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1 Introduction

Understanding the dynamics of spinning black holes (BHs) is of both formal and phe-
nomenological interest [1]. Although much is known about the quasinormal mode spec-
trum of the Kerr solution, understanding how those modes react to external perturbations
presents a theoretical challenge. External tidal fields will distort the black hole both by
inducing changes in multipole moments as well as changing the mass and angular momen-
tum. Phenomenologically these tidal effects can become sufficiently large to be relevant to
parameter estimation in binary inspiral gravitational waveforms. While for non-spinning
black holes these finite size are fourth order corrections in the Post-Newtonian (PN) expan-
sion [2, 3], they are enhanced to 2.5PN order for the case of maximally rotating BHs [3].

In this paper we will utilize worldline EFT techniques [4-9] to calculate non-
conservative finite size effects for Kerr BHs, in a limit in which their size is parametrically
smaller than the curvature length scale of any external gravitational fields, for arbitrarily
large spins. In order to account for the physics of the horizon within a point particle de-
scription, we use a method introduced in ref. [6] for the case of non-rotating black holes,
which attributes dissipation across the horizon to a set of worldline localized modes. The
dynamics of these modes is encoded in a set of correlation functions that can be obtained by
a matching calculation to graviton absorption and (in the quantum mechanical case [7, 8])
emission processes in the single BH sector.

Within the context of spinning BHs, the EFT formalism for dissipation was previously
discussed first in ref. [10] who considered the tidal couplings of gravitons in the limit of slow
rotation, and then in ref. [13] which also restricted its analysis to slow spin but discussed
the couplings to more general external fields. Here, we generalize these methods to the case
of Kerr BHs with arbitrary rotation parameter, including the phenomenologically relevant
limit of maximal (near extremal) spin.



We begin in section 2 by constructing the Schwinger-Keldysh [14, 15], or “in-in” action
of a generic spinning compact object tidally coupled® to a background gravitational field.
The compact object is described by a worldline z# and a local rotation frame [16, 17]
e?,, plus a generic set of internal modes X responsible for dissipation. The in-in action
is obtained by integrating out the internal modes, and its variation yields instantaneous
(i.e. valid locally at any parameter time along the worldline) equations of motion for the
center of mass momentum and spin of the BH. In the linear response approximation, these
equations depend on the retarded Green’s function of the internal modes, or equivalently,
the induced quadrupole moments (in the sense defined in section 2) due to the external
field. If there is a separation of scales between the internal response and external field
time scales, the equations of motion become local. The resulting equations of motion are
quadratic in the background curvature and contain time-reversal even terms corresponding
to conservative tidal effects (e.g. static Love numbers), and time-reversal odd parts which
encode the effects of dissipation (e.g. tidal heating and torquing).

The results presented in section 2 are generic. In section 3 we specify to the case of
Kerr BHs. The Wightman functions of the EFT are extracted in section 3.1 by matching
to the low-energy graviton absorption probabilities computed in [18, 19]. In section 3.2, we
determine the retarded Green’s function relevant to classical dynamics from these Wight-
man functions. To do so, we employ dispersion relation methods, which fix the absorptive
(or non-“local”, in the sense defined in section 3.2) part, in combination with recent re-
sults of [20], indicating that Kerr BHs have vanishing conservative tidal response at low
frequency, to fix the local part. As a check, we compute in section 3.3 the rate of change
of mass and spin of a Kerr BH placed in long wavelength tidal background field whose
average over worldline time are in agreement with previous results in [21-25].

Finally, as a novel application of our methods, we obtain the non-conservative part of
the PN equations of motion for spinning black hole binaries in section 4. These include
instantaneous forces and torques which, in the near maximal spin case, scale as 5PN and
4PN respectively. We also compute the rate of change of orbital energy and angular
momentum due to horizon finite size effects. The former effect, arising at 2.5PN order for
large spins, is not small compared to finite size effects in neutron stars (5PN) or slowly
rotating BHs’s (4PN), and may have implications for gravitational waveform modeling. In
section 5, we conclude and outline directions for future work.

2 Dissipative mechanics of spinning compact objects

In this section, we consider how dissipative processes affect the motion of a spinning com-
pact object moving through a fixed background spacetime. We work in the limit R < R
where object’s radius is R and R is the typical length scale over which the background
metric varies (the curvature radius). In this limit, the object may be described by world-
line effective field theory [4, 5], with finite size effects encapsulated by local, curvature
dependent terms in a generalized point-particle Lagrangian.

1'We restrict ourselves to leading order quadrupolar gravitational interactions in this paper.



In order to account for dissipative effects while retaining a point particle description,
we employ the framework introduced in [4, 5] and further developed in [6-9]. In this ap-
proach, long wavelength dissipative effects due to the internal structure (finite size effects)
is attributed to the existence of gapless modes localized on the worldline which absorb
energy as well as linear and angular momentum from the external environment.

We begin with the worldline theory in the absence of dissipation. In addition to the
trajectory 2*(\), we also introduce an orthonormal frame e®,, which is necessary to describe
spin dynamics [17], and obeys the constraints

nabezeg = guu(a;)a g,uu(x)egeg = Nab, (2'1)

where a,b = 0,1, 2,3 are local Lorentz indices. The rotation of the particle relative to fixed
inertial frames is then encoded in the angular velocity

Qb = g“”e“uDE)\eg = —Qba, (2.2)
with %e“ p = 2PV ef, = ety — I'5, 2%, (the overdot correspond to differentiation with
respect to A). Finally, it is convenient to define an einbein e(\) in order to enforce repa-
rameterization invariance A — X(\), €/(N)dN = e(\)dA.

