Hy Tt Mokey Yo ¥o o Makos
Mo My B )| Hy Hy Tt Hokey
Hok-u o Mok-2 77T Mux-g Hok-y Mox-2 7T Muk

24



L) My Hop -2 M2 My T Hopey
By Y6 Mok Yy g Tt Moo
Mokt Hox-2 Hux-g Pok-6 Mok 7T Mukao
Mo Poxe2 M-y Yok-2 Mok 77T Muk-s
By My ) Mo My BRI o VT
My Vg Mok My Mg Tt Hoxo
Pok-2 Mok Hux-6 Hop-th Moo "7 Hyxo
Yo Mo Mok-2 Mo My T Mok
My My Hox Ho Hy T o Moxo
Pox-u Mox-2 Hyk-6 Hok-6 Moxk-u T Muk10
ok Hokeo Mu-2 Hox-2 Mok T Muxs
o Mo Mok -2 Mo Mo Tt oMoy
Mo My Yok My My Tt Mox-2
Hok-2 Hox T ooy Fox—o "' Myx-s

25



Ko ¥y Tt Mok Hooo My Tt Mok
Hy Y T Mok Hy Vg EI%
k-2 Mok 77T Mukey Hok-u Hok-2 "7 Muk-g
Hok+2  Mok+y Muk ok Hok+o Mk -1
+
Mo My Tt oMok By My Tt Moke2
Hy g Ut Mok My Mg oMk
Mok Mok 77T Muke2 Pok-2 Mok """ Mukes
Finally, after a great deal of additive cancellation,
Mo My Tt oy Yoo ¥ L
By Y6 T Moksn Hy o My Tt Mo
Pak-2 Fok 7T Mukey Mok-u Yok-2 *77 Muk-s
opez  Yor+u 7T Muk Mok Mok M2
Cox ©
Ho My oMok Mo Wy o Moko
Hy Mg Tt Mokt2 Moo My B
Mok Vok+2 M2 Mor-o Mok M-t

Similarly,

26



27

"o "o Mok Mo Hy Tt Mok
2 Hy U Moo My Hs Tt Moga2
Hok-2 Mok T Mukeo ) 2 ) " T
(24)
Hos2  Moken Huk+2 Hoke2  Mokn Hux
Cox+1 ~ T - — , k=22,
"o H2 Mok 2 My Mok
H2 My T Hoke2 My Vs T ks
Mo Mo TTT Mk Foe Moz TTT Mk

Since (23) and (24) have been restricted to k22 for notational clarity,
s Cpo and ¢, must be computed separately [see (14) and (17) - (20)).
As mentioned previocusly, the expressions (23) and (24) for c
which are alternatives to (12) and (13), may have certain computational
advantages—--particularly if numerical approximations to the cn's are
wanted. Suppose that the determinants in the numerators in the four
quotients that appear in (23) and (24) are replaced by their trans-
poses. The three of these quotlents which are composed of determinants
of order k may then be interpreted as the expressions obtained by
Cramer's Rule for the kth component of the sclution to a system of k
nonhomogeneous linear equations in k unknowns. A similar statement
may be made about the quotient in (24) involving determinants of order
k+1. Thus, since the evaluation of c, from (23) or (24) reduces to
operations which are equivalent to finding the kth or (k+l)st component

of the solution of a system of k or k+l linear equations, use of (23)
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and (24) makes it possible to take advantage of the variety of powerful

computational techniques which have been developed for this purpose.
Perhaps as an afterthought, one may remark that the expressiocns

for oy given by (12) and (23) are identical and that the expressions

for Cortl given by (13) and (24) are identical. The equality of these

expressions thus serves to verify and to generalize some extensional

identities obtained by Aitken [1] by pivotal condensation,
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CHAPTER III
AN APPLICATION OF THE FORMULA FOR e,
The goal of this chapter is to show that for the two-parameter
family of even weight functions

p(x) = |xla(l_x2)8, a > -1, B > -1, (25)

on the interval [-1,1] the corresponding expressicn for ch is

[n + asin2 %;J[n + 28 + a51n2 %;
c = s h=l.

n (2n+1+a+28)(2n -1+ a+ 28)

It is also shown that if a=z0 the polynomials of the sequence {¢n(x)}:=0
are non-classical.

