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Abstract We consider the non-eikonal corrections to parti-

cle production in the color glass condensate stemming from

the relaxation of the shockwave approximation for the tar-

get that acquires a finite longitudinal dimension. We derive

a modified expression of the Lipatov vertex which takes into

account this finite target width. This expression is employed

to compute single, double and triple gluon production in

the Glasma graph limit valid for the scattering of two dilute

objects, at all orders in the expansion in the number of col-

ors. We justify and generalize previous results, and discuss

the possible implications on two particle correlations of these

non-eikonal corrections that induce differences between the

away- and near-side peaks.

1 Introduction

Particle production at high energies in the soft and semi-

hard regimes is usually computed resourcing to high energy

approximations [1], namely the eikonal approximation. This

is the case in the color glass condensate (CGC) [2–4]. In this

framework, the process of propagation of an energetic parton

from the projectile through the target, considered as a back-

ground field, is computed in the light cone gauge neglecting

its transverse components and considering it as infinitely time

dilated and Lorentz contracted (thus treated as a shockwave),

see for example the discussion in [5]. Also terms subleading

in energy (among them, spin flip ones) are neglected. On the

other hand, in the calculation of elastic and radiative energy

loss of energetic partons traversing a medium composed of

coloured scattering centers – jet quenching – the shockwave

approximation is relaxed and the target is considered to have

a e-mail: nestor.armesto@usc.es

a finite length, see e.g. the reviews [6,7].1 In this context, a

systematic expansion of the gluon propagator in non-eikonal

terms was done in [5,11] and applied to particle production

in the CGC in [12]. Non-eikonal corrections at high energies

have also been treated recently in the context of Transverse

Momentum Distributions and spin physics [13–19], and soft

gluon exponentiation [20–22].

In the CGC, particle production and correlations have been

computed within several approximation schemes, providing

an alternative explanation to final state interactions for the

ridge phenomenon observed in small systems, proton–proton

and proton–nucleus, at the Large Hadron Collider (LHC)

at CERN [23–36] and the Relativistic Heavy Ion Collider

(RHIC) at BNL [37–41]. The “Glasma graph” approximation

[42,43], suitable for collisions between two dilute objects

like proton–proton and containing both Bose enhancement

and Hanbury–Brown–Twiss effects [44–47], has been used

to describe experimental data [48–51], and to compute three

and four gluon correlations [52,53]. Quark correlations have

also been calculated in this framework [54,55]. It was later

extended to dilute–dense (proton–nucleus) collisions both

numerically [56] and analytically [57–59], and used to cal-

culate three gluon correlations [58]. A description of data has

been obtained [60,61]. Density gradients [62] have also been

considered to explain the observed azimuthal structure.

Beyond the analytical extension to dense–dense colli-

sions, the remaining key theoretical problem for the descrip-

tion of azimuthal structure in small systems in the CGC lies

in odd harmonics that are absent in usual calculations. For

this, density corrections in the projectile [63–65], quark cor-

relations [60,66,67] and a more involved description of the

target [68,69] than the one provided by the commonly used

McLerran–Venugopalan (MV) model [70,71], have been

1 The relation between jet quenching and CGC calculations, using the

formalism in [8,9], was established in [10] where the validity of the

eikonal approximation for this type of computations was also addressed.
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Fig. 1 Diagrams that contribute to the computation of the Lipatov vertex. The black dot represents the Lipatov vertex which is the sum of all real

diagrams for gluon production shown on the right hand side of the equation

proposed. Using the former, a description of data is possi-

ble [72–74].

In this manuscript we deal with non-eikonal corrections

to particle production in the CGC that stem from relaxing

the shockwave approximation for the target, which becomes

of finite length. These are the corrections included in jet

quenching calculations and systematically expanded up to

next-to-next-to-leading order in [5,11]. In Sect. 2 we derive

an expression for the Lipatov vertex – one central building

block for particle production calculations in the CGC – that

takes into account the finite longitudinal extent of the target

field. While by itself this result is not new and similar cal-

culations and expressions can be found in the literature, see

e.g. Refs. [75,76] or more recently in Ref. [77], its identi-

fication for use to include non-eikonal corrections in CGC

calculations is done here for the first time. Then, in Sect. 3 we

apply our corrections to gluon production in the dilute-dilute

(Glasma graph) limit, following the notations in [58]. First, in

Sect. 3.1 we consider single gluon production, matching the

results in [12] and justifying the educated guess done there

on the basis of the expansion up to next-to-next-to-leading

order. Then we consider double gluon production in Sect. 3.2,

where we generalize the results in [12]. Third, in Sect. 3.3

we compute three gluon production. Finally, in Sect. 4 we

discuss our results. We focus on providing analytical expres-

sions and show a few numerical results; a more complete

study of the impact of non-eikonal corrections on particle

correlations is left for a forthcoming study [78].

2 Derivation of the non-eikonal Lipatov vertex

As usually done in the CGC, we describe a high energy p-A

collision by a right moving dilute projectile which interacts

with a left moving dense target described by a random and

intense (O(1/g)) classical gluon field Aμ(x). The simplest

setup to derive the non-eikonal Lipatov vertex is considering

the emission of a gluon from a projectile massless quark in

the process of a single scattering with the target (an analo-

gous calculation leading to the same conclusions on the non-

eikonal corrections holds for a projectile gluon). In light cone

coordinates a± = (a0 ± a3)/
√

2 and in the light cone gauge

(n · A = A+ = 0, n = (0, 1, 0⊥) in (+,−,⊥) coordinates),

this field can be written as

Aμ(x) ≈ δμ−δ(x+)A−(x⊥), (1)

since the transverse component of the gluon field is not

altered by the large Lorentz γ factor, the x− dependence dis-

appears due to the time dilatation and the target is shrinked

to x+ = 0 forming a shock-wave. However, in some applica-

tions these suppressed terms may be sizeable. For this reason,

in this note we will relax the infinite boost approximation, in

order to calculate the corresponding non-eikonal corrections

to the usual Lipatov vertex computed at O(g2).

To proceed, we analyze gluon production in p-A collisions

in the quark initiated channel and compute the Lipatov vertex,

which is an effective vertex that takes into account all the real

contributions to gluon production. For that one needs to sum

the amplitudes where the gluon is emitted before, during and

after the interaction with the field as shown in Fig. 1.

Our setup is such that the right moving quark with momen-

tum p +k −q is generated by some function J (p +k −q) =
J (p+ +k+ −q+) at x+

0 = −∞ and (x−
0 , x0⊥) = 0, and then

interacts with the classical gluon field Aμ(x) generated by

one scattering source located at x1, picking up a momentum

q. However, since we are interested in non-eikonal correc-

tions, we consider Aμ(x) with an x+ dependence which has a

finite support instead of treating it as a shockwave at x+ = 0,

but we still assume that there is no dependence on x−. That

is, the new form of Eq. (1) is

Aμ(x) ≈ δμ− Aμ(x+, x⊥), (2)

or, in momentum space,

Aμ(q) ≈ δμ− 2πδ(q+)A−(q−, q⊥). (3)

Furthermore, we assume that the outgoing quark has a large

momentum p+ compared to all other momenta in the process.

The general strategy in this case is to keep the leading terms

in +-momenta in the numerator algebra, while taking the

full phase corrections coming from the integration of the

denominators, see below, as done in the Furry approximation

and its non-abelian generalization [79].

We start by computing diagram A where the gluon is emit-

ted with momentum k before the quark interaction with the

target field as shown in Fig. 2. Using the Feynman rules,

we find that the amplitude for fixed gluon and final quark

momenta is
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Fig. 2 Diagram A where the gluon is emitted before the interaction of

the quark with the target field

iMA = ū(p)(−igγ μta)
∫

d4q

(2π)4
Aa

μ(q)eiqx1
i(/p − /q)

(p − q)2 + iǫ
(−igγ ν tb)ǫb∗

ν (k)

×
i(/p + /k − /q)

(p + k − q)2 + iǫ
ei(p+k−q)x0 J (p + k − q), (4)

with ta the SU (Nc) generators in the fundamental represen-

tation.

Since p+ is the largest momentum in our problem, we

approximate /p − /q ≈ /p and /p + /k − /q ≈ /p and write

iMA ≈ ū(p)ei(p+k)x0 g2ta tb

∫

d4q

(2π)4

/A
a
(q)/p/ǫb∗(k)/p

[(p − q)2 + iǫ][(p + k − q)2 + iǫ]
eiq(x1−x0) J (p+ + k+ − q+). (5)

Using again the eikonal approximation (p+ much larger

than all other momenta), we can approximate (p − q)2 ≈
−2p+q− and (p + k − q)2 ≈ 2p+(k− − q−). Employing

/a/b = 2a ·b−/b/a and the massless Dirac equation ū(p)/p = 0,

we get ū(p) /A
a
(q)/p/ǫb∗(k)/p = ū(p)4(p · Aa(q))(p ·ǫb∗(k)).

Therefore, the amplitude for diagram A can be written as

iMA ≈ −ū(p)ei(p+k)x0 g2ta tb

∫

d4q

(2π)4

(p · Aa(q))(p · ǫb∗(k))

[p+q− − iǫ][p+(k− − q−) + iǫ]
eiq(x1−x0) J (p+ + k+ − q+)

= −ū(p)ei(p+k)−x+
0 g2ta tb

∫

d2q⊥
(2π)2

e−iq⊥x1⊥(p · ǫb∗(k))

∫

dq+

2π
eiq+x−

1 J (p+ + k+ − q+)(2π)δ(q+)

×
∫

dq−

2π

eiq−(x+
1 −x+

0 ) p+ A−a(q−, q⊥)

(p+)2[q− − iǫ][k− − q− + iǫ]
, (6)

Fig. 3 Diagram B where the gluon is emitted after the interaction of

the quark with the target field

where in the last line we used Eq. (3) and we have set x0⊥ =
x−

0 = 0. Performing the q+ and q− integrals we obtain

iMA ≈ − ū(p)ei px0 J (p+ + k+)g2ta tb

∫

d2q⊥
(2π)2

e−iq⊥x1⊥ p · ǫb∗(k)

×
i
[

eik−x+
0 A−a(0, q⊥) − eik−x+

1 A−a(k−, q⊥)

]

p+k− �(x+
1 − x+

0 ). (7)

Since the outgoing gluon is on-shell, k− = k2
⊥/2k+ and,

furthermore, in the light cone gauge we have ǫ∗−(k) =
kiǫi/k+. Therefore, making use of pμǫ∗

μ ≈ p+ǫ∗−, we

obtain

iMA ≈ 2i ū(p)ei px0 J (p+ + k+)g2ta tb�(x+
1 − x+

0 )
kiǫbi

k2
⊥

×
∫

d2q⊥
(2π)2

e−iq⊥x1⊥

(

eik−x+
1 A−a(k−, q⊥) − eik−x+

0 A−a(0, q⊥)

)

. (8)

Now, sending x+
0 → −∞ we can finally write

iMA ≈ 2i ū(p)ei px0 J (p+ + k+)g2ta tbeik−x+
1

kiǫbi

k2
⊥

∫

d2q⊥
(2π)2

e−iq⊥x1⊥ A−a(k−, q⊥). (9)

Now we proceed to calculate diagram B where the gluon

is emitted with momentum k after the interaction of the quark

with the target field, as shown in Fig. 3. Following the pre-

vious procedure we find
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Fig. 4 Diagram C where the emitted gluon interacts with the target

field

iMB ≈ −2i ū(p)ei px0 J (p+ + k+)g2tbtaeik−x+
1

kiǫbi

k2
⊥

∫

d2q⊥
(2π)2

e−iq⊥x1⊥ A−a(k−, q⊥). (10)

Diagram C, shown in Fig. 4, where the emitted gluon inter-

acts with the target field, requires dealing with the three-gluon

vertex. Applying the Feynman rules we have

iMC = ū(p)(−igγ μta)

∫

d4q

(2π)4

i(/p + /k − /q)

(p + k − q)2 + iǫ

ei(p+k−q)x0 J (p + k − q)

×
−idμα(k − q)

(k − q)2 + iǫ
V

ανβ

abc Ac
β(q)ǫb∗

ν (k)eiqx1 , (11)

where V
ανβ

abc = g f abc
[

gαν(q − 2k)β + gνβ(k + q)α + gβα

(k − 2q)ν] is the three-gluon vertex and dμα(k) = gμα −
kμnα+kαnμ

k·n the gluon propagator in the light cone gauge.

Considering Eq. (3), we only need the V αν+
abc component

of the vertex. Furthermore, using the Dirac equation and

the gamma matrices anti-commutation relation we have that

ū(p)γ μ
/p = ū(p)2pμ. Thus,

iMC = −2i ū(p)ei(p+k)x0 g2ta

∫

d4q

(2π)4

pμdμα(k − q)V αν+
abc ǫb∗

ν (k)

[(p + k − q)2 + iǫ][(k − q)2 + iǫ]
A−c(q)eiq(x1−x0) J (p+ + k+ − q+). (12)

After some algebra we find, in the eikonal approximation,

pμdμα(k − q)V αν+
abc ǫb∗

ν (k) ≈ −2g f abc p+(k − q)i · ǫbi ,

(13)

and

(k − q)2 = −2k+
(

q− −
k2
⊥ − (k − q)2

⊥
2k+

)

+ 2q+q− − 2k−q+ ≈

− 2k+
(

q− −
k2
⊥ − (k − q)2

⊥
2k+

)

. (14)

Thus, defining k̃ = k2
⊥−(k−q)2

⊥
2k+ , we get

iMC ≈ −i ū(p)g2ta f abcei(p+k)x0

∫

d4q

(2π)4
(k − q)i ǫbi eiq(x1−x0)

k+[k− − q− + iǫ][q− − k̃ − iǫ]
A−c(q)J (p+ + k+ − q+). (15)

Using Eq. (3) and performing the q+ and q− integrals we

obtain

iMC ≈ 2ū(p)J (p+ + k+)ei px0 g2ta f abc

∫

d2q⊥
(2π)2

(k − q)i

(k − q)2
⊥

ǫbi e−iq⊥x1⊥

× ei k̃x+
1

(

ei(k−−k̃)x+
0 A−c(k̃, q⊥)

−ei(k−−k̃)x+
1 A−c(k−, q⊥)

)

�(x+
1 − x+

0 ). (16)

Finally, making use of i ta f abc = [tb, tc] and sending

x+
0 → −∞, we obtain

iMC ≈ −2i ū(p)J (p+ + k+)ei px0 g2[ta, tb]
∫

d2q⊥
(2π)2

(k − q)i

(k − q)2
⊥

ǫbi eik−x+
1 A−a(k−, q⊥)e−iq⊥x1⊥ .

(17)

Summing up the three diagrams we get

i(MA + MB + MC )

≈ −2i ū(p)J (p+ + k+)ei px0 g2[ta, tb]
∫

d2q⊥
(2π)2

L i (k⊥, q⊥)ǫbi eik−x+
1 A−a(k−, q⊥)e−iq⊥x1⊥ ,

(18)

where

L i (k⊥, q⊥) =
(k − q)i

(k − q)2
⊥

−
ki

k2
⊥

(19)

is the eikonal Lipatov vertex. We see that in our calculation,

as announced, the non-eikonal corrections result in the sum

of the amplitudes simply picking up a phase (important for
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k−x+
1 ∼ 1 with k− ∝ k2

⊥e−η and negligible for k2
⊥x+

1 /k+ ≪
1 where we recover the eikonal result) that can be absorbed

in a redefinition of the Lipatov vertex. Therefore, we define

a non-eikonal Lipatov vertex

L i
NE(k, q⊥; x+

1 ) =
[

(k − q)i

(k − q)2
⊥

−
ki

k2
⊥

]

e
i

k2
⊥

2k+ x+
1 , (20)

with k ≡ (k−, k⊥).