We begin by writing down the most general reparameterization invariant (RPI) action
to leading order in a derivative expansion in powers of R/R < 1,

1 1
Spp = — / dxtpae®, + 3 / dX Q. + 3 / ds (papa — m2> + / dsAaS®py + -+, (2.3)

where ds = e(\)d\, with units of time/energy, is RPI. For our purposes here, this treatment
is more convenient than the Routhian approach employed in [11]. In this equation the
momentum p, = —3S,,/5i* and spin S® = 95S,,,/0Qq; are conjugate variables to z* and
e?,. The quantity m? is an arbitrary function of all possible scalars constructed out of
Pa, S and guv- The form of this function is not predicted by the point-particle EFT,
but rather must be fixed through a matching procedure to the UV theory of the extended
object. m?(p,S) determines the relation between the spin and angular velocity Q. Tt
also fixes the Regge trajectory [17] of the spinning particle, i.e. the relation between the
invariant mass p? and the spin, which follows from variation of S,, with respect to e(\).

The last term in eq. (2.3), involving the Lagrange multiplier A\, enforces a ‘supplemen-
tary’ constraint on S that reduces the number of spin degrees of freedom down to the
three required by Poincare symmetry. We find it convenient to impose

S5%py, =0, (2.4)

which is known as the covariant spin supplementary condition, other choices [26, 27] have
no effect on physical predictions. Likewise, A, itself is ambiguous since it can be shifted by
an amount proportional to p, without affecting the equations of motion. The variation of
Spp with respect to the kinematic variables (z*, p,, €%, S @ N, e) leads to the Papapetrou-
Mathison-Dixon [28-30] equations of motion for p, = e®,p, and Sy, = e“uebySab, with

pupt = m2.



To account for dissipation, we now include a set of internal worldline degrees of freedom,
which we generically label as X (\) in what follows. The dynamics of the composite object
then follow from an action

1 .
§=_ / depa(X) + / NS (X) D + / ds (pap® + Lx (X, X))

+ /ds)\aSabpb + Sint- (2.5)

The internal dynamics is encoded in the Lagrangian Lx whose detailed form will not be
needed in order to obtain our results. In the case of a composite object, the momentum
pa(X) and spin S?(X) are interpreted as ‘composite operators’ (cf. a hydrogen atom or
relativistic string) which account for the possibility that excitations or de-excitations of the
internal modes X can contribute to changes in the linear and angular momenta measured
by asymptotic observers. Note that this implies that we are not treating p and S as
independent degrees of freedom and, as such, we will not vary them in the action. In the
non-dissipative case the resulting equations of motion would lead to a relation between
p/S and & /). Instead, we will determine the relation between the velocity dz#/ds and the
momentum by imposing that the operator constraint S®p, = 0 be a constant of the motion.
The term

S = = [ dsQE(X.OE(@,p) — [dsQEX. B @p) . (26)

in eq. (2.5) describes the interaction of the internal modes with an external gravitational
field, to leading order in gradients of the spacetime metric. be and Qﬁ, are dynamical
moments, which are also composite operators built out of the variables X (\), e()\) in some
unspecified way, that couple to the electric and magnetic components of the of the Weyl
tensor, Wyped, in the local Lorentz frame of the rotating particle,

cd
Eab = Wacbd%v (27)
= pcpd B 1 od pe
Bab = Wacbd? = iﬁach eb\/?v (28)

where we have defined €gpe = €gapep® / \/1? as the Levi-Civita tensor transverse to p®. Note
that we have not included any explicit couplings to the Ricci curvature, as such terms can
be removed by field redefinitions of the spacetime metric and therefore have no physical
content. For the same reason, only the traceless, transverse to p®, components of the
tensors Qf,;B couple to the external field.

In order to determine how the internal modes X affect the time evolution of the
kinematic variables, we employ the “in-in” (or Schwinger-Keldysh) closed time path [14, 15]
of quantum mechanics. This time asymmetric approach allows one to treat dissipative
systems within an action formalism. In the case of black holes, the quantum mechanical
nature of the underlying degrees of freedom is not important for the classical processes
described here. Nevertheless, as discussed in [9], a quantum formulation of the black hole



EFT (including such effects as Hawking radiation [8]) can be used to efficiently describe
black hole dissipation even in the purely classical regime.
The Schwinger-Keldysh effective action (I') is defined through

exp [iF[A,e;A,e]} = /DXDX exp {iS[A,X, e] — z’S[A,X,é’],} . (2.9)

Here, the path integral is over two copies of the X degrees of freedom with fixed boundary
conditions at initial time. Integration over X, X yields a functional I'[A,e; A, é] whose
variation determines the classical motion of A = (z#,e%,) and the einbein e:

0

A lIA e Al

A0 =0. (2.10)

A=Ae=é

Note that by construction, I'[A, e; A=Aé= e] = 0. Treating the interaction terms with
the background curvature in eq. (2.5) perturbatively, the variation of T'[A, e; A, é] relates
the equations of motion for the orbital degrees of freedom to the correlation functions of
the operators Q‘};b’ 5, wWhich can be calculated by matching to a full theory description of
the internal structure of the compact objects.

Variation of the in-in action I" with respect to the einbein e(\) yields

(pap® — Hx(X) — Hint) = 0. (2.11)

In this equation, (---) denotes a quantum expectation value in the initial state of the
internal modes X (), and corresponds to the in-in path integral expression

(O[X]) = / DX DXeSXe-iskXd o[ x) (2.12)
for any composite operator O. The internal Hamiltonian, in the absence of interactions, is
) . . OLx
Hy=—— [dsLx(X,e 'X)=X"% — L 2.13
X Se / S X( , € ) 0X X ( )
while the tidal coupling gives
Hine = -2 [ dre (QF, B + QF, B 2.14
int—_% 6( ab +Qab ) ( )
In the absence of external curvature, Hj,y = 0 and eq. (2.11) has the interpretation

of a mass-shell constraint (Hx (X)) = (p,p®) whose solution relates the invariant mass
M? = (p,p®) to the initial state of the variables X. More generally, when Hi, # 0,
eq. (2.11) determines in principle how M? changes as a result of tidal interactions with the
external field.