The particular family of weight functions (25} was chosen for
two reasons: (i) of many such families which were investigated, it is
the only one which leads both to a simple expression for . and (for
most choices of a and B) to non-classical orthogonal polynomials;

(ii) for the special choice a=0, it leads to the classical ultra-
spherical polynomials, and for the special choice B=0, it leads to
non-classical polynomials previously studied by Law [4#]--facts which

serve as a partial check on the validity of the results.



For the weiz»+ Zuncticn (25), the moments u_ are
Uorgy © 0, k=0,
1
u = x2k|xla(l—x2)de
2k
-1
1 ot 2k 2.8
=2 [ x (1-x")"ax, k=z0.
0
By using the substituticn x = cos 8, oy iz found to be
r
2 at2k 28+1
Hoy = 2 f (cos 8) {sin 6} 48
0]
r[u;l + k]F(B+l)
_ = B(9§£-+ K, g+ 1|,  (26)
r[ggi-+ K + B + 1]
where T and B denote the gamma and beta functions. For notational
convenience let

(27)

Then
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_T@a+ k)R +1)_fa+k-1)Fa+k-1)(B + 1)

Mok © TT(D v Kk + 1) b+ Kk T + k) (28)
_a+tk -1
T To ¥ k. Mox-2r
From Equation (13)
Yo Mo o Morg Ko o Ut Poptr
Hooo Wy oM "y Y6 T Yok
Hox—2 Mok BRI T Mo+ Mokey Pyk+2
C2k+l: e ... » k=1,
2 My Mok Mo Hy Mok
Hy Y T Hokeo o My Tt Hopen
o Mokvo 77T Muxoo Mo Hokso T Hyx

If (28) is used to express each moment in a given row in terms of the

moment which is the firat entry in that row, Copsy CBT be written as
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Copel T
0 k-2 1 "
T (a+i) T (a+ci) I (ati) 1 (a+i)
i=0 L. i=0 i=1 LLLoi=l

Mg 1 g ko1 Yo Ko 2 Ho kel Mo
T (b+i) 0 (b+3) T (b+9) T (b+j)
j=1 i=1 j=2 i=2
1 k-1 2 K+l
T (a+i) M (a+i) n (a+i) n (ati)

. i=1 y .ot y ; 1=2 , L. iz2 )

2 Z 2 ¥ 2 y 3 Y k+2 Y

I {b+i) M {b+i) n (b+i) M {b+1)
4=2 =2 1 523 323
k-1 7k -1 k+1 2k
il (a+ti) i {a+i) il (a+i) n (a+i)
ixk-1 . fzk-1 i=k+1 izk+1

k-2 Tk Hon oo ) Por-zt MoKtz 92 Fokez "7 TRFT Hok+2
T (b+7) T (h+j) T (b+j) T (b+j)
j= 7=k Y=k +2 j=k+2
1 k-1 9 k-1
1 {at+i) n (a+i) n {a+i) M (a+i)
i=1 i=1 i=0 i=0

Mo 2 Ha T Ha Yo 1 "o TR Yo
I (btg) 1 (bei)d m (b+3) M (b+i)
322 j=2 j=1 j=1
2 k 1 K
n (a+i) T (a+i) M (ati) T (ati)
i=2 L= iz1 i=1

My 3 Ky RS Hy Ha z Ha kN Ha
n {b+j) n {bt5) n (b+3) T (b+i)
j=3 1=3 j=2 i=2
k 2k-2 k k-1
I (a+i) o (ati) I (a+i) I (a+i)
i= i=k i=k izk

"ok kel Yol o w el VR e A v Mok %% Hay
m (b+i) N (b+j) n (b+d) n (b+i)
j=k+1 J=k+l j=k+1 J=k+1




For each row

(i) factor ocut the common moment;
(ii1) wmwultiply each row by the product necessary to elimlnate all denominator
in that row; and
(iii) wuse {28) to eliminate the moments that remain.
_ (atk }(h+k )}

