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Abstract: We studythe modelof a strongly non-linearchain of particlescoupledto
two heatbathsatdifferenttemperatureOur mainresultis theexistenceanduniqueness
of a stationarystateat all temperaturesThis resultextendsthoseof Eckmann,Pillet,
Rey-Bellet[EPR99aEPR99 to potentialawith essentiallyarbitrarygrowth atinfinity.
This extensionis possibleby introducinga strongerversionof Hormanders theorem
for Kolmogoror equationgo vectorfields with polynomially boundedcoeficientson
unboundediomains.

1. Intr oduction

In this paper we studythe statisticalmechanic®f a highly non-linearchainof oscilla-
tors coupledto two heatreserwirs which areat (arbitrary) differenttemperaturesiVe
shav that suchsystemshave, undersuitableconditions,a unique stationarystate,in
which heatflows from the hotterresenroir to the coolerone.

Theseresultsare an extensionof the samestatement®btainedby Eckmann,Pil-
let andRey-Belletin [EPR99aEPR99H whereit wasassumedhatthe Hamiltonianis
essentially‘quadraticat high enegies’ SincequadraticHamiltonianshave beendis-
cussednuchearlierby Lebowitz and Spohn[LS77], thereis anissuehereof whether
the quadraticnatureof the forcesat infinite enegiesis an essentialngredientof exis-
tenceanduniquenes®sf the stationarystate.Our resultshows thatthis is not the case,
sincewe allow for potentialsof arbitrarypolynomialgrowth.

Our modelswhich aredescribedn Sect.2, treata Hamiltonianof theform

Hs(a) = 3 (% +Vala) + Y- Valas - 1)

=0

describinga chain of particleswith nearest-neighbanteraction(seeFig. 3.1). This
chainis linearly coupledto heatbathsB; representetdy freefieldsattemperatureg;.
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We proceedhen,asin [EPR99%, to areductionto astochastidifferentialequationsee
(2.2).Associatedwith it is an“effectiveenegy” G, describedn (2.6),whichis equalto
Hg with somequadratidermsfrom the heatbathsadded . The generatocorresponding
to the stochastidifferentialequationabove, representedh a spaceweightedwith an
exponentialof G, will becalled K andis the mainobjectof studyof this paper

It is for this generatothatwe showv existenceanduniquenes®f aninvariantstate.
Thiswill bedoneby first shaving that K hascompactesohent(whichis really more
thanneeded)andthenusingthisresultto derivethe propertieof theinvariantmeasure.
Our conditionson Hg are spelledout in Sect.3 belon. They basicallysay that the
coupling betweenthe oscillatorsmust be strongerthan the single particle potential.
This condition might be physically relevant, sinceit implies that transportis favored
over storingof enegy, but we have not found a countergamplewhenthis conditionis
violated.Furthermoretheinterparticlecouplingmustbe convex.

The main technicalinsight behind our generalizationof the resultsof [EPR99a
EPR99b is a new, and strongerversionof the Hormandertheoremfor Kolmogoros
equationsWe will developthisin moregeneralityin Sect.5, but herewe justindicate
how we usethis result. TheoperatorK is of theform

n
K=Y X;X;+Xo, (1.1)
i=1

wherethe X; aresmoothvectorfieldson R?. For example,seeEq. (3.13), X, contains
termsof the form p;0,, and(9,,V)0,,, whereV is theinteraction.The X; for i # 0

arefirst orderoperatorsHere, 0V is polynomiallyboundedwhereasin [EPR99%, 0V

was assumedo be linearly boundedLetting go be an adequaténversepower of the
effective enegy G, onesuccessiely considerghefinite setsof operators

.A_l = {Xl,... ,Xn} , .A() = {goXo,Xl,... ,Xn} y
andthen—see&Sect.6 for the detaileddefinition—
Ap = Ag—1 U [g0Xo, Ae—1] -

We stopthisiterationafteratmost2N stepswhereN is the numberof particlesin the
chain,obtainingthesetA = Aan.1. We now definetheoperatord 4 asthefinite sum

Aj=1+) A"A.
AeA

This is ageneralizatiorto our caseof anelliptic operatorof thetype A% =1 — ", agi
usedin [Hor85 or A2 =1 — 3,92, + 3>, z;* usedin [EPR9934
With thesedefinitions,onethenhasthe bound

Proposition 1.1 (Momentum spacebound). Thek is a constantC' sud that for all
f € ¢ (R?) onehasin L2

AR £l < CUK S+ ) - (1.2)

We alsoderive a similar boundin the conjugatevariables:
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Proposition 1.2 (Position spacebound). Thee is a constantC sud that for all f €
Cg°(R?) onehasin L2

IG=£Il < CIEFI+ 1) 5 (1.3)
whee e > 0 depend®n the asymptotidoehaviorof the potentiall andon N.

Combiningthesetwo propositionsoneeasilyshavsthat K hascompactresohent.Then
onederivesfrom thatresultthe existenceof aninvariantmeasurelts propertiesarethen
foundadaptinghetechnique®f [EPR99aEPR995.

Theremaindeof this papelis organizedasfollows. In Sect.2 we describehe phys-
ical modelandin Sect.3 we refinethe settingand statethe results.Section4 will be
devotedto theproofof thepositionspacebound(PropositiorB.7).In Sect.5, we present
in detail the generalscheméfor studyingoperatorof the form of (1.1), andshow the
inequalitycorrespondingo (1.2). This sectionis asmuchaspossibleself-containedis
it presentssomeindependeninterest.The detailedapplicationof this generalscheme
to the problemof the chainallows usto prove the momentumspacebound(Proposi-
tion 3.8) in Sect.6. In Sect.7 we combinethesetwo boundsand prove Theorem3.6
shaving that K hascompactesolhentandhencediscretespectrumin Sect.8 we shov
existenceuniquenessandfurtherpropertiesof theinvariantmeasurgTheorem3.9).

AppendixA containssometechnicalestimatesisedin Sect.5. AppendixB contains
theproofof aresultconcerninghedomainsof K andK *. Themethodusedthereprob-
ablyworksfor moregenerabccretve second-ordedifferentialoperatorsAppendixC
finally containsthe proof of atechnicalresultusedin Sect.8.

2. The Model

We will studythe modelof a (small)classicalV-particleHamiltoniansystemcoupled
to M stochasticheatbathsproposedn [EPR994. The small systemwithout the heat
bathsis governedby a Hamiltonian

Hs € C°(R™Y) .

(We stay herewith d = 1 dimensionalposition spacefor eachparticleto simplify
notation.)The heatbathsaremodeledby classicalffield theoriesassociatedo the wave
equation.Thefieldswill becalledy; andtheir conjugatenomentar;, wheretheindex
i rangedrom 1 to M.

TheHamiltonianfor oneheatbathis givenby

1
Ho(r.9) = 5 | (061" + ") da

The couplingsallowedfor the modelarelinearin thefield variables.The total Hamil-
tonianfor our modelis thengivenby

M
H(p,q,m,¢) = Z(HB(m,w)+E(p,Q)AB¢i(m)gi(x) dw) + Hs(p,q) - (2.1)

i=1

We assumeheinitial conditionsdescribethe heatbathsat equilibrium atinversetem-
peraturegl;, i.e. they aredistributedin a senseaccordingto the measureavith “weight”

e~ BiHp(mipi)
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Thepape{EPR994 explainsin detail how, andunderwhich conditionson the cou-
pling functionsp;, onecanreducetheresulting“big” systemtoa“small” systemwhere
the heatbathsaredescribedy afinite numberof variablesThe priceto payfor thatis
thatwe arenow dealingwith thefollowing systemof stochastidifferentialequations:

M
dgj = Op; Hsdt = (8,, Fy)rdt j=1,...,N,
i=1
M
=~y Hsdt + Y (8, Fi)ridt (2.2)
i=1

dr; = —vy;r;dt + )\?’Y,F,(p, q) dt — \i\/ 27 T; dw,-(t) , i=1,..., M,

wherethe w; are independentViener processesThe variousconstantsappearingn
(2.2) have the following meaning T; is the temperatureof the i heatbath, \; is the
strengthof the coupling betweerthat heatbathandthe small systemand1/+; is the
relaxatiortime of thei™ heatbath. Thevalueof ; depend®nthechoiceof thecoupling
functiong;. If we wantedto be moregeneralwe would have to introducefor eachbath
a family of auxiliary variablesr; ,,, asis donein [EPR994 This would only cause
notationalproblemsanddoesnot changeour argument.

If we considera genericn-dimensionakystemof stochastidifferentialequations
with additive noiseof theform

d.’ll'z(t) = b,(x(t)) dt + i Oij dwj (t) y (23)

we canassociatevith it the second-ordedifferentialoperator( formally definedby

Z (007)i;0; +Zb (2.4)

It is a classicalresultthatif the solutionof sucha systemof stochasticdifferential
equationsxists, the probability densityof the solutionsatisfieghe partial differential
equation

l\DIP—‘

6tp(mat) = (‘Cp) (IL',t) .
In our casethedifferentialoperator( is givenby

M
L= Z,\ﬂz 02 = vilri — N Fi(p, )0, + X5 — ZT‘XF (2.5)
i=1

wherethe symbol X" denoteghe Hamiltonianvectorfield associatedo the function
F. 1t is corvenientto introducethe “effective enegy” givenby

2

M
G(p.0,7) = Hs(p, ) + Y (537 — Filp.a)rs) - (2.6)
i=1 g

At this point, we make the following assumptioron the asymptoticoehaior of G.
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AO. Thereexist constantsi,v, C > 0 anda > 0, aswell asconstants; > 2/A? such
that

Hs(p,q) 2 C(1+ [|pll* + lgll*) , (2.7a)

F(p,q) < &Hs(p,q) +d; . (2.7b)

Remark2.1. This assumptioressentiallymeansthat the effective enegy G grows at
infinity atleastlike 1 + [|r]|? + ||p||* + ||q||*. Thisimpliesthe stability of the system,
asfollows easilyfrom theinequality
2
IriFy(p,q)| < 8°r} + @ ,
which holdsfor every s > 0. In particular thisimpliesthatexp(—SG) is integrablefor
every g > 0.

We alsodefine u
W= Z%’Tz’ ,
=1

which is, in somesensethat will be clearin a moment,the maximal power the heat
bathscanpull into thechain.We have the following result.

Proposition2.2. AssumeA0 holds. Thenthe solution&(¢; zo, w) of (2.2) existsandis
continuousfor all ¢ > 0 with probability 1. Moreover, the meanenegy of the system
satisfiedor all valuesof t andzy the estimate

E[G(z(t; 20, w))] — G(zo) < W, (2.8)

whete E[-] denoteghe expectationwith respecto the M -dimensionaMiener process
w.

Remark2.3. Thebound(2.8)allowstheenegy to grow forever, whichwould causehe
systemto “explode’ But thisis not the casefor the systemswe considerin this paper
Indeed we will provethattheprocespossessesuniquestationarystate.Thisimplies
amongotherfeatureghatthe meantime neededo reachary compactregion is finite,
andsotheenepgy cannotgrow forever.

Proof. A classicakresult(seee.g. [Has8Q Thm 4.1]) stateghe following. Assumethat
thevectorfield b of (2.3)is locally Lipshitz andthatthereexistsa confiningC? function
G : R™ —» R andaconstant; suchthat

(LG)(z) <k for all z €R™.

Thenthereexistsauniquestochastiprocesg(¢) solving(2.3). Theprocesg is regular
(i.e. it doesnot blow up in a finite time) and continuousfor all ¢ > 0. It satisfiesthe
statisticsof a Markovian diffusion processwith generatorC. Moreover, we have the
estimate

E[G(z(t; z0,w))] — G(x0) < kt .
This resultcanbe appliedto our case f we take for G the effective enegy definedin
(2.6). An explicit computatioryieldsindeed

M
LG = W—Z%(n — XFi(p,q))” . (2.9)

=1 "7

Moreover, G is confiningby AO. This provesthe assertion. m]
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2.1. Definition and simple propertiesof the semigoup. In this paper we will mainly
be interestedn studyingunderwhich assumption®n the chainHamiltonian Hg it is
possibleto prove theexistenceof a uniqueinvariant measue for the stochastigrocess
&(t; zg, w) solving(2.2). Throughoutwe will usethe notation

X — R2N+M

for the extendedphasespace(p, ¢, r). This stochastiprocesslefinesa semigroup7™
onCge(X) by

T' f(zo) = E[f(£(t; @0, w))] - (2.10)
This semigroupsatisfieghefollowing

Proposition 2.4. AssumeA0 holds. Then7* extendsto a strongly continuousguasi-
boundedsemigoup of positivity preservingoperators on L2(X). Its geneator L is the
closuee of the operator £ with domainC§°(X'). Theadjoint L* is the closuke of the
formal adjoint £ with domainC§° (X).

Proof. Theproofwill begivenin AppendixB. ]

Thisin turn definesa dualsemigroup(7%)* by

[T @) = [ 1) (7))

The generatonof (7¢)* is given by the adjointof £ in L? thatwill be denoted(”'. It
is possibleto checkthatif the heatbathsareall atthe sametemperaturd” = 1/, we
have

LT =0, where  po(p,q,r) = e~ BG(Par)

Thus,thegeneralizedsibbsmeasure
dpo = e PYPrT) dpdq dr = po(p, g,7) dpdg dr

is aninvariantmeasurdor the Markov processdescribedby (2.2). This confirmsour
definition of G’ asthe effective enegy of our system.We wantto considerthe more
interestingcasewherethe temperaturesf the heatbathsarenot the same Theideais
to work in a Hilbert spacethatis weightedwith a Gibbsmeasurgor somereference
temperature.

We will thereforestudy an extension7¢ of 7* acting on an auxiliary weighted
Hilbert spaceH,, givenby

Ho =12 (/'\,’, Zale_mog(p’q’” dp dq dr) .

whereZ, is a normalizationconstantand 3, is a “reference”inversetemperaturehat
we choosesuchthat

1/Bo=To>max{T;|i=1,...,M}. (2.11)

We have thefollowing
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Proposition 2.5. AssumeA0 holds. Thenthe semigoup 7 givenby (2.10) extendsto
a strongly continuousjuasi-boundedemigoup 7 on#,. Moreover, 741 = 1 and7¢
is positivity preservingi.e.

Tof>0 if  f>0.

Let Lo bethegeneartor of 7. ThenL, coincidesonCe (X)) with £ of (2.5)andC§e (X)
is a core for both Ly and Lg.

Proof. The statementan be proven by simply retracingthe proof of Lemma3.1in
[EPR994 Thereareonly threepointsthat have to be checled. We definethe vector
fieldsb andb, respectiely by

M
—Zw(, X Fi(p,q))0r + X ZTXE

b0—2502)\z% (6,.G) n—2502% (ri = M Fi(p, )0y, -

In orderto make the proof of [EPR994 work, we have to checkthat
ldivb|lee < 00, [ldivbgllec < oo, sup(b+ 3bo)G(z) < oo,
zeX

whereb andbg areconsideredsfirst-orderdifferentialoperatorsn thellastinequality
Thedivergenceof any Hamiltonianvectorfield vanishesandsowe have

M
[divblloo = =D 7 < oo

i=1

Theterminvolving the divergenceof by caneasilybecomputedo give

M
[|divbgl|ee = Bo Z%‘Ti <o00.

i=1
In orderto checkthelastinequality we computethe expression
M

(b+ 300)G(p.0,7) = 3 15 (BoT: = 1) (ri = X Fi(p,0))”
i=1 "t
We seethatcondition(2.11)on 5, obviously implies 3,T; — 1 < 0, andsothedesired
inequalityholds.
Thedomainsof Ly andL§ arecontrolledby thetechniquesf AppendixB. m]

We aremainly interestedn the caseM = 2. The HamiltonianHs will describea
chainof N +1 stronglyanharmonioscillatorscoupledto two heatbathsatthefirstand
thelastparticle.In the casein which the Hamiltonian Hg canbe written asa quadratic
function plus someboundedterms,the existenceand uniquenes®f a stationarystate
for everytemperaturelifferencehasbeenprovedin [EPR99aEPR99/. We will extend
this resultto the casewherethe potentialsgrow fasterthan quadraticallyat infinity.
Besidessomeweak conditionson the derivativesof the one andtwo-body potentials,
wewill only requirethatthey grow algebraicallyandthatthetwo-bodypotentialsgrow
asymptoticallyfastethantheone-bodypotentialsj.e. atlargeseparatiortheinteraction
enegy betweemeighboringparticlesgrows fasterthanthe one-particleenegy.
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2.2. Notations. Throughout,the domainof an operatorA will be denotedby D(A).
Unlessspecified,the domainof ary operatorwill alwaysbe the closurein the graph
normof C§°. For example,if we write [4, B], we meanin fact(AB — BA) | C§°, so
thatthedomainof [A, B] canbelargerthanthatof A or B separately

3. Settingand Results

In orderto setup our model,we needto be ableto describepreciselythe growth rates
of the potentialsatinfinity. This will beachievedwith thefollowing functionspaces.