The change in M? due to tidal interactions can also be obtained from the equation of
motion for p# = e, (p*(X)), which follows from the variation of the Schwinger-Keldysh
action with respect to z#(A). To perform this variation, it is convenient to work in Fermi
normal coordinates centered on the worldline, i.e. dyg,, (2(X)) = 0, and then covariantize
to obtain a result valid in any coordinate system. This yields,

D 1 da?
B = 5 RS s [(QU)VFER H(QI)VIBT] L (215)



where we have defined (by an abuse of notation), V,E,; = p®p?(V,Woaos)/P?, VB =
pp? (Vuwpaaﬁ) /p?. The first term? on the r.h.s. corresponds to the usual Mathison-
Papapetrou-Dixon [28-30] force on a spinning point particle, where S* = e ¥}, (S (X))
is the physical spin of the object as measured by asymptotic observers, while the remaining
terms give the finite size corrections, consistent with the general form found by Dixon [29].

The expectation values <QC§)’B> in eq. (2.15) are defined through eq. (2.12) and are in
general functionals of the applied fields E,p, By as well as the orbital degrees of freedom.
For weak external fields, linear response theory implies that the in-in expectation values
<be’B) are of the form?

(@) = [ dSGRE (s — ) Buaa(s) + O(E?), (2.16)
and similarly for (Q5), where the retarded Green’s function is
GRitp(s =) = =if(s — ) [QH 5(5), QF p(s")]), (2.17)

with the expectation value calculated at zero external field, in the initial state of the
compact object.* If the internal dynamics is fast compared to the time scale of the tidal
perturbation, the response can be regarded to be nearly instantaneous, ie. a sum of time
derivatives of delta functions, with coefficients that depend on the internal structure of the
compact object, of the form

(@B ()~ A Boa((5)) + AL Bua(a(s)) + -+ (2.18)

The tensors A(Cibfd, which can depend on p® = (p?(X)) and S = (S%(X)), carry informa-
tion about the microscopic structure of the compact object. In particular, Agb’Cd encodes
the static response (including possible Love numbers) while A‘fb’Cd includes the effects of
dissipation. We will compute A‘fb’Cd for the Kerr BH in section 3. Note that the derivative
of the curvature includes both the intrinsic time dependence of the background field as well
as that induced by the rotation of the compact object:

d 1 d dx” _ _
T By = 15@, = e e’ (dsvp> Eu — e QB — e ' By (2.19)
To obtain the spin equation of motion, we vary the in-in effective action with respect to
the frame e®,,. This variation must be carried out in a way that preserves the constraints [17]
ineq. (2.1),i.e de?, = G“bebu, with parameters §% = —#*® and yields the evolution equation
for the spin S* = et ,e";(S%?(X)),
D dx¥ dxt

) 1
SH = —ph — ——p” 4 2et4e", <Q£1>57Ecd +(Q)

—B 2.2
Ds ds ds b 00, ] (2.20)

*Note that because of the constraints eq. (2.1) on e%,, the variation of the action with respect to "
must be compensated by the variation de®, = %g”égw,ég‘w = 62”0,g,, in order to generate the first
term in eq. (2.15).

3Parity invariance forbids a term in linear in Bgy, from appearing in (Q%) and similarly for (Q2).

4For a classical black hole, this state is labeled by mass, spin and electric plus magnetic charges.



with variations

1 5 . . paebceBde
5(Qea) 55 B = (QUu) B — <Q§d>[¢]p’ (2:21)
1 5 . . paebceEde
5 Q8 50! = QB By — (@) PO 222

that can be deduced from the electric-magnetic (Bel) decomposition of the Weyl tensor [31],

8
Wabcd — _4E[CL [céb]d] + ?E[a[cpb]pd] + EabeBe[cpd} + ECdeBe[apb]‘ (223)

2 2
Vp? Vp?
This equation is in agreement with the Mathisson-Papapetrou-Dixon [28-30] torque as
expected.

To complete the system of equations of motion we need relations between the pairs
(P, S*) and (&#, "), which in the absence of dissipation, are usually determined by
varying the action with respect to p,, S*”. However, in eq. (2.5), the momentum variables
are regarded as dependent on the internal modes X, so the necessary relations would follow
from the equations of motion for X. Because these equations depend on the (unknown)
Lagrangian Ly (X, e 1X ), it is not possible to obtain them in a model-independent way.
For the Kerr BH, we will sidestep this issue in the next section by performing an explicit
matching calculation that yields the relation between S*” and Q#*”. On the other hand,
the relation between ## and the momenta can be obtained without knowledge of the La-
grangian, by demanding that consistency of the constraint S%p, = 0 with the equations of
motion eq. (2.20), (2.15). This yields

dx* 1 da? ode 1
E"‘@RVAM;ES#VSPG_?2P, — _ p2 < aEb> (2 /pQGudedacBbc+eapebos,uyvyEpo)
1
sl o) (2\/pze“dedaCEbc—i—e“peb(,S“”VVBp") :

(2.24)

which can be used to relate p* to dxz*/ds. In particular, for an object at rest in the
absence of background fields, this equation simply states that p* and dz*/ds are colinear.
Therefore, in terms of the proper time 7 along the worldline, the four-velocity obeys the
usual relation v = dz#/dT = p* /M.

In the case of a point-like spinning particle without tidal interactions, the equations
of motion imply that p? = M? and S? = lSWS’“’ are conserved along the worldline. The
main new feature of the composite object is that it incorporates the effects of dissipation,
for instance the accretion/loss of mass and spin due to interactions with the background
curvature. Including dissipative effects, we have instead (up to cubic and higher powers of
the background curvature)

d

M =26l [(Q)(p- VIEY + Qi) (p- V) B7] £ 0. (2.25)

Similarly, the tidal coupling in eq. (2.20) can generate non-trivial time dependence for S2:
d

%52 = 4QEVE"S5, + 4(QB)B*S°. # 0. (2.26)



We will use these results in section 3.3, section 4 to obtain predictions for the rate of mass
and spin dissipation of black holes coupled to tidal backgrounds.