As stated in the Introduction, this result is not new by

itself and similar calculations and expressions can be found

in the literature, e.g. in Refs. [75,76] or later in Ref. [77]. But

the identification of this building block for its use to include

non-eikonal corrections in CGC calculations is done here for

the first time. Note that using the non-eikonal expression of

the gluon propagator from [5,11], the two first terms of the

expansion of the exponential were obtained in [12] and the

exponential form guessed.

3 Multi-particle production

In the previous section, we have presented the derivation

of the non-eikonal Lipatov vertex. Now, we would like to

use this expression in order to calculate multi-gluon produc-

tion cross section at mid rapidity within the Glasma graph

approach in order to study the effects of finite target width

corrections to those observables.

The double and triple inclusive gluon production cross

sections in p-A collisions have been recently studied in

[52,53] in the Glasma graph approximation, and in [58]

going beyond it, i.e. taking into account multiple scattering

effects of the dense target. For each observable, the contri-

butions to Bose enhancement of the projectile gluons and

HBT contributions of the final state gluons are identified.

However, the studies in [52,53,58] are performed within

the eikonal approximation without taking into account the

corrections due to the finite longitudinal width of the tar-

get.

In the rest of this section, we take this extra step.

Namely, we first expand the single, double and triple

inclusive gluon production cross section in powers of the

background field of the target which actually corresponds

to the original Glasma graph approach. Then, we intro-

duce the non-eikonal Lipatov vertex (20) in the expanded

cross sections and get the explicit expressions of the Bose

enhancement and HBT contributions beyond the strict

eikonal limit for the double and triple inclusive gluon pro-

duction. Hereafter, in order to alleviate the notation we

will drop the ⊥ for denoting transverse coordinates and

momenta.

3.1 Single inclusive gluon production beyond the eikonal

approximation

Within the CGC framework, the production cross section of

a gluon with transverse momenta k and rapidity η can be

written

dσ

d2kdη
= 4παs

∫

zz̄

eik(z−z̄)

∫

xy

Ai (x − z)Ai (z̄ − y)

〈

ρa(x)ρb(y)

〉

P

〈

[

Uz − Ux

]ac[
U

†
z̄ − U †

y

]cb
〉

T
,

(21)

where ρa(x) ≡ ρa
x is the colour charge density of the pro-

jectile, 〈· · · 〉P(T ) denote the average over the projectile (tar-

get) colour configurations and Ai is the standard Weizäcker-

Williams field that is defined as

Ai (x − y) = −
1

2π

(x − y)i

(x − y)2
=

∫

d2 p

(2π)2
e−i p·(x−y) pi

p2
.

(22)

Moreover, we have introduced a short hand notation for the

transverse coordinate integrals
∫

z
=

∫

d2z. Here, U ab
x is the

adjoint Wilson line in the colour field of the target represent-

ing the scattering matrix of a gluon at transverse position x ,

whose explicit expression reads

U ab
x = P eig

∫

dx+T c
ab A−

c (x+,x), (23)

with T c
ab being the SU (Nc) generator in the adjoint represen-

tation and A−
c (x+, x) the colour field of the target. The Wil-

son line operator accounts for the multiple scattering effects

of the gluon in its interaction with the target. However, as

mentioned previously, the Glasma graph approach for dou-

ble (or multiple) gluon production corresponds to the dilute

limit of the target. Therefore, we expand the Wilson lines to

first order in the colour field of the target:

Uab(x) ≈ 1 + igT c
ab

∫

dx+ A−
c (x+, x)

= 1 + igT c
ab

∫

dx+
∫

d2q

(2π)2
eiqx A−

c (x+, q) .

(24)

Using Eq. (24) we can write the single inclusive gluon pro-

duction cross section in the dilute limit as

dσ

d2kdη

∣

∣

∣

∣

dilute

= 4παs

∫

zz̄

eik(z−z̄)

∫

xy

Ai (x − z)Ai (z̄ − y)

〈

ρa(x)ρb(y)

〉

P

×g2

∫

dx+
1 dx+

2

∫

d2q1

(2π)2

d2q2

(2π)2
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〈

A−
c (x+

1 , q1)A−
c̄ (x+

2 , q2)

〉

T
(T cT c̄)ab

[

e−iq1·z − e−iq1·x
] [

eiq2·z̄ − eiq2·y
]

. (25)

We can now perform the colour averaging over the projectile

colour charge densities. For the correlator of two projectile

colour charge densities, we use the generalized MV model

and write it in the following general form:

〈

ρa(x)ρb(y)

〉

P
= δab μ2(x, y). (26)

Inserting Eq. (26) into the expression for the dilute limit of

the single inclusive production cross section given in Eq. (25)

and integrating over transverse coordinates, we can simply

write the dilute limit of the single inclusive production cross

section as

dσ

d2kdη

∣

∣

∣

∣

dilute

= 4π αs CA g2
∫

dx+
1 dx+

2

∫

d2q1

(2π)2

d2q2

(2π)2
δcc̄

〈

A−
c (x+

1 , q1)A−
c̄

(x+
2 , q2)

〉

T

× μ2
[

k − q1, q2 − k
]

L i (k, q1)L i (k, q2), (27)

where L i (k, q) is the strict eikonal Lipatov vertex (19).

At this point, the effects of finite longitudinal width of

the target can be implemented in the single inclusive gluon

production cross section. Effectively, the implementation of

these effects corresponds to two modifications in the cross

section given in Eq. (27). The first modification is to replace

the eikonal Lipatov vertices by the non-eikonal ones derived

in Sect. 2:

L i (k, q) → L i
NE(k, q; x+). (28)

The non-eikonal Lipatov vertex given in Eq. (20) takes into

account the finite longitudinal width of the target to all orders

as discussed in Sect. 2. The second modification that is

needed to account for the finite longitudinal width of the tar-

get is adopting a modified expression for the correlator of two

target fields. Since the target has finite longitudinal width, the

target fields can be located at two different longitudinal posi-

tions. Therefore, for the correlator of two target fields, we

consider a generalization of the MV model in which the two

colour fields are located at different longitudinal coordinates

and are connected via gauge links along the longitudinal axis

[12]. In that case, the colour field correlator of two fields can

be written as

〈

A−
c (x+

1 , q1)A−
c̄ (x+

2 , q2)

〉

T
= δcc̄ n(x+

1 )

1

2λ+ �

(

λ+ − |x+
1 − x+

2 |
)

(2π)2δ(2)(q1 − q2) |a(q1)|2,
(29)

where λ+ is the colour correlation length in the target and

much smaller than the total longitudinal width of the target

L+. Moreover, function n(x+) defines the one dimensional

target density along the longitudinal axis. For simplicity of

the calculation, we assume that this function is constant with

a finite support, n(x+) = n0 for 0 ≤ x+ ≤ L+ and 0 else-

where. Finally, function a(q) that appears in the definition of

the two field correlator is the functional form of the potential

in momentum space which is usually taken to be a Yukawa

type potential in jet quenching calculations [6,7,75,76]:

|a(q)|2 =
m2

(

q2 + m2
)2

, (30)

with m some Debye screening mass or inverse colour corre-

lation length. We would like to emphasise that in the limit

of vanishing correlation length λ+ together with a constant

potential a(q) and a constant longitudinal target density

n(x+
1 ), the two target field correlator defined in Eq. (29)

reduces to the standard MV model correlator.

By implementing these two modifications in the sin-

gle inclusive gluon production cross section and using the

expression of the non-eikonal Lipatov vertex given in Eq. (20)

together with the two field correlator introduced in Eq. (29),

we can write the non-eikonal generalization of the dilute limit

of the single inclusive gluon cross section which accounts for

the finite longitudinal width of the target as

dσ

d2kdη

∣

∣

∣

∣

NE

dilute

= 4π αs CA (N 2
c − 1) g2

∫

d2q

(2π)2
μ2

[

k−q, q−k
]

L i (k, q)L i (k, q)
∣

∣a(q)
∣

∣

2

× n0
1

2λ+

∫ L+

0

dx+
1

∫ x+
1 +λ+

x+
1 −λ+

dx+
2 e

i k2

2k+ (x+
1 −x+

2 )
. (31)

In this expression the non-eikonal Lipatov vertex is incorpo-

rated via the phase that appears under the longitudinal coordi-

nate integral, the θ -function provides the limits of the integral

in x+
2 and the one dimensional target density along the lon-

gitudinal axis is taken to be constant, n0 for 0 ≤ x+
1 ≤ L+.

The integrations over the longitudinal coordinates x+
1 and x+

2

can be performed in a straight forward manner and the final

result for the dilute limit of the non-eikonal single inclusive

gluon production cross section reads

dσ

d2kdη

∣

∣

∣

∣

NE

dilute

= 4π αs CA (N 2
c − 1) g2 (no L+)

G
NE
1 (k−; λ+)

∫

d2q

(2π)2
μ2

[

k − q, q − k
]

L i (k, q)L i (k, q)
∣

∣a(q)
∣

∣

2
, (32)

123
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where we have used the fact that λ+ ≪ L+ for the integration

over the longitudinal coordinates. Here, GNE
1 (k−, λ+) is the

function that encodes all the non-eikonal information of the

single inclusive gluon production and reads

G
NE
1 (k−; λ+) =

1

k−λ+ sin(k−λ+), (33)

with k− = k2

2k+ . We would like to emphasize that the factor

(n0 L+) in Eq. (32) stands for the the number of scattering

centres inside the finite longitudinal extend L+ of the target.

In the dilute target limit, we only take account one single

scattering both in the amplitude and in the complex conjugate

amplitude. Therefore, in this limit this factor will be set to

one hereafter and we get

dσ

d2kdη

∣

∣

∣

∣

NE

dilute

= 4π αs CA (N 2
c − 1) g2

G
NE
1 (k−; λ+)

∫

d2q

(2π)2
μ2

[

k − q, q − k
]

L i (k, q)L i (k, q)
∣

∣a(q)
∣

∣

2
.

(34)

Equation (34) is the final result for the dilute target limit

of the non-eikonal single inclusive gluon production cross

section. Note that in the limit of vanishing correlation length

λ+ one can expand the non-eikonal single inclusive produc-

tion cross section to second order in (k−λ+) which corre-

sponds to the single inclusive gluon production cross section

at next-to-next-to-eikonal accuracy and the result coincides,

as announced, with the expression derived in [12].

Before we conclude this subsection, let us comment on the

relative importance of the non-eikonal corrections, that are

accounted for in Eq. (34) via the function GNE
1 (k−; λ+) that

encodes the non-eikonal effects, with respect to the eikonal

limit of the single inclusive gluon production cross section

in the dilute target limit. First of all, in the limit of vanishing

(k−λ+), we have

lim
k−λ+→0

G
NE
1 (k−; λ+) = 1 (35)

and we recover the well known eikonal limit of the single

inclusive gluon production in the limit of the dilute target. In

Fig. 5, we have plotted the ratio of the non-eikonal to eikonal

single inclusive gluon production cross sections, (33), as a

function of the transverse momenta of the produced gluon

at fixed pseudorapidity η = 2 for different values of the

colour correlation length λ+. In the limit of vanishing trans-

verse momenta of the produced gluon, the non-eikonal and

eikonal cross sections coincide and the ratio becomes one as

expected. The ratio shows up to 20% relative weight of the

non-eikonal corrections for λ+ = 1 fm, for smaller values of

λ+ the results show a suppression from a few to up to 10%.

In Fig. 6, we have plotted the ratio of the non-eikonal

to eikonal single inclusive gluon production cross sections,

(33), as a function of pseudorapidity for different values of

Fig. 5 The ratio of non-eikonal to eikonal single inclusive gluon pro-

duction cross sections, (33), as a function of the transverse momenta of

the produced gluon for different values of the correlation length λ+, at

fixed pseudorapidity η = 2

Fig. 6 The ratio of non-eikonal to eikonal single inclusive gluon pro-

duction cross sections, (33), as a function of the pseudorapidity of the

produced gluon for different values of its transverse momenta at a fixed

correlation length λ+ = 0.5 fm

the transverse momenta of the produced gluon at a fixed cor-

relation length λ+ = 0.5 fm. The ratio of the non-eikonal

to eikonal cross sections goes to one with increasing pseu-

dorapidity as expected, since the relative importance of the

non-eikonal corrections should vanish for large values of η.

The results show that up to pseudorapidity η = 2.5, depend-

ing on the value of the transverse momenta of the produced

gluon, the relative weight of the non-eikonal corrections can

vary roughly between 15% and 2%. These results confirm our

analytical predictions for the importance of the non-eikonal

corrections in certain kinematical regions.

3.2 Double inclusive gluon production beyond the eikonal

approximation

In this Subsection we consider double inclusive gluon pro-

duction beyond the eikonal approximation. Our strategy for

this subsection is the same as the calculation performed for

single inclusive gluon production in the previous Subsection.

Namely, we start with the double inclusive gluon produc-
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tion cross section that takes into account multiple scatter-

ings in the target in [58]. Then, we consider the dilute target

limit of this expression which effectively corresponds to the

Glasma graph approximation by expanding the dipole and

quadrupole operators in powers of the background field of the

target. Finally, we introduce the finite longitudinal width of

the target effects via the non-eikonal Lipatov vertex Eq. (20)

and the generalised MV model for the two field correlator

Eq. (29) in the expanded expression of the double inclusive

gluon production cross section.

The general expression for the production of two glu-

ons with pseudorapidities η1 and η2, and with transverse

momenta k1 and k2 reads

dσ

d2k1dη1d2k2dη2
= α2

s (4π)2

×
∫

z1 z̄1z2 z̄2

eik1·(z1−z̄1)+ik2·(z̄2−y2)

×
∫

x1x2 y1 y2

Ai (x1−z1)Ai (z̄1−y1)A j (x2−z2)A j (z̄2−y2)

×
〈

ρa1
x1

ρa2
x2

ρb1
y1

ρb2
y2

〉

P

〈

[

Uz1 − Ux1

]a1c

×
[

U
†
z̄1

−U †
y1

]cb1
[

Uz2−Ux2

]a2d[
U

†
z̄2

−U †
y2

]db2
〉

T
. (36)

In the dilute limit of the target, or equivalently in the Glasma

graph approximation, the Wilson lines are expanded in pow-

ers of the background field of the target as in Eq. (24). There-

fore, in the dilute target limit double inclusive gluon produc-

tion cross section can be written as

dσ

d2k1dη1d2k2dη2

∣

∣

∣

∣

dilute

= α2
s (4π)2

×
∫

z1 z̄1z2 z̄2

eik1·(z1−z̄1)+ik2·(z̄2−y2)

×
∫

x1x2 y1 y2

Ai (x1 − z1)Ai (z̄1 − y1)A j (x2 − z2)A j

×(z̄2 − y2)

〈

ρa1
x1

ρa2
x2

ρb1
y1

ρb2
y2

〉

P

× g4

∫

dx+
1 dx+

2 dx+
3 dx+

4

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2

×
〈

A−
a (x+

1 , q1)A−
b (x+

2 , q2)A−
c (x+

3 , q3)A−
d (x4, q4)

〉

T

× (T aT b)a1b1(T
cT d)a2b2

[

e−iq1·z1−e−iq1·x1
]

×
[

eiq2·z̄1−eiq2·y1
][

e−iq3·z2 − e−iq3·x2
]

×
[

eiq4·z̄2 − eiq4·y2
]

. (37)

Let us now perform the averaging of the double inclusive

production cross section with respect to the colour charge

densities of the projectile. Since we are using a generalized

MV model, the average of any product of the colour charge

densities factorize into products of all possible Wick contrac-

tions:

〈

ρa1
x1

ρa2
x2

ρb1
y1

ρb2
y2

〉

P
=

〈

ρa1
x1

ρa2
x2

〉

P

〈

ρb1
y1

ρb2
y2

〉

P

+
〈

ρa1
x1

ρb1
y1

〉

P

〈

ρa2
x2

ρb2
y2

〉

P

+
〈

ρa1
x1

ρb2
y2

〉

P

〈

ρa2
x2

ρb1
y1

〉

P
. (38)

For the correlator of two colour charge densities, we use the

generalized MV model introduced in Eq. (26). After imple-

menting Eq. (38), the dilute limit of the double inclusive

gluon production cross section can be written as a sum of

three contributions:

dσ

d2k1dη1d2k2dη2

∣

∣

∣

∣

dilute

= α2
s (4π)2g4

×
∫

z1 z̄1z2 z̄2

eik1·(z1−z̄1)+ik2·(z̄2−y2)

×
∫

x1x2 y1 y2

Ai (x1−z1)Ai (z̄1−y1)A j (x2−z2)A j (z̄2 − y2)

×
{

tr
[

T aT bT d T c
]

μ2(x1, x2)μ
2(y1, y2)

× + tr
[

T aT b
]

tr
[

T cT d
]

μ2(x1, y1)μ
2(x2, y2)

× + tr
[

T aT bT cT d
]

μ2(x1, y2)μ
2(x2, y1)

}

×
∫

dx+
1 dx+

2 dx+
3 dx+

4

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2

×
〈

A−
a (x+

1 , q1)A−
b (x+

2 , q2)A−
c (x+

3 , q3)A−
d (x4, q4)

〉

T

×
[

e−iq1·z1 − e−iq1·x1
][

eiq2·z̄1 − eiq2·y1
]

×
[

e−iq3·z2 − e−iq3·x2
]

×
[

eiq4·z̄2 − eiq4·y2
]

. (39)

In order to preserve the consistency of the notations intro-

duced for different contributions in [58], here after we refer

to the first contribution as Type A, the second one as Type B

and the last one as Type C, in Eq. (39).

