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Abstract. An infinite system of Newton’s equation of motion is considered for
one-dimensional particles interacting by a finite-range hard-core potential of
singularity like an inverse power of distance between the hard cores. Existence
of limiting solutions is proved for initial configurations of finite specific energy
and the semigroup of motion is constructed if energy fluctuations near infinity
increase only as a small power of distance from the origin. In this case
uniqueness of solutions is also proved and the solution is a weakly continuous
function of initial data. The allowed set of initial configurations carries a wide
class of probability measures including Gibbsian fields with different potentials.
In the absence of hard cores limiting solutions are constructed for initial
configurations with a logarithmic order of energy and density fluctuations.

1. Introduction

The aim of this paper is to extend the results by Harris [1] and Lanford [2] on the
existence of non-equilibrium dynamics of infinitely many particles on the line. The
interaction is given by a translation invariant hard-core pair potential U of finite
range, thus the interparticle force is just the negative derivative of U and the
equations of motion are those of classical mechanics with this conservative force. As
it is well known (see [1, 2, 5]) a solution to such an infinite system of differential
equations exists only for a relatively small set of initial configurations, and the
solution, if any, is not unique in the usual sense.

For the purposes of non-equilibrium statistical mechanics the semigroup of
motion should be constructed in a set of configurations large enough to carry a class
of Gibbsian fields. Let us remark that equilibrium dynamics that is a semigroup
acting in the support of a Gibbsian field associated with the same potential as the
dynamics itself has been constructed by several authors ([3-7]) while Lang [8]
considers a first order system with additional white-noise terms. As regards non-
equilibrium dynamics, in Harris” collision model (zero-range interaction) U is
formally the é-function, Lanford [2] treates the case of not necessarily symmetric,
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smooth interactions and proves existence of solutions for initial configurations ofa
logarithmic order of velocity and density fluctuations.

In this paper the main condition on the interaction potential is that its
singularity near the hard core is not stronger than that of an inverse power at 0.
Solutions associated with initial configurations of finite specific energy are
constructed as weak limits of solutions to finite subsystems. Assuming that U is
repulsive enough we show that the equations of motion satisfy a quasi-Lipschitz
condition ; hence we deduce that solutions form a reversible semigroup e. g. in the set
Q, of configurations with a logarithmic order of energy fluctuation, and the motion
is a uniquely determined weakly continuous function of its initial data. Q, is of full
measure with respect to any Gibbsian field with potential U such that the
singularity of U is not weaker than that of U. In the absence of hard cores solutions
are constructed in the subset Q, of Q, characterized by a logarithmic order of
density fluctuation. In the proofs the conservative nature of interparticle forces is
essentially exploited, the a priori bound implying compactness of the sequence of
solutions to finite subsystems is deduced from the law of energy conservation. Such
ideas will be applied to prove two-dimensional existence theorems in a forthcoming
paper [9] by the authors.

2. Preliminaries

First we specify notation and terminology used throughout this paper. In general, x;
and v,, ie I denote the position and the velocity of the i-th particle; I is the set of
integers, x; and v, are real numbers. Let Q denote the set of all locally finite labelled
configurations satisfying the hard-core condition |x;— x;| >d if i4j; 6 = O will be the
hard-core diameter of our potential U. We may and do assume that particles are
numbered in an increasing order of positions so that a configuration weQ is a
doubly infinite sequence w ={(x;, v;); ie I} of pairs of real numbers such that x;
> x;+ 0. In the special case of 6 =0 we need the condition of local finiteness as well,
i.e. only such configurations are considered where the sequence of positions has no
limit points. Configurations differing only in the way of enumeration of particles
are usually identified, but the equations of motion and some quantities will be
formulated in terms of labelled configurations. If necessary, the position and the
velocity of the i-th particle in o will be denoted as x;,=x;(w) and v;,=v,(w),
respectively. The configuration space Q2 is equipped with the weak topology, ie.
lim w,=w means that lizn x{w,)=x{w) and li'{n vi{w,)=v{w) for each i.

Trajectories in Q are always parametrized by the time ¢ from 0 to + oo, the set of
weakly continuous trajectories , = ¢ (t), w,€ 2 for t= 0 will be denoted by [0, o).
Due to the continuity of individual trajectories x;(w,), v;(®,), particles along a
trajectory w, € Q[0, o) preserve their initial numbering. Convergence lim w; =, in
Q[0, «0) is defined by

lim sup [(@)— (@)l + @)~ v(@)] =0

for each T>0 and ieI without any uniformity assumption. A family w, = e(z, w),
we ', t=0 of weakly continuous trajectories is a reversible semigroup in ' C Q if
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w,e€ for each t, p(0,w)=w and @(t+s,w)=0(t, ¢(s,w)), ¢, [ot,w)] ) =0,
t,s=0 are identities; in the second one * indicates that the velocities have been
reversed, ie. x(0")=x(w), v{w*)= — v {w) for each i.