3 EFT matching for spinning black holes

In this section we apply the general framework described in the previous section to the
case of a Kerr black hole with mass M and spin S. For a BH probed by fields with
characteristic frequency w, the EFT power counting consists of a double expansion in the
small parameters k = fuw/Mp; < 1 and GyMw < 1. The parameter x controls quantum
gravity effects, which are negligibly small for the applications considered in this paper,
while GyMw < 1 is an expansion parameter for finite size effects. Our EFT can be
used to describe black holes with arbitrary values of the dimensionless rotation parameter
x = S/(GnM?) in the full range x? < 1, including the near extremal (maximally rotating)
case with x ~ O(1). Equivalently, our EFT is valid regardless of the size of the ratio w/Qp
(with Qg the angular velocity of the horizon), and therefore extends previous work [10, 13]
on worldline EFTs for spinning BHs, allowing us to make predictions for non-conservative
effects in the regime Q2 > w where these effects are enhanced relative to the non-spinning
case. We will only work to leading order in the power counting, although the formalism
allows for systematic corrections.

3.1 Wightman functions

Here we extract the two-point Wightman correlators of the composite operators Qf;)’B, by
matching to the graviton absorption probability given in [18, 19]. The incoming graviton
is taken to be in a state with fixed angular momentum quantum numbers (¢,m,h = +2),
sharply localized about a frequency w. Classically, the probability is simply the coefficient
for absorption of an incident wavepacket in the given partial wave.

To calculate this probability in the EFT, we work in the frame where the BH center
of mass is at rest. The probability is given by

p(1—=0)=> A1+ M =0+ X)[, (3.1)
X

where, to linear order in the interaction eq. (2.6), the relevant matrix element is

A+ M -0+ X) =~ —i/ds<X|Q%b(s)|M>eia(s)ejb(s)<O|Eij(a:0(s), 0)|\) + magnetic,
(3.2)
where the graviton state | \) will we defined below.
Since the black hole is spinning, the change of frame e’,(s) which carries co-rotating
to static observers is non-trivial. Taking the spin axis along to be along the 23-axis, and
denoting the angular velocity of rotation by €, we have that e#=° = §°, and for a = 1,2, 3:

cos Qx? —sin Qz° 0
ea(s) = | sinQz cosQz® 0 (3.3)
0 0o 1,



where for the black hole at rest at the origin, with momentum p#* = Mot eq. (2.24)
implies that
29(s) = M,s (3.4)

where M, is an unknown constant that will drop out of the final result.
The state |[A) of the initial graviton is a linear superposition of helicity partial waves

< dk
0 27w
which are normalized as
(k,£,m,h|K' 0" m! W'Y =276 (k — k' )0e Sy Onn - (3.6)
Then (A|A) =1 implies that the wavefunction is normalized according to
o dk
—la(k)]* = 1. :
[ Sk (37)

For graviton plane wave states, we have the matrix elements

k2 L
(0| By (2°,0) [k, h = +2) = +i(0|Ey;(2°, 0) |k, h) = +i ST €sij (k) IF1e” (3.8)

where the polarization tensors of definite helicity can be expressed in terms of the SO(3)

—

Wigner D-matrix that takes the z-axis to the direction (6, ¢) of the momentum vector k,

2
enesoii(k) = Y (i,j]¢ =2,m)D53 (6, ¢,0) (3.9)

m=—2

and (i,7|¢ = 2,m) is the change of basis matrix from Cartesian to spherical rank ¢ = 2
traceless symmetric tensors.” Given the relation between plane waves |E, h) and spherical
helicity eigenstates,

- 2041 -
(w, ,m, h|k, W) = (27)? o d(w — |k|)5hh/Dfn,h(«9, ®,0), (3.10)

we can write the relevant matrix elements as

3k 20+ 1
=27 =
(2m)32|k| 27| k|

2
_VRETL G0 S gl = 2,m) / d) D}, 1,(0,6,0)] D2 (0,6,0),

1B 0% = [ UA(FD) [D5 (8,6, 0)] (O1By (a°, )l )

4mpl m—
(3.11)
where we have introduced the time-domain wavefunction
o k5/2dk . o
0\ _ —ikx
) = [ Grsme ) (3.12)

®The Cartesian states are normalized as (i, j|r, s) = % [6ir5js + 0is0jr — %51‘]‘67‘5].



Using the orthogonality relation for the SO(3) rotation matrices,

* a7
14 (=2 —
/ 49 [D4,,(8,6.0)] i (0.6.0) = 578026 (3.13)
we end up with
T .o
(0 Eij (2, 0)[A) = —=——0b02(i, j[¢ = 2, m)x(2), (3.14)

V5mpy
and (0| B;j(z%,0)|\) = £i(0|E;;(2°,0)|\) as the wavepacket matrix elements with helicity
h = +£2.

Since €', is a rotation matrix about the z-axis, it follow that

elaely (i, 1t = 2,m) = (a,b|U(R;H(Qa")|0 = 2,m) = eisz()(a, blt =2,m), (3.15)

where U (R) is the unitary operator that represents the rotation R acting on the |¢,m)
states. Thus we find

2
p(1 —0) = T

2
[ ds(X1Q )11 (0,51 = 2. () (3.16)

2
SMpy

for the absorption probability in the EFT.
Squaring the matrix elements in eq. (3.16) and inserting a complete set of states,

YoIxNX| =1, (3.17)
X

relates p(1 — 0) to the Wightman correlator (Q%(s)Q°¥(s’)) evaluated in the initial state
|M, S) of the BH.

We would now like to write this correlator in terms of a set of form factors which are
arbitrary functions of x. Notice that y scales with inverse powers of 1/G and thus must
be matched non-perturbatively. The form factors are enumerated by the possible tensor
structures which can now depend upon the direction of the spin, the magnitude of which
is absorbed into the form factors. It is useful to expand this correlator into a basis of
tensors that are invariant under rotations about the spin axis. Viewing the correlator as
a linear map on the 5D space of traceless symmetric rank-¢ = 2 tensors (transverse to the
BH momentum p®), a basis of tensors consists of the various powers of the generator Js3
of rotations. Because we are in the ¢ = 2 representation of SO(3), only the powers Jé“ for
k =0,...,4 are independent. For instance, Jg = ’S)J?:)3 — 4J3 and so on. Thus, our tensor
basis consists of the identity tensor on the ¢ = 2 space.

