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E-mail: Jean-Pierre.Eckmann@physics.unige.ch,Martin.Hairer@physics.unige.ch�
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Abstract: We studythe modelof a stronglynon-linearchainof particlescoupledto
two heatbathsatdifferenttemperatures.Ourmainresultis theexistenceanduniqueness
of a stationarystateat all temperatures.This resultextendsthoseof Eckmann,Pillet,
Rey-Bellet [EPR99a,EPR99b] to potentialswith essentiallyarbitrarygrowth at infinity.
This extensionis possibleby introducinga strongerversionof Hörmander’s theorem
for Kolmogorov equationsto vectorfields with polynomiallyboundedcoefficientson
unboundeddomains.

1. Intr oduction

In this paper, we studythestatisticalmechanicsof a highly non-linearchainof oscilla-
torscoupledto two heatreservoirs which areat (arbitrary)differenttemperatures.We
show that suchsystemshave, undersuitableconditions,a uniquestationarystate,in
which heatflows from thehotterreservoir to thecoolerone.

Theseresultsarean extensionof the samestatementsobtainedby Eckmann,Pil-
let andRey-Bellet in [EPR99a,EPR99b] whereit wasassumedthattheHamiltonianis
essentially“quadraticat high energies.” SincequadraticHamiltonianshave beendis-
cussedmuchearlierby Lebowitz andSpohn[LS77], thereis an issuehereof whether
thequadraticnatureof the forcesat infinite energiesis anessentialingredientof exis-
tenceanduniquenessof thestationarystate.Our resultshows that this is not thecase,
sincewe allow for potentialsof arbitrarypolynomialgrowth.

Our models,whicharedescribedin Sect.2, treata Hamiltonianof theform�	��

������������ � ��� � � �
����! � 
"� � �$# � �� � � �  � 
"�

��% � �'& � � ,

describinga chain of particleswith nearest-neighborinteraction(seeFig. 3.1). This
chainis linearly coupledto heatbaths( � representedby freefieldsat temperatures) � .
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Weproceedthen,asin [EPR99a], to areductionto astochasticdifferentialequation,see
(2.2).Associatedwith it is an“effectiveenergy” * , describedin (2.6),whichis equalto�	�

with somequadratictermsfrom theheatbathsadded.Thegeneratorcorresponding
to the stochasticdifferentialequationabove, representedin a spaceweightedwith an
exponentialof * , will becalled + andis themainobjectof studyof this paper.

It is for this generatorthatwe show existenceanduniquenessof an invariantstate.
This will bedoneby first showing that + hascompactresolvent(which is really more
thanneeded),andthenusingthisresultto derivethepropertiesof theinvariantmeasure.
Our conditionson

�	�
are spelledout in Sect.3 below. They basicallysay that the

coupling betweenthe oscillatorsmust be strongerthan the single particle potential.
This conditionmight be physically relevant, sinceit implies that transportis favored
overstoringof energy, but we have not founda counterexamplewhenthis conditionis
violated.Furthermore,theinterparticlecouplingmustbeconvex.

The main technicalinsight behindour generalizationof the resultsof [EPR99a,
EPR99b] is a new, andstrongerversionof the Hörmandertheoremfor Kolmogorov
equations.We will developthis in moregeneralityin Sect.5, but herewe just indicate
how weusethis result.Theoperator+ is of theform

+ �-,� � � �/.10� . � � . � , (1.1)

wherethe . � aresmoothvectorfieldson R 2 . For example,seeEq.(3.13), . � contains
termsof the form

� �436587
and


 39587  � 3;:<7 , where  is the interaction.The . � for =?>�A@
arefirst orderoperators.Here,

3  is polynomiallybounded,whereas,in [EPR99a],

3  
wasassumedto be linearly bounded.Letting B � be an adequateinversepower of the
effectiveenergy * , onesuccessively considersthefinite setsof operatorsC & � �ED . � �GFHFGF/� .I,KJ ,

C � ��D B � . � � . � �HFGFHF�� .?,KJ ,

andthen—seeSect.6 for thedetaileddefinition—CML � CML & �ON1P B � . � � CML & ��Q F
We stopthis iterationafterat most

��R
steps,where

R
is thenumberof particlesin the

chain,obtainingtheset
C � C � �	S � . We now definetheoperatorTVU asthefinite sumT �U �EW � �XZY U\[ 0 [ F

This is a generalizationto ourcaseof anelliptic operatorof thetype T � �EW %^] � 3 �_ 7
usedin [Hör85] or T � �EW % ] � 3 �_ 7 � ] ��` � � usedin [EPR99a].

With thesedefinitions,onethenhasthebound

Proposition1.1 (Momentum spacebound). There is a constanta such that for allbdcfe�g� 
 R 2 � onehasin L
�
:h T �$iHjlkU b hdm aon h + b h � h b hGp F (1.2)

We alsoderivea similarboundin theconjugatevariables:
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Proposition1.2 (Position spacebound). There is a constanta such that for all
brce�g� 
 R 2 � onehasin L

�
: h *Ms b hdm a n h + b h � h b h p � (1.3)

where t\u @ dependson theasymptoticbehaviorof thepotential  andon
R

.

Combiningthesetwo propositionsoneeasilyshowsthat + hascompactresolvent.Then
onederivesfrom thatresulttheexistenceof aninvariantmeasure.Its propertiesarethen
foundadaptingthetechniquesof [EPR99a,EPR99b].

Theremainderof thispaperis organizedasfollows.In Sect.2 wedescribethephys-
ical modelandin Sect.3 we refinethe settingandstatethe results.Section4 will be
devotedto theproofof thepositionspacebound(Proposition3.7).In Sect.5,wepresent
in detail thegeneralschemefor studyingoperatorsof the form of (1.1),andshow the
inequalitycorrespondingto (1.2).This sectionis asmuchaspossibleself-containedas
it presentssomeindependentinterest.Thedetailedapplicationof this generalscheme
to the problemof the chainallows us to prove the momentumspacebound(Proposi-
tion 3.8) in Sect.6. In Sect.7 we combinethesetwo boundsandprove Theorem3.6
showing that + hascompactresolventandhencediscretespectrum.In Sect.8 weshow
existence,uniqueness,andfurtherpropertiesof theinvariantmeasure(Theorem3.9).

AppendixA containssometechnicalestimatesusedin Sect.5. AppendixB contains
theproofof aresultconcerningthedomainsof + and + 0 . Themethodusedthereprob-
ably worksfor moregeneralaccretivesecond-orderdifferentialoperators.AppendixC
finally containstheproofof a technicalresultusedin Sect.8.

2. The Model

We will studythemodelof a (small)classical
R

-particleHamiltoniansystemcoupled
to v stochasticheatbathsproposedin [EPR99a]. The small systemwithout the heat
bathsis governedby a Hamiltonian�w� cfe g 


R
� � �	F

(We stay herewith x �yW
dimensionalposition spacefor eachparticle to simplify

notation.)Theheatbathsaremodeledby classicalfield theoriesassociatedto thewave
equation.Thefieldswill becalled z � andtheir conjugatemomenta{ � , wheretheindex= rangesfrom

W
to v .

TheHamiltonianfor oneheatbathis givenby�w|}
 { � z �~� W�\�
R
n�� 3 z�� � � � {~� � p x ` F

Thecouplingsallowedfor themodelarelinear in thefield variables.Thetotal Hamil-
tonianfor ourmodelis thengivenby��

�����6� { � z ������ � � � � � | 
 {

� � z � � ��� � 
�������� �
R

3 z � 
 ` ��� � 
 ` � x ` # � �	��
��������wF (2.1)

We assumethe initial conditionsdescribetheheatbathsat equilibriumat inversetem-
peratures� � , i.e. they aredistributedin asenseaccordingto themeasurewith “weight”� &���7'�6������7 � � 7�� F
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Thepaper[EPR99a] explainsin detailhow, andunderwhichconditionson thecou-
pling functions

� �
, onecanreducetheresulting“big” systemto a“small” system,where

theheatbathsaredescribedby a finite numberof variables.Thepriceto payfor thatis
thatwe arenow dealingwith thefollowing systemof stochasticdifferentialequations:

x ����� 3;:<� �	� xl� % �� � � � n
3�:<� � � p<� � xl� , � �EWl�HFHFGF�� R ,

x � � � %�3 5 � � � xl� � �� � � � n
3 5 � � � pH� � xl� , (2.2)x � � � %	  � � � xl� �^¡ ��   � � � 
�������� xl� % ¡ ��¢ �   � ) � xl£ � 
 � � , = �EWl�HFHFGF�� v ,

wherethe £ � are independentWienerprocesses.The variousconstantsappearingin
(2.2) have the following meaning.) � is the temperatureof the = th heatbath, ¡ � is the
strengthof the couplingbetweenthat heatbathandthe small systemand

W�¤   �
is the

relaxationtimeof the = th heatbath.Thevalueof

 9�
dependsonthechoiceof thecoupling

function
� �

. If wewantedto bemoregeneral,wewouldhaveto introducefor eachbath
a family of auxiliary variables

� � � ¥ as is donein [EPR99a]. This would only cause
notationalproblemsanddoesnot changeourargument.

If we considera generic ¦ -dimensionalsystemof stochasticdifferentialequations
with additivenoiseof theform

x ` � 
 � �~�¨§ � 
 ` 
 � �©� xl� � ,�� � �Kª
� � xl£ �6
 � � , (2.3)

we canassociatewith it thesecond-orderdifferentialoperator« formally definedby

«r¬ W� ,�� � � � �
3 � 
 ª�ª�­ � � � 3 � � ,� � � � §

� 
 ` � 3 � F
(2.4)

It is a classicalresult that if the solution of sucha systemof stochasticdifferential
equationsexists, theprobabilitydensityof thesolutionsatisfiesthepartialdifferential
equation

3l® �Z
 ` � � �~� n'« � p 
 ` � � �	F
In our case,thedifferentialoperator« is givenby

« � �� � � � ¡ ��
  � ) � 3 �¯ 7 % �� � � �

  � n � � % ¡ �� � � 

������� p 3 ¯ 7 � .
�±° % �� � � � �

� .d²
7

, (2.5)

wherethesymbol . ² denotestheHamiltonianvectorfield associatedto the function� . It is convenientto introducethe“effectiveenergy” givenby

* 

�����6� � �~�³�	�/

������� � �� � � � � � �
�� ¡ �� % � � 

������� � � #´F (2.6)

At thispoint,wemake thefollowing assumptionon theasymptoticbehavior of * .
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A0. Thereexist constantsµx � � a¶u @ and ·¸u @ , aswell asconstantsµ¹ � u � ¤ ¡ �� such
that �	��

�������wº a 
$W � h � hH» � h � hG» � , (2.7a)� �� 

������� m µ¹ � � � 
�������� �¼µx � F (2.7b)

Remark2.1. This assumptionessentiallymeansthat the effective energy * grows at
infinity at leastlike

W � h��±h � � h � h » � h � h » . This impliesthestability of thesystem,
asfollowseasilyfrom theinequality� � � � � 
�������� � m¾½ � � �� � � �� 
��������½¿� ,

whichholdsfor every
½ u @ . In particular, this impliesthatexp


 % ��* � is integrablefor
every �Àu @ .

We alsodefine Á ¬ �� � � �
 9� ) � ,

which is, in somesensethat will be clear in a moment,the maximalpower the heat
bathscanpull into thechain.We havethefollowing result.

Proposition2.2. AssumeA0 holds.Thenthesolution Â 
 ��Ã ` � � £ � of (2.2)existsandis
continuousfor all �Äu @ with probability

W
. Moreover, the meanenergy of the system

satisfiesfor all valuesof � and

` � theestimate

E P * 
 ` 
 ��Ã ` � � £ �©� Q % * 
 ` � � m Á � , (2.8)

where E P
Å Q denotestheexpectationwith respectto the v -dimensionalWienerprocess£ .

Remark2.3. Thebound(2.8)allowstheenergy to grow forever, whichwouldcausethe
systemto “explode.” But this is not thecasefor thesystemswe considerin this paper.
Indeed,wewill provethattheprocesspossessesa uniquestationarystate.This implies
amongotherfeaturesthat themeantime neededto reachany compactregion is finite,
andsotheenergy cannotgrow forever.

Proof. A classicalresult(seee.g. [Has80, Thm 4.1]) statesthefollowing. Assumethat
thevectorfield

§
of (2.3)is locally Lipshitzandthatthereexistsaconfining

e �
function*ÇÆ R ,ÉÈ R anda constantÊ suchthat
 «Ë* �<
 ` � m Ê for all

` c
R , F

ThenthereexistsauniquestochasticprocessÂ 
 � � solving(2.3).TheprocessÂ is regular
(i.e. it doesnot blow up in a finite time) andcontinuousfor all �?u @ . It satisfiesthe
statisticsof a Markovian diffusion processwith generator« . Moreover, we have the
estimate

E P * 
 ` 
 ��Ã ` � � £ �©� Q % * 
 ` � � m Ê6� F
This resultcanbeappliedto our case,if we take for * theeffective energy definedin
(2.6).An explicit computationyieldsindeed«Ë* � Á % �� � � �

 9�
¡ �� n � � % ¡ �� � � 

������� p � F (2.9)

Moreover, * is confiningby A0. This provestheassertion.
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2.1. Definition and simplepropertiesof the semigroup. In this paper, we will mainly
be interestedin studyingunderwhich assumptionson the chainHamiltonian

� �
it is

possibleto provetheexistenceof auniqueinvariantmeasure for thestochasticprocessÂ 
 ��Ã ` � � £ � solving(2.2).Throughout,we will usethenotationÌÍ�
R
� �	S �

for theextendedphasespace

������6� � �

. This stochasticprocessdefinesa semigroupÎ ®
on
e�g� 
"ÌÉ� by Î ® b 
 ` � ��� E P b 
 Â 
 ��Ã ` � � £ ��� Q F (2.10)

Thissemigroupsatisfiesthefollowing

Proposition2.4. AssumeA0 holds.Then Î ® extendsto a strongly continuous,quasi-
boundedsemigroupof positivitypreservingoperatorson L

� 
4ÌÉ�
. Its generator Ï is the

closure of the operator « with domain
e�g� 
4ÌÉ� . Theadjoint Ï 0 is the closure of the

formaladjoint « ­ with domain
e g� 
4ÌÉ� .

Proof. Theproof will begivenin AppendixB.

This in turn definesa dualsemigroup

 Î ® � 0 by

� n4Î ® b p 
 ` �±Ð�
 x ` �w� � b 
 ` � n 
 Î ® � 0 Ð p 
 x ` ��F
The generatorof


 Î ® � 0 is givenby the adjoint of « in L
�

that will be denoted« ­ . It
is possibleto checkthat if theheatbathsareall at thesametemperature) �ÑW�¤ � , we
have « ­/Ò � �³@ , where Ò � 

�����6� � �~� �

&V�ÔÓÕ�Ö: � 5 � ¯ � F
Thus,thegeneralizedGibbsmeasurex Ò � � �

&V�lÓ��Ö: � 5 � ¯ � x � x � x � � Ò � 

�����6� � � x � x � x � ,

is an invariantmeasurefor the Markov processdescribedby (2.2). This confirmsour
definition of * as the effective energy of our system.We want to considerthe more
interestingcasewherethetemperaturesof theheatbathsarenot thesame.Theideais
to work in a Hilbert spacethat is weightedwith a Gibbsmeasurefor somereference
temperature.

We will thereforestudy an extension Î ®� of Î ® acting on an auxiliary weighted
Hilbert space× � , givenby× � ¬ L

� n Ìo��Ø & �� � & � ��Ù�ÓÕ�Ö: � 5 � ¯ � x � x � x � p ,

where
Ø � is a normalizationconstantand � � is a “reference”inversetemperaturethat

we choosesuchthat W�¤ � � ¬³) � u max
D ) � ��= �ÚW;�GFHFHF�� v J F (2.11)

We have thefollowing
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Proposition2.5. AssumeA0 holds.Thenthesemigroup Î ® givenby (2.10)extendsto
a stronglycontinuousquasi-boundedsemigroup Î ®� on × � . Moreover, Î ®� W��ÚW and Î ®�
is positivitypreserving, i.e. Î ®� b º¾@ if

b º¾@ÛF
Let Ï � bethegeneratorof Î ®� . ThenÏ � coincideson

e�g� 
"ÌÉ� with « of (2.5)and
e�g� 
"Ìf�

is a core for both Ï � and Ï 0� .
Proof. The statementcanbe proven by simply retracingthe proof of Lemma3.1 in
[EPR99a]. Thereareonly threepointsthat have to be checked.We definethe vector
fields

§
and

§ � respectively by§	� % �� � � �
 6� n � ��% ¡ �� � � 
�������� p 3 ¯ 7 � .

�±° % �� � � � �
� . ²

7
,§ � � � � � �� � � � ¡ �

�  9� ) � n 3 ¯ 7 * p 3 ¯ 7 � � � � �� � � �
 6� ) � n � ��% ¡ �� � � 

������� p 3 ¯ 7 F

In orderto make theproof of [EPR99a] work, we haveto checkthath
div
§ h g¶Ü³Ý ,

h
div
§ � h gÞÜ¸Ý , sup_ Ylß n § � �� § � p * 
 ` � Ü³Ý ,

where
§

and
§ � areconsideredasfirst-orderdifferentialoperatorsin thelast inequality.

Thedivergenceof any Hamiltonianvectorfield vanishes,andsowe haveh
div
§ h g � % �� � � �

  � Ü¾Ý F
Theterminvolving thedivergenceof

§ � caneasilybecomputedto giveh
div
§ � h g � � � �� � � �

  � ) � Ü³Ý F
In orderto checkthelastinequality, we computetheexpressionn § � �� § � p * 
������6� � �w�à�� � � �

 6�
¡ �� 
 � � ) � % W¿� n � � % ¡ �� � � 
�������� p � F

We seethatcondition(2.11)on � � obviously implies � � ) ��% W Ü @ , andsothedesired
inequalityholds.

Thedomainsof Ï � and Ï 0� arecontrolledby thetechniquesof AppendixB.

We aremainly interestedin the casev � �
. The Hamiltonian

� �
will describea

chainof
R � W stronglyanharmonicoscillatorscoupledto two heatbathsat thefirst and

thelastparticle.In thecasein which theHamiltonian
�	�

canbewritten asa quadratic
function plus someboundedterms,the existenceanduniquenessof a stationarystate
for everytemperaturedifferencehasbeenprovedin [EPR99a,EPR99b]. Wewill extend
this result to the casewherethe potentialsgrow fasterthanquadraticallyat infinity.
Besidessomeweakconditionson the derivativesof the oneandtwo-bodypotentials,
wewill only requirethatthey grow algebraicallyandthatthetwo-bodypotentialsgrow
asymptoticallyfasterthantheone-bodypotentials,i.e. atlargeseparationtheinteraction
energy betweenneighboringparticlesgrows fasterthantheone-particleenergy.
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2.2. Notations. Throughout,the domainof an operator[ will be denotedby á 
 [ � .Unlessspecified,the domainof any operatorwill alwaysbe the closurein the graph
normof

e�g� . For example,if we write P [ � ( Q , we meanin fact

 [ (

% ( [ �\â e g� , so
thatthedomainof P [ � ( Q canbelargerthanthatof [ or ( separately.

3. Settingand Results

In orderto setup our model,we needto beableto describepreciselythegrowth rates
of thepotentialsat infinity. This will beachievedwith thefollowing functionspaces.

Definition 3.1. Choose· c R. We call ã » the setof all
e�g

functionsfrom R , to R
such that for everymulti-index Ê there existsa constanta	ä for whichh<å ä b 
 ` � h�m a	ä 
©W � h ` h � � »Ôæ � , for all

` c
R , F

Definition 3.2. Choose· c R and = c N N D Ý J . Wecall ã �» thesetof all
e�g

functions
fromR , to R such that for everymulti-index Ê with � Ê/� m = , wehave

å ä b 
 ` � c ã » &Zç ä ç .
Remark3.3. For any · c R, thefunctionè » Æ R , È R`êéÈ 
$W � h ` h � � »læ � (3.1)

belongsto ã g» . Moreover, any polynomialof degree¦ belongsto ã g, .

ë©ì
í �<î�ïë ��ð
í ��î ë©ì ð ë�ñ

ò�ó ò�ô

Fig. 3.1. Chainof oscillators

3.1. Thechain. We considertheHamiltonian� � 

��������� �� � ��� � � �
�� �! � 
"� � � # � �� � � �  � 
"�

� % � �'& � � , (3.2)

describinga chainof particleswith nearest-neighborinteraction(Fig. 3.1).We slightly
modify the notationsusedso far. Becausethereareonly two heatbaths,we will not
usefor themthe indices = c DÔW;� � J , but rather = c D Ï ��õ J . Concerningthe coupling
betweenthechainandthebaths,we assumethatwe canmake a dipoleapproximation,
soweset ��ö �¨� � and ��÷ �¨� � , (3.3)

in Eq. (2.1).We will make theassumptionsA1–A3 on  � and  � .
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A1. Thepotential  � is in ã �� , for some¦^u W . Moreover, thereareconstants¹ � u @
suchthat  � 
 ` �	º ¹ � è � , 
 ` � , (3.4a)`  \ø� 
 ` �	º ¹ � è � , 
 ` � % ¹<ù , (3.4b)

for all

` c
R.

A2. Thepotential � is in ã ���¥ for someúûur¦ . Moreover, thereareconstants¹ ø� u @
suchthat  � 
 ` �	º ¹ ø � è ��¥ 
 ` � , (3.5a)`  \ø� 
 ` �	º ¹ ø� è ��¥ 
 ` � % ¹ øù , (3.5b)

for all

` c
R.

A3. Thefunction `üéÈ W øÖø� 
 ` �
belongsto ã L for someý .

Remark3.4. It is clear that (3.3), togetherwith A1 and A2 immediatelyimply A0.
Notice that the assumptions � c ã �� , and  � c ã ���¥ give boundsnot only on the
asymptoticbehavior of  � and  � , but alsoof their derivatives.Thenumbers¦ , ú andý neednot beintegers.Thegeneralizationto a Hamiltonianwith  � ,  � dependingalso
on thenumberof theparticleonly createsnotationalproblemsandis left to thereader.

An exampleof potentialsthatsatisfyA1–A3 is � 
 ` �~� `�þ % ` � � � and  � 
 ` �Ë�E
$W � ` � �$ÿ æ � % cos

 ` �	F

Theeffectiveenergy of thesystemchain+bathsis givenby

* 
������6� � �~�¨�	�/
�������� � � ö �� ¡ �ö � � ÷ �� ¡ �÷
% � � � ö % � � � ÷ � � , (3.6)

wherewe choosethe constant
�

suchthat * ºÞW
, which is alwayspossible,because¦Àu W . In fact,it is importantthatthefunctionexp

 % ��* � beintegrablefor any ��u @ .

This couldalsobeachievedwith for exampleonly oneof theone-bodypotentialsnon-
vanishing,but would causesomeunimportantnotationaldifficulties.Thecase¦ �EW is
marginal, thestability of thesystemdependson thevaluesof theconstants¡ � andwas
treatedin [EPR99a]. We will not treatthis case,but it would not causeany difficulties,
aslongas * remainsconfining.

In thesequel,we will extensively usethenotations

µ� � ¬ � ��% � �'& � and � ¬ �� � �/� �
� F
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Thesystemof stochasticdifferentialequationsweconsideris givenbyx � � �À� � x;� ,x � � � %  ø� 
"� � � x;� �! ø� 
 µ� � � xl� � � ö xl� ,x � � � %  ø� 
"� � � xl� %  ø� 
 µ� � � xl� �^ ø� 
 µ� � S � � xl� ,x � � � %  ø� 
"� � � x;� %  ø� 
 µ� � � x;� � � ÷ xl� ,x � ö � %	  ö � ö x;� �!¡ �ö   ö � � xl� % ¡�ö ¢ �   ö ) ö x;£ ö 
 � � ,x � ÷ � %	  ÷ � ÷ x;� �^¡ �÷   ÷ � � xl� % ¡ ÷ ¢ �   ÷ ) ÷ x;£ ÷ 
 � � ,

(3.7)

where= �ÚW;�GFHFGF�� R and� � W;�GFHFGF�� R % W . SinceA0 holds,theresultsof thepreceding
sectionapply. Therefore,thereexists for any initial condition

` � a uniquestochastic
processÂ 
 ��Ã ` � � £ � solving (3.7). It obeys the statisticsof a Markov diffusionprocess
with generator« � ¡ �ö   ö ) ö 3 �¯�� �!¡ �÷   ÷ ) ÷ 3 �¯�� %   ö 
 � ö % ¡ �ö � � � 3 ¯ � %d  ÷ 
 � ÷ % ¡ �÷ � � � 3 ¯ �� � ö 3;:HÙ � � ÷ 3;: k � �� � ��� n �

�"39587Z%  ø� 
'� � � 3;:H7 p % �� � � �  ø� 
 µ�
� � n 3;:H7Z%13;:H7 j�� p F (3.8)

We want to prove theexistenceof a smoothinvariantmeasurewith density Ò 
������6� � � .It is thesolutionof

 Î ® � 0 Ò � @ , where


 Î ® � 0 is thedualsemigroupof Î ® . To achieve
this,we introduce,asabove,theHilbert space× � ¬ L

� n R � �wS þ ��Ø & �� � & � ��Ù$Ó��Ö: � 5 � ¯ � x � x � x ��p ,

where
Ø � is a normalizationconstantand � � is a “reference”inversetemperaturethat

we choosesuchthat W�¤ � � ¬¸) � u max
D ) ö � ) ÷ J F (3.9)

Proposition2.4 holds,so the dynamicsof our systemis describedby a semigroupÎ ®�
actingin × � with generatorÏ � , formally givenby « . Theextendedphasespaceof our
systemwill againbedenotedby

Ì ¬ R
� �wS þ .

For convenience,we would like to work in × �
L
� 
"ÌÉ�

, so we definethe unitary
transformation	ÚÆ�× È × � byn 	 b p 
 ` �~� � � Ù ÓÕ� _ � b 
 ` �wF
So Ï � is unitarily equivalentto theoperatorÏ�
�Æ�á 
 Ï�
 � È × definedbyÏ 
 � 	 & � Ï � 	 � � &�� Ù Ó Ï � � � Ù Ó F
An explicit computationshows that Ï�
 is givenbyÏ 
 � · % + ,
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wheretheformalexpressionfor thedifferentialoperator+ is+ � ·
� % ¹ �ö 3 �¯�� ��� �ö 
 � ö % ¡ �ö � � � � % ¹ �÷ 3 �¯�� ��� �÷ 
 � ÷ % ¡ �÷ � � � �% � ö 3;:HÙ � § ö 
 � ö % ¡ �ö � � � 3 ¯�� % � ÷ 3;: k � § ÷ 
 � ÷ % ¡ �÷ � � � 3 ¯��% �� � ��� n �
�'39587O%  ø� 
'� � � 3�:H7 p � �� � � �  ø� 
 µ�

� � n 3�:H7Z%À3�:H7 j�� p F (3.10)

Since
e/g� 
4ÌÉ� is invariantundertheunitarytransformation	 , it remainsacorefor both+ and + 0 . Thevariousconstantsappearingin (3.10)aregivenby� �� �   � 
 � � ) � % W�� ,§ � �  9� � �¡ �� n � � ) � % W p , = c D Ï ��õ J ,¹ � � ¡ ��¢  9� ) � ,· � � % § ö� % § ÷� ,· � · � � � � �� Y�� ö � ÷��

 6� ) � F
We seethatcondition(3.9)ensuresthepositivity of theconstants� �ö and � �÷ , which in
turn implies that theclosureof Re+ � 
 + � + 0 ��¤ � is a strictly positive self-adjoint
operator.

The first featurewe notice about + is that A3 implies the hypoellipticity of the
operators+ , + 0 , 3Ô® � + and

3Ô® � + 0 . We recall thata differentialoperatorÏ acting
on functionsin afinite-dimensionaldifferentiablemanifold � is calledhypoellipticif

singsupp
b �

singsuppÏ b , for all
b c áÄø 
 � �

,

whereá ø 
 � �
is thespaceof distributionson

e g� 
 � �
. In particular, theeigenfunctions

of a hypoellipticoperatorare
e�g

.
The hypoellipticity of the above operatorsis a consequenceof a theoremby Hör-

mander[Hör67,Hör85]: givena second-orderdifferentialoperatorÏ � ,� � � � Ï 0
� Ï � � Ï � � ¹ ,

where ¹ Æ�� È C is a smoothfunction and the Ï � aresmoothvectorfields. Then
a sufficient condition for Ï to be hypoelliptic is that the Lie algebrageneratedbyD Ï � �O= �û@V�HFGFHF�� ¦ J hasmaximal rank everywhere.It is not hard to verify that A3
ensuresthatthis conditionis verifiedfor + , + 0 , 3Ô® � + and

3Ô® � + 0 .
Proposition3.5. If A0 andA3 are satisfied,thetransitionprobabilitiesof theMarkov
processsolving(3.7)havea smoothdensityèI
 � � ` ���±� cfe g n 
'@V� Ý ���oÌ�� Ì p F
Proof. Thisis animmediateconsequenceof theKolmogorov equationswhichstatethat3Ô® è � « è � 
 3Ô® � + % · � 	 & � è �³@ ,

so 	 & � è is aneigenfunctionof theoperator

3 ® � + % · , which is hypoelliptic.
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3.2. Main results. Our maintechnicalresultis

Theorem3.6. If AssumptionsA1–A3 are satisfied,then the operator + definedin
(3.10)hascompactresolvent.

In orderto preparetheproofof Theorem3.6,wewill provethefollowing two propo-
sitions.

Proposition3.7. If AssumptionsA1 andA2 are satisfied,there exist constantsa andtÄu @ such that h * s b h m a 
 h + b h � h b h � , for all
b´c á 
 + � , (3.11a)h *Ms b h m a 
 h + 0 b h � h b h � , for all
b´c á 
 + 0 �wF (3.11b)

Proposition3.8. If AssumptionsA1–A3 are satisfied,there exist constantsa , t u @ ,
a positivefunction � � Æ Ì È R anda finite number �R of smoothvectorfields Ï � with
boundedcoefficientssuch that, for everyfunction

b´cüe/g� 
4ÌÉ� , wehaveh µ� s b h m a 
 h + b h � h b h � , (3.12)

where

µ� � ��� � � � Ï 0
� Ï � ��� � F

Moreover, the Ï � spanthewholeof R
� �	S þ at everypoint.

Given Theorem3.6, we canstateandprove the main resultof this paper, namely
the existenceanduniquenessof an invariantmeasurefor our Markov process.More
precisely, wehave thefollowing result.

Theorem3.9. If AssumptionsA1–A3 are satisfied,then the stochastic processÂ 
 � �
solving(2.2)possessesa uniqueandstrictly positiveinvariantmeasure Ò . Its density�
is
e�g

andsatisfiesfor any � � Ü min
D � ö � � ÷ J ,� 
 ` �Ë� µ� 
 ` � � &V��Ù©Ó�� _ � ,

where µ� decaysat infinity fasterthananypolynomial.

Im¡
Re¡

Fig. 3.2. Spectrumof  .

Theaboveresultssaythatthe
spectrumof + looks roughly
like the one schematicallyde-
picted in Fig. 3.2. We seethat
it is discrete (compactnessof
theresolvent)andlocatedin the
right half of the complex plane
(m-accretivity). Moreover, it is
symmetricalong the real axis,
because+ is a differential op-
eratorwith realcoefficients.
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Most of the remainderof this paperis devotedto the proofsof Theorems3.6 and
3.9.In thesequel,we will alwaysusethenotation

+ � þ� � � � . 0
� . � � . � ,

wherewedefine . � � ¹ ö 3 ¯�� , . � � �6ö 
 � ö % ¡ �ö � � � , (3.13a). ù � ¹ ÷ 3 ¯ � , . þ � � ÷ 
 � ÷ % ¡ �÷ � � � , (3.13b)

. � � % � ö 3 : Ù � § ö 
 � ö % ¡ �ö � � � 3 ¯ � % � ÷ 3 : k � § ÷ 
 � ÷ % ¡ �÷ � � � 3 ¯ �% �� � ��� n �
�"39587O%  \ø� 
"� � � 3;:H7 p � �� � � �  \ø� 
 µ�

� � n 3;:H7�%À3;:H7 j�� p % · � F (3.13c)

Theoperator. � is antisymmetric,i.e..10� � % . � F (3.14)

This impliesthat

Re+ � þ� � � � . 0
� . � and . � � + %

Re+ , (3.15)

andthusRe+ is apositiveself-adjointoperator. Wehaveonemoreestimatethatwill be
extensively usedin thesequel.If

b
is somefunctionin

e�g� 
"ÌÉ� and = c DlW;�GFHFGFK��! J we
have h . � b h � �#" b � .10� . � b%$ m " b � Re+ b%$ � Re

" b � + b%$m h b hlh + b h�m 
 h + b h � h b h � � ,
(3.16)

andby a similarargumentalsoh .10� b h � m 
 h + b h � h b h � � F (3.17)

4. Proof of the Bound in Position Space(Proposition3.7)

First of all, we needa collectionof functionsbelongingto ã � , asdefinedin Defini-
tion 3.1.We havethefollowing result.

Proposition4.1. Let
�
,
�
,
�

and µ� designatethevectors� �E
 � ö � � ÷ � ,
�M� 
'� � �HFGFHF/��� � � ,� �E

� � �HFHFGF��'� � � , µ�M� 
 µ� � �HFGFHF/� µ� � �wF

Choose· º¾@ andlet �Kä\Æ R ä È R befunctionsin ã » . Thenthefunctions* & »læ � � � 
 � � , * & »Ôæ � � �	S � 

�K� , * & »Ôæ � � , � � �	S � 
'��� , and * & »læ � ��¥ � � � 
 µ�;�
belongto ã � .
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Proof. We will only sketchtheproof of thestatementfor * & »Ôæ � ��¥ � � � 
 µ��� . Theother
expressionscaneasilybetreatedin a similarway.

Wefirstnoticethat * & � 
 å ä * � isboundedfor everymulti-index Ê . Thisisastraight-
forward consequenceof two observations.The first one is that becauseof the lower
bounds(3.4a)and(3.5a)of A1 andA2 and the expression(3.6) of * , thereexists a
constantaÇu @ for which* 
������6� � �	º aon � � � � � � è � , 
'��� � è ��¥ 
 µ�;� p , (4.1)

where
è ä wasdefinedin (3.1).Thesecondobservationis that,because � c ã � , and � c ã ��¥ , we have for everymulti-index Ê someconstanta ä for which� å ä * 
������6� � � � m a	ä n � � � � � � è � , 
'��� � è ��¥ 
 µ��� p F (4.2)

Noticethat * & »læ � ��¥ � å ä � � 
 µ�;� is boundedby asimilarargument,in particularbecause� � c ã » .We set · � % · ¤±
 � ú � andwrite3 � n4* » � � 
 µ�;� p � ·�n"*
& � 3 � * p * » � � 
 µ��� � * » 3 � � � 
 µ���	F

Both termsareboundedby (4.1),(4.2)andthefactthat � � c ã » . It is easyto seethat
all thederivativescanbeboundedsimilarly. Theproof of Proposition4.1 is complete.

Let usdefine T � ¬¸* � æ � F
Thesymbol T � waschosenin orderto emphasizethe similarity betweenthe proof of
Proposition3.7andtheproof of themainresultof Sect.5, Theorem5.5.

Beforewestarttheproofof Proposition3.7,wenoticetwo morefacts.Let uschoose· ,� c R with
@ m � m W , andlet [ , ( betwo operatorsof multiplicationby positive

functions [ m ( . We thenhave" T » � [ b � b%$ m " T » � ( b � b%$ , (4.3)

aswell astheimplicationh T » � [ b h�m a 
 h + b h � h b h � � h T » �� [
� b h m a 
 h + b h � h b h �ËF (4.4)

Both inequalitiesaretrivial consequencesof thefactthat T � is anoperatorof multipli-
cationby a positive functionandtheestimatè

'& m W � ` if

` º¾@
and

½ m W
.

4.1. Themain tool of the proof. The main tool in the proof of Proposition3.7 is the
following lemma.

Lemma 4.2. Let T � and + bedefinedasabove. Let [ and ( bemultiplicationopera-
tors representedby functionsof theform� 

�����6� � ��� ¹ ö � ö?� ¹ ÷ � ÷ � µ� 
�������� , µ� cüe g 
 R � �	S � �wF
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Assumemoreover that there are exponents· � and � � and positiveconstantsa � such
that thefollowing estimatesare true for every

bdcfe�g� 
4ÌÉ� :h T & » �� [ b h�m a � 
 h + b h � h b h � ,
h T &�� �� ( b h m a � 
 h + b h � h b h � ,h T & »)(� [ b h�m a ù h b h ,
h T &�� (� ( b h m a þ h b h ,h T & »)*� P . � � [ Q b h�m a ÿ 
 h + b h � h b h � ,

h T &V� *� P . � � ( Q b h m a i 
 h + b h � h b h �ËF
If

 
satisfiestheconditions   º · ù � � � , (4.5)  º · � � � � � max

D � � � � ù J� , (4.6)  º
min

D · � � � � � · � � � � J , (4.7)

thenthereexistsa constanta such that� " P . � � ( Q b � T
& +� [ b%$ � m a 
 h + b h � h b h � � , for all

b´c e g� 
"ÌÉ��F (4.8)

Proof. The proof of this lemmainvolvessomeof the commutationtechniquesdevel-
opedby Hörmander[Hör85], but it usesthefactthatmostoperatorsinvolvedaremulti-
plicationoperators,i.e. they commute.An explicit computation,using(3.6)and(3.13)
yieldsP . � � * Q � �� Y�� ÷ � ö,� § �¡ �� n � �

% ¡ �� � � p � , P . � � * Q � ¹ ö n � ö ¤ ¡ �ö % � � p , (4.9a)P . � � * Q � P . þ � * Q �¸@ , P . ù � * Q � ¹ ÷ n � ÷ ¤ ¡ �÷ % � � p F (4.9b)

We thereforeseethat,by Proposition4.1,we havefor = �³@±�GFHFHF���! ,* & � P . � � * Q c ã � F (4.10)

Sincethe . � areeitherdifferentiationoperatorsor multiplicative operators,we have,
for any · c R, therelation* & » P . � � * » Q � ·Z*

& � P . � � * Q c ã � ,

andso,sinceT � � � * , h T » � P . � � T
& »� Q h Ü¸Ý F

(4.11)

We cannow start to bound(4.8). Since P . � � ( Q � % . 0� ( % ( . � , we canwrite
(4.8)as � " P . � � ( Q b � T

& +� [ b%$ � m � " ( . � b � T
& +� [ b%$ � � � " ( b � . � T

& +� [ b%$ �¬¸) � � ) � F
Both termswill beestimatedseparately.
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Term -/. . Sincewe know by (3.15)that . � � + %
Re+ , wecanwrite it as) � m � " ( 
 Re+ � b � T & +� [ b%$ � � � " (\+ b � T
& +� [ b%$ �;¬³) ��� � ) �$� F

Theterm ) �©� canbeestimatedby using(4.7).We indeedhave either

  º · � � � � , or
  º · � � � � . In theformercase,we write) �©� m�h T &�� (� ( h;h + b h;h T & + S � (� [ b h m a 
 h + b h � h b h � � F
In the latter case,we usethe fact that [ , ( and T � commuteandareself-adjointto
write similarly) �©� � � " [ + b � T

& +� ( b%$ � m h T & » (� [ h;h + b h;h T
& + S »0(� ( b h m a 
 h + b h � h b h � � F

Let usnow focuson theterm ) ��� . Usingthepositivity of Re+ , it canbewrittenas) ��� �#"©
 Re+ � � æ � T & + �� ( b �G
 Re+ � � æ � T & + (� [ b%$ � " P T
& + �� ( � Re+ Q b � T & + (� [ b%$¬¸) � ù � ) � þ ,

where
  � �   � u @ ,

  � �   � �   ,

areto bechosenlater. We estimateboth termsseparately. Thecommutatorin ) � þ can
beexpandedto give) � þ �1" T & + �� P ( � Re+ Q b � T & + (� [ b%$ � " P T

& + �� �
Re+ Q ( b � T & + (� [ b%$ F

In orderto estimatetheseterms,werecallthatRe+ � ] þ � � � . 0� . � . We thereforehave

) � þ � þ� � � � � " T
& + �� P ( � .10� Q . � b � T

& + (� [ b%$ � " T
& + �� .10� P ( � . � Q b � T

& + (� [ b%$� " P T & + �� � .10� Q . � ( b � T
& + (� [ b%$ � " .10

� P T & + �� � . � Q ( b � T
& + (� [ b%$ #¬ þ� � � � n")

� � �� � ) � � �� � ) � ù �� � ) � þ �� p F
Noticing that P ( � . 0� Q is a multiple of the identity operatorandthat T � is self-adjoint,
we have � ) � � �� � m a " . � b � T

& +� [ b%$ m h .
� b hlh T & +� [ b h�m a 
 h + b h � h b h � � ,

wherewe used(3.16)andthefactthat

  u³· � to getthelast inequality. Theterm ) � � ��
is boundedby a 
 h + b h � h b h � � in a similarway. Theterm ) � ù �� is writtenas� ) � ù �� � � � " T + �� P T & + �� � .10� Q . � b � T

& +� [ ( b%$ � " T + �� P T
& + �� � .10� Q8P . � � ( Q b � T

& +� [ b%$ �m a h . � b hlh T
& +� [ ( b h � a h b h;h T

& +� [ b h ,

wherewe used(4.11)andthefactthat P . � � ( Q is bounded.Now we canbound) � ù �� bya 
 h + b h � h b h � � , using(3.16) to estimate
h . � b h and(4.7) to estimate

h T & +� [ ( b hand
h T & +� [ b h . Theterm ) � þ �� canbeestimatedin a similarway.
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Let usnow focuson theterm ) � ù . We canwrite

� ) � ù � m �Re
" +dT & + �� ( b � T & + �� ( b%$ � � æ � 2334 þ� � � � h .

� T & + (� [ b h F
If we choose   � � · � , (4.12)

thetermsunderthesquarerootareeasilyestimatedby writing themash . � T
& + (� [ b h�m h T

& + (� [ h;h .
� b h � h P . � � T

& + (� Q T + (� hlh T & + (� [ b h� h T & + (� P . � � [ Q b h ,

andestimatingthetwo commutatorsby (4.11)and(4.9) respectively.
Thetermprecedingthesquarerootcanbewrittenas" +dT & + �� ( b � T & + �� ( b%$ �1" T & + �� (\+ b � T & + �� ( b%$ � " P + � T & + �� ( Q b � T & + �� ( b%$¬¾) � ÿ � ) �©i F

Theterm ) � ÿ canbeboundedif wechoose�   � º � � � � � , (4.13)

becausewehave then) � ÿ m h + b hlh T &V� (� ( h;h T &�� �� ( b h m a 
 h + b h � h b h � � F
In orderto estimatetheterm ) �$i , we use+ �

Re+ � . � to write) �©i �#" P . � � T
& + �� ( Q b � T & + �� ( b%$ � " PRe+ � T & + �� ( Q b � T & + �� ( b%$¬¸) � � ��©i � ) � � ��©i F

Theterm ) � � ��©i canbeestimatedby writing it as) � � ��$i �1" T & + �� P . � � ( Q b � T
& + �� ( b%$ � " P . � � T

& + �� Q T + �� T & + �� ( b � T & + �� ( b%$ F
Thefirst termcanbeboundedby a 
 h + b h � h b h � � if wechoose�   � º � � � � ù F (4.14)

In orderto boundthesecondterm,it sufficesto have

  � º � � , whichis thecasebecause
of (4.13)andthefactthat � � º � � .

Theterm ) � � ��$i canbeboundedby a 
 h + b h � h b h � � , by treatingit in a similarway
as the term ) � þ . We leave to the readerthe verification that no additionalconditions
on

  � have to be made.This completesthe estimateof ) � , because(4.12),(4.13)and
(4.14)canbesatisfiedsimultaneouslyby (4.6).
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Term -�5 . We decomposethis termas) � m � " ( b � T & +� [ . � b%$ � � � " ( b � T
& +� P . � � [ Q b%$ � � � " ( b � P . � � T

& +� Q [ b%$ �¬³) ��� � ) ��� � ) � ù F
Since

  º · ù � � � theterm ) ��� is easilyestimatedby) ��� m h T &V� �� ( b hlh T & » *� P . � � [ Q b h m a 
 h + b h � h b h � � F
Noticing that we can assume· � m · � and � � m � � , condition (4.7) implies

  º · � � � � . Since P . � � T
& +� Q is a function, it commuteswith T � , andso ) � ù can

beestimatedwriting) � ù m � " T &V� �� ( b � T + � P . � � T
& +� Q T & » �� [ b%$ �m h T &�� �� ( b h;h P . � � T

& +� Q T + � h;h T & » �� [ b h}m a 
 h + b h � h b h � � ,

whereweused(4.11)to getthelastbound.
We finally bound) ��� . Since . � � + %

Re+ , it canbeexpandedas) ��� m � " ( b � T & +� [ + b%$ � � � " ( b � T
& +� [ 
 Re+ � b%$ ��¬³) � � ���� � ) � � ���� F

Theterm ) � � ���� canbeestimatedby writing) � � ���� m h + b hlh T & +� [ ( b h ,

andusing(4.7).Theterm ) � � ���� canbewrittenas) � � ���� �#" ( b � T & +� [ 
 Re+ � b%$ � ) � ù � " T & + �� ( b � P T & + (� [ � Re+ Q b%$ F
The term ) � ù hasalreadybeenestimated.Theotherterm canbe treatedlike the term) � þ . We leaveto thereadertheverificationthatonecanindeedboundit by a 
 h + b h �h b h � �

withoutany furtherrestrictionon

  � and

  � .
This completestheproof of thelemma.

4.2. Themain stepof the proof of Proposition3.7. By an elementaryapproximation
argument,it is sufficient to provetheinequalities(3.11)for

b cüe/g� 
4ÌÉ� , sincethis is a
corefor both + and + 0 . Moreover, we will prove only (3.11a).The interestedreader
mayverify thatthesameargumentsalsoapplyfor (3.11b).

We wantto show thatwecanfind constantst and a suchthath T s � b h m a 
 h + b h � h b h � , for all
bdcfe g� 
"Ìf�	F

In orderto show this,wenoticethatthereis a constanta suchthat

T � � m a � W � 
 � ö % ¡ �ö � � � � � 
 � ÷ % ¡ �¯ � � � � � �� � �/� � �� � è � , 
 � � � �� � � � è ��¥ 
 µ�
� � #

¬ µ* F
Theimmediateconsequenceis thath T~s � b h � �1" b � T � s� b%$ m " b � T � s & �� µ* b%$ F
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It is thereforeenoughto show thatthereexistsa (small)constantt suchthatthetermsh T s & �� è , 
 � � b h � h T s & �� � � b h � h T s & �� è ¥ 
 µ� � � b h �HFGFHF
areboundedby a 
 h + b h � h b h � .

We arefirst going to boundthe termsinvolving variablesnearthe boundaryof the
chain.Then,we will proceedby inductiontowardsthemiddleof thechain.

The term 687:9<; .. =?>�@BADC 5@FEHG�IKJ 6 . We haveh 
 � ö % ¡ �ö � � � b h � � � "©
 � ö % ¡ �ö � � � � b � b%$ � m aI� "©
 Re+ � b � b%$ �� aI�Re
" + b � b%$ � m a h + b hlh b h�m a 
 h + b h � h b h � � ,

(4.15)

whereweusedthefactthat �6ö >�¨@ to obtainthefirst inequality. SinceT � º�W , wethus
have theestimate h T s & �� 
 � ö % ¡ �ö � � � b h�m a 
 h + b h � h b h � �
if we take t m W .
The term 687:9<; .. L G�J 6 . We will provetheestimateh T s Ù & �� � � b h m a 
 h + b h � h b h � , (4.16)

for t � m W�¤±
 � ú � . An explicit computationyieldstherelationP . � � � ö % ¡ �ö � � Q � § ö 
 � ö % ¡ �ö � � � % ¡ �ö � � F (4.17)

Solving(4.17)for
� � , wegeth T s Ù�& �� � � b h � �DM ¡ & �ö n § ö 
 � ö % ¡ �ö � � � % ¡ & �ö P . � � � ö % ¡ �ö � � Q p b � T � s

Ù�& �� � � b
N¬ .
� � �� % .

� � �� F
Theterm .

� � �� canbeestimatedas� .
� � �� � m ¡ & �ö h § ö 
 � ö % ¡ �ö � � � b h;h T � s Ù�& �� � � b h m a 
 h + b h � h b h � � ,

wherethelastinequalityholdsbecauset � m W�¤ � .
In orderto estimate.

� � �� , we applyLemma4.2with [ �¾� � and ( � � ö % ¡ �ö � � .
An explicit computationyields P . � � [ Q �  ø� 
'� � � �� ø� 
 µ� � � % � ö . The term P . � � ( Qhasalreadybeencomputedin (4.17).Becauseof Proposition4.1andof (4.15),we can
choose · � � W , � � �³@ ,· � � W , � � �EW ,· ù � � % W�¤ ú , � ù �EW F
Thehypothesesof Lemma4.2arethusfulfilled if we choose

  � � % W�¤ ú . We there-
fore have the estimate(4.16) with t � � W�¤9
 � ú � . We have a similar estimatefor the
symmetrictermat theotherendof thechain.
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The term 687 9<; .. OQP =SRE . IKJ 6 . We will provetheestimateh T s�TÙ & �� è ¥ 
 µ� � � b h�m a 
 h + b h � h b h � ,

for somet ø� Ü t � . Becauseof thebound(3.5b)of A2, we canfind someconstants¹ �
and ¹ � suchthatM T � s�TÙ & �� è ��¥ 
 µ� � � b � b N m ¹ �HUU M T � s�T

Ù & ��  ø� 
 µ� � � b � µ� � b N UU � ¹ �VUU M T � sWT
Ù & �� b � b N UU , (4.18)

where we also used(4.3). The secondterm is easily estimatedbecauseT � sWTÙ & �� is
boundedif t ø� m W . Weonceagainusethefactthat P . � �'� � Q �  ø� 
'� � � �À ø� 
 µ� � � % � ö to
write thefirst termasUU M T � sWT

Ù & ��  ø� 
 µ� � � b � µ� � b N UU � UU M T � s�T
Ù & �� n P . � �"� � Q %  ø� 
'� � � � � ö p b � µ� � b N UU¬ � X � � �� � X � � �� � X � ù �� � F

Theterm X � � �� canbewrittenas� X � � �� � � UU M T � s�T
Ù & � S � æ ¥�  \ø� 
"� � � b � T & � æ ¥� µ� � b N UUmZYY T � s�TÙ & � S � æ ¥�  \ø� 
"� � � b YY h T & � æ ¥� µ� � b h F

By Proposition4.1andthefactthat  ø� c ã � , & � , this termis boundedby a h b h � if we
take t ø� sosmallthat � t ø� m W�¤ ¦ % W�¤ ú F

(4.19)

Theterm X � ù �� is boundedsimilarly by writing� X � ù �� � mDYY T � s TÙ & � S � æ ¥� � ö b YY h T & � æ ¥� µ� � b h ,

if we impose � t ø� m W % W�¤ ú F
(4.20)

Both conditionscanbe satisfiedbecausewe assumedthat
W Ü ¦ Ü ú . In order to

estimateX � � �� , weapplyonceagainLemma4.2.Thistimewehave [ � µ� � and ( � � � .
Using(4.16)andProposition4.1,we seethatwecanchoose· � �ÚW�¤ ú , � � �EW % t � ,· � �ÚW�¤ ú , � � �EW ,· ù �ÚW , � ù � � % W�¤ ú F
By using ú u W

, we seethat the hypothesesof Lemma4.2 arefulfilled if (4.19)and
(4.20) hold, togetherwith t ø� Ü t � ¤ � . Onceagain,we have the sameestimateat the
otherendof thechain.

Wecannow goalongthechainby induction.At eachstep,wegooneparticlecloser
towardsthe middle of the chain.We presenthereonly the termsarisingwhenwe go
from theleft to theright of thechain.
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The term 6[7 9<; .. LF\ J 6 . We alreadytreatedthe case= � W
. Let us thereforeassume=~u W . We moreoverassumethatthereexist constantst �'& � � t ø�'& � u @ suchthatwehave

theestimates YY T s 7 j�� & �� � �'& � b YY m a 
 h + b h � h b h � ,YY T sWT7 j�� & �� è ¥ 
 µ� � � b YY m a 
 h + b h � h b h �ËF (4.21)

We will show thatthis impliestheexistenceof a constantt � u @ suchthatYY T s 7 & �� � � b YY m a 
 h + b h � h b h �ËF (4.22)

We use
� � � � ��& � � P . � � µ� � Q to writeYY T s 78& �� � � b YY � �1" T � s 7$& �� � ��& � b � T & �� � � b%$ � " P . � � µ� � Q b � T � s

78& �� � � b%$ ¬ .
� � �� � .

� � �� F
Theterm .

� � ��
is easilyboundedif wewrite� .
� � �� � m h T � s 78& �� � ��& � b h;h T & �� � � b h m a 
 h + b h � h b h � � ,

wherethelastinequalityis obtainedby usingProposition4.1and(4.21).We only have
to make theassumption

� t � m t ��& � .
In orderto estimatetheterm .

� � ��
, we applyLemma4.2 with [ �¸�

�
and ( � µ� � .

Explicit computationyields P . � �'� � Q �  ø� 
'� � � %  ø� 
 µ� � S � � %  ø� 
 µ� � � . Usingtheinduction
hypothesis(4.21)andProposition4.1,we seethatwe canchoose· � �ÚW , � � �E
©W % t ø�'& � ��¤ ú ,· � �ÚW , � � � W�¤ ú ,· ù � � % W�¤ ú , � ù � W F
If we take t � m t ø�'& � ¤±
 � ú � , we seethatthehypothesesof Lemma4.2aresatisfied.We
thushave thedesiredbound(4.22).

The term 687 9<; .. OQP =SRE \^] . I_J 6 . Weassumethatthereexist strictly positiveconstantst � and t ø�'& � suchthatYY T s 78& �� � � b YY m a 
 h + b h � h b h � ,
YY T sWT7 j�� & �� è ¥ 
 µ� � � b YY m a 
 h + b h � h b h �ËF

We will show thatthis impliestheexistenceof a constantt ø� u @ for whichYY T sWT7 & �� è ¥ 
 µ� � S � � b YY m a 
 h + b h � h b h �ËF (4.23)

Expression(4.18)with µ� � replacedby µ� � S � holds.In orderto prove (4.23),it suffices
thereforeto show that� " T � s�T7 & ��  ø� 
 µ� � S � � b � µ� � S � b%$ � m a 
 h + b h � h b h � � F
Since,for =�u W we have P . � �"� � Q �  ø� 
"� � � %  ø� 
 µ� � S � � %  ø� 
 µ� � � , theprecedingterm
canbewrittenasUU M T � sWT

7 & �� n P . � �"� � Q �^ \ø� 
"� � � �! ø� 
 µ� � � p b � µ� � S � b N UU ¬ � X
� � �� � X � � �� � X � ù �� � F
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We impose
� t ø� m W�¤ ¦ % W�¤ ú . Theterm X � � �� is thenestimatedas� X � � �� � m h T & � æ ¥� µ� � S � b hHYY T � sWT

7 & � S � æ ¥�  \ø� 
"� � � b YY m a 
 h + b h � h b h � � �
wherethelaststepusesProposition4.1and  ø� c ã � , & � . In orderto estimatethetermX � ù �� , we noticethatby theCauchy-SchwarzinequalityandassumptionA2, wehave� X � ù �� � m a h T & � æ ¥� µ� � S � b h YY T � sWT

7 & � S � æ ¥� è ��¥ & � 
 µ� � � b YYm a h b hHYY T � æ ¥ & �� è ¥ & � 
 µ� � � T � s�T
7 & �� è ¥ 
 µ� � � b YYm a h b hHYY T � sWT7 & �� è ¥ 
 µ� � � b YY F

We canchoose
� t ø� Ü t ø��& � , sothis termcanbeestimatedby theinductionhypothesis.

The term X � � �� is onceagainestimatedby usingLemma4.2, this time with [ � µ� � S �and ( � � � . UsingProposition4.1,it is easyto verify thatonecantake· � �ÚW�¤ ú , � � �EW % t � ,· � �ÚW�¤ ú , � � �EW ,· ù �ÚW , � ù � � % W�¤ ú F
It sufficesthento choose

� t ø� Ü t � to satisfytheassumptionsof Lemma4.2andgetthe
desiredestimate.

It is obvious that this inductionalsoworks in theotherdirection,startingfrom the
otherendof thechain.It alsoaccommodatesto alittle bit morecomplicatedtopologies,
aslongasthechaindoesnot containany closedloop. In orderto completetheproof of
thelemma,we have to estimatethelasttermcorrespondingto themotionof thecenter
of mass.

The term 687:9<; .. OQ` =Wa IKJ 6 . Finally, we wantto show theestimateh T s & �� è , 
 � � b h�m a 
 h + b h � h b h ��� (4.24)

for somet . We startwith a little computation.We write
 R � W¿�©� � � � � 
'� � & � % � � � � � 
'� � & � % � � & � � � FGFHF � R 
"� � % � � �wF
Moreover, we have

� � �³� � � 
"� � % � � � � FHFHF � 
"� ��% � �'& � � . We canthuswrite�R � W % � � � ��� � � §
� � µ��� , with

§ � � c
R
F

This, togetherwith themean-valuetheorem,impliestheusefulrelation
 R � W�� �  ø� n � ¤9
 R � W�� p � � �� � �/�  \ø� 
"�
� � � � �� � ��� �  ø� n � ¤±
 R � W�� p %  ø� 
'� � �©#

� � �� � �/�  \ø� 
"�
� � � � �� � ���  \ø ø� 
 Â

� �d��� � � §
� � µ��� ,

(4.25)
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whereÂ � is locatedsomewhereon the � ¤9
 R � W¿� and
� �

.
In thecaseof x -dimensionalparticles,theexpressioncorrespondingto (4.25)is� 
 R � W�� �  ø� n � ¤9
 R � W�� p �m 
 R � W¿� � �É� � b  � 
"� � � � � � �É� �� � ��� sup

® Y � � � � � UUU b �  � � �W�R � W � 
©W % � �©� � # UUU ��� � � §
� � � µ� � � F

Thesubsequentexpressionscanberewrittenaccordingly.
We useA1 and(4.25)to write theleft-handsideof (4.24)ash T s & �� è , 
 � � b h � � � " T � s & �� è � , 
 � � b � b%$ �m a 
 R � W¿� UU M T � s

& ��  ø� nc� ¤9
 R � W¿� p b � � b
N UU � a h b h �m a UUUed T � s
& �� � �� � �/�  ø� 
"�

� �$# b � � bFf UUU� a ��� � � � � §
� � � " T � s & �� µ� �  ø ø� 
 Â � � b � � b%$ � � a h b h �¬gX � � � � X � � � � a h b h � F

Theterm X � � � canbeboundedbecause ø ø� c ã � , & � , andso

�  ø ø� 
 Â � � � m a 
$W � Â �� � , & � m a è � , & � 
 � � � a è � , & � 
"� � � m a ��ä �/� è � ,
& � 
'� ä �	F

Thus, X � � � canbesplit in termsof theform� " T � s & �� µ� � è � ,
& � 
"� ä � b � � b%$ � m�h T � æ , & �� è � , & � 
"� ä � � b h;h T � s & � æ , µ� � b h F

Thefirst factorclearlycanbeboundedby a h b h if wenoticethat
� éÈ è � , & � 
'� ä � � be-

longsto ã � , & � andthenapplyProposition4.1.Thesecondfactorcanalsobebounded
by a h b h if we impose @ Ü t m W� ¦ % W� ú ,

which canbedonebecausewe assumed¦ Ü ú .
It remainsto estimateX � � � . Wedefine

èE� ] �� ��� � � . Sinceit mayeasilybeverified
that P . � ��è Q � ] �� ���  ø� 
'� � � % � ö % � ÷ , we canwrite X � asX � �#M T � s & �� n P . � ��è Q � � ö � � ÷ p b � � b
N ¬gX

� ù � � X � þ � � X � ÿ � F
We leave to thereadertheverificationthattheterms X � þ � and X � ÿ � canbeboundedbya h b h � withoutintroducingany strongerconditionon t . Theterm X � ù � canbeestimated
byusingLemma4.2with [ � � and( �¨è . Wehavealreadyverifiedthat(4.22)holds
for every = , sowe candefinet8hÀ¬ min

D t � ��= �¨@±�GFHFHF�� R J F
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This, togetherwith Proposition4.1,allowsusto choose,· � �EW�¤ ¦ , � � �ÚW % t8h ,· � �EW�¤ ¦ , � � �ÚW ,· ù �EW , � ù � � % W�¤ ¦ ,

and thus (4.24) is fulfilled if we choose
� t m t8h . This completesthe proof of the

lemma.

5. Generalizationof Hörmander’sTheorem

In a celebratedpaper[Hör67], Hörmanderstudiedsecond-orderdifferentialoperators
of theform è � ¯�� � � Ï 0� Ï � � Ï � , (5.1)

wherethe Ï � aresomesmoothvectorfieldsactingin R 2 . He showed thata sufficient
condition for the operator

è
to be hypoelliptic is that the Lie algebrageneratedbyD Ï � �HFGFHF/� Ï ¯ J hasmaximalrankeverywhere.Themainstepin hisproof is to show that

thereexistsa constantt´u @ and,for every compactdomain ikj R 2 , a constantaml
suchthat honÕh � s � m aml 
 h è nÕh � honÕh � , p n cüe g� 
 i �	F (5.2)

In thisexpression,thenorm
h Å h � s � is thenaturalnormassociatedto theSobolev space� s 
 R 2 � , i.e. honÕh � � s � � � R q �srn 
 Ê � � � 
©W � Ê � � s x62 ÊÇ¬ h 
$W � � � s æ � nOh F

We baseour discussionon theproof presentedin [Hör85]. Hörmanderfirst defines� �
asthe setof all properlysupportedsymmetricfirst-orderdifferentialoperators

�
such

thatfor everycompactdomaini , thereexist constantsa øl and a ø øl withh � nOh � m a øl Re
""è n � n $ � a ø øl htnOh � ,

n c e g� 
 i �	F (5.3)

In particular, if we write Ï 0� � % Ï � � ¹ � , where ¹ � is somefunction, � � containsall
theoperatorsof theform 
 Ï � % ¹ � ¤ � ��¤ = , � º W ,

as well as their linear combinations.It also containsevery operatorof order
@
.

Hörmanderthendefines� � asconsistingof the operator

"è % è 0 ��¤ = , aswell asall

the commutatorsof the form P �6��� ø Q ¤ = with
�6��� ø c � � . For Ê¨u �

, he defines�\ä as
thesetof all commutatorsP �6��� ø Q ¤ = with

� c � ä & � and
� ø c � ä & � . Onefeatureof this

constructionis thatafinite numberof stepssufficesto catcheverysymmetricfirst-order
differentialoperator. This is a consequenceof themaximalrankhypothesis.Themain
pointof Hörmander’sproof is thenthefollowing result.

Lemma 5.1 (Hörmander). If
� ä c � ä and t m � � & ä , wehavefor every iDj R 2 ,h � ä nOh � s & � � m a 
 h è nÕh � htnOh � ,

n cfe g� 
 i ��F (5.4)
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Theproof canbefoundin [Hör85, p. 355].Theresult(5.2) thenfollowsalmostimme-
diately, becausetheoperators= 3 � all belongto some� ä . ThusthereexistssometÄu @
suchthat 2�� � � h

3 � nÕh � � s & � � m a l 
 h è nOh � honÕh � � ,
n c e g� 
 i � ,

which implies (5.2).Oneof the majorproblemsencounteredin this paperis to find a
globalestimateanalogousto (5.2), i.e. to find constantsa and t suchthath µ� s nÕh m a 
 h è nÕh � htnOh � , for all

n cüe g� 
 R 2 � ,

where µ� is somemodifiedLaplacean.Therearetwo majordifficulties:u If wewereto constructthesets� ä asin [Hör85], they wouldnotnecessarily“close”
in the sensethat the successive commutatorscould blow up, andthe whole proof
would breakdown. To avoid this we do not necessarilyput


'è % è 0 ��¤ = into � � ,
but rather B � 
'è % è 0 ��¤ = , where B � is someboundedfunction.This allows to get
decreasingboundson thesuccessivecommutators.
This problemdoesnot appearin [EPR99a], wherethesuccessive commutatorsare
all first-orderdifferentialoperatorswith constant(or bounded)coefficients.On the
otherhand,thecommutatortechniqueis essentiallythesameasin [EPR99a].u Theabove constructiondoesnot allow to dealwith arbitrarysymmetricfirst-order
differentialoperators.Thereasonis thatif we wanta globalequivalentof (5.3),the
set � � is no longerallowedto containproductsof the Ï � andunboundedfunctions.
We thuswork with fewer operators,which meansthatwe trackmuchmoreclosely
theexpressionswhich appearin theconstructions.

5.1. General setting. Let usconsidertheHilbert space× �
L
� 


R 2 � x ` � for someinte-
ger x ºÚW . We definetheset v 
 × � asthesetof closedoperatorson × andthealgebraw 
 × � astheeverywheredefinedboundedoperatorson × .

We define á ¬ e�g� 
 R 2 � , which is densein × . Let us fix some sub-algebrax j w 
 × � thatis closedunderconjugationandsuchthat � áyj^á for all � c x (typ-
ically

x
is somealgebraof boundedfunctions).Theadvantageof considering

e�g� 
 R 2 �
is that every differentialoperatorwith sufficiently smoothcoefficients is closableon
it (see[Yos80] for a justification).Moreover, every differentialoperatorwith smooth
coefficientsmapsá into itself. This allows usto make a formal calculus,i.e. every re-
lationshipbetweenoperatorsappearingin this sectionis supposedto hold on á . The
actualoperatorsarethentheclosuresof theoperatorsdefinedon á .

We definez asthesetof all formalexpressionsof theform�ç L ç { ä � L 

` � å L

, Ê º¾@ , � cüe g 
 R 2 � ,

where
å L

denotesthe � ýl� th derivative with respectto the multi-index ý . By the above
remark,any elementof z can naturally be identified with a differential operatorinv 
 × � .

Consideradifferentialoperator+ thatcanbewrittenas+ �-,� � � ��. 0
� . � � . � , . � c z , � �ÚW;�HFGFHF�� ¦ , (5.5)



26 J.-P. Eckmann,M. Hairer

where. � is suchthat .10� � % . � � B , B c xÀF (5.6)

We introducenow a definitionthatwill beveryusefulin thesequel.

Definition 5.2. Let |1j}z bea finite setof differential operators and = º�@ a natural
number. We definetheset ~ �� 
 | � asthemoduleon

x
generatedby theterms� � � � ÅGÅHÅ � � ,

� ä c | N DlW J , Ê �EW;�GFHFHF�� = F
Theelementsof ~ �� 
 | � are naturally identifiedwith denselydefinedclosedoperators
on × . If = �³@ , weusetheconvention~ �� 
 | � ¬ x .

Thesubscript
x

will bedroppedin thesequelwhenthealgebra
x

is clearfrom the
context. We constructthesetsC & � � D . � �HFHFGF/� .I,KJ ,

C � � D B � . � � . � �GFHFHF�� .I,KJ , B � c x , (5.7)

wheretheoperatorB � is assumedto beself-adjoint,positiveandsuchthatP B � � . � Q c xÀF (5.8)

Let usnow constructrecursively up to a level
õ ÜEÝ somefinite sets� � � C � j�z by

thefollowing procedure.Assume
C �'& � is known.Considernext theset � � � �� of all [ of

theform

[ � �| Y U 7 j�� � b | ( � �� Y U Ù b � | P . � ( Q # ,
b | � b � | c x F (5.9)

We thenselectafinite subset� � j�� � � �� . Theset
C �

is thendefinedasC � ¬ C ��& �ÕN � � F
Remark5.3. It is herethatourconstructiondiffersfrom similaroneswhereall elements
of � � � �� wouldhavebeenselected.Thismakesthesetof operatorswhichwestudymuch
smaller, but thenwe of coursehave to verify that the operatorsof interestare really
coveredby ourconstruction.

We will makesomeworking hypotheseson thesets
C �

.
H1. Thepair


 C ÷ �WxZ� satisfiesthefollowing. If [ � ( c C ÷ and
b´c x

, thenP [ � ( Q c ~ � 
 C ÷ � , [ 0 c ~ � 
 C ÷ � , P [ � b Q c x FH2. If [ c C
�
with = º % W , wehave [ 0 c ~ � 
 C

� �
.

Remark5.4. HypothesisH1 implies that if . c ~ � 
 C ÷ � and X c ~ ä 
 C ÷ � , thenP . � X Q c ~ ä S �
& � 
 C ÷ � . This will bevery usefulin thesequel.HypothesisH2 implies

thattheclasses~ ä 
 C � � areclosedunderconjugation.

We definenow theoperatorT � byT � �ÚW � �XZY U � [ 0 [ F (5.10)

This is, in somesensethat will immediatelybe clearfrom Lemma5.6, the “biggest”
operatorcontainedin ~ � 
 C ÷ � . TheoperatorT � is symmetric,denselydefinedandpos-
itive.We will moreoverassumethat
H3. T � is essentiallyself-adjointon á .
Thepowers T » thusexist andarealsoessentiallyself-adjointon á for · m � .
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5.2. Resultsanda preliminarylemma. Thefollowing theoremis themainresultof this
section.

Theorem5.5. Let + and T bedefinedasaboveandassumeH1–H3 are satisfiedfor
some

õ
. Thenthere exist someconstantsa � tÛu @ such that for every

bdc á , wehaveh TËs b h m a 
 h + b h � h b h �ËF (5.11)

In thesequel,we will write
C

insteadof
C ÷ to simplify thenotation.

In orderto proveTheorem5.5,we needthefollowing lemma,which will beexten-
sively usedin thesequel.

Lemma 5.6. Let T ,
x

and
C

beasaboveandassumeH1 andH3 hold.If . c ~ �� 
 C � ,
thentheoperators T � . T + with � �   m % �
arebounded.

If X c z is such that P X � T � Q c ~ �� 
 C � , thentheoperatorsT � P T » � X Q T + with · � � �   m � % �
arebounded.

If . � X c z aresuch thatP . � T � Q c ~ �� 
 C � , P X � T � Q c ~ ä� 
 C � and � P T � � . Q � X�� c ~ � S ä
& �� 
 C �

,

thentheoperatorsT � � P T » � . Q � X � T + with · � � �   m ! % � % Ê
arebounded.

Proof. Theproof of this lemmais postponedto AppendixA.

Remark5.7. Lemma5.6 allows us to countpowersin the following sense.Eachtime
we seean operatorthat is a monomialcontainingfractional powers of T and some
operatorsof ~ � 
 C � , we know that the operatoris boundedif its “degree” is lessor
equalto

@
. The rule is that if X c ~ � 
 C � , its degreeis � andthe degreeof T » is · .

Moreover, everytimeweencounteracommutator, wecanlowerthedegreeby oneunit.

Lemma5.6alsoshows thatif
bdc á , [ c C and · m � , expressionssuchas [ T » bcanbewell definedby

[ T » b ¬¸T » [ b � P [ � T » Q T
& � T � b ,

where P [ � T » Q T
& �

is boundedandcanthereforebedefinedonall of × . Similarexpres-
sionshold to show thatany expressionof this sectioncanbewell defined.

We arenow readyto provethetheorem.
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5.3. Proof of Theorem5.5. Theproof usesthecommutationtechniquesdevelopedby
Hörmander[Hör85] and improved by Eckmann,Pillet, Rey-Bellet [EPR99a]. Large
partsof this proofareinspiredfrom this latterwork.

Beforewestarttheproof itself, let usmakeafew computations,theresultsof which
will beusedrepeatedlyin thesequel.We first show thatwe canassumeRe+ positive.
An explicit computation,using(5.5)and(5.6),shows that

Re+ � ,� � � ��.10� . � � B � , andthusalso . � � + %
Re+ � B ¤ � F (5.12)

BecauseB c x , we canadda sufficiently big constantto . � to make Re+ positive.
Thiswill changeneitherthecommutationrelations,nor theestimate(5.11).

AnotherusefulequalityisB � Re+ �
Re

 B � + � + � � � + � + � � + � c ~ � 
 C & � � , (5.13)

where + � is a self-adjointoperatorsuchthatRe

 B � + � + � � is a positive self-adjoint

operator. Thisis aconsequenceof thefollowing two equalities,whichareeasilyverified
by inspection

B � Re+ � ,� � � � . 0
� B � . � � + � + � c ~ � 
 C & � � ,

Re

 B � + �O� ,� � � ��.10� B � . �

% + � + � c ~ � 
 C & � �	F
We thereforehave

Re

 B � + � + � �Ë�-,� � � � . 0� B � . � F

Thisproves(5.13).
Anotherusefulidentitywill be
 B � . � � 0 � % . � B � � BÔB � � % B � . � � P B � � . � Q � BÔB �� % B � . � � B ø� , B ø� c x ,

(5.14)

wherethelastequalityis a consequenceof (5.8).
We will now verify the estimate(5.11) for somevector

b¨c á . In the sequel,the
symbol a will beusedto denotesomeconstantdependingonly ontheoperator+ . This
constantcanchangefrom oneline to the other. We will first prove that [ c ~ � 
 C � �
with

@ m = m õ implies h T � æ þ
7�� � & � [ b h m a 
 h + b h � h b h �~F (5.15)

In fact,an immediateconsequenceof thefirst partof Lemma5.6 is thatwe only have
to provethisassertionfor [ c C

�
. Theproofwill proceedby inductionon = .
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5.3.1.Verificationfor = �¨@ . We wantto verify theestimateh T & ù æ þ [ b h m a 
 h + b h � h b h � , for all [ c C � F
Thecases[ � B � . � and [ � . � with �o>�³@ will betreatedseparately.

The case������� . We writeh T & ù æ þ . � b h � m a h . � b h � m a " b � .10� . � b%$ m a " b �G
 + � + 0 % B � b%$m a Re
" b � + b%$ � a h b h � m a h b h 
 h + b h � h b h �ËF

This impliesthedesiredestimate.Because. 0� c ~ � 
 C & � � by hypothesis,thiscompu-
tationimmediatelyimpliestheestimatesh . � b h m a 
 h + b h � h b h � , (5.16a)h . 0� b h m a 
 h + b h � h b h � , (5.16b)

which hold for every � º W .
The case����� G � G . We write, usingexpression(5.12),h T & ù æ þ [ b h � �D" B � . � b � T

& ù æ � [ b%$�D" + b � B � T & ù æ � [ b%$ � " B � B b � T
& ù æ � [ b%$ ¤ �

% "�

Re+ � b � B � T & ù æ � [ b%$¬ � � � � � % � ù F

The terms
� � and

� � are easily boundedby a 
 h + b h � h b h � �
, using the Cauchy-

Schwarzinequalityandthefirst partof Lemma5.6.Usingthepositivity of Re+ andthe
explicit form of + , theterm

� ù canbeboundedas� � ù � �D"©
 Re+ � � æ � b �G
 Re+ � � æ � B � T & ù æ � [ b%$m �Re
" + b � b%$ � � æ � � "�
 Re+ � B � T & ù æ � [ b � B � T

& ù æ � [ b%$ � � æ �m ¢ h + b h;h b h UUU " BÔB � T
& ù æ � [ b � B � T

& ù æ � [ b%$ ¤ � � ,� � � � h .
� B � T & ù æ � [ b h � UUU � æ �¬ ¢ h + b h;h b h 2334 � � � ,� � � � � �� � � F

Theterm
� � is estimatedby simplepower counting(the T ’s contributefor

%��
andthe[ ’s for

�
in the total degreeof the expression,hence � � � � m a h b h � ). The terms

� � � �
areestimatedby writing� � � � � � m�h B � T & ù æ � [ .

� b h � h P . � � B � T
& ù æ � [ Q b h F

The first term is estimatedby using (5.16) and power counting.The secondterm is
estimatedby expandingthecommutatorasP . � � B � T

& ù æ � [ Q � P .
� � B � Q T & ù æ � [ � B � P .

� � T & ù æ � Q [ � B � T
& ù æ � P . � � [ Q ,

andestimatingseparatelytheresultingterms.
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5.3.2.Theinductionhypothesis.We shallproceedby induction.Let usfix � u @ , take[ c C � andassume(5.15)holdsfor = Ü � . Let usmoreoverdefinet ¬ W�¤<! � S � in order
to simplify thenotation.Our assumptionis thereforethath T þ s & � ( b h}m a 
 h + b h � h b h � pf( c ~ � 
 C � & � �wF (5.17)

We will now provethatthisassumptionimpliesthedesiredestimate,i.e.h T s & � [ b h m a 
 h + b h � h b h � p [ c ~ � 
 C ���wF (5.18)

This, togetherwith theprecedingparagraph,will imply theestimate(5.15).

5.3.3.Proof of themainestimate.Becauseof the inductionhypothesis,we only have
to check(5.18)for [ c C �[� C �

& � . By (5.9),we canwrite

[ � �| Y U � j�� � b | ( � b �| P B � . � � ( Q � ,� � � � b
�| P . � � ( Q # ,

with all the
b

belongingto
x

. We haveh T~s & � [ b h � � �| Y U � j�� d � b | ( � b �| P B � . � � ( Q � ,� � � � b
�| P . � � ( Q # b � T � s

& � [ b f¬ �| Y U � j�� � ) | � ) �| � ,� � � � )
�| # F

We aregoingto boundeachtermof thissumseparatelyby a 
 h + b h � h b h � � .
Term -�� . We have� ) | � � � " T � s & � b | T � & � s T � s & � ( b � T & � [ b%$ � F
TheoperatorsT � s & � b | T � & � s and T & � [ areboundedby Lemma5.6.Usingtheinduc-
tion hypothesis(5.17),we thusgetthebound � ) | � m a 
 h + b h � h b h � � .
Term - \� with ������ . We define �f¬ b �| . Theterm ) �| is thenwrittenas) �| �#" ( b � . 0� � 0 T � s

& � [ b%$
% " . � b � � 0 ( 0 T � s

& � [ b%$ ¬�� �
% � � F

Term a . . It canbeestimatedby writing� � �#" ( b � � 0 T � s
& � [ .10

� b%$ � " ( b � P .À0� � � 0 T � s
& � [ Q b%$ F

Thefirst termis estimatedby rewriting it as� " ( b � � 0 T � s
& � [ .10

� b%$ � � � " T � s & � ( b � T � & � sK� 0 T � s
& � [ .10

� b%$ �mEh T � s & � ( b h;h T � & � so� 0 T � s
& � [ .10

� b hm a 
 h + b h � h b h � � F
Thelastinequalityhasbeenobtainedby usingtheinductionhypothesis(5.17),theesti-
mate(5.16b)andthefactthattheoperatorT � & � s � 0 T � s

& � [ is boundedby Lemma5.6.
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Thesecondtermis estimatedas� " ( b � P . 0� � � 0 T � s
& � [ Q b%$ � � � " T � s

& � ( b � T � & � s P . 0� � � 0 T � s
& � [ Q b%$ �mEh T � s & � ( b h;h T � & � s P .À0� � � 0 T � s
& � [ Q b h F

The term
h T � s & � ( b h is boundedby the inductionhypothesis(5.17).The otherterm

canbeestimatedby writing thecommutatorasP . 0� � � 0 T � s
& � [ Q � P . 0

� � � 0 Q T � s
& � [ � � 0 P . 0

� � T � s & � Q [ � � 0 T � s
& � P . 0� � [ Q F

Theresultingtermsareestimatedby powercounting,usingthefactthat . 0� c ~ � 
 C � .
Term a 5 . We boundthis termas� � � � � UU " . � b � � 0 T � s

& � [ ( 0 b%$ � " .
� b � � 0 P ( 0 � T � s

& � [ Q b%$ UUm�h . � b h n h � 0 T � s
& � [ ( 0 b h � h � 0 P ( 0 � T � s

& � [ Q b h pm�h . � b h n h � 0 T � s
& � [ T �

& � s hlh T � s & � ( 0 b h � h � 0 P ( 0 � T � s
& � [ Q b hHp F

We leaveto thereaderthenot toohardtaskto verify thatit is indeedpossibleto getthe
bound � � � � m a 
 h + b h � h b h � � by similarestimatesasfor theterm � � .
Term - G� . We define �f¬ b �| . Theterm ) �| is thusequalto) �| �#" P B � . � � ( Q b � � 0 T � s

& � [ b%$�#" B � . � ( b � � 0 T � s
& � [ b%$

% " ( B � . � b � � 0 T � s
& � [ b%$ F

We use(5.14)to write this as) �| � % " ( b � � 0 T � s
& � [ B � . � b%$ � " ( b � B ø� � 0 T � s

& � [ b%$% " ( b � P B � . � � � 0 T � s
& � [ Q b%$

% " ( B � . � � � 0 T � s
& � [ b%$¬ % 	 � � 	 � % 	 ù % 	 þ ,

whereB ø� c x . Theterm 	 � caneasilybeestimatedby� 	 � � � � " T � s & � ( b � T � & � s B6ø� � 0 T � s
& � [ b%$ � mEh T � s

& � ( b h;h T � & � s B6ø� � 0 T � s
& � [ b hm a 
 h + b h � h b h � h b h ,

usingtheinductionhypothesis.In orderto estimatetheterm 	 ù , wenoticethat B � . � cC
, andthus P B � . � � T � Q c ~ � 
 C � . We canthereforewrite� 	 ù � � � " T � s & � ( b � T � & � s P B � . � � � 0 T � s

& � [ Q b%$ �mEh T � s & � ( b h;h T � & � s P B � . � � � 0 T � s
& � [ Q b h ,

expandthecommutatorandestimatetheresultingtermsseparatelyby powercounting.
We usetheequality . � � + %

Re+ � B ¤ � ,

to write theterms 	 � and 	 þ as	 � � M ( b � � 0 T � s
& � [ B � n +

% 

Re+ � � B ¤ � p b N ¬³) | � � % ) | � � � ) | � ù ,	 þ �#M ( B � n4+ % 


Re+ � � B ¤ � p b � � 0 T � s
& � [ b
N ¬³) | � þ

% ) | � ÿ � ) | � i F
Eachof thesetermswill now beestimatedseparately.
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Terms -������ and - ���¢¡ . They areeasilyboundedlike theterm 	 � by power counting
andusingthe inductionhypothesisto bound

h T � s & � ( b h . In thecaseof ) | � i , we first
have to commute( with B � B ¤ � , but this doesnot causeany problem.

Term - ����. . This termcanbeestimatedby� ) | � � � mEh + b hlh B 0� [ 0 T � s
& � ��( b h mEh + b hlh B 0� [ 0 T � s

& � ��T � & � s h;h T � s & � ( b h F
The norm of B 0� [ 0 T � s

& � �VT � & � s is boundedby power counting.Using the induction
hypothesis(5.17),we thushave � ) | � � � m a 
 h + b h � h b h � � .
Term - ��� £ . We have theestimate� ) | � þ � � � " + b � B 0� ( 0 � 0 T � s

& � [ b%$ � mEh + b h;h B 0� ( 0 � 0 T � s
& � [ b h F

Thesecondnormcanbeestimatedby writingh B 0� ( 0 � 0 T � s
& � [ b h m h B 0� � 0 T � s

& � [ T �
& � s hlh T � s & � ( 0 b h� h B 0� P ( 0 � � 0 T � s
& � [ Q b h F

Here, the first term can be boundedby a 
 h + b h � h b h �
because,by H2, we have( 0 c ~ � 
 C � & � � andsowe canusethe inductionhypothesis.Thecommutatorcanbe

expandedandboundedby powercounting.

Term -����¢5 . We canwrite this termas) | � � �¤" T � s & � ��( b �¿
 B � Re+ � T & � [ b%$ � " T � s
& � ��( b � P T & � [ � B � Re+ Q b%$�¤" T � s & � ��( b � + � T & � [ b%$ � " T � s

& � ��( b � P T & � [ � B � Re+ Q b%$� " T � s & � �V( b � Re

 B � + � + � � T & � [ b%$¬1v � � v � � v ù ,

wherethe secondequality hasbeenobtainedusing (5.13). Thesetermscan now be
estimatedseparately.

Term ¥y. . We write this termasv � �1" T � s & � �V( b � T & � [ + � b%$ � " T � s
& � �V( b � P + � � T & � [ Q b%$ F

Thefirst termis estimatedby using+ � c ~ � 
 C & � � � h + � b h}m a 
 h + b h � h b h � ,

wherethe implication is a straightforward consequenceof (5.16a).The secondterm
canbe estimatedby power countingandthe inductionhypothesis,usingthe fact that+ � c ~ � 
 C & � � , sothat P + � � T & � [ Q is bounded.

Term ¥¦5 . We usetheexplicit form of Re+ to write this termasv � �#" T � s & � ��( b � P T & � [ � B � Q 
 Re+ � b%$� ,� � � � � " T � s
& � �V( b � B � . 0� P T

& � [ � .
� Q b%$

� " T � s & � ��( b � B � P T & � [ � . 0
� Q . � b%$ #� " T � s & � �V( b � B � P T & � [ � B Q b%$ ¤ �¬¨v � � � ,� � � � 
 v

� � � v � � � � v ��� F



Non-Equilibrium
q

StatisticalMechanicsof StronglyAnharmonicChains 33

Theterm v � � is estimatedby usingtheexplicit form of Re+ to decomposeit in terms
of theform� " T � s & � �V( b � P T & � [ � B � Q .10

� . � b%$ � mEh P T
& � [ � B � Q .10

� h;h T � s & � �V( b h;h . � b h F
Thenorm

h P T & � [ � B � Q . 0
� h

is finite by Lemma5.6.Theterms
h T � s & � ��( b h and

h . � b hareboundedby a 
 h + b h � h b h � , usingtheinductionhypothesis(5.17)andtheestimate
(5.16a)respectively. Theterms v ��� and v � � areestimatedby powercountingandthe
inductionhypothesis.In orderto estimatetheterm v � � , wehaveto commuteoncemore
to findv � � �#" T � s & � ��( b � B � P T & � [ � .

� Q .À0� b%$ � M T � s
& � ��( b � B � � .10� � P T

& � [ � .
� Q � b
N F

Thefirst termis estimatedby using(5.16b).Thesecondtermis estimatedby expanding
thedoublecommutatorandpowercounting.

Term ¥§� . We usethepositivity of Re

 B � + � + � � to write� v ù � �#M n Re


 B � + � + � � p � æ � T � s & � ��( b � n Re

 B � + � + � � p � æ � T & � [ b
Nm �Re

"�
 B � + � + � � T � s & � ��( b � T � s & � �V( b%$ � � æ �� � " Re

 B � + � + � � T & � [ b � T

& � [ b%$ � � æ �m ¢ �Rev þ � � �Rev ÿ � ¢ � v i � F
We will now estimatev þ , v ÿ and v i separately.

Term ¥Z£ . We wantto put theoperatorB � + to theleft of
b

. Sowe writev þ �1" T & � �V( B � + b � T þ s & � ��( b%$ � " P B � + � T � s & � ��( Q b � T � s & � ��( b%$¬³v þ � � v þ � F
The term v þ � is estimatedeasilyby usingthe inductionhypothesisandthe fact thatT & � ��( B � is bounded.In orderto estimatev þ � , weusetheexplicit form of + to writev þ � �D" T & � s P B � . � � T � s

& � ��( Q b � T þ s & � ��( b%$� ,� � � � � " B � .À0� P .
� � T � s & � �V( Q b � T � s & � �V( b%$� " B � P .À0� � T � s
& � �V( Q . � b � T � s

& � ��( b%$ #� " T & � s P B � � T � s & � ��( Q + b � T þ s & � ��( b%$¬ v þ � � ,� � � � 
 v
� ù � v � þ � � v þ � F

Thetermsv þ � and v þ � areestimatedby expandingthecommutatorandpowercount-
ing. Theterm v � þ canbewrittenas� v � þ � � � " T & � s�B � P .10� � T � s

& � ��( Q . � b � T þ s
& � �V( b%$ �m h T � & þ s � 0 T � s

& � B � P . 0� � T � s
& � ��( Q h;h . � b h;h T þ s

& � ( b h F
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It is thenestimatedby power counting,usingmoreover the inductionhypothesisand
theestimate(5.16).In orderto estimatetheterm v � ù , we have to commuteoncemore
to write v � ù ��" T & � s B � P . � � T � s

& � ��( Q . 0� b � T þ s
& � ��( b%$� M T & � s�B � � .À0� P . � � T � s

& � �V( Q � b � T þ s & � �V( b
N F
Thefirst termis estimatedexactly like v � þ . Thesecondtermcanthenbeestimatedby
expandingthedoublecommutatorandpowercounting.

Term ¥¦¨ . We write this termasv ÿ �1" T & � ��(\+ � b � T þ s & � ��( b%$ � " T & � s P + � � T � s & � �V( Q b � T þ s & � ��( b%$ F
The first term is estimatedusingthe inductionhypothesisandthe fact that (5.13)and
(5.16)imply + � c ~ � 
 C & � � � h + � b h m a 
 h + b h � h b h �ËF (5.19)

Theotherterm is estimatedby usingthe fact that P + � � T � Q c ~ � 
 C � and P + � � ��( Q c~ � 
 C � , which followsfrom
C & � j C andthus + � c ~ � 
 C � .

Term ¥§¡ . We usetheexplicit expressionfor Re

 B � + � + � � to write this termas

v i � ,� � � � h B � æ �� . � T
& � [ b h � m a ,� � � � h .

� T & � [ b h � F
Thesetermsareeasilyestimatedby putting the . � to the left of

b
, using(5.16) and

estimatingthecommutators.

Term -����¢¨ . This is thelasttermwe have to estimate.Usingtheexpression(5.13)and
thepositivity of Re


 B � + � + � � , it canbewritten in theform) | � ÿ � M n Re

 B � + � + � � p � æ � b � n Re


 B � + � + � � p � æ � ( 0 � 0 T � s
& � [ b N� " + � b � ( 0 � 0 T � s

& � [ b%$¬ R � � R � F
Thesetermsarenow estimatedseparately.

Term ©ª5 . We usetheCauchy-Schwarzinequalityto write� R � � mEh + � b h;h ( 0 � 0 T � s
& � [ b h ¬ h + � b h;h R ù h F

We canestimate
R ù by writing( 0 � 0 T � s
& � [ � � 0 T � s

& � [ T �
& � s T � s & � ( 0 � P ( 0 � � 0 T � s

& � [ Q ,

andestimatingthe resultingtermsusingthe inductionhypothesis.We alreadynoticed
thatwe havethedesiredestimatefor

h + � b h .
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Term ©B. . UsingtheCauchy-Schwarzinequality, we write it asR � m " b � Re

 B � + � + � � b%$ � æ � " Re


 B � + � + � � ( 0 � 0 T � s
& � [ b � ( 0 � 0 T � s

& � [ b%$ � æ �m a 
 h + b h � h b h � � " T & � s 
 B � + � + � � ( 0 � 0 T � s
& � [ b � T � s<( 0 � 0 T � s

& � [ b%$ � � æ �¬ a 
 h + b h � h b h � ¢ � " b � � b � � b ù $ � m a 
 h + b h � h b h � ¢ 
 h b � h � h b � h � h b ù h F
Estimateof 6 J � 6 . We write it asb ù � T � s � 0 T � s

& � [ T �
& þ s T þ s & � ( 0 b � T � s P ( 0 � � 0 T � s

& � [ Q b F
The first term is estimatedby using the recurrencehypothesisand the fact that H2
implies ( 0 c ~ � 
 C � & � � . The secondterm is estimatedby power countingand by
usingthefactthat t Ü W�¤<! .
Estimateof 6 J 5«6 . We write it asb � � T & � s<( 0 � 0 T � s

& � [ + � b � T
& � s P + � � ( 0 � 0 T � s

& � [ Q b F
The first term is estimatedusingthe fact that

h + � b hüm a 
 h + b h � h b h � andpower
counting.The secondterm is simply estimatedby power counting,and the fact that+ � c ~ � 
 C � .
Estimateof 6 J .'6 . We usetheexplicit form of + to write

b � asb � � T & � sG( 0 � 0 T � s
& � [ B � + b � T

& � s P B � . � � ( 0 � 0 T � s
& � [ Q b� ,� � � � n T

& � s B � . 0� P . � � ( 0 � 0 T � s
& � [ Q b � T

& � s P B � . 0� � ( 0 � 0 T � s
& � [ Q .

� b p
¬g� � � � � � ,� � � � 
 �

� � � � � � � � �wF
Thesetermswill now beestimatedseparately.

Term aQ¬ . We noticethattheoperatorT & � s<( 0 � 0 T � s
& � [ B �

is boundedby powercounting.Thisyieldsthedesiredestimate.

Term a G . This termis boundedby a h b h by powercounting,noticingthat B � . � c C .

Term a­\ �¢5 . This termcanbeestimatedby power countingif we expandthecommu-
tatorandusetheestimate(5.16).

Term a \ ��. . Weuseoncemorethetrick thatconsistsof puttingthe . 0� to theleft of
b

.
We write therefore� � � � � T & � s B � P . � � ( 0 � 0 T � s

& � [ Q . 0
� b � T & � s B � � . 0� P . � � ( 0 � 0 T � s

& � [ Q � b F
Thefirst termis estimatedby using(5.16b)andexpandingthecommutator. Thesecond
termis estimatedin asimilarwayby expandingthedoublecommutator. Wedon’t write
theresultingtermshere,becausetherearetoo muchof them.They areall boundedby
simplepower countingandby usingLemma5.6.This completestheproof of estimate
(5.18).
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It is now straightforwardto provethetheorem.Recallthat
õ

is thelevel upto which
the
C �

aredefined.We put t �EW�¤<! ÷ S � , andwewrite:h T s b h �1" b � T � s & � T � b%$ � �XZY U " b � T � s
& � [ 0 [ b%$� �XZY U n h T~s

& � [ b h � � " b � P [ 0 � T � s
& � Q [ b%$ p F

Thefirst termin thesumis boundedby using(5.15),thesecondtermby simplepower
counting.Thisfinally completestheproof of Theorem5.5.

We next notea consequenceof this theorem,namelya simplecriterion to seeif a
quadraticdifferentialoperatorhascompactresolvent. It is an easyillustration of the
techniquethatwill beusedin thesequelto show that + hascompactresolvent.

5.4. Quadratic differentialoperators.

Definition 5.8. Anoperator [ Æ�á 
 [ � È × is calledaccretiveif it satisfies

Re
" b � [ b%$ ºr@ , for all

bdc á 
 [ ��F
Anoperator [ is calledquasiaccretiveif thereexists ¡ c R such that [ �Û¡ is accretive.
It is calledstrictly accretiveif thereexists ¡ u @ such that [

% ¡ is still accretive.

If

%
[ is accretive, [ is calleddissipative. An operator[ is calledm-accretiveif it

is accretive andif

 [ �³¡ �

& �
exists for all ¡ u @ andsatisfies

h 
 [ �¸¡ �
& � hÉm ¡ & � .

Theexpressionsm-dissipative,quasidissipative,etc.aredefinedsimilarly in anobvious
way. An equivalentcharacterizationof m-accretive operatorsis that they areaccretive
with no properaccretiveextension.

It is a classicalresult (seee.g. [Dav80]) that the quasim-dissipative operatorsare
preciselythe generatorsof quasi-boundedsemigroups.An immediateconsequenceis
thatif anoperator[ is (quasi)m-accretive(m-dissipative),its adjoint [ 0 is also(quasi)
m-accretive(m-dissipative).

Proposition5.9. Let × be a Hilbert spaceand
e

be a densesubsetof × . Let+ Æ�á 
 + � È × be a quasi m-accretive (or quasi m-dissipative)operator and letT � Æ/á 
 T � � È × be a self-adjointpositiveoperator such that
e jÑá 
 T � � . Assume

moreover that
e

is a core for + , that T � has compactresolventand that there are
constantsaÇu @ and

@ Ü t Ü � such thath TËs b h m a 
 h + b h � h b h � , for all
bdcfe F

(5.20)

Then+ hascompactresolventtoo.

Proof. By assumption,thereexists a constant¡ u @
suchthat + ��¡ is strictly m-

accretive.Moreover, (5.20)with + replacedby + �^¡ holdsif wechangetheconstanta . Since
e

is a core for + , a simple approximationargumentshows that á 
 + � já 
 T s � andthat(5.20)holdsfor every
bdc á 
 + � .

Thisimmediatelyimpliesthat

 + �M¡ � 0 
 + �M¡ � hascompactresolvent.Since


 + �M¡ �
is strictly m-accretive,it is invertibleandtheoperatorn 
 + �^¡ � 0 
 + �^¡ � p & � �Ú
 + �r¡ � & � n 
 + �!¡ � & � p 0 ,
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is compact.Moreover, we know that

 + �¨¡ � & � is closed,so we canmake the polar

decomposition 
 + �!¡ � & � �³è¯® ,

with
è

self-adjointand
®

unitary. Thus
è �

is compact.By thespectraltheoremandthe
characterizationof compactoperators,this immediatelyimplies

è
compact,andthus

also
è¯®

compact.Thus + hascompactresolvent.

We now consider× �
L
� 


R 2 � and
x � D ¡,° � ¡ c R J , where ° is the identity

operatorin × . We definetheformalexpressions` ­ �E
 ` � �GFHFGF/� ` 2 � ,
3 ­_ �E
 3 _ � �GFHFHF�� 3 _ q �wF

Let [ Æ R 2 È R 2 bea linearmapand� �ED�§ � c R 2 ��= �EW;�HFGFHF�� ½ J ,
e �ED ¹ � c R 2 ��= �EW;�HFGFHF�� � J ,

two vectorfamilies.Let usconsiderthedifferentialoperator+ definedastheclosure
on
e�g� 
 R 2 � of

+ � % &� � � �
3 ­_ § � § ­� 3 _ �

®�� � � ` ­ ¹ � ¹ ­� ` � ` ­ [
3 _ F (5.21)

We are interestedin giving a geometricalcondition on [ , � and
e

that implies the
compactnessof theresolventof + , andthereforethediscretenessof its spectrum.It is
possibleto prove that + is quasim-accretive.Justfollow theproof of PropositionB.3,
replacing* 
 ` � by

` ­ ` .
We havethefollowing result.

Proposition5.10. A sufficientconditionfor theresolventof theoperator + definedin
(5.21)to becompactis that thevectorfamilies±�³² � 
 [ ­ � � � and

±�´² � [ � e (5.22)

spanthewholespaceR , .
Remark5.11. Theintuitivemeaningof this theoremis thatwe canapplyHörmander’s
criterionin bothdirectandFourierspaceto obtainanestimateof theformh � s b h m a 
 h + b h � h b h � ,

�û� %�3 ­_ 3 _ � ` ­ ` F (5.23)

It is well known that
�

hascompactresolvent.By Proposition5.9,(5.23)impliesthat+ hascompactresolvent.
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Proof. We havethefollowing relations:P ` ­ [
3 _ ��§ ­ 3 _ Q ¬ �� � � � ä P

` � � � � 3 _ � ��§ ä 3 _<µ Q � �� � � � ä § ä P
` � � 3 _¶µ Q � � � 3 _ �� % �� � � � ä § ä[·Gä

� � � � 3 _ � � % § ­ [
3 _ ,P ` ­ [

3 _ � ¹ ­ ` Q ¬ �� � � � ä P
` � � � � 3 _ � � ¹ ä ` ä Q � �� � � � ä

` � � � � P 3 _ � � ` ä Q ¹ ä� �� � � � ä
` � � � � · � ä ¹ ä � ¹ ­ [ ­

` F
Wetake B � �EW , sowehave

C � � C & � N D ` ­ [
3 _ J . Weconstructtheremaining

C �
by� � ¬ P ` ­ [

3 _ � � ��& � Q F
It is very easyto verify H1 andH2, becausetheassumptionswe madeon [ , � and

e
imply that ~ � 
 C � containseveryoperatorof theform

§ ­ 3 _ or ¹ ­ ` . We havemoreover
4§ ­ 3 _ � 0 � % § ­ 3 _ and

 ¹ ­ ` � 0 � ¹ ­ ` F

It is well-known thatH3 concerningtheessentialself-adjointnessof the T � constructed
in Theorem5.5 holds.Finally, it is straightforwardthat T � satisfiesT � º a � , where�

is the“harmonicoscillator” definedin (5.23).
This provesthevalidity of (5.23),andhenceof theassertion.

Theinterestedreadermayverify thatProposition5.10is quitestableunderperturba-
tions.A similarresultindeedstill holdswhenthecoefficients

§ �
and ¹ � arenotconstants,

but functionsin ã � . This is preciselywhatwasprovedin [EPR99a].

6. Proof of the Bound in Momentum Space(Proposition3.8)

This propositionis anapplicationof Theorem5.5. It is just a little bit cumbersometo
verify the hypothesesof the theorem.In this section,the symbol + will againdenote
theoperatordefinedin (3.10).

We choose x ¬¸ã � ,

which is simply thesetof boundedsmoothfunctionswith all theirderivativesbounded.
It is trivial to checkthat

x
is an algebraof closedoperators.Moreover, they are all

self-adjoint.We alsodefineáÑ¬ e�g� 
"ÌÉ� .
In this section,we will first constructa set

C
accordingto the rulesexplainedin

Sect.5. Then we will checkthat H1–H3 are indeedsatisfied,so we will be able to
applyTheorem5.5.Thiswill proveProposition3.8almostimmediately.

Beforewe startthis program,we write down onceagainthedefinitionof . � , asit
will beusedrepeatedlythroughoutthissection:. � � % � ö 3;:HÙ � § ö 
 � ö % ¡ �ö � � � 3 ¯�� % � ÷ 3;: k � § ÷ 
 � ÷ % ¡ �÷ � � � 3 ¯��% �� � ��� n �

�"36587Z%  ø� 
'� � � 3;:<7 p � �� � � �  ø� 
 µ�
� � n 3�:H7O%À3;:<7 j�� p % · � F
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6.1. Definition of
C

. We choosean exponent · Ü %�� ¤ � % ý ¤±
 � ú � andwe let B � be
the operatorof multiplication by * » . It is clear that B � is self-adjointand positive.
Moreover, we recallthat P . � � * » Q � ·�* » *

& � P . � � * Q c ã � ,

andsowe have P . � � B � Q c x . Theset
C � is definedasC � �ED ¹ ö 3 ¯�� � ¹ ÷ 3 ¯�� � * » . � J N �C ,

with �C �D¸ � ö 
 � ö % ¡ �ö � � ��� � ÷ 
 � ÷ % ¡ �÷ � � �_¹IF
Beforewedefinethesets

C �
, weneedafew functions.Let =�u @ beanaturalnumber.

Thefunctions  ��� �ö and  ��� �÷ aredefinedrespectively by � ���ö 
 µ�;���  \ø ø� 
 µ� � �  ø ø� 
 µ� ��& � � Å FHFGF Å  \ø ø� 
 µ� � � , � ���÷ 
 µ�;���  ø ø� 
 µ� �	S � &K� � Å FHFGF Å  ø ø� 
 µ� � & � �  ø ø� 
 µ� � ��F
It is usefulto noticethat

3954�  ��� �ö 
 µ�����
º»»»»»¼ »»»»»½

@
, if � u = ,n  ø ø ø� 
 µ� � �  øÖø� 
 µ� � � & � p  

�����
ö 
 µ�;� , if � �Ú@ ,n  ø ø ø� 
 µ� � �  øÖø� 
 µ� � � & � p  
�����
ö 
 µ��� , if � � = ,n  ø ø ø� 
 µ� � �  ø ø� 
 µ� � � & � %  ø ø ø� 
 µ� � S � �  ø ø� 
 µ� � S � �

& � p  ��� �ö 
 µ�l� , otherwise
F

(6.1)

Therearesymmetricrelationsfor thederivativesof  � ���÷ . At thispoint,weuseassump-
tion A3 to write 3954�  ��� �ö 
 µ�l��� b � �l
 µ���  

��� �
ö 
 µ��� ,

b � � c ã ��¥ & � S L F (6.2)

This implies

P * » . � �  
��� �
ö 
 µ��� Q � * » ��� ��� �±� b

� �  ��� �ö 
 µ�;��� b �  
��� �
ö 
 µ�;� ,

b � c x
, (6.3)

becauseof Proposition4.1andby thechoice· Ü %�� ¤ � % ý ¤±
 � ú � . Moreover, wenotice
that * � � »  ��� �÷ c x

,

still becauseof Proposition4.1.Onemorething we have to rememberis (4.10),which
impliesfor examplethatthereexistsa function

b � c x suchthatP * » . � � *
� Q � � b � * � , for any � c R

F
We arenow readyto completetheconstructionof

C
.



40
�

J.-P. Eckmann,M. Hairer

6.1.1.Definition of
C � and

C � . We verify that in the caseof our model,we canfind
functions

b |
and

b � | in (5.9)suchthatC � � C � �ED * » 3 : Ù � * » 3 : k J ,C � � C � �ED * � » 3958Ù � * � » 365 k J F
Consideringtheelementsof

C � , weseethatit is indeedpossibleto write* » 3;:HÙ � ¹ & �ö P * » . � � ¹ ö 3 ¯�� Q % *
& � 
 3 ¯�� * � * » . � � * » § ö 3 ¯�� ,

and a similar relation concerning* » 3;: k . The operators* & � 
 3 ¯�� * � and * » § ö ¹ & �ö
belongto

x
, sowesucceededto construct

C � accordingto (5.9).
Let usnow focuson theelementsof

C � . We canwrite* � » 3958Ù � P * » . � � * » 3�:HÙ Q % * »
& � 
 3;:HÙ * � * » . � % · b � * » 3�:HÙ ,

andanequivalentexpressionat theotherendof thechain.Since* » & � 
 3 : Ù * � c x andb � c x , wesucceededto construct
C � accordingto (5.9).

6.1.2.Definitionof
C � �'& � and

C � � . For = º W , thesesetsaredefinedbyC � �'& � � C � ��& � ��D * � � � S � � »  
��� �
ö 3 : 7 � * � � � S � � »  

� ���
÷ 3 : k�j 7 J ,C � � � C � ��& � ��D * � � � S � � »  

��� �
ö 39587 � * � � � S � � »  

�����
÷ 365 k�j 7 J F

We repeatthis constructionuntil = � R % W
, i.e. we do not stopat the middle of the

chain,but wego onuntil we reachtheotherend.We wantto checkthatthesesetswere
constructedaccordingto (5.9).In fact,wewill seethatany element[ of

C �8� C � & � with� º � canbewrittenas

[ � P * » . � � ( Q � å , ( c C � & � ,
å c ~ � 
 C � & � �wF (6.4)

We will verify this only for
� m = m R % �

. We let thereaderverify that (6.4) is also
valid for theremainingsets.

Let usfirst take � � � = % W and [ � *
� � � S � � »  

��� �
ö 3;:<7

. We choose( � * � � »  � ��& � �ö 39587 j�� c C � & �
andwriteP * » . � � ( Q � b ��& � * �

� »  � ��& � �ö 3 5 7 j�� % * � � »  � ��& � �ö * & � 
 3 5 7 j�� * � * » . �� � =8· b � ( � * � � � S � � »  
����& � �ö P . � � 39587 j�� Q F

The first threetermsbelongto ~ � 
 C � �'& � � andcanthusbe absorbedinto
å

. The last
termcanbewrittenas* � � � S � � »  

���'& � �ö P . � � 3 5 7 j�� Q �* � » n  øÖø� 
'� ��& � � �^ øÖø� 
 µ� � � �^ \ø ø� 
 µ� ��& � � p *
� � �'& � � »  ���'& � �ö 3;:H7 j��� * þ »  ø ø� 
 µ�;�  ø ø� 
 µ�;� *

� � �'& ù � »  ���'& � �ö 3;:<7 j ( � * � � � S � � »  
��� �
ö 3;:<7 F

Thefirst two termsalsobelongto ~ � 
 C � �'& � � , sothey canbeabsorbedinto
å

aswell.
Theremainingtermis * � � � S � � »  

��� �
ö 3�:H7 � [ ,
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thuswe have verifiedthat [ canbewritten asin (6.4).Theprocedureto get thesym-
metrictermfrom theotherendof thechainis similar.

We takenow � � � = and [ � *
� � � S � � »  

� ���
ö 3 5 7

. We choose( � * � � � S � � »  
��� �
ö 3 : 7 c ~ � 
 C � & � �

andwriteP * » . � � ( Q � b � *
� � � S � � »  

��� �
ö 3 : 7 � * � � � S � � »  

��� �
ö * & � 
 3 : 7 * � * » . �� 
 � = � W�� · b � ( � * � � � S � � »  
� ���
ö 39587 F

Thefirst threetermsbelongto ~ � 
 C � ��& � � andcanbeabsorbedinto
å

, sowe verified
thateveryelementof

C
canindeedbewrittenasin (5.9).

6.2. Verificationof thehypothesesandproof. In orderto beableto applyTheorem5.5,
we verify thehypothesesH1–H3.

Verificationof H2. We wantto checkthat [ c C � implies [ 0 c ~ � 
 C ��� . By Proposi-
tion 4.1,we caneasilyverify that

C � �C j!« � . But weknow that

[ c « � � [ 0 �
%
[ � B ,

andsoH2 holdsfor
C � �C . Theelementsof �C beingself-adjoint,H2 holdstrivially.

Verificationof H3. TheoperatorT � canbewrittenasT � � % � � � � 3Ô� � � �6
 ` � 3 � �! 
 ` �	F
It is well-known that if � � � and  aresufficiently nice,suchoperatorsareessentially
self-adjointon

e/g� 
4ÌÉ� (seee.g. [Agm82, Thm.3.2]).

Verificationof H1. Let usdefine z � j¾z asthesetof first-orderdifferentialoperators
with coefficientsin ã � . We first verify that

[ c C � bdc x � P [ � b Q c xÀF
This is trivial, noticingthat

C j¤z � N �C and P z � �Wx Q � P �C �Wx Q �ED¿@ J .We now verify that [ c C � [ 0 c ~ � 
 C �	F
This is alsotrivial, because[ c z � � [ 0 �

%
[ � B , with B c ã � . Moreover, the

elementsof �C areself-adjoint.
Finally, wewantto verify that

[ � ( c C � P [ � ( Q c ~ � 
 C �	F
This is a little bit longerto verify.

Concerningthecommutatorsof theelementsof �C with theotherelementsof
C

, the
statementfollows easilyfrom thefact that if � Æ R ,´È õ

is linearand [ c z � , thenP [ � � Q c ã � ¬ x
. Moreover, the commutatorbetweentwo multiplication operators

vanishes.
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Concerningthecommutatorsbetweenthe

3 ¯ andtheotherelements,we noticethat
they commutewith thefunctions  ��� �ö 
 µ��� and  � ���÷ 
 µ�;� . Moreover, wehave for exampleP 3 ¯�� � * + Q �   n * & � P 3 ¯�� � * Q p * + , if

  c
R ,

and * & � P 3 ¯ � � * Q belongsto
x

. It is straightforwardto verify thatthis impliesthedesired
statement.

Concerningthecommutatorsof * » . � with theotherelementsof
C

, thestatement
hasalreadybeenverified by the constructionof

C
for every operator, but thoseinC � � & � � C � � & ù . Theseoperatorsareof theform

[ � * � � »  
� � & � �÷ 395 � ,

andasimilartermattheotherendof thechain.Wecanmakeacomputationverysimilar
to theonewe madewhenweconstructed

C � �'& � , to show thatP * » . � � [ Q � *
� � �wS � � »  

� � �÷ 3;:HÙ � a , a c ~ � 
 C ��F
But * � � »  

� � �÷ c x
, so P * » . � � [ Q c ~ � 
 C � . It remainsthereforeonly to verify the

statementfor commutatorsbetweenelementsof
C � C � . We candivide thesecommuta-

torsin threeclasses.

Both operators containa

3;:
. We noticethat theseoperatorscanall be written in the

form * » 7 Á � 
"��� 3 : 7 . Thecommutatorbetweentwo suchelementsis givenbyP * » 7 Á � 
'��� 3�:H7 � * » � Á �l
"��� 3;:<� Q � * & � 
 3;:<7 * � * » 7 Á � 
"��� * » � Á �l
"��� 3;:<�% * & � 
 3 : � * � * » � Á � 
"��� * » 7 Á � 
"��� 3 : 7 F
Both termsbelongto ~ � 
 C � , because* & � 
 3;: * � c x .

Oneoperator containsa

3;:
, onecontainsa

395
. Let us computethe commutatorbe-

tween * � � � S � � »  
��� �
ö 3 5 7

and * � � � S � � »  
� � �ö 3 : �

. We haveP * � � � S � � »  
��� �
ö 39587 � * � � � S � � »  

� � �ö 3�:<� Q � * � � � S � � »  
�����
ö 
 39587 * � * & � * � � � S � � »  

� � �ö 3�:<�
� * � � � S � � »  

��� �
ö 
 3 : 7 * � * & � * � � � S � � »  

��� �
ö 3 5 7

� * � � »  ��� �ö * � » b � � * � � � S � � »  
� � �ö 3;:<� F

All thosetermsbelongto ~ � 
 C � . Thecomputationis similar if we take for example* � � � S � � »  
� � �÷ 3 : k�j �

insteadof * � � � S � � »  
� � �ö 3 : �

.

Bothoperators containa

3 5
. Thecomputationis similar to the precedingcaseandis

left to thereader.
It is now easyto give the
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Proof of Proposition3.8. We have just verifiedthatthehypothesesof Theorem5.5are
satisfied.We applyit, sowe have theestimateh µ� s b h m a 
 h + b h � h b h � ,

where µ� is givenby µ� �ÚW � �XZY U [ 0 [ F
It is easyto seethat µ� hasexactly theform (3.12).This completestheproof of Propo-
sition3.8.

7. Proof of Theorem3.6

It is now possibleto prove that theoperator+ hascompactresolvent,which is oneof
themainresultsof thispaper. Beforewestarttheproof itself, weneedtwo preliminary
results.Thefirst onestates

Lemma 7.1. Let µ� betheclosure in L
� 


R , � of theoperator actingon
e�g� 
 R , � as

µ� � ��� � � � Ï 0� Ï
� ��� � ,

where the Ï � are smoothvectorfieldswith boundedcoefficientsspanningR , at every
pointand � � is a smoothpositivefunction.

Let  Æ R , È R , beacontinuousfunctionsuch thatfor everyconstantaÚu @ , there
existsa compact+�¿�j R , with thepropertythat  
 ` � uEa for every

` c
R , � +�¿ .

We moreover assumethat  
 ` �\º¶W
. Definetheoperator

�
as theclosure in L

� 

R , �

of theoperator actingon
b cüe�g� 
 R , � asn � b p 
 ` �~� n µ� b p 
 ` � �! 
 ` � b 
 ` ��F

Thentheoperator
�

is self-adjoint.
Suppose andthe Ï � aresuch that thefunction� � �  ³� ��� � � � � 
 Ï 0

� � Ï � � P Ï � �  Q % �
Ï � � P Ï � �  Q � # (7.1)

is bounded.We thenhavetheestimate" b ��� s b%$ m " b � µ� s b%$ � " b �  s b%$ � a " b ��� s & � b%$ ,
@ Ü t Ü W , (7.2)

which holdsfor any
b´cüe/g� 
 R , � .

Proof. The resultconcerningthe self-adjointnessof
�

andof µ� is classical,we will
not proveit here.Theinterestedreadercanfind a proof in [Agm82, Thm.3.2].

We usethefactthatif ) is a strictly positive self-adjointoperatorand · �ÇW % t c
'@V�HW��
, we canwrite) & » � a » � g�ÁÀ

& » 
 À � ) �
& � x À , a » � sin


 {/· �{ ,
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andthus )�s � a » � g� À s
& � )À � ) x À F

Moreover, a coreof ) is againa coreof ) s , so(7.2)makessense.For a proof of these
statements,see[Kat80, Â V.3]. This allowsusto write inequality(7.2)as� g� À s

& � d b � �À � � b f x À m� g�ÁÀ s
& � d b � µ�À � µ� b f x À �r� g�ÁÀ s

& � d b �  À �^ b f x À� a � g� À s
& � d b � WÀ � � b f x À F

(7.3)

In orderto prove(7.3),let usfirst show thattheoperator µ�  ¸�  µ� is lowerbounded.
This is animmediateconsequenceof (7.1)andtheequalityÏ 0� Ï �  ³�^ Ï 0� Ï � � � Ï 0�  Ï � � 
 Ï � � Ï 0� � P Ï � �  Q % � Ï � � P Ï � �  Q � ,

which is easilyverified,using the fact that Ï � � Ï 0� is simply a function. Therefore,
thereexistsa constantaÇu @ suchthatM B �G
 µ�  ³�^ µ� � B N � a " B � B $ º!@ , p�B cüe g� 
 R , �wF
Since

� º W
in thesenseof quadraticforms,wefindM B �¿
 µ�  ³�! µ� � B N � a " B �G
 À � �d� B $ º!@ ,

which holdsfor every À ºÞ@
. Since µ� and  arepositive self-adjointoperators,this

immediatelyimplies

d B �  µ�À � µ�  B f � d B � µ�  À �! µ� B f � M B �G
 µ�  ³�! µ� � B N � a " B �¿
 À � �d� B $ º¾@ÄF
(7.4)

We caneasilycheckthefollowing identities: µ� 
 À � µ� � & �  ³� µ�  � 
 À � �d� µ� 
 À � µ� � & �  ,µ�  
 À �^ �
& � µ� �^ µ� � 
 À � �d� µ� 
 À �^ �

& � µ� F
Insertingthis in (7.4),wegetM B �G
 À � �d� n µ� 
 À � µ� � & �  ³�^ 
 À �! �

& � µ� p B N � a " B �G
 À � �d� B $ ºr@ ,

andthus M B �G
 À � �d�©� B N m M B �G
 À � � � n � � µ� 
 À � µ� � & �  �^ 
 À �! �
& � µ� p B N � a " B �G
 À � �d� B $ F

We canchecktheequalitiesµ� 
 À � µ� � & �  � µ� � µ� 
 À � µ� � & � 
 À � � � , 
 À �! �
& � µ� �! �  
 À �r �

& � 
 À � �d� ,
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which allow usto writeM B �G
 À � �d�$� B N m M�
 À � �d� B � n µ� 
 À � µ� � & � �^ 
 À �! �
& � p 
 À � � � B N� a " B �¿
 À � �d� B $ F

Let usdefine
b ¬ 
 À � �d� B . This immediatelyyieldstheestimate

d b � �À � � b f m d b � µ�À � µ� b f � d b �  À �! b f � a d b � WÀ � � b f , (7.5)

which holdsfor any
b

in Ã ¬ 
 À � �d� e�g� 
 R , � . But we know that
e�g� 
 R , � is a core

for
�

, thereforeÃ is densein L
� 


R , � . Sincethe operatorsappearingin (7.5) areall
bounded,theinequality(7.5)holdsfor every

b´c
L
� 


R , � andthusin particularalsoforbdcfe g� 
 R , � . This impliesthewantedestimate(7.3).

Thesecondresultwewantto useis

Proposition7.2. Let µ� ,  and
�

beasin Lemma7.1.Then
�

hascompactresolvent.

Proof. We know that µ� is a positiveself-adjointoperator, so) � 
 µ� � W�� & �
existsand

h ) h\m W . Theproof of compactnessis a modificationof thestandardproof
of thesametheoremwith µ� replacedby thetrueLaplacian

�
, which canbefounde.g.

in [Agm82]. It is basedon the fact that if Ä is a function with compactsupport,then
themultiplicationoperatorÄ is relatively compactwith respectto µ� . We wantto prove
that Ä�) is a compactoperator, i.e. thattheclosureofX � D Ä�) b � b´c e g� 
 R , � and

h b h m W J
is compact.

Let usdefine i �
suppÄ . By hypothesis,i is compact.Moreover, we have Xkje�g� 
 i � . It is well-known thatif i is a compactdomainof R , , thenthesetD n cfe g� 
 i � � honÕh}m W Ã " n � � n $ m W J

is compact(seee.g. [RS80, Thm. XIII.73]). This implies that X is compactif we are
able to prove that thereare strictly positive constantst , ¹ � and ¹ � suchthat

n c X
implies honÕh m ¹ � and

" n � � n $ m ¹ � F
We take any element

n
in X andwrite it as

n � Ä�) b . We havehonÕh m h Ä h g h ) h�h b h�m ¹ � F
Recallthatweassumedthevectorfields Ï � appearingin theconstructionof µ� spanR ,
atany pointandthat � � is astrictly positivefunction.Togetherwith thecompactnessof
thesupportof

n
, this impliesthatthereareconstantsa and Ê � suchthat� " n � � n $ � m aI� " n � µ� n $ � � aI� " n � µ� Ä�) b%$ � m a htnOhlh µ� Ä�) b hm a h Ä µ� ) b h � a h P µ� � Ä Q ) b h�m Ê � � a h P µ� � Ä Q ) b h ,

(7.6)
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wherethelast inequalityis a consequenceof ) �A
©W � µ� � & � . We thereforeonly need
to boundthetermcontainingthecommutatorof µ� and Ä . Explicit calculationyields

P µ� � Ä Q � ��� � � � �
% � P Ï � � Ä Q Ï � �¦� Ï � � P Ï � � Ä Q �~� 
 Ï 0� � Ï � � P Ï � � Ä Q # ¬ ��� � � ��Å

� Ï � � Å � ,

wherethe Å � areboundedfunctionswith suppÅ � j¤i . Sotheonly termsthatremainto
beboundedareof theform

h Å � Ï � ) b h . As Å � is bounded,it is enoughto bound
h Ï � ) b h .

We have h Ï � ) b h � �D" ) b � Ï 0� Ï � ) b%$ m " ) b � µ� ) b%$ m h b h � F (7.7)

Thiscompletestheproof of thestatementabouttherelativecompactnessof Ä .
This impliesthatwecanaddto

�
any functionwith compactsupportwithoutchang-

ing its essentialspectrum(see[RS80, Thm. XIII.14]). But the assumptionwe made
concerning andthe positivity of µ� imply that for any constanta , we canraisethe
spectrumof

� � Ä above a by takingfor Ä asmoothfunctionsatisfying

Ä 
 ` �~�§Æ a ` c iÇ¿ ,@ x 
 ` � i�¿ � u W F
Therefore,theessentialspectrumof

�
is emptyandthus

�
hascompactresolvent.

It is now easyto give the

Proof of Theorem3.6. By Proposition3.7 and3.8, we canchoosea constantt small
enoughto have,for every

bdcfe�g� 
"Ìf� , theestimateh µ� s b h m a 
 h + b h � h b h � and
h * s b h m a 
 h + b h � h b h �~F

We moreoverdefine � ¬ µ� � * F (7.8)

By theproofof Proposition3.8,weseethattheassumptionsof Lemma7.1aresatisfied.
We canthuswriteh � s b h � �#" b ��� � s b%$ �D" b �G
 µ� � * � � s b%$ m " b � µ� � s b%$ � " b � * � s b%$ � a h b h �m h µ� s b h � � h * s b h � � a h b h � m a 
 h + b h � h b h � � F
Because* is confining, we can apply Proposition7.2 to seethat

�
, and therefore

also
� s , have compactresolvent.ThereforeCorollary5.9applies,showing that + has

compactresolvent.

Remark7.3. The proof still works underslightly weaker assumptions.The coupling
betweentheendsof thechainandtheheatbathsdoesnothaveto beof thedipolartype.
It is enoughfor examplethat � ö and � ÷ belongto someã � with � Ü ¦ . Moreover,
thepotentials � and  � canbedifferentfor eachparticle.We only have to imposethat
assumptionsA1–A3 canbesatisfiedfor everyparticlewith thesameconstantsý , ú and¦ .
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Remark7.4. Throughoutthis paper, we restrictedourselves to the one-dimensional
case,i.e. eachparticlehadonly onedegreeof freedom.It is notveryhardto generalize
the resultsof this paperto the x -dimensionalcase.It is straightforward to generalize
assumptionsA1 andA2, where  ø is now a vector. In assumptionA3, the inverseof ø ø� hasto be readasthe inversematrix. A matrix or vector-valuedfunction is saidto
belongto ã � if eachof its componentsbelongto ã � .

The only point that could causesometrouble is the expression(6.1), becausethe ø ø� 
 µ����� arenow matriceswhich do not commute,sotheexpressionfor

3954�  ��� �ö 
 µ��� will
show termsof theform ø ø� 
 µ� � �  Äø ø� 
 µ� �'& � � Å FGFHF Å  ø ø ø� 
 µ����� Å FHFHF Å  ø ø� 
 µ� � � ,

where  øÖø ø� is a trilinear form. Sucha termcanbewrittenas ø ø� 
 µ� � �  ø ø� 
 µ� �'& � � Å FGFHF Å  ø ø ø� 
 µ���¿�  ø ø� 
 µ��� S � �
& � Å FHFHF Å  ø ø� 
 µ� � �

& �  ��� �ö F
If we want to getexpressionssimilar to (6.2) and(6.3),we have to make � ·w� very big
(of theorderof

R
), but this is nota problem.

Remark7.5. One importantassumptionwas that ú u ¦ , in other words, the inter-
particlecouplingis strongerat infinity thanthe singleparticlepotential.If this is not
satisfied,our proof doesnot work. Therecould be somephysicalreasonbehindthis.
If a stationarystateexists, this meansthat even if the chainis in a stateof very high
energy, the meantime to reacha region with low energy is finite (seee.g. [Has80]).
But if ú Ü ¦ , therelative strengthof thecouplingversustheone-bodypotentialgoes
to zeroat high energy. The consequenceis that thereis almostno energy transmitted
betweenparticles.Sincethe only pointswheredissipationoccursarethe endsof the
chain,we seethat thehighertheenergy of thechainis, theslower this energy will be
dissipated.Probablythis is not sufficient to destroy theexistenceof a stationarystate,
but it could explain why the proof doesnot work in this situation.It is even possible
thatthis phenomenondestroys thecompactnessof theresolventof + .

8. The Invariant Measure

Thissectionis devotedto theproofof Theorem3.9.Throughoutthissection,wedenote
by Î ® thesemigroupgeneratedby thesystemof stochasticdifferentialequations(3.7).
We alsoassumethat A1–A3 aresatisfied,so Proposition3.7 and3.8 hold, aswell as
Theorem3.6. The proof of Theorem3.9 is divided into threeseparatepropositions,
showing respectively thefollowing propertiesof theinvariantmeasureÒ :

(i) Existenceandsmoothness.
(ii) Decayproperties.
(iii) Uniquenessandstrict positivity.

Proposition8.1. If AssumptionsA1–A3 are satisfied,the Markov processgiven by
(3.7) possessesan invariant measure Ò . It has a density � , which is a

e/g
function

on R
� �	S þ .

Proof. By Theorem3.6,we know that + hascompactresolvent.This impliesalsothe
compactnessof the resolvent of Ï 
 and thusof Ï � . Since * grows algebraicallyat
infinity, we seethat the constantfunction

W
belongsto × � . Moreover, we noticethat
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Ï � Wü� @
, thusthe operatorÏ � hasan eigenvalue

@
, which is isolatedbecauseof the

compactnessof its resolvent.Thisin turnimpliesthat Ï 0� alsohasanisolatedeigenvalue@
. Wedenotethecorrespondingeigenvectorby B andnormalizeit sothat

" B �HW $ 
 Ù �ÚW .
SinceÏ 0� is hypoelliptic, B mustbe

e�g
.

Assumefirst that B º¾@ . We thendefine� 
������6� � �Ë� Ø & �� B 

�����6� � � � & � � Ù Ó , (8.1)

where
Ø � is thenormalizationconstantappearingin thedefinitionof × � . Set Ò 
 x ` �Ë�� 
 ` � x ` ; we want to checkthat Ò is the invariantmeasurewe arelooking for. Notice

that Ò 
 x ` � is a probabilitymeasurebecause

� Ò 
 x ` �~��Ø
& �� � � & � � Ù ÓÕ� _ � B 
 ` � x ` �D" B �HW $ 
 Ù �ÚWMF

Let [ be a Borel setof R
� �	S þ . Thenthe characteristicfunction Ä X of [ belongsto× � . We have

n 
 Î ® � 0 Ò p 
 [ �~� � n Î
® Ä X p 
 ` � Ò 
 x ` �Ë��Ø

& �� � � & � ��Ù�ÓÕ� _ � B 
 ` � n Î ® Ä X p 
 ` � x `��Ø & �� � � & � � Ù Ó�� _ � n 
 Î ®� � 0 B p 
 ` � Ä X 
 ` � x ` � Ò 
 [ � ,

thus Ò is aninvariantmeasurefor theMarkov processdefinedby (3.7).
Theargumentshowing thatit wasindeedjustifiedto assumeB positivecanbetaken

over from [EPR99a, Prop.3.6].

We next turn to thedecaypropertiesof theinvariantmeasure� . We first introducea
convenientfamily of Hilbert spaces.

Definition 8.2. Choose

  c
R. We definetheHilbert space

Á � + �
asÁ � + � ¬ L

� 
4Ìo� * � + 
 ` � x ` �w� á 
 * + �wF
We will denoteby

" Å � Å $ � + � and
h Å h � + � thecorrespondingscalarproductandnorm.We

alsodefine Á � g � ¬ÉÈ+�Ê �
Á � + �

,

which is thesetof all functionsthatdecayat infinity fasterthananypolynomial.

We alreadyknow that � is a
e�g

function,sowe want to show that it is possibleto
write � 
������6� � �~� µ� 

�����6� � � � &V��Ù�Ó��Ö: � 5 � ¯ � , µ� c Á � g � F
The function µ� beingan eigenfunctionof the operator+ , the decaypropertiesof the
invariantmeasurearea consequenceof thefollowing result.

Proposition8.3. Theeigenfunctionsof + and + 0 belongto
e�g 
"Ìf�ÌË Á � g �

.
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Wewill show Proposition8.3only for theeigenfunctionsof + . It is asimpleexercise
left to the readerto retracethe proof for the eigenfunctionsof + 0 . We alreadyknow
that + and + 0 arehypoelliptic,sotheireigenfunctionsbelongto

e�g 
"ÌÉ�
. It remainsto

beproventhatthey alsobelongto

Á � g �
.

To provetheproposition,wewill show theimplicationbdc Á � + �
and + b c Á � + � � b´c Á � + S s � , (8.2)

which immediatelyimplies that the eigenvectorsof + belongto

Á � g �
. For this pur-

pose,we introducethefamily of operators+ + definedby+ + Æ�á 
 + + � È Á � + �b éÈ + b ,

whereá 
 + + � is givenbyá 
 + + ���ED b´c Á � + � ��+ b c Á � + � J F
Theexpression+ b hasto beunderstoodin thesenseof distributions.

We havethefollowing preliminaryresult.

Lemma 8.4.
e�g� 
"ÌÉ� is a core for + + .

Proof. The proof usesthe tools developedin Appendix B and is postponedto Ap-
pendixC.

Thekey lemmafor theproof of Proposition8.3 is thefollowing.

Lemma 8.5. There are an tIu @ andconstantsa + u @ such that for every

  u @ and
every

n c á 
 + + � , therelationh *Ms nOh � � + � m a + n h + + nÕh � � + � � htnOh � � + � p (8.3)

holds.

Proof. Sincewe know that
e�g� 
"ÌÉ� is a corefor + + , it sufficesto show (8.3) for

n ce�g� 
"ÌÉ� . Let Ï be the first-orderdifferentialoperatorassociatedto a divergence-free
vectorfield. Thenwe have for

b � B c e/g� ," Ï b � B $ � + � � % " b � Ï~* � + B $ � % " b � * � + ÏÕB $ % �   " b � * � + * & � 
 Ï~* � B $� % " b � ÏÕB $ � + � % �   " b � * & � 
 Ï~* � B $ � + � F
We write thissymbolicallyasÏ 0+ � % Ï + % �   *

& � 
 Ï~* ��F
We canusethelatterequalityto show thatthereareconstants¹ � � �+ and ¹ � � �+ suchthat% 
 Ï + � � � 
 Ï 0+ � �� � Ï 0+ Ï + � ¹

� � �+ * & � 
 Ï~* � � � ¹ � � �+ * & � 
 Ï � * �wF
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Usingtheexplicit form of + , this in turnyieldstheusefulrelation

Re
" n � + n $ � + � � ¹ �ö h 3 ¯�� nÕh � � + � � ¹ �÷ h 3 ¯�� nOh � � + ���� �ö h 
 � ö % ¡ ö � � � nOh � � + � ��� �÷ h 
 � ÷ % ¡ ÷ � � � nÕh � � + � � " n � b � n $ � + � ,

(8.4)

where
b � is someboundedfunction.

We now havethetoolsto provethevalidity of (8.3).WeuseProposition3.7to writehonÕh � � + S s � � h *Ms<* + nÕh � m a 
 h + * + nÕh � � h * + nOh � �m a 
 h * + + nÕh � � h P + � * + Q nÕh � � h * + nOh � �wF
An explicit computationyieldsP + � * + Q n � * + n b ö 3 ¯�� � b ÷ 3 ¯�� � b � pKn ,

for somesmoothboundedfunctions
b ö ,

b ÷ and
b � . We arethusableto writehonÕh � � + S s � m a n h + nÕh � � + � � honÕh � � + � � ¹ �ö h
3 ¯�� nÕh � � + � � ¹ �÷ h 3 ¯�� nOh � � + � p F (8.5)

Using(8.4),wecanwrite¹ �ö h 3 ¯ � nÕh � � + � � ¹ �÷ h 3 ¯ � nOh � � + � m �Re
" n � + n $ � + � � � a honÕh � � + �m a n h + nOh � � + � � honÕh � � + � p F

This, togetherwith (8.5),completestheproof of theassertion.

Proof of Proposition8.3. Lemma8.5 immediatelyshows that á 
 + + � j Á � + S s � for
every

  u @ . This provestheassertion(8.2).
Let

b
be an eigenfunctionof + . We know that

bÇc
L
� 
"Ìf�

and,becauseit is an
eigenvectorof + , we have + b c L

�
. Thus,by (8.2),

b´c Á � s � . Of course+ b c Á � s �
aswell, so

bdc Á � � s � . This canbecontinuedad infinitum, andsowe have
bdc Á � g �

,
which is thedesiredresult.

Finally, we want to show the strict positivity and the uniquenessof the invariant
measure.Theproof of this resultwill only besketched,asit simply retracestheproof
of Theorem3.6 in [EPR99b].

Proposition8.6. Thedensity� of theinvariantmeasure Ò is a strictly positivefunction.
Moreover, theinvariantmeasure is unique.

Sketch of proof. Theideais to show thatthecontrolsystemassociatedwith thestochas-
tic differentialequation(3.7)is stronglycompletelycontrollable.Thismeansthat,given
aninitial condition

` � , a time Í andanendpoint̀

'Î
, it is possibleto find arealizationof

theWienerprocess£ suchthat Â 
 Í�Ã ` � � £ �~� ` Î . Themainassumptionneededto show
that is that thegradientof thetwo-bodypotentialis a diffeomorphism.This is ensured
by assumptionA3.

Theconsequenceis that,for every time Í , every initial condition

` � andeveryopen
set 	 , thetransitionprobability

èI
 Í � ` � � 	 � is strictly positive.BecauseÒ is invariant,
we have Ò 
 	 ��� � èI
 � � ` � 	 � Ò 
 x ` � u @ÛF
Thisimpliesthestrictpositivity of � . Uniquenessfollowsfromanelementaryergodicity
argument.



Non-Equilibrium
q

StatisticalMechanicsof StronglyAnharmonicChains 51

A. Proof of Lemma 5.6

Throughoutthis appendix,we will make useof the samenotationsas in Sect.5, i.e.× �
L
� 


R , � , á � e�g� 
 R , � and Ï is the setof differentialoperatorswith smooth
coefficients.

Moreover,
C

denotessomefinite subsetof Ï andis identifiedwith closedoperators
on × . TheoperatorT � is definedasT � ¬ W � �XZY U [ 0 [ F (A.1)

We will moreover assumethat H1 andH3 concerning
C

and
x

holds,i.e. [ � ( c C
and

b´c x
imply P [ � ( Q c ~ � 
 C � , [ 0 c ~ � 
 C � , P [ � b Q c x F (A.2)

In orderto preparetheproof of Lemma5.6,weneeda few auxiliary results.

Lemma A.1. Let
C

,
x

, á and T be as aboveand assumeH1 and H3 hold. Then,if[ c ~ �� 
 C � , theoperator [ T
& �

is bounded.

Theproof of this lemmawill bea consequenceof

Lemma A.2. Let
C

,
x

, á and T be as aboveand assumeH1 and H3 hold. Then,if[ � � [ � c C , theoperators [ � T
& �

and [ � [ � T
& �

arebounded.

Proof. Let usshow first that [ � T
& �

is bounded.Since á is a corefor T , it sufficesto
show thatthereis a constanta suchthath [ � b h � m a h T b h � p b c á F
This is animmediateconsequenceofh T b h � � h b h � � �XZY U h [ b h � F
In orderto show that [ � [ � T

& �
is bounded,wewill show thatthereareconstantsÍ anda suchthat h [ � [ � b h � m a h T � b � 
 Í

% W�� b h � F
(A.3)

We canwrite thefollowing equality:h 
 T � % W¿� b � Í b h � � Í � h b h � � � Í �XZY U h [ b h � � �X � | Y U " b � [ 0 [ ( 0 ( b%$� Í � h b h � � � Í �XZY U h [ b h �� �X � | Y U n h [ ( b h � � " b � P [ 0 [ � ( 0 Q ( b%$ p F
We canwrite theoperatorinterveningin thelasttermasP [ 0 [ � ( 0 Q ( � [ 0 P [ � ( 0 Q ( � P ( � [ Q 0 [ ( F
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Becauseof H1, this impliesthattherearepositiveconstantsa X | ¿ suchthath 
 T � % W�� b � Í b h � º Í � h b h � � � Í �XZY U h [ b h � � �| � ¿ Y U h (Äa b h �% �X � | � ¿ Y U a X | ¿ h [ b hlh (Ûa b h F
If we usenow � ` � m ` � ½ � � � �½¿� ` �W�fºr@�� ½ u @ ,

we seethatwecanchooseÍ big enoughto haveh 
 T � % W¿� b � Í b h � º Í � h b h � � W� �XZY U h [ b h � � W� �| � ¿ Y U h (Ûa b h � F
This immediatelyimplies(A.3).

This lemmacannow beusedto proveLemmaA.1.

Proof of LemmaA.1. We want to show that [ c ~ �� 
 C � implies [ T
&K�

bounded.We
alreadytreatedthecases= �ÚW and = � � . For theothercases,weproceedby induction.
Let usfix �Iu � andassumetheassertionhasbeenprovedfor = Ü � . Thentheoperators
of theform

[ � [ ��Å FGFHF Å [ � T
& � [

� c C
, (A.4)

arebounded.We distinguishtwo cases.Ð �ÒÑVÓ . We write theoperatorof (A.4) as

[ � [ � T
& � Å T � [ ù [ þ T

& þ Å FHFGF Å T � , & � [ � ,
& � [ � , T

& � , F
We show thatoperatorsof theformT ��¥ & � [ (\T

& ��¥ [ � ( c C � ú m ¦ ,

arebounded.We writeT ��¥ & � [ (ÄT
& ��¥ � [ (ÄT

& � � P T ��¥ & � � [ ( Q T
&�� ��¥ & � � T & � F

Thefirst termis boundedby LemmaA.2. Thesecondtermis boundedby noticing
that P T ��¥ & � � [ ( Q c ~ ��¥

& �� 
 C �
andusingtheinductionhypothesis.Ð �ÒÑVÓ¤ÔÖÕ . We write theoperatorof (A.4) as

[ � [ � T
& � Å T � [ ù [ þ T

& þ Å FHFGF Å T � , [ � , S � T
& � , & � F

The first termsareboundedexactly the sameway asbefore.Concerningthe last
term,wehaveT � , [ � , S � T

& � , & � � [ � , S � T
& � � P T � , � [ � , S � Q T

& � , T & � ,

which is boundedby LemmaA.2 and the inductionhypothesis,noticing that the
commutatorbelongsto ~ � , 
 C � .

Thiscompletestheproof of thelemma.
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We needanotherresultfrom [EPR99a].

Lemma A.3. Let
D [ 
 À � J j w 
 × � bea familyof uniformlyboundedoperators, T º W

a self-adjointoperator andlet � 
 ¡ � À � bea real,positiveboundedfunction.ThenYYYY � g� [ 
 À � � 
 T � À � b x À YYYY m sup× ² � h [ 
Ø�9� h;h b h �
g� supÙ ² � � 
 ¡ � À � x À , p boc × F

(A.5)

If furthermore [ � [ 
 À � is independentof À , onehastheboundYYYY � g� [ � 
 T � À � b x À YYYY m h [ hlh b h supÙ ² � �
g� � 
 ¡ � À � x À , p b´c × F

(A.6)

Lemma A.4. Let T ,
x

and
C

beasaboveandassumeH1 andH3 hold.If . c ~ �� 
 C � ,
thentheoperators T � . T + with � �   m % �
arebounded.

If X c z is such that P X � T � Q c ~ �� 
 C � , thentheoperatorsT � P T » � X Q T + with · � � �   m � % �
arebounded.

If . � X c z aresuch thatP . � T � Q c ~ �� 
 C � , P X � T � Q c ~ ä� 
 C � and � P T � � . Q � X � c ~ � S ä
& �� 
 C �

,

thentheoperatorsT � � P T » � . Q � X:��T + with · � � �   m ! % � % Ê
arebounded.

Proof. Let usprovethefirst assertion.Thecase

  �¸@
is handledby noticingthatT � . � T � S � n .À0 T

& � p 0 ,

and that both operatorsof the latter productare boundedby LemmaA.1. The case� �³@ is handledin thesamewayby consideringtheadjoint.
The proof for the othercasesfollows exactly [EPR99a]. We will demonstratethe

techniquesinvolved by proving the third assertion,assumingthe first two assertions
hold.Thesecondassertioncanbeprovedin a similarway withoutusingthethird one.

We will first assumethat · c 
 % � ��@l� . In this case,we canwrite (seee.g. [Kat80,Â V.3.11]) T » � a » � g� À »læ � 
 À � T � �
& � x À , a » � % sin


 {/· ¤ � �{ F
(A.7)

We noticemoreoverthatit is possibleto write� P 
 À � T � �
& � � . Q � X � � 
 À � T � �

& � � P T � � . Q � X � 
 À � T � �
& �� 
 À � T � �

& � P T � � . Q 
 À � T � �
& � P T � � X Q 
 À � T � �

& �� 
 À � T � �
& � P T � � X Q 
 À � T � �

& � P T � � . Q 
 À � T � �
& � F

(A.8)

If we substitutetheexpression(A.7) in T � � P T » � . Q � X � T + anduse(A.8), we getthree
terms,which wecall ) � , ) � and ) ù , andwhich will beestimatedseparately.
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Term ) � . This termis givenby

) � � a » � g� À »læ � T �À � T � � P T � � . Q � X � T +À � T � x À F
We define ( � � P T � � . Q � X � c ~ � S ä

& � 
 C �
andwrite

) � � a » � g� À »læ � T
� ( T +
 À � T � � � x À � a » �

g� À »læ � T �À � T � P T � � ( Q T +
 À � T � � � x À¬³a » n') ��� � ) �©� p F
Theterm ) ��� is estimatedby writing, for any

b c × ,h ) ��� b h � YYYY T
� (ÄT � & � & ä &V� � g� À »Ôæ � T + S

� S � S ä & �
 À � T � � � b x À YYYYm h b hHYY T � (\T � & � & ä &�� YY supÙ ² � �
g� À »Ôæ � ¡ + S

� S � S ä & �
 À �!¡ � � � x À� h b h YY T � (\T � & � & ä &�� YY supÙ ² � �
g� ½�»læ � ¡ » S + S � S � S ä & þ
 ½ � W¿� � x ½ F

Sincetheassumptionyields ( c ~ � S ä & � 
 C � , thenormis bounded.Theintegral is also
boundedbecause,by assumption,we have · �   � � m ! % � % Ê .

To bound ) �$� , we observe that P T � � ( Q c ~ � S ä & � 
 C � . Using (A.6), we find the
boundh ) �©� b h � YYYY � g� À »Ôæ � T �À � T � P T � � ( Q T ù

& � & ä &V� T + S � S � S ä & ù
 À � T � � � b x À YYYYm h b h
sup×<Ê � YYY T �� � T � P T � � ( Q T ù

& � & ä &�� YYY � g� À »læ � supÙ ² � ¡
+ S � S � S ä & ù
 À �!¡ � � � x À F

Thisexpressionis boundedwhen · � � �   m ! % � % Ê and · c 
 % � ��@Ô� . Thiscanbe
seenby makingasbeforethesubstitutionÀ éÈ ¡ � ½ .

Beforewe goon,we introducethenotationT�Ú ¬ 
 À � T � �
& �

.

Term ) � . This termis givenby

) � � a » � g� À »læ � T �À � T � [ WÀ � T � ( T +À � T � x À ,

wherewedefined [ � P T � � . Q and ( � P T � � X Q F
Since P T Ú � ( Q � T Ú P ( � T � Q T Ú , thetermappearingundertheintegralcanbewrittenasT � T�Ú [ T�ÚG(ÄT�Ú¿T + � T

� T�Ú [ (ÄT �Ú T + � T
� T�Ú [ T�Ú P ( � T � Q T �Ú T + F

Accordingto this, theterm ) � is split into two terms) ��� and ) ��� . We haveh ) ��� b h m�h b h sup×<Ê � YY T
� T × [ (\T

&V�±& � & ä YY � g� ½¿»Ôæ �
supÙ ² � ¡

» S � S + S � S ä & þ
 ½ � W¿� � x ½ F
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The integral is boundedby hypothesis.The norm is also bounded,because[ ( c~ � S ä 
 C � . For thesecondterm,we haveh ) ��� b h mEh b h sup×<Ê � YY T
� T × [ T × P T � � ( Q T

&��±& � & ä YY � g� ½�»Ôæ �
supÙ ² � ¡

» S � S + S � S ä & þ
 ½ � W¿� � x ½ F
This is boundedin thesamefashion,noticingthat

sup×<Ê � YY T
� T × [ T × P T � � ( Q T

&��±& � & ä YY m sup_0Ê � YY T
� T _ [ T

&V�V& � YY�
sup×<Ê � YYYY T �� � T � T � S

�±& � P T � � ( Q T &��±& � & ä YYYY F
Term ) ù . It canbeboundedin thesamewayas ) � by symmetry.

We now have to checktheassertionfor theothervaluesof · . If · � @ or · � � , it
holdstrivially. For ·^u @ , weproceedby induction,usingtheequality� P T » S � � . Q � X � � T � � P T » � . Q � X ��� T » � P T � � . Q � X �� P T » � X Q8P T � � . Q � P T � � X Q P T » � . Q F (A.9)

For · � % � , theassertionis provedusingequality(A.8) with À ��@ . For · Ü % � , we
alsoproceedby induction,using(A.9) with

�
replacedby

% �
. Thiscompletestheproof

of Lemma5.6.

B. Proof of Proposition2.4

PropositionB.1. Î ® , as defined in (2.10), extends uniquely to a quasi-bounded
stronglycontinuoussemigroupon L

� 
"Ìo� x ` � . Its generator Ï actslike « on functions
in
e�g� 
"ÌÉ� .

Proof. Seetheproof of LemmaA.1 in [EPR99a].

We now turn to thequestionof thedomainof thegeneratorÏ . Recallthat z is the
setof all formalexpressionsof theform�ç Û"ç { ä �

Û 
 ` � å Û
, Ê º¾@ , � cüe g 
 R , �wF

To any elementÏ c z having theabove form, we associateits formal adjoint Ï 0 c zin an obviousway. In the sequel,the notation
" b � B $ will be usedto denotethe scalar

productin L
�

if
b � B c L

�
andtheevaluation

b 
 B � if
b

is adistributionandB c e�g� 
 R , � .
We hopethis slight ambiguitywill not betoo misleading.

We associateto every Ï c z theoperator) ö Æ�á 
 ) ö � È L
� 


R , � byn ) ö b p 
 ` �~� Ï b 
 ` � and á 
 ) ö ��� D b c L
� ��Ï b´c L

� J ,

where Ï b hasto beunderstoodin thesenseof distributions,i.e.n Ï b p 
 B � ¬ b 
 Ï 0 B � for all B c e g� 
 R , �	F
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We alsodefinetheoperator
� ö Æ�á 
 � ö � È L

� 

R , � by� ö � ) ö â e g� F

The operators) ö and
� ö are usually called the minimal operator and the maximal

operator constructedfrom the formal operator Ï . Thefollowing resultis classical,so
we donot give its proofhere:

PropositionB.2. For every Ï c z , wehave ) 0ö � � ö,Ü and
� 0ö � ) ö'Ü . In particular,

this showsthat ) ö is closed.

We provenow thequasim-dissipativity of
�%Ý

. We define

µ«r¬¸« % �� � � �
 9��% W�F

By definition,if
�ßÞÝ is strictly m-dissipative,

� Ý
is quasim-dissipative.It is well-known

thatanequivalentcharacterizationof strict m-dissipativity is that
(a)

�àÞÝ is strictly dissipativeand
(b) Range


 �ßÞÝ �~� × .

PropositionB.3. AssumeA0 holds.Then
�àÞÝ is strictly m-dissipative.

RemarkB.4. It is clearthatthestatementholdsif we considertheminimal operatorin
L
� 
 i � x ` � , where i is somecompactdomainof

Ì
. Theideais to approximate

Ì
by a

sequenceof increasingcompactdomainsandto controltherestterms.
This proposition fills a gap in [EPR99a], since the statement“Re


 b � Ï 0 b � �% �� h ª ­ b b h � � 
 b � div
§ b � m ( h b h � ” in the proof of LemmaA.1 is not justified

for every
b´c á 
 Ï 0 � .

Proof. Property(a) is immediate.By theclosed-rangetheorem,property(b) is equiva-
lent to thestatement
(b’)

bdc
L
�

and µ« 0 b �¨@ imply
b �¸@

.

z 
 ` �Assumeonthecontrarythatthereexists
a non-vanishingfunction

b c
L
�

for whichµ« 0 b �³@ holdsin thesenseof distributions.
Since µ« 0 is hypoelliptic,

b
mustbe a

e g
function.Let uschoosesomefunction z ce g� 
 R S � suchthat z 
 ` � �ÞW

if

` c P @±�HW Q .
We alsodefinez , Æ Ì È R` éÈ z�n4* 
 ` ��¤ ¦ p F
By assumption,µ« 0 b �¨@ , sowehave@ � �

Re
" z , b � µ« 0 b%$ �D" z , b � µ« 0 b%$ � " µ« 0 b � z , b%$ F

Since z , cüe/g� andall theotherfunctionsare
e�g

, we canmakeall theformal manip-
ulationswewant.In particular, wehave" µ« 0 b � z , b%$ �#" b � µ«wz , b%$ � M b �¿
 z , µ« 0 � µ«wz , � b
N �³@ÛF (B.1)
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Recallthat µ« is givenby

µ« �y�� � � � ¡ �
�   � ) � 3 �¯ 7 % �� � � �

  � n � � % ¡ �� � � 
�������� p 3 ¯ 7
� .

�±° % �� � � � �
� .d²

7 % �� � � �
  � % W

¬ �� � � �
á
�43 �¯ 7 � X � % W F

(B.2)

Straightforwardcomputationyields

z , µ« 0 � µ«wz , � � �� � � � á
�"3 ¯ 7 z , 3 ¯ 7 � �� � � � á

� n 3 �¯ 7 z , p � P X � � z , Q % z ,� ���� � � � á
� 3 ¯ 7 z , 3 ¯ 7

� �� � � �
á
� � W¦ 
 3 �¯ 7 * � zOøÖø 
 * ¤ ¦ � � W¦ � 
 3 ¯ 7 * � � zOø 
 * ¤ ¦ � #

� W¦ �� � � �
 6�
¡ �� n � ��% ¡ �� � � 

������� p � z ø 
 * ¤ ¦ � % z ,

¬ � �� � � � á
�"3 ¯ 7 z , 3 ¯ 7 ��â , % z , F

(B.3)

UsingA0, we next verify that � â , 
 ` � � m µa for all

` c Ì
andfor all ¦ º¨W . We define¹ � ¬ sup_ ² � z øÖø 


` �
and ¹ � ¬ sup_ ² �

` z ø 
 ` �	F
An elementarycomputationshowsthatA0 impliesthatthereareconstants¹ ù �GFHFGF�� ¹ ÿ u@

for whichUU 3 �¯ 7 * 
 ` � UU m ¹<ù , UU 3 ¯ 7 * 
 ` � UU � m ¹ þ * 
 ` � , and n � � % ¡ �� � � 

������� p � m ¹ ÿ * 
������6� � �	F
We thushave� â , 
 ` � � m �� � � � � á

� ¹ ù¦ UU z øÖø 
 * ¤ ¦ � UU � á
� ¹ þ¦ UU 
 * ¤ ¦ � z ø 
 * ¤ ¦ � UU �

 6� ¹ ÿ¡ �� UU 
 * ¤ ¦ � z ø 
 * ¤ ¦ � UU #m �� � � � � á
� ¹ � ¹<ù � ¹ � ¹ þ¦ �   � ¹ � ¹ ÿ¡ �� # m µa ,

asasserted.Moreover, the first part of A0 implies that thereexist constantsa � ·Úu @
suchthat

suppâ , j D ` c Ì � h ` hH» º ¦ ¤ a J F (B.4)
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Substituting(B.3) backinto (B.1), weget@ � % � �� � � � á
� YY<ã z , 3 ¯ 7 b YY � % h ã z , b YY � � � ß â , 
 ` � � b 
 ` � � � x ` F (B.5)

Since
bdc

L
� 
"ÌÉ�

, onehas

lim,)ä g h ã z , b YY � � h b h � F
Moreover, theuniform boundednessof â , togetherwith property(B.4) imply that

lim,)ä g � ß â , 

` � � b 
 ` � � � x ` �¸@?F

This supplies the required contradiction to (B.5), thus establishingthe strict m-
dissipativity of

�àÞÝ .

We completenow the

Proof of Proposition2.4. It only remainsto beprovedthat Ï � �%Ý andthat Ï 0 � �%Ý Ü .It is clear that the generatorÏ of Î ® satisfies
�%Ý jàÏ . Since

�%Ý
is quasi m-

dissipative, i.e. hasno properquasidissipative extension,andsincethe generatorof
a quasi-boundedsemigroupis alwaysquasim-dissipative,we musthave Ï � �%Ý .

Concerningthe adjoint, we have by PropositionB.2, Ï 0 � ) Ý Ü . It is possibleto
retracetheaboveargumentfor « 0 to show that

� Ý Ü is quasim-dissipative.Since Ï 0 is
alsoquasim-dissipativeand

�%Ý Ü j¾Ï 0 , we musthave Ï 0 � �%Ý Ü .
C. Proof of Lemma 8.4

Using the techniquedeveloped in Appendix B, we can now turn to the proof of
Lemma8.4.Recallthat + is givenby (3.10)andthatÁ � + � �

L
� 
"Ìo� * � + x ` �	F

Moreover, + + is the maximaloperatorconstructedfrom + whenconsideringit asa
differentialoperatorin

Á � + �
. We have

PropositionC.1.
e�g� 
"ÌÉ� is a core for + + .

Proof. We introducetheunitaryoperator	ÚÆ Á � + � È L
� 
4ÌÉ�

definedbyn 	 b p 
 ` �~� * + 
 ` � b 
 ` ��F
We alsodefine + �+ ¬ + + â e g� 
4ÌÉ� . Theoperators+ + and + �+ areunitarily equivalent

to theoperators µ+ + and µ+ �+ respectively by thefollowing relations:

á 
 + + � ��å% È Á � + � á 
 + �+ � �
Ùå% È Á � + �æQççè�é çç æ j�� æêççè�é çç æ j�� æQççè�é çç æ j�� æ�ççè�é çç æ j��á 
 µ+ + � % ÈÞ��å L

� 
"ÌÉ� á 
 µ+ �+ � % ÈÞ� Ùå L
� 
4ÌÉ�
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By construction, µ+ + is maximal.Thus,by PropositionB.2, its adjoint µ+ 0+ is minimal.

It is immediatethattheformalexpressionsfor µ+ 0+ and + �+ aregivenbyµ+ 0+ � *
& + + 0 * + and µ+ �+ � * + +d* & + F

It is now a simpleexerciseto retracethe proof of PropositionB.3 to seethat µ+ 0+ andµ+ �+ arebothm-accretive.Theremarkof Sect.2.2concerningtheadjointsof m-accretive

operatorsimpliesthat µ+ + is alsom-accretive.Since µ+ �+ j µ+ + , wemusthave µ+ �+ � µ+ +
andthus + �+ � + + . Thisprovestheassertion.
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