Then ey y 12k J( b2k +1)

k-1 8] k-1 k-2 k+1 1 k+1

T (bti) M (ati) 1 {(b+3) see I (ati) i {(b+y) M (ati) T {teiy
j=1 i=0 j=2 i=0 j=2 i=1 i=3

k 1 k k-1 k+2 2 k+2

T {(b+j) 0 (a+i) T {b+jd ee T (a+i) m (b+y) M {(a+i) T (L+3)
j=2 i=1 9=3 i=1 j=3 i=2 =

2k -2 k-1 2k -2 k-3 2k+1 X+l 21+

_]‘l {b+73) n {(a+i) T  (b+i) ==« N (a+i) n (b+y) M {a+i) & {(o13)
jsk i=k-1 J=k+1 izk-1 izk+2 fxk+l jek4 )

k 1 k k-1 k o] k

T (b+3) I (a+i) N (h+)) ven A (a+i) M (b+3) T (a+i} 1 {b+id
j=2 i=1 i=3 i=1 j=1 i=0 =2

k+1 2 k+1 k k+l 1 k+1

i (b+1) T (a+i) U (b+]) I (a+i) T (h+i) M {ati) T (bLri)
j=3 i=2 =4 $=2 =2 i=1 =3

2k-1 k 2k-1 2k~2 2k k 2k

I (b+f) W {a+i) T (b+f) =+« T C(atid|| T  (b+4)y 7 (ati) 1 (b+i)
J=k+l i=k j=k+2 i=k I=k+l i=k jek+o
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In Appendix C it is shown that if

k-1 Q k-1 k-2
I (y+j) I (x+i) T (y+3) oo M (x+3)
j=1 i=0 j=2 i=0
k 1 k k-1
T (y+i) I (x+1) T (y+3) eer T (x+i)
fk(x,y) = 1j=2 i=1 =3 i=1 , (29)
2k-2 k-1 2k -2 2%-3
I (y+3) I (x+i) T (y+§) +++ 0 (x+i)
=k izk-1 j=k+1 izk-1
k-1 "
then fk(x,y) = T it{y-x+i) *.  Hence,
i=1
. @) B EP) - 5, (arlbn) (30)
2k+1 (b+2k ) (b+2k+1) fk(a+l,b+l)fk+l(a,b) )

But fk(x,y) = fk(x+l,y+1) for all k, since fk(x,y) is a function of

y - x. Therefore,

_ (atk)(b+k)
Cox+l - ek (braxel) 0 <2l (1)

From (12)



By using the same technique which was

c

Y2 My T Mok Mo "2 Mk
My Ve oMok M2 y T Haper
Pokez Mok TN Muesl Mo Moz 7T M |
CQ}( = . T s k22,
iy b, Mozl s M W
U2 l—‘q_ e u?k IJI+ lie . U2k+2
Pak-2 Pox 77T Muken| Mok Mokez T Mukep

1

% T (Brok-LI(BFoRT)

used to compute c¢

2

417 one finds that

35

k-1 1 k-1 k-2 k o} k k-1

B (b+3) T fati} M (b+3) T (a+i} I (b+j) I Ca+i) 0 (b+1) sre T (ati)
i=2 i=1 §=3 i=1 §=1 i=0 §=2 i=0

k 2 k k-1 k+1 1 k+1 k

T (b+3) N (a+i) T (b+j} T (ati) m (bt]) M (ati) M (&+9) e T (ati)
123 i=2 j=u =2 i=2 i=1 123 i=1

2k -3 k-1 2k-3 k-4 2k k 2k 2k-1

I (b+j) T (a+id 0 (b+]) T (ati)l] 1 (bt3) T (a+id) I (B+]) T (a+i)
j=k i=k-1 j=k+1 1=k j=k+1 1=k j=k+2 i=x
k-1 0 k-1 k-2 k 1 k k-1