Definition 3.1. Choosen € R. We call F,, thesetof all C* functionsfromR" to R
sud thatfor everymulti-index & there existsa constantC, for which

ID* £(z)|| < Cu(1 + ||z|)*/?, forall zeR™.

Definition 3.2. Choosex € Randi € NU{oc}. Wecall F¢ thesetofall C* functions
fromR"™ to R such thatfor everymulti-index & with |k| < ¢, wehaveD* f(z) € Fp_ ).

Remark3.3. Forary a € R, thefunction
P*:R" >R

. 3.1
z = (14 [|z]*)*/? Gy
belongsto F2°. Moreover, ary polynomialof degreen belongsto F°.
7 = w@m) Z = n
> Q. 00000 oFTvItQLL000 5 &
000 0: = = :0 000
N ZH—Vi(q) S = = W
Fig. 3.1. Chainof oscillators
3.1. Thechain. We considerthe Hamiltonian
N pg N
Hs(p,q) = Y (5 +Vi(a)) + Y Valas —ai). (3.2)
=0 =1

describinga chainof particleswith nearest-neighbanteraction(Fig. 3.1). We slightly
modify the notationsusedso far. Becausehereare only two heatbaths,we will not
usefor themtheindicesi € {1,2}, but ratheri € {L, R}. Concerningthe coupling
betweerthe chainandthe baths we assumehatwe canmake a dipole approximation,
sowe set

Fp=q and Fgr=gqn, (3.3)
in Eq. (2.1). We will make theassumption®1-A3 onV; andVs.
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Al. ThepotentialV; isin F3, for somen > 1. Moreover, thereareconstants; > 0
suchthat

Vi(z) > e1 P*"() , (3.4a)
zV{(x) > 2P (z) — c3, (3.4b)

forall z € R.

A2. ThepotentialV; isin F3,, for somem > n. Moreover, thereareconstants’, > 0

suchthat
Va(z) > ¢ PP (), (3.5a)
Vi (@) > P (2) - ¢, (3.5b)
forallz € R.
A3. Thefunction ,
U@

belonggto F, for somer.
Remarl3.4. It is clearthat (3.3), togetherwith A1 and A2 immediatelyimply AO.
Notice thatthe assumptiond’;, € F, andV, € F3,, give boundsnot only on the
asymptoticoehaior of V1 andVs, but alsoof their derivatives. The numbersn, m and
£ neednotbeintegers.Thegeneralizatiorto a Hamiltonianwith V7, V2 dependinglso
onthenumberof the particleonly createsotationalproblemsandis left to thereader
An exampleof potentialsthatsatisfyA1-A3 is
Vi(z)=2z*—2>+2 and Vi(z) = (1 +2%)%? —codz) .

Theeffective enepgy of the systemchain+bathgés givenby

r 2 pe 2
G(pa qar) = HS(p7 q) + QL? + % — QoL —gNTR + r ’ (36)
L R

wherewe choosethe constantl” suchthatG > 1, which is always possible because
n > 1. In fact,it is importantthatthe functionexp(—3G) beintegrablefor ary 8 > 0.
This couldalsobe achiezedwith for exampleonly oneof the one-bodypotentialsnon-
vanishing but would causesomeunimportaninotationaldifficulties. Thecasen = 1 is
maminal, the stability of the systemdependon the valuesof the constants\; andwas
treatedin [EPR994 We will nottreatthis casebut it would not causeary difficulties,
aslong asG remainsconfining.
In thesequelwe will extensiely usethe notations

N
Gi=¢—q1 and Q=) q.
i=0
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The systemof stochastidifferentialequationsve considelis givenby
dg; = p;dt ,
dpo = —Vi(qo) dt + V5 (q1) dt +rp dt ,
dp; = =V{(g;) dt — V5 (q;) dt + V3 (§j+1) dt
dpn = —V{(qn) dt — V3(Gn) dt + rrdt
dry, = —yprp dt + \ypgo dt — Apy/2v. T dwi(t)
drg = —vrrr dt + M4 YraN dt — Ar\/27RTR dwr(?) ,

(3.7)

wherei =1,... ,Nandj =1,... , N —1. SinceA0 holds,theresultsof thepreceding
sectionapply. Therefore thereexists for ary initial conditionz, a uniquestochastic
proces<(t; zo, w) solving (3.7). It obeys the statisticsof a Markov diffusion process
with generator

L =N NvTL02 + XNpvrTROZ, — Y(rL — A1.90)0r, — YR(TR — ARGN)Ors
ol , N (3.8)
+ TL@IJO + TRBPN + Z(piaqi - Vl (QZ)BPI) - Z V2 (qi) (apz - api—1) -
=0 i=1
We wantto prove the existenceof a smoothinvariantmeasurewith densityu(p, g, 7).

It is the solutionof (7%)*u = 0, where(7*)* is the dualsemigroupof 7. To achieve
this, we introduce asabove, the Hilbert space

Ho = LQ(R2N+4, Zale—woG(p,q,r) dpdg dr) '

whereZ, is a normalizationconstantand j3, is a “reference”inversetemperaturehat
we choosesuchthat

l/ﬂo =T > max{TL, TR} . (3.9
Proposition2.4 holds, so the dynamicsof our systemis describedby a semigroup7
actingin #, with generatoty, formallngiven by £. Theextendedphasespaceof our
systemwill againbedenotedby X = R*N 4,

For corveniencewe would like to work in H = L%(X), sowe definethe unitary
transformatiorU : H — Ho by

(Uf) (@) = ) f(a) .
So Ly is unitarily equivalentto the operatorLy, : D(Ly;) — H definedby
Ly =U 'LoU = e P9 Lo .
An explicit computatiorshowns that Ly, is givenby

LH:a—K,
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wheretheformal expressiorfor the differentialoperatork is
K = ag —c10;, +ai(rn — A1q)” — ¢y, + ak(rr — Agan)?

— TLapo + bL(T‘L — ’\%qO)am — TRapN + bR(TR — /\%:in)&«R

N N (310)
- Z(piaqi - W(qZ)apz) + Z I/'21(%) (6pi - 61%'—1) .
=0 i=1

SinceC§e (X) is invariantundertheunitarytransformatiorU, it remainsacorefor both
K andK*. Thevariousconstant@appearingn (3.10)aregivenby

a; =v(BeTi — 1),

7iBo ,
bi: )\2 (/BOTz_]-) y lE{L,R},
ci = XVl
ag = L bR
K — 2 2 1
a=ak+pf Y, uT:
ie{L,R}

We seethatcondition(3.9) ensureshe positivity of the constants? anda?, whichin
turn impliesthatthe closureof ReRK = (K + K*)/2 is a strictly positive self-adjoint
operator

The first featurewe notice about K is that A3 implies the hypoellipticity of the
operatorsK, K*, 9; + K andd; + K*. We recallthata differentialoperatorL acting
onfunctionsin afinite-dimensionatlifferentiablemanifold M is calledhypoellipticif

singsuppf = singsuppLf , forall feD'(M),

whereD' (M) is thespaceof distributionsonC§° (M). In particular theeigenfunctions
of ahypoellipticoperatorareC.

The hypoellipticity of the above operatorss a consequencef a theoremby Hor-
mandefHor67,Hor89: givenasecond-ordedifferentialoperator

n
L=Y LiLi+Lo+c,
i=1

wherec : M — C is a smoothfunction andthe L; are smoothvectorfields. Then
a sufficient condition for L to be hypoelliptic is that the Lie algebrageneratecby
{L; | i = 0,...,n} hasmaximalrank everywhere.lt is not hardto verify that A3
ensureghatthis conditionis verifiedfor K, K*, 9; + K andd; + K*.

Proposition 3.5. If A0 and A3 are satisfiedthe transitionprobabilitiesof the Markov
processsolving(3.7) havea smoothdensity

P(t,z,y) € C*((0,00) x X x X) .
Proof. Thisis animmediateconsequencef theKolmogoror equationsvhich statethat
OP = LP = O+ K—-a)U'P=0,

soU ' P is aneigenfunctiorof the operatoid; + K — «, whichis hypoelliptic. m]
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3.2. Main results. Our maintechnicalresultis

Theorem 3.6. If AssumptionsA1-A3 are satisfied,then the operator K definedin
(3.10)hascompactresolvent.

In orderto prepareheproofof TheorenB.6,wewill provethefollowing two propo-
sitions.

Proposition3.7. If Assumption®\1 and A2 are satisfied there exist constantsC' and
€ > 0 sudhthat

Gl < CUKFN+ /1), foral feD(K), (3.11q)
IGfIl < CUEfII+ 7)), forall feD(KT). (3.11b)

Proposition 3.8. If Assumption#\1-A3 are satisfied there exist constantsC, £ > 0,
a positivefunctionag : X — R anda finite numberN of smoothvectorfields ; with
boundeccoeficientssud that, for everyfunctionf € C§°(X), wehave

IA°FII < CUK AL+ 1IFI (3.12)

whee

N
A:ZL:Li-i-ao.

i=1
Moreover, the L; spanthewholeof R?N** at everypoint.

Given Theorem3.6, we canstateand prove the main resultof this paper namely
the existenceand uniquenes®f an invariantmeasureor our Markov processMore
preciselywe have thefollowing result.

Theorem 3.9. If AssumptionsA1-A3 are satisfied,then the stochastic processé(t)
solving(2.2) possesses uniqueandstrictly positiveinvariant measue u. Its densityh
is C> andsatisfiesfor any 8y < min{8r,fr},

h(z) = h(z)e PG
whee h decaysat infinity fasterthananypolynomial.

Theaboveresultssaythatthe ImA
spectrumof K looks roughly .
like the one schematicallyde- :
pictedin Fig. 3.2. We seethat * .
it is discrete (compactnesof ° .
theresolhent)andlocatedin the / o e
right half of the complex plane 5 D ReA
(mraccretvity). Moreover, it is St “ .
symmetricalong the real axis, . .
becauseX is a differential op- .
eratorwith real coeficients. .

Fig. 3.2. Spectrunof K.
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Most of the remainderof this paperis devotedto the proofsof Theorems3.6 and
3.9.In thesequelwe will alwaysusethenotation

4
K=ZX;‘X,-+X0,

i=1
wherewe define
X; =c10y,, Xo=ar(rn —XNq), (3.13a)
X3 = CRaTR ’ X4 = aR(rR — )\%QN) y (313b)
Xo= — T’Lapo + bL(TL — A%qO)BTL — rR@,N + bR(’I‘R — )\%L]N)am
N N
~ (3.13c)
- Z(piath - Vll(qi)api) + Z VQI(qZ) (61)1 - 61)1'—1) — 0K -
=0 i=1
TheoperatorX is antisymmetricj.e.
X5 =—Xo . (3.14)
Thisimpliesthat
4
RK =) X;X; and Xo=K-RekK, (3.15)

i=1

andthusReK is a positive self-adjointoperatorWe have onemoreestimatehatwill be

extensiely usedin thesequellf f is somefunctionin C§°(X) andi € {1,...,4} we
have
X f I = (f, XFXif) < (f, RK f) = R(f, K f) (3.16)
< IAE AN < (K I+ 11D
andby a similarargumentalso
X112 < (I AN+ 1D - (3.17)

4. Proof of the Bound in Position Space(Proposition 3.7)

First of all, we needa collection of functionsbelongingto Fy, asdefinedin Defini-
tion 3.1. We have thefollowing result.

Proposition4.1. Letr, p, ¢ andq designatehevectos

r=(ry,™r) , q=1(go,---,qn) .
p:(poﬂ"'7pN)! q:(qu“‘)qN)‘

Choosex > 0 andlet h;, : R¥ — R befunctionsin F,. Thenthefunctions
G hy(r), G*hya(p), GCMhnya(g), and  GTC™hy(g)
belongto Fy.
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Proof. We will only sketchthe proof of the statemenfor G—2/™ hx(§). The other
expressionganeasilybetreatedn a similarway.

Wefirst noticethatG—! (D*G) is boundedor everymulti-index k. Thisis astraight-
forward consequencef two obsenations.The first oneis that becauseof the lower
bounds(3.4a)and (3.5a) of A1 and A2 andthe expression(3.6) of G, thereexists a
constanC' > 0 for which

G(p,q,r) > C(r® + p* + P*™(q) + P>™(3)) , (4.1)

where P* wasdefinedin (3.1). Thesecondobsenationis that,becausé/; € F», and
Vo € Fomm, We have for every multi-index k someconstantC, for which

|DEG(p,q,7)| < Ci(r* + p* + P™(q) + P*™(q)) - (4.2)

NoticethatG—/(>™) Dk b (§) is boundedby asimilarargumentjn particularbecause
hy € Fy,.
We seta = —a/(2m) andwrite

9;(G*hn(§)) = a(G~'8;G)G*hn (q) + G*Bihn(q) -

Both termsareboundedy (4.1), (4.2) andthefactthathy € F,. It is easyto seethat
all the derivativescanbe boundedsimilarly. The proof of Propositiord.1is complete.
O

Let usdefine
A =GV

The symbol A; waschosenin orderto emphasizehe similarity betweenthe proof of
Proposition3.7 andthe proof of the mainresultof Sect.5, Theoremb.5.

Beforewe startthe proof of Propositior3.7,we noticetwo morefacts.Let uschoose
a,f € Rwith 0 < 8 < 1, andlet A, B betwo operatorsof multiplication by positive
functionsA4 < B. Wethenhave

(ATAS, f) <(ATBf, f) (4.3)
aswell astheimplication
IAFAF < CAKFN+NFD) = NAPA° I < CUEFI+1FI) - (4.4)

Both inequalitiesaretrivial consequencesf thefactthat A; is anoperatorof multipli-
cationby a positive functionandtheestimater® < 1+ z if x > 0ands < 1.

4.1. Themain tool of the proof. The maintool in the proof of Proposition3.7 is the
following lemma.

Lemma4.2. Let A; and K bedefinedasabove Let A and B be multiplicationopera-
torsrepresentedy functionsof the form

h(p,a,r) = crr, +crrr + h(p,q) . h € CX(R*F?).