Suppose now that we are given a translation invariant symmetric pair potential
U of hard-core diameter 6 =0 and range R>¢ that is an even function U = U(x),
— o0 <x< + 00, such that U(x)= + o0 if |x| Z9, |U(x)| < + oo if x| > 8, U(x)=0 if
[x| > R, further U is continuously differentiable for |x]>J and lim U(x)= + oo if x
approaches 8. For convenience we assume that the derivative U’ of U satisfies a
local Lipschitz condition for |x|>¢ that means finiteness of

U'x)—U'(y)
xX—y

L{u)= sup { ; U)su, UQy)su, x=+ Y}

X,y
for u<+oc0. A weakly continuous trajectory ,e€[0, co0) is called a (global)
solution to the equations of motion with initial condition weQ if w,=w, the
individual trajectories x;=x,(w,), v; =v,(w,), t 20 are differentiable and satisfy the
equations of motion

dv; dx;

—_— / .— . =P, [ I 1
7 j;iU(x, Xy g =v; e (1)

for t = 0. We have assumed here that particles are of unit mass, Let us remark that
the sum in (1) is always finite since only locally finite configurations are considered.

Owing to the law of energy conservation the initial value problem has a unique
solution to any finite subsystem of (1), thus we have a possibility to define a
sequence @,(t,w)eQ[0,w), n=1,2,... of approximate solutions for each initial
configuration we €, e.g. as follows. Consider the 2rn+ 1 pairs of equations from (1)
associated with particles numbered by i, |if <n and let {x?), v,(£); li| < n} denote the
solution of this system with initial data x,(0)=x,(w), v{0)=v(w), weQ; then ¢, is
defined by

x(@)=x{0), vle,)=v0) if |i|Zn,
x(p,)=x,0)+(G—nR if i>n,
x{@)=x_,O)+(@+mR if i<—n,
vlp,)=0 if |i>n.

@)

d . . .
It is easy to check that x,{¢,) and ’ x{(¢,) satisfy the equations of motion for each i,

further ¢, (t+s, )= @,(t, 9,(s, ®)), (t, [@(t,®)]T)=¢,0,0w™)if t,5s20.

A solution w, is called a limiting solution if we can select a subsequence n, such
that lim ¢, (¢, w,) =, in the topology of [0, co). To prove existence of a limiting
k

solution with initial configuration w, compactness of the sequence of approximate
solutions is needed that means a bound |v,(p,(t, w))| < q,(t, w) such that g; does not
depend on n and it is bounded in finite intervals of time. The basic problem is to find
a large enough set in Q where such an a priori bound holds.
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3. Main Result

Integrals of motion as total energy and particle number play a decisive role in the
study of system (1). Let f, =f,(x, ¢) denote the indicator of [ —0,0], 6 >0, ie. f;=1
if [x|S o and f, =0 otherwise, further x;=x,(w), v;=v{w), WeQ; then

N(CL), H, o‘): ;fo(xi_:ua U) (3)
and
H(w, y,0)= ZI Jolx;—p,0)3 |07 + ; Jolx; =, 0) Ulx; —x) @)

are the particle number and the total energy of w in the interval [u—o,u+o].
An essential difference between the special cases >0 and 6 =0 is that the

. R, .
number of nonzero summands in U;= ) U(x; —x;) can’t exceed 23 if 6 >0 while it
jFi
may be arbitrarily large if d =0. From now on we assume that 6 >0, the case 6 =0
will be discussed in Section 8.

Since m1n Ux)z — b w1th a>0,b>0as spemﬁed in condition (E) below, any

aR
partial sum V, of U, satisfies V.= — 222 thus putting B=— we obtain a

. £ b6 bé
nonnegative version
Q(w, u, 6)=BN(w, 4, 0) + H(w, 11, 0) ®)

of the total energy. The reason why we prefer Q rather than H is that Q is a
nondecreasing interval function;

vl <[2Q(e, x;, 0)1"/2, V)
U(xi_xj)éQ(w5 Xis O') if Ixi_le =0, (D)

therefore any bound on Q implies bounds on velocities and for interparticle
distances as well. Let us remark that Q is just the potential energy in the presence of
a negative chemical potential — B.

The order of energy fluctuation at infinity (boundary condition in terms of
Lanford [5]) is characterized by a moderately increasing (MI) function g.

Definition 1. A continuous even function g=g(x) is called an MI-function if g is
increasing and concave for x =0 with right derivative g'(0+0)= 1 ; for convenience
we assume that g(0)=3R + 16(1 + b)?, b is given in (E) below. We say that the energy
fluctuation of we is only of order g if

O,@)=sup sup 7= 0(@,%,0) ©)
mel 62 g(xm)
is finite, the set of such configurations will be denoted by
The particular cases g(x)=g(0)+ |x| and g,(x)=g¢(0)+1log(1 +|x|) are of special
interest, the corresponding objects will be denoted by 0, Q and Q,, Q,, respectively;
log u denotes logarithm to base e. It is plain that @, CQ, if g <h, thus Q, C Q for each
MI-function g. Limiting solutions will be constructed for initial configurations
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weQ and we shall see that the order of energy fluctuation, i.. the sets @, @— @, is
an invariant of motion.
Let us remark that

O @<sup sup O, 1+0) @

pel o2g(lul-1) 2.0
for each MI-function g. Further, Q(w, i, 0) < Q(w,0,|u|+0)and [u|=a in(7)ifg=g,
thus the Ergodic theorem [13] implies that € is of full measure with respect to any
translation invariant field such that H(w, 0, R) has a finite expectation. On the other
hand, even £, carries a wide class of Gibbsian fields:

Proposition 1. If P is the probability measure of a Gibbsian field associated with a
finite-range pair potential U such that

Ux)<a+bhU(x) ®)

with some constants & and b, then 15(.(_20)= 1.