T (b+j) T (a+i) I (b+7i) N (a+i) M (b+) M (a+i) T (b+}) one T (at+i)
j=1 i=0 =2 i=0 =2 i=1 323 i=1

k 1 k k-1 k+1 2 k+1 k

I (p+3y 1 (a+1) T (b+3) N (a+i} T (b+]) M (a+i) T (b+j) e I {ati)
i< i1 i=3 i=1 j=a 122 =y i=2
2k =2 k-1 2k-2 2k-3 2k-1 k 2k-~-1 2k-2
Io(b+3) 0 (atid) B (b+3) 1 (aeD)| T (b+9) W (atid T (b+) cee 0 (at
j=k izk-1 j=k+1 izk-1 j=k+1 izk j=k+2 izk
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From (29)

1 fk-l(a+l’b+l)fk+l(a’b)

2k ~ (542k-1)(b+2k) £, (3,D)F, (at1,b+1)

o/

By use of the identity (30)

k-2 .k .
N i1(b-ati) T [ oir(hoari)tid
_ 1 =1 i=1
Cok T (h+2k-1)(b+2k) k-1 g X1 i
T it(b-a+i)™" T i!(b-a+i)< *
i=1 i=1

After common factors in the several products are canceled and the fact

that b-a = B is used,

k(k+8)

Cok T (prk-LI(biok) <32 (32)
i i = a — B+ 1
By direct computation ¢, = s and ¢, = HyeTaT -

If a and b are replaced by their original values (see (27)) and if (31)

and (32} are combined,

[n + asin2 QEJ[n + 2R + usin2 %;

(o + 28 +2n - 1)(a + 2B + 2n + 1)

[a] -

nzl.
n
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Whether the polynomials of the sequence {¢n(x)}:=0 corresponding

to the weight function
p(x) = IXIu(l-xz)B, a>-1, 8> -1, -1 <x<1,

are non-classical or not remains to be discussed. If a = B = 0, the
¢n(x) are simply the Legendre polynomials Pn(x) (except for multi-
plicative facters which depend on n but not on x). If o = 0 but B=0,
they are (again except for multiplicative factors) the ultraspherical

polynomials PéB’B)(x).

If B = 0 but a=0, they are the polynomials
Sid)(x) discussed by Law [4] and shown by him to be non-classical. If
neither o nor B is zero, applying a test described by Jayne [3] shows
that one of the necessary conditions for classicality is not satisfied

(in Jayne's notation, gz(n) z 0, n#l). So, in summary, the polynomials

¢n(x) are non-classical if and only if «=0.
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APPENDIX A

SPECIALIZATION OF THE RECURRENCE RELATICN TO

EVEN WEIGHT FUNCTIONS AND SYMMETRIC INTERVALS

Any three consecutive members of a sequence {¢n(x)¥io of ortho-
gonal polynomials in which ¢n(x) is of degree exactly n satisfy a

three-term recurrence relation [2] of the form

(%) = 1, 1
¢1(x) = on + Bo, . (A.1)
¢n+l(x) = (Anx + Bn)¢n(x) - Cn¢n-l(X)’ nzli)

If the coefficient of x" in ¢n(x), nz0, is required to be +1,
it is clear from (A.l} that An =1 (nz0); and (A.1) then takes the

form

by (x) = 1, !
ti
$;(x) = x + B_, I} (A.2)
|
¢y (X) = (x + B e (x) -C o _,(x), nZl.}'



Lo

If, in addition, the weight function p(x) is even and the
interval of orthogonality is symmetric with respect to the origin,

then Bn = ¢ for all n20. Toc verify this fact, note that because of

orthogonality

a
0 = f o(x)¢n+l(x)¢n(x)dx (A.3)
-a

for all n=C. Replacing ¢n+l in (A.3) by its equivalent from (4.,2)

yields
a
0= {a p(x)Ex+Bn)¢n(x) - C o (x| (x)dx (A.u)
a 2 a 2
= {a xp(x)¢n(x)dx + Bn {a p(x)¢n(x)dx, nz0.
Ifn=20,
@ y, a 2
0 = f xp(x)¢0(x)dx + BO f p(x)¢o(x)dx;
-a -a
a a
0 = f xp(x)dx + B f p{x)dx.
-a © a
a a
But xp(x) is odd; so f xp(x)dx = 0, And, since f p(x)dx = @,
-a -a
B = 0.
o

Suppose Bn =0 forn-=20,1,2,...,k. It then follows from (A.2)

that ¢n(x) (0<n<k+l) is even or odd in x according as n is an even or
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odd integer. But now (A.4), with n = k+l, implies that Bk+l = 0, from
which it follows by induction that B =0 for every n.