Non-EquilibriumStatisticalMechanicf StronglyAnharmonicChains 15

Assumemoreover that there are exponentsy; and 3; and positiveconstantsC; suc
thatthefollowing estimatesre true for every f € C3°(X):

AT AFI < CL(IE AN+ 111D 1AL BF|| < Co(IE 11+ (I£1)
AT AfN < Csll£1l 14T 2B < Call £
147 [Xo, AlfIl < Cs UK+ IF) . 1477 [Xo, BIFIL < Co (MK £1l + A1) -

If v satisfieghe conditions

7> a3+ P, (4.5)
~ Z as + Bl + ma;{ﬂ27ﬂ3} , (46)
v >minfa; + B, az + 1}, (4.7)

thenthere existsa constantC suc that
[ Xo, BIf, ALYAf| < CUIKFI+ I£I)? . forall  feC5o(X) . (4.8)

Proof. The proof of this lemmainvolvessomeof the commutationtechniquegevel-
opedby HormandefHor85, but it usesghefactthatmostoperatorsnvolvedaremulti-
plicationoperatorsi.e. they commute An explicit computationusing(3.6) and(3.13)
yields

b . .
[Xo,G] = Z —JQ(T]' - )\;Fj)z ) [Xl,G] =cyL (TL//\% - qo) ) (4.93.)
je{R,L} "I
[X2,G] = [X4,G] =0, [X3,G) = cr(rr/Ap —an) . (4.9D)
We thereforeseethat, by Propositiord.1,we havefori = 0,... ,4,

GlX:,GleFo. (4.10)

Sincethe X; areeitherdifferentiationoperatorsor multiplicative operatorswe have,
for ary a € R, therelation

Gia[Xi,Ga] = OéGil[Xi,G] € Fo,
andso,sinceA? = G,
AT (X, ATl < o0 (4.11)

We cannow startto bound(4.8). Since[X,, B] = —X}B — BX,, we canwrite
(4.8)as

[([Xo, BIf, Ay AN < KBXof, Ay TAf)| + [(Bf, Xo A, T Af)|
= T1 =+ T2 .

Bothtermswill beestimatedseparately
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Term T4. Sinceweknow by (3.15)that X, = K — ReK, we canwrite it as
Ty <(B(RK)f, AT "AfM + (BKf, AT "Af) =T + Tha -

ThetermT;, canbe estimateddy using(4.7). We indeedhave eithery > a; + 82, or
v > as + 1. In theformercasewe write

Tiz < A, BIIK fIlA, ™AL < CIE SN+ 1£1)? -

In the latter case we usethe factthat A, B and A; commuteand are self-adjointto
write similarly

Tis = [{AK f, A7 Bf)| < |A7*2 AIK FINIAL T BfI| < CUK AL+ 11D -
Let usnow focusonthetermTy;. Usingthepositvity of ReK, it canbewrittenas

Ti = ((RK)'/2A; " Bf, (RK)Y/2A; ™ Af) + ([A; " B, ReK]f, Ay > Af)
=Tz + T4,

where
M,72>0,  mtr=7,
areto be chosenlater We estimateboth termsseparatelyThe commutatorin 774 can
be expandedo give
Ty = (A7 "B, ReK]f, AT Af) + (A7 ™, ReK]Bf, AT Af) .

In orderto estimateheseterms,we recallthatReK = Z;‘:l X} X;. Wethereforehave

4
Tia= 32 ((A77" B, X{)XGF, AT Af) + (A7 X3 (B, XS, A7 Af)
=1

+ (AT, X IXBS, AT Af) + (XT[AT ™, Xi]BS, AT Af))

4
=S (N + 1P+ TP + 1Y)
i=1

Noticing that[B, X /] is a multiple of the identity operatorandthat 4; is self-adjoint,
we have

TV < OO, ATTASY < XA TASIE S CUIK AL+ 1F1D?
wherewe used(3.16)andthefactthaty > a, to getthelastinequality Theterm Tl.(2)
is boundedby C'(||K f|| + || f])? in asimilarway. ThetermTi(3) is written as

T = (AP AT, X1X0f, ATV ABS) + (AT [A7™, X71[Xs, BIf, A 7 AS))|
< CIIXif[lllAy TABS| + ClfIIIIAL AL
wherewe used(4.11)andthefactthat[X;, B] is boundedNow we canboundTi@ by

C(|IK f]l + I£1)?, using(3.16)to estimatel| X; f|| and(4.7) to estimatel|A] "ABf||
and||A; TAS]. ThetermTi(4) canbeestimatedn a similarway.
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Let usnow focusonthetermTy 5. We canwrite

4
|Tus| < |RK AT ™ B, Af”Bf)Il/Q\l D IXATAS
i=1
If we choose
Y2 =02, (4.12)
thetermsunderthe squareroot areeasilyestimatedy writing themas

XAy 2 AfI < (A= ANIXGFI+ 11X, Ay 2 ]AP ([ A = ALl
+ {147, AL

andestimatinghe two commutatordy (4.11)and(4.9) respectiely.
Thetermprecedinghe squareroot canbewritten as

<KA17’Yle, A;’“Bf) = <A;713Kf, A;’“Bf) + <[K, A;%B]f, A;’“Bf)
=Tis + The -

ThetermT; 5 canbeboundedf we choose
2v1 > 1+ B2, (4.13)

becauseve have then

Tys < | KFIIIA, 2 BlIA, P Bf| < CUIK fIl + 1 £1)* -
In orderto estimatehetermT;q, we useK = ReK + X to write
Tie = ([Xo, A, "' Bf, A, " Bf) + ([ReK, A, " B]f, A, "' Bf)
=T+ 72 .
Theterm Tl(é) canbeestimatedy writing it as
Tis' = (A7 [Xo, BIf, AT BS) + ([Xo, A" A AT B, A7 Bf) .

Thefirst termcanbeboundedy C (|| K f|| + || f|)? if we choose

2v > B+ Bs . (4.14)

In orderto boundtheseconderm,it suficesto havey; > B, whichis thecasebecause
of (4.13)andthefactthat3, > ;.

ThetermTl(Z) canbeboundedoy C(||K f|| + || f]])?, by treatingit in a similarway
asthe term T14. We leave to the readerthe verification that no additionalconditions
on vy; have to be made.This completeghe estimateof 77, becaus€4.12),(4.13)and
(4.14)canbesatisfiedsimultaneoushpy (4.6).
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Term T,. We decomposghistermas

T < (Bf, A, TAXo f)| + [(Bf, Ay " [Xo, A]f)| + (B, [Xo, A; TJAS)
=To1 + T + T3 -

Sincey > a3 + B, thetermTs; is easilyestimatedy
Ty < |4, P BFIAT**[Xo, AlfI| < CUIKFI + IF11)? -

Noticing that we canassumea; < ap and3; < [, condition (4.7) implies
v > aq + B1. Since[Xp, A7 "] is a function, it commuteswith A;, andso T3 can
be estimatedwriting

Tos < |(A7”' B, A][Xo, AT 1A7*  AS)|
< (14, Bf|I[I[Xo, A AT AT AfI| < CUIK £ + 1£1)?

wherewe used(4.11)to getthelastbound.
We finally boundTs; . SinceXy, = K — ReK,, it canbeexpandedhs

To < [(Bf, Ay AK )|+ [(Bf, A7 A(RK) )| = T, + T} .
Theterm TQ(P canbeestimatedy writing
T < IIKFIIlATABS],
andusing(4.7).ThetermTz(f) canbewrittenas
TjY = (Bf, A7 A(RK) ) = Tig + (A" BS,[A; " A, RK]f) .

The termT;3 hasalreadybeenestimatedThe otherterm canbe treatedlike theterm
T14. We leave to thereadetthe verificationthatonecanindeedboundit by C(|| K f|| +
[I£1N? withoutary furtherrestrictionon~; and-,.

This completeghe proof of thelemma. m]

4.2. The main stepof the proof of Proposition3.7. By an elementaryapproximation
argument;t is sufficientto prove theinequalitie(3.11)for f € C§°(X), sincethisis a
corefor both K and K*. Moreover, we will prove only (3.11a).Theinterestedeader
may verify thatthe sameargumentsalsoapplyfor (3.11b).

We wantto show thatwe canfind constantg andC' suchthat

IATfI < CAUK S+ A, forall feCqo(X) .

In orderto shaw this, we noticethatthereis a constantC' suchthat

N N
A2 <O(1+4 00 = Nao)? + (m = X2an)* + 3 pF + P(Q) + > PP ()
=0 i=1
=@.
Theimmediateconsequencks that

4T fI1? = (f, AT f) <{F, AFT2GF)
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It is thereforeenoughto shav thatthereexistsa (small) constant suchthattheterms
AP @)1 145 pef Il 1A P™ (@) f1 - -

areboundeddy C'(||K f|| + || I])-
We arefirst going to boundthe termsinvolving variablesnearthe boundaryof the
chain.Then,we will proceedy inductiontowardsthe middle of the chain.

Theterm || A" (r. — A2qo) f]|. We have

(e, = ALao) FII* = [{(re. = \Lgo)*f, )] < CU{(ReK) £, £)

4.15
— ClR(Kf, )] < CIK AN < Uk A+ 12, &)

wherewe usedthefactthatas, # 0 to obtainthefirstinequality SinceA; > 1, wethus
have theestimate

14571 (e = A ao) Il < CUIK FIL+ N1 £11)?
if wetakee < 1.
The term || A5~ "pof||. Wewill provetheestimate

147 pofII < CUIE SN+ LA (4.16)

foreg < 1/(2m). An explicit computatioryieldstherelation

[Xo, 7 — A7g0] = br(re — Ajg0) — ALpo - (4.17)
Solving(4.17)for py, we get

1A po £II” = (AL (br (e — ALao) — AL *[Xo, L — ALao)) f, AT *po f)
=xV - x{.

Theterm Xél) canbeestimatedas

XS < AZ2Ibr (r — Maao) FIlAZ2po fI| < CUIEFII+ 1£11)?

wherethelastinequalityholdsbecause, < 1/2.

In orderto estimateXé”, we apply Lemma4.2with A = py andB = r, — M2 qq.
An explicit computationyields [Xq, A] = V{(qo0) + V5(G1) — 1. Theterm [Xo, B]
hasalreadybeencomputedn (4.17).Becausef Propositiond.1andof (4.15),we can
choose

Oélzl, 51:0,
042:]., ,82:].,
a3=2—1/m, 53:1.

Thehypothesesf Lemmad4.2 arethusfulfilled if we choosey = 2 — 1/m. We there-
fore have the estimate(4.16) with ¢ = 1/(2m). We have a similar estimatefor the
symmetrictermatthe otherendof thechain.
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Theterm || A5~ P™(g1) f]|. Wewill provetheestimate

1457 P (@) £l < CUIK £+ 1£1)

for somee|, < €y. Becausef the bound(3.5b)of A2, we canfind someconstants:
andcs suchthat

(AP @)L ) < al (AT @) L@ + e (0T ] 418)

where we also used (4.3). The secondterm is easily estlmatedbecause/l25° s

boundedf ¢ < 1. We onceagainusethefactthat[ Xy, po] = V{ () + Vz(ql) —ry, to
write thefirst termas

|<Af€5*2V2’( V@ f | = | 25072 [Xoapo] - V1'((I0) +TL)f7 (71f>|
= |Y1(1) _1_}/1(2) +Y1(3)| .

Theterm Yl(z) canbewritten as

V2| = (A7 (o) £, AT ™ £ |
< [ A2 (o) | 1A Y ™ £ -

By Propositior4.1andthefactthatVy € F»,_1, thistermis boundedby C|| f||? if we
take ¢, sosmallthat

25 <1/n—1/m. (4.19)
Theterm Y1(3) is boundedsimilarly by writing
V) < [T gl
if weimpose
2e0<1-—1/m. (4.20)
Both condijtionscan be satisfiedbecausave assumedhat1l < n < m. In orderto

estimateYl(l),we applyonceagainLemmad4.2. Thistimewehave A = ¢; andB = py.
Using(4.16)andPropositiord.1, we seethatwe canchoose

o =1/m, Bi=1—¢p,
ay=1/m, Bo=1,
as=1, Bs=2—1/m.

By usingm > 1, we seethatthe hypothesesf Lemma4.2 arefulfilled if (4.19)and
(4.20) hold, togetherwith e{, < £9/2. Onceagain,we have the sameestimateat the
otherendof the chain.

We cannow go alongthechainby induction.At eachstep,we go oneparticlecloser
towardsthe middle of the chain.We presenthereonly the termsarisingwhenwe go
from theleft to theright of thechain.
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The term ||AS™'p;f||. We alreadytreatedthe casei = 1. Let us thereforeassume
i > 1. We morewerassumehatthereexist constants;_1,&;_, > 0 suchthatwe have
theestimates

AT " pica ]| < CUK £+ A1

T (4.21)
A= P™@) f|| < CUEFI+ £ -
We will shav thatthisimpliesthe existenceof a constant; > 0 suchthat
|47 pif || < CUEFI+ N1£1) - (4.22)

We usep; = p;—1 + [Xo, §;] to write
Ei— 2 Ei— - ~ €i— j—
A5 i f||” = (435 pia £, AT pif) + ([ X0, Gl f, AT i f) = XV + X
Thetersz.(l) is easilyboundedf we write

X < 1A i FIIAT pif I < CUIEFIL+ (11D

wherethelastinequalityis obtainedoy usingProposition4.1and(4.21).We only have
to make theassumptior2e; < g;_1.

In orderto estimatethetermXim, we applyLemmad4.2with A = p; andB = §;.
Explicit computatioryields[Xo, p;] = V{(q;) =V, (¢i+1) — V4 (G;). Usingtheinduction
hypothesig4.21)andPropositiord.1, we seethatwe canchoose

a; =1, /312(1_5;'—1)/7”'
(12:1, ,82:1/m,
az=2-1/m, Bz=1.

If wetakee; <€) ,/(2m), we seethatthe hypothesesf Lemma4.2 aresatisfied We
thushave thedesiredoound(4.22).

Theterm || A5~ P™(Gi41) f||. Weassumehatthereexist strictly positive constants
g; ande}_,; suchthat

Ei— 62—1_1 m (=~
AT i f | < CAKFN+AD . 47 P@)fl| < CUKA+ NI -
We will shawv thatthisimpliesthe existenceof a constant > 0 for which
| AT P @) F]] < CAK SN+ 11D - (4.23)

Expression(4.18)with ¢, replacedby ¢; 1 holds.In orderto prove (4.23),it suffices
thereforeto show that

A2V (Gign) Frdinn )] < CUKFIL+ 111D -

Since,for i > 1 we have [Xo, p;] = V(@) — V5 (di+1) — V5(d:), the precedingerm
canbewrittenas

(AT 72 (X0, pi] + Vi (@) + V3(@) Fran £)| = 0 + V2 + 7|
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Weimpose2e; < 1/n—1/m. Theterin(z) is thenestimatedhs

VO < AT ™ G £ AT ™V @) £ < CUKFI+ IFID?,

wherethelaststepusesPropositiord.1andV) € Fz, 1. In orderto estimateheterm
Yz.(3) , we noticethatby the Cauchy-SchwrzinequalityandassumptiorA2, we have

VO < CIAT G fI| AT PR (g f |
< CIANAY™ Pt @) AT P @) f
< ClANAT P @) |-
We canchoosee] < ¢)_,, sothistermcanbe estimateddy theinductionhypothesis.

Theterm Yi(l) is onceagainestimateddy usingLemmad4.2, this time with A = §;11
andB = p;. UsingPropositior4.1, it is easyto verify thatonecantake

ar=1/m, Br=1-¢i,
ay=1/m, Bo=1,
as=1, Bs=2—1/m.

It suficesthento choosee) < ¢; to satisfytheassumptionsf Lemma4.2 andgetthe
desiredestimate.

It is obviousthatthis inductionalsoworksin the otherdirection, startingfrom the
otherendof thechain.It alsoaccommodate® alittle bit morecomplicatedopologies,
aslong asthechaindoesnot containary closedoop. In orderto completethe proof of
thelemma,we have to estimatethe lasttermcorrespondingo the motion of the center
of mass.

Theterm || A5~ P™(Q)f]|. Finally, we wantto shav theestimate
1457 PMQ)FIl < CUIK fIT+ 111D, (4.24)
for somes. We startwith alittle computation\We write
(N+1)go=Q+ (gn-1—gn) +2(gn—2—gn-1) +--.+ N(go — q1) -

Moreover,wehaveq; = qo + (¢1 — o) + - - - + (@ — ¢;—1). We canthuswrite

Q N
N—-I—l —q; = Zb,’j(jj ,  with bz'j eER.