The proof of this statement is very simple because using (8) and taking into
account that U(x)= + oo if [x] <4, a direct calculation shows that

[ exp(AQ(w, 1, 0)) Pdw) < e**°
2

26K

with some >0, c < + oo that do not depend on p and 6. Hence P [Q(a), U, o) > —

<exp[(c— K)20}, thus Proposition 1 follows from (7) by the Borel-Cantelli lemma
[13]. It seems that this proposition can be generalized e.g. for multibody potentials
of infinite range of interaction, but condition (8) cannot be completely removed.

We can’t disprove that even in the presence of limiting solutions there may exist
further solutions oscillating rather violently at remote places of the line. Anyway,
only such solutions are tractable where the order of energy fluctuations is limited
not only at the initial moment of time, but later as well.

Definition 2. We say that a solution w, is g-tempered if Qg(w,) is bounded in finite
intervals of time, in the particular case g(x)=g(0)+ |x| the prefix g will be omitted.

In the proof of existence we need an additional regularity condition on the
interaction : There exist such constants a and b that

=) U'x)|Sa+bU(x) if x>6. (E)

Observe that (E) implies U(x) < a,+by(x—9)"® for x>6 and this relation is
sufficient for (E) if U is convex in a small neighbourhood (9, § +¢) of 8. Although it is
not everywhere necessary, the validity of (E) will be assumed throughout this paper.
The main result is

Theorem 1. For each we Q there exists a limiting solution w, with initial condition w,
=w, and any limiting solution &, is tempered if @,cQ.
On the structure of tempered solutions we prove the following.

Theorem 2. Let g denote an MI-function, then a tempered solution o, is g-tempered if
and only if woeQ,, further if w,e Q, at least for one value of t >0, then w,e Q, for each
t=0.
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Theorems 1 and 2 will be proved in Sections 5 and 6. Uniqueness of g-tempered
solutions will be deduced from a quasi-Lipschitz condition of the following kind.
We say that the right hand side of (1) satisfies a g-Lipschitz condition with an MI-
function g if

limn~2L(vg(n))=0 for each v>0, (V)

where L= L(u) is the Lipschitz constant of U’ in the domain {x; U(x)Zu}, L is
defined before (1). The principal content of (U) is that the singularity of U is not very
weak, i.e. the interparticle force is repulsive enough. For example, if U’ is concave in
a neighbourhood (6, 6 +¢) of § and U(x) = b, (x— )™ * in this interval, further b, >0,

1
0<c<2and 0<i< c_zf_i then (U) holds with g,(x)=(0)+7 [(1 +1x)* ~ 11

Theorem 3. Suppose that the right hand side of (1) satisfies a g- Lipschitz condition with
an Ml-function g. Then for each weQ, there exists the limit U= lim .t ®)

of approximate solutions ¢, in the topology of Q[0, ). U, isa reverszble semigroup of
g-tempered solutions, and the restriction of U,Q ,—2[0, o) to Q” {w; Qg(a) 1=q}
is a continuous function of we Qq Further, w,= Uta)0 is the only tempered solution
with initial condition wye Q.

The proof of this result will be given in Section 7.

4. On the Idea of the Proof

The crucial step in the proof of Theorem 1 is to verify compactness of the sequence
¢, of approximate solutions. For this we deduce an a priori bound
Q((p,,(t )) £ g(t, w) such that g is independent of n and continuous in ¢ =0 for each
weQ. To explain on a heuristic level that how such a g can be obtained, we replace 0
by Q,, that corresponds to the constant function g,(x)=g(0). Although this
situation is not very interesting because Q,,(w)=+c0 as. in nondegenerate
Gibbsian fields, the general case is more difficult only in its technical aspects.

Consider Q,=0Q{o,(t, w), x,(@,(t, ), ()] that is the quantity of Q in the r(t)-
neighbourhood V, of the m-th particle of @, (t,w). In view of the law of energy
conservation, the differential gain of Q, consists of two summands: (i) transported
energy Q,, that amounts to the sum of chemical, kinetic and potential energy carried
by particles crossing the boundary of ¥, and (ii) transferred energy Q, , that is the
work of external forces on internal particles, this is a boundary effect, too. Let
0 é té 7: qn(ta C()) = Q00(¢n(t7 CO)) and

r(t)=a+cf I/ a,(s, ) ds.