(a.blesd) = 3 [(ale) 01d) + (alay(ple) —  (alt) el (315)

with (a|b) = 6% — p®py/p? the £ = 1 identity matrix, together with the independent powers
of the angular momentum Js in the ¢ = 2 representation. In particular, the rotation
generator in the Cartesian basis is

(a,blJ3le, d) = 5 [(ale)(b]J3|d) + (ald)(b]J3]c) + (blc)(alJ3|d) + (bld){alJ3]c)] ~ (3.19)

N |

~10 -



where in turn the angular momentum generator in the ¢ = 1 space is (a|J3|b) = is%€.% =
ﬁpcsdecd“b (we denote the spin direction by the unit spacelike vector s* = §%3). The tensor
(a]J3|b) has eigenvalues m = %1, 0 corresponding to the eigenvectors v = :F% (6% £1id%)
and v§ = s so it is normalized according to the usual conventions used in quantum
mechanics. Higher powers, of the form (a,b|J¥|c,d). can be obtained from eq. (3.19) by
successive tensor contraction, e.g.

(a,blJ3]c,d) = > (a,b|Jsle, f)(e, f|Js]c, d), (3.20)
e, f

etc. We have defined these invariant tensors such that (a,b|J3|c,d) is pure imaginary and
Hermitian, and therefore our tensor basis satisfies the relation

(a,b|J]|e,d)y = (=1) (¢, d|J|a,b). (3.21)

In this basis, the correlator then takes the form
QP (5)QS M2ZAEJ s — ') (a,b|J|c, d), (3.22)

where the functions A+ (s — &) can depend on the magnitude of the particle spin as
well as its mass. We Wlll adopt an identical decomposition for the magnetic correlator
(QU(s)QH ().

In the point particle limit where our EFT is valid, the form factors Af (s — s') are
analytic in w, i.e. can be represented as series of derivatives acting on the delta function
d(s — &) given the lack of long time tails. Note that Hermiticity of the operators Q“Eb/B(s)
implies that the frequency space Wightman function

Wg?l;;d = M. /dSGWM*S QE/B( )QE/B( ) (3.23)

obeys the reality condition
bed \1* d,ab
W) = Wk () (3.24)

on the real w-axis. Given the properties of our tensor basis, this implies that the frequency-
dependent form factors A} (w) = M, [dse™MsSAf(s) obey [4; (w)]* = [A{(w)] on the
real axis.

Inserting the form eq. (3.22) into p(1 — 0), and using the fact that J3|¢, m) = m|¢,m),
we obtain that

p(1—=0) = fGwa’ Z m (Af (@ —mQ) + AL (w —mQ)) (3.25)
7=0

The dependence on the shifted frequency w—mS2 reflects the transformation from the static
frame to the rotating frame of the BH where the correlators are defined. We can read off
Al (w) by comparing powers of m in the result given in [18, 19]

16 1
p(1—50)~ ﬁAH(GNM)4 1 (m?—1)’] [1—1—4(m2—4)x2] 0(w—mQur) (w—m),

(3.26)
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with Ay =4n(r? +a?) =8r(GnM)? [1—1—\/1—)(2} the area of the horizon, x = a/GNM =
J/GxNM? the dimensionless rotation parameter of the Kerr black hole, and Qy = 4wa/Ay
the angular velocity of the horizon. This result is valid to all orders in the rotation param-
eter x, but holds to leading order in GyMw < 1. The factor of w —my, ensures that his
result is valid in both the slow and rapidly rotating cases. We have inserted a step function
into eq. (3.26) to enforce the condition w —m&y > 0 so that the single particle absorption
probability is positive. Naively, this seems to imply that we can not trust our results in
the super-radiant regime w < Qp. However we can match in this regime for mQpg < 0,
which can then be continued for all m.

Comparison of p(1 — 0) with eq. (3.25) suggests that we should identify the angular
velocity in the EFT with the horizon angular velocity,

dma

Q:QH:Ea

(3.27)

which, together with eq. (3.4) fixes the relation between the angular velocity €4, and spin
S for a Kerr black hole,

v

47 M,
e il
Ds b

=i MS“b. (3.28)

—1ab a
e 0% =gue,

The non-vanishing frequency space response functions are then

A&E(w) = A&B(w) = 4;135]\[ (GNM)*(1 = xH)20(w)w, (3.29)
AIE(w) = AIB(“’) = 18?72]\/ (GNM)'N%(1 — x*)0(w)w, (3.30)
ALp(w) = ALg(w) = g (G M O ) (3.31)

In obtaining this result, we have used the equality of the electric and magnetic responses
that arises as a consequence of the Teukolsky equation [10]. We will check this below by
comparing to known results obtained via different methods.

The step function f(w) reflects that matching was performed under the assumption the
graviton is quantized around the Boulware vacuum [32], corresponding to no (Hawking)
particle emission for w — mQy > 0. By contrast, matching in the Unruh state [33], where
the BH can emit Hawking radiation, would lead to Wightman response functions A, (w)
that are non-vanishing even at w < 0. See [7] for a more detailed discussion of matching
in the Unruh state. It is straightforward to check that in the Boulware state, the single
particle emission probability p(0 — 1) is given in the EFT by a formula like eq. (3.25) that
involves the Wightman correlators Ay (mf) — w), leading to the prediction of a non-zero
emission probability for the superradiant modes with w — mQg < 0.

16 1
p(0—1)~ %AH(G]\]]\/[)‘lw5 {1—F(m2 — 1)X2] [1+ Z(m2 —4)x*| 0(mQg —w) (M —w),
(3.32)
see [12] for more a detailed discussion of the worldline EFT in the regime of superradiant
emission.
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w< —w | ab<+>cd
Re [W“b’Cd(w) - WCd’ab(—w)} odd even
Im [W“b’Cd(w) - WCd’“b(—w)} even odd

Table 1. Behavior of real and imaginary parts under the substitution w — —w or index exchange
ab + cd. Even/odd means that the function changes/does not change sign under the given trans-
formation.