=1

This, togethemwith the mean-aluetheoremjmpliesthe usefulrelation
N N
(N +1)QV(Q/(N +1) =@ 3 V(@) + QY (W (Q/(N +1)) - Vi(g))
=0 =0

N N N
=QY V(@) +QY_VI'"(&)D by,
i=0 i=0 j=1

(4.25)
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where¢; is locatedsomevhereonthe /(N + 1) andg;.
In the caseof d-dimensionaparticles the expressiorcorrespondingo (4.25)is

(N +1)QV{(Q/(N +1))]

N +1)|Q||VVi(g; +()§ V2V, Q (1—1)
= NQIVVi{a)] +| |Zotes(ge) 1<N+1 )

i1 -

The subsequengxpressionganberewritten accordingly
We useAl and(4.25)to write theleft-handsideof (4.24)as

AT PRI = (AT 2 P2 (Q) £, 1)
<CUV+DKA%4VHQKN+1»ﬁQHW+ﬂUW

< cf(a (3 ww)son)

+C Z b (AF 24V (&) £, QN + CIfII?

ij=1
=YW 4y® 107 .

ThetermY (?) canbeboundedbecausd’’ € Fy,_», andso

N
V(&) < CA+&)" <CP2(Q) + CP" () <CY_ P *(qk) -
k=0

Thus,Y ) canbesplitin termsof theform

(A2 P (@) £, QD] < I PP 2 (@) Q1IN g, £l

Thefirst factorclearlycanbeboundeddy C|| f|| if we noticethatq — P?"~2(q;)Q be-
longsto F2,—1 andthenapply Propositiord.1. The secondactorcanalsobe bounded
by C|| f|| if weimpose

1 1

O0<e< — — —,
E_2n 2m

which canbedonebecausave assumed, < m.

It remaingo estimateY (). We defineP = Zf;o p;. Sinceit mayeasilybeverified
that[Xo, P] = Y%, V(@) — 1z — rr, we canwrite ¥; as

= (A7 ([Xo, Pl + 1 +78) £,QF) = YO + Y0 1 YO

We leave to thereadetthe verificationthatthe termsY ) andY (®) canbeboundedby
C||f||> withoutintroducingary strongerconditionone. ThetermY (®) canbeestimated
by usingLemmad4.2with A = Q andB = P.We havealreadyverifiedthat(4.22)holds
for everyi, sowe candefine

ep=min{g; |i=0,... ,N}.
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This, togethewith Proposition4.1, allows usto choose,

oy =1/n, fr=1-¢p,
az=1/n, B=1,
az =1, ﬂ3=2—1/n,

andthus (4.24) is fulfilled if we choose2e < ep. This completesthe proof of the
lemma. O

5. Generalization of Hormander’'s Theorem

In a celebratecpaper[Hor67, Hormanderstudiedsecond-ordedifferentialoperators
of theform

T
P=>"LiLj+ Lo, (5.1)
j=1

wherethe L; aresomesmoothvectorfields actingin R%. He shaved thata sufiicient
condition for the operatorP to be hypoelliptic is that the Lie algebrageneratechy
{Lo, ... ,L,} hasmaximalrankeverywhere Themainstepin his proofis to shav that
thereexists a constant > 0 and,for every compactdomaink C R?, a constantCc
suchthat

llulle) < Ce(llPull + llull) » ¥ ue Cg°(K) . (5.2)
In this expressionthenorm|| - || is the naturalnormassociatedo the Soboles space
H:(R%),i.e.
lulfy = [ )P+ 1) @t = 1+ 272
R4

We baseour discussioron the proof presentedn [Hor85. Hormandeffirst defines@),
asthe setof all properly supportedsymmetricfirst-orderdifferential operatorsy such
thatfor every compacidomainiC, thereexist constantgZy- andCy’ with

llqull® < GeRe{Pu, u) + Gellull® . u € C3°(K) - (5.3)
In particular if wewrite L} = —L; + ¢;, wherec; is somefunction, Q; containsall
theoperatorf theform

(Lj—ci/D)fi, §>1,
as well as their linear combinations.It also containsevery operatorof order 0.
Hormanderthendefines, asconsistingof the operator(P — P*)/i, aswell asall
the commutatorsof the form [g, ¢']/7 with ¢,¢' € Q1. For k > 2, he defines@,, as
the setof all commutatordg, ¢']/i with ¢ € Q1 andq’ € Qy_». Onefeatureof this
constructioris thatafinite numberof stepssufiicesto catchevery symmetricfirst-order
differentialoperator This is a consequencef the maximalrank hypothesisThe main
pointof Hormanders proofis thenthefollowing result.

Lemma5.1 (Hérmander). If g, € Qx ande < 2%, wehavefor everyk c R?,

larulle—1y < CUIPull + [Jull) . weCF(K). (5.4)
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The proof canbefoundin [H6r85 p. 355]. Theresult(5.2) thenfollows almostimme-
diately becaus¢he operatorsg; all belongto someQ);,. Thusthereexistssomee > 0
suchthat

d
S l05ull_yy < Ce(lPull + lul)? . weCR(K)
j=1
which implies (5.2). Oneof the major problemsencounteredn this paperis to find a
global estimateanalogoudo (5.2),i.e. to find constant€” ande suchthat

|A%ul| < C(||Pul| + |lul|) , forall ueCS(RY),

whereA is somemodifiedLaplaceanTherearetwo majordifficulties:

¢ If wewereto constructhesets@y, asin [Hor85, they would notnecessarilyclose”
in the sensehatthe successie commutatorsould blow up, andthe whole proof
would breakdown. To avoid this we do not necessarilyput (P — P*) /i into Q2,
but rathergo (P — P*)/i, wherego is someboundedfunction. This allows to get
decreasindgpoundson the successie commutators.

This problemdoesnot appeaiin [EPR994, wherethe successie commutatorsre
all first-orderdifferentialoperatorswith constan{or bounded)coeficients.On the
otherhand,the commutatottechniques essentialljthe sameasin [EPR9934.

e Theabove constructiondoesnot allow to dealwith arbitrarysymmetricfirst-order
differentialoperatorsThereasoris thatif we wantaglobalequivalentof (5.3),the
set(, is nolongerallowedto containproductsof the L; andunboundedunctions.
We thuswork with fewer operatorsyhich meanghatwe trackmuchmoreclosely
the expressionsvhich appeain the constructions.

5.1. Genenl setting Let usconsiderthe Hilbert spaceH = L2(R?, dx) for someinte-
gerd > 1. We definethe set€ () asthe setof closedoperatorson # andthe algebra
B(H) astheeverywheredefinedboundedoperatoron .

We defineD = Cg°(R?), which is densein #. Let us fix some sub-algebra
F C B(H) thatis closedunderconjugatiorandsuchthat D C D for all F' € § (typ-
ically § is somealgebraof boundedunctions).The advantageof consideringZg® (R?)
is that every differential operatorwith sufficiently smoothcoeficientsis closableon
it (see[Yos8(Q for a justification). Moreover, every differential operatorwith smooth
coeficientsmapsD into itself. This allows usto make aformal calculus,i.e. every re-
lationshipbetweenoperatorsappearingn this sectionis supposedo hold on D. The
actualoperatorsarethenthe closuref the operatorsiefinedon D.

We define£ asthesetof all formal expression®f theform

Z a¢(z)D* k>0, aeC®RY,
[€|<k

where D¢ denoteshe |¢|" derivative with respectto the multi-index £. By the above
remark,ary elementof £ can naturally be identified with a differential operatorin
E(H).

Considera differentialoperatorK thatcanbewritten as

K=Y X;X;+X,, X;ef, j=1,...,n, (5.5)

i=1
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whereX is suchthat
X;=—-Xo+yg, gETF. (5.6)
We introducenow a definitionthatwill beveryusefulin the sequel.

Definition 5.2. LetS C £ bea finite setof differential operatorsandi > 0 a natural
numberWe definethe set)’; (S) asthemoduleon § genertedby theterms

5152"'5,', SkESU{].}, k:].,...,i.
Theelementsof Vi (S) are naturally identifiedwith denselydefinedclosedoperators
on#. If i = 0, weusethecorvention)(S) = 3.

The subscript¥ will be droppedin the sequelwhenthe algebrag is clearfrom the
context. We constructhe sets

A ={X1,..., Xn}, Ao={g0X0,X1,---, X0}, €T, (5.7)
wheretheoperatorg, is assumedo be self-adjoint,positive andsuchthat

Let usnow constructrecursvely upto alevel R < oo somefinite setsBB;, A; C £ by

thefollowing procedureAssumeA;_; is known. Considemext thesetho) of all A of
theform

A= Y (fsB+ Y fxslX.BI). fu fxp€§.  (59)

BeA;_1 XeAp

We thenselectafinite subset3; C B§°>. ThesetA; is thendefinedas
A= A1 UB; .

Remarks.3. It is herethatourconstructiordiffersfrom similaroneswhereall elements
of B§°> would have beenselectedThis makesthesetof operatorsvhichwe studymuch
smaller but thenwe of coursehave to verify that the operatorsof interestare really
coveredby our construction.

We will make someworking hypothesesnthesetsA;.
H1. Thepair(Ag,J) satisfieghefollowing. If A, B € Ag andf € §, then
[A,B] € Y'(AR), A* €Y' (AR), [A,fleF.
H2. If Ae A;withi > —1, wehave A* € Y'(A;).
Remarks.4. HypothesisH1 implies thatif X € )7(Ag) andY € Y*(Ag), then

[X,Y] € Y¥+Hi—1(AR). Thiswill bevery usefulin the sequel HypothesisH2 implies
thatthe classe9/* (A;) areclosedunderconjugation.

We definenow the operatorA? by
=1+ ) A*A. (5.10)
A€AR

This is, in somesensahatwill immediatelybe clearfrom Lemmab.6, the “biggest”
operatorcontainedn )?(Ag). TheoperatorA? is symmetric denselydefinedandpos-
itive. We will moreoserassumehat

H3. A2 is essentiallyself-adjointon D.
ThepowersA® thusexist andarealsoessentiallyself-adjointon D for a < 2.
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5.2. Resultaanda preliminarylemma. Thefollowing theoremis themainresultof this
section.

Theorem5.5. Let K and A be definedas above and assumeH1-H3 are satisfiedfor
someR. Thenthere existsomeconstant’, e > 0 sudh thatfor every f € D, wehave

Al < CUEFN+ A - (5.11)
In thesequelwe will write A insteadof 4 g to simplify the notation.

In orderto prove Theoremb.5, we needthe following lemma,which will be exten-
sively usedin thesequel.

Lemmab5.6. LetA, § and.A beasaboveandassumed1 andH3 hold. If X € yé(A),
thentheoperators

APX A with f4+4< —j

are bounded. _
IfY € Lissudthat[Y, A%] € Y{(A), thentheoperators

APIA YA with a+B+7<2—

are bounded.
If X,Y € £ aresud that

[X, 4’| € Vi(A) , [V, A*] € VE(A) and [[4%,X],Y] € VI 2 (A),
thenthe operators
AP[[A*, X],Y]AY with a+B+y<4—j—k

are bounded.

Proof. The proof of thislemmais postponedo AppendixA. m]
Remarks.7. Lemmab.6 allows usto countpowersin the following senseEachtime
we seean operatorthat is a monomial containingfractional powers of A and some
operatorsof )7 (A), we know that the operatoris boundedif its “degree” is lessor
equalto 0. Theruleis thatif Y € )7 (A), its degreeis j andthe degreeof A% is a.

Moreover, everytime we encountea commutatoywe canlowerthedegreeby oneunit.

Lemmab.6alsoshowvsthatif f € D, A € A anda < 2, expressionsuchasAA® f
canbewell definedby

AN*f = AYAf +[A, A% A2 A% f
where[4, A%]A~2 is boundecandcanthereforebedefinedonall of #. Similarexpres-

sionshold to shav thatany expressiorof this sectioncanbewell defined.
We arenow readyto prove thetheorem.
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5.3. Proof of Theoem5.5. The proof usesthe commutationtechniquesievelopedby
Hormander[Hor89 andimproved by Eckmann,Pillet, Rey-Bellet [EPR994& Large
partsof this proof areinspiredfrom this latterwork.

Beforewe startthe proofitself, let usmake afew computationstheresultsof which
will be usedrepeatedlyin the sequelWe first shov thatwe canassumeReK positive.
An explicit computationpsing(5.5) and(5.6),shaovs that

RK = > X!X, + g , andthusalso X, = K — ReK + g/2 . (5.12)

i=1

Becausgy € §, we canadda sufficiently big constanto X, to make ReK positive.
Thiswill changeneitherthe commutatiorrelations,northe estimateg5.11).
Anotherusefulequalityis

go%K = %(goK—FKl) + Ko, Kl,KQ S yl(.A_l) , (513)

where K is a self-adjointoperatorsuchthat Re(go K + K7 ) is a positve self-adjoint
operatorThisis aconsequencef thefollowing two equalitieswhichareeasilyverified
by inspection

n
goReK =Y X7goX; + Ko Ky €YV'(A),

i?},l
Re(goK) =Y X7goX;— K1 Ki€YV'(A).
=1

We thereforehave

n
R(goK + K1) = Y X7 g0 X; -
i=1

Thisproves(5.13).
Anotherusefulidentity will be

(90X0)" = —Xog0 + 990 = —90X0 + [90, Xo] + 990

, ) (5.14)
= —goXo + gy 9o €T,
wherethelastequalityis a consequencef (5.8).

We will now verify the estimate(5.11) for somevector f € D. In the sequelthe
symbolC will beusedto denotesomeconstantiependingnly ontheoperatorK . This
constantcan changefrom oneline to the other We will first provethat A € Y'(A4;)
with 0 < i < R implies

AV A f ) < CUE S+ 1I£]) - (5.15)

In fact,animmediateconsequencef thefirst partof Lemmab.6is thatwe only have
to prove thisassertiorfor A € A;. Theproofwill proceedy inductiononi.
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5.3.1.\erificationfor ¢ = 0. We wantto verify the estimate

AT Af < CUK S+ NIF1) . forall A€ Ao
Thecasesd = goXo andA = X; with j # 0 will betreatedseparately
The cased = X ;. Wewrite

|A=34X; I < CIXGFI? < CU XX, f) < OUf, (K + K* = g)f)
< CR{f, K f) + CIIfII* < CIFIIIE Il + I F1]) -

Thisimpliesthe desiredestimateBecauseX; € V(A _1) by hypothesisthis compu-
tationimmediatelyimpliesthe estimates

X5 I < CAK LI+ (5.162)
X5 I < CUE L+ 1D (5.16b)

which holdfor everyj > 1.

The caseA = goXo. Wewrite, usingexpression5.12),

A3/ AF |12 = (goXof, AT3/2Af)

= (Kf,90A"**Af) + (90gf, A*/*Af) /2 — ((RK) f, goA~*/*Af)
= Sl + SQ - Sg .

The terms S; and S, are easily boundedby C(||K f|| + ||f|])?, usingthe Cauchy-
Schwarzinequalityandthefirst partof Lemmab.6.Usingthepositivity of ReK andthe
explicit form of K, theterm S3 canbeboundedas
|S3] = ((ReK)'/2 f, (ReK)' /2 goA~*/2 A )
< |R(K £, /)" |((ReK ) go A %2 Af, go A—*/* Af) [/

. n 1/2
< VKA (990422 41, 90472 A1) [2+ 3 | Xigo A=/ A S
i=1

= VKNI So+_ 83, -
i=1

Theterm Sy is estimatedby simplepower counting(the A’s contributefor —3 andthe
A’sfor 2 in the total degreeof the expressionhence|Sy| < C|| f||*). ThetermsSy ;
areestimatedy writing

[S0,il < llgoA™*2AX fI] + 11X, goA*/2 AL £ -

The first term is estimatedby using (5.16) and power counting. The secondterm is
estimatedy expandingthe commutatoas

[Xia gOA73/2A] = [Xza gO]A73/2A + gO[XiJ A73/2]A + gOA73/2 [Xla A] ’

andestimatingseparatelyheresultingterms.