Thus (A.2) may be written

¢0(X) = 1.
¢l(x) = X,
¢n+l(x) = x¢n(x) - Cn¢n_l(x), nz1,

which is the desired result if the change Cn = c is made in order that
the nomenclature used here will be consistent with that used in some

of the references cited.



APPENDIX B
VERIFICATION THAT ¢_ (%) CAN BE REPRESENTED AS A DETERMINANT
n

The purpose of this appendix is to show that if {¢n(x)}:=o is a
sequence of orthogonal polynomials as described in Chapter I, the
¢n(x) can be represented as follows (vertical bars denote a

determinant):

if n is even and nz? (say n = 2k, where k21),

o Moo TTT Mok

Mo My Tt Mok
Mok-2 Mok 7T Muk-2

1 W2 eee 32k

¢2k(X) - u “ae e ’

0 Mo Mok -2
Mo TR %

Hok-2 Mo 7T Muxey

while if n is odd and nz3 (say n = 2k+l, where k21),

42
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My Hy T Hokeo
My Mg T Hopgy
Hox  Hokso Huk

3 Zk+1
X X a s s X

boryr (¥) = . ’

Mo Wy %
My o Mg Tt Mok
Hox  Hokso Mk -2

a
where WS f p(x)xndx.
-a

. i . . . .
Since %~ can be written as a linear combination of ¢k
(k = 0,1,?,...,1) and since ¢i is a linear combination of

xk {k = 0,1,2,...,1), the orthogonality condition

a
f p(x)¢i(x)¢m(x)dx = 0, 0gism-1 {(m fixed, m2l) (B.1)
-a

is equivalent to the conditicn

a .
f p(x)xl¢m(x)dx = 0, ¢<izm-1 {m fixed, m2l1}, (E.2)
-a

So if ¢m satisfies (B.2), it has the desired orthogonality property

(B.1).
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Now let N be a fixed but arbitrary positive integer and suppose
that ¢N is written in the form

_ X N-1
¢N(x) =Xt Yy X + ...+ Y% + Tyo

where YN—l’YN—Q""’Yl’Yo are functions of N but not of x. Since ¢N

has the property (B.2),

a . a .
f p(x)xN+ldx + YN-1 f p(x)xN+l_ldx + ... (B.3)

-a -a

a . a ,
t Y, f D(x)xl+ldx Y, f p(x)xTdx = 0, 0<isN-1,
-a -a

a
But | p(x)x"dx = o5 SO (B.3) becomes
-a

Since p(x) is even and the interval of orthogonality is
symmetric about x = 0, the moments with odd subscripts are zero. Also
since the subscripts on the moments in (B.4) depend on two indices
(N and i}, it is desirable to consider two cases according as N is
even or odd.

Consider first the case where N is even (say, N = 2k, where

kzl). With N = 2k (B.4) can be written as
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+ + u + e +ui+lyl+u.yo=o, (B.5)

Hok+i ok+i-1Y2k-1 T HMok+i-2Y2K-2 i

0<i=2k-1.

These equations in (B.5) for which i = 1,3,...,2k-1—namely

+ . + e . . =
Mokti-1Tok-1 T Mok+i-3"2k-3 tUigVg t MYy T 0.

i=1,3,...,2k-1—

represent a system of k homogeneous equations in the k unknowns Yi»
i=1,3,...42k-1. If there exists a nontrivial solution to the system,
then the value of the determinant of the coefficients must be zero.
But by an argument given in [2, page 19], the value of the determinant
of coefficients is nonzero. Hence v, = 0 for 1 = 1,3,...,2k-1. Now
the remaining equations in (B.5) have the form

Hores ¥ Porat-oVor-p Torre T MYy MY = 0, (B.6)

1% 0,2,4,...,2k-2.