Let us focus on Type A contributions to the dilute limit of

the double inclusive gluon production cross section and adopt

the same procedure applied in single inclusive gluon produc-

tion in order to incorporate the non-eikonal effects due to the

finite longitudinal thickness of the target. The same proce-

dure and arguments hold for the calculation of Type B and

Type C contributions. After integrating over the transverse

coordinates, the Type A contribution can be written as

dσType A

d2k1dη1d2k2dη2

∣

∣

∣

∣

dilute

= α2
s (4π)2 g4 tr

[

T aT bT d T c
]

×
∫

dx+
1 dx+

2 dx+
3 dx+

4

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2
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×
〈

A−
a (x+

1 , q1)A−
b (x+

2 , q2)A−
c (x+

3 , q3)A−
d (x4, q4)

〉

T

×μ2
[

k1 − q1, k2 + q4

]

μ2
[

q2 − k1,−k2 − q3

]

×L i (k1, q1)L i (k1, q2) L j (k2,−q3)L j (k2,−q4). (40)

Moreover, we can factorize the the average of the colour

fields of the target into all possible Wick contractions and

write it in the following factorized way:

〈

A−
a (x+

1 , q1)A−
b (x+

2 , q2)A−
c (x+

3 , q3)A−
d (x4, q4)

〉

T

=
〈

A−
a (x+

1 , q1)A−
b (x+

2 , q2)

〉

T

〈

A−
c (x+

3 , q3)A−
d (x4, q4)

〉

T

+
〈

A−
a (x+

1 , q1)A−
d (x4, q4)

〉

T

〈

A−
c (x+

3 , q3)A−
b (x+

2 , q2)

〉

T

+
〈

A−
a (x+

1 , q1)A−
c (x+

3 , q3)

〉

T

〈

A−
b (x+

2 , q2)A−
d (x4, q4)

〉

T
.

(41)

We can now incorporate the non-eikonal effects due to the

finite width of the target. This is achieved by replacing the

Lipatov vertices by the non-eikonal ones and using the gen-

eralized MV model for the correlator of two target fields

as defined in Eq. (29). After implementing these two mod-

ifications, the Type A contribution to the dilute limit of the

non-eikonal double inclusive gluon production cross section

reads

dσType A

d2k1dη1 d2k2η2

∣

∣

∣

∣

NE

dilute

= α2
s (4π)2 g4 C2

A (N 2
c − 1)

×
∫

d2q1

(2π)2

d2q2

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2
∫

dx+
1 dx+

2 dx+
3 dx+

4

× eik−
1 (x+

1 −x+
2 )+ik−

2 (x+
4 −x+

3 )

×
{

μ2
[

k1 − q1, k2 − q2

]

μ2
[

q1 − k1, q2 − k2

]

×L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

×
1

2λ+ n(x+
1 )�

(

λ+ − |x+
1 − x+

2 |
)

×
1

2λ+ n(x+
3 )�

(

λ+ − |x+
3 − x+

4 |
)

× + μ2
[

k1 − q1, k2 + q1

]

μ2
[

q2 − k1,−k2 − q2

]

×L i (k1, q1)L i (k1, q2) L j (k2,−q2)L j (k2,−q1)

×
1

2λ+ n(x+
1 )�

(

λ+ − |x+
1 − x+

4 |
) 1

2λ+ n(x+
2 )

×�

(

λ+ − |x+
2 − x+

3 |
)

× +
1

2
μ2

[

k1 − q1, k2 − q2

]

μ2
[

q2 − k1, q1 − k2

]

×L i (k1, q1)L i (k1, q2) L j (k2, q1)L j (k2, q2)

×
1

2λ+ n(x+
1 )�

(

λ+ − |x+
1 − x+

3 |
)

×
1

2λ+ n(x+
2 )�

(

λ+ − |x+
2 − x+

4 |
)

}

, (42)

where we have used the following colour identities

tr
[

T aT aT bT b
]

= C2
A (N 2

c − 1), (43)

tr
[

T aT bT aT b
]

=
1

2
C2

A (N 2
c − 1), (44)

with CA = Nc the quadratic Casimir in the adjoint represen-

tation. Now, the integral over the longitudinal coordinates

can be performed in the same way as in the single inclusive

gluon production. After using the � -functions to determine

the limits of the integrals, a straightforward integration gives

dσType A

d2k1dη1 d2k2η2

∣

∣

∣

∣

NE

dilute

= α2
s (4π)2 g4 C2

A (N 2
c − 1)

×
∫

d2q1

(2π)2

d2q2

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2
G

NE
1 (k−

1 ; λ+) G
NE
1 (k−

2 ; λ+)

×
{

μ2
[

k1 − q1, k2 − q2

]

μ2
[

q1 − k1, q2 − k2

]

×L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

+ G
NE
2 (k−

1 ,−k−
2 ; L+)μ2

[

k1 − q1, k2 + q1

]

μ2

×
[

q2−k1,−k2−q2

]

L i (k1.q1)L i (k1, q2) L j (k2,−q2)L j (k2,−q1)

+
1

2
G

NE
2 (k−

1 , k−
2 ; L+) μ2

[

k1 − q1, k2 − q2

]

μ2

×
[

q2 − k1, q1 − k2

]

L i (k1, q1)L i (k2, q2) L j (k2, q1)L j (k2, q2)

}

,

(45)

where, on top of the function GNE
1 (k−; λ+) that takes into

account the non-eikonal effects defined in Eq. (33), we

have introduced a new function GNE
2 (k−

1 , k−
2 ; L+) that also

accounts for the non-eikonal effects in the dilute target limit

of the double inclusive gluon production cross section and

reads

G
NE
2 (k−

1 , k−
2 ; L+)

=
{

2
(

k−
1 − k−

2

)

L+ sin

[

(

k−
1 − k−

2

)

2
L+

]}2

.

(46)

Again, this function goes to 1 when we consider the shock-

wave (eikonal) limit L+ → 0.

The same procedure can be adopted to calculate Type B

and Type C contributions to the dilute target limit of the non-

eikonal double inclusive gluon production cross section. The

results read

dσType B

d2k1dη1 d2k2η2

∣

∣

∣

∣

NE

dilute

= α2
s (4π)2 g4 C2

A (N 2
c − 1)

∫

d2q1

(2π)2

d2q2

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2
G

NE
1 (k−

1 ; λ+) G
NE
1 (k−

2 ; λ+)

×
{

(N 2
c − 1) μ2

[

k1 − q1, q1 − k1

]

μ2
[

k2 − q2, q2 − k2

]

×L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

+ G
NE
2 (k−

1 , k−
2 ; L+) μ2

[

k1 − q1, q2 − k1

]

μ2
[

k2 − q2, q1 − k2

]
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L i (k1, q1)L i (k1, q2) L j (k2, q2)L j (k2, q1)

+ G
NE
2 (k−

1 ,−k−
2 ; L+) μ2

[

k1−q1, q2−k1

]

μ2
[

k2+q1,−k2−q2

]

×L i (k1, q1)L i (k1, q2) L j (k2,−q1)L j (k2,−q2)

}

(47)

and

dσType C

d2k1dη1d2k2dη2

∣

∣

∣

∣

NE

dilute

= α2
s (4π)2 g4 C2

A (N 2
c − 1)

×
∫

d2q1

(2π)2

d2q2

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2
GNE

1 (k−
1 ; λ+)GNE

1 (k−
2 ; λ+)

×
{

μ2
[

k1 − q1, q2 − k2

]

μ2
[

k2 − q2, q1 − k1

]

×L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

+ GNE
2 (k−

1 , k−
2 ; L+) μ2

[

k1 − q1, q1 − k2

]

μ2

×
[

k2 − q2, q2 − k1

]

L i (k1, q1)L i (k1, q2)

×L j (k2, q1)L j (k2, q2)

+
1

2
GNE

2 (k−
1 ,−k−

2 ; L+) μ2
[

k1 − q1,−k2 − q2

]

×μ2
[

k2 + q1, q2 − k1

]

L i (k1, q1)L i (k1, q2)

×L j (k2,−q1)L j (k2,−q2)

}

. (48)

Finally, we can add the three contributions Eqs. (45), (47)

and (48) and organize the full result of the dilute limit of the

non-eikonal double inclusive gluon production cross section

as

dσ

d2k1dη1d2k2dη2

∣

∣

∣

∣

NE

dilute

= α2
s (4π)2 g4 C2

A (N 2
c − 1)

×
∫

d2q1

(2π)2

d2q2

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2

×G
NE
1 (k−

1 ; λ+)G
NE
1 (k−

2 ; λ+)

×
{

I
(0)
2tr +

1

N 2
c − 1

[

I
(1)
2tr + I

(1)
1tr

]

}

, (49)

where the subscripts denote the single trace terms (I
(i)
1tr ) or the

double trace term (I
(i)
2tr ) in the double inclusive gluon produc-

tion cross section given in Eq. (39). The explicit expressions

for these terms read

I
(0)
2tr = μ2

[

k1 − q1, q1 − k1

]

μ2
[

k2 − q2, q2 − k2

]

L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2), (50)

I
(1)
2tr =

{

G
NE
2 (k−

1 , k−
2 ; L+)

μ2
[

k1 − q1, q2 − k1

]

μ2
[

k2 − q2, q1 − k2

]

× L i (k1, q1)L i (k1, q2) L j (k2, q2)L j (k2, q1)

}

+(k2 → −k2) (51)

and, finally,

I
(1)
1tr =

{

μ2
[

k1 − q1, q2 − k2

]

μ2
[

k2 − q2, q1 − k1

]

L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

+ G
NE
2 (k−

1 , k−
2 ; L+)

⎧

⎩μ2
[

k1 − q1, q1 − k2

]

μ2
[

k2 − q2, q2 − k1

]

+
1

2
μ2

[

k1 − q1, k2 − q2

]

μ2
[

q2 − k1, q1 − k2

]

⎫

⎭

× L i (k1, q1)L i (k1, q2) L j (k2, q1)L j (k2, q2)

}

+(k2 → −k2). (52)

Let us now identify the terms that appear in the dilute tar-

get limit of the non-eikonal double inclusive gluon produc-

tion cross section. For this analysis, we follow the procedure

introduced in [58]. The function μ2(k, p) can be considered

as function of the total transverse momenta and a function of

the average transverse momenta:

μ2(k, p) = T

(

k − p

2

)

F
[

(k + p)R
]

, (53)

where function T can be identified with a transverse momen-

tum dependent distribution of the colour charge densities, and

function F is a soft form factor which is peaked when the

argument of the function F vanishes and rapidly decreases

when
∣

∣(k + p)R
∣

∣ > 1, with R the radius of the projectile. In

our set up, the transverse momenta k1 − q1 and k2 − q2 are

the momenta of the two gluons in the projectile, k1 and k2

are the momenta of the two gluons in the final state and the

momenta q1 and q2 are the transverse momenta that are trans-

ferred from the target to the projectile during their interaction.

In such a set up, the (forward/backward) Bose enhancement

of the gluons in the projectile is identified by the form fac-

tor that is peaked around (k1 − q1) ∓ (k2 − q2), the (for-

ward/backward) HBT correlations of the final state gluons

are identified by the form factor that is peaked around k1 ∓k2

and finally the (forward/backward) Bose enhancement of the

gluons in the target is identified by the form factor that is

peaked around q1 ∓ q2. We proceed to analyse them all:

• First of all, it is straightforward to realise that the first

term in Eq. (49), whose explicit expression is given in

Eq. (50), is nothing but the square of the single inclusive

gluon emission probability. Therefore, this term is com-

pletely factorised and does not give any contribution to

the correlated production.

• The second contribution to the non-eikonal double inclu-

sive gluon production cross section is given in Eq. (51).

This term is proportional to
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μ2
[

k1 − q1, q2 − k1

]

μ2
[

k2 − q2, q1 − k2

]

= T

[

k1 −
(q1 + q2)

2

]

T

[

k2 −
(q1 + q2)

2

]

× F2
(

∣

∣q1 − q2

∣

∣R
)

. (54)

The form factor F in Eq. (54) is strongly peaked when the

transverse momenta transferred from the target are very

close to each other. Therefore, the term defined in Eq.

(51) is the term responsible for the Bose enhancement in

the target wave function.

• Let us now consider the third contribution to the double

inclusive gluon production cross section which is defined

in Eq. (52). This contribution consists of three different

terms:

(i) The first term in this contribution is proportional to

μ2
[

k1 − q1, q2 − k2

]

μ2
[

k2 − q2, q1 − k1

]

= T 2

[

(k1 − q1)

2
+

(k2 − q2)

2

]

F2
[

∣

∣(k1 − q1) − (k2 − q2)
∣

∣R
]

. (55)

Since the transverse momenta k1 − q1 and k2 − q2

are the momenta of the two gluons in the projectile

wave function and the form factor F is peaked around

when the momenta of the two gluons in the projectile

wave function are close to each other in this term, it is

the Bose enhancement contribution in the projectile

wave function.

(ii) The second term in Eq. (52) is proportional to

μ2
[

k1 − q1, q1 − k2

]

μ2
[

k2 − q2, q2 − k1

]

= T

[

(k1 + k2)

2
− q1

]

T

[

(k1 + k2)

2
− q2

]

F2
[

∣

∣k1 − k2

∣

∣R
]

. (56)

Now the form factor F is peaked for the transverse

momenta of the two gluons in the final state is close

to each other, so this term corresponds to the HBT

contribution.