30 J.-P EckmannM. Hairer

5.3.2.Theinductionhypothesis.We shallproceedy induction.Let usfix j > 0, take
A € Aj andassumé5.15)holdsfor i < j. Letusmoreoverdefines = 1/47+! in order
to simplify the notation.Our assumptions thereforethat

A= BFI < CUKFI+ ) VB eV (Aj). (5.17)
We will now provethatthis assumptiorimpliesthe desiredestimatej.e.
45 AfI S CUKSI+IFD) Y AeYHA). (5.18)

This, togethemwith the precedingparagraphwill imply the estimatg5.15).

5.3.3.Proof of the main estimate. Becauseof the inductionhypothesiswe only have
to check(5.18)for A € A;\A;_1. By (5.9),we canwrite

A=y (fBB + fBl90Xo, B] + Zfé[XiaB]) :
im1

BeA;_1

with all the f belongingto §. We have

4=t Af? = Y ((fB + fBlgeXo, Bl + Y f51Xi, BI) £, A% 2 Af )
i=1

BeA; 1
= 3 (TB+T}§+ZT]§) .
BeA;_1 i=1

We aregoingto boundeachtermof this sumseparatelyoy C(||K f|| + || f]])2.
Term Tg. We have
|TB| — |<A2E_1fBA1_2EA2E_1Bf,A_lAf>| .

Theoperatorsi?s—! f5 A1=2¢ and A~ A areboundedoy Lemma5.6.Usingtheinduc-
tion hypothesig5.17),we thusgetthebound|Ts| < C(||K f|| + || fI])2.

Term T§ with ¢ # 0. Wedefineh = fi. ThetermT}, is thenwritten as
Th = (Bf, X h*A*2Af) — (X;f, W*B*A* 2Af) = Q1 — Q- .
Term Q. It canbeestimatedy writing
Q1 = (Bf, W A2 AX] f) + (Bf, [X}, h* 4572 Af) .
Thefirst termis estimatedy rewriting it as

(Bf h*A*72AX] f)| = (A7 Bf, A'™*h* A*72AX] f)|
<A TIBA||| A2t A% T2 AX |
< CUKFI+11£1D* -

Thelastinequalityhasbeenobtainedby usingtheinductionhypothesig5.17),theesti-
mate(5.16b)andthefactthatthe operatord! ~2¢h* 4262 4 is boundedby Lemmas.6.
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Thesecondermis estimatedas
(Bf, [X7 h* A% 72 Al f)] = (A7 IBf, A% (X7, h* A2 Al f)
<N A*TIBFIIl AT R AT ALf
Theterm ||A2¢~1 Bf|| is boundedby the induction hypothesig5.17). The otherterm
canbe estimatedy writing the commutatoas
[XF, h* A% 72 A] = [ X[, h*|A* 72 A + W[ X}, A2 A + h* A*2[X} A] .
Theresultingtermsareestimatedy power counting,usingthefactthat X * € Y1 (A).
Term Q2. We boundthistermas
Q2| = [(Xif, h* A% 2 AB* f) + (X, f, h*[B*, A** 2 Al f)|
< | Xaf(Ih* A% 2 AB* f|| + |n*[B*, A** 2 A f])
< IXafII([1h* A% =2 AN || A% 718 f| + [|W*[B*, A% 72 Al f]]) -

We leave to thereadetthe nottoo hardtaskto verify thatit is indeedpossibleto getthe
bound|Q:z| < C(||K f|| + || fI])? by similar estimatessfor theterm Q).

Term T§. Wedefineh = fJ. ThetermT} is thusequalto
Ty = (lgoXo, B]f, h* A* 72 Af)
= (goXoBf,h*A* 2Af) — (BgoXo f, h* A* 2 Af) .
We use(5.14)to write thisas
T = —(Bf,h*A* 2 AgoXof) + (Bf, goh* A*2Af)
—(Bf,[g90Xo, h*A** 72 A]f) — (Bgo X0, h* A* 2 Af)
=-U1+U:-Us Uy,
whereg) € §. ThetermU, caneasilybeestimatedy
|Ual = [(A%7 Bf, A= goh* A2 Af)| < || A% B ||| A"~ goh* A2 Af |
< CUIE S+ IFIDII

usingtheinductionhypothesisin orderto estimatehetermUs, we noticethatgy X €
A, andthus[go Xy, A%] € Y?(A). We canthereforewrite

[Us| = [(A**7'Bf, A'~*[go Xy, h*A** 2 A] f)|
< |47 BF||[|A' % [goXo, h* A>T Al f|

expandthe commutatoandestimatehe resultingtermsseparatelyy power counting.
We usethe equality
Xo=K-RK +g/2,

to write thetermsU; andU, as

Up=(Bf,h*A* 2 Agy(K — (RK) +g/2)f)=Tp1 -~ Ts2+Th3 ,
Us = (Bgo(K — (RK) + g/2) f,h* A* 2Af) =Tps —Tps + Thys -

Eachof thesetermswill now beestimatedseparately
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Terms T 3 and Tg,¢. They areeasilyboundedike thetermU, by power counting
andusingthe inductionhypothesigo bound|| A%~ Bf||. In the caseof Tz 6, we first
have to commuteB with gog/2, but this doesnot causeary problem.

Term Tg,;. Thistermcanbeestimatedy
Tpa| < |K fllllggA* A% 2hBf|| < [|K flllggA* A% 2hA>>||[| A** 2 Bf]| .

The normof g5 A* A?**~2hA%~2¢ is boundedby power counting.Using the induction
hypothesig5.17),we thushave |Tg 1| < C(||K f| + || FI)?.

Term Tg 4. We havetheestimate
Tl = (Kf,gsB*h* A*2Af)| < | K fllllgs B*h*A* 2 Af|| .
The seconchormcanbe estimatedy writing
||g6<B*h*A25—2Af” S ”gSh*A2s—2AA1—2s||||A2E—IB*f||
+ llgg[B*, h* A2 Al f]] .

Here, the first term can be boundedby C(||K f|| + ||f]|) becauseby H2, we have
B* € Y'(A;_1) andsowe canusethe inductionhypothesisThe commutatorcanbe
expandedandboundedby power counting.

Term T 2. We canwrite thistermas
Tp> =(A*7'hBf,(90ReK) A" Af) + (A**“"hBf,[A7' A, goReK] )
=(A*'hBf, Ky A" Af) + (A* 7 hBf,[A71 A, goReK] f)

+ (A* 'hBf,Re(go K + K1)AT Af)
=M+ My + Ms,

wherethe secondequality hasbeenobtainedusing (5.13). Thesetermscan now be
estimatedseparately

Term M;. We write thistermas
My = (A*'hBf, AT AKS f) + (A* 7 hBf,[Ka, AL A]f) .
Thefirst termis estimatedy using
KEyeY'(A) = Kfl <CUEFI+IFI) .

wherethe implication is a straightforvard consequencef (5.16a).The secondterm
canbe estimatedby power countingandthe induction hypothesisusingthe fact that
K> € Y'(A_1), sothat[K,, A~1 A] is bounded.

Term M». We usethe explicit form of ReK to write thistermas
My = (A**'hBf,[A" A, go] (RK) f)
+ > (4% B, g0 XA A, X))

i=1
+ (A2 hB, gol A1 A, X])X,f) )
+ <A26_1th7 gO[A_lAJ g]f)/2

n
= My + Z(Mu + Mio) + Mo .
i=1
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Theterm Moy is estimatedyy usingthe explicit form of ReK to decomposé in terms
of theform

(A% hBf,[A71 A, go] X7 X, )] < I[ATVA, go] X (Il A% 7 RBF|II| X £ -

Thenorm||[A~1 4, go] X || is finite by Lemma5.6. Theterms|| A>*~' B f|| and|| X; f||
areboundedyy C(||K f||+|f|]), usingtheinductionhypothesig5.17)andtheestimate
(5.16a)respectiely. ThetermsMs; and M;» areestimateddy power countingandthe
inductionhypothesisln orderto estimateheterm MM;;, we have to commuteoncemore
to find

My = (A% 'hBf,g0[A™ A, X)X} f) + (A ' hBf, 9o [X], [AT A, X1 f) -
Thefirsttermis estimatedy using(5.16b).Thesecondermis estimatedy expanding
thedoublecommutatoandpower counting.

Term Mj3. We usethe positivity of Re(go K + K ) to write

|Ms| = ((Re(go K + K1))'/* 42 ' hBf, (Re(go K + K1))"/”

< [R((9oK + K1)A** ' hBf, A~ hB f)|/?
x |(Re(go K + K1) AT Af, A=Y Af)|M/?
< V/|ReMy| + [ReMs /| Mg .

ATLAS)

We will now estimateMy, M5 and Mg separately

Term M. We wantto puttheoperatorgg K to theleft of f. Sowe write

My = (A*hBgoK f, A*~'hBf) + ([go K, A>**hB|f, A>*'hBf)
= My + My, .

The term My, is estimatedeasily by usingthe inductionhypothesisandthe factthat
A~1hBg, is boundedIn orderto estimateM,», we usethe explicit form of K to write

My, = (A™*[goXo, A**'hB|f, A*'hBf)

+Z( (9o X [X,, A2~ hB]f, A%~ hBf)
=1

+ (9ol X}, 4~ hB]Xi f, 4*~'hBY))
+ <A—25[ A2E_lhB]Kf, A4s—1th)

—M40+Z Mz + M) + Muk .

ThetermsMyo and M,k areestimatedy expandingthecommutatoandpowercount-
ing. Theterm M;, canbewrittenas

|Mz4| — |<A_2690[X:,A25_1hB]Xif, A45—1th>|
< ATt R AR go [ X7, AT AB]|| X f AT T B
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It is thenestimatedby power counting,using moreover the induction hypothesisand
theestimatg(5.16).1n orderto estimatethe term M;3, we have to commuteoncemore
to write

Mz = (A7 go[X;, A*7'hB]X; f, A*~'hBF)
+ (A% g [ X[X;, A>T hB]| f, A" 'hBf) .
Thefirst termis estimatedexactly like M;4. The seconderm canthenbe estimatedy

expandingthe doublecommutatoandpower counting.

Term My. We write thistermas
My = (A7'hBK, f, A*“'hBf) + (A=%[K,, A*“'hB]f, A*~'hBf) .

Thefirst termis estimatedusingthe inductionhypothesisandthe factthat (5.13) and
(5.16)imply

KieY'A) = K fI<CUKF+IAD - (5.19)

The othertermis estimatedby usingthe factthat [Ky, A%] € V?(A) and[K;,hB] €
V' (A), whichfollowsfrom A _; C A andthusk; € V' (A).

Term Myg. We usetheexplicit expressiorfor Re(go K + K1) to write thistermas

Ms =" llgg* Xi A LAfIP < C S IXiA L AS?

i=1 i=1

Thesetermsare easily estimatedoy putting the X; to theleft of f, using(5.16)and
estimatingthe commutators.

Term T'g,5. Thisis thelasttermwe have to estimateUsingthe expression(5.13)and
the positwvity of Re(go K + K1), it canbewrittenin theform

T s = ((Rego K + K1) "1, (Re(go ks + K1))'/?
+ <K2f7B*h)*A2572Af)
= Nl + N2 .

B*h*A25—2Af>

Thesetermsarenow estimatedseparately

Term N2. We usethe Cauchy-Schwarzinequalityto write
[N2| < [|EfII|B*h* A* 72 Af|| = [| K2 f|[[|N3]| -
We canestimatelN3 by writing
B*h*AZszA — h*A2572AA1725A2571B* + [B*,h*AinzA] ,

andestimatingthe resultingtermsusingthe inductionhypothesisWe alreadynoticed
thatwe have the desiredestimatefor || K2 f||.
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Term ;. Usingthe Cauchy-Schwarzinequality we write it as

Ny < {f,Re(goK + K1) f)*(Re(go K + K1) B*h* A**=2Af, B*h* A>*=2 A f)1/?
< CUIK Il + IF DA™ (go K + K1) B*h* A* 2 Af, A>* B*h* A* 2 A f)|'/?

= CUIK SN+ IS IDVIC + oo f2)] < CUEFI+ ANV AT+ TN/ -

Estimate of || f3||. Wewrite it as

f3 — A2sh*A25—2AA1—4sA4s—lB*f + AQE[B*,h*A25_2A]f .

The first term is estimatedby using the recurrencehypothesisand the fact that H2
implies B* € Y'(A;-1). The secondterm is estimatedby power countingand by
usingthefactthate < 1/4.

Estimate of || f2]|. Wewrite it as
f2 — A72EB*h*A2572AK1f + A72E[K1,B*h*A2£72A]f .

Thefirst termis estimatedusingthe factthat || Ky f|| < C(||K f|| + ||f|]) and power
counting. The secondterm is simply estimatedoy power counting,and the fact that
K, € yl (.A)

Estimate of || f1]|. We usetheexplicit form of K to write f; as
fl — A72EB*h*A2£72AgoKf + A72s[gOXO’B*h*A2572A]f
+ Z(A—2sgoX;k[Xi’B*h*A2s—2A]f + A—2s[goX;=’B*h*A2s—2A]Xif)
=1

=Qk + Qo+ Y_(Qi1 + Qi) -

i=1
Thesetermswill now beestimatedseparately

Term Qk. We noticethatthe operator
A—2EB*h*A25—2AgO
is boundedby power counting.This yieldsthe desiredestimate.

Term Qo. Thistermis boundeddy C|| f|| by powercounting,noticingthatge X, € A.

Term Q;,2. This termcanbe estimatedoy power countingif we expandthe commu-
tatorandusethe estimatg5.16).

Term Q;,1. We useoncemorethetrick thatconsistsof puttingthe X to theleft of f.
We write therefore

Qi = A% go X, BEh*A* 72 AIXF f + A7 % gy [X}[X,, B*h* A2 A]| f .

Thefirst termis estimatedy using(5.16b)andexpandingthe commutatorThesecond
termis estimatedn asimilarway by expandingthedoublecommutatorWe don't write
theresultingtermshere,becauseherearetoo muchof them.They areall boundedby
simplepower countingandby usingLemmab.6. This completeghe proof of estimate
(5.18).
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It is now straightforvardto provethetheoremRecallthat R is thelevel upto which
the A; aredefined We pute = 1/48+1 andwe write:

A fIl = (f, A*72A°f) = D (f, A*2A"Af)
AcA
= D" (1A AF|? + (f, [A*, A%72)Af)) .

AeA

Thefirst termin the sumis boundedy using(5.15),the secondermby simplepower
counting.Thisfinally completegheproof of Theorenb.5. O

We next notea consequencef this theorem,namelya simple criterionto seeif a
guadraticdifferential operatorhascompactresohent. It is an easyillustration of the
techniquehatwill beusedin thesequeto shov that K hascompactesohent.

5.4. Quadmatic differential operators.

Definition 5.8. Anopertor A : D(A) — H is calledaccretiveif it satisfies
Re(f,Af)y >0, foral feD(A).

Anopeinator A is calledquasiaccretiveif thereexistsA € R sudthat A+ )\ isaccretive
It is calledstrictly accretiveif there existsA > 0 sudithat A — X is still accretive

If —A is accretve, A is calleddissipative An operatorA is calledm-accetiveif it
is accretve andif (A4 + \)~! existsfor all A > 0 andsatisfies|(A + )| < AL
Theexpressionsn-dissipatie,quasidissipatie, etc.aredefinedsimilarly in anobvious
way. An equivalentcharacterizatioof m-accretve operatords thatthey areaccretve
with no properaccretve extension.

It is a classicalresult(seee.g. [Dav80]) thatthe quasim-dissipatve operatorsare
preciselythe generator®f quasi-boundedemigroupsAn immediateconsequences
thatif anoperatorA is (quasi)m-accretve (m-dissipatve),its adjoint A* is also(quasi)
m-accretve (m-dissipatve).