Transposing the leading term on the left-hand side in (B.8) to the

right-hand side yields

Hoksi-0Yok~2 T HokaionYoroy b oo T MgV F HiVg T “Hopege

i=20,2,...,2k-2,
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which is a system of k nonhomogeneous equations in the k unknowns Yis
i=0,2,...,2k-2, Since the value of the determinant of coefficients
is nonzero [2], the system has a unique solution. By Cramer's Rule

the solution 1is

Mok Moo My Tt Hoken Mo Hy Tt Mok
Motz My Mg Tt Mok My g T Uokeo
My Mok Moke2 U7 Mukey . Hox  Hoxso My -2
Yo T = (-1)
®o Ho T Mok -2 ¥q Ho L
Hoo My o M2k 42 My TTToMax
oo Mok o Mg -y Moy Mok B T
o L T T Mo Mie2 77T Moxeo
2 My TTT ¥y Mok My TTT Mok
Hok-2 Mok 77T Mysok-n TMuk-2 Mieok 77T Muky
Ys =
Mo o L Y
s Py 7t ok
Ho-2 Mo °77 Mukew




7

o i R P Piv2 7T Mok
1-'2 uu o uj uj+l+ u2k+2
k-%— Hok-2 Mok ipok-u Mok T Mukew
= (-1) s J=2,4,...,,2k-4,
"o L S WO
Mo My Tt Mgy
Mok—p  Hor  TTT Myl
Yok-2 ©
Mo Mo o TTT Mopy THox Mo Moo Tt Mok Mok
Ho My o Tt Hoplo THoksg ) Puo Tt Mok Moken
Mok Mok 7T Muxes THux-o Hok—o Mok 7T Puke Muk-o
%o o T W ®o [ T 7 W
Ho My L% Ho Hy 7Tt Mo
ok-2 Mo TTT My Moo Mok T Mgy




Let

_ 1

K?k -
Mo My Mok -2
Mo My ottt Mok
ox-2 Mok Ut Mukey

When the previous results are substituted into

" 2k -1 2k -2
¢2k(x) = x + Y?k—lx + YQk-Qx + ...
¢2k(x) =
Mo Ho o T Moy Mok
2k 2k-2 Ha My 77T Wokoo Mokso
- x K
2 | : : :
Hok-2 Mok T Mukos Muk-2
Mo Moo Tt Moo Poje2
k-2 . U W e U, Mo
P 3 (kI [ 4 23 29+
L 2k
J=1 . . : .
Hokeo Mok 7T Mogsor-n Hogtok

oYXty s
LN ) u2k
Hok+2| 21
X
My -2

48
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)
My
k .
+ K2k(-l) :
Mok
Since
Ho
Ho
Kokl =
Mok -2
o
My
_ 2|
op (%) = Ky x™)
Mok -2
Mo
Mo
2k -2
- szx :
Hok-2
UO ]J2 .
UQ Uu *
k22 s
v L LT :
j_
Hox-2 Mok

My, .

u6 LB BN ]

Hoxso °°°
pz - .
uu L N
qu LI 3
u2 LI BN ]
uL+ - 4 8
u2k » +*
u2 » »
uL‘- [ I )
qu 4+ b a

- ® Uzj_z

LI ) u2j

Mo 42k -4

2k-2

Huk -y

2]

4a



+ K., (-1)

2k

The right-hand side of (B.8) is the expansion of the determinant

by cofactors of the last row.

¢2k(x) = K

or

2k

2k

Hok+2

uo l“l2 ..
u2 uu . 9
Hok-2 Hox 77
l x2 ')
Thus
uo u2 - &
u2 u“ “s
Hok-2 Mo 7
l x2 .8

Mok

Hok+2

.
+

Mk -2

» k21,

50
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uo u2 * e e uzk
Mo My ot Mg
Hok-2 Mok 777 Myx-2
1 2 e 2K
¢ (%) = » kz2l.
Mo | SR W
M2 L I
Mok-2 Fok  TTT Puk-y

By an analogous procedure for N odd and N23 (say, N=2k+l, where kz1),

MWy T Mok
Yy Mg T Mok
¢2k+1(x) N K2k+l E 5 E *
Mok Mak+2  TUT Muk
v ) 25!
where
Kak41 © . = T
2 M4 2k
Hy g T Hogea