3.2 The causal response function

In the classical processes that we consider in this paper, the relevant correlator is the
retarded Green’s function

(s — ') = it(s — ([ (), (")) (3.33)

rather than the Wightman functions obtained in the previous section. Because this is a real
quantity, the frequency space causal response GaRb’Cd(w) =M, [ dsei“’M*sG%”Cd(s) satisfies
the reality condition
ab,cd * ab,cd
G- = 6w), (3:34)

for real frequencies. Thus ReGaRb’Cd(w) is an even function on the real w-axis while
ImG%”Cd(w) is an odd function. The retarded Green’s function is related to the two-point
Wightman correlators by a dispersion relation of the form

. 0 /Wab’Cd / _ch,ab L
G(I]:)f),cd(w) — M*/d$€ZWM*SGaRb7Cd(S) :/ l (w) ( LL))

oo 2T w—w +1e

. (3.35)

which, as a consequence, defines a function that is analytic for Imw > 0 but singular on
the lower-half complex-w plane. Expanding out the dispersion relation in eq. (3.35) into
its real and imaginary parts, we find that in terms of the Wightman functions

1
ReGR ! (w) = JIm [Wed(w) — W ()]

< W' dw Re [Wab,cd(w/) _ ch,ab(_w/)}
P
e [T

R , (3.36)
and
1
G (w) = —JRe W (w) — W (—w)]
% d ' Tm Wab,cd(w/) _ ch,ab(_w/)
—i—w-Pr/ Rl | } (3.37)
0o T w? — w'?

This result follows from eq. (3.24), which implies the exchange properties under the trans-
formations w — —w or ab <> cd listed in table 1.

Note that in addition to the contribution of the worldline multipole operators, the
physical response (as determined, for example, through measurements of the gravitational
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field at large distances) can also receive contributions from terms in the worldline action
that are polynomial in Ey,, By, and/or their derivatives with respect to the parameter s.
We will henceforth refer to these terms as “local”, to make the distinction from terms in
the action involving the internal degrees of freedom X.

Focusing on purely electric couplings, such local terms modify the low-frequency re-
sponse by an analytic function L4 (w) whose real part is even under w < —w or index
interchange ab <> c¢d. Then using (3.21) we see that the local contribution to the real
response can only involve the tensor structures (a, b|J§ le,d) with 7 = 0,2,4. In particular,
the static Love numbers of the black hole, which are identified with the local response at
w = 0 (both from L%*<(w) and from eq. (3.35)) cannot involve tensor structure that are
linear or cubic in the spin. Alternatively, time reversal invariance implies that terms odd
in spin vanish in the static limit.

The contribution from terms in the action also modifies the imaginary part by terms
that are odd under either w — —w or ab < cd exchange.® Despite possibly having a non-
vanishing imaginary part, the local response L4 (w) does not contribute to dissipation,
as will be discussed below, and thus can not be matched using p(1 — 0) but instead must
be fixed by matching to other observables in the full theory, for instance elastic scattering
of low-frequency gravitons off the black hole.

Because our matching procedure only fixes the Wightman function at low frequency,
it does not completely determine the form of the retarded response function. In partic-
ular, matching to low-frequency absorption cannot yield information about the terms in
eq. (3.36) and eq. (3.37) that involve principal part integrals over high arbitrarily high
frequency scales, where the EFT description necessarily breaks down. However, from
eq. (3.36) and table 1, we see that the principal part integral contribution to ReG%”Cd(w)
is analytic at w = 0 (assuming the integral in eq. (3.36) converges), and even under either

w <> —w or ab < cd exchange. Similarly ImG%”Cd(w) is odd if we replace w < —w or

ab < cd. Consequently, the principal part contribution to G%”Cd(w) is physically indis-
tinguishable (i.e. of the same form), from the local response L (w) arising from adding
local counterterms to the point particle action.

On the other hand, the calculable part of egs. (3.36), eqgs. (3.37) gives rise to a genuinely

non-local contribution to the retarded Green’s function, of the form

R,non-local

Gab7Cd (w) _ _% [Wab,cd(w) . ch,ab(_w)} ) (338)

This object does not have the correct ab <> cd index exchange properties to arise from

curvature couplings in the point particle action, and cannot be absorbed into a local coun-
ab,cd

Ronon-local (W) that gives rise to dissipative effects

terterm. It is in particular this function G
in the EFT description of the black hole.

Ignoring the local contribution to the causal response, we obtain from egs. (3.29)—(3.31)

the result
“ M?A ) 5 1
G pea(w) = (G M)t (—iw) - (a,b](1— x2)2+ S x2 (1 —x2)J2 + X Td|e,d), (3.39)
457G N 4 4

6 An example of such term is eq. (3.44) below.
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with an identical expression for the magnetic Green’s function G%’ b oea(w). This result is
equivalent to the statement that, up to local terms, the quadrupole moment induced” by
an external electric field is

/dS GREcd ) Ecq(s ) (3.40)

(GNM)Ha b1~ X + 2= 32T + e d) o Bl (s))

457rGN

where the derivative here is in the co-rotating frame, see eq. (2.19). An identical formula
relates the induced magnetic moment (Q%(s)) to the co-rotating components of magnetic
curvature Bg,(x(s)) along the point particle worldline.

Taking the limit where the rotation of the black hole is larger than the intrinsic time
dependence of the curvature, we may approximate

d
CTEab ~ —QaCEcb — QbCEaC = iM*QH<a, b|J3‘C, d>Ecd, (3.41)
S

in which case the induced moment is of the form

Qs ~ MY b1 - 20k 4 DB DB (342
45G N 4

Despite appearances, eq. (3.42) does not imply the existence of a non-vanishing static Love
tensor for the Kerr black hole, since this relation cannot arise from local terms in the point
particle action. In particular, a term such as [ xdsEy(a, b|J§ lc,d)E.q for j = 1,3 vanishes
identically due to the antisymmetry under ab <> cd of the tensor structures. We have
verified, however, that eq. (3.42) is consistent, for xy < 1, with the results of [35] which
obtained the quadrupolar response of a slowly spinning Kerr BH, at linear order in x.