Proposition5.9. Let H be a Hilbert spaceand C be a densesubsetof 7. Let
K : D(K) — H bea quasim-accetive (or quasi m-dissipative)opertor and let
A2 : D(A%) — H bea self-adjointpositiveoperator sud thatC C D(A?). Assume
moreover that C is a core for K, that A2 has compactresolventand that there are
constants” > 0 and0 < e < 2 sud that

14 Fl < CUIKFI+NFID - forall fec. (5.20)
ThenK hascompactesolventoo.

Proof. By assumptionthereexists a constantA > 0 suchthat K + A is strictly m-
accretve. Moreover, (5.20)with K replacedy K + A holdsif we changethe constant
C. Since(C is a corefor K, a simple approximationargumentshows that D(K) C
D(A%) andthat(5.20)holdsfor every f € D(K).

Thisimmediatelyimpliesthat( K +\)* (K +)\) hascompactesohent.Since( K +))
is strictly m-accretve, it is invertibleandthe operator

1

(E+0"K+X) =E+NH(E+NT)",
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is compact.Moreover, we know that (K + X)~! is closed,sowe canmake the polar
decomposition

(K+X'=PJ,
with P self-adjointand.J unitary. Thus P? is compactBy the spectratheoremandthe

characterizatiorof compactoperatorsthis immediatelyimplies P compact,andthus
alsoPJ compactThus K hascompactresohent. m]

We now consider = L2(R%) and§ = {\ | A € R}, where[ is the identity
operatoiin H. We definetheformal expressions

.CL‘TZ(.Z'l,... ,.Td),

T = (Bpyy- - 00y) -
Let A : R¢ - R? bealinearmapand
B={b;eR|i=1,...,5}, C={c;eR|i=1,...,t},
two vectorfamilies.Let us considerthe differentialoperatorK definedasthe closure
onCge(RY) of

s t
K== 0lbb]0, +> a"cjcla+ 2" A, . (5.21)
i=1 j=1

We are interestedin giving a geometricalconditionon A, B andC that implies the
compactnessf theresohentof K, andthereforethe discretenessf its spectrumit is
possibleto prove that K is quasim-accretve. Justfollow the proof of PropositionB.3,
replacingG(z) by z7x.

We have thefollowing result.

Proposition5.10. A suficientconditionfor theresolvenf the opertor K definedin
(5.21)to be compacts that the vectorfamilies

UJ@nH's  and J 4aVc (5.22)

N>0 N>0
spanthewholespaceR™.

Remarks.11. Theintuitive meaningof this theoremis thatwe canapply Hérmanders
criterionin bothdirectandFourier spaceto obtainanestimateof the form

IHfIl < CUKFN+ M) H=-070, +2"x. (5.23)

It is well known that H hascompactresolhent.By Proposition5.9, (5.23)impliesthat
K hascompactresohent.
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Proof. We have thefollowing relations:

[:L'TA&E, bTaa:] = Z[xzaz] ;9 bkazk Z bk xz; Zk]alj z

i,k i,4,k
T
=— E brokiaij0r; = —b" A0, ,
.5,k
T T 1 _
[ A0y, c ] = E [7:0i0;, crak] = E %:0i;[0z; , Th]Ck
4,5,k 4,5,k
= E Z;aii0kCr = cTAT g
1,5,k

Wetake gy = 1, sowehave Ay = A_; U{zT 49, }. We constructheremainingA; by
Bi = [:ETAaw,Bi_l].

It is very easyto verify H1 andH2, becausé¢he assumptionsve madeon A, B andC
imply that)! (A) containsevery operatorof theform b7 9, or c*'z. We have morewver

b19,)* = —bvTo, and (Tz)*=clz.

It is well-known thatH3 concerninghe essentiaself-adjointnessf the A2 constructed
in Theorems5.5 holds.Finally, it is straightforvardthat A2 satisfiesA? > CH, where
H isthe“harmonicoscillator” definedin (5.23).

This provesthevalidity of (5.23),andhenceof theassertion. m]

Theinterestedeademayverify thatPropositiorb.10is quite stableunderperturba-
tions.A similarresultindeedstill holdswhenthecoeficientsb; andc; arenotconstants,
but functionsin Fy. Thisis preciselywhatwasprovedin [EPR994.

6. Proof of the Bound in Momentum Space(Proposition 3.8)

This propositionis an applicationof Theorem5.5. It is just a little bit cumbersoméeo
verify the hypothese®f the theorem.In this section,the symbol K will againdenote
the operatordefinedin (3.10).
We choose
§=%o,

whichis simply the setof boundedsmoothfunctionswith all their derivativesbounded.
It is trivial to checkthat § is an algebraof closedoperatorsMoreover, they are all
self-adjoint.We alsodefineD = C§°(X).

In this section,we will first constructa set.4 accordingto the rulesexplainedin
Sect.5. Thenwe will checkthat H1-H3 are indeedsatisfied,so we will be ableto
apply Theorem5.5. Thiswill prove Proposition3.8 almostimmediately

Beforewe startthis program,we write down onceagainthe definition of Xy, asit
will beusedrepeatedithroughouthis section:

Xo = TLapo +br(rL — A3q0)0n, TRapN + br(TR — ARaN)Org
_sz q,_ Qz Di +Z‘f2 qz 8 _6Pi—1)_aK-
=0 i=1
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6.1. Definition of A. We choosean exponenta: < —3/2 — ¢/(2m) andwe let gy be
the operatorof multiplication by G¢. It is clearthat g is self-adjointand positive.
Moreover, we recallthat

[Xo,G%] = aG"‘G_l[XO,G] € Fo,
andsowe have [ Xy, go] € §. ThesetAy is definedas
Ag = {CLam, CRarR, GaXO} uUA )

with
A= {ar(rr — A\Lq0), ar(rr — Xpan)} -

Beforewe definethesetsA;, weneedafew functions.Leti > 0 beanaturainumber
ThefunctionsVIE’) andV,%’) aredefinedrespectiely by

Vil (@) = V3 @)Vs' (@) - V3 (@)
V@) = Vi (@nra) -+ - V3 (v 1)Va' (@) -

It is usefulto noticethat

0, ifj>i
- (V3"(@) ) NV @), ifj=0

(1) (= _
8QjVL (q) - ( ( 1)V£Z) ((’j) , |f J _ Z ,
(V3" (@) Vs (@)~ — (Qz+1)V2 (Gig1)~ 1)V'L(i)(cf) , otherwise.

(6.1)

Therearesymmetricrelationsfor the derivativesof v,g” . At this point, we useassump-
tion A3 to write

Vi@ = L @V" @) fij € Famoave 6.2)
Thisimplies
G Xo, Vi () G"ZpJfUV(z)) V@, fies. (63
7=0

becausef Propositiond.1andby thechoicea < —3/2—£/(2m). Moreover, we notice
that

G2iav}gl) € S,

still becausef Propositiond.1. Onemorething we have to remembeis (4.10),which
impliesfor examplethatthereexistsafunction f, € § suchthat

[G“X,,GP) = BfoGP, forary BER.

We arenow readyto completethe constructiorof A.
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6.1.1.Definition of A; and . A,. We verify thatin the caseof our model,we canfind
functionsfp and fx g in (5.9) suchthat

AI\AO = {Gaapo’ GaapN} ,
A2\ A1 = {G?*8y,, G**Oyy } -
Consideringheelementof 4;, we seethatit is indeedpossibleto write
G*0p, = c;'[G*Xo,c1.0r, ] — G 1(0,G)G*Xo + G*b1.0y,

and a similar relation concerningG®d,,,. The operatorsG—*(8,, G) and G®brc;"
belongto §, sowe succeedetb construct4; accordingo (5.9).
Let usnow focusontheelementf A4,. We canwrite
G?*0,, = [G*Xo,G%0p,] — G H(8p, G)G* X — afoG*Dp,

andanequialentexpressiorat the otherendof thechain.SinceG*~*(9,,G) € § and
fo € §, wesucceedetb construct4, accordingto (5.9).

6.1.2.Definitionof As;_1 and Ay;. Fori > 1, thesesetsaredefinedby

Asi1\ Aoz = {GETDV D0, GO0,y

Api\Asi—1 = {GCHDV o, GV, ).
We repeatthis constructionuntil i = N — 1, i.e. we do not stopat the middle of the
chain,but we go on until we reachthe otherend.We wantto checkthatthesesetswere

constructediccordingo (5.9).In fact,wewill seethatary elementd4 of A4;\.A4;_1 with
Jj > 2 canbewrittenas

A=[G*X,,B]+D, BeAj_1, DeY'(Aj_1). (6.4)

We will verify thisonly for 2 < i < N — 2. We let thereaderverify that(6.4) is also
valid for theremainingsets.

Let usfirsttake j = 2 — 1 andA = G2i+Day9g  We choose
B = G2iaV£i_1)8qi_1 € .Ajfl
andwrite
(G X0, B] = fim1GPV V0, _, — GPevTVG (9, ,6)G X
+2iafoB + GEHVV VX0, 8,,_,] .

Thefirst threetermsbelongto V! (As; ») andcanthusbe absorbednto D. Thelast
termcanbewritten as
G(2i+1)av£i_1) [XO, 8%_1] —
G2 (V' (giz1) + V3 (@) + V3 (G-1)) G0V Vg,
+ G4aV2//(q)V2u(q)G(2i—3)aVI(/Z*2)8pi_2 + G(2i+1)aV£Z)6pi .

Thefirst two termsalsobelongto V! (A2;_»), sothey canbeabsorbednto D aswell.
Theremainingtermis

Gy, = A,
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thuswe have verifiedthat A canbewritten asin (6.4). The procedureo getthe sym-
metrictermfrom the otherendof the chainis similar.
We take now j = 2i andA = G@i+2ay D4, Wechoose
B =Gy, € y'(A4;_,)
andwrite
[G*Xo, B] = Gy g, + gCHIyDG-1(5,.0)G* X,
+ (20 + DafoB + Gy lly

Thefirst threetermsbelongto V! (As; ;) andcanbeabsorbednto D, sowe verified
thatevery elementof .4 canindeedbewrittenasin (5.9).

6.2. Verificationof thehypotheseandproof. In orderto beableto apply Theorenb.5,
we verify the hypothese$i1-H3.

\erificationof H2. We wantto checkthatA € A; implies A* € Y*(A;). By Proposi-
tion 4.1, we caneasilyverify that.4\.A C £y. But we know that

AeLo=>A"=—A+yg,
andsoH2 holdsfor A\.A. Theelementof A beingself-adjoint,H2 holdstrivially.

\erificationof H3. Theoperator4? canbewritten as

A2 =— Z@iaij (Z’)aj + V(.’L’) .
.7-7‘

It is well-known thatif a;; and V" aresufiiciently nice, suchoperatorsare essentially
self-adjointon C§°(X) (seee.qg. [Agm82, Thm. 3.2]).

\erificationof H1. Letusdefinefy C £ asthesetof first-orderdifferentialoperators
with coeficientsin Fy. We first verify that

AeA, feg = [AfleF.

Thisis trivial, noticingthat A C £o U.A and[£0,J] = [A, §] = {0}.
We now verify that
Ae A = A eY'(A).

This is alsotrivial, becaused € £y = A* = —A + g, with g € F,. Moreover, the
elementf A areself-adjoint.
Finally, we wantto verify that

ABeA = [ABleY'(A).

Thisis alittle bit longerto verify.

Concerninghecommutator®f the elementsf 4 with the otherelementsf A, the
statemenfollows easilyfrom thefactthatif ' : R® — RislinearandA € £, then
[A,F] € Fo = §. Moreover, the commutatorbetweentwo multiplication operators
vanishes.
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Concerninghe commutatordetweerthe 9, andthe otherelementsyve noticethat
they commutewith thefunctionsVL(’) (@) andvlg’) (g). Moreover, we have for example

[0r,G" =v(G'[0,,,G])G", if y€ER,

andG~1[9,, , G] belonggo §. It is straightforvardto verify thatthisimpliesthedesired
statement.

Concerninghe commutatorof G* X with the otherelementf A, the statement
has alreadybeenverified by the constructionof A for every operatoy but thosein
Aan_2\A2n_3. Theseoperatorsareof theform

ay/(N-
A=y g,

andasimilartermattheotherendof thechain.We canmake acomputationvery similar
to the onewe madewhenwe constructedA,;_ 1, to show that

[G*Xo, A] = GENtVayNg Lo, CeYY(A).

But G2VeV{") € F, s0[G*X,, A] € Y'(A). It remainsthereforeonly to verify the
statemenfor commutatorbetweerelementf 4\ 4. We candivide thesecommuta-
torsin threeclasses.

Both opemtors containa d,. We noticethat theseoperatorscanall be written in the
form G*W;(q)0,; . Thecommutatobetweertwo suchelementss givenby

[Gai Wz (Q)api ) G Wj (q)apg] = G_l (api G)Gai Wi(q)Gaj Wj (q)apj
— G710y, G)GY W ()G Wi(q) Dy -
Bothtermsbelongto V' (A), becaus&r=1(9,G) € 3.
Oneoperator containsa d,, onecontainsa d,. Let us computethe commutatorbe-

tweenG2i+2ey Vg andG@itDey g, wWe have

G0, GO, ] - GO 0, GGG,
+ G(%H)‘?‘VL(Z) Dy, G)G™1 G(2%+2)aVI€z)3qi
+ G2iaVl€1) GzafijG(2j+1)aV£J) 6pj .

All thosetermsbelongto V! (A). The computatioris similarif we take for example
Geiay Py,

insteadof Gi+1ey g, .

Both operators containa d,. The computationis similar to the precedingcaseandis
left to thereader
It is now easyto give the
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Proof of Proposition3.8. We have just verified thatthe hypothesesf Theoremb.5are
satisfiedWe applyit, sowe have theestimate

1Al < CUK A+ 1I£1)

whereA is givenby
A=1+) A*A.

It is easyto seethat A hasexactly the form (3.12). This completeghe proof of Propo-
sition 3.8. m]

7. Proof of Theorem 3.6

It is now possibleto prove thatthe operatorK hascompactesohent,which is oneof
themainresultsof this paper Beforewe startthe proofitself, we needtwo preliminary
results.Thefirst onestates

Lemma7.1. Let A betheclosurein L2(R™) of the opefator actingon C§° (R™) as
N
A= "LiLi+ao,
i=1
whete the L; are smoothvectorfieldswith boundedcoeficientsspanningR™ at every
pointandag is a smoothpositivefunction.
LetV : R®™ — R™ beacontinuoudunctionsuc thatfor everyconstanC > 0, there
existsa compactK~ C R™ with the propertythat V(z) > C for everyz € R™"\ K¢.

We moreover assumehat V (z) > 1. Definethe operator H asthe closuein L2(R™)
of theopemator actingon f € C§°(R") as

(Hf)(z) = (Af)(2) + V(@) f(2) -

Thentheopemator H is self-adjoint.
Supposé’ andthe L; are suc that thefunction

N
200V + 3 (L + Lo lLi, V] = [Las (2, V1)) (1)

=1
is bounded\We thenhavethe estimate
([LHf) < (LA + (VN +CHLH ), 0<e<l, (7.2)
which holdsfor any f € C§°(R™).

Proof. The resultconcerninghe self-adjointnessf H andof A is classicalwe will
notproveit here.Theinterestedeadercanfind a proofin [Agm82, Thm. 3.2].