Yok Mak+2



APPEEDIX C
VERITICATION THAT fk(x,y) IS A FUNCTION OF y-x ONLY

The goal of this appendix is to show thar if fk(x,y) =

k-1 0 k-1 1 k-1 k-3 k-1
m (y+§) M (x+i) T (y+i} (x+1) T (y+9) e M (x+i) 0 (y+3)
5=1 izn S=7 =0 1=3 iz0 d=k-1
k k k 2 k k-2 K
T (y+3) T (x+1) T {y+i) I {x+i) 1 (y+) . T (x+i) T (y+9)
i=2 i=1 =3 i=1l j=u i=1 j=k
k+m-2 m-1 k+m-2 m k+m-2 m+k -4 mtk -2
o (yti) T (el T {y+d) T {x+i) 0 (y+j) === no(x+i) 1 {y+9)
j=m i=m-1 J=m+l i=m-1 rmt2 i=m-1 jEmtk -2
k-2 k- 2k-2 K k-2 k-4 2%-2
T (y+]) T (x+i) T {y+3) T (x+i) 1T (y+j) ==- T (x+i) 1 (y+1)
j=k i=k-1 i=k+41 izk-1 i=k+2 izk-1 422k -2
k-l K-
then fk(x,y) = M It{y-x+i} ; hence fk(x,y) is a function of y-x.
i=1

The property of fk(x,y) that will be used in this werificatien is the following:

m+k -3
n
i=m-1

2k-3
f1
i=k-1

in any twe

(x+1)

(x+1)

52

, (¢

adjacent columns the corresponding row entries have (k-2) factors in common and one unlike factor in

k-1

zach. The proof that fk(x,y) is a function of y-x and that fk(x,y) = I i!(y-m—i)k*l will copsist

i=1
of an explanation of the evaluation of the defining determinant of fk(x,y).

In the first column of (C.1)} rewrite the entries as follows:

kt+m-2 ktm-2 m-1 ktm-2
T (y+i) = (y-x+1) T (y+3) + T (x+ti) T (y+3), m = 1,2,...,k.

J=m j=m+l i=m-1 jem-l

€.2)
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Substitute (C.2) into fk(x,y) and subtract the second colum from the
first so that fk(X,y) =

k-1
(y-x+1) I (y+3?
j=2
. (Th ini k-1 1
(v=x+1) T {(v+3 e remaining k-1 columns
Y )j=3(y y are the same as in (C.1).)
k+m-2
(y-x+1) T (y+3)
J=m+l
2k-2
(y-x+1) T (y+3)
k4l

Now rewrite the entries in the second column as

m=1 k+m+2 m-1 k+m+2 m k+m+2
I (x+i) T (y+3) = (y=x+1) T (x+i) T (y+i) + 0 (x+i) T (y+)
i=m-1 j=m+l i=m-1 j=m+2 i=m-1 j=m+2

and subtract the third column from the second column, continuing this

process for the third through the (k-1)st columns to get (after

factoring (y-x+1) from the first (k-1) columns)
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£ Gy =
k-1 0 k-1 1 k-1 k-3 k-2
no(y+3) T (x+1) T (y+3) T o(xtid T {y+y) sre T (x+i) M (x+1)
i=2 i=0 j=3 i=0 i=4 i=0 i=0
k 1 k 2 k k-2 k-1
n M (x+i) T (y+3) M (xti) T (y+j) see T (x+i) M {(x+i)
3=3(y+]) i=1 i=u i=1 j=5 i=1 i=1
(y—x+1)k_1 . . . N
k+m-2 m-1 k+m-2 m k+m-2 m+k -4 mt+k-3
n (y+j) T (x+i) N (y+3) I (x+i) T {y+j) - T (xti) T (x+i)
j=m-1 i=m-1 j=m+2 i=m-1 j=m+3 i=m-1 i=m-1
2k-2 k-1 k-2 k 2k-2 2k -l 2k-3
T {y+3) T (x+i} 0 (y+j) Io(x+i) N (y+j) -~ T (x+ti) 1 (x+1)
J=k+1 i=k-1 j=k+2 izk-1 j=k+3 i=k-1 i=k-1

Note that the effect of these operations on (C.1) is (i) to raise the lower index by cne in all
the products that contain (y+j) factors and (ii) to factor (y—x+l)]'(_l from the determinant.