On the other hand, it is in principle possible that Kerr black holes have non-zero
static Love numbers, but by symmetry those would have to correspond to local worldline

counterterms which in our basis take the form
Spp O GA MO / ds £ )X Eapla, bl Ji1c, d) e, (3.43)

with 7 = 0,2,4, as well as their magnetic counterparts. Here, we have defined y =

\/=SKS,
Gnp?

is the characteristic magnitude of the static tidal response of a compact object. It is well

< 1, and fo24(x?) are functions analytic at x? = 0. The overall scaling G}, M°

known that the spin-independent term in eq. (3.43) has vanishing Wilson coefficient, i.e
fo(x? =0) =0, [36-38]. Recently, ref. [20] has extended this calculation to arbitrary orders
in spin (previous partial results can be found in [39]) and found, remarkably, that the all
local contributions to the static response function of the Kerr BH are in fact vanishing
as well.

"Because of spin, the Kerr black hole has an infinite series of permanent multipole moments [34], which
in the point particle limit are equivalent to local spin-dependent worldline interactions that linearly in the
curvature tensor. Here, by induced moment, we mean the shift in the value of the permanent moments that
are generated when a background field R, 0 # 0 is turned on.

~15 —



In addition to the local contributions to the static response, there are also terms in the
point particle action which modify G%)’Cd(w) away from w = 0. The leading such terms at
low frequency are of the form

Spp O G M® / dsx Enyla, bl[iJa) |, d) B, (3.44)

with j = 1,3. These local interactions not forbidden by symmetries (it is even under both
parity and time reversal), and yield contributions to ( “Eb> of comparable magnitude to
those in eq. (3.40). However, unlike the terms in eq. (3.40), the curvature couplings in
eq. (3.44) cannot give rise to dissipative effects, despite the fact that they contribute to
ImG%jgd(w). The recent analysis of ref. [20] indicates that, for the Kerr BH, terms such as
those in eq. (3.44) are also vanishing. Assuming the validity of the results in [20], it then
follows that eq. (3.39) completely characterizes the black hole response function at linear

order in time derivatives but to all orders in spin.

3.3 Dissipative dynamics of a black hole in a tidal environment

Assuming that all the local contributions to BH response are indeed zero [20], the complete
equations of motion for a spinning black hole moving in a background gravitational field
with curvature scale R > Gy M can be obtained straightforwardly by inserting the induced
moments (Q g p) from eq. (3.40) and its magnetic analog into eqgs. (2.15), (2.20). Because
the resulting expressions are messy and not particularly illuminating, we will report instead
on the implications of these equations for the rate of change of mass and spin that arise as
a consequence of tidal interactions, given in egs. (2.25), (2.26). We consider separately the
cases of a rapidly spinning BH, R™! < Qp and x ~ O(1), as well as the opposite slow-spin
limit R~ > Qp, which necessarily requires that |x| < 1,
Using the relation in eq. (3.4) between our parameter s and the proper time 7 along
the wordlline of the rotating BH, we find, in the large spin case
LBV 8(GNM)D
dr 45G N
+O(GNM/R). (3.45)

) 15 )
e st (1 + 32 E By + ZXQEM)S”EWSU + magnetic

This result, which is valid to all orders in spin, agrees with result found in refs. [22, 24, 25].
To linear order in x it also agrees with results obtained in [10]. In the opposite, x — 0
limit, we find instead

d 16 65 po s 7 fapo
M = 2o (G M) | Bao 7 + B B | + O(x) (3.46)

which receives corrections at linear order in y < 1 from radiative tail contributions to the
EFT matching and to the Schwinger-Keldysh action. This is also in agreement with [21-23].

For the torque induced on the black hole by the tidal background, we find from
eq. (2.20), (3.40)

d p
S S~ ———(GNM) x [8(1+3X2)EPUEPU+3(4+ 17X2)EApEAUsP50+15X2(Epgsﬂso)2}
dr 45G N

-+ magnetic, (3.47)
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in the limit Qg > R~!. In the opposite, x — 0, eq. (3.40) is dominated by the time
variation of E,, and the torque is instead

d, 8

>~ T Iay

Both egs. (3.47), (3.48) are in agreement with results obtained previously in [21-23]. To
go to next order in GyM/R < 1 would require the inclusion in both the EFT matching
and Schwinger-Keldysh action of infrared divergent tail terms corresponding to graviton

G M)0e \s* BB, + By B | (3.48)

scattering off the BHs own gravitational field. Ref. [25] has reported a result for these next-
to leading order corrections, although a discrepancy with their earlier results [24] obtained
in a probe limit remains unsettled in the literature.

As another check of our results, note that from eqs. (2.15), (2.20), we also find that in
terms of the curvatures E,, By, in the rotating frame

d d D s D

s Yo _ E\ ¥ rab = pab
dTM Qp drS <Qab>D7_E + ab>D7_B ; (3.49)
or by eq. (3.40),
d d _AH(GNM)4 d 22, 9 2 o2, L4 d
%M QHES_WEEGZKCL?MCL X ) +1X (1 X )J3+ZX J3‘C7d>EECd

-+ magnetic. (3.50)

Because the even powers of the tensor (a,b|.Js|c,d) are positive definite, this quantity is
manifestly positive in the physical region x? < 1. Therefore the change in the BH area as
a result of tidal interactions is also positive

d 2Ap

dr HZMVl—x2

as required on general grounds [40].