(iii) The last term in Eq. (52) is proportional to

μ2
[

k1 − q1, k2 − q2

]

μ2
[

q2 − k1, q1 − k2

]

= T

[

(k1 − q1)

2
−

(k2 − q2)

2

]

T

[

(k2 + q2)

2
−

(k1 + q1)

2

]

×F2
[

∣

∣(k1 − q1) + (k2 − q2)
∣

∣R
]

. (57)

In this term, the form factor is peaked for the trans-

verse momenta of the two gluons in the projectile

wave function are close and opposite to each other.

Therefore, this term is a contribution to the backward

peak of Bose enhancement of gluons in the projectile

wave function.

Apart from the non-eikonal effects that are encoded in

the functions GNE
1 (k−; λ+) and GNE

2 (k−
1 , k−

2 ; L+), the main

difference between the dilute target limit of the double inclu-

sive gluon production cross section calculated in this subsec-

tion and the double inclusive gluon production cross section

derived in [58] is the Nc counting of some of the contribu-

tions. Our main result, Eq. (49), shows that apart from the

uncorrelated contribution that is identified as the square of the

single inclusive gluon production cross section, all terms that

contribute to the correlated production come with the same

Nc power. However, in [58], the Bose enhancement contribu-

tion of the gluons in the target and part of the Bose enhance-

ment contribution of the gluons in the projectile have shown

to be Nc-suppressed with respect to the rest of the terms. This

is a well known consequence of the fact that some aspects

of Nc counting are different in the dilute and dense limits

[80,81].

Let us comment on the function GNE
2 (k−

1 , k−
2 ; L+),

Eq. (46), which is one of the functions that encode the non-

eikonal effects in the double inclusive gluon production in

the dilute target limit. As it can be seen clearly from the final

expression, Eq. (49) together with Eqs. (50), (51) and (52),

the mirror image of the terms that contribute to the correlated

production of two gluons which is given by (k2 → −k2),

is accompanied by GNE
2 (k−

1 ,−k−
2 ; L+). However, in certain

kinematic regimes the behaviour of GNE
2 (k−

1 , k−
2 ; L+) differs

completely from GNE
2 (k−

1 ,−k−
2 ; L+). Namely, in the kine-

matic region where k−
1 ∼ k−

2 we get

G
NE
2 (k−

1 , k−
2 ; L+) ≫ G

NE
2 (k−

1 ,−k−
2 ; L+) (58)

which creates an asymmetry between the terms with (k1, k2)

and their partners with (k2 → −k2). This asymmetry created

by the non-eikonal effects immediately reminds the asym-

metry between the forward and backward peaks of the ridge

structure observed in two particle production.

While a dedicated study of two particle correlations and

azimuthal harmonics with non-eikonal corrections is left

for a forthcoming work [78], here we show a few results

with the sole purpose of illustrating these points. To com-

pute them, we have taken Nc = 3, m = 0.2 GeV in (30),

μ2(k, q) ∝ δ(2)(k +q) (i.e. translational invariance) but with

a projectile size S⊥ = 4 GeV−2, and regulate the denomina-

tors that give rise to infrared divergencies by substituting the

corresponding squared transverse momenta l2 → l2 + m2
g

where we have used the numerical value m2
g = 0.2 GeV.

In Fig. 7 we show the ratio of the non-eikonal to eikonal

double inclusive gluon production cross sections as a func-

tion of the transverse momenta of the second produced gluon
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Fig. 7 The behaviour of the ratio of non-eikonal to eikonal cross sec-

tions at �φ = 0 and �φ = π as a function of the transverse momenta

of the second gluon for a correlation length λ+ = 0.5 fm, L+ = 6 fm,

rapidities of the produced gluons η1 = η2 = 2 and transverse momenta

of the first gluon k1 = 1 GeV

while keeping the transverse momenta of the first gluon fixed

k1 = 1 GeV, for �φ = 0 and �φ = π with �φ the azimuthal

angle between the two produced gluons. In this plot, we use

for the correlation length λ+ = 0.5 fm, L+ = 6 fm and the

pseudorapidities of the produced gluons η1 = η2 = 2. The

result shows that the ratio of the non-eikonal and eikonal dou-

ble inclusive gluon cross sections is enhanced for �φ = 0

and suppressed for �φ = π as expected by our observation

for the behaviour of GNE
2 (k−

1 , k−
2 ; L+) given in Eq. (58). The

relative modification is peaked when the transverse momenta

of the second gluon is the same as the transverse momenta

of the first gluon and it varies roughly between 4% and 10%

for values of the transverse momenta of the second gluon 0.5

GeV < k2 < 1.5 GeV.

In Fig. 8 we plot the normalized non-eikonal and eikonal

double inclusive gluon production cross sections as a func-

tion of the azimuthal angle between the two produced gluons

�φ. We again take λ+ = 0.5 fm, L+ = 6 fm, the rapidi-

ties of the two produced gluons η1 = η2 = 2 and their

transverse momenta k1 = 1 GeV and k2 = 1.2 GeV. These

kinematic values are chosen to enhance the asymmetry com-

ing from the behaviour of function GNE
2 (k−

1 , k−
2 ; L+). The

results are completely symmetric with respect to �φ = π/2

in the eikonal case, while an asymmetric behaviour is seen

for the non-eikonal case.

3.3 Triple inclusive gluon production beyond the eikonal

approximation

Let us now proceed with the triple inclusive gluon production

cross section. The general expression for the production of

three gluons, with transverse momenta k1, k2 and k3 and with

pseudorapidities η1, η2 and η3 in the dilute-dense set up reads

[58]

Fig. 8 The non-eikonal and eikonal normalized double inclusive gluon

production cross sections as a function of azimuthal angle between the

two produced gluons �φ for λ+ = 0.5 fm, L+ = 6 fm, and rapidities

η1 = η2 = 2 and transverse momenta k1 = 1 GeV and k2 = 1.2 GeV

of the two produced gluons

dσ

d2k1dη1d2k2dη2d2k3dη3
= α3

s (4π)3

×
∫

z1z2z3 z̄1 z̄2 z̄3

eik1·(z1−z̄1)+ik2·(z2−z̄2)+ik3·(z3−z̄3)

×
∫

x1x2x3 y1 y2 y3

Ai (x1 − z1)Ai (z̄1 − y1)

× A j (x2 − z2)A j (z̄2 − y2)

× Ak(x3 − z3)Ak(z̄3 − y3)

〈

ρa1
x1

ρa2
x2

ρa3
x3

ρb1
y1

ρb2
y2

ρb3
y3

〉

P

×
〈

{[

Uz1 − Ux1

] [

U
†
z̄1

− U †
y1

]}a1b1

×
{[

Uz2 − Ux2

] [

U
†
z̄2

− U †
y2

]}a2b2

×
{[

Uz3 − Ux3

] [

U
†
z̄3

− U †
y3

]}a3b3
〉

T

. (59)

After the manipulations described in Appendix A, we can

organize the dilute target limit of the non-eikonal triple inclu-

sive gluon production cross section according to the powers

in the number of colors and the result reads

dσ

d2k1dη1d2k2dη2d2k3dη3

∣

∣

∣

∣

NE

dilute

=(4π)3 α3
s g6 C3

A (N 2
c − 1)3

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2 ∣

∣a(q3)
∣

∣

2

× G1(k
−
1 ; λ+)G1(k

−
2 ; λ+)G1(k

−
3 ; λ+)

×
{

I
(0)
3tr +

1

(N 2
c − 1)

[

I
(1)
3tr + I

(1)
2tr,1 + I

(1)
2tr,2

]

+
1

(N 2
c − 1)2

[(

I
(2)
3tr,1 + I

(2)
3tr,2

)

+
(

I
(2)
2tr,1 + I

(2)
2tr,2 + I

(2)
2tr,3

)

+
(

I
(2)
1tr,1 + I

(2)
1tr,2 + I

(2)
1tr,3 + I

(2)
1tr,4

)]

}

, (60)
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where functions I
(k)
i tr, j can be found in Eqs. (A14) to (A20),

(A22) to (A31) and (A33) to (A41). This is our final result

for the dilute target limit of the non-eikonal triple inclu-

sive gluon production cross section. Apart from the fact that

this result accounts for the finite longitudinal width target

effects through non-eikonal Lipatov vertices which leave

their imprints in the functions GNE
i upon integration over

the longitudinal coordinates, it is valid to all orders in the

number of colors. It differs from the dilute target limit of

the result calculated in [58] in two aspects. First, the study

performed in [58], while it is valid for the dense target limit,

is truncated at O
(

1/(N 2
c − 1)3

)

. This obviously affects the

total number of terms in the final result. Second, as we will

discuss next, some of the Nc-suppressed terms that were dis-

carded in [58], have been identified in our study and shown

to establish some interference effects that were absent there.

Let us now consider each term in Eq. (60) separately and

identify their correlation features. For this analysis we follow

the same strategy introduced in Sect. 3.2 and use the fact that

μ2(k, p) ∝ F
[

|k + p|R
]

, (61)

with R being the radius of the projectile and the form factor

F peaked at zero.

• We start our analysis with the O(1) terms. The only O(1)

term in the dilute target limit of the non-eikonal triple

inclusive gluon production cross section is I
(0)
3tr term. It is

equal to product of three single inclusive gluon produc-

tion cross sections and it gives contribution to the totally

uncorrelated production of three gluons.

• Next, we consider the O
[

1/(N 2
c −1)

]

terms. At this order,

we have three different terms: one originating from three-

trace contribution and two originating from double-trace

contribution.

(i) The explicit expression of the three-trace term, I
(1)
3tr ,

is given in Eq. (A16) and its symmetry partners in

Eq. (A15). This term is proportional to

μ2
[

k1 − q1, q2 − k1

]

μ2
[

k2 − q2, q1 − k2

]

μ2
[

k3 − q3, q3 − k3

]

∝ F2
[

|q2 − q1|R
]

μ2
[

k3 − q3, q3 − k3

]

(62)

which is clearly a contribution to the forward Bose

enhancement of the gluons q1 and q2 while the third

gluon is emitted independently from the others. Its

mirror image, given by (k2 → −k2), exhibits the

same behaviour. The symmetry partners of this term

which are obtained through (k1 ↔ k3) and (k2 ↔
k3) correspond to the two cases where the indepen-

dently emitted gluon is the first and the second gluons,

and the remaining two still give contribution to the

forward Bose enhancement in the target wave func-

tion.

(ii) The remaining two terms at this order, originate from

the double-trace contribution. The explicit expression

of the first of these terms is given in Eq. (A23) and its

symmetry partners are given in Eq. (A22). This term

is proportional to

μ2
[

k1 − q1, q1 − k1

]

μ2
[

k2 − q2, q3 − k3

]

μ2
[

k3 − q3, q2 − k2

]

∝ F2
[

|(k2 − q2) − (k3 − q3)|R
]

μ2
[

k1 − q1, q1 − k1

]

(63)

which can be easily identified as a contribution to

the forward Bose enhancement of the gluons k2 − q2

and k3 − q3 in the projectile wave function while the

first gluon is emitted independently of the remaining

two. Clearly, the symmetry partners of this term cor-

responds to the independent emission of second and

third gluons, while the remaining two gives contribu-

tion to the forward Bose enhancement in the projectile

wave function.

(iii) The explicit expression of the last term at this order,

I
(1)
2tr,2, is given in Eq. (A25) with its symmetry partners

given in Eq. (A24). This term is proportional to

μ2
[

k3 − q3, q3 − k3

]

{

μ2
[

k1 − q1, q1 − k2

]

μ2
[

k2 − q2, q2 − k1

]

+
1

2
μ2

[

k1−q1, k2−q2

]

μ2
[

q2 − k1, q1 − k2

]

}

∝ μ2
[

k3 − q3, q3 − k3

]

{

F2
[

|k1 − k2|R
]

+
1

2
F2

[

|(k1 − q1) + (k2 − q2)|R
]

}

. (64)

The first term in the brackets corresponds to forward

HBT of the gluons k1 and k2, and the second term

corresponds to backward Bose enhancement of the

gluons k1−q1 and k2−q2 in the projectile wave func-

tion while the third gluon is emitted independently

from the other two. The mirror image of this term

which obtained through (k2 → −k2) corresponds

to backward HBT of the gluons k1 and k2, and for-

ward Bose enhancement of the gluons k1 − q1 and

k2 −q2 in the projectile wave function while the third

gluon is emitted independently. The symmetry part-

ners of this term which are obtained via (k1 ↔ k3)

and (k2 ↔ k3) correspond to the following two cases:

emission of the first gluon (or the second gluon in

the second symmetry partner) while the remaining

two gluons exhibit the same behaviour and contribute

to (forward/backward) HBT and (backward/forward)
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projectile Bose enhancement of the corresponding

gluons.

• We can now proceed with the O
[

1/(N 2
c − 1)2

]

terms. At

this order, we have terms originating from the three-trace,

the double-trace and the single-trace contributions.

(i) Let us start with the terms originating from the three-

trace contribution:

(a) The explicit expression for the first term in there,

I
(2)
3tr,1, is given in Eq. (A18) and its symmetry

partners are given in Eq. (A17). This term is pro-

portional to

μ2
[

k1 − q1, q2 − k1

]

μ2
[

k2 + q1, q3 − k2

]

μ2
[

k3 − q2,−q3 − k3

]

∝ F
[

|q2−q1|R
]

F
[

|q1+q3|R
]

F
[

|q2+q3|R
]

.

(65)

This term gives contribution to the case where

all three gluons are correlated. In particular, it

contributes to forward target Bose enhancement

of the gluons q1 and q2 with contributions to

backward target Bose enhancement between the

gluons q1 and q3 as well as q2 and q3. Since

the form factors in this term are independent of

the momenta of the produced gluons, the mirror

image of this term and its symmetric partners

exhibit exactly the same behaviour.

(b) The second term in the three-trace contribution

at O
[

1/(N 2
c − 1)2

]

is I
(2)
3tr,2 which is defined in

Eq. (A20) and its symmetric partner is defined

in Eq. (A19). This term is proportional to

μ2
[

k1 − q1, q2 − k1

]

μ2
[

k2 − q3, q1 − k2

]

μ2
[

k3 − q2, q3 − k3

]

∝ F
[

|q1−q2|R
]

F
[

|q1−q3|R
]

F
[

|q2−q3|R
]

.

(66)

Clearly, this term is a contribution to the forward

Bose enhancement of the target gluons between

the gluons q1 and q2, together with q1 and q3, as

well as q2 and q3. Its symmetric partner defined

in Eq. (A19) exhibits the same behaviour.

Before we continue our analysis with the terms

originating from the double-trace contributions at

O
[

1/(N 2
c − 1)2

]

, we would like to mention that the

two terms I
(2)
3tr,1 and I

(2)
3tr,2 give contribution to the cor-

related production of all three gluons. However, the

study performed in [58] has shown that the totally cor-

related production of three gluons originate from the

sextuple contribution which in our case corresponds

to the single-trace contribution. This difference is due

to the fact that the analogue of the terms I
(2)
3tr,1 and

I
(2)
3tr,2 in the dense target limit are suppressed in pow-

ers of the number of colors and therefore discarded

in [58]. In our study, we show that these terms are

of the same order as the single-trace contribution and

give contribution to the totally correlated production.

The difference between the counting of the number

of colors in the dilute and dense limits is addressed

in detail in [80,81].