Since all velocities in w are bounded by 2]/g(0)Q0(w), for ¢>2]/g(0) we have
— ()2 |vi@,(t, w))|, thus new particles cannot enter into V; so that Q,,<0. One
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would expect that even Q,,+Q, 0 holds if c is large enough, i.e. Q7 < Q,, or more
exactly,

T
0T0 (L), x@rlt, ), 51 S Qo 20| 0, @b o 4 ¢ | Vars.a) ds} ©)
0

for each T = 0. This heuristic argument remains in force in the d-dimensional space,
too, where ¥, is the sphere of radius r(t) and centre x,(¢,(t, @), further Q,, is the
supremum of the quantities : Q per volume ; the volume is bounded away from zero
in the definition of §,,. Dividing by the volume of ¥, and taking the supremum of
both sides, (9) turns into

4T, 0) £ Qo) 1+5} 4,8, ) dsd, (10)

where ¢ depends only on ¢ and d. It is easy to check that the maximal solution ¢(z, w)
of this integral inequality is bounded in finite intervals of time if d<2 and
Ooolm)< + o0, while g(t,w)=+oo for large values of t if d>2, see Bihari’s
Inequality in {10,11]. Therefore we have a possibility to prove existence of
solutions if d=1 or d =2, but such an argument does not work if d = 3. Moreover,
some examples indicate that (9) cannot be improved essentially, so that there is no
hope for extending Theorem1 in its deterministic form to three-dimensional
particle systems.

Let us now turn to our main hypothesis Q,, +Q, , <0. Unfortunately this is not
true in general because Q, . may be arbitrarily large if many particles are close to
each other near the boundary of V,. It is possible, however, to replace Q by such an
additive, energy-like quantity W that the transport of W overbalances its transfer
even if particles interact very strongly near the boundary of V.. For this our system
will be transformed into a new one by removing the intervals occupied by the hard
cores, the definition of W for this new system will be essentially the same as that of Q
for the old one. Due to this contraction of the system, the formal transport of energy
has been considerably enlarged in case of strongly interacting configurations so that
we shall have W, + W, <0. In the absence of hard cores and in the two-dimensional
space such a method does not work, some new ideas are needed then, see Section 8
and [9].

5. The a priori Bound

In this section we translate into mathematics the ideas outlined above. Let f=f(x, o)
denote such a continuously differentiable version of the indicator f, of [ — g, o] that

. o 0 0 . . .
the partial derivatives f1=a—f and f2=—£ are continuous in the domain
X

Jo
—w<x< + 00, 6>0, further

(i) 0=f(x,0)=<1 for each x and ¢>0,

(i) f(x,0)=1 if |x|<e,f(x,0)=0 if [x|=Zc+2R,
(i) |fi(x,0)|£f5(x,0) for each x and ¢>0,

(i) Ly, 0 Sfx, 0)+ £, 0) if x<u<y<x+R.
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For example if e(x) is a continuously differentiable nonincreasing function such
R
that e(x)=1 if x <0, e(x)=0 if x=2R, e(x) is concave for x§35 and convex for
R . ... . R . "
x= > ie. it is linear if {x — R| < 7 then f(x, 0)=e(|x| — o) satisfies (i)—(iv). Now we

introduce a smooth and additive version W of Q satisfying our hypothesis on the
balance of transport and transfer. For notational convenience the reduced positions
y;=y{w)=x,w)—id will be used simuiltaneously with the original co-ordinates
x;=x[{w). Wis defined as a function of weQ, ¢>0 and mel by

W,(@,0)= Y 9~ Vs 0) [2B+v3+ ¥ UGk —x;)|. (11)
iel J*i
ak . .

Let us remember that the constant B= 35 1§80 large that each term on the right
hand side of (11) is nonnegative, thus W, is a nondecreasing function of ¢, and

0

3 Vnl@,0)= Y, fo0i~ Y 0) [2B40} + U(xi—xj)} (12)

iel FE21

is also nonnegative. Let w, denote a solution of (1), then differentiating W with
respect to t, and exploiting U'(x)= — U’(— x} and the equations of motion, an easy
calculation yields

0 0
a_t Wm((ota g): Z {5f(yl_ym’ O')

iel

[2B+vi2+ Y Ulx,—x))

J¥i

35 3 L0 IO YN G 0)U ). (19

iel j*j
It is very important that the sequence ¢, of approximate solutions has been
constructed in such a way that (13) holds even if w,=¢,(t, ). In case of a finite

ow .
system we can put f=1 for each x, then (13) reduces to ¥ =0 that is the law of
energy conservation.

Let us remark that the first and second sum in (13), respectively, are just the

. . 0 . . .
intensity of transport and transfer of W, further Va; W, (w,, 0) is the intensity of
transport that results from compressing [ x,, — g, x,, + ¢] with velocity V. Therefore

Lemma 1 describes how transport overbalances transfer.