We usethefactthatif T is a strictly positive self-adjointoperatoranda =1 — ¢ €
(0,1), we canwrite

T—a — Ca/ z—a(z + T)—l dz | C, = Sln(Wa) ’
0

™
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C/ z+T

Moreover, acoreof T is againacoreof T, so(7.2) makessenseFor a proof of these
statementssee[Kat80, §V.3]. This allows usto write inequality(7.2) as

/Ong1<f7if>dz§
/0 61<f, ~f>dz+/ooz5‘1<f,z+LVf>dz (7.3)

+C/Oooz5_1<f,z+;Hf>dz

In orderto prove (7.3), let usfirst shaw thatthe operatorAV + V' A is lower bounded.
Thisis animmediateconsequencef (7.1) andthe equality

LiL;V +VL;L; =2L;VL; + (L; + L})[L;, V] — [Li,[Li, V]]

andthus

which is easily verified, usingthe factthat L; + L7 is simply a function. Therefore,
thereexistsa constantC' > 0 suchthat

(9,(AV +VA)g) + C{g,9) >0, VgeCFR™).
SinceH > 1 in thesenseof quadratidorms,we find

(9,(AV +VA)g) + Clg,(z+ H)g) >0,

which holdsfor every z > 0. SinceA and V' arepositive self-adjointoperatorsthis
immediatelyimplies
(9 VAJ@ + (9, ALAg> + (g, (AV + VA)g) + C{g, (z + H)g) 2 0.
24+ A +V -
(7.4)
We caneasilycheckthefollowing identities:
VAz+A) W+ AV = 2+ H)A(z + A) 1V,
AV z+ V) TA+VA=(z+H)A(z+ V) A.
Insertingthisin (7.4), we get
(9. z + H)(A(z+ A)7'V + V(2 + V) A)g) + C{g, (z + H)g) > 0,
andthus

(9. (= + H)Hg) < (g, (z + H)(H :{—A~z+A~)*1V
+V(2+V) ' 4)g) + Clg, (z + H)g) .

We cancheckthe equalities
Az4+ AW+ A=A(z+ A2+ H),
Ve+V) A4V =V(z+V)~

®
+
T
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which allow usto write
{9:(z + H)Hg) < {(z+ H)g, (A(z + A)* + V(2 + V)7') (2 + H)g)
+C{g, (2 + H)g) -
Letusdefinef = (2 + H)g. Thisimmediatelyyieldsthe estimate
H A 1% 1
(g 0) < (& —Z+A~f> (b ) +o(h =) @9

which holdsfor ary f in W = (2 + H)C§°(R™). But we know thatCe (R™) is acore
for H, thereforelV is densein L2(R™). Sincethe operatorsappearingn (7.5) areall
boundedtheinequality(7.5) holdsfor every f € L%(R™) andthusin particularalsofor
f € C§°(R™). Thisimpliesthewantedestimate(7.3). O

Thesecondesultwe wantto useis

Proposition7.2. Let A, V and H beasin Lemma7.1. ThenH hascompactesolvent.
Proof We know thatA is a positive self-adjointoperatoy so
T=(A+1)"!

existsand||T|| < 1. The proof of compactness a modificationof the standardproof
of thesametheoremwith A replacedby thetrue LaplacianA, which canbefounde.g.
in [Agm82]. It is basedon the factthatif x is a function with compactsupport,then
themultiplicationoperatory is relatively compacwith respecto A. We wantto prove
thatx7" is acompaciperatori.e. thatthe closureof

Y={xTf|feC"R") and [f|l<1}

is compact.
Let usdefineXC = suppy. By hypothesisK is compact.Moreover, we haveY C
C&°(K). It is well-known thatif X is acompactdomainof R™, thenthe set

{ueCFK) | llull <15 (u, Au) < 1}
is compact(seee.g. [RS8Q Thm. XIII.73]). ThisimpliesthatY is compactf we are
ableto prove that thereare strictly positive constants:, ¢; andc; suchthatu € Y
implies
Jull < e and  (u,Au) <cs .
We take ary elementu in Y andwrite it asu = xT'f. We have
lull < Illoo ITIIFIN < 1 -

Recallthatwe assumedhevectorfields L; appearingn theconstructiorof A spanR™
atary pointandthatag is astrictly positive function. Togethemwith the compactnessf
the supportof u, thisimpliesthatthereareconstants” andk; suchthat

|(u, Au)| < Cl{u, Au)| = Cl{u, AXT )| < Cllullll AXT /|

- . . 7.6
< CIXAT fll + CIA XIT A1l < ky + ClIA, XIT Al (70
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wherethe lastinequalityis a consequencef T = (1 + A)~!. We thereforeonly need
to boundtheterm containingthe commutatoiof A andy. Explicit calculationyields

[A,x] = Z(_2[LiaX]Li + [Li, [Li, X]] + (L} + Li)[LiaX]) = ZmLi + 70

i=1

wherethen; areboundedunctionswith suppn; C K. Sotheonly termsthatremainto
beboundedareof theform ||n; L;T f||. As n; is boundedit is enoughto bound||L; T f||.
We have

ILTFI2 = (Tf, LT f) < (Tf, ATF) < | fII? . (7.7)

This completeghe proof of the statemenabouttherelative compactnessf .

Thisimpliesthatwe canaddto H ary functionwith compacsupporwithoutchang-
ing its essentiakpectrum(see[RS8Q Thm. XIl1.14]). But the assumptiorwe made
concerningl’ andthe positivity of A imply thatfor ary constantC, we canraisethe
spectrumof H + x above C by takingfor x asmoothfunctionsatisfying

| C zeKc )
x(@) = { 0 d(z,Keo) > 1.

Thereforetheessentiabpectrunof H is emptyandthus H hascompactesohent. O
It is now easyto give the

Proof of Theoem3.6. By Proposition3.7 and 3.8, we canchoosea constant: small
enoughto have, for every f € C§°(X), theestimate

1A FI < CUKFII+I1£) and (IGFIl < CUKFIL+(I£1) -
We moreover define
H=A+G. (7.8)

By theproofof Propositior3.8,we seethattheassumptionsf Lemma?.1laresatisfied.
We canthuswrite

IHFIIP = (f, H* f) = (£, (A+ G)* f) < {f, A% f) + {£,G* ) + CIIfII?
< |A%FIP +IGEFI1P + CIIFI? < CUIE AN+ 1F1D? -

Because is confining, we can apply Proposition7.2 to seethat H, and therefore
alsoH¢, have compactresohent. ThereforeCorollary 5.9 applies,shoving that K has
compactesohent. ]

Remark7.3. The proof still works underslightly wealer assumptionsThe coupling
betweertheendsof thechainandtheheatbathsdoesnothave to beof thedipolartype.
It is enoughfor examplethat F, and Fr belongto someF; with § < n. Moreover,
thepotentialsV; andV,; canbedifferentfor eachparticle.We only have to imposethat
assumption&\1-A3 canbesatisfiedor every particlewith the sameconstantg, m and
n.
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Remark7.4. Throughoutthis paper we restrictedoursehes to the one-dimensional
casej.e. eachparticlehadonly onedegreeof freedom It is notvery hardto generalize
the resultsof this paperto the d-dimensionalcase.lt is straightforwardto generalize
assumption®\1 andA2, whereV"’ is now a vector In assumptiorA3, the inverseof
V,' hasto be readasthe inversematrix. A matrix or vectorvaluedfunctionis saidto
belongto Fj if eachof its componentdelongto Fz.

The only point that could causesometroubleis the expression(6.1), becausehe

V3'(g;) arenow matriceswhich do not commute sothe expressiorfor 9, VL(i) (q) will
shawv termsof theform

V' (@)V2' (Gi1) - VB (@) - VR (@)
whereV," is atrilinearform. Suchatermcanbewritten as
V3 @)V3' @imr) - V3" @)VS @) T V@) T

If we wantto getexpressionsimilar to (6.2) and(6.3), we have to make |«| very big
(of theorderof ), but thisis nota problem.

Remark7.5. One importantassumptiorwas thatm > n, in otherwords, the inter-
particle couplingis strongerat infinity thanthe single particle potential.If this is not
satisfied,our proof doesnot work. Therecould be somephysicalreasonbehindthis.
If a stationarystateexists, this meansthatevenif the chainis in a stateof very high
enepgy, the meantime to reacha region with low enepy is finite (seee.g. [Has8Q).
But if m < n, therelative strengthof the couplingversusthe one-bodypotentialgoes
to zeroat high enegy. The consequences thatthereis almostno enegy transmitted
betweenparticles.Sincethe only pointswheredissipationoccursare the endsof the
chain,we seethatthe higherthe enegy of the chainis, the slower this enegy will be
dissipatedProbablythis is not suflicient to destry the existenceof a stationarystate,
but it could explain why the proof doesnot work in this situation.It is even possible
thatthis phenomenonlestrys the compactnessf theresohentof K.

8. The Invariant Measure

This sectionis devotedto theproofof Theoren3.9. Throughouthis sectionwe denote
by 7 the semigroupgeneratedy the systemof stochastidifferentialequationg3.7).
We alsoassumeahat A1-A3 are satisfied,so Proposition3.7 and 3.8 hold, aswell as
Theorem3.6. The proof of Theorem3.9 is divided into three separatepropositions,
shawing respectiely thefollowing propertiesof theinvariantmeasureu:

(i) Existenceandsmoothness.
(iiy Decayproperties.
(i) Uniguenesandstrict positivity.

Proposition8.1. If AssumptionsA1-A3 are satisfied,the Markov processgiven by
(3.7) possessean invariant measue u. It hasa densityh, which is a C* function
onR2NV+4,

Proof. By Theorem3.6,we know that K hascompactresolent. Thisimpliesalsothe
compactnessf the resohentof Ly, andthusof Lg. SinceG grows algebraicallyat
infinity, we seethat the constantfunction 1 belongsto Ho. Moreover, we notice that
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Lyl = 0, thusthe operatorL, hasan eigervalue0, which is isolatedbecausef the
compactnessf its resohent. Thisin turnimpliesthat L§ alsohasanisolatedeigervalue
0. We denotethecorrespondingigervectorby g andnormalizeit sothat(g, 1)3;, = 1.
SinceLs is hypoelliptic,g mustbeC>.

Assuméfirstthatg > 0. We thendefine

h(p,q,v) = Z5 ' g(p, q,7)e 2, (8.1)

whereZ, is the normalizationconstan@appearingn thedefinitionof Hy. Setu(dz) =
h(z) dz; we wantto checkthat i is the invariantmeasurewe arelooking for. Notice
thatu(dz) is aprobabilitymeasurédecause

/ﬂ(dw) =7 /efwoc(””)g(w) de = (g, 1), = 1.

Let A be a Borel setof R*¥**. Thenthe characteristidunction y 4 of A belongsto
Ho. We have

((T)"u)(A4) = / (Ttxa) (@) p(de) = 75! / ¢ 2806 g () (Ttx.4) (2) de

=2y [ O (7)) @)xa ) do = ().

thusy is aninvariantmeasurdor the Markov processiefinedby (3.7).
Theamgumentshaving thatit wasindeedjustifiedto assumey positive canbetaken
overfrom [EPR99aProp.3.6]. ]

We next turnto thedecaypropertief theinvariantmeasures. We first introducea
corvenientfamily of Hilbert spaces.

Definition 8.2. Choosey € R. We definethe Hilbert spacelv (") as
WO = 12(x, G*(z) dx) = D(GY) .

We will denoteby (-, -)(,) and|| - ||, the correspondingscalar productand norm.\\e
alsodefine

Wi = m wo

v>0

which is the setof all functionsthat decayat infinity fasterthanany polynomial.

We alreadyknow thath is aC® function,sowe wantto shav thatit is possibleto
write

h,(p, q, 7') - E(p7 q, T)e—ﬁoG(Pﬂlﬂ‘) , iL € W(oo) ]

The function 2 beingan eigenfunctionof the operatork’, the decaypropertiesof the
invariantmeasurerea consequencef thefollowing result.

Proposition 8.3. Theeigenfunctionof K and K* belongto C*°(X) N W (),
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Wewill shav Propositior8.3only for theeigenfunctionsf K. It is asimpleexercise
left to the readerto retracethe proof for the eigenfunctionof K*. We alreadyknow
that K and K* arehypoelliptic,sotheir eigenfunctiondelongto C>°(X). It remaingo
be proventhatthey alsobelongto T (%),

To provethepropositionwe will shov theimplication

few® and Kfew® = fewOte), (8.2)

which immediatelyimplies that the eigervectorsof K belongto W (). For this pur-
pose we introducethefamily of operatorsk, definedby

K, :D(K,) - W
f =Kf,

whereD(K,) is givenby
DK, ={feW | KfewD}.

TheexpressionK f hasto beunderstoodn the senseof distributions.
We have thefollowing preliminaryresult.

Lemma8.4. Cg°(X) is a corefor K.

Proof. The proof usesthe tools developedin Appendix B andis postponedo Ap-
pendixC. O

Thekey lemmafor the proof of Proposition8.3is thefollowing.

Lemma8.5. Theeareane > 0 andconstanty, > 0 sud thatfor everyy > 0 and
everyu € D(K,), therelation

1G=ull?,y < Cy (1Kullf,y + llull?,) (8.3)
holds.

Proof. Sincewe know thatCg° (X)) is a corefor K,,, it sufficesto show (8.3) for v €
C§°(X). Let L be the first-orderdifferential operatorassociatedo a divergence-free
vectorfield. Thenwe havefor f, g € C§°,

(L1, 9)(y) = =(f, LG*g) = —(f,G*" Lg) — 24{f,G*"G ' (LG)g)
= —(f,Lg)(y) — 27(f, G (LG)g)(~) -
We write this symbolicallyas

LY =—L,—27G"(LG) .
We canusethelatterequalityto shov thatthereareconstant&g,l) andcgf) suchthat

L))+ (L%)? A
)l ;( ) = L1L, + VG2 (LG)* + PG LPG) .
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Usingthe explicit form of K, thisin turnyieldsthe usefulrelation
Re(u, Ku)(y) =i [|0n ull?,) + chllOmull?,)

+aill(r = Argo)ullty) + akll(re — Aran)ulll) + (u, fru)y) .
(8.4)

where fi is someboundedunction.
We now havethetoolsto provethevalidity of (8.3).We useProposition3.7 to write

[ullfy4e) = IG=GTull* < CUIKG ul]” + |G7ul?)
< C(IG"Ku| + ||[K, G™]ul” + |G ul?) -
An explicit computatioryields
[K,G"lu=G"(fL0r, + fROm + fo)u,
for somesmoothboundedunctionsfr, fg and fo. We arethusableto write
lullfy ey < CUIEullyy + llullfy) + L llOnullf,) + ckllomullf,) - (8.5)
Using(8.4), we canwrite
L l0nullf,) + cRllOmulll,) < IRe(u, Ku)ey| + Cllullf,)
< C(IKullyy + llullf,)) -
This, togethemwith (8.5),completeshe proof of theassertion. ]

Proof of Proposition8.3. Lemmasg.5 immediatelyshavs that D(K.,) ¢ W+ for
every~y > (. This provestheassertiorn(8.2).

Let f be an eigenfunctionof K. We know that f € L?(X) and,becausst is an
eigervectorof K, wehave K f € L2. Thus,by (8.2), f € W(¢), Of courseK f € W)
aswell, so f € W), This canbe continuedad infinitum, andsowe have f € W (),
whichis thedesiredresult. O

Finally, we wantto show the strict positivity and the uniquenes®f the invariant
measureThe proof of this resultwill only be sketchedasit simply retraceghe proof
of Theorem3.6in [EPR994.

Proposition 8.6. Thedensityh of theinvariantmeasue y is a strictly positivefunction.
Moreover, theinvariant measue is unique

Sletdh of proof. Theideais to shaw thatthecontrolsystemassociatedvith thestochas-
tic differentialequation(3.7)is stronglycompletelycontrollable Thismeanghat,given
aninitial conditionzg, atime r andanendpointz.., it is possibleto find arealizationof
theWienerprocessv suchthat{(r; zo, w) = z,. Themainassumptiomeededo shov
thatis thatthe gradientof the two-bodypotentialis a diffeomorphismThis is ensured
by assumptiorA3.

The consequencks that,for everytime 7, every initial conditionzy andevery open
setU, thetransitionprobability P(r, zo, U) is strictly positive. Becauseu is invariant,
we have

wU) = /P(t,m,U)u(dx) >0.

Thisimpliesthestrictpositiity of . Uniquenessollowsfrom anelementarngergodicity
argument. O
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A. Proofof Lemma5.6

Throughoutthis appendix,we will make useof the samenotationsasin Sect.5, i.e.
H = L2(R™), D = C$°(R™) and® is the setof differential operatorswith smooth
coeficients.