(ii) Let us proceed with the terms that originate from

double-trace contribution at order O
[

1/(N 2
c − 1)2

]

:

(a) The first term is I
(2)
2tr,1 and it is defined in

Eq. (A27) with its symmetric partners defined

in Eq. (A26). This term is proportional to

μ2
[

k1 − q1, q2 − k1

]

{

μ2
[

k2 − q2, q3 − k3

]

μ2
[

k3 − q2, q1 − k2

]

+μ2
[

k2−q2, k3−q3

]

μ2
[

q1 − k2, q3 − k3

]

}

∝ F
[

|q1 − q2|R
]

{

F
[

|(k2−q2)−(k3 − q3)|R
]

F
[

|k3 − k2|R
]

+ F2
[

|(k2 − q2) + (k3 − q3)|R
]

}

. (67)

The first term in Eq. (67) is a contribution to the

forward target Bose enhancement of the gluons

q1 and q2, together with the forward projectile

Bose enhancement of the gluons k2−q2 and k3−
q3 and forward HBT contribution to the gluons

k2 and k3. However, due to the HBT contribution

to the gluons k2 and k3, the second form factor

in this term can be considered as peaking around

(q3 − q2) and, in that case, it would contribute

to the forward Bose enhancement of the gluons

q2 and q3 in the gluon wave function. In [58]

there were no such contributions, again due to

the fact that this term is suppressed in powers of

the number of colors in the dense target limit. We

would like to mention that, in the translationally

invariant limit, this term is suppressed by a phase

space integration with respect to the other terms

at O
[

1/(N 2
c − 1)2

]

. The second term in (67) is a

contribution to the forward Bose enhancement of

the gluons q1 and q2 in the target wave function

together with backward contribution the Bose

enhancement of the gluons k2 − q2 and k3 − q3

in the projectile wave function.

(b) The second term that originates from the double-

trace operator at O
[

1/(N 2
c − 1)2

]

is I
(2)
2tr,2. It

is defined in Eq. (A29) with its symmetry part-

ners in Eq. (A28). This terms has three different

pieces. The first piece is proportional to
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μ2
[

k1 − q1,−q2 − k1

]

⎧

⎪

⎩

1

2
μ2

[

k2 + q1, q3 − k3

]

μ2
[

k3 + q2, −q3 − k2

]

+μ2
[

k2+q1, k3+q2

]

μ2
[

−q3−k2, q3−k3

]

⎫

⎪

⎭

∝ F
[

|q1 + q2|R
]

⎧

⎪

⎩

1

2
F2

[

|(k2−q2)−(k3−q3)|R
]

+ F2
[

|k2+k3|R
]

⎫

⎪

⎭.

(68)

Clearly, the first term is a contribution to the

backward Bose enhancement of the gluons q1

and q2 in the target wave function with a con-

tribution to the forward Bose enhancement of

the gluons k2 − q2 and k3 − q3 in the projectile

wave function. The second term is a contribution

to the backward Bose enhancement of the glu-

ons q1 and q2 in the target wave function with a

backward HBT to contribution to the gluons k2

and k3. The second piece of I
(2)
2tr,2 is proportional

to

μ2
[

k2 + q1, q2 − k2

]

⎧

⎪

⎩μ2
[

k1 − q1,−k3 − q2

]

μ2
[

q3 − k1, k3 − q3

]

+
1

2
μ2

[

k1−q1, k3−q3

]

μ2
[

q3−k1,−k3−q2

]

⎫

⎪

⎭

∝ F
[

|q1 + q2|R
]

⎧

⎪

⎩F2
[

|k1 − k3|R
]

+
1

2
F2

[

|(k1 − q1) + (k3 − q3)|R
]

⎫

⎪

⎭. (69)

The first term in Eq. (69) is a contribution to

the backward Bose enhancement of the gluons

q1 and q2 in the target wave function with a

forward contribution to the HBT of the glu-

ons k1 and k3. The second term in Eq. (69) is

a contribution to the backward Bose enhance-

ment of the gluons q1 and q2 in the target

wave function with a backward contribution

to the Bose enhancement of the gluons k1 −
q1 and k3 − q3 in the projectile wave func-

tion. The last piece of I
(2)
2tr,2 is proportional

to

μ2
[

k3 + q2,−k3 − q3

]

⎧

⎪

⎩

1

2
μ2

[

k1−q1, q3−k2

]

μ2
[

−q2−k1, k2 + q1

]

+μ2
[

k1−q1, k2+q1

]

μ2
[

−q2−k1, q3−k2

]

⎫

⎪

⎭

∝ F
[

|q2−q3|R
]

⎧

⎪

⎩

1

2
F
[

|(k1−q1)−(k3−q3)|R
]

F
[

|(k1 − q1) − (k2 − q2)|R
]

+ F2
[

|k1 − k2|R
]

⎫

⎪

⎭. (70)

The first term in this equation is a contribu-

tion to forward Bose enhancement of the gluons

q2 and q3 in the target wave function together

with forward Bose enhancement of the gluons

k1 − q1 and k3 − q3 as well as k1 − q1 and

k2 − q2 in the projectile wave function. The

second term is a contribution to forward Bose

enhancement of the gluons q2 and q3 in the target

wave function together with the forward HBT

of the gluons k1 and k2. The symmetry partners

of all three pieces in I2tr,2 that are defined in

Eq. (A28) can be easily identified in the same

way.

(c) The last term that originates from the double-

trace contribution is I
(2)
2tr,3 which is defined in

Eq. (A31) together with its symmetry partner

defined in Eq. (A30). The first piece in I
(2)
2tr,3 is

proportional to

μ2
[

k1 − q1, q2 − k1

]

⎧

⎪

⎩

μ2
[

k2 − q3, q3 − k3

]

μ2
[

k3 − q2, q1 − k2

]

+
1

2
μ2

[

k2−q3, k3−q2

]

μ2
[

q1−k2, q3−k3

]

⎫

⎪

⎭

∝ F
[

|q1 − q2|R
]

⎧

⎪

⎩F2
[

|k2 − k3|R
]

+
1

2
F2

[

|(k2 − q2) + (k3 − q3)|R
]

⎫

⎪

⎭. (71)

The first term here is clearly a contribution to

the forward Bose enhancement of the gluons

q1 and q2 in the target wave function together

with a contribution to forward HBT of glu-

ons k2 and k3. The second term is a contri-

bution to the forward Bose enhancement of

the gluons q1 and q2 in the target wave func-

tion together with a contribution to the back-

ward Bose enhancement of the gluons k2 − q2

and k3 − q3 in the projectile wave function.

The second piece of I
(2)
2tr,3 is proportional to

μ2
[

k3 − q2, q3 − k3

]

⎧

⎪

⎩

μ2
[

k1 − q1, q1 − k2

]

μ2
[

q2 − k1, k2 − q3

]

+
1

2
μ2

[

k1−q1, k2−q3

]

μ2
[

q2−k1, q1−k2

]

⎫

⎪

⎭

∝ F
[

|q2 − q3|R
]

⎧

⎪

⎩F2
[

|k1 − k2|R
]

+
1

2
F2

[

|(k1 − q1) + (k2 − q2)|R
]

⎫

⎪

⎭. (72)
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The first term in this equation is a contribution

to the forward Bose enhancement of the gluons

q2 and q3 in the target wave function with a for-

ward contribution to HBT of gluons k1 and k2.

The second term in Eq. (72) is a contribution to

the forward Bose enhancement of the gluons q2

and q3 in the target wave function with a back-

ward contribution to the Bose enhancement of

the gluons k1 − q1 and k2 − q2 in the projectile

wave function. Finally, the third piece of I
(2)
2tr,3 is

proportional to

μ2
[

k2 − q3, q2 − k2

]

⎧

⎪

⎩μ2
[

k1 − q2, q3 − k3

]

μ2
[

q1 − k1, k3 − q1

]

+
1

2
μ2

[

k1−q2, k3−q1

]

μ2
[

q1−k1, q3−k3

]

⎫

⎪

⎭

∝ F
[

|q2 − q3|R
]

⎧

⎪

⎩F2
[

|k1 − k3|R
]

+
1

2
F2

[

|(k1 − q1) + (k3 − q3)|R
]

⎫

⎪

⎭. (73)

The first term here is a contribution to the for-

ward Bose enhancement of the gluons q2 and q3

in the target wave function together with a con-

tribution to the forward HBT of the gluons k1 and

k3. The second term in Eq. (73) is a contribution

to the forward Bose enhancement of the gluons

q2 and q3 in the target wave function together

with a contribution to backward Bose enhance-

ment to the gluons k1 − q1 and k3 − q3 in the

projectile wave function. The symmetry partner

of the I
(2)
2tr,3 that is defined in Eq. (A30) can be

identified easily in the same manner.

(iii) Finally, we can analyze the terms that are originate

from the single-trace contribution. They are four of

them:

(a) The first one, I
(2)
1tr,1, is defined in Eq. (A34) with

its symmetry partners given in Eq. (A33). The

first term is proportional to

μ2
[

k1 − q1, k2 − q2

]

⎧

⎪

⎩μ2
[

k3 − q3, q1 − k1

]

μ2
[

q2 − k2, q3 − k3

]

+μ2
[

k3−q3, q2−k2

]

μ2
[

q1−k1, q3−k3

]

⎫

⎪

⎭

∝ F
[

|(k1 − q1) + (k2 − q2)|R
]

⎧

⎪

⎩F
[

|(k3 − q3) − (k1 − q1)|R
]

F
[

|(k2 − q2) + (k3 − q3)|R
]

+ F
[

|(k3 − q3) − (k2 − q2)|R
]

F
[

|(k1 − q1) + (k3 − q3)|R
]

⎫

⎪

⎭. (74)

Clearly, the first term in this equation is a con-

tribution to backward Bose enhancement of the

gluons k1 − q1 and k2 − q2 together with con-

tribution to forward Bose enhancement of the

gluons k1 − q1 and k3 − q3 as well as a con-

tribution to backward Bose enhancement of the

gluons k2 − q2 and k3 − q3, all in the projectile

wave function. The second term in Eq. (74) is

a contribution to backward Bose enhancement

of the gluons k1 − q1 and k2 − q2 together with

a contribution to forward Bose enhancement of

the gluons k3 − q3 and k2 − q2 as well as a con-

tribution to backward Bose enhancement of the

gluons k1 − q1 and k3 − q3, all in the projectile

wave function. The symmetry partners of this

term are given in Eq. (A33) and, again, they can

be easily identified by using the same procedure.

(b) The second term that originates from the single-

trace contribution, I
(2)
1tr,2, is defined in Eq. (A36)

with its symmetric partners given in Eq. (A35).

This term has four pieces and the first piece is

proportional to

μ2
[

k1 − q2, k2 − q1

]

⎧

⎪

⎩

1

2
μ2

[

k3−q3, q1−k1

]

μ2
[

q2−k2, q3−k3

]

+
1

2
μ2

[

k3−q3, q2−k2

]

μ2
[

q1−k1, q3−k3

]

⎫

⎪

⎭

∝ F
[

|(k1 − q1) + (k2 − q2)|R
]

⎧

⎪

⎩

1

2
F
[

|(k3 − q3) − (k1 − q1)|R
]

F
[

|(k2 − q2) + (k3 − q3)|R
]

+
1

2
F
[

|(k3 − q3) − (k2 − q2)|R
]

F
[

(k1 − q1) + (k3 − q3)
]

⎫

⎪

⎭. (75)

The first term in this equation is a contribution

to backward Bose enhancement of the gluons

k1−q1 and k2−q2 as well as k2−q2 and k3−q3 in

the projectile wave function together with a for-

ward contribution to Bose enhancement of the

gluons k1 −q1 and k3 −q3 in the projectile wave

function. The second term in Eq. (75) is a con-

tribution to backward Bose enhancement of the

gluons k1 −q1 and k2 −q2 as well as k1 −q1 and

k3 − q3 in the projectile wave function together

with a forward contribution to Bose enhance-

ment of the gluons k2 − q2 and k3 − q3 in the

projectile wave function. The second piece of

I
(2)
1tr,2 is proportional to
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μ2
[

k1 − q1, k3 − q3

]

⎧

⎪

⎩μ2
[

k2−q2, q2−k1

]

μ2
[

q1−k2, q3 − k3

]

+
1

2
μ2

[

k2−q2, q3−k3

]

μ2
[

q2−k1, q1−k2

]

⎫

⎪

⎭

∝ F
[

|(k1 − q1) + (k3 − q3)|R
]

⎧

⎪

⎩F
[

|k1−k2|R
]

F
[

|(k1−q1)+(k3−q3)|R
]

+
1

2
F
[

|(k2−q2)−(k3−q3)|R
]

F
[

|(k1 − q1) + (k2 − q2)|R
]

⎫

⎪

⎭. (76)

The first term here is a contribution to backward

Bose enhancement of the gluons k1 − q1 and

k3 − q3 in the projectile wave function together

with a contribution to forward HBT of the gluons

k1 and k2. The second term in Eq. (76) is a con-

tribution to backward Bose enhancement of the

gluons k1 − q1 and k3 − q3 as well as the gluons

k1 − q1 and k2 − q2 in the projectile wave func-

tion together with a contribution to forward Bose

enhancement of the gluons k2 − q2 and k3 − q3

in the projectile wave function. The third piece

of I
(2)
1tr,2 is proportional to

μ2
[

k1 − q1, q1 − k2

]

⎧

⎪

⎩μ2
[

k2 − q2, k3 − q3

]

μ2
[

q2 − k1, q3 − k3

]

+μ2
[

k2−q2, q3−k3

]

μ2
[

k3−q3, q2−k1

]

⎫

⎪

⎭

(77)

∝ F
[

|k1−k2|R
]

⎧

⎪

⎩F2
[

|(k2−q2)+(k3−q3)|R
]

+ F2
[

|(k2 − q2) − (k3 − q3)|R
]

⎫

⎪

⎭. (78)

Clearly, the first term this equation is a contri-

bution to forward HBT of the gluons k1 and k2

together with a contribution to backward Bose

enhancement of the gluons k2 − q2 and k3 − q3

in the projectile wave function, while the second

term is a contribution to forward HBT of the

gluons k1 and k2 together with a contribution to

forward Bose enhancement of the gluons k2 −q2

and k3 − q3 in the projectile wave function. The

last piece of the I
(2)
1tr,2 is proportional to

μ2
[

k1 − q1, q3 − k3

]

⎧

⎪

⎩

1

2
μ2

[

k2 − q2, k3 − q3

]

μ2
[

q2 − k1, q1 − k2

]

+μ2
[

k2−q2, q2−k1

]

μ2
[

k3−q3, q1−k2

]

⎫

⎪

⎭

(79)

∝ F
[

|(k1 − q1) − (k3 − q3)|R
]

⎧

⎪

⎩

1

2
F
[

|(k2 − q2) + (k3 − q3)|R
]

F
[

|(k1 − q1) + (k2 − q2)|
]

+ F
[

|k1−k2|R
]

F
[

|(k1−q1)−(k3−q3)|R
]

⎫

⎪

⎭.

(80)

The first term in this equation is a contribution

to the forward Bose enhancement of the gluons

k1 − q1 and k3 − q3 together with a contribution

to the backward Bose enhancement of the gluons

k2 −q2 and k3 −q3 as well as the gluons k1 −q1

and k2 − q2 in the projectile wave function. The

second term in Eq. (79) is a contribution to for-

ward Bose enhancement of the gluons k1−q1 and

k3 − q3 in the projectile wave function together

with a contribution to forward HBT of the glu-

ons k1 and k2. The identification of the symmetry

partners of I
(2)
1tr,2 can be performed in a straight

forward way by adopting the same procedure.

(c) The third term that originates from the single-

trace contribution, I
(2)
1tr,3 is defined in Eq. (A38)

and its symmetry partners are given in Eq. (A37).