This procedure is repeated (k-1) times, the first time as shown on the first (k-1} columns
(the common factor being (y-x+1)), the second time on the first (k-2) columns {the common factor
being {y-x+2)}, and so on, until at the (k-1)th time, the operations are performed on the first

column only (the common factor being (y*x+(k—l))] . Thus the final result of these operations is

Folxay) = (7%t ysr2 )V 2y ka3 g ent(k-20) 2yena(k-1)) x

0 1 k-3 k-2
1 W (x+i) T (x+i) cee T {x4i) T (x+i)
1=0 i=0 i=0 i=0
1 2 k-2 k-1
10 (x+i) T (x+i) eee N (n+i) T {x+i)
i=1 i=1 i=1 izl
m-1 m m+k -4 mtk-3
1 M (x+i) M (x+i} - M (x+i) I (x+i)
i=m-1 i=m-1 i=m-1 i=m-1
k-1 k 2k -l k-3
1 T (x+i) M {x+i) N {x+i) o {x+i)
izk-1 izk=1 i=k~1l izk-1
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It will now be shown that the determinant in (C.3)} is inde-

pendent of x. In this determinant, subtract the mth row from the

(m+1)th row in the order m = k-1,k-2,...,1. Thus fk(x,y) =

k-l k-1
M (y-x+i) x
i=1
0 1 k-3 k-2
1 T (x+i) 0 (x+i) see I (x+i) T (x+i)
i=0 i=o0 i=0 i=g
1 k-3 k=2
a 1 2 T (x+i) ser (ke2) T (x+1) (k-1) 1 {x+i)
i=1 i=1 i=1
2 k-2 k-1
0 1 2 1 (x+i) seee (k=2) T (x+1} (k-1) I {x+i)
i=2 i=2 i=2
m-1 m+k-5 m+k -4
0 1 2 M (e+i) ses (k-2) T (x+i) (k-1) I (x+1)
i=m-1 i=m-1 i=m-1
k-1 2k -5 k-4
0 1 2 I (x+i) (k-2) 0 (x+i) (k-1) I (x+1)
i=k-1 i=k-1 i=k-1

Again subtract the mth row from the (m+l)th row for m = k-1,k-2,...,2

so that




k-1 k-i
£ (x,y) = T (y-x+i) X
k .

i=1

o 1 k-3 k-2
1 T (x+i) M (x+i) o~ M (x+1) I (x+i)
i=0 i=0 i=¢ i=0
1 k-3 k-2
0o 1 2 1 (x+i) =+ (k-2) T (x+i) (k-1) T (x+i)
i=1 i=1 i=1
k-3 k-2
0 0 o ere (k=2)(k-3) T (x+i) (k-1)(k-2) T (x+i)
i=2 1=2
mt+k -6 mt+k-5
o 0 2 ces (k=2)(k-3) I (x+i) (k-1)(k-2) T  (x+i)
i=m-1 i=m-1
2k -6 2k-5
o 0 5 eor (k=2){(k-3) T (x+i) (k-1)(k-2) T (x+i)
i=k-1 i=k-1

Proceed in this manner (k-1) times, where at the ith step the mth row

is subtracted from the (m+l)th row for m = k-1,k-2,...,1.




k-1

Thus fk(x,y) = I (y—X+i)k_l X

0

1 it
i=

0 1
0 0
0 0
0 0

i=1

k-3 k=2
T (x+1) T (x+i)
i=0 i=0
k-3 k-2
(k-2) T (x+i) (k-1) T (x+i)}
1=0 i=1
k-3 k-2
(k-23(k-3) T (x+i) (k-1)(k-2) T (x+i)
i=?2 i=2
k=2
(k-2 (k=1)(k-2)...20 (x+i)
i=k-2
0 {k-1)1
k-1

Hence the value of the determinant is the product T 1! of the

k-1 i=0

diagonal elements, and fk(x,y) = I i (y—x+i)k'i.

i=1

57
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