Lemma 1. Let w, denote either a solution or an approximate solution @,(t, w,) defined
in (2), and suppose that we are given such a bound V that

<V if y—yul<o+3R

d
'E xi(wt)
holds for some m, t, o ; then

d 0
—— Vl/ < R l/]/
at m(wv O-) = 2(b + 1) V ao_ m(wt’ 0-) .
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Proof. Using property (iii) to estimate the first sum in (13) and (iv) for the second one
we obtain that

ﬁ Wn(wt; o)=2- Vai I/Vm(a)t’ o)
g

ot
+V Y Y Lo0i=Ym O+ 20— Y 11— ¥ Ul — X)|

iel j¥i
0

=2V{—— Wt Y 00— Y 0) Y 11— Yl U G~ )|
oo iel j¥i
0 2aR

§2V _Wm+ Zf2(yi_ym’a) : +b Z U(xi_xj) )
aO' iel 5 j*i

. akR . . .
at the last step (E) and |y, — y | [x;— x| — 6 were used. Since B= 5 this inequality
proves the statement.

The next step is to show that fluctuations of Ware of the same order as that of 0.
Set

W w)=sup sup —1—Wm(co, o) (14)

mel o2gxm) 2°C

for each MI-function g and we Q; if g(x)=¢(0)+|x| then the simplified notation
W(w) will be used. It is plain that 20 (w) < W (w), i.e. W (w) < oo implies Q (w) < o0 ;
the converse statement is less trivial.

Lemma 2. There exists an increasing function w=w(q), g=0 depending only on U
such that Q (w)<q <o implies W (w)<w(q) < co.

Proof. Let ¢ 2 ¢g(x,) and
0= max {|x;—x,|; |y~ yul S0+ 2R}, (15)

then W, (w,0)=2Q(w, X,,, 0), thus

1
W (o, a)gzqmax{L?-}. (16)
2-g g
We may assume without any loss of generality that ¢ = 2¢ + 4R and the maximum in
(15) is attained at i=m+k, k>0, then o<o+2R+ké, whence 9 <2ké follows
directly, thus from (D) we obtain that

m+k

1
> > — X,
q: 2'QQ(w7xm’Q)=4k5i Z U(xl xl—l)'

=m+1

On the other hand, let V= V(x), x =0 denote the supremum of alt convex functions
h=h(x), x=0such that A(x) < U(x) if x 2 0. As a supremum of convex functions, Vis
convex again for x>J, and V{6 +0)=+ oo as U(§+0)= + co. Thus by Jensen’s

Inequality we have 40g= V(%) as 0 =X,,.,— X and this is possible only if there
exists an e=¢(g)>0 such that ¢=k(5+e¢). Since g<o+2R +k9, it follows that
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k< 1(o' +2R), ie. ¢= (1 + é) (o +2R). Therefore ¢ remains bounded if q is fixed,
g 3 o

thus (16) implies the statement.
We are now in a position to deduce the a priori bound implying existence of
solutions.

Proposition 2. Let w, denote either a g-tempered solution of (1) or an approximate
solution w,=@,(t,w,), and suppose that Q (w,)<q< +o0; g is an arbitrary MI-
function. Then

O @)=w(g)exp(2t|/w(g) for 20 Q)
with w=w(q) as specified in Lemma 2. Further

O(0,)= max [x,(w,)—x,(w,)l
0=s=t

satisfies the inequality

[9(xn(@)] + G (@ )] S [g0xn(@6)]? + g (Xn(e0)] +0) (V@ — 1) (X)
for each m and t 20; g'(u+0) denotes the right hand side derivative of ¢.
Proof. Observe first that in view of v} < W(w,, R),

V=V, (0, 06)=[2W, () g(x,(w,) + o +3R)]*?

satisfies the requirement of Lemma 1. Further, any approximate solution is a g-
tempered one, i.e. W (w,) is bounded in finite intervals of time; consequently the
integral equation

r(t)=o+2(b+1)fVm(ws, r(s)ds, O=Zt=T, (17

has a unique solution r =r(t) for each ¢ >0, T> 0 such that /{T) = and r(t) decreases
so rapidly that the partial differential inequality of Lemmal turns into

4 W, (0, 1(£) <0, ie.

dt
Wl wr,0) = W, (00, 7(0)). (18)
d
Suppose now that ¢ =g(x,(wy)); since Exm(wt) < —r(1),
[X (@) Slx(p)|+rt)—a if 0ZtST. (19)
On the other hand, any MI-function satisfies
gx+y)=gx)+gx+0)y=gx)+y if xy=0, (20)

whence g(x,,(w,)) £ g(x, (@) +10)— 6 = 10). Therefore W, (w,, 1(0)) < 2r(0) V%(wo)
so that dividing by 2¢ and taking the supremum of both sides in (18) we get
r(0)

Woor) < Wfeo)sup” >, @)

where r(0) and ¢ are related by (17).
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From (19), (20) and r(t) =#(0) we obtain that

g(x (@) + 1)+ 3R)=g(x,(wr)) +2r(0)— o+ 3R
<21(0)+3R if 0<t<T,

thus (17) implies that
r0) <o +4(b+D)u(T) /r0)+ 3R, (22)

where
u(t)y= j Ww,)ds.

