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ABSTRACT: In this paper we will study R2-like inflation in a non-local modification of
gravity which contains quadratic in Ricci scalar and Weyl tensor terms with analytic infinite
derivative form-factors in the action. It is known that the inflationary solution of the
local R + R? gravity remains a particular exact solution in this model. It was shown
earlier that the power spectrum of scalar perturbations generated during inflation in the
non-local setup remains the same as in the local R + R? inflation, whereas the power
spectrum of tensor perturbations gets modified due to the non-local Weyl tensor squared
term. In the present paper we go beyond 2-point correlators and compute the non-Gaussian
parameter fnr, related to 3-point correlations generated during inflation, which we found
to be different from those in the original local inflationary model and scenarios alike based
on a local gravity. We evaluate non-local corrections to the scalar bi-spectrum which give
non-zero contributions to squeezed, equilateral and orthogonal configurations. We show
that fnr, ~ O(1) with an arbitrary sign is achievable in this model based on the choice
of form-factors and the scale of non-locality. We present the predictions for the tensor-to-
scalar ratio, r, and the tensor tilt, n;. In contrast to standard inflation in a local gravity,
here the possibility n; > 0 is not excluded. Thus, future CMB data can probe non-local
behaviour of gravity at high space-time curvatures.
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1 Introduction

After the Planck mission, inflationary cosmology took a turn towards the Starobinsky infla-
tionary model based on the modified R+ R? gravity with one-loop corrections from matter
quantum fields [1] (shortly dubbed as the (local) R? inflation afterwards), or to models
with strongly non-minimally coupled scalar fields like the Higgs inflationary model [2], or
to models emerged within string and supergravity (SUGRA) theories which have similar
(very flat plateau-like) behaviour of their effective potentials in the Einstein frame [3].
These highlighted models comprise a set of most successful ones from the point of view of
the observational data matching but neither of them features a manifestly well established
UV completion setting.

In an attempt to tackle the issue of the UV completion for models of inflation on par
with proposals to explain local higher order curvature terms like R? or non-minimal cou-
plings of scalars by considering supergravity models [4, 5] there are recent developments on
studying R? inflation solution within an analytic infinite derivative (AID) gravity frame-
work. This latter approach was shown to be absolutely consistent with existing cosmo-
logical observational data [6-11] while providing a viable track towards completing theory
of quantum gravity [12-22]. We therefore stick to this model in our effort to explore and
analyze non-Gaussian perturbations and the tensor-to-scalar ratio during inflation in the
present paper.



Analytic infinite derivative gravity essentially generalizes Einstein’s General Relativ-
ity (GR) with quadratic in Ricci scalar, R and Weyl tensor, W terms in the action with an-
alytic at zero functions of the d’Alembertian operator, also named form-factors, inserted in
between like RFr(0)R where [ is the covariant d’Alembertian operator, see: [6, 15, 16, 23—
27]. Analyticity of form-factors at zero implies a smooth low-energy limit of the model.
This type of gravity models is also often abbreviated as IDG for infinite derivative gravity.
We however would mainly stick to the AID abbreviation to stress the analytic behav-
ior of the form-factors for low momenta. This is an essential mathematical point and
it distinguishes this type of gravity modifications from those having non-analytic depen-
dence on derivatives, like it is already encountered in one-loop effective quantum gravity
action [28-31], for example, non-analytic forms like logarithms of the d’Alembertian or
inverse of the d’Alembertian appear in the effective action as a result of integrating out
matter fields [32, 33].

Furthermore, it is the most general extension of GR around maximally symmetric
space-times as it captures behavior of linear perturbations around such space-times in any
analytic gravity generalization (see [26] for details). Inspiration for such a modification of
gravity naturally comes from string field theory (SFT) where infinite derivative operators
like eD/Mg, with My being a string scale My < M, enter the vertex terms of the string
interaction [34-40]. M, here is the Planck mass as usual. Discussing gravity we name M,
as the scale of non-locality. Such a gravity is known to be ghost-free (unitary) improving
thereby the proposal by Stelle [41, 42] which suffered from the presence of the spin-2
ghost. Absence of ghosts requires the presence of an infinite tower of derivatives and thus
forces one to consider essentially non-local form-factors [27]. This guaranties the power-
counting renormalizability and raises the hope that Black-Hole and Big Bang singularities
are being resolved in gravity theories of this kind. A number of crucial questions has been
investigated recently regarding the resolution of singularities [23, 43-55] in this approach.
The arguments above explain why such an infinite derivative gravity tends to become a
UV complete gravity theory.

Obviously, the higher derivative form-factors provide the crux of the gravity modifi-
cations which we study in this paper. We have freedom to choose form-factors such that
the excitations spectrum is exactly like in a local R? gravity modification. Namely, there
is a propagating massive scalar and a massless graviton in the theory. This scalar degree
of freedom is identified with the ‘scalaron’ that drives inflationary expansion and is re-
sponsible for nearly scale invariant fluctuations which in turn seed the large scale structure
formation. Although the structure of form-factors is constrained by the conditions on the
theory to be ghost-free around maximally symmetric backgrounds [27, 56], we lack for the
time being a more fundamental approach of deriving them within the scope of string theory
or SFT. Worth mentioning that recently some progress has been made to fix form-factors
within asymptotic safety approach to quantum gravity [54, 57]. However, still observa-
tional cosmology is the only major way to get a guidance for any gravity modification and
thus inflationary cosmology and CMB observations play a vital role.

It was shown in [11] that an analytic non-local extension of the R? inflation produces
up to the leading order in the slow-roll expansion exactly the same value of the spectral



index, ng, of the Fourier power spectrum of primordial scalar perturbations generated
during inflation, but the tensor to scalar power spectra ratio, r, as well as the tensor power
spectrum consistency relation, can get modified. Moreover, the modification of the tensor
power spectrum is solely due to the form-factor in the quadratic in Weyl tensor term in
the action.

In the present paper, we aim to understand and constrain the analytic infinite deriva-
tive form-factors in the considered gravity model using the current constraints on infla-
tionary parameters [58] such as (ng, r) and the non-Gaussianity parameter (fyr,) in the
squeezed, equilateral and orthogonal configurations which read as

ne = 0.9649 £ 0.0042 at 68%CL, r < 0.064 at 95% CL, (1.1)
and
M= 09451 fIN = 96447 o = 38424, at 68% CL, (1.2)

with respect to Planck, BICEP2/Keck Array and BK15 with TT,TE, EE4lowE+lensing
data [58, 59].

Non-Gaussianity is an important tool to understand primordial Universe and especially
the nature of scalaron or inflaton,! especially whether it is a canonical field, or a non-
canonical one, or if multiple fields are responsible for the period of inflation, or if the
inflation is driven effectively by a single field in the presence of relatively heavy fields, or if
inflation happens in a higher order scalar tensor theories [60-67]. Every model produces a
distinct signal for fyi, for different triangular templates of 3-momenta. In the case of single
canonical field models of inflation non-Gaussianities are very small as it was shown in [60].
Local R? model can be seen as a single canonical field model upon conformal transformation
of the R + R? gravity action to the Einstein frame where a minimally coupled scalar field
with a very flat plateau shape potential appears [68]. Any inflationary framework beyond a
canonical scalar field may lead to different observable signatures of fxi, [69, 70]. In our case
there is only one canonical propagating scalar, namely the curvature perturbation, which is
approximately time-independent on super-Hubble scales. However, the presence of higher
derivative and even non-local operators can in principle lead to non-trivial signatures in the
bi-spectrum (see for instance earlier observation of large non-Gaussianities in the context
of SFT inspired p-adic inflation [71, 72] where a minimally coupled non-local scalar field
drives inflation).

The paper is organized as follows. In section 2 we present the modified gravity model
to be studied and discuss the generic structure of form-factors for the theory to be ghost
free. We summarize the general conditions on form-factor Fg () for the theory to admit
the local R? inflationary solution which satisfies the equation (JR = M?R where M is the
scalaron mass. In section 3 we discuss second order inflationary perturbations and present
quantitative results for scalar and tensor power spectra and their tilts for sample form-
factors. In appendix A we provide equations of motion, slow-roll conditions and further
technicalities on second order scalar perturbations. In section 4 we compute the 3rd order

"Which is a scalar degree of freedom coming from addition of hypothetical matter to GR.



variation of the studied gravity action around the local R? inflationary solution up to the
leading order in the slow-roll approximation. Using the mode functions computed in sec-
tion 2 we calculate the 3-point correlation functions and the non-linearity parameter fnr, as
functions of momenta. Namely, we calculate the non-Gaussianity parameter fni, for local,
equilateral and orthogonal configurations. To do quantitative analysis, we select sample
form-factors and discuss the bounds on the scale of non-locality, Mg, within the current
CMB constraints. This section is supplemented by detailed computations in appendices B
and C. The Conclusion section summarizes the performed analysis.

2 Analytic infinite derivative gravity and inflationary solution

In this section, we will review the equations of motion and inflationary solutions of AID

gravity. The notations commonl;gf used throughout the paper are as follows. The reduced

. . . M . . .
Planck mass in our notation is TP = IG;G where G is the Newtonian constant. The metric

signature we work with is (—,+,+,+). The 4-dimensional indices are labeled by small

Greek letters and 3-dimensional quantities are labeled by i,5 = 1,2,3. Throughout the
paper a bar over quantities is used to indicate their background values for Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric g, = (—1,a% a?, a?), where a = a(t) is the
scale factor and ¢ is the cosmic time, like R for the background value of the Ricci scalar, (J
for the background value of the d’Alembertian operator, etc. We use notation ' and a dot to
represent the differentiation with respect to conformal time 7 and cosmic time ¢ respectively.
() and &) denote first and second derivatives with respect to the argument for various
functions. (123) denotes in most cases the order of the performed variation. R, Ry, Wivpo
denote the Ricci scalar, Ricci tensor and Weyl tensor respectively. Throughout the paper,
the sign “~” denotes the leading order in the slow-roll approximation.

The action we study contains non-local quadratic in curvature terms which was shown
to be most general action around maximally symmetric space-times [10, 11, 15, 26, 27|

M2
S = /d%ﬁ—g (;R + % [RJ-"R () R + Wy po Fiv (O5) WWWD . @)

Here O, = O/M? with M, being the scale of non-locality and ) is a dimensionless pa-
rameter useful to control the effect of higher curvature contributions as the whole. The
form-factors are analytic at zero and can be Taylor expanded as follows

Fr(Os) = fraldy, Fuw (Os) = fwaly, (2:2)
n=0 n=0

where fgrn, fiwn are dimensionless constants. The vacuum equations of motion for the
above action are given by (A.1) in appendix A. In the sequel we put parameter \ equal 1
for simplicity

The form-factors should not be arbitrary as they are restricted by the ghost-free con-
ditions. For instance, the generic structure of form-factors that leads to an extra scalar
field of mass M and a massless tensor degree of freedom around maximally symmetric
space-times backgrounds was studied in [15, 26, 27].



In the inflationary context we have to consider the structure of form-factors around
the de Sitter background studied in [26, 27] which we discuss in the next sections. To
study inflation, we start with FLRW metric which is conformally flat and as such the
corresponding Weyl tensor vanishes. Therefore the trace of equations (A.1) for conformally
flat backgrounds becomes

E = (Mp — 6A0Fr(0s))R — A(KH +2K) =0, (2.3)

where KCli, K are infinite derivative square in scalar curvature terms defined in (A.2). Tt was
shown in [11] that the local R? inflationary solution which satisfies the following equation

OR = M*R, (2.4)

becomes the only (inflationary) solution? of AID gravity as long as form-factor Fr((s)
obeys the following conditions

2 M2
(M~ _ _

where fg) (/\A{TQ?) = %}D—f

2 . . .
2 and F; = Fgr <%) Since cosmological observations
Os= 5 s
MZ
indicate the nearly scale invariant power spectrum of scalar fluctuations, we consider the

following hierarchy of scales® [10, 11]:
M? < M2S M. (2.7)

During inflation the following slow-roll condition for the background solution (2.5) is sat-
isfied [68, 73]:

H M* 1

NN <1 = M?< H? 2.8
m S em T aN < <A (28)
where N ~ 50 — 60 is number of e-foldings before the end of inflation.

€= —

Note that the Hubble-slow-roll parameters €, 1 used here in the original Jordan frame
differ from the potential slow-roll parameters €y, 1y usually known in the context of scalar

2The local R? inflationary solution satisfies (2.4) with the scale factor

_1 M2 -p)? o M? 1
a = ao(ts —t) Se e ) H:gz—(ts—t)—&— ,
a 6 6(ts — t)
M(ts—t)2 M2 (25)
R:12H2+6H%%—Y—FO((ts—t)’Q) ,

where ts > ﬁ denotes the end of inflation.
3This can be seen heuristically by expanding the quadratic Ricci scalar part of the action (2.1) as

M? M?
S:/d4x\/—g {TPRJF P R2+O( ROR )} )

12M2 M2 M2

In the above action we see that at high curvature regime R > M? quadratic curvature terms are nat-
urally dominant. However, it is easy to see that R? term is scale invariant (i.e., the term is invariant
under local scale transformations g.., — e guv) and all the higher derivative terms are not scale invariant.
So it is obvious to see that the hierarchy M? <« M? is essential for the model to be compatible with
cosmological data.
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Figure 1. Hierarchy of mass scales in non-local R2-like inflation.

field inflation (in the Einstein frame representation of the R 4+ R? model) [68]. The sec-

ond Hubble-slow-roll parameter in our case is n = € + ‘écllr}\f ~ ﬁ < € (note that the

calculation of its actual value requires using the second, next to leading, order of the

slow-roll approximation presented in eq. (2.5)). On the other hand, in the Einstein frame
ey < |ny|. Since all our study is in Jordan frame, in all the computations we apply the
slow-roll approximation up to the leading order in e.

From the considerations (2.7) and (2.8) we assume the hierarchy of mass scales in the
theory as shown on the scheme figure 1. Further we refer to the condition (2.8) as the
slow-roll approximation.

3 Second order perturbations and power spectra

Inflationary observables of R2-like inflation in AID gravity related to two point correlations
were studied in detail in [9-11]. In this section, we will briefly review the second order
perturbations of scalar and tensor parts and highlight the points essential for the rest
of the paper without additional referencing. We start with the following perturbed line
element in terms of gauge invariant Bardeen potentials (®, V) and transverse and traceless
tensor fluctuation h;;

ds* = a? (1) [— (14 2®) dr? 4+ (1 —2W) &;; + 2h;5) dwid:cj] . (3.1)

This is equivalent to fixing the Newtonian gauge. Study of perturbed linear equations of
motion in the slow-roll approximation, i.e. in the quasi-de Sitter regime gives among other
important results

O+

[F1 (R+3r1) + (0-2H?) Fy (O+6H?)] &5 =0. (3.2)

The solution of the above equation leads to ® + ¥ ~ 0 in the quasi-de Sitter limit in full
analogy with the local R? inflationary model [29]. Proceeding with the construction of an
action for a canonical scalar variable one must restrict the form-factor in order to avoid
ghosts and this leads to the following form of the operator function Fg(Os):

3e7s(0s) (DS _ %) + (% + 3%)

]:R Ds :fl =
) 30; + 2

) (3.3)

where ~yg is an entire function of the d’Alembertian operator. Imposing the conditions (2.6)
on the form-factor Fg ({Js) in (3.3), we can deduce that

ys (ﬁ) 0. (3.0



We can also see that condition (3.4) being used in (3.3) does not give us any relation
between scalaron mass and the non-locality scale.
The second order action for the canonically normalized scalar has the form

1 _
8@ S5 = 3 /d7d3:1:\/—§u (O—-M?)u, (3.5)

where the subscript (S) stands for the scalar part and u ~ 2F; R¥. A solution for Fourier
modes of 4 = au upon the spatial Fourier transform yields in terms of Hankel functions [68]

ug = ?(—7)1/2 [ClkHrg) (—kT) + CZkHzg) (_kT)] : (3.6)

Adiabatic vacuum initial conditions for the observable range of Fourier modes of per-
turbations following from their quantization in the deep sub-Hubble limit |k7| > 1 are
c1x = 1, cor, = 0. The Bunch-Dayvies initial conditions taken literally would correspond to
imposing these conditions for all Fourier modes k including the limit & — 0. However,
this is not possible for the most realistic inflationary models including the local R? model.
For our purposes, it is sufficient to impose the adiabatic vacuum initial conditions for all
Fourier modes which are deep inside the Hubble radius at the beginning of the inflationary
stage. In the leading order in slow roll, the sub-Hubble limit of the mode function can be

approximated as
. H

Ur =
SRNGY=:

The curvature perturbation is defined as

e (1 — ikT). (3.7)

24 H? 1 1 1 H .
R:\IJ+H5—;R:\II— Uy = ek (1 —ikT) | (3.8)
R 24HH € 2¢ \/3F, RV2k3

and is (approximately) time-independent on super-Hubble scales k < aH. The primordial

power spectrum and its tilt can be computed as

H? 1 dInPr 2
'P — _ , = ~1— — 5 3.9
R 16m223F R k—all s dink |_.g N (3.9)
where N is the number of e-folds and e = —% ~ ﬁ We can notice that the scalar

spectral index remains exactly same as for the local R? model. From the Planck data [74]
the power spectrum at the pivot scale k, = 0.05Mpc~! is P ~ 2.2 % 1077, Using this we
get the mass of scalaron, Hubble parameter and Ricci scalar at k, = aH as

95 M? 95 = 55
~ =5 ~ ~ -5 ~ 2
M~ 1.3x107°x *Mp, H = 6 5.6x107° % *Mp, R, =~ 220M~ x = (3.10)

Here N, is the number of e-foldings before the end of inflation for pivot scale k.
The second order action for the canonically normalized tensor perturbations in the de
Sitter approximation (applying R > M?) is

o | =

2yp(Os— 2B /_ g
828z :;/d4m\/jghf;e ”T( SM%> (D - )hi”, (3.11)



where the subscript (7') stands for tensor part and 47 here is an entire function? which is
related to the form-factor as

_ Dr%i)
_.7:1R6’YT( SMI) 1

M2 O _ 2R
s 57 3M2

(3.12)

Fw (Ds)

Following the standard procedure for getting the tensor power spectrum and its tilt
one yields [11]

1 —Q’YT(—LZ)
-~ (1= 2 M2
Pr 12727, (1-3¢)e o ,
dink |,y AN A

9

3 2 3 R ) R
N ———— | =+ == o —
2N?2 N 2NZ)oMm2 T 2M2 ) | i—ur

The crucial difference here in comparison with local R? model is that the tensor power

spectrum is scaled by an exponential factor of yr evaluated at the pole of the tensor mode

O, = % and accordingly tensor tilt also gets modified with a term proportional to the
derivative of y7 at O, = 6Mi2‘
The ratio of tensor-to-scalar power spectra is given by [11]

12 —m(%)

r= —NQe

(3.14)

k=aH
In the local R? model r = % = 3(1 — n,)? as it follows from the original computation of
scalar and tensor power spectra generated during inflation provided in [73]. We can clearly

notice that if v (27\71%2) = 0 one exactly recovers the same prediction as in the local R?

model. A deviation from the local R? model happens if

-R
YT YVE

From (3.14) and (3.13) we can see that the values of (r, n;) explicitly depend on the ratio

~0(1) . (3.15)
k=aH

of scalar curvature to the square of M2 and the choice of entire function vr ((Js). The
scalar curvature R during inflation can be read from (3.10). The two observables (r, n;)
can be fixed by the parameter space

R R ) R
oMz T\ Tamz )0 T\ T ame

From the latest Planck 2018 data [58] we can deduce the following constraint (for N, = 55)

(3.16)

k=aH

> —1.32. (3.17)

R
r<0.064 = ~p <— >
k=aH

IM2

*Note that in the notation of [11], w (O,) = r (0, — 3% ).
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Figure 2. In the above plots, we depict (7, n;) versus the scale of non-locality M, for the form-
factor (3.19) and N, = 55. We have taken as = 0.52,0.28,0.13,0.065 (corresponding to brown
full and dashed, black full and dashed lines respectively). In the right panel the lines with n, > 0
correspond to a; = 2.5 and the lines with n; < 0 correspond to a; = —2.5. In both the plots, we
can notice that in the limit My — M,, we recover the predictions of the local R model.

We have no constraint on the tensor tilt however. Imposing a heuristic limit on tensor tilt
—4 < ny <4 we get a constraint on parameter space (3.16) as

R o _R
-5 gt (i)

<2N. (3.18)

~

k=aH
To illustrate novel configurations which become accessible thanks to the presence of
the AID operators let us consider the following form of the entire function

2R 2R o R, 2R
o (DS - 3M3> ~ (DS - 3M§> [3 (DS - 6M3> o (DS - 3M§>] - (319

where the approximation sign means that contributions of higher orders of the

d’Alembertian operator are negligible when one evaluates this entire function and its deriva-
R

6MZ

should provide a suppression of the propagator at large momenta and as such one should

tive at Lg = From the point of view of the UV completion the entire function here
worry about the sign of the coefficient in front of the highest degree of the d’Alembertian
operator [75]. On the other hand this implies that given there are terms O(O;) in (3.19)
one can freely choose signs of parameters o 2.

In this particular example we see that r depends on as and M; because the co-

efficient of a; vanishes when evaluated at Oy = But the tensor tilt n; depends on

R
.
(a1, ag, My). In figures 2 and 3 we present the préié\i/tcstions for (r, ny) for some values of pa-
rameter space (a1, ag) and we take M 2 H following the hierarchy in the scheme figure 1.

Given we have free parameter space related to the form-factor between the Weyl tensors
in the action, the predictions of the non-local R2-like model for (r, ns, n;) lies within the
future of scope of CMB experiments. Detection of primordial gravitational waves in the
view of future CMB experiments such as BICEP2/Keck, CMB S-4, SO, LiteBIRD and
PICO can fix the form-factor and the scale of non-locality [76-83]. In figure 4 we compare

the predictions of non-local R2-like model with the local R? model in (ng, r) plane. Even
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Figure 3. In the above plots, we depict (r, nt) versus the scale of non-locality M for the form-
factor (3.19) and N, = 55. We have taken oy = —0.06, —0.04, —0.025, —0.01 (corresponding to solid
red, dashed red, solid blue and dashed blue lines respectively). In the right panel the lines with
ny > 0 correspond to oy = 2.5 and the lines with n; < 0 correspond to a; = —2.5. In both the
plots, we can notice that in the limit My — M, we recover the predictions of the local R? model.
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Figure 4. In the above plot, we depict the predictions of non-local R2-like inflation in the (n,r)
plane of the latest CMB S-4 science paper about future forecast of detecting B-modes [79].

though r and n; are not detected so far, the latest Planck data presents a likelihood analysis
for the values of n; which is an important parameter for inflationary setup as shown in
figure 5. In the single field models of inflation we get 7 = —8n; (which holds for the local R?
model as well) and this is in general proposed to be a crucial test. In multifield models or
non-canonical models of inflation this consistency relation gets violated due to isocurvature
perturbations and/or non-zero sound speed of curvature perturbation [84, 85]. In many of
the inflationary setups (except some special cases [86]) tensor tilt is found to be negative
and it is regarded as a unique test for inflationary framework given that some alternative
frameworks to the inflationary paradigm predict a blue tilt of tensor fluctuations [87].
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Figure 5. In the above plot, we note that the predictions of non-local R2-like inflation can be
anywhere within the likelihood projected (n;,r) plane of latest Planck 2018 [78].

As it becomes obvious in our case of a non-local R2-like inflation we can achieve the
blue tilt. Therefore, we stress that a detection of a blue tensor tilt cannot rule out inflation

in general.

4 Third order perturbations and inflationary bi-spectrum

In this section, we compute the 3rd variation of the action (2.1) around (2.4) within the
slow-roll approximation of the local R? inflationary solution. Then we compute the infla-
tionary bi-spectrum of AID gravity and we especially quantify non-local corrections to the
local R? gravity up to the leading order in the slow-roll approximation. Using the standard
methods, the expectation value of 3-point correlations can be computed as [60, 64, 88—90]
Te
(R (k1) R (k2) R (k3)) = —i/ adt(0|[R(7e, k1)R(7e, k2)R(7e, k3), Hint]|0), (4.1)
—0oQ
where k; are wave vectors and Hjy is the interaction Hamiltonian. It is related to a pertur-
bation of the Lagrangian (2.1) expanded up to the 3rd order in curvature perturbations (£L3)
as Hint ~ —L3 that is a valid approximation during slow-roll inflationary regime [60, 64].
The integral (4.1) describes non-linear evolution of inflationary perturbations produced in
the adiabatic vacuum initial state which we compute in the limit when cosmological scales
exit the Hubble radius. Since during quasi-de Sitter expansion 7 = —ﬁ, it is a good
approximation to calculate the integral in the limit 7. — 0 [64]. In the Fourier space, the
three-point correlation function of curvature perturbations is defined as

(R (k1) R (ko) R (k3)) = (2m)* 63 (k1 + ko + k3) Br (k1, ko, k3) | (4.2)

- 11 -



where Bgr (k1, ko, ks) is called the bi-spectrum and |k;| = k;. Due to the translational
invariance, the total momentum K = k; + ks + kg3 is conserved. Scale invariance and
rotational invariance imply that the 3-point function Bg (k1, k2, k3) has to be homogeneous
function of degree —6 that means

Br (Mk1, Mo, Aks) = A\ "9Bg (k1, ko, k3) | (4.3)

and the number of independent variables of the 3-point function reduces to 2 which are

the ratios %, %I’ [91].

In the template of CMB observations, non-linear corrections in the curvature pertur-
bation expressed as [92, 93]

R="Ry— %fNL (R — (Ry)?) . (4.4)

where R, is the Gaussian random field and the fyi, is the non-linearity parameter.® Then
1
[

where Ag (k1, ko, k3) is called the amplitude of bi-spectrum. In the momentum space, fxi,

Br (k1, ko, k3) = 4n? PE Ar (k1, ko, k3) , (4.5)

is a function of three wave numbers and it is related to the amplitude of bi-spectrum as

5 AR (K1, ko, k3)

N = 5 N (4.6)

The fni, defined above is often called as the reduced bi-spectrum.

We calculate below the action (2.1) in the cubic order in curvature perturbations
and the corresponding 3-point correlations (4.1) up to the leading order in the slow-roll
approximation using the following procedure.® We presented details of computations and
results in the appendix C.

e We use the fact that ® + ¥ ~ 0 during the inflationary period as it was shown
in [10, 11] and noted in the previous section.

e From the second order action for canonical variable Y, we can deduce that
2

M M 2n
00~ -—V = 0TV = v, 4.7
Y = () o

within the quasi-de Sitter approximation. In other words, we treat ¥ as an eigenmode
of the d’Alembertian in the computation of the 3rd order action up to the leading

5The factor of % comes from the relation between curvature perturbation R and the Bardeen variable
® (Newtonian potential) during matter domination which reads as R = —gfll

SUsually, in scalar field models of inflation, the 3rd order action is computed using the Arnowitte-
Deser-Misner (ADM) formalism where spatial slicing (reparametrizing spatial coordinates) is chosen such
that perturbations of a scalar field always vanish. In this gauge choice the spatial part of the metric
becomes e?™§;;dz'dx’ [88]. We however do computations in the Jordan frame and thus do not require
such a gauge choice related to slicing of a 3-dimensional metric. We stick to a more convenient in our case
gauge invariant approach which leads to the gauge invariant metric (3.1). This corresponds to choosing the
Newtonian gauge.
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order slow-roll approximation. To perform this step, first we must eliminate the terms
in the 3rd order action which are proportional to linearized equations of motion via
a suitable field redefinition [60].

We carefully keep terms up to the leading order in € and neglect higher order contri-
butions treating € ~ const. In this regard, to convert the 3rd order action in ¥ into
curvature perturbation R, we make substitution ¥ ~ —eR which follows from (3.8).

Using the following approximations, we can bring the 3rd order action into a conve-
nient form to compute 3-point correlations (4.1)

2 2
ESR%%R — O(DS)R%O<%2>R

s _ N _ (4.8)
_ O, R _ M? R

where O (O;) can be any analytic non-local operator which can be Taylor expanded
in terms of d’Alembert operators. The second relation above is the result of the
following general commutation relation [94]

R,

Vit = 0.V, — 542

VYo, (4.9)

where ¢ is a scalar. In the slow-roll approximation, R;w ~ % Juv, SO We can approxi-
mate it as

V,F(0) ~F (DS - 4@) V0. (4.10)

We must be careful when applying the quasi-de Sitter approximation, especially when
infinite derivatives are acting on a quantity. For example, the background Ricci scalar
should not be treated as a constant until all the infinite tower of d’Alembertians are
applied, otherwise we might end up with a zero contribution. As a consequence
we would miss some terms when collecting next order non-zero contributions. For
example, let us consider the following term

00 n—1
/ d'e\/~GSROF (O,) 6R ~ 4é® / day=gRRS £, 3 OLsO,0 1 RR
0

n=0 1= (4.11)

=gonst 4 / d*z/=GRRO0, 2, (0,) RR 2" 0.

Looking carefully at the above derivation, we can see that passing from the first line to
the second one, our assumption of approximating R = const can be perfectly justified
for every action of the d’Alembert operator, but using the same approximation in the
next step would give us a null result due to the fact that 2; (Es) R = .7-"}(;) (%) R =
0 that follows from (2.6). Thus, we do not treat R = const in the second line, rather
we apply the background solution OR = MZ?R and R ~ —2RH €, and then we
capture next order terms in the slow-roll approximation that provides us with new
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interactions of curvature perturbations and leads to a non-zero contribution to the
3-point function (cf. (C.13)). The crucial lesson here is if any result of a computation
gives zero, we must go to next to leading order in slow-roll, as far as we want to find
a NON-Zero answer.

e In our approach, perturbed modes which began in the adiabatic vacuum state when
being deep inside the Hubble radius during inflation are evaluated when they left
this region (rigorously speaking, after some amount of e-folds, large but still much
less than H?/|H|, when they had reached their constant value in the super-Hubble
regime). Given the fact the leading mode of curvature perturbations remains constant
after that as far as k¥ < aH, the three point correlations of R do not evolve there,
too. This means that they keep information of primordial interactions of scalar
modes during the period —oo < 7 < 7. where T, ~ —+ is a (conformal) time after
few e-foldings of the Hubble radius exit [95].

Using the above steps, we write below the result of a long and tedious computation pre-
sented in the appendix C. Our obtained cubic order action in R of AID gravity in the
leading order slow-roll approximation is

M$&$:4ﬂﬁ/ﬁm%{ﬂﬂvn-VR+BRR&+HH%ﬁ (4.12)
+nHRRRHHgH1VR~VRRMHQH1RB+EH2RWW,VR},

where T;’s are dimensionless constants which can be read from (C.46). Here we present the
final result for the amplitude of bi-spectrum after numerous simplifications and neglecting
terms that are higher order in slow-roll:

3e? 32 2
AR(k‘l, ko, kjg) = — 26+T A+ 26+T Ay — —Aj
R 4
+ —€’InNL
My

AR o (R 1
Apt - A
+A@AQEIR ez ) (2T )

where the terms A; indicate the contributions from 8 types of interactions of curvature
perturbations which can be read from (C.37) to (C.44)

16 16
36142 — 32A4 + 2A5 — 2A6 + §€A7 (4.13)

kiko + koks + ksk k1kok
A1:2k1.k2[K— e .21(3+ L 1K223]+perms,
2k2k3  2k2k3k3
Ay = I + o2 + perms,
K3 ki1kok
@:—ShﬂKhb+123+mms
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4K 2kiky 2k + 2k
A4:k§[—— 1y 2t 2]—Fperms7

3 K 3
Ao = 2 (ky o) B2 [12( N 2]{:1;22/432 N 41;52] | perms,
A — 121@;2(1231{3 ’
A7 = (kg - k3) kK3 [__;?3 - (;(ki] + perms, (4.14)
where K = k1 + ko + k3 and
I = []:R (/A\Z + le:é) -5
- K=al (4.15)

. R R i ( R
® [fR () 7+ ™ (1)

The non-Gaussianity parameter fyr, can be obtained by substituting (4.13) in (4.6).

K=aH

In the AID gravity, we can qualitatively see that we depart from the local theory due
to the additional non-local interactions of the curvature perturbation listed from (C.40)
to (C.45). This can for example imply that the long wavelength mode that is exited
the Hubble radius can strongly interact with the short wavelength mode that is crossing
the Hubble radius. Although this effect is present in the case of standard single field infla-
tion [60, 96], it is significantly suppressed by slow-roll. Enhanced non-Gaussianities beyond
the standard single field only known to occur in the context of non-canonical and/or mul-
tifield models of inflation [96, 97]. Our case significantly differs from this so far well known
physics of inflation. We have obtained enhanced non-Gaussianities due to non-localities
present in AID gravity leading to non-local interactions of the only propagating scalar
mode of the theory.” A trivial observation we can make is that the contributions (C.40)
to (C.45) do not appear in local theory. From the observational point of view, three con-
figurations of reduced bi-spectrum fni, for squeezed (k1 — 0,k2 = k3 = g), equilateral
(k1 = ko = ks = k) and orthogonal (k; = ko = k/4, ks = k/2) are the most relevant.

We can easily verify that our computation of bi-spectrum reduces to the result of the

local R? model in the limit Ty, — 0 and Fg) ( 1 faQ) — 0. Especially, we can verify here
the result of squeezed shape (k1 < kg ~ k3)

I~ % (1—n,)+0 (), (4.16)

which is exactly the Maldacena consistency relation found in the single canonical scalar
field inflation [60]. Note here that the Maldacena consistency relation was alternatively
derived on kinematic grounds and was proven to be valid in general for single clock slow-roll
models of inflation [61, 63]. The proof is based on the fact that in the standard slow-roll
inflation the long wavelength mode that is far outside of the horizon effectively implies

"Note that the sound speed of curvature perturbation in our case is unity, so our result is fundamentally
very different from single field non-canonical models [96].
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a renormalization of the background field and the corresponding rescaling of the short
wavelength mode [61, 88]. However, it is known that even in the case of a single field slow-
roll inflation, the consistency relation can be violated if the second, time dependent, mode
of curvature perturbations R (often dubbed as the decaying mode) becomes important
temporarily, so that the total R can not be considered as a constant during this period [98—
100]. In this connection, there is a very instructive calculation of the bi-spectrum for
the single field inflationary model [101] that has ns = 1 ezactly, i.e. outside the slow-
roll approximation. In this case, contrary to the zero non-Gaussianity parameter value
predicted by the Maldacena consistency relation, fyr, is non-zero and strongly (o< k) scale-
dependent [98]. This example shows also that the violation of the consistency condition
for the bi-spectrum does not necessarily lead to the appearance of any new features in the
spectrum itself.

In our case, the framework differs from standard single clock models. Even though still
we have the slow-roll regime, the non-local nature of gravity leads to considerable effects at
non-linear level where we have new scale-dependent interactions between different modes
depending on the background scalar curvature and the form factor Fg (O). In the case of
local R? theory interactions between different modes is slow-roll suppressed and leads to the
consistency relation [60] but in the case of non-local R2-like inflation, the non-linear evolu-
tion of the curvature perturbation gets a significant scale dependence due to non-locality,
especially around the scales of Hubble radius exit k ~ aH when R > M?2, leading to viola-
tion of consistency relation. This means that we get enhanced scale dependent interactions
between the intermediate modes R with k ~ aH and long wavelength modes with k < aH.
Being more precise, at the second order action level (3.5) we can perform a field redefini-
tion and do canonical normalization that gives the nearly scale invariant power spectrum
that matches with the local theory exactly. At the level of the third order action (4.12)
we invoke the effects of strong scale dependent non-local interactions (especially those in-
teractions with time derivatives of different curvature modes®) between different modes in
the next to leading order approximation in slow-roll as discussed around (4.7)—(4.11) and
in appendices B and C. It is crucial to emphasize that the key role in the modification of
the consistency relation comes from these scale-dependent interaction terms whose effects
are negligible in the regime when R < M?2 but relevant in the regimes of R > M?2. We
can see that the presence of non-local interactions of the different modes in our case gives
a result for non-Gaussianity somewhat similar to one in a quasi-single field inflation [70]
where heavy fields with masses of the order of Hubble parameter interact during inflation
with curvature perturbation. These novel non-local interactions result in various scale de-
pendent shapes (C.40)—(C.45) which do not resembles ones known in the literature [91].
Indeed, these non-standard interactions yield the violation of the consistency relation.

Below we discuss standard shapes of the reduced bi-spectrum which are squeezed,
equilateral and orthogonal configurations. As explained above the shapes in question can
be discriminated in the non-local R?-like inflation in comparison to the original local R?

8Interactions without any time derivatives of curvature perturbation are slow-roll suppressed, therefore,
we have dropped them in our computation since we are interested in only leading order contributions.
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model as well as other general scalar field(s) inflationary scenarios [66, 88, 91] due to non-
local nature of gravity. Considering the general structure of the form-factor in (3.3), we
obtain three shapes of reduced bi-spectrum fyi, in the leading order approximation as

. 5 o | s 2z AR 4 s(E7) 1/ R
N(iz{m(l—ns)—%)e e (4/\/15)_1 —Mge e (4M5>’Ys M2 o
e ) 9 [ s Ty IR 5 s L, (+) R
fN%{m“”s)‘*ge o)) o (1 -

€
2 M2

S

I _R_ 29 2 _R_ »
fl%rﬁh"x{g(l—ns)—@e? e”(w%)—l]_mf 3675(%)%(;)( ul )}

k=aH
(4.17)

From the above result for fn;, we can deduce that the reduced bispectrum in the non-local

R?-like inflation depends not only on the slow-roll parameter € but also on the background
quasi-de Sitter curvature R and the non-local interactions that arise due to the perturba-
tive expansion of form factor Fr (E!) as discussed above in this section. We can also notice
that our results for the reduced bispectrum in (4.17) indicate a possible running of reduced
bispectrum fyi,. For the time being we postpone the corresponding study for future inves-
tigations. In (4.17), we have presented only the leading order terms in € from both the
local and non-local contributions (cf., (4.13)). The parameter space that determines the
different shapes of reduced bipsectrum (4.17) is

R R o (_R
— 4.1
{4/\43’ s (4/\43) s\ a2 (4.18)
k=aH
: : R _ M (_R _
From (4.17) we notice that if vg (W) ‘k:aH = g (4/\43) o = 0, we recover the

result of local R? theory in the leading order [88].

To see quantitatively the measure of non-Gaussianities, let us consider the following
couple of choices of entire function g which are compatible with (3.4). Moreover we would
require an entire function to be compatible with (A.13) which reflects an assumption that
the higher derivative form-factors do not break the slow-roll approximation scheme (see
appendix A.2 for a more detailed explanation).

Our first simplest choice of entire function is as below

2
s (Ds) ~ Ble (Ds - ./]\\{12> . (4.19)

The second choice we consider below is higher order in d’Alembertian with a property of
s (ﬁ) = 0. This implies the second terms in (4.17) vanish but the 3rd terms can be
present and dominate the local contribution depending on the scale of non-locality

M? R. R \°
vs (s) = B2 <|:|s - ./\/lg) (Ds - 4-’“%) <|:|s + %) . (4.20)
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Figure 6. In the above plots, fni, versus the scale of non-locality M (in the units of M,,) is depicted
for squeezed k3 < k1 = ko (blue), equilateral k; = ko = k3 (red), and orthogonal k1 = 2ke = 2k3
(green) configurations for the entire functions (4.19) and (4.20) represented by solid and dashed
lines respectively. Here N, =55 and 1 =1, 2 = —2. It can be seen that in the limit My — M,
the predictions of the local R? model are recovered.

As in the previous section the approximation sign means that there are higher degree terms
in the d’Alembertian operator which would guarantee the supression of the propagator at
large momenta but on the other hand provide a freedom choosing signs of arameters 3 .

For the above form-factors (4.19) and (4.20) we plot below in figure 6 fn1, as a function
of M for squeezed, equilateral and orthogonal configurations. Plots are made for N, = 55
and 81 = 1, B2 = —2. We can read that for Mg > 5.6 x 1075M,,, we are well within the
bounds of (1.2). If the scale is 5.6 x 107°M,, < M4 < 6.5 x 107°M,,, we get fnr, ~ +O(1).
We can also notice that all fxr, values for different configurations are negative for the case
of (4.19) and positive in the case of (4.20). The crucial and significant result here is that
the R2-like inflation in AID gravity can give fnr, ~ O(1). Moreover, the non-Gaussianity
parameter can be of either sign on contrary to the local R? model which yields only positive
values. The large-scale structure observations provide a test-bed for large values of non-
gaussianities [102, 103]. Detecting non-Gaussianities will fix up to some extent the scale
of non-locality and the form-factor. More importantly, we obtain fyi ~ O(1) in our case
which has been only known to occur in multifield models of inflation where isocurvature
perturbations appear. In our case, although we have only a curvature perturbation here
which gets frozen on super-Hubble scales, corrections due to the presence of non-locality
can result in fﬁ& ~ O(1). Similarly, detectable levels of fifi, ﬁrﬂho have been so far known
to be possible in non-canonical models of inflation where the sound speed of curvature
perturbations is much less unity. In our case, even though the sound speed of curvature
perturbations is unity during inflation, non-local interactions give us fxj, ﬁ%ho ~ O(1).
This makes the R2-like inflation in AID gravity an interesting target with respect to future
CMB data.
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5 Conclusions

In this paper we have studied an embedding of the local R? inflationary solution in the
framework of a quadratic in curvatures non-local gravity with analytic infinite derivative
form-factors. The essence of the present paper is the computation of the scalar non-
Gaussinaities (3-point scalar correlations) and the subsequent attempt to constrain the
higher-derivative form-factors based on the existing observational data.

A strong point of R?-like inflation in the presented non-local gravity setting is that
the scalar spectral index n, remains the same as in the local R? gravity and thus best
fits the current CMB data [58]. However, the tensor-to-scalar ratio and the tensor tilt
get modified from the standard consistency relation due to the addition of the Weyl tensor
squared term with an analytic non-local form-factor in the action [11]. The analysis reveals
that the tensor-to-scalar ratio can acquire any value from the present upper bound all the
way down to 10~''. Furthermore, the tensor tilt is not sign constrained in this model
a priori and can take any value in the range —O(1) < n; < O(1). In particular this
disregards possible claims that a sign of the tensor tilt may prove or disprove the inflation
as such and moreover a possible blue tensor tilt would highly favor the model outlined in
the present paper. In general the performed analysis makes the presented scenario to be a
very interesting candidate to be tested within the scope of several future experiments such
as BICEP2/Keck, CMB S-4, SO, LiteBIRD and PICO [76-83].

As the main advance in this paper we have computed following the standard meth-
ods [60, 90] in full scalar non-Gaussianities by means of deriving the 3rd order variation of
the action around the R?-like inflationary solution up to the leading order in the slow-roll
approximation. We demonstrate that the scalar bi-spectrum contribution comes only from
the quadratic in Ricci scalar term. Assuming suitable form-factors which are compatible
with ghost-free conditions of the theory, we have shown that this model is consistent with
the current CMB data and leads to predictions that can be tested with future CMB exper-
iments. Namely, our results show that it is possible to obtain fyi ~ O (1) and moreover a
sign of the non-Gaussianity parameter is not fixed. Usually any detection of such a large
and positive non-Gaussianity is attributed to the presence of multiple scalar fields or to an
effect of heavy fields giving rise to non-trivial evolution of curvature perturbations [70, 97],
or to non-slow-roll inflationary scenarios [65]. Our findings present a counterexample to this
common point of view since we obtain just a single adiabatic mode of scalar perturbations
which can lead to detectable values of non-Gaussianity in the squeezed (local) limit due
to the presence of non-local interactions already at the tree level. Furthermore, building a
chance to gain large non-Gaussianity parameter of either sign seems to be a unique feature
of the present model.

Moreover, R?-like inflation in our setup would also lead to detectable non-Gaussianities
in equilateral and orthogonal shapes which is again due to non-local interactions of cur-
vature perturbations when its Fourier modes exit the Hubble radius during inflation. In
turn, this presents an alternative to the occurrence of similar large non-Gaussianities in
non-canonical models of inflation [62] in which the sound speed of curvature perturbations
is much less than unity. We emphasize that the sound speed of curvature perturbations in
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our case is unity during inflation, and different non-Gaussian shapes are solely due to the
effect of non-local interactions.

Therefore, any detection of fni, ~ O (1) or any departure from a standard single
field consistency relation can be easily attributed to higher derivative effects in the early
Universe. A possible negative values of would be detected non-gaussianity parameters will
raise even more the chance for our analytic infinite derivative gravity modification setup
to become the favorite one. In particular such effects can be put to test in the large-scale
structure observations [102-104]. Also our results suggest that the shape of the form-factor
Fr (Os) can be probed by observations.

In all the instances detectable deviations from so called standard expectations for
parameters are subject to the ratio of M;/M, which is engaged in the hierarchy with the
scalaron mass as expressed in (2.7) and (2.8)

M*<M2S M, and M?< H?. (5.1)

For M approaching the Planck scale, our results reduce to the ones known from the local
R? model providing no novel detectable signatures of the model. However, the smaller is
the scale of the higher derivative gravity modification, the greater is a possible departure
towards large non-Gaussianities in particular. To get a more detailed picture, one needs
to constrain the shapes of form-factors which is a well more complicated task requiring
more theoretical thinking rather than comparison with observational data. Nevertheless,
computing other types of 3-point correlations with the aim to get even more constraints
from existing datasets is a very interesting question for forthcoming publications.
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A Equations of motion, slow-roll approximation and perturbations
The equations of motion for the action (2.1) are [16]

Bl = — [M2 +20Fr (0,) R] G — %R]—'R (O,) R6¥ + 2X (V*0, — 610) Fr (O,) R

A N
wo_ sk a
+ KL - 5o (/c(, + IC)
+ 2M(Rag + Vo V) Fiy () WK (A1)

Fw (Os)Wbe

afo

A
+ 555W€“wa(ms)wama —2AW*

A -
=+ )\Q’{fvy - 55‘;(91/‘{/0 + Qw) + 4/\A*VLVV =0
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where

Ki=1p ngnza“DlRa 'R, K= ZfRnZDlRmn 'R
Sn 1 n=1
n—1 n—1
0 31 S S 3 g Sk, o
n=1 =0 n=1 =0
n—1
Ay, = Mz S fira OIS, T W g WS, (A.2)
n=1 =0

In the above expressions V and ; denote covariant derivatives.

A.1 Slow-roll approximation

During the quasi-de Sitter expansion, R is nearly constant that means

H =~ const, a =~ aget (A.3)
o R o o m R o
R, ~ B —(0y gup — 6pguv), Ry~ Z(Sw R = const. (A.4)

In terms of the conformal time, the de Sitter space-time is defined by

1 1 ;. 1
RN = H%—; and H' ~H N5 (A.5)
Quasi-de Sitter space is a slight departure from the exact de Sitter which can be defined
by the slow-roll parameter

H M 1

e T an S (4.6)

where H = % is the Hubble parameter, M is the scalaron mass and N =Ina; —Ina is the
number of e-folds during inflation counted from its end (a = ay) backwards in time. The
slow-roll parameter above is for the local R? inflation (2.5). The following relations are
useful in many of our computations

H H 2 M

=t T s -2 T

where H = %, H= %l are the Hubble parameter in the cosmic and conformal time respec-

tively
_ 6 12H?
R= T2 G )
_ 63—[2 H a67-l2 - > (4.8)
/ ~
RZCLZ(HQ_QH) 2 (—4He — €') ~ —8RHe ~ —4M*H .

We note that slow-roll would also mean M? = 6H €= 1 Re — 0 which can be easily deduced

using (A.8) and (2.4) in the limit € < 1. Since R ~ O( ), it implies R” ~ O (€%) ~ 0.
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A.2 On ® 4+ ¥ = 0 during quasi-de Sitter expansion

One of the prime result of [11] is that second order action of scalar perturbations in AID
gravity remains the same as the one in the local R? gravity, around the inflationary solu-
tion (2.5) that satisfies (2.4), up to the leading order in slow-roll approximation. Here we
discuss this point briefly and heuristically show that non-local corrections at the second
order level are indeed negligible. The exact from of second order action of AID gravity
around FLRW space times that satisfy the background equation (2.4) reads as [11]

528 = / d*z/—g [610ca1+ —(Z5(0,)¢ + 6WW,M.FW(DS)5W“”P"], (A.9)

where 01cq1 1S the second order variation of an action

2
Siocal = / d*zv/=g < LR+ ]-'R2> (A.10)

and
1

L
Moreover it was shown by solving perturbed trace equation of AID gravity that ( = 0 in the

(= 0— M?)6R+ 60R] . (A11)

leading order in the slow-roll approximation, and this is exactly equivalent to ® + ¥ ~ 0.
Since the first order variations of the Weyl tensor are proportional to ® +W¥ = (, there will
be no scalar contributions from the Weyl tensor term. As a result, we get the scalar power
spectra like in the local R? model up to the leading order corrections as we discussed in
section 3 and we can also easily get it from (A.9).

Now, we can heuristically translate this result into a condition on the form-factor
Fr (ES) by computing the contributions of the second term in (A.9) in the next to leading
order in the slow-roll approximation and showing them to be negligible compared to the
contribution of the local term (A.10). To show this, we consider ®+¥ ~ 0 and O ~ M?V.
Now calculating slow-roll corrections to the second term in (A.9), we obtain

_ M*
/ d'zv/=g¢25 (0;) ¢ = ~ i / d'z/=gsRZ; () 6R
i (A.12)
~ /d”‘x\ﬁdR}" ) (M2> OR,

where we applied the approximation R = const, and fg) ( /vl2) is the second derivative
of the form-factor evaluated at the value of scalaron mass square. To declare that the
contribution (A.12) is negligible compared to the local term from the quadratic part in the
local action (A.10), we require

My M) (M
Fi1= 6M2 > W}— <M2> . (A.13)

Considering the hierarchy of scales as (2.7), we can easily satisfy the above condition if the

2 4
second derivative of the form-factor evaluated at M? satisfy ]:g) (%) < ]\é’}\%s.
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B Useful relations for the computation of bi-spectrum

In this section, we provide computations of perturbed curvature quantities and action of
infinite derivatives on them within the slow-roll approximations. Many of the following
simplifications were used in computing the 3-point correlations in the previous section.

Perturbation functions are not space-homogeneous. It is convenient to perform a spa-
tial Fourier transform which for some function ¢(7, %) in the flat FLRW metric reads

o, 7) = / o(r, BT (B.1)
Using the above Fourier representation, we can write
1 R
Clp(r, &) = — / (02 + 2HD- + K)(r, F)dF. (B.2)
The first and second variations of the d’Alembertian operator are
_ . 2
o0 =200+2V9, — 5VV.-V

3 a . (B.3)
0 =400 - S UVU.V + 800, .

a
Below we provide the useful list of perturbations of scalar curvature up to the 3rd order

R =2(R+30;) ¥

§@R = % VU VY - 07 4 4a2000 + gaQ\PZR
a
O R = 12‘1' 3V - VU — 3072 4+ 64?00V + gaQ\I/QR

(B.4)

5 (vV—gR) =a*|0R - 4VR

8@ (/=gR) = 6a* |V - V¥ — ¥

6@ (V=gR) = 12a°¥ | V¥ - V¥ — ¥

Below we derive some recurrent relations when d’Alembertian operators act on perturbed

quantities
00,00, ~ O, (%mf jféde)
z(g/\/l]\é?)QRq;—ifZH <%22+ /ilg)\lf )
— OMOR~ (%2)(%1) RY - T He <%Z 4/@2) @ |
— 0(55)555}?%%0 (%\Aﬂf) Rq,_2if§eo< 4M2>\Ij
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In the same way we can compute

O,0R~ 20, (RY)

2M2 2R .
RU+22"C Hel
e e
2M? 2R 2M2\" . 4RHe M? R \".
. O"6R~2 U (22 g W
R <M2> R+ €<M§) +M2(W+ R)<M§+4M§)
M2 T AM?2
(B.6)

Using (B.6) we can deduce the following

_ 2M? 2R 2M?2 .
O(Ds)éRzO<Mg>2R\P+M2H [O<M§) —0(0)} U

A2 R . (B.7)
+ 16He [(9 </\/12 + 4M§> - (9(0)} ¥
Based on generic formula derived in [11]
/d%M—ngDsX = /d4x\/—g {553 R O- MQ)] X. (B.8)

for any X, we derive the following generic result which we often used in our computation
of the 3rd order action. Computing explicitly the first term we get

_ 1 _ -
/ d'ey/=500.RX = / dzv=G [2M2q/R+2\IJR} X

ey 2 N (B.9)
~ e /d N [M SR + 2R\If] X
Substituting the trace of h = g"h,, = 2® — 6V ~ —8V in (B.8), we arrive at
/ d*zy/—gROC, X ~ / d‘{mﬁ [M25R+2R\1:+2 (O-M?)6R| X
(B.10)

/d%ﬁ s |[RY-M2RY| X ~ /\22

s

/ dav=G [2RH6111+M2R\I/} X.
where we have used J0R = 2M?25R — 4RII/

C Computation of 3-point correlations

In this section, we present detailed computations of the 3-point correlation (4.1). For this,
we first need to expand the action (2.1) up to the cubic order in curvature perturbation
(R) which would be given by

S =538 + 638,
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where

5<3>S(S)=J\g2 / d*z 6B (\/—gR)+ / d*z [53(\/ng)]:1]?+\/ng1]§5(3)
+F16% (V=gR) 6R+F15 (V—gR) PR
2 (V=gR) (]—“R (0s) —]—"1> SR+6 (v/—gR) (]-"R (DS)—J-"1> §@R

6@ (\ﬁR)afR( ) RHV=gROFR (0s) 6P R+6 (vV—gR) 6 Fr(Ts) OR
+6(F R) 6@ Fg (Og) R/ —gRSP Fr(Ts) SR+ —gRS® Fr(Ts) R
+\/?g5 )Wm/aﬂ]:W( s)dW'uVaﬁ

+v _gdwuuaﬁfw (Ds) 6(2)W'wja/8+ \% _géwuuaﬂéfw (Ds) 5W,uuoc,3] . (Cl)

Here we performed integration by parts and used the background solution (2.4). The
contribution from the Einstein-Hilbert term is negligible because the R? term dominates
during inflation.

Since ® + ¥ ~ 0 during inflation, we compute (C.1) up to the cubic order in ¥ ~ eR
in the leading order slow-roll approximation. From [10], we know that the first variation
of Weyl term only contributes to tensor perturbations and does not lead to scalar pertur-
bations because ® + ¥ ~ 0 during inflation. Notice that all the terms in (C.1) contains
at least one first order variation of the Weyl tensor. Therefore, these contributions can be
approximated by zero for the scalar 3-point correlation. As a result, the cubic order scalar
contributions can only arise from the quadratic Ricci scalar term in the action.

Moreover, for the computation of 3-point correlations (4.1) we use the mode functions
evaluated from the second order action of curvature perturbations evaluated is the de
Sitter approximation (3.5) which we recall here again expressing in terms of curvature

perturbation R as

M? _
8PSy = ;e/deSka4R O-M)R. (C.2)

The above action in the quasi-de Sitter approximation gives two-point correlations pos-
sessing a nearly scale invariant power spectrum which is Gaussian. Non-Gaussianities arise
from 3-point correlations which are computed from the 3rd order action in the next to
leading order in the slow-roll approximation. In the computation of the 3-order action it
is important to eliminate terms proportional to the equation of motion for R (it can be
obtained by varying the action (C.2)) via a suitable field redefinition of R. This is step is
crucial to extract the leading non-linear contributions to curvature perturbations [60, 88].
In the local R? gravity, it is known that non-Gaussianities are small [60]. However, in the
non-local gravity we have non-local contributions to the bi-spectrum which can be read
from (C.1). Note that in the calculation of bi-spectrum, we can perform the computation
using the leading order in the slow-roll approximation.
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In (C.1) there are several terms involving variations of the form-factor which can be
expanded as

0FR (Ds>=§jfn > oo,

n=1 a+b=n—1

0RO =3 f Y 00000 +Y 6 Y DoenCfon,

n=1 a+b=n—1 n=2 a+b+c=n—2
SOFr@) = fo Y, OO0+ fn Y 08P0,0060,0; (C.3)
n=1 a+b=n—1 n=2 a+b+c=n—2

00
+> > O%0,0hP0,08
n=2 a+b+c=n—2
00

+Y oY 0W00%0,0560,07 .
n=3 a+b+c+d=n—3

Below, we perform the term by term computation of the 3rd order action (C.1) in terms of
the curvature perturbation R and the evaluation of 3-point correlation functions
(R (k1) R (k2) R (k3)) in each case. Note that in all the following calculations, we only
write the interaction terms which are leading order in slow-roll. Also in the calculations
we encounter terms proportional to the quantity

2M?
fR (,/\/lg) — fl ~ U, (04)

which is found to be negligible (for the form-factors of the form (3.3)) compared to remain-
ing terms which contribute significantly to the bi-spectrum. Therefore, we drop all these
terms for economic reasons. Also we do not write the interaction terms which only lead to
imaginary values of 3-point correlations, as by definition the 3-point correlation function
is a real quantity (4.1).

First we compute the local contribution of the 3rd order action (C.1) which is the 3rd
variation of the local action below

Slocal = /d437\/ ) (MI?R‘F f1R2) . (05)

FR

fl}
(C.6)

8RVR - VR — 8RR’2]

(5(3)Slocal — /d4x{ [5(3) (,/ng) -+ 4 /i§5(3)R

5 (y/=gR) SR+ 6 (v/—gR) 6 ¥R

3
~ —ZMZ? (62 + 463) /d7d3xa2

—AM€ / drd*za*RR® — 8e / deBxa4R288% +0 (%),

+
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where % is the term proportional to the equation of motion of R following from (C.2).

This term can be eliminated by a field redefinition of R — R + 4€R? which leads to a
modification of the Gaussian term as

0L

528 5 6™ 4 de / drdza'R2252 )
OR
This term leads to local contributions to the bi-spectrum which are (C.37) to (C.39)
3 2 3 2 2
Tlg—Qe—%, T2226+%, ngf%. (C.8)

Now we calculate 3-point correlations from the following non-local term which does

5<2>R}
(C.9)

not involve variation of the form-factor

/ d4m{6(2) (V=9R) | Fr (Os) = Fi |6R+ 6 (v/—gR) | Fr (Os) — F1

~ 64 TNy, / drd®xa®? RHR'R?

M? R
INL = []:R </\/12+4M2> —J-H} )

where

This term contributes to (C.40) B
8R

Ty D Wé”TNL. (C.10)
P

Let us consider the following term of (C.1) which involve first variation of the form-

factor Fr (Os)

/ d'z [5(2) (V—gR) 6Fr (Os) R+ V—gR6Fr (0s) 6 PR

:/d4a:

= — 2464 T\ / d*z8HR' [we VR — R"? + a’RR?

5@ (V=gR) 21 (0,) 00, R + v=gR60.Z1 (0,) 6P R (C.11)

Passing from the first line to the second one, we have carried integration by parts and used
the background solution OR = M?R. Passing from the second line to the third one, we
have substituted expressions from (B.4) and the result derived in (B.10). This term gives
the following contribution to the bi-spectrum (C.40)—(C.42)

24R 2R 2R
Ty D — T Ty C — 2T, Ts D —— 3TNy, . 12
12 Mp26 NL, 15 C Mgé NL 6_M£€ NL (C.12)

Let us now consider the following non-local contribution of (C.1)

/ d*z6 (v/=gR) 0Fr (0s) 6R ~ — / d*z/=goR60, 21 (O;) 6R
R 5 5 (C.13)
~ 128¢* Ty / drd’za®RH [2737%’ + 5R'R"— 5VR-VR'| .
a a
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The contributions form this term are (C.40), (C.44) and (C.45)

8R 8R 8R
T, 2 763TNL, Ts O €3TNL, Ty = _3M2 ESTNL . (0.14)
p

M2 302

Let us now consider the following two non-local terms which require second variation of
the form-factor F'r (Os). They can be written as two kinds of variations in the following way

/ d'ar/“GRID Fr (O,) 6R = / /G 6@ Fp (O SR

@0, (C.15)

+ / d*zv/—gR | 6@ Fr () SR.

605005

Calculating the first part in (C.15), we obtain

/ d'e/GR |60 F (O) SR

60O,

0o n—1
= / d'a/=gR>  fn Yy OL6P0,00 1R = / d*z/—gRsP 0,2, (O5) 6R  (C.16)
n=1 =0
D, 2/ 8 I 8 /
RR*R' + SRR'R" — SRVR - VR
a a

~— 6464TNL/d7d3xa2’H

The contributions from this term are (C.40), (C.44) and (C.45)

SR
Ty 2 —WE?)TNLa 18 O —
p p

e’ TN - (C.17)

Let us compute the second term

/ e/ GR |6 Fr (O,) 5R

005605
o0 n—2n—2-—1

_ / day =GRS £, 5 S OLn, Ok, 0 E2R
n=2 =0 k=0

) n—2n—2—I

_ / Aoy =GRS £, 3 S On0,0R

n=2 =0 k=0 (ClS)

- / &y GROO, | 25(0,) + — M
(\:‘ — 7“1)

R H M?* R
~ 2 3.4

2M? 2 2
RQ R/2 o
M?2 + a’M? a’M?

oUs0R

VR-VR]|.

~ — 192M2e Ty, / drd®za®HR'
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where

Fr(Os) — F
Z,(0,) = M; . (C.19)
. )
s Mg
The leading contributions from this term are (C.41) and (C.42)
AR AR
T5 2 @EBTNL N T6‘ 2 —@ESTNL . (020)
Similarly, the following non-local contribution can be written as two parts
/ d'26 (V—gR) 6@ Fr (O,) R ~ / d'xy/"GoR 6O Fr (B.) R
o0 (C.21)
+ / dhey=GoR |60 Fp (O) R.
60500,
The first term in (C.21) can be simplified as
/ d*z/—GoR [P Fg (D) R= / d*z/—goRZ, (O,) 6P O,R
5(2)0,
~ / d*z/—goRZ, (O,) P 0O,R (C.22)
1
~ — 64 TNy / drd®za®HR’ [4M2R2 — HeSRR/] ,
a
The bi-spectrum contribution from this term is (C.38)
32R
T2 — T 2
22 -3 MPQE NL (C.23)
Now the second term in (C.21) can be worked out as
/ d*z/=goR | 6P Fg (O;) R= / drd®za*S RS0, 25(0,)00, R
60560
~ 4eTn, / drd3za® (—2¢R) 00,HR’ ,
18Ty M? [ drdiza'R| A L rR s 2 _RR - 2 _wR.VR
FASCINM Jarairal ST e MY T g N T e VY '
C.24)
The leading contributions from this term (C.40), (C.44) and (C.45)
8R 8R
Ty 2 —@€3TNL7 T 2 302 e€TnL, To 2 3012 e TNL - (C.25)
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The terms involving 3rd variation of the form-factor can be split into 4 different type
of terms as below

/ diay/—=gR6® Fr (0,) R
= / d*z/=gR |6®) Fr (Os) R+ / d*z/—gR |68 Fr (O,) R
s, 3§00,
+ / d*z/—=gR | 6B Fgr (O,) R+ / d*z/—=gR |6 Fgr (Os) R
8060, 80560560,
(C.26)

Calculating the first term we obtain
[dtav=ary. S EO000 R~ [ dey=gRz, (0) 690 =0, (C21)
n=0

which follows from (2.6). Now calculating the second term in (C.26) we get

/ d*zv/—gR | 6@ Fr () R= / d'z/—gR6P T, 25(0,)00, R
(20605
1, (4M? 8 8
~ 4442 3.4 2
~ 64e MSTNL/de ra a2’H< M R‘R — azMzRVR-VR/ + CLQMERR/R”> .
(C.28)
The leading contributions from (C.28) are (C.44) and (C.45)
16R 16R
Tx23 7% STy, To 2D i TN - (C.29)

We neglect the first interaction term RRR’ in (C.28) in comparison with the first term
in (C.24) within the slow-roll approximation.

Let us now consider the third term in (C.26) and evaluate it as

/ d'z/=gRY fn > O%00°6P0O0°R

n=0 a+b+c=n—2 (CSO)
= / Ao/ —gR60 Z5(0,) 6P 0O, R ~ 1927\ / drd®z16H?*RR"? .
The leading contribution from this term is (C.38)

32R
Ty D W&*TNL. (C.31)

p
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Now expanding the last term in (C.26) we obtain

00 n—3n—l—3n—k—I[-3

/d%FRanZZ Z Ol e0,0F 60,0 s0,0n 1 —F—m—3 R =
= =0 k=0 m=0

) n—3n—Il—-3n

JEEE D050 5 o

n—k—m-—3
( > 60,0F60,0m60,R ~
n=3 =0 k=0 m=0

6./\/155

R 2
— 48TN1, BrdrH*R ( RR — ——VR- VR’) ,

2M? a? M?

where

- R (R
INL = LME}-R <4M§>+TNL:|

The contributions from this term are (C.38) and (C.43)

16R 4 - 16R 4 -
15 2 —W€4TNL7 T7 2 53 e'TNL -
P P
In the above derivation we have used the following result
-3 —l4+n—3 —k—Il+n—3 —_ —
Z Z Zn hem=3 ke _ (n—2)(@" —y") —nya""" + nay"!
= k=0 o (= y)?

(C.32)

(C.33)

(C.34)

(C.35)

Now we collect all the terms above and calculate the bi-spectrum contribution from

each type of interaction substituting the curvature perturbation evaluated in the adiabatic

vacuum initial state (3.8) in (4.1). To illustrate, in the rest of the computations here,

we calculate the 3-point correlation contribution from the interaction RVR - VR of (C.6)

using (3.8) and (4.1)

1 HS

—i2°776% (kg + ko + k
14 T ( 1 + 2 + 3) l—[l (2]{?) 287'['464

Te 1 .
«6de (kq .kz)/ dr o (1= ikyr) (1= ikyr) (1 — ikgr) 57
T

—00

(C.36)

1. Calculating the bi-spectrum contribution due to the interaction RVR - VR, we get

> is; kikj n k1koks
K K?

207753 (kl + ko + k3) 'RT12 (kl kfg) |: +

H

2. Calculating the bi-spectrum contribution due to the interaction RR'?, we get

2k2k3  2k?k32ks

5,753
25776 (kq + kg + ks) = =

PRTQ [ } + perms.

H

9where the additional terms are obtained by cycling permutations of momenta.
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. Calculating the bi-spectrum contribution due to interaction R?3, we obtain

K3 kikok
PRT3|: + 2K k1ko + 17273

207753 (kl + ko + k3) 3 3

s } +perms. (C.39)

. Calculating the bi-spectrum contribution due to the interaction RRR', we obtain

4K 2kiks  2k1 + 2k

257783 (ky + ko + k - -
10" (ka + Kz + k) 3 K 3

PRT4k3 [— } + perms. (C.40)

H

. Calculation of the bi-spectrum contribution due to the interaction VR - VRR' gives

2 2ki+2ky  Akik
PRT5 (ki - ko) k3 [—i— ! S 2] + perms.

5 _7¢3
2°7' (kl + ko + k3) K K2 K3
(C.41)

H

. Calculating the bi-spectrum contribution due to the interaction R'3, we obtain

4k2k3K3
K3

25776 (ky + ka2 + k3) PRTﬁ + perms. (C.42)

H

. Calculating the bi-spectrum contribution due to the interaction R'VR - VR/, we get

2 6ko

257763 (k1 + k2 + k3) 3~ ot

PRT7 (kg kg) k2k3 |:— :| + perms. (043)

H

. Calculating the bi-spectrum contribution due to the interaction RR'R”, we get

1 1 ki—ks 2kik
WP%Tgk%kg {K + 1K2 5 _ [(1,33] +perms. (C.44)

257763 (kg + ko + k3)

. Calculating the bi-spectrum contribution due to the interaction RVR - VR, we get

1 ka+k 2kok
. 2| 2 3 2h3
RTg (kl kz) kiz |:K + K2 + K3 :| + perms.
(C.45)

2°176% (kg + ko + k3) == H
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where

3e2
T1 = —26 — T,
3¢2  16R 4 4R? 4 (1) R
T = |2¢ + — + =€ INL + F ,
2 [ T Taaet N Tzt TR \aae e
2
€
T3 — _55
32R
Ty = —TNLWEP) ;
P |K=aH
2R (C.46)
Ts TNLW‘fg )
P |K=aH
2R
Ts = —TNLW€3 ;
P |K=aH
16R 4R*  ,_n( R
= [3M56 et aaeae e e ’
K=aH
TS — Y
Ty =
We have used the following integrals in the calculation of 3-point functions
Te i 1
Re [—z/ e’KT] = —,
s K
Te i 87’1 1
Re | —i n KT | _ -
e[z/oov-e ] KK
Te 1 .
L = / dr=e'5T = ir + Ei(iKT.), (CA47)
oo T
Te 1 .
I, = dT—neZKT,
oo T
1/1\" K
Iny1=—— <> efre y 2
n \ Te n

Here Ei(z) is the integral exponential function. The integral has to be evaluated in the

limit 7. — 0 while convergence at large 7 is made possible by the oscillatory behaviour at

T — —o0. Some of the integrals do diverge in the limit 7. — 0 where we must follow the

guidance well explained in [95] which prescribes us to evaluate integrals up to the Cgr(lf)ormal
1

times corresponding to the Hubble radius crossing scale, such that K ~ aH ~ —=-*. For

the purposes of practical computations one fixes K7, = —1.
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