This term has also four pieces and the first one

is proportional to

{

μ2
[

k1−q1, k2+q1

]

⎧

⎪

⎩μ2
[

k3+q2, −q2−k1

]

μ2
[

−q3−k2, q3−k3

]

+
1

2
μ2

[

k3+q2, −q3−k2

]

μ2
[

−q2−k1, q3−k3

]

⎫

⎪

⎭

+
1

4
μ2

[

k1−q1, q3−k3

]

μ2
[

k2+q1,−q2−k1

]

μ2
[

k3+q2, −q3−k2

]

}

∝
{

F
[

|k1+k2|R
]

⎧

⎪

⎩F
[

|k1−k3|R
]

F
[

|k2+k3|R
]

+
1

2
F2

[

|(k3−q3)−(k2−q2)|R
]

⎫

⎪

⎭

+
1

4
F
[

|(k1−q1)−(k3−q3)|R
]

F
[

|(k1−q1)−(k2−q2)|R
]

F
[

|(k2−q2)−(k3−q3)|R
]

}

. (81)

The first term in this equation is a contribution

to the backward HBT of the gluons k1 and k2

as well as the gluons k2 and k3 together with a

contribution to forward HBT of the gluons k1

and k3. The second term in Eq. (81) is a contri-
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bution to backward HBT of the gluons k1 and

k2 together with a contribution to forward Bose

enhancement of the gluons k2 − q2 and k3 − q3

in the projectile wave function. The third term is

a contribution to forward Bose enhancement of

the all three gluons k1−q1, k2−q2 and k3−q3 in

the projectile wave function. The second piece

of I
(2)
1tr,3 is proportional to

⎧

⎪

⎩μ2
[

k1−q1, k3−q3

]

μ2
[

k2+q1, q3−k1

]

μ2
[

q2−k2,−k3−q2

]

+ μ2
[

k1−q1, q2−k2

]

μ2
[

k2+q1,−k3−q2

]

μ2
[

k3−q3, q3−k1

]

⎫

⎪

⎭

∝
⎧

⎪

⎩F
[

|k2+k3|R
]

F2
[

|(k1−q1)+(k3−q3)|R
]

+F
[

|k1−k3|R
]

F2
[

|(k1−q1)−(k2−q2)|R
]

⎫

⎪

⎭.

(82)

The first term here is a contribution to backward

HBT of the gluons k2 and k3 together with a

contribution to backward Bose enhancement of

the gluons k1 − q1 and k3 − q3 in the projectile

wave function. The second term in this equation

is a contribution to forward HBT of the gluons

k1 and k3 together with a contribution to forward

Bose enhancement of the gluons k1 − q1 and

k2 −q2 in the projectile wave function. The third

piece of I
(2)
1tr,3 is proportional to

μ2
[

k1 − q3, k3 − q1

]

μ2
[

k2 + q3,−k3 − q2

]

μ2
[

q1 − k1, q2 − k2

]

∝ F
[

|(k1 − q1) + (k3 − q3)|R
]

F
[

|(k2 − q2) − (k3 − q3)|R
]

F
[

|(k1 − q1) + (k2 − q2)|R
]

. (83)

This term is a contribution to backward Bose

enhancement of the gluons k1 − q1 and k3 −
q3 as well as the gluons k1 − q1 and k2 − q2

in the projectile wave function together with a

contribution to forward Bose enhancement of the

gluons k2 −q2 and k3 −q3 in the projectile wave

function. The last piece of I
(2)
1tr,3 is proportional

to

μ2
[

k1 + q2,−q1 − k2

]

μ2
[

k2 − q2, k3 − q3

]

μ2
[

q3 − k1, q1 − k3

]

∝ F
[

|(k1 − q1) − (k2 − q2)|R
]

F
[

|(k2 − q2) + (k3 − q3)|R
]

F
[

|(k1 − q1) + (k3 − q3)|R
]

. (84)

This term is a contribution to the backward Bose

enhancement of the gluons k1 − q1 and k3 −
q3 as well as the gluons k2 − q2 and k3 − q3

in the projectile wave function together with a

contribution to the forward Bose enhancement

of the gluons k1 −q1 and k2 −q2 in the projectile

wave function. The symmetry partners of I
(2)
1tr,3

can be identified in a similar manner.

(d) The last term that originates from the single-

trace contribution, I
(2)
1tr,4, is defined in Eq. (A41)

with its symmetry partners given in Eq. (A40).

This term has four pieces and the first one is pro-

portional to

{

μ2
[

k1−q1, q1−k2

]

⎧

⎪

⎩

1

2
μ2

[

k2−q3, k3−q2

]

μ2
[

q2−k1, q3−k3

]

+μ2
[

k2−q3, q3−k3

]

μ2
[

k3−q2, q2−k1

]

⎫

⎪

⎭

+
1

4
μ2

[

k1−q1, q3−k3

]

μ2
[

k2−q3, k3−q2

]

μ2
[

q2−k1, q1−k2

]

}

∝
{

F
[

|k1−k2|R
]

⎧

⎪

⎩

1

2
F2

[

|(k2−q2)+(k3−q3)|R
]

+ F
[

|k2−k3|R
]

F
[

|k1−k3|R
]

⎫

⎪

⎭

+
1

4
F
[

|(k1−q1)−(k3−q3)|R
]

F
[

|(k2−q2)+(k3−q3)|R
]

F
[

|(k1−q1)+(k2−q2)|R
]

}

. (85)

The first term in this equation is a contribu-

tion to the forward HBT of the gluons k1 and

k2 together with a contribution to the backward

Bose enhancement of the gluons k2 − q2 and

k3 − q3 in the projectile wave function. The sec-

ond term in Eq. (85) is a contribution to for-

ward HBT of the three gluons k1, k2 and k3. The

last term is a contribution the backward Bose

enhancement of the gluons k1 − q1 and k2 − q2

as well as the gluons k2 −q2 and k3 −q3 together

with a contribution to the forward Bose enhance-

ment of the gluons k1 − q1 and k3 − q3 in the

projectile wave function. The second piece of

I
(2)
1tr,4 is proportional to

⎧

⎪

⎩μ2
[

k1 − q1, k2 − q2

]

μ2
[

k3 − q3, q3 − k1

]

μ2
[

q1 − k2, q2 − k3

]

+μ2
[

k1 − q1, k3 − q3

]

μ2
[

k2 − q2, q2 − k3

]

μ2
[

q3 − k1, q1 − k2

]

⎫

⎪

⎭
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∝
⎧

⎪

⎩F2
[

|(k1 − q1) + (k2 − q2)|R
]

F
[

|k1 − k3|R
]

+ F2
[

|(k1 − q1) + (k3 − q3)|R
]

F
[

|k2 − k3|R
]

⎫

⎪

⎭. (86)

The first term in this equation is a contribu-

tion to the forward HBT of the gluons k1 and

k3 together with a contribution to the backward

Bose enhancement of the gluons k1 − q1 and

k2 − q2 in the projectile wave function. The sec-

ond term in Eq. (86) is a contribution to the for-

ward HBT of the gluons k1 and k2 together with

a contribution to the backward Bose enhance-

ment of the gluons k1 − q1 and k3 − q3 in the

projectile wave function. The third piece of I
(2)
1tr,4

is proportional to

μ2
[

k1 − q2, k2 − q1

]

μ2
[

k3 − q3, q2 − k2

]

μ2
[

q3 − k1, q1 − k3

]

∝ F
[

|(k1 − q1) + (k2 − q2)|R
]

F
[

|(k3 − q3)

− (k2 − q2)|R
]

F
[

|(k3 − q3) + (k1 − q1)|R
]

.

(87)

This term is a contribution to the backward Bose

enhancement of the gluons k1−q1 and k2−q2 as

well as the gluons k1 − q1 and k3 − q3 together

with a contribution to forward Bose enhance-

ment of the gluons k2 − q2 and k3 − q3 in the

projectile wave function. The last piece of I
(2)
1tr,4

is proportional to

μ2
[

k1−q3, k3−q1

]

μ2
[

k2−q2, q1−k1

]

μ2
[

q3−k2, q2−k3

]

∝ F
[

|(k1−q1)+(k3−q3)|R
]

F
[

|(k1−q1)

−(k2−q2)|R
]

F
[

|(k2−q2)+(k3−q3)|R
]

.

(88)

This term is a contribution to the backward Bose

enhancement of the gluons k1 − q1 and k3 −
q3 as well as the gluons k2 − q2 and k3 − q3

together with a contribution to the forward Bose

enhancement of the gluons k1 − q1 and k2 − q2.

The symmetry partners to I
(2)
1tr,4 can be identified

in a similar way.

4 Discussion and outlook

To conclude, we have derived the non-eikonal Lipatov ver-

tex that takes into account the finite longitudinal width of the

target to all orders. This result was conjectured in [12] after

considering the first two corrections to the eikonal limit of

the Lipatov vertex coming from the non-eikonal expansion

of the gluon propagagor obtained in [5,11]. However, here

we have presented a different derivation from first princi-

ples. Then, we have used the non-eikonal Lipatov vertex to

study the single, double and triple inclusive gluon production

cross sections in p-A collisions at mid pseudorapidity. Our

results are valid for dilute-dilute collisions since we consider

the dilute target limit which, for double and triple inclusive

gluon production, corresponds to the original Glasma graph

calculation with the exception that we take into account the

non-eikonal corrections due to the finite longitudinal thick-

ness of the target.

In the single inclusive gluon production cross section, we

have shown that the non-eikonal corrections are encoded in

function GNE
1 (k−, λ+) that is defined in Eq. (33) with k−

being the light cone energy of the produced gluon and λ+

the colour correlation length along the longitudinal direction

in the target. On the one hand, in the limit of (k−λ+) →
0, our result reproduces the well known eikonal expression

which is often referred to as the kt -factorized formula in the

CGC. On the other hand, by expanding our result to second

order in (k−λ+), we recover the result calculated in [12]. Our

numerical results show that in the kinematic region where the

non-eikonal effects are expected to be sizeable, the relative

importance of the non-eikonal corrections can vary from 2

to 15% with respect to the eikonal result. This shows that,

depending on the kinematic region that one is interested in,

the non-eikonal effects might very well be sizable.

We have also used the non-eikonal Lipatov vertex to cal-

culate the double inclusive gluon production cross section

for dilute-dilute scattering. Adopting the same strategy that

was introduced in [58], we have identified the terms that con-

tribute to uncorrelated production, those that are responsible

for Bose enhancement of the gluons in the projectile and in

the target wave functions, and the terms that contribute to

HBT interference effects. Our results agree with the results

in [58] up to the Nc counting of the target Bose enhancement

and part of the projectile Bose enhancement terms. However,

it is known that this difference is a consequence of the fact

that some aspects of Nc counting are different in the dilute

and dense limits [58,80,81].

Moreover, including the non-eikonal corrections in the

double inclusive gluon production cross section has a direct

consequence. On top of the function GNE
1 (k−

1 ; λ+) that

also exists in the single inclusive case, a new function

GNE
2 (k−

1 , k−
2 ; L+), defined in Eq. (46), appears which also

encodes non-eikonal effects. The partners of the terms that

contain GNE
2 (k−

1 , k−
2 ; L+), obtained via (k2 → −k2), also

appear in the double inclusive gluon production cross section

but they are accompanied by GNE
2 (k−

1 ,−k−
2 ; L+). However,

in some specific kinematic regions, namely when k−
1 ∼ k−

2 ,

GNE
2 (k−

1 , k−
2 ; L+) ≫ GNE

2 (k−
1 ,−k−

2 ; L+) which creates an
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asymmetry. We would like to emphasize that this asymmetry

is absent in the eikonal limit. One can immediately realize

that this asymmetry created by the non-eikonal corrections

in the double inclusive gluon production indeed mimics the

asymmetry between the forward and backward peaks in the

ridge observed in the two particle correlations. The conse-

quences of this asymmetry are illustrated in Fig. 7 and in

Fig. 8. This is one of the most striking results of our cur-

rent study. A dedicated study of two particle correlations and

azimuthal harmonics with non-eikonal corrections is left for

a forthcoming work [78].

Finally, we have also considered the non-eikonal triple

inclusive gluon production cross section in the dilute tar-

get limit. We have identified all the terms that appear in the

final result. Compared to the work performed in [58], the

main difference – apart from non-eikonal corrections that

we have included in our study – is that we have included

all terms while only the leading Nc ones were considered in

[58]. This difference is again due to the fact that Nc count-

ing is different in the dilute and dense regimes. In our study,

we have identified the terms that correlate all three gluons

which originate from three-trace or double-trace contribu-

tions, which were absent in [58] since they are suppressed in

powers of Nc in the dense target limit and therefore discarded

there. Moreover, the non-eikonal effects enter through two

new functions G3(k
−
1 , k−

2 , k−
3 ; L+) and G4(k

−
1 , k−

2 , k−
3 ; L+)

that are defined in Eqs. (A8) and (A9) respectively, on top of

the functions G1(k
−; λ+) and G2(k

−
1 , k−

2 ; L+) that already

appeared in the double inclusive case. Obviously, in the limit

of the vanishing L+ these functions become one and provide

the eikonal limit of the triple inclusive gluon production cross

section in the dilute target limit.
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Appendix A: Details of the calculation of the triple inclu-

sive gluon cross section beyond the eikonal approximation

As in the case of single and double inclusive gluon produc-

tion, we first take the dilute target limit which corresponds

to the expansion of the Wilson lines in powers of the back-

ground field of the target, Eq. (24). Then the triple inclusive

gluon production cross section reads

dσ

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

dilute

= (4π)3 α3
s

∫

z1 z̄1z2 z̄2z3 z̄3

eik1·(z1−z̄1)+ik2·(z2−z̄2)+ik3·(z3−z̄3)

∫

x1x2x3 y1 y2 y3

× Ai (x1 − z1)Ai (z̄1 − y1)A j (x2 − z2)

A j (z̄2 − y2)Ak(x3 − z3)Ak(z̄3 − y3)
〈

ρa1
x1

ρa2
x2

ρa3
x3

ρb1
y1

ρb2
y2

ρb3
y3

〉

P

× g6

∫

dx+
1 dx+

2 dx+
3 dx+

4 dx+
5 dx+

6

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2

d2q5

(2π)2

d2q6

(2π)2

(

T c1 T c2
)

a1b1

(

T c3 T c4
)

a2b2

(

T c5 T c6
)

a3b3

×
〈

A−
c1

(x+
1 , q1)A−

c2
(x+

2 , q2)A−
c3

(x+
3 , q3)

×A−
c4

(x+
4 , q4)A−

c5
(x+

6 , q6)

〉

T
[

e−iq1·z1 − e−iq1·x1

][

eiq2·z̄1 − eiq2·y1

]

×
[

e−iq3·z2 − e−iq3·x2

][

eiq4·z̄2 − eiq4·y2

]

[

e−iq5·z3 − e−iq5·x3

][

eiq6·z̄3 − eiq6·y3

]

. (A1)

In the calculation of the single and double inclusive gluon

production cross section, we performed the averaging over

the colour charge densities of the projectile first. However, it

can also be left for further stages of the calculation for con-

venience since the expressions for the triple inclusive gluon

production are longer. Therefore, we leave it for later and

perform the integrals over the transverse coordinates which

yields

dσ

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

dilute

= (4π)3 α3
s g6

∫

dx+
1 dx+

2 dx+
3 dx+

4 dx+
5 dx+

6

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2

d2q5

(2π)2

d2q6

(2π)2
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×
〈

A−
c1

(x+
1 , q1)A−

c2
(x+

2 , q2)A−
c3

(x+
3 , q3)

×A−
c4

(x+
4 , q4)A−

c5
(x+

6 , q6)

〉

T
〈

ρ
a1

k1−q1
ρ

a2

k2−q3
ρ

a3

k3−q5
ρ

b1

q2−k1
ρ

b2

q4−k2
ρ

b3

q6−k3

〉

P

×
(

T c1 T c2
)

a1b1

(

T c3 T c4
)

a2b2

(

T c5 T c6
)

a3b3

L i (k1, q1)L i (k1, q2) L j (k2, q3)L j (k2, q4)

Lk(k3, q5)Lk(k3, q6), (A2)

where L i (k, q) is the eikonal Lipatov vertex defined in Eq.