M - Qp 8] >0, (3.51)

4 Post-Newtonian equations of motion for binary dynamics

The same worldline effective action formalism can also be applied to dissipation in dy-
namically generated spacetimes, i.e sourced by the particles themselves, rather than the
fixed background field case discussed above. In order to do so, we have to include in
the Schwinger-Keldysh functional an integral over the fluctuations of the gravitational
field itself.®

As an example we will consider a binary system of black holes in the non-relativistic
regime, with v2 ~ Gy Mr/r < 1. For illustration, we will focus on the regime of rapidly
spinning black holes, with Qz > v/r. The rotation parameters will be assumed to scale
as x ~ O(1). Integrating out the potential graviton exchange between the black holes,
figure 1(b), the two-particle interaction term reduces to [8]

Sint ~ —G /dt Ea®) i o + (14 2)| 9,0 ! (4.1)
int ~ Nm1m2 m% el ael b ) ‘f(t”) .

8The role of the in-in formalism to describe radiation reaction forces was first discussed in [41].
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Figure 1. Potential exchange diagrams that contribute to the two-particle action Siy. In (a)
the particles interact through the minimal gravitational interaction. Figure (b) is the term in Sint
generated by the quadrupole couplings of particle 1 (a similar diagram with 1 <> 2 has been omitted).

with & = Z1 — To, up to terms suppressed by more power of the velocities. Varying the in-in
action, we obtain, in the linear response limit, an instantaneous non-conservative force on
the black holes that is given by,

Fi(t) = [[Z,7;e1.2,19]

ab t
~ —Gnmims [@fr’;;»elajelbk + (1 &~ 2)‘| V(?]@k
1

T=F;e1,2=€1 2

1 .
W = —Fy(t), (4.2)

with & = #; — Z2. Similarly, the torque on each black hole can be obtained from the
Schwinger-Keldysh action by varying with respect to the frame e%;,

d = , 0
— G = ¢l e T[Z T e19,619 -
dtt La 56, ¢ [ T TRE ’]5:5;61,22612
2GNmMmy .
~ i 3 k _abd;E,lc . —1—1
N Clal1perce Q% C1)0;0,| 2] . (4.3)
1

On the right hand side of this and the previous equation, the in-in expectation values in
the PN limit can be obtained from eq. (3.40), by inserting

E, = Gngeliaelibaiaﬂf(t)]‘l (4.4)

into ( ‘}3177 1), and similarly for the case of (Q% ) This yields the result

_, . 8 G2, m3m?2 15 N\ 7 =
Fi(t) = —Fy(t) = —- 2N 1772 14 2—2<*-) = 1<2) (4.
1( ) 2( ) 5 |1—;»’7 + 3X1 4 X1 |51 |f| |1—:»’ X Sl + ( A ) ( 5)

for the non-conservative force. The torque on each particle is

15 N s Si-7,
1+3X%—ZX% (81 |4|> ] [51—52 x] (4.6)

In eq. (4.5), “1 +» 2” has the meaning that we exchange the particle labels without changing

i—' 8GNm1m2
™ 5 |7’

the sign of Z. The PN equations of motion to linear order in the spin for an arbitrary
composite object were first calculated in [13]. Our results at y < 1 agree with those of
ref. [13] if one uses eq. (3.29) with x = 0 to fix their dissipation parameter. The friction
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force F172 is a 5PN effect, while our result for the torque is 4PN relative to the leading
order gravito-magnetic spin precession formula predicted by linearized GR.

As a simple consequence of eq. (4.5), consider the mechanical power that is absorbed
or extracted by the BH horizons

d L o 8GRymim 15 (. T\ sz =
@E:ZUG'Fa“gN‘Téz(ml"’_mz) 1+3xf—4xf(sl-‘f|> S1-L+(12),
a

(4.7)
where L is the orbital angular momentum about the center of mass. This result agrees
to quadratic order in spin with [10, 13]. It also generalizes the results in [22, 23] to allow
for any orientation between the spin and orbital angular momentum. Depending on the
relative orientations between the spins and the orbit, the rate of change of energy can be
positive or negative, reflecting the possibility of energy extraction from the black holes
through the Penrose process. For example, if the spins are orthogonal to the orbital plane,
dE/dt can be either positive or negative depending on whether the spins are aligned or
anti-aligned with L. Regardless, eq. (4.7) enters at order v, or 2.5PN relative to leading
order quadrupole radiation from the binary and, as is well known [3, 23|, is enhanced
relative to absorption in the case of non-rotating black holes by a factor of v™3. A final
check of these results is that the orbital angular momentum as predicted by eq. (4.5) is
given by

dp_ S Zyx Fy _i(s*1 + 5y) (4.8)
dt - dt ’
with dS_"l,g /dt given by eq. (4.6). It therefore follows that the total angular momentum J =
L+S5+ S, is conserved, as should be expected given that the tidal dynamics we consider
here does not involve any gravitational radiation out to infinity at leading PN order.

5 Conclusions

In this work we have calculated the leading order non-conservative finite size effects in
Kerr black hole dynamics within the worldline EFT formalism. In contrast to earlier
approaches [10, 13], the EFT is valid for arbitrary rotation parameter x within the physical
region x? < 1. Using our framework, we have obtained results for angular momentum and
energy loss in a background field which agree, upon time averaging, with those previously
obtained in refs. [22-25].

We have also presented results for the 5PN equations of motion of near extremal black
holes, as well as the 2.5PN correction to the power transferred between horizon and orbital
degrees of freedom. Due to the large size of this latter effect, the next to leading order PN
non-conservative effects are phenomenologically relevant as well. Part of the motivation for
the present work has been to set up a systematic method which, combined with [4], can be
used to calculate such corrections. One potential application is to resolve the discrepancy
between results obtained in [3] and the test particle limit of formulas obtained in [25] for
general mass ratios. Part of the discrepancy between the two results lies in certain terms
proportional to w2 which, in the worldline EFT, arise from infrared enhanced tail-type
corrections. We hope to address these effects in future work.
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Note added. Some of these results were first reported in the talk [42]. While this paper
was in preparation, ref. [43] appeared which has partial overlap with work reported here
and in [42]. In particular eq. (3.40) appears as the Love tensor given in eq. (8.10) of [43].
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