Since H0)=6=9g(0)=3R +16(b+1)?, we have

3 1/2
1/rT0)<1f+4(b+1)u(T)[1+2$)} ,

whence

‘/’( ) <1 4w (23)

follows by an easy calculation. Therefore (21) turns into
t 2
W) S Woo|1+] Vyis| 20, 04
0

where W, (w,)<w(g) by Lemma 2. This means that v(f)=]/W,(w,) satisfies the
integral inequality

W) < |/ wq) (1 + (j) v(s) ds)

for each t=0. The maximal solution of this inequality is just ¢(z)

= |/ w(q) exp(t |/ w(q)) (see a variant of Gronvall’s lemma in Section4.4 of [107),
thus (Q) follows from the trivial relation Q (@)= W(w)
To prove (X) observe that (V) implies

(@) = X(@0)l £ EE [40,(@,)g(x, ()] ds, (25)
thus o,(w,) satisfies
Tp(0) S2 i [0,(@)g(1x(wo)l + 0, ()12 ds,

whence by Bihari’s inequality (see [11] or Section 4.5. in [ 10]) and by (Q) we obtain
that

Fm(we)

[ [lxu(@ol +u)]~ 2 dus2 i [0,(w)]'?ds < 2(eV*@ —1).
0 0



286 R. L. Dobrushin and J. Fritz

Multiplying this inequality by g'(Ix,(w,)|+0) and taking into account that
0<g'(Ix, (o)l +u+0)=Zg'(|x,{ewo)) +0) if u=0 we get

Im(wr)

1 2 6 (o0 +u0) g 00l + 0] 2

0
< g/ (Ix,, ()| +0) (V7@ —1);

the integral on the left can be calculated explicitely, the result is just (X).
In the proof of uniqueness of tempered solutions the following assertion will be
needed.

Proposition 3. A tempered solution , is g-tempered with an Ml-function g if and
only if w,e€2,.

Proof. g(x)=g(0)+|x| implies that any g-tempered solution is tempered. Let w,
denote a tempered solution with Qg(w0)=q< + o0 and define the sequence g,,
n=1,2,... of even functions by g,(x)=g(x) if  |xgn-1,
g, (x)=g(n—1)+g'(n—1+40) (x]—n+1) if [x|>n—1; each g, is an MI-function
such that g(x)<g,(x), whence @, (w,)<q follows by the definition of Q. On the
other hand, for each n there exists a constant g, < co such that g(0)+ x| <¢,g,(x),
thus the monotomc1ty of Q as a function of ¢ implies that Qg () =0, 0 (,) for each
nand t20; i.e. w, is g,-tempered. Therefore (Q) of Proposition 2 yields

1 ~
7.5 2@ %,(@),0) 29, (@) Sw(g) exp(2t |/ wlg)) (26)

for t=0, mel and o = g,(x,,(w,). Since Q(w, i, 0)= 1nf O(w, 1, 0) and g(x)= 1nf
ga(x), (26) holds even if o =g(x,,(w,)), which proves the statement.

6. Proof of Existence

Let us rewrite (1) into the concise form

4 )=o), el W)

d
d_t Ui(wt) - Fi(wt) s dt

where
Fi(@)=~ ), Ulx(0)-x;w)],
j*i
and observe that (Q) and (X) yield such a bound
Q (¢n (ta CO), xi((pn(t9 (,U)), R) é qi(ta Cl)), we Qa t —>_—- 0 (27)

that g, is a continuous function of t and does not depend on »n. Hence it follows by
(V) that the sequence ¢,(t,w) of approximate solutions contains a subsequence
converging in the topology of 2[0, o) for each fixed initial configuration we Q.
Indeed, the Arzela-Ascoli theorem on the compactness of sets of continuous
functions implies that for each weQ, ie I and T> 0 there exists such a subsequence
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n, that x;(¢,, (t,w)) converges uniformly in [0, T]. Applying the diagonal method
first for T,=n with » and i fixed, and then for iel with w fixed, we can select a
subsequence 7, such that each co-ordinate x,(¢; (t, w)) converges uniformly in any
of the intervals [0, T}, T>0.

On the other hand, (26) and (D) show that interparticle distances are bounded
away from J, thus the approximate solutions remain in such a domain of 2 where
each F, is continuous. Therefore substituting into

n(@) =)+ | Filw)ds
4]

we obtain that also v;(¢g, (£, @)) converges uniformly in finite intervals of time for
each i;i.e. g5 (¢, w) converges in the topology of 2[0, co). Of course, 1, may depend
on w. Finally, a similar argument shows that the above limit is a solution; g-
temperedness of limiting solutions with initial data wo€Q, is a direct consequence
of the lower semicontinuity of Q,(w) as a function of w, cf. (Q). Thus Theorem 1 is
proven.

Proof of Theorem 2. The first part of Theorem 2 is just Proposition 3. To prove the
second one assume that o, is a tempered solution and w,e Q, for t=5>0; we have to
show that w,eQ,. Indeed, @, = w;",is a solution for 0t <s, and &, =w] €, thus
in view of (27) and of Theorem 1, @, can be continued as a tempered solution for
t>s, too. Further, ®,=w, eﬁg, whence @€ Qg follows by Proposition 3, con-

sequently w,=a; also belongs to Qy.