Moreover, A denotesomefinite subsebf ® andis identifiedwith closedoperators
on?. TheoperatorA? is definedas

A2=1+ ) A"A. (A.1)
AcA

We will moreorer assumehatH1 andH3 concerning4 and§ holds,i.e. A,B € A
andf € Fimply

[A,B]e V'(A), A* eV (A, [AfleF. (A.2)
In orderto preparethe proof of Lemmab.6, we needa few auxiliary results.

LemmaA.l. Let A, §, D and A be as above and assumeH1 and H3 hold. Then,if
A € YL(A), theopertor AA™7 is bounded.

The proof of thislemmawill beaconsequencef

LemmaA.2. Let A, §, D and A be as above and assumeH1 and H3 hold. Then,if
A;, As € A, theopemtors A; A~! and A; A, A~2 are bounded.

Proof. Let usshaw first that A; A~! is boundedSinceD is a corefor A, it sufiicesto
show thatthereis a constantC suchthat

lALfII2 < Cl|AfI?2  VfeD.

Thisis animmediateconsequencef

IAFIP = A2+ D AP

AcA

In orderto show that A; A> A~2 is boundedwe will show thatthereareconstants and
C suchthat

4142 f|* < ClIA%f + (1 = DI? . (A.3)

We canwrite thefollowing equality:

(4 = 1) f +7fII> =2 IfI” +2r D IIAfIP+ D (f,A*AB*Bf)

AcA A,BeA
=T\ fI7+27 ) IAfIP
AcA
+ > (IABfI? + (f,[A*A, B*]B)) .

A,BEA
We canwrite the operatoiinterveningin thelasttermas

[A*A, B*|B = A*[A, B*]B + [B, A" AB .



52 J.-P EckmannM. Hairer

Becausef H1, thisimpliesthattherearepositive constant¥” 4 g suchthat

1A = 1) f +7fI1P > IFIP+2r D0 NASIP+ D IBCSIP

AcA B,CeA
- Y CasclAflIBCS -
A,B,CeA
If we usenow )
2;vy§a:2s2+g;—2 z,y>0,5s>0,

we seethatwe canchooser big enoughto have
1 1
2 2 2 2 2 2
I =1 f + 7717 = ISP + 5 X0 AP +5 Y IBCAP.
AcA B,CEA
Thisimmediatelyimplies (A.3). m]
Thislemmacannow beusedto prove LemmaA.1.

Proof of LemmaA.1. We wantto shav that A € Y% (A) implies AA~* bounded We

alreadytreatedthecases = 1 andi = 2. For the othercasesye proceedy induction.

Letusfix 5 > 2 andassumeheassertiorhasbeenprovedfor i < j. Thentheoperators
of theform

AgAg - AjATT A e A, (A.4)
areboundedWe distinguishtwo cases.
7 = 2n. We write the operatorof (A.4) as
Ay Ag A2 AZAAgA - AP Ay, s Ap, AT
We shaw thatoperatorof theform
AP 2ABAT*™ A Be A, m<n,
areboundedWe write
AP2ABAT?™ = ABA™2 4 [A?™2 AB]A-Cm-1 AL

Thefirst termis boundedoy LemmaA.2. The secondermis boundedby noticing
that[4?™~2, AB] € V2™ (A) andusingtheinductionhypothesis.
7 = 2n + 1. Wewrite theoperatorof (A.4) as

A1 AgA 2 A2 A A AP Ay AL

The first termsare boundedexactly the sameway as before.Concerningthe last
term,we have

A2nA2n+1A_2n_1 — A2n+lA_1 + [A2n,A2n+1]A_2n/1_1 ,

which is boundedby LemmaA.2 andthe induction hypothesisnoticing that the
commutatoibelongsto Y27 (A).

This completeghe proof of thelemma. m]
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We needanotherresultfrom [EPR994.

LemmaA.3. Let{A(2)} C B(H) beafamilyof uniformlyboundedpermators, A > 1
a self-adjointoperator andlet F'(), z) bea real, positiveboundedunction.Then

/A F(A,2)f dz

< supll 4G 11 / SWF(\2)ds, VI EH.
(A.5)

If furthermoe A = A(z) is independentf z, onehasthebound

/OOAF(A,z)fdz

SIIAIIIIfllsup/ Fn2)dz, YfeH. (AB)

LemmaA.4. LetA, § and A beasaboveandassumedl andH3 hold.If X € yg( ),
thentheoperators
APX A with f4+y< —j
are bounded. ,
IfY € Lissuhthat[Y, A’] € V{(A), thenthe opemtors
AP[A% YA with a4+ B8+y<2—3j

are bounded.
If X,Y € £ aresud that

(X, A% € Yi(A) . [V,A%] € VE(A) and [[42,X],Y] € Yit2* (L),
thentheoperators
AP[A%, X],Y]AY with a+B+y<4—j—k
are bounded.
Proof. Letusprovethefirst assertionThecasey = 0 is handledby noticingthat
APX = AP+ (X* A7)

and that both operatorsof the latter productare boundedby LemmaA.1. The case
B8 = 0 is handledn the sameway by consideringhe adjoint.

The proof for the other casedollows exactly [EPR994. We will demonstratéhe
techniquesnvolved by proving the third assertionassumingthe first two assertions
hold. The secondassertiorcanbe provedin a similar way without usingthethird one.

We will firstassumehata € (—2,0). In this case we canwrite (seee.g. [Kat80,
§V.3.11))

sin(ra/2)

AY = ca/ 222z + A Vdz,  C,=- (A7)
0

We noticemoreoverthatit is possibleto write
[(z +A) 7L, X], Y] = (2 + A%)7H[A2, X], Y] (2 + A7) 71
+ (2 + A7) THA?, X](2 + A1) THA Y (2 + A7)
+ (2 4+ A2)THAL Y)(2 + A7) A%, X (2 + A%
(A.8)

If we substitutethe expression(A.7) in A8 [[4%, X],Y] A" anduse(A.8), we getthree
terms,whichwe call Ty, T, andT3, andwhichwill beestimatedseparately
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TermT;. Thistermis givenby

T1:Ca/ 2/2
0

We defineB = [[AQ,X],Y] € YItk=2(A) andwrite

A
A2
5 dz + Cq / AQ[ ](z+A2)2dz

A A7
A2 [[A2,X],Y] m dz .

Ty :Ca/ 2P APB——
= C (T11 + T12) .

(= +

ThetermTy, is estimatedy writing, for ary f € H,

_ oo AVHB+i+k—2
_ | s8ps2-i-ts a/2

(|71 f1] HA BA /0 2 (z + A2)2 fdz

2)\7+,6+j+k—2

< ABBA?T—F=B] su Ooza/ dz
<A I NSO (z + 22)2
] %) \o+r+B+j+k—4
= ABBA2—i—k=B|| sy so/22 e
Il | sup TS

Sincetheassumptioryields B € Yi+k=2(4), thenormis boundedTheintegralis also
boundedoecauseby assumptionwe havea +v + 8 <4 — j — k.

To boundTy,, we obsene that [A2, B] € YiT*~1(A). Using (A.6), we find the
bound

AY+HB+i+Ek=3

T = ” BA37j*k757 d
el = [ ] —— »
NV HB+j+k—3
< A2 A3 j—k—pB / a/2 .
<l j";pH |, = s

This expressioris boundedvhena + 8 +v <4 — j — k anda € (—2,0). Thiscanbe
seerby makingasbeforethe substitutionz — A2s.
Beforewe go on, we introducethe notationA, = (z + A2)~!

TermT». Thistermis givenby

1 AY
af2
T2 C / Z+A2 Z+A2BZ+A2dZ’

wherewe defined
A=[A%2,X] and B=[4%Y].

Since[A,, B] = A,[B, A?]A,, thetermappearingindertheintegral canbewritten as
APALAN,BA,AY = APALABA2AY + APALAAL[B, A2]A2A7 .
Accordingto this,thetermT5 is split into two termsT»; andT»2. We have
Ao+B+r+i+k—4

Tor fI| < |If]| sup|lA®A, ABA-B—I~F /Oosa“su — Tz ds.
T 51 < 151 sup]| 4%, R
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The integral is boundedby hypothesis.The norm is also bounded,becauseAB €
Yitk(A). For theseconderm,we have

) o zat+B+y+itk—4
oo 11l < II£] sup||A5AyAAy[A2,B]A*B*J*’“||/ sl supt T g
y>0 0 A>1 (s+1)

Thisis boundedn thesamefashion noticingthat

sup|| 4% 4y A4y [4%, B]A™0777¥|| < sup | 474, AA0 7|
y>0 z>0

X sup
y>0

AItHB—2 (A2, B]A—B—j—k

y+A°

TermT3;. It canbeboundedn thesameway asTs, by symmetry
We now have to checkthe assertiorfor the othervaluesof a. If « = 0 ora = 2, it
holdstrivially. For a > 0, we proceedy induction,usingthe equality

[[A%+2, X],Y] = A2[[4%, X], Y] + A%[[42, X], Y] (A9)
+ (4%, VI, X] + [A2,Y][4%, X] |

For o = —2, theassertions provedusingequality(A.8) with 2 = 0. Fora < —2, we
alsoproceedyy induction,using(A.9) with 2 replacedy —2. Thiscompletegheproof
of Lemmab.6. m]

B. Proof of Proposition 2.4

PropositionB.1. T*, as definedin (2.10), extends uniquely to a quasi-bounded
strongly continuoussemigoupon L2(X, dz). Its genertor L actslike £ on functions
in C§e(X).

Proof. Seetheproofof LemmaA.1in [EPR99& ]

We now turn to the questionof the domainof the generatot.. Recallthat £ is the
setof all formal expression®f theform

Zal(m)Dl , k>0, aeC®R™).
1<k

To ary elementL € £ having the above form, we associatéts formal adjoint L* € £
in an obviousway. In the sequelthe notation(f, g} will be usedto denotethe scalar
productin L2 if f, g € L? andtheevaluationf(g) if f is adistributionandg € C§°(R™).
We hopethis slightambiguitywill notbetoo misleading.

We associatéo every L € £ theoperatorTy, : D(Ty,) — L2(R™) by

(Tof)(z) = Lf(z) and D(Tp) ={f€eL®|Lfel’},
whereL f hasto be understoodn the senseof distributions,i.e.

(Lf)(g) = f(L*g) forall geC{(R™).
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We alsodefinethe operatorSy, : D(S) — L2(R™) by

SL:TLFCSO.

The operatorsTy, and Sy, are usually called the minimal operator and the maximal
opefator constructedrom the formal operator L. The following resultis classical so
we do not give its proofhere:

PropositionB.2. For every L € £, wehaveT} = Sp- andS} = T¢-. In particular,
this showsthat 77, is closed. m]

We prove now the quasim-dissipatvity of S:. We define

M
EE,C—Z’Y,'—]..
i=1

By definition,if S is strictly m-dissipatve, S, is quasim-dissipatie. It is well-known
thatanequivalentcharacterizatioof strictm-dissipatvity is that

(a) Sy is strictly dissipatve and

(b) RanggS;) = H.

Proposition B.3. AssumeA0 holds.ThenS is strictly m-dissipative

RemarkB.4. It is clearthatthe statemenholdsif we considerthe minimal operatorin
L2(K, dz), whereK is somecompactdomainof X. Theideais to approximatet by a
sequencef increasingcompactdomainsandto controltherestterms.

This propositionfills a gap in [EPR994, since the statement‘Re(f, L*f) =
—1leTVf]|? + (f,divb f) < BJ|f]|*" in the proof of LemmaA.1 is not justified
for every f € D(L*).

Proof. Property(a)is immediate By the closed-rangéheoremproperty(b) is equiva-
lentto the statement
(b) fel?2andl*f=0imply f =0.
Assumeonthe contrarythatthereexists
anon-\anishingfunction f € L2 for which
L* f = 0 holdsin thesensef distributions.
SinceL* is hypoelliptic, f mustbea C*®
function.Let uschoosesomefunctiony €
C§°(R4) suchthatp(z) = 1if z € [0,1].
We alsodefine

pon: X >R
z = ¢(G(x)/n) .
By assumptionf* f = 0, sowe have
0=2Rpnf, L*f) = {pnf s L* ) + (L* f,0nf) -

Sinceyp,, € C§° andall theotherfunctionsareC>, we canmake all the formal manip-
ulationswe want.In particular we have

(L*fonf) = F:Lonf) = (fo(@al" + Lon)f) =0. (B.1)
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Recallthat £ is givenby

L= ZA%T62 Z% ri — A Fi(p, q)) O,

T ST G S 62)
=1

i=1
M
EZCiaf,. +Y 1.
=1

Straightforvardcomputatioryields

M M

i=1 =1

M
=2 Z CiOr; O,

- Z G(C@.00" G + 5GP Gm) B
1 l Yi 2 2
+ =3 2 (ri = XFi(p.0)) ' (G/n) -
i=1 "1
M
=2 Z Cza’r',ﬂonarz + &, — $n -
i=1

Using A0, we next verify that|®,,(z)| < C for all z € X andfor all n > 1. We define

c1 = supy’(z) and ¢ = supzy'(z) .

z2>0 z2>0
An elementarcomputatiorshavsthatAO impliesthatthereareconstantgs, . .. ,¢5 >
0 for which
|62 | < 3, |a G | S C4G($) ’ and (7’,’ - /\fFl(pa q))2 S C5G(pa qar) .
We thushave

2a@)] < (20" (G/m)| + (G ) G| + S71@me )

=1

IN
E”ME

ci1C3 + cac iCoC ~
< (4.113 24+%/\225)SC.
i

=1

asassertedMoreover, thefirst partof AO impliesthatthereexist constantsC, a > 0
suchthat

suppB, C {o € X | [lz]|* > n/C} . (B.4)
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Substituting(B.3) backinto (B.1), we get

M
0==2% eI - IVEtl + [ sa@lr@r da.  ®9
i=1
Sincef € L2(X), onehas

lim et = 117

Moreover, theuniform boundednessf &,, togethemwith property(B.4) imply that

Imt/¢A@U@de:U

n—oo X

This suppliesthe required contradictionto (B.5), thus establishingthe strict m-
dissipatvity of Sz. O

We completenow the

Proof of Proposition2.4. It only remaingo beprovedthatL = S, andthatL* = S¢«.
It is clear that the generatorL of 7 satisfiesS; C L. Since S is quasim
dissipatve, i.e. hasno properquasidissipatve extension,and sincethe generatorof
aquasi-boundedemigrougs alwaysquasim-dissipatve, we musthave L = S.
Concerningthe adjoint, we have by PropositionB.2, L* = Ty-. It is possibleto
retracethe above argumentfor £* to show that S+ is quasim-dissipatie. SinceL* is
alsoquasim-dissipatveandS;- C L*, we musthave L* = Sg-. 0

C. Proof of Lemma 8.4

Using the techniquedevelopedin Appendix B, we can now turn to the proof of
Lemmas8.4.Recallthat K is givenby (3.10)andthat

W =12(x,G* dz) .

Moreover, K, is the maximal operatorconstructedrom K whenconsideringit asa
differentialoperatorin (7). We have

PropositionC.1. C§°(X) is a corefor K.
Proof. We introducethe unitaryoperatorl/ : W (") — L2(X) definedby
Uf)(z) = G (2)f() .
We alsodefinek9 = K., | C§°(X). Theoperatorsk,, andK? areunitarily equialent

tothe operatorsf(n, andf(g respectiely by thefollowing relations:

o K3
D(K,) = W) D(KY) — W)

oo wlfor ulTe o|]o

D(K,) — L*(X) D(KY) — L*(X)
i
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By construction,[il, is maximal.Thus,by PropositionB.2, its adjointK'; is minimal.
It isimmediatethatthe formal expressiongor f(:; andKS aregivenby

K:=GK*G" and K)=G'KG™.

It is now a simpleexerciseto retracethe proof of PropositionB.3 to seethat f{; and
f{g arebothm-accretive. Theremarkof Sect.2.2concerningheadjointsof m-accretive
operatorsmpliesthat K., is alsom-accretie. SinceK9 C K., wemusthare K9 = K.,
andthusK?9 = K.,. This provestheassertion. O
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