(19). At this point, we can incorporate the non-eikonal effects

for the triple inclusive gluon production cross section. As

discussed earlier, these effects are taken into account by

exchanging each eikonal Lipatov vertex in Eq. (A2) with

the corresponding non-eikonal Lipatov vertex given in Eq.

(20), and using Eq. (29) for the correlator of two target fields.

After exchanging each eikonal Lipatov vertex with the cor-

responding non-eikonal one, the dilute target limit of the

non-eikonal triple inclusive gluon production cross section

reads

dσ

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

= (4π)3 α3
s g6

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

d2q4

(2π)2

d2q5

(2π)2

d2q6

(2π)2

∫

dx+
1 dx+

2 dx+
3 dx+

4 dx+
5 dx+

6

× eik−
1 (x+

1 −x+
2 )+ik−

2 (x+
3 −x+

4 )+ik3(x+
5 −x+

6 )
〈

A−
c1

(x+
1 , q1)

A−
c2

(x+
2 , q2)A−

c3
(x+

3 , q3)A−
c4

(x+
4 , q4)A−

c5
(x+

6 , q6)

〉

T

×
〈

ρ
a1

k1−q1
ρ

a2

k2−q3
ρ

a3

k3−q5
ρ

b1

q2−k1
ρ

b2

q4−k2
ρ

b3

q6−k3

〉

P
(

T c1 T c2
)

a1b1

(

T c3 T c4
)

a2b2

(

T c5 T c6
)

a3b3
× L i (k1, q1)L i (k1, q2)

× L j (k2, q3)L j (k2, q4) Lk(k3, q5)Lk(k3, q6). (A3)

Let us now consider the averaging over the colour fields of

the target. As in the case of the double inclusive gluon pro-

duction, the average over six colour fields of the target can

be factorized into all possible Wick contractions:

〈

A−
1 A−

2 A−
3 A−

4 A−
5 A−

6

〉

T
=

〈

A−
1 A−

2

〉

T
[〈

A−
3 A−

4

〉

T

〈

A−
5 A−

6

〉

T
+

〈

A−
3 A−

5

〉

T

〈

A−
4 A−

6

〉

T

+
〈

A−
3 A−

6

〉

T

〈

A−
4 A−

5

〉

T

]

+
〈

A−
1 A−

3

〉

T
[〈

A−
2 A−

4

〉

T

〈

A−
5 A−

6

〉

T
+

〈

A−
2 A−

5

〉

T

〈

A−
4 A−

6

〉

T
+

〈

A−
2 A−

6

〉

T
〈

A−
4 A−

5

〉

T

]

+
〈

A−
1 A−

4

〉

T
[〈

A−
2 A−

3

〉

T

〈

A−
5 A−

6

〉

T
+

〈

A−
2 A−

5

〉

T

〈

A−
3 A−

6

〉

T
+

〈

A−
2 A−

6

〉

T
〈

A−
3 A−

5

〉

T

]

+
〈

A−
1 A−

5

〉

T
[〈

A−
2 A−

3

〉

T

〈

A−
4 A−

6

〉

T
+

〈

A−
2 A−

4

〉

T

〈

A−
3 A−

6

〉

T
+

〈

A−
2 A−

6

〉

T
〈

A−
3 A−

4

〉

T

]

+
〈

A−
1 A−

6

〉

T

[〈

A−
2 A−

3

〉

T

〈

A−
4 A−

5

〉

T
+

〈

A−
2 A−

4

〉

T
〈

A−
3 A−

5

〉

T
+

〈

A−
2 A−

5

〉

T

〈

A−
3 A−

4

〉

T

]

, (A4)

where we have introduced a shorthand notation for the target

fields A−
i ≡ A−

ci
(x+

i , qi ) for convenience. The target fields

are originating from the expansion of the Wilson line in the

amplitude (complex conjugate amplitude) when the subscript

i is odd (even). With this shorthand notation, the correlator

of two target fields defined in Eq. (29), can be written in the

most convenient way as

〈

A−
i A−

j

〉

T
= n(x+

i )
1

2λ+ �

(

λ+ −
∣

∣x+
i − x+

j

∣

∣

)

�i j , (A5)

where �i j is defined as

�i j = δci c j (2π)2 δ(2)
[

qi + (−1)i+ j q j

]

∣

∣a(qi )
∣

∣

2
. (A6)

Note that Eq. (A3) can now be integrated over the longitudi-

nal coordinates. After plugging the factorized expression for

averaging of the colour fields of the target given in Eq. (A4)

into Eq. (A3), the longitudinal coordinate dependent part of

the dilute target limit of the non-eikonal triple inclusive gluon

production cross section can be written as

∫

dx+
1 dx+

2 dx+
3 dx+

4 dx+
5 dx+

6

eik−
1 (x+

1 −x+
2 )+ik−

2 (x+
3 −x+

4 )+ik3(x+
5 −x+

6 )

〈

A−
1 A−

2 A−
3 A−

4 A−
5 A−

6

〉

T

= G
NE
1 (k−

1 ; λ+)G
NE
1 (k−

2 ; λ+)G
NE
1 (k−

3 ; λ+)
{

�12�34�56

+ �12
[

G
NE
2 (k−

2 ,−k−
3 ; L+)�35�46

+ G
NE
2 (k−

2 , k−
3 ; L+)�36�45

]

+ �34
[

G
NE
2 (k−

1 ,−k−
3 ; L+)�15�26

+ G
NE
2 (k−

1 , k−
3 ; L+)�16�25

]

+ �56
[

G
NE
2 (k−

1 ,−k−
2 ; L+)�13�24

+ G
NE
2 (k−

1 , k−
2 ; L+)�14�23

]

+ G
NE
3 (k−

1 , k−
2 , k−

3 ; L+)

[

�13�25�46 + �16�24�35
]

+ G
NE
3 (k−

2 , k−
1 , k−

3 ; L+)

[

�13�26�45 + �15�24�36
]

+ G
NE
3 (k−

1 , k−
3 , k−

2 ; L+)

[

�14�26�35 + �15�23�46
]

+ G
NE
4 (k−

1 , k−
2 , k−

3 ; L+)

[

�14�25�36 + �16�23�45
]

}

,

(A7)
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where the functions GNE
1 (k−

i ; λ+) and GNE
2 (k−

i , k−
j ; L+) are

the functions that account for non-eikonal effects and they are

defined in Eqs. (33) and (46), respectively. Moreover, for the

triple inclusive gluon production the longitudinal coordinate

integral produces two new functions GNE
3 (k−

i , k−
j , k−

k ; L+)

and GNE
4 (k−

i , k−
j , k−

k ; L+) that also account for the non-

eikonal effects and read

G
NE
3 (k−

1 , k−
2 , k−

3 ; L+)

= 2
− sin

[

(k+
1 + k+

2 )L+]

+ sin
[

(k−
1 − k−

3 )L+]

+ sin
[

(k−
2 + k−

3 )L+]

[

(k+
1 + k+

2 )L+] [

(k−
1 − k−

3 )L+] [

(k−
2 + k−

3 )L+]

(A8)

and

G
NE
4 (k−

1 , k−
2 , k−

3 ; L+)

=
sin

[

(k−
1 −k−

2 )

2
L+

]

sin
[

(k−
1 −k−

3 )

2
L+

]

sin
[

(k−
2 −k−

3 )

2
L+

]

[

(k−
1 −k−

2 )

2
L+

] [

(k−
1 −k−

3 )

2
L+

] [

(k−
2 −k−

3 )

2
L+

]
.

(A9)

Both functions go to 1 when we consider the shockwave

(eikonal) limit L+ → 0.

We can now substitute Eq. (A7) into the dilute target limit

of the non-eikonal triple inclusive gluon production cross

section given in Eq. (A3). By using the definition of �i j

given in Eq. (A6) and integrating over the three transverse

momenta, we get

dσ

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

= (4π)3 α3
s g6

∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2 ∣

∣a(q3)
∣

∣

2

× GNE
1 (k−

1 , λ+)GNE
1 (k−

2 , λ+)GNE
1 (k−

3 , λ+)

×
{

C3
A

〈

ρa
k1−q1

ρb
k2−q2

ρc
k3−q3

ρa
q1−k1

ρb
q2−k2

ρc
q3−k3

〉

P

L i (k1, q1)L i (k1, q1)L j (k2, q2)L j (k2, q2)Lk(k3, q3)Lk(k3, q3)

+
⎧

⎪

⎩

[

GNE
2 (k−

1 , k−
2 ; L+) CA(T a T b)a1b1 (T

bT a)a2b2 δa3b3

L i (k1, q1)L i (k1, q2)L j (k2, q1)L j (k2, q2)Lk(k3, q3)Lk(k3, q3)

×
〈

ρ
a1

k1−q1
ρ

a2

k2−q2
ρ

a3

k3−q3
ρ

b1

−k1+q2
ρ

b2

−k2+q1
ρ

b3

−k3+q3

〉

P

+
(

k2 → −k2

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

⎫

⎪

⎭

+
⎧

⎪

⎩

[

GNE
3 (k−

1 , k−
2 , k−

3 ; L+)(T a T b)a1b1 (T
a T c)a2b2 (T

bT c)a3b3 L i (k1, q1)

L i (k1, q2)L j (k2,−q1)L j (k2, q3)Lk(k3, q2)Lk(k3,−q3)

×
〈

ρ
a1

k1−q1
ρ

a2

k2+q1
ρ

a3

k3−q2
ρ

b1

−k1+q2
ρ

b2

−k2+q3
ρ

b3

−k3−q3

〉

P
+

(

k3 → −k3

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

⎫

⎪

⎭

+
⎧

⎪

⎩

[

GNE
4 (k−

1 , k−
2 , k−

3 ; L+)(T a T b)a1b1 (T
cT a)a2b2 (T

bT c)a3b3 L i (k1, q1)

L i (k1, q2)L j (k2, q1)L j (k2, q3)Lk(k3, q2)Lk(k3, q3)

×
〈

ρ
a1

k1−q1
ρ

a2

k2−q3
ρ

a3

k3−q2
ρ

b1

−k1+q2
ρ

b2

−k2+q1
ρ

b3

−k3+q3

〉

P
+

(

k2 ↔ k3

)

]

⎫

⎪

⎭

}

,

(A10)

where we remind the notation k ≡ (k−, k). Our next order

of business is to perform the averaging over the projectile

colour charge densities. As in the previous subsections, we

adopt the generalized MV model for the average of two pro-

jectile colour charge densities and write down all possible

Wick contractions of their products. Then, the average of six

generic projectile colour charge densities can be written

〈

ρ
a1

k1
ρ

a2

k2
ρ

a3

k3
ρb1

p1
ρb2

p2
ρb3

p3

〉

P
=

〈

ρ
a1

k1
ρb1

p1

〉〈

ρ
a2

k2
ρb2

p2

〉〈

ρ
a3

k3
ρb3

p3

〉

+
〈

ρ
a1

k1
ρb1

p1

〉

[

〈

ρ
a2

k2
ρ

a3

k3

〉〈

ρb2
p2

ρb3
p3

〉

+
〈

ρ
a2

k2
ρb3

p3

〉〈

ρ
a3

k3
ρb2

p2

〉

]

+
〈

ρ
a2

k2
ρb2

p2

〉

[

〈

ρ
a1

k1
ρ

a3

k3

〉〈

ρb1
p1

ρb3
p3

〉

+
〈

ρ
a1

k1
ρb3

p3

〉〈

ρ
a3

k3
ρb1

p1

〉

]

+
〈

ρ
a3

k3
ρb3

p3

〉

[

〈

ρ
a1

k1
ρ

a2

k2

〉〈

ρb1
p1

ρb2
p2

〉

+
〈

ρ
a1

k1
ρb2

p2

〉〈

ρ
a2

k2
ρb1

p1

〉

]

+
〈

ρ
a1

k1
ρ

a2

k2

〉

[

〈

ρ
a3

k3
ρb1

p1

〉〈

ρb2
p2

ρb3
p3

〉

+
〈

ρ
a3

k3
ρb2

p2

〉〈

ρb1
p1

ρb3
p3

〉

]

+
〈

ρ
a2

k2
ρ

a3

k3

〉

[

〈

ρ
a1

k1
ρb2

p2

〉〈

ρb1
p1

ρb3
p3

〉

+
〈

ρ
a1

k1
ρb3

p3

〉〈

ρb1
p1

ρb2
p2

〉

]

+
〈

ρ
a2

k2
ρb1

p1

〉

[

〈

ρ
a1

k1
ρ

a3

k3

〉〈

ρb2
p2

ρb3
p3

〉

+
〈

ρ
a1

k1
ρb3

p3

〉〈

ρ
a3

k3
ρb2

p2

〉

]

+
〈

ρ
a2

k2
ρb3

p3

〉

[

〈

ρ
a1

k1
ρb2

p2

〉〈

ρ
a3

k3
ρb1

p1

〉

+
〈

ρ
a1

k1
ρ

a3

k3

〉〈

ρb1
p1

ρb2
p2

〉

]

,

(A11)

where the two projectile colour charge correlator is given

by Eq. (26). One can use Eq. (A11) in order to perform the

projectile colour charge density averaging in Eq. (A10). The

resulting expression consists of three distinct parts: a term

with a single trace, a term with double trace and a term with

three traces of the colour generators (these terms are the ana-

logue of three-dipole, dipole-quadrupole and sextuple con-

tributions in [58] for the dilute-dense set up). Therefore, we

write the dilute target limit of the non-eikonal triple inclu-

sive gluon production cross section as sum of those three

contributions:

dσ

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

=
dσ (3tr)

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

+
dσ (2tr)

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

+
dσ (1tr)

d2k1dη1 d2k2dη2 d2k3dη3

∣

∣

∣

∣

NE

dilute

. (A12)
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Let us now write down the explicit expressions for each of

these three contributions starting from the the three-trace one:

dσ (3tr)

d2k1dη1d2k2dη2d2k3dη3

∣

∣

∣

∣

NE

dilute

= (4π)3 α3
s g6 C3

A (N 2
c − 1)3

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2 ∣

∣a(q3)
∣

∣

2

× G
NE
1 (k−

1 ; λ+)G
NE
1 (k−

2 ; λ+)G
NE
1 (k−

3 ; λ+)

×
{

I
(0)
3tr +

1

(N 2
c − 1)

I
(1)
3tr +

1

(N 2
c − 1)2

[

I
(2)
3tr,1 + I

(2)
3tr,2

]

}

,

(A13)

where

I
(0)
3tr = μ2

[

k1 − q1, q1 − k1

]

μ2
[

k2 − q2, q2 − k2

]

× μ2
[

k3 − q3, q3 − k3

]

× L i (k1, q1)L i (k1, q1)L j (k2, q2)L j (k2, q2)

× Lk(k3, q3)Lk(k3, q3). (A14)

For O

(

1/(N 2
c −1)

)

terms, we have introduced the following

compact notation

I
(1)
3tr =

[

Ĩ
(1)
3tr +

(

k2 → −k2

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

(A15)

with

Ĩ
(1)
3tr = G

NE
2 (k−

1 , k−
2 ; L+) μ2

[

k1 − q1, q2 − k1

]

× μ2
[

k2 − q2, q1 − k2

]

μ2
[

k3 − q3, q3 − k3

]

× L i (k1, q1)L i (k1, q2) L j (k2, q1)L j (k2, q2)

× Lk(k3, q3)Lk(k3, q3). (A16)

A similar compact notation has been adopted for the

O

(

1/(N 2
c − 1)2

)

terms in Eq. (A12):

I
(2)
3tr,1 =

[

Ĩ
(2)
3tr,1 +

(

k3 → −k3

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

(A17)

with

Ĩ
(2)
3tr,1 = G

NE
3 (k−

1 , k−
2 , k−

3 ; L+) μ2
[

k1 − q1, q2 − k1

]

× μ2
[

k2 + q1, q3 − k2

]

μ2
[

k3 − q2,−q3 − k3

]

× L i (k1, q1)L i (k1, q2) L j (k2,−q1)L j (k2, q3)

× Lk(k3, q2)Lk(k3,−q3), (A18)

and

I
(2)
3tr,2 = Ĩ

(2)
3tr,2 +

(

k2 ↔ k3

)

(A19)

with

Ĩ
(2)
3tr,2 = G

NE
4 (k−

1 , k−
2 , k−

3 ; L+) μ2
[

k1 − q1, q2 − k1

]

× μ2
[

k2 − q3, q1 − k2

]

μ2
[

k3 − q2, q3 − k3

]

× L i (k1, q1)L i (k1, q2) L j (k2, q1)L j (k2, q3)

× Lk(k3, q2)Lk(k3, q3). (A20)

The double-trace contribution to the dilute target limit of

the non-eikonal triple inclusive gluon production cross sec-

tion can be organized in a similar way:

dσ (2tr)

d2k1dη1d2k2dη2d2k3dη3

∣

∣

∣

∣

NE

dilute

= (4π)3 α3
s g6 C3

A (N 2
c −1)2

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2

∣

∣a(q1)
∣

∣

2 ∣

∣a(q2)
∣

∣

2 ∣

∣a(q3)
∣

∣

2

× G
NE
1 (k−

1 , λ+)G
NE
1 (k−

2 ; λ+)G
NE
1 (k−

3 ; λ+)

×
{

[

I
(1)
2tr,1 + I

(1)
2tr,2

]

+
1

(N 2
c − 1)

[

I
(2)
2tr,1+ I

(2)
2tr,2+ I

(2)
2tr,3

]

}

.

(A21)

Similar compact notations can be adopted for each term in the

double-trace contribution. Let us start with the O(1) terms:

I
(1)
2tr,1 =

[

Ĩ
(1)
2tr,1

+
(

k2 → −k2

)

]

+
(

k1 ↔ k2

)

+
(

k1 ↔ k3

)

, (A22)

with

Ĩ
(1)
2tr,1 = μ2

[

k1 − q1, q1 − k1

]

μ2
[

k2 − q2, q3 − k3

]

× μ2
[

k3 − q3, q2 − k2

]

× L i (k1, q1)L i (k1, q1) L j (k2, q2)L j (k2, q2)

× Lk(k3, q3)Lk(k3, q3), (A23)

and

I
(1)
2tr,2 =

[

Ĩ
(1)
2tr,2 +

(

k2 → −k2

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

(A24)

with

Ĩ
(1)
2tr,2 = G

NE
2 (k−

1 , k−
2 ; L+) μ2

[

k3 − q3, q3 − k3

]

L i (k1, q1)

× L i (k1, q2) L j (k2, q1)L j (k2, q2) Lk(k3, q3)Lk(k3, q3)

×
{

μ2
[

k1 − q1, q1 − k2

]

μ2
[

k2 − q2, q2 − k1

]

+
1

2
μ2

[

k1 − q1, k2 − q2

]

μ2
[

q2 − k1, q1 − k2

]

}

.

(A25)
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O

(

1/(N 2
c − 1)

)

terms in the double-trace contribution can

be written in a similar manner. The first term reads

I
(2)
2tr,1 =

[

Ĩ
(2)
2tr,1 +

(

k2 → −k2

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

,

(A26)

with

Ĩ
(2)
2tr,1 = G

NE
2 (k−

1 , k−
2 ; L+) μ2

[

k1 − q1, q2 − k1

]

× L i (k1, q1)L i (k1, q2) L j (k2, q1)

× L j (k2, q2) Lk(k3, q3)Lk(k3, q3)

×
{

μ2
[

k2 − q2, q3 − k3

]

μ2
[

k3 − q2, q1 − k2

]

+ μ2
[

k2 − q2, k3 − q3

]

μ2
[

q1 − k2, q3 − k3

]

}

.

(A27)

The second term can be written as

I
(2)
2tr,2 =

[

Ĩ
(2)
2tr,2 +

(

k3 → −k3

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

,

(A28)

with

Ĩ
(2)
2tr,2 = G

NE
3 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1,−q2)

× L j (k2,−q1)L j (k2,−q3) Lk(k3,−q2)Lk(k3, q3)

× μ2
[

k1 − q1,−q2 − k1

]

⎧

⎪

⎩

1

2
μ2

[

k2 + q1, q3 − k3

]

× μ2
[

k3 + q2,−q3 − k2

]

+ μ2
[

k2 + q1, k3 + q2

]

× μ2
[

− q3 − k2, q3 − k3

]

⎫

⎪

⎭

+G
NE
3 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q3)

× L j (k2,−q1) L j (k2, q2) Lk(k3, q3)Lk(k3,−q2)

× μ2
[

k2 + q1, q2 − k2

]

⎧

⎪

⎩μ2
[

k1 − q1,−k3 − q2

]

× μ2
[

q3 − k1, k3 − q3

]

+
1

2
μ2

[

k1 − q1, k3 − q3

]

μ2
[

q3 − k1,−k3 − q2

]

⎫

⎪

⎭

+ G
NE
3 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1,−q2)

× L j (k2,−q1)L j (k2, q3)Lk(k3,−q2)Lk(k3,−q3)

× μ2
[

k3 + q2,−k3 − q3

]

⎧

⎪

⎩

1

2
μ2

[

k1 − q1, q3 − k2

]

× μ2
[

− q2 − k1, k2 + q1

]

+ μ2
[

k1 − q1, k2 + q1

]

μ2
[

− q2 − k1, q3 − k2

]

⎫

⎪

⎭.

(A29)

Finally, the last term can be written as

I
(2)
2tr,3 = Ĩ

(2)
2tr,3 +

(

k2 ↔ k3

)

(A30)

with

Ĩ
(2)
2tr,3 = G

NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q2)

× L j (k2, q1)L j (k2, q3) Lk(k3, q2)Lk(k3, q3)

×
{

μ2
[

k1 − q1, q2 − k1

]

⎧

⎪

⎩μ2
[

k2 − q3, q3 − k3

]

× μ2
[

k3 − q2, q1 − k2

]

+
1

2
μ2

[

k2 − q3, k3 − q2

]

× μ2
[

q1 − k2, q3 − k3

]

⎫

⎪

⎭

+ μ2
[

k3 − q2, q3 − k3

]

⎧

⎪

⎩μ2
[

k1 − q1, q1 − k2

]

× μ2
[

q2 − k1, k2 − q3

]

+
1

2
μ2

[

k1 − q1, k2 − q3

]

× μ2
[

q2 − k1, q1 − k2

]

⎫

⎪

⎭

}

+ G
NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q2)

× L j (k2, q2)L j (k2, q3) Lk(k3, q1)Lk(k3, q3)

× μ2
[

k2 − q3, q2 − k2

]

⎧

⎪

⎩μ2
[

k1 − q2, q3 − k3

]

× μ2
[

q1 − k1, k3 − q1

]

+
1

2
μ2

[

k1 − q2, k3 − q1

]

μ2
[

q1 − k1, q3 − k3

]

⎫

⎪

⎭.

(A31)

The last contribution to the dilute target limit of the non-

eikonal triple inclusive gluon production cross section that

we need to consider is the single-trace contribution which

can be organized as follows:

dσ (1tr)

d2k1dη1d2k2dη2d2k3dη3

∣

∣

∣

∣

NE

dilute

= (4π)3 α3
s g6 C3

A (N 2
c −1)

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)3

∣

∣a(q1)
∣

∣

2∣
∣a(q2)

∣

∣

2∣
∣a(q3)

∣

∣

2

× G
NE
1 (k−

1 ; λ+)G
NE
1 (k−

2 ; λ+)G
NE
1 (k−

3 ; L+)

×
[

I
(2)
1tr,1 + I

(2)
1tr,2 + I

(2)
1tr,3 + I

(2)
1tr,4

]

. (A32)

The first term in the single-trace contribution can be written

as

I
(2)
1tr,1 =

[

Ĩ
(2)
1tr,1 +

(

k2 → −k2

)

]

+
(

k2 ↔ k3

)

(A33)

with

Ĩ
(2)
1tr,1 = L i (k1, q1)L i (k1, q1)L j (k2, q2)L j (k2, q2)

× Lk(k3, q3)Lk(k3, q3)

× μ2
[

k1 − q1, k2 − q2

]

⎧

⎪

⎩μ2
[

k3 − q3, q1 − k1

]

μ2
[

q2 − k2, q3 − k3

]

+ μ2
[

k3 − q3, q2 − k2

]
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μ2
[

q1 − k1 + q1, q3 − k3

]

⎫

⎪

⎭. (A34)

In a similar manner, the second term in the single-trace con-

tribution can be written as

I
(2)
1tr,2 =

[

Ĩ
(2)
1tr,2 +

(

k2 → −k2

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

(A35)

with

Ĩ
(2)
1tr,2 = G

NE
2 (k−

1 , k−
2 ; L+) L i (k1, q1)L i (k1, q2)

× L j (k2, q1)L j (k2, q2) Lk(k3, q3)Lk(k3, q3)

×
{

μ2
[

k1 − q2, k2 − q1

]

⎧

⎪

⎩

1

2
μ2

[

k3 − q3, q1 − k1

]

× μ2
[

q2 − k2, q3 − k3

]

+
1

2
μ2

[

k3 − q3, q2 − k2

]

× μ2
[

q1 − k1, q3 − k3

]

⎫

⎪

⎭

+ μ2
[

k1 − q1, k3 − q3

]

⎧

⎪

⎩μ2
[

k2 − q2, q2 − k1

]

× μ2
[

q1 − k2, q3 − k3

]

+
1

2
μ2

[

k2 − q2, q3 − k3

]

× μ2
[

q2 − k1, q1 − k2

]

⎫

⎪

⎭

+ μ2
[

k1 − q1, q1 − k2

]

⎧

⎪

⎩μ2
[

k2 − q2, k3 − q3

]

× μ2
[

q2 − k1, q3 − k3

]

+ μ2
[

k2 − q2, q3 − k3

]

× μ2
[

k3 − q3, q2 − k1

]

⎫

⎪

⎭

+ μ2
[

k1 − q1, q3 − k3

]

⎧

⎪

⎩

1

2
μ2

[

k2 − q2, k3 − q3

]

× μ2
[

q2 − k1, q1 − k2

]

+ μ2
[

k2 − q2, q2 − k1

]

× μ2
[

k3 − q3, q1 − k2

]

⎫

⎪

⎭

}

. (A36)

The third term in the single-trace contribution reads

I
(2)
1tr,3 =

[

Ĩ
(2)
1tr,3 +

(

k3 → −k3

)

]

+
(

k1 ↔ k3

)

+
(

k2 ↔ k3

)

(A37)

with

Ĩ
(2)
1tr,3 = G3(k

−
1 , k−

2 , k−
3 ; L+) L i (k1, q1)L i (k1,−q2)

× L j (k2,−q1)L j (k2,−q3) Lk(k3,−q2)Lk(k3, q3)

×
{

μ2
[

k1 − q1, k2 + q1

]

⎧

⎪

⎩μ2
[

k3 + q2,−q2 − k1

]

× μ2
[

− q3 − k2, q3 − k3

]

+
1

2
μ2

[

k3+q2,−q3−k2

]

μ2
[

−q2−k1, q3−k3

]

⎫

⎪

⎭

(A38)

+
1

4
μ2

[

k1 − q1, q3 − k3

]

μ2
[

k2 + q1,−q2 − k1

]

× μ2
[

k3 + q2,−q3 − k2

]

}

+ G3(k
−
1 , k−

2 , k−
3 ; L+) L i (k1, q1)L i (k1, q3)

× L j (k2,−q1)L j (k2, q2) Lk(k3, q3)Lk(k3,−q2)

×
1

2

{

μ2
[

k1 − q1, k3 − q3

]

μ2
[

k2 + q1, q3 − k1

]

× μ2
[

q2 − k2,−k3 − q2

]

+ μ2
[

k1 − q1, q2 − k2

]

μ2
[

k2 + q1,−k3 − q2

]

× μ2
[

k3 − q3, q3 − k1

]

}

+ G3(k
−
1 , k−

2 , k−
3 ; L+) L i (k1, q3)L i (k1, q1)

× L j (k2,−q3)L j (k2, q2) Lk(k3, q1)Lk(k3,−q2)

×
1

4
μ2

[

k1 − q3, k3 − q1

]

× μ2
[

k2 + q3,−k3 − q2

]

μ2
[

q1 − k1, q2 − k2

]

+ G3(k
−
1 , k−

2 , k−
3 ; L+) L i (k1,−q2)L i (k1, q3)

× L j (k2, q2) L j (k2,−q1) Lk(k3, q3)Lk(k3, q1)

×
1

4
μ2

[

k1 + q2,−q1 − k2

]

μ2
[

k2 − q2, k3 − q3

]

× μ2
[

q3 − k1, q1 − k3

]

. (A39)

Finally, the last term in the single-trace contribution can be

written as

I
(2)
1tr,4 = Ĩ

(2)
1tr,4 +

(

k2 ↔ k3

)

(A40)

with

Ĩ
(2)
1tr,4 = G

NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q2)

× L j (k2, q1)L j (k2, q3) Lk(k3, q2)Lk(k3, q3)

×
{

μ2
[

k1 − q1, q1 − k2

]

⎧

⎪

⎩

1

2
μ2

[

k2 − q3, k3 − q2

]

× μ2
[

q2 − k1, q3 − k3

]

+ μ2
[

k2 − q3, q3 − k3

]

× μ2
[

k3 − q2, q2 − k1

]

⎫

⎪

⎭

+
1

4
μ2

[

k1 − q1, q3 − k3

]

μ2
[

k2 − q3, k3 − q2

]

× μ2
[

q2 − k1, q1 − k2

]

}

+ G
NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q3)

× L j (k2, q1)L j (k2, q2) Lk(k3, q2)Lk(k3, q3)

×
1

2

{

μ2
[

k1 − q1, k2 − q2

]

μ2
[

k3 − q3, q3 − k1

]

× μ2
[

q1 − k2, q2 − k3

]

+ μ2
[

k1 − q1, k3 − q3

]

μ2
[

k2 − q2, q2 − k3

]

123



600 Page 26 of 27 Eur. Phys. J. C (2019) 79 :600

× μ2
[

q3 − k1, q1 − k2

]

}

+ G
NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q2)L i (k1, q3)

× L j (k2, q1)L j (k2, q2) Lk(k3, q1)Lk(k3, q3)

×
1

4
μ2

[

k1 − q2, k2 − q1

]

μ2
[

k3 − q3, q2 − k2

]

× μ2
[

q3 − k1, q1 − k3

]

+ G
NE
4 (k−

1 , k−
2 , k−

3 ; L+) L i (k1, q1)L i (k1, q3)

× L j (k2, q2)L j (k2, q3) Lk(k3, q2)Lk(k3, q1)

×
1

4
μ2

[

k1 − q3, k3 − q1

]

μ2
[

k2 − q2, q1 − k1

]

× μ2
[

q3 − k2, q2 − k3

]

. (A41)
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