7. Dependence of Solutions on Initial Data

In this section we derive a bound for the deviation of g-tempered solutions from
each other in terms of their initial deviation. Let A, denote an increasing sequence of
positive numbers and define d,(w, @) as

dy(e, @)=}, f(x; 3Rn) f (X, 3Rm) [A,)x;— %} + v, — T] , (28)
isl

where x,, v, X,, 7; denote the corresponding positions and velocities of the i-th
particle in the configurations w and @, while f=f(x, ¢) is the function described in
Section 5 by (i}(iv). We may assume that f satisfies the additional condition that

{fi(x,0)|=K<+0o foreach x and o¢>0. v)

Of course, d, depends on the choice of correspondence for particles from w and @.
(V) implies a trivial bound for d,, namely if max {Q, (), Q (@)} £q < + o0, then an
easy calculation results in

d,(,®)< 31- (6+6Rn-+4R)[A,(6Rn+4R)+2}/2g(3Rn+2R)q]. (29)

A measure D, (w, @) for the deviation of w and & from each other can be defined
as follows; p is an arbitrary positive number, M, =1, 4,...4,_, ifn>1, M, =1,and
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the sequence 4, will be specified in such a way that hm n~t2,=0,ie.4,=o(n). Then
(29) implies that

D (e, ®) Z M (0, @), w,5eQ (30)

is finite, and if w, and o belong to Q then hm w, = holds in the weak topology of

1f and only if 11m D, (w,, w)=0 with some p>0.

Proposition 4. Suppose that the right hand side of (1) satisfies a g-Lipschitz condition
(U) with an MI-function g. Then for each T>0 and q< + oo there exist a sequence
A,=4,(q, T)=o0(n) and a positive constant p=p(q, T) such that

sup D (('Ot) wt) D (w09 CT)O)
O0=t=T

holds for any couple w,, &, of g-tempered solutions satisfying max {Q,(w,), Q,(@,)}
=4q.

Proof. Let q(t)=w(q)exp(2t |/w(q)) and suppose that max {|x,(w)], |x;(®@)I}
£(3n+2)R, then in view of (Q) of Proposition 2 we have

| o4 [xi (wt) - xj(wt)] -U [xi (CT)t) —X; (&)t)]l
= L(2q(t) g(3Rn+3R)) (|x; (@) — x(@)] + |x; (o)) — x;(@,)), (31
where L= L(u) is the Lipschitz-function defined before (1). Therefore if
A,=max {[L(2¢(T)g(3Rn+3R))]''% [g(3Rn+3R)]"/?}, (32)

then A, =o0(n) in view of (U), and for 05t <T,
_ 2 _
Fi@)—F(@)| = 5 RZ Y Ixj(0) = x,(@,) (33)

where the sum is over such values of j that |x; — x| < R or |[X;— X;| £ R. Observe now
that d,(t)=d,(w,, ®, is an absolutely continuous function of ¢ and, using the
properties (i), (i), (v) of £, its derivative can be estimated almost everywhere as

d,()<2Kd,,(t) [2q(t) g(3Rn+3R)]""?
+ Z f(x;,3Rn) f(X;, 3Rn) [A,v;— 0| + |F ;(w,) — F (@)1

< |2K[29(T)g(3Rn+3R)]"* +4, (%)2 2R2} 11 (1)

<Ca,d,.,(Ha.e. in (0, T), (34)

where, because of g(3Rn+ 3R) £ A2, C is a positive finite constant depending on T, ¢,
R, K, 4, and ¢, but C does not depend on n. Hence a.e. in (0, T) we have

M M d
n _ "< n+1 _ n+1
0 a1+ Ct—Cs)'< et D)l d,,H(s)—-ds (1+Ct—Cs)
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if 0<s<t<T so that

> d[M
Z 7 n!" d,(s)y(1+Ct—Cs)'| £ —Cd,(s)

+ Z M, Fd,(s)(1+Ct—Csy

2 Mn+1
L e

for almost every s in (0, ¢). Therefore, integrating from 0 to ¢ we obtain that

'd,,ﬂ(s) (1+Ct—Csp'*1<0 (35)

o]

D1 (60,, CT)z‘)é Z

n=1

if 0=¢<T and p=14CT, which proves the Proposition.

d, (g, CT)O)éDp(wO’ @) (36)

Proof of Theorem 3. Since D ,(w, ®)=0 if and only if =&, Proposition 4 implies
uniqueness of g-tempered solutions, whence uniqueness of tempered solutions
follows by Proposition 3. On the other hand, any limiting solution o, is g-tempered
if w, belongs to Q thus any subsequence of ¢,(f, ) converges to the same limit, i.e.
there exists the 11m1t U,w=lime,(t,w)if weQ This relation implies that U, is a
reversible semlgroup in Q , the continuity of U, w as a function of w follows from the
bound given in Proposmon 4.

8. Potentials without Hard Core

Here we discuss briefly the case of § =0, a more detailed study of this problem will
be given in [9]. The only modification of notation used in previous sections is that
we put B=0 in the Definition (5) of Q. Let £, denote the set of such configurations
we Q that

_ 1

N,(w)=sup sup E—N(co X, (W), 0)< + 00; (37
m  oZg(xm(@)

for superstable potentials Qg(co) < + oo implies that also N ()< + 0, see [12] or

[14]. In this definition g is an MI-function, but only the particular case

g(x)=g,(x)=g(0)+1log(1 + |x|) will be discussed ; the corresponding symbols are £,

and N, (w).

Theorem 4. For each weQ,, there exists a limiting solution , such that wy,=w.

Proof. The proof of Theorem 1 is repeated with some modifications. Let
w, = @,(t, w) denote an approximate solution corresponding to we Q,, instead of W,,
the quantity

Z, (0,0)=W, (0,6)+ — Zf(x Xops O) Z f(x;—x,,0+3R) (38)

will be used. Of course, y;(w)=x,(w) as §=0 in this case, a and b denote the
constants specified in (E), thus Z,, is a nonnegative and nondecreasing function of o.
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Further, v} (0) £ Z,(w, 6) and U (x;(w) — x;(w)) £ Z;(, 0) if ¢ > R, consequently an a
priori bound of type (Q) for

Z(w)=sup sup ¢ %Z,(0,0) (39)

m  62Zg(xm(w))

is sufficient to deduce existence of limiting solutions.
Suppose now that for some ¢, m, and ¢ we have a bound

<V if (@)~ xu(@) So+5R; (40)

;i? X; (wt)
then following the proof of Lemma 1 we obtain that

0 0
= = — . 41
o Z,(0,0)22(b+1)V P Z..(w,,0) 41)

t
Let v(t)= [ [Z,(w)]1"/* ds, g is an MI-function. Since w, is an approximate solution,

3]
v(¢) and v'(¢) are continuous functions. Set g(s) =|x,,(c,)] +7(s)+5R for 0<s< T,
T>0 and observe that the solution r(t), 0 =t < T of the integral equation

rt)=0+2(b+ l)fg(g(s)) v'(s)ds (42)

d
decreases so rapidly that Z 20, r)=0if0=¢ =T, thus Z (0, 0) = Z,, (0, 7(0)),
whence

Z (1) SZ,(@0) sup( 0 )) @)

follows as o = g(x,, (w;)) implies (0) = g(x,,(w,)) in the same way as in the proof of
Proposition 1.

From now on we specify g as g(x) do(x)=g(0)+1og(1 +|x), the corresponding
quantity Z ,(w) will be denoted by Z ,(w). Since we consider approximate solutions
correspondlng to the same initial value problem and this initial configuration w
belongs to Q, we have a finite constant g=|Z,(w)|"/?> independent of n in
®,=@,(t, ®), (43) turns into

vsasu . (44)

On the other hand, ¢(s) < |x,, (0] +7(0)+ 5R and g, (x +y) S go(x) +go(y) if x>0,
>0, whence

9o(@($)) 2 go(Xm(@wr)) +0((0)+5R) <0+ 5R +g,4(r(0) <30+ g, (r(0))
follows directly, thus

r0)=c+2(b+1)v(T) (3o +g,(r(0)). (45)
Further, log r<colog £ +0 if r=02=1 so that an easy calculation yields

r©) <1+cv(T)(1+log ro )) <h(o(T), (46)
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where c is a large enough constant depending only on b, while A= h(v), v 20 denotes
-1

the inverse function of the strictly increasing function z(x)= ———,
¢+clogx

Consequently, (44) reduces to

V()= qh(0(2), (47)

whence

T L 48
—— dv<at.
= @)

Substituting v=z(x) into this integral and taking into account that

1
is not
xlogx

integrable in (1, + o), it follows immediately that the maximal solution of (47) with
initial condition v(0)=0 is bounded in finite intervals of time. This means that we
have an a priori bound for Z,(,(t, ®)) so that the proof can be completed in the
same way as that of Theorem 1.

9. Concluding Remarks

1. We can not construct the semigroup of motion without the quasi-Lipschitz
condition. In this general case it is not known whether any tempered solution is a
limiting one.

2. Estimating rE;_O) more carefully (e.g. as in the proof of Theorem 4) Proposition

2 can be improved. For example, if g=g,(x) as defined before Theorem 3, then it
follows that Qg(a)t) increases only as fast as a power of ¢ depending on A< 1.

3. Theorem 4 holds for initial configurations satisfying Z,(w) < + o, this set is
larger than Q. Similarily, if 1 >0 and ¢ > 0 are small enough, then Theorem 1 can be
extended to such initial configurations for which

sup sup o 17fQ(w,x,(w),0)< +00.

m  oZgalxm(w))

4. Instead of (E) it is enough to assume that
(x—3) U (x)<a+bU(x)logle+|U(x)]).

5. Conservation laws for the specific values of energy, particle number, impulse
and entropy as well can be derived in a similar way as done by Lanford [2], Part IL.
Moreover, certain mixing properties of initial probability distributions are also
preserved by the semigroup